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1. ALGEBRAIC STRUCTURES

In this introductory section we recall some basic concepts concerning rings. For details
consult any book on ring theory, for example the notes [ Th].

(1.1) Commutative groups. Let G be a set equipped with:

e amap +: GxG — G, that is, to any pair (g, ¢’) € G x G of elements, + associates
exactly one element g + ¢’ € G;
e amap —: G — @, that is, to any element g € G, it associates exactly one element
—g € G;
e an element 0 € G.
The set G is said to be a group exactly when the next three requirements are fulfilled.

(G1) (9+9¢)+g" =g+ (g +g") forall g,¢',g" € G;

(G2) g+0=gand 0+ g = g for all g € G;

(G3) g+ (—g)=0and (—g)+g=0forall g € G.
Here, (G1) is the associativity of 4+ . (G2) states that 0 is a neutral element. (G3) means
that —g is an inverse element to g, and it follows that this is uniquely determined. We
refer to this group as (G, +), or just as the group G. The usage of the symbols +, — and
0 is called additive notation.

Let (G, +) be a group. It is said to be commutative (or Abelian) exactly when

(G4) g+ ¢ =g +gforal g g eq.
In this case + is called the addition, 0 is the zero element, and —g is the opposite element
to g. For g,h € G we set g — h =% g + (—h) and note that g — g = 0 by (G3).

Consider a set {n} consisting of exactly one element n; it is a commutative group with
n+n=mn,0=mnand —n = n, and it is called the zero group and denoted 0, that is,

0 = {0}.

(1.2) Commutative rings. Let (R, +) be a commutative group. It is said to be a ring
exactly when it (in addition to +, — and 0) is equipped with:
e aso-called multiplication, that is, a map Rx R — R that to any pair (r,7') € RXR
associates exactly one element rr’ € R; and
e a so-called identity element 1 € R,

such that the next three requirements are fulfilled.
(R1) (rr")r” = r(r'r") for all r,7’ 1" € R (associativity);
(R2) r(r'+7") =rr'+rr" and (r+r")r" = rr”+0'r" for all v, v/, 7" € R (distributivity);
(R3) r1 =r and 1r = r for all r € R.
It follows that

(1.2.1) Or=0 forall reR.

Namely: Or=0r+0=0r+(0r-0r)=(0r+-0r)-0r=(04-0)r-Or=0r-0r=0.
The ring R is said to be commutative exactly when
(R4) rr’ =1'r for all r,r" € R.
Examples of commutative rings are the integers Z, the complex numbers C and poly-

nomial rings like Z[X], C[X]. The ring of 2x 2 matrices with complex entries is an example of a

non-commutative ring, see also (1.3).
A ring R is said to be non-trivial exactly when R # {0}, that is, 1 #0 (if r € R\ {0}
then 1r = r # 0 = Or and hence 1 # 0.)
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(1.3) Exercise: Endomorphism rings. Let V' be a vector space over the real numbers R (or any
other field), and consider the set of endomorphisms A =9 Homg(V, V) which consists of all linear
maps: V — V. Prove that A is a ring with the usual addition, and with composition of maps as the
multiplication. Prove that it is commutative if and only if the dimension of the vector space V is at
most 1.

(1.4) Convention. Throughout these notes

‘R denotes always non—trivial commutative ring.

(1.5) Special ring elements. For r € R we have the following definitions:
(1.5.1) r is invertible <= 3r '€ R: =1,

(1.5.2) r is a zero-divisor <= Ja€R: ra=0 A a#0;
(1.5.3) r is non-zero-divisor <= VYa€R: ra=0 = a=0.

Another word for an invertible element is a wunit, and non-zero-divisors are often called
reqular elements.

(1.6) Special rings. We have the following two definitions and an observation.
(1.6.1) R isafield <% vVreR \ {0}: r is invertible; and
(1.6.2) R is a integral domain &L vreR \ {0}: r is a non-zero-divisor
(1.6.3) <~ VrreR: rm=0=r=0V1r=0.

Every field is a domain. The ring of complex numbers C is a field while the polynomial
ring C[X] is an integral domain but not a field (for example, the element X is not
invertible). The ring Z/(4) of residue classes modulo 4, that is, Z/(4) = {0,1, 2,3}, is
not an integral domain (since 22 = 0 which is the zero element).

(1.7) Ideals. An ideal a in R is a subset a C R satisfying the next conditions.

(I1) 0 € a;

(I12) a+d € aforallad € a;

(I3) ra€aforallr € Rand a € a.
The ideal a is said to be proper exactly when a # R. Proper ideals contain no invertible
elements: If a is an ideal and u € a is invertible, then for any » € R we obtain r =r1 =
r(uu™) =r(u'u) = (ru=')u € a; hence a = R

The subsets O = {0} and R are ideals in R and they are called the trivial ideals; O is
called the zero ideal.

(1.8) Principal ideals. For a € R the notation Ra is used for the principal ideal gen-
erated by a, that is, Ra =% {ra | r € R}; often—when the name of the ring is clear
from the context—we write (a) instead of Ra, that is, (a) =% {ra | r € R}. The trivial
ideals are principal: O = (0) and R = (1).

The ring R is said to a PID, that is, a principal ideal domain, exactly when it is a
domain and all its ideals are principal. The ring of integers Z and the polynomial ring
C[X] over the complex numbers are principal ideal domains.
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2. MODULES

(2.1) Definition: Module. Let (M,+) be a commutative group. It is said to be a
module over R, or just an R—module, if it (in addition to +, — and 0) is equipped with

e a (so-called) R—multiplication, that is, map R x M — M that to any (r,m) €
R x M associates exactly one element rm € M,
such that
(M1) (rr"ym = r(r'm) for all r,7’ € R and m € M (associativity);
(M2) (r+7r"Ym =rm+r'm and r(m+m') = rm+rm/ for all r,7’ € R and m,m’ € M
(distributivity);
(M3) 1m =m for all m € M (unitarity).
The ring R itself is an R—module with R-multiplication equal the ring-multiplication.
The zero group O = {0} is always an R—module with the R—multiplication r0 = 0.
If R is a field then M is an R—module, if and only if M is a vector space over R.
Every commutative group G is a Z-module with Z-multiplication defined for r € Z
and g € Gby rg=0forr=20,byrg=g-+---+ g, the sum of r copies of g, for r > 0,
and for r < 0 by rg = —(—r)g (which has already been defined as —r > 0). It follows
by repeated applications of the distributive rule (M2) that this is a Z-multiplication in
the group M, and that it is only possible one. On the other hand, every module, and
hence, in particular, every Z-module, is, by definition, also a commutative group. So the
concept “Z—module” is the same as “commutative group”.
For each element m in an R—module M the following hold.

(2.1.1) Om = 0;

(2.1.2) (=1)m =—m.

In the first equality the left hand zero is that of the ring while the right hand one is that
of the module; in the second equality —1 € R and —m € M. The first equality follows
from: Om = (0 + 0)m = 0m + Om, and hence Om = Om + (—0m) = 0; the second one:
0=0m=>0+(-1)m=1m+ (=1)m=m+ (—1)m.

For r,r" € R and m,m’ € M the next two equalities follow from the module rules (M1)
and (M2) combined with (2.1.2).

(2.1.3) (r—r"Ym=rm—r'm and r(m—m')=rm—rm’.

(2.2) Definition: Submodule. A submodule N of an R—module M is a subset N C M
satisfying:

(S1) 0 € N;

(S2) n+n' € N for all n,n' € N;

(S3) rm € N for all r € R and n € N.
Each submodule is itself an R—module with the restrictions of the addition and the
multiplication. It is called proper exactly when N ## M. The trivial submodules of M
are M itself and O = {0}.

The submodules of the R—module R are exactly the ideals in R.

If Ris afield and V is an R—module, that is, a vector-space over R, then the submodules
of V are exactly the subspaces of V.

(2.3) Intersection of submodules. Let M be an R-module and let Ny,..., N; be
submodules of M. For the intersection N7 N ---N N; we have

reNN---NN, <= x€N;,...,x €N,
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and it follows that (S1)—(S3) are satisfied for the intersection, that is, Ny N --- N N, is a
submodule of M.

(2.4) Exercise: Infinite intersection of submodules. Let M be an R-module and
let (N;)ier be a family of submodules of M. For the intersection (,.; N; we have

xEﬂNi < x €N, forall ie1.
i€l

Prove that (,.; N; is a submodule of M.

(2.5) Sum of submodules. Let M be an R-module and let Ny, ..., N; be submodules
of M. The sum Ny + ---+ N, is defined by

N+ 4N+ +n|meN,....,neN}.
The sum Ny + - -+ N, is a submodule of M:

(S1) 0=0+4+---+0€ Ny + -+ Ny
(S2) (ny+---4+n)+my+---+n)=m+n}) -+ (ng+n,) € Ny +---+ N, for

niy,ny € Ny, ...,ng,ny € Ny
(S3) r(ni+-+-+ny) =rny+-+-+rng € Ny+---+ N, forr € Rony € Ny,...,n € Ny.
(2.6) Exercise: Infinite sum of submodules 1. Let M and (N;);e; be as in (2.4).
The sum ) ,., N; of these submodules is a subset of M defined by

def : :
ZNi:e{ni1+~-~+nit\tEN,zl,...,ztEI,nhENi1,~-~,nit€Nit}
iel

Prove that )., N; is a submodule of M.

(2.7) Exercise: Submodule rule. Let N be a subset of an R—module M. Prove that
N is a submodule of M if and only if the following holds:

(2.7.1) N#@ and rn+n’ € N forall r€ R and n,n’ € N.

(2.8) Linear combinations. Let n€ Ny be a non-negative integer (possibly n = 0), let
r1,...,mn € R be n elements in the ring R, and let wy,...,w, € M be n elements in an
R-module M. The linear combination of the elements w,...,w, € M with coefficients
r1,...,7, € R is the sum rjw; + --- + r,w, which is an element in the module M; if
n = 0 then the linear combination is, by definition, the zero element 0 € M.

(2.9) Generated subset. Let W be a (possibly empty) subset of the R—module M. The
subset generated by W is then denoted by spanyp W and defined as follows

(2.9.1) spanRWd:ef{rlwl+---+rnwn|n€ No, m,. ., € R, wy,...,w, € W},

that is, spany W is the set of all linear combinations of elements from W. It follows from
the convention in (2.8) that spany @ = O (the zero submodule of M).
Note that W C span, W since w = 1w € spany W for all w € W.

(2.10) Generated submodule. Let M be an R-module with a subset W.
The set spany W is then a submodule af M, and it is the smallest submodule of M
containing W, that is, if NV is a submodule of M then the following holds.

(2.10.1) WCN <= spany;WCN.
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If W = & then these assertions are obvious, so assume that W # &. First we note that
spanp W is a submodule of M:

(S1) 0 = 0w € spany W for any w € W;

(S2) the sum of two linear combinations of elements from W is again a linear combi-
nation af elements fra W,

(S3) r(riwy + -+ -+ rpwy,) = (rry)wy + - - - + (rry,)w, € spangy W by (M1)&(M2).

In the bi-implication, “<” follows from W C spany W, cf. (2.9), while “=" follows by
(2.8). We say that spany W is the submodule generated by W.

(2.11) Exercise: Infinite sum of submodules 2. Let M, (N;)ier, and ), ; N; be as
in (2.6). Prove that Y, ; N; = spang (U;c; Vi)-
(2.12) Finitely generated modules. An R-module M is said to be finitely genera-
ted exactly when it has a finite subset W such that M = spany W, that is, there exist
ne N and mq,...,m, € M such that any element m in M is a linear combination of
mi,...,my, € M, and that is, there exist r1,...,r, € R such that m = rym;+---+r,m,.
The zero module O er finitely generated; it can be generated by the element 0 (but it
can also be generated by 0 elements).
The R—module R is finitely generated; it can be generated by the one element 1. Every
principal ideal (a) in R is a finitely generated module, namely generated by a.

(2.13) Cyclic modules 1. An R-module M is said to be cyclic exactly when it is
generated by one element: M = spanz{m} for an element m € M.

The zero module is cyclic: O = spang{0}. The ring R is a cyclic R—module: R =
spangp{1}. An ideal is a cyclic module if and only if it is a principal ideal. We set
Rm = spang{m}; this is in accordance the notation in (1.8).

(2.14) Exercise: Sum of cyclic submodules. Let W be a subset of an R—module M.
Prove that spany, W = 3", Rw, cf. (2.11). In particular,

(2.14.1)

M is finitely generated <~ M =Rmy+---+ Rm, forsome mq,...,m, € M.

(2.15) Homomorphisms. Let M and N be R—-module, and let ¢: M — N be a map.
Then, ¢ is said to be a homomorphism of R-modules—or an R-homomorphism—or just
a homomorphism—exactly when it satisfies

(H1) o(m +m') = p(m) 4+ ¢(m') for all m,m’ € M,
(H2) p(rm) = re(m) for all r € R and m € M.

Some use also the term R-linear maps. Here, (H1) means that ¢ is a group homomor-
phism, and this implies that

where 0j; and Oy are the zero elements in M and N, respectively.

When we mention an R—homomorphism ¢: M — N, we alway assume that M and N
are R-modules; M is said to be the source for ¢, and N is said to be the target for .

If R is a field then ¢ is an R—~homomorphism, if and only if it is a linear map of vector
spaces M — N over R.

Furthermore, ¢ is a Z-homomorphism, if and only if it just satisfies homomorphism
rule (H1), that is, it is a homomorphism M — N of commutative groups.
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If N is a submodule of an R—module M, then the inclusion map t: N — M, n—n
is an R-homomorphism which often is displayed as N — M.

The identity map on M is denoted 15,: M — M; it is—of course—an R-homomor-
phism.

(2.16) Multiplication homomorphisms. Let a € R be an element and let M be an
R-module. A map ay;: M — M is then defined by ay(m) = am for m € M. This map
is an R-homomorphism: For m,n € M and r € R we have the next equalities.

2) by def

by:defa(m +n) M) o + an P2 an(m) + ay(n) and

ay(m +n)
d

ay (rm) by_def a(rm) oty (ar)m B (ra)m oty r(am) by_def ray(m).

Here, (M1) and (M2) are from the definition of modules (2.1) while (R4) is the commu-
tativity of R, cf. (1.2) and (1.4).

The R-homomorphism ay;: M — M is called multiplication with a on M. Note that
aps for a =1 is the identity 13, on M.

(2.17) Isomorphisms. If p: M — N is a bijective R—homomorphism, then the inverse
map ¢ ': N — M is also an R~homomorphism:

el (n+n') =07 (pleT () + (e ()=~ (¢ (n) + 7' ()
=@ )¢ () +eTI(n)  =pTi(n) + ¢ (n)
for n,n’ € N, and similarly ¢=(rn) = ro=!(n) forr € Rand n € N.
A bijgctive R-homomorphism ¢: M — N is said to be an R-isomorphism; we write
@w: M — N. The identity 1);: M — M is an R-isomorphism. The notation M =

N means that there exists an R-isomorphism M — N, and M and N is said to be
1somorphic.

(2.18) Zero homomorphism. Let M and N be R-modules. The zero homomorphism
0 =oyn: M — N is defined by o(m) = 0 for all m € M. When M = N it is the
multiplication 0p;: M — M with 0. There exists exactly one R-homomorphism O — N
and exactly one R-homomorphism M — O, namely the zero homomorphisms.

(2.19) Kernel and image. Let ¢: M — N be an R-homomorphism. Its kernel and
image, respectively, are defined as follows.

(2.19.1) Ker p & ¢ 10) oo {meM]|pim)=0};and
def def

(2.19.2) Imp = M) ={e(m)|meM},

The following hold.

(2.19.3) Kerp is a submodule of M ;

(2.19.4) Im ¢ is a submodule of N.

Although this follows from exercise (2.20) a proof is provided: For m,m’ € Ker ¢ and
r € R we have:

©(0) =0, e(m+m') = p(m)+p(m)=0+0=0,p(rm) =rp(m) =r0=0,

Thus, 0, m +m’,rm € Kery. To y,y" € Im ¢ choose m, m’ € M such that ¢(m) = y and
w(m’) =y for r € R the elements

0=0(0), y+y' =pm) +om)=pm+m'),ry =re(m) = p(rm)
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all belong to Im ¢.
For every R—homomorphism ¢: M — N the following hold.

(2.19.5) ¢ is injective <= Kerp =0
(2.19.6) ¢ is surjective <<= Imp=N.

The latter follows directly from the definition of surjectivity. Although the former
follows from the special case R = Z, that is, the well-known case of commutative groups,
a proof is included here: Assume first that ¢ is injective and that m belongs to Ker .
Since p(m) = 0 = ¢(0) we obtain m = 0 (as desired) by the injectivity of ¢. Next assume
that Ker ¢ = O and that m,m’ € M have ¢(m) = p(m’). We get

p(m—m') = p(m+(=m")) = p(m)+p(—m') = p(m) + (—p(m’)) = p(m) —e(m’) = 0.
Thus, m — m’ € Ker ¢, that is, m = m/, and the injectivity of ¢ has been established.
(2.20) Exercise: Images and inverse images of submodules. Let ¢: M — N be an

R-homomorphism, and let M’ and N’ be submodules of M and N, respectively. Prove
that

(2.20.1) (M)
(2.20.2) o (N

L L oim!) |m' € M’} is a submodule of N

d:ef{m € M | ¢(m) € N'} er en submodule of M .
(2.21) Finite direct sums. Let My,..., M; be R—modules, and consider the product:

SE M X My S (g, me) | ma € My, .. my € M}

This set X can be equipped with the addition
def

(ma,...,mq)+ (my,...,my) = (my+my,...,m+mj)
for (mqy,...,my),(m},...,m;) € ¥, and ¥ becomes a commutative group with (0,...,0)
as the zero element and with —(my,...,my) = (=my,..., —my). The R—multiplication
r(my,...,my) = (rmy,...,rmy) for r € R and (my,...,my) € ¥ makes ¥ into an R-
module which is denoted M; @ --- @ M, and called the direct sum of My, ..., M;. (The
notation M; x --- x M, is sometimes used, in particular for rings, and it is called the
direct product.)
For any u € {1,...,t} there are two R-homomorphisms:

(2.21.1) The inclusion t,: M, — My@®---®M,; given by m, +— (0,...,0,m,,0,...,0)
with the m, in space number w.

(2.21.2)  The projection m,: My @& ---® My — M, given by (mq,...,m,) — m,.
Note that

(2.21.3) Tw O Ly = Ly, -

(2.22) Inner direct sum. Let Ni,..., N; be submodules of an R—-module M. The map
UNyoNgt N1 @@ Ny — Ny +---+ Ny given by (nq,...,n;) —ng+---+ny

is a surjective R—homomorphism, cf. (2.5). The submodules Ny, ..., N; are said to form
inner direct sum exactly when vy, ..y, is injective, that is, vy,..n, iS an isomorphism:

ND- Ny =N+ + N,
For t = 2 we have:

(2.22.1) Kervyn, ={(z,—2) |z € NyN Ny }
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and hence:

(2.22.2) N; and Ny form inner direct sum <= N, NN, =0.

(2.23) Residues. Let H be a submodule of an R-module M and let x € M. The residue
class and the set of residue classes are defined by, respectively,

(2.23.1) (z]lp={xz+h | heH}
(2.23.2) M/H={[m]g|meM},
and they are pronounced x modulo H and M modulo H, respectively. Often we use the
abbreviated notations T = [x ]y and M = M/H, respectively, when it is obvious from

the context that we are working modulo H. Note that for mq, ms € M the next holds:
(2.23.3) My =Ty <= m;p—my€ H.

(2.24) Residue module. The set M/H has an addition, cf. [Th, GRP (4.15)]; it well-
defined by m+7 = m + n. It has also an R—multiplication well-defined by rm = rm. (If
m = m’ then m —m’ € H and hence rm — rm/ = r(m —m’) € H; use (2.23.3).)

With these M/H becomes an R-module. Note also:

—m = —m, 0 is the zero element, and m =0 if and only if m € H .
The residue map
(2.24.1) pyua: M — M/H given by m—mm=[m|y

is a surjective R—homomorphism with Ker py;y = H.

(2.25) Residue ring. Let a be a proper ideal in R and consider the residue set R & R/a
which is an R-module by (2.24). It is actually a commutative non-trivial ring with
multiplication well-defined by 735 =%f 75 for r,s € R, cf. [Th, RNG (2.7)]. This uses

that R is supposed to be commutative.

(2.26) Over-lining. Let a be a fixed proper ideal, and consider the residue ring R ©R /a.

For any R-module M we set aM =% spanp{am | a € a and m € M }, that is,

aM = {aymy + -+ a,m, | n€ Ng,ay,...,a, €a,my,...,m, € M }.

by (2.9.1) since Ra = a. Set M o M/aM. (For M = R this is in accordance with

the earlier definition of R.) It follows from (2.27.3) below that M is an R-module with

multiplication well-defined by 7m =% 7m, that is, [7]a[m Jars =9 [rm ]ans.

(2.27) Annihilators. Let M be an R-module, and let x € M be an element.
AnnRMd:ef{rER]rmzoforallmeM}

Annp(z) d:ef{r ER|rz=0}
Note that these are ideals in R. The next equality results from (2.9.1) and the commu-
tativity of R, and it is followed by a special case, cf. (2.14.1).

(2.27.1) Anngp M = ﬂ Anng(w) if M = spanp W.
weWw

(2.27.2) Anng M = Anng(my)N---N Anng(m,) if M = Rmy+---+ Rm,,.
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_Let N be an R-module such that a € Anng N. The R-module N is then also an
R-module with multiplication well-defined by

(2.27.3) T =""rnforrc Randne N.

Namely, if 7 = 7/ then r — ' € @ € Anng N and hence rn —r'n = (r —r')n = 0. In
particular, M is an R-module for any R-module M, cf. (2.26).

(2.28) Homomorphism Theorem. If ¢: M — N is an R-homomorphism and H is a
submodule of Ker p, then there is one and only one R—homomorphism o: M/H — N
such that @([m|g) = ¢p(m) for allm € M.

(2.29) Proof. It is known from [Th, GRP (5.6)] (applied to the surjective group ho-
momorphism M — Im ¢, m +— p(m)) that there exists a unique group homomorphism
©: M/H — N such that @([m]g) = ¢(m) for all m € M; this is also an R-homomor-
phism:

(2.29.1) p(rimlm) = o([rm]u) = p(rm) = ro(m) = ro([m]n)
forallm e M and r € R. O

(2.30) Isomorphism Theorem. If ¢: M — N is an R—homomorphism , then there is
one and only one R—isomorphism @: M/Ker¢ — Img such that @([m]key) = ©(m)
for allm € M.

(2.31) Proof. It is known from [Th, GRP (5.8)] that there exists a unique group iso-
morphism @: M/ Ker¢ — Im¢ such that @([m|g) = ¢(m) for all m € M; this is also
an R-isomorphism by the calculation (2.29.1). g

(2.32) Cyclic modules 2. Let M be an R-module. Recall from (2.13) that it is cyclic
if and only if it is generated by one of its elements, that is, M = Rw (= spang{ w }) for
some w € M.

(2.32.1) M iscyclic <= M=R/AnnpM.

If M = Rw is cyclic, then the map ¢p: R — M defined by ¢(r) = rw is a surjective
homomorphism of R-modules with Kerp = Anng(w) = Anng M. The Isomorphism
Theorem (2.30) yields the desired isomorphism. If, on the other hand, ¢: R/ Anng M —
M is an isomorphism, then M is generated by ([ 1] anny, ar)-

(2.33) Finite Generation Theorem. Let H be a submodule of an R—module M. The
following then hold.

(2.33.1) M is finitely generated —- M /H is finitely generated;
(2.33.2) M/H and H are finitely generated —- M is finitely generated.

(2.34) Proof. If M = Rm, +- - -+ Rm, then M = Ry +- - -+ Rim; this proves (2.33.1).

Next assume that M = Rmy + ---+ Rm, and H = Rh; + --- + Rh, [and we want to
prove that M = Rmy + -+ + Rmg + Rhy + -+ - + Rh;]. Consider m € M. Choose first
T1,...,7s € Rsuch that m = rimg+- - -+rm, (€ M), that is, m—(rymy+- - -+rym,) € H.
Choose next 71, ...,r; € R such that m — (rymy + -+ - + rgms) = rihy + - - - + r,hy, that
is, m =rymy + - +rgms +rihy + - - - 4+ rih as required. O
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(2.35) Noetherian modules. Later we will present a class of R-modules M for which
also the following holds:
M is finitely generated = H is finitely generated

holds. Cf. for (3.14) for an example of a finitely generated R—module M with a submodule
H which is not finitely generated.
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3. FREE MODULES

The modules in this section title are the building blocks for the homological theory of
modules. We start by presenting the finitely generated free R—modules.

(3.1) Finitely generated free modules. Let W = {wj,...,w, } is a finite subset! of
an R—module M.

The set W = {wy,...,w, } is then said to be linearly independent exactly when every
linear relation s trivial, that is, for all r1,...,r, € R we have:
(3.1.1) rw+ - +rw, =0 = r=0,...,7,=0.

The linear relation is at the left and the triviality is expressed at the right.
The set W is said to be basis for M exactly when

(3.1.2) W ={wy,...,w,} linearly independent and span, W = M ,

that is, W is a linearly independent set that generates M.
The R-moduleM is said to be finitely generated free module exactly when it has a
finite basis.

(3.2) R". For ne N we set R" ' R @R, the direct sum of n copies of R, cf. (2.21);
the addition and R-multiplication on R"™ are given by, respectively:

(riyooyrn) + (o)) =i+, ore+ 1) and r(ry,..., 1) = (rry, .., Try) .

In addition, we set R° dof O, the zero module.
The finitely generated modules R" for ne Ny are free:

O is free with basis @.

R is free with basis {1 }.

R? is free with basis { (1,0), (0,1) }.

R™ is free with basis {d1,...,6, } where 6; = (0,...,0,1,0,...,0) with the 1 in
space number .

(3.3) Theorem: Finitely generated free modules. The modules R" are the proto-
types of finitely generated free modules: For any R—module M the following holds:

M s finitely generated free < dneNy: M =R".

(3.4) Proof. To prove “ = “ assume that W = {wy,...,w, } is a finite basis for M,
and define the map o: R* — M by o(ry,...,r,) =% riw; + -+ + ryw,. This map is
easily seen to be an R-homomorphism. It is injective since W is linearly independent,
cf. (3.1.1), and it is surjective since spany W = M. Thus, ¢ is an isomorphism.

“ <= “follows from (3.5). O

(3.5) Exercise: Free module and isomorphism 1. Let F' be a finitely generated free
R-module with basis W = {wy,...,w, }, let N be an R—module, and let p: F' — N be
an isomorphism. Prove that N is a finitely generated free R—module with basis ¢(W).

(3.6) Theorem: Finitely generated modules over a field. If R is a field and F is a
finitely generated R—module, then F' is a finitely generated free R—module.

L Tn these notes, when we list a finite set, we assume tacitly that the list is without repetitions, that
is, in this example, w; # w; whenever ¢ # j.
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(3.7) Proof. Since F is a finitely generated vector space it has a (finite) basis. O

(3.8) Theorem: Finitely generated free modules over a PID. If R is a PID, cf.
(1.8), F is a finitely generated free R-module, and G is a submodule of F', then G is
finitely generated free.

(3.9) Proof. Choose by (3.3) n€ Ny and an isomorphism ¢: F' — R", and set H =3
©(G) which is a submodule of R". By (3.3) it suffices to prove that H is a finitely
generated free module. This will be done by induction on n.

For n = 0 we have that H = O which is free.

Assume now n > 0, and consider the projection

7m: R" — R"' given by m(ry,re,...,10) = (T2,...,70).

The submodule 7(H) of R"~! is finitely generated free by the inductive hypothesis. Let
(p1,...,py) be a basis for 7(H), and choose hy, ..., h, € H such that 7(h;) = p; for all i.

If HNKerm = O then the restriction my: H — 7(H) is an isomorphism, and H is
finitely generated free by (3.3).

Next assume that H N Kerm # O. Since Kerm = {(r1,0,...,0) | 1 € R} there
is an isomorphism v: Kerm — R. Since R is PID, a € R can be chosen such that
Y(H NKerm) = (a). Now choose hy € H N Kerm such that ¢(hg) = a. It remains to be
seen that (hg, hi,...,h,) is a basis for H; this is verified by inspection. O

(3.10) Exercise: Finitely generated free modules. Let F' be a finitely generated
free R—module, that is, ' = R" for some n€ Ny, cf. (3.3). Prove that this n is unique,
that is, if R” = R™ then n = n’. [Use (without proof) that there exits a maximal ideal
m in R and consider the corresponding over-lining, cf. (2.26). Apply then (3.33) twice
and (5.3).]

(3.11) Exercise: Finitely generated free modules over a non-commutative ring. Consider the
vector-space V' = RM over the real numbers R. Prove that the vector-space A = Homg(V,V) is a
(non-commutative) ring with composition as the multiplication. Prove that the left A—module A @ A is
isomorphic to the left A—module A.

(3.12) Exercise: Finitely generated free modules over a PID. Let R, F', and GG
be as in (3.8) and choose m,ne Ny such that F' = R™ and G = R". Prove that n < m.

(3.13) Module of functions. Let W be a (possible empty) set. Let R denote the set
of maps ¢: W — R; the elements of R" are called functions on W. If W = @ then
RY = R? consists of one and only one map, the empty map. The set R becomes an
R-module by the definitions:

(3.13.1) (o + ) (w) = p(w) + 9 (w)
(3.13.2) (re)(w) = ro(w)

for o, € W and r € R. If W = @ then R" = R? is the zero module O. For ¢ € RV
we define its support by

[N
N

def
suppp = {w €W | p(w) #0},
and we set

(3.13.3) RW) & {o e R" | suppy is finite }



14 HANS-BJORN FOXBY DECEMBER 20, 2004

which is a submodule of R"'. The set W is finite if and only if R") = R"Y. We make
the obvious identification

(3.13.4) RUL-nD) = R,

(3.14) Exercise: Ring of functions. Let R by any commutative non-trivial ring, and
let W be any set. Prove that the R-module R becomes a commutative ring with the
product pip € RW of p,1p € RV defined by (¢v)(w) =% o(w)y(w) for w € W. Prove
that R™) is an ideal in R". Prove that the submodule R™) of the R" -module R" is
not finitely generated when W is infinite.

(3.15) Spanning homomorphisms. Any subset W of an R—module M induces a map

(3151) ORWM - R(W) — M given by URWM(QO) d:ef Z (,0(71})11)
weW

As supp ¢ is a finite subset of W, this sum is finite in the sense that its terms ¢(w)w are
zero for all w € W but finitely many; namely ¢(w)w = 0w = 0 whenever w ¢ supp ¢, cf.
(3.13.3) and (2.1.1).

If {21,...,2,} be a finite subset of W then the next holds for any ¢ € R"W):

(3.15.2) suppp CH{z1,...,x,} =  orwum(p) =p(@)zr+ -+ p(z,)T, .

It is straightforward to verify that ogrwyas is an R-homomorphism, it is called the
spanning homomorphism for the subset W of the R—module M, cf. (3.16.1).

(3.16) Surjectivity. Let W be a subset of an R—module M. The first equality below
follows from (2.9.1), and then the next follows by definition.

(3.16.1) Im opwy = spany W
(3.16.2) opwMm 1S surjective <= W generates M .

(3.17) Kronecker delta functions. Let X be a set, and let w € X be an element. The
Kronecker delta function d,,: X — R is defined by

5w($):{1 if z=w

0 otherwise.

If ¢ belongs to R™) and {1,...,z, } is a finite subset of X, then the following hold:
(3.17.1) suppp CH{z1,..., 20} = @ =p(@1)0sy + -+ o(zn)ds, ;

the function on either side maps any x; to ¢(x;) and any other x € X to 0.

(3.18) Linear independence. A subset W of an R-module M is said to be linearly

independent exactly when every linear relation of elements from W is trivial, that is, if
ne Ny, ri,...,r, € R, and wy,...,w, € W are such that

(3.18.1) riwy + -+ rpw, =0,
then
(3.18.2) =0, =0,

It is (3.18.1) that is the linear relation, and (3.18.2) that expresses the triviality. The
empty subset W = & is (by definition) linearly independent.
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(3.19) Theorem: Linear independence. Let W be a subset of an R—module M. The
following then holds.

(3.19.1) W is linearly independent <= ogrwa IS injective,

(3.20) Proof. © = 7: Assume that W is linearly independent, and that ¢ is in
Kerogwy . [In view of (2.19.5) we want to prove that ¢ = 0]. Choose a finite subset
{z1,...,2, } of X such that suppy C {x1,...,z, }. We have then by (3.15.2):

o))z + -+ 0(T0) T = orwam (@) = 0.

This implies that ¢(z;) = 0 for all 4, and hence that ¢ = 0 [as desired |.

“ <« 7: Assume that ogw(p) is injective, and that we have a linear relation
riwy + -+ -+ rpw, = 0 [and we want to prove that r; = 0 for all ¢].

Set ¢ = 110y, + -+ 10y, € RW). Note that g (@) = 1w, + - -+ + rpw, = 0, 50
by (2.19.5) we obtain ¢ = 0, and hence r; = ¢(w;) = 0 for all i [as desired|. O

(3.21) Exercise: Transcendence. Consider the complex numbers C as a module over
the integers Z, a number o € C, and the subset

def
W, =

of the Z-module C. Prove the following:

{1,a,0%...,0",...}

W, is linearly independent <= « is a transcendent number,

of. [Th, POL (3.17.8)]

(3.22) Exercise: Annihilators and linear independence. Let W be a linearly inde-
pendent subset of the R—module M. Prove that Anng(w) = O for all w € W.

(3.23) Exercise: Subsets of the ring. Let W be a non-empty subset of the ring. Prove
that W is linearly independent if and only if W consist of exactly one element w and

Anng(w) = 0.

(3.24) Basis. A subset W of an R-module M is a basis for M exactly when the span-
ning homomorphism ogy s is an isomorphism, that is, if and only if W is a linearly
independent generating set for M, cf. (3.19.1) and (3.16.2).

(3.25) Natural basis. Set Ax =% {§, | w € X} (C R¥X). It is then straightforward
to verify that the following holds.

(3.25.1) The set Ay is a basis for R&).

This basis Ay is called the natural basis for R,
If X is finite, say X = {1,...,n} for an n€ Ny, then R"™ has natural basis (d1, ..., 0,),
cf. (3.2).

(3.26) Free modules. An R-module F is said to be free exactly when it has a basis,

that is, there is a subset W of F such that opwp: R"W) — F is an isomorphism, cf.
(3.24).

(3.27) Free modules over a set. For any set X, the R-module R™) is free with basis
Ay, cf. (3.25.1); it is called the free module over X.
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(3.28) Exercise: Free module and isomorphism 2. Let F' be a free R—module with
basis W, let N be an R—module, and let ¢: FF — N be an isomorphism. Prove that N
is a free R—module with basis ¢(WV).

Prove that an R-module M is free if and only if there is a set X such that M = R,

(3.29) Theorem: Module as homomorphic image of a free. Any R—module M is
a homomorphic image of a free R—module, that is, there exists a free R—module F' and a
surjective homomorphism F' — M. If M is finitely generated by n elements, then M is
a homomorphic image of R".

(3.30) Proof. Choose any generating set W for M (for example, W = M), but choose it
consisting of n elements, if M is finitely generated by n elements. Then ogya: RW) —
M is surjective by (3.16.2), and R™) is free by (3.27). If W consists of n€ Ny elements,
then RW) = R"_ cf. (3.13.4). O

(3.31) Exercise: Q free over Z Determine whether the set of rational numbers Q is
free as a Z-module.

(3.32) Exercise: Free modules over integral domains. Let R be an integral domain
and let B be its field of fractions, cf. [Th, RNG (4.4)]. Assume that R is not a field.
(a) Prove that R C B 2

(b) Prove that B is an R—module.

(c) Prove that B is not a free R—module.

(d) Let M be a free R-submodule of B. Prove that M is cyclic.

(e) Prove that B cannot be an R-submodule of a free R—module.

(3.33) Theorem: Over-lining and modules of functions. Let a be a proper ideal,
and consider the corresponding over-lining, cf. (2.26). There is then an R—isomorphism:

RO ~ BN

(3.34) Proof. Recall that the elements of R*X) are functions p: X — R such that p(z) =
0 for all but finitely many = € X. Let the map ®: R — R be defined by that for
¢ € RY) the image ®(yp) € E(X), that is, the function ®(p): X — R, is defined by

(2(9)) (z) =2 () (= [@(x)]a) for = € X.

It is easy to see that ® is an R-homomorphism. To prove that ® is surjective, let

belong to E(X), that is, ¢¥: X — R is a map. For a given x € supp ¢ choose any element

¢(r) € R such that ¢(z) = ¥(z) € R. Set ¢(x) = 0 for all ¢ suppt. This defines

¢ € R such that o(z) = ¥(x) for all z € X, that is, ®(¢) = ¢. In the next chain of
bi-implications the last one results from (3.17.1).

peKad = VzeX: pr)ca —= ¢X)Ca <+ ¢ecaR¥.
Thus, Ker ® = aR™), and the Isomorphism Theorem (2.30) yields the next isomorphism:
RX) = RX) /qp™) = Y

and this proves the desired assertion. O

2 In these notes, the notation C always means proper inclusion, that is, X C Y if and only if X C Y
and X £Y.
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4. MODULES OF HOMOMORPHISMS
(4.1) Homomorphisms form an R—module. Let M and N be R-modules, and set
Hompg(M, N) &of {¢: M — N | ¢ is an R-homomorphism } .
This is an R—module: For ¢,9 € Homg(M, N) and r € R define maps as follows:
(4.1.1) o+ M — N by (p+0)(m) < p(m) +¢(m);

(4.1.2) ro: M — Nby  (ro)(m) < r(p(m)).

Then ¢ + ¥, rp € Homg(M, N), that is, they are R~homomorphisms. For example, for
a € R and m € M there are equalities:

(4.1.3) (re)(am) 2 r(p(am)) 2 r(ap(m))
(4.1.4) 2 (ra)p(m) 2 (ar)p(m)
(4.1.5) ) a(re(m)) ©) a(re)(m) .

The reasons behind these six equalities are as follows.

(1) by the above definition of r¢.

(2) since ¢ is an R~homomorphism.
(3) since N is an R—module.

(4) since R is commutative! Cf. (1.4)
(5) since N is an R—module.

(6) by the definition of re.

With the addition above and the R—multiplication the set Hompg(M, N) becomes an
R-module. The zero homomorphism, cf. (2.18), is the zero element, and the opposite
element —¢ to ¢ € Homg(M, N) is defined by (— ¢)(m) =4 —¢(m) for m € M.

(4.2) Induced homomorphism (covariant case). Let M be an R-module, and let
v: N — N’ be a homomorphism of R-modules. There is then a (covariantly) induced
R-homomorphism:

v, © Homp(M, v): Hompg(M, N) — Homp(M, N')
defined by

Vi () & vp (—e vop)3 thatis, by the commutative diagram® M/

@[ ww

N——F]—N".
Thus, v.(¢): M — N’ is defined by (v.(p))(m) = v(p(m)) for m € M.
It is easy to verify that v,: Hompg(M, N) — Hompg(M, N') is a homomorphism of R—

modules. For example, that v.(ryp) = rv.(p) for r € R and ¢ € Hompg(M, N) is verified
as follows:

(v(re)) (m) = (v o (rg)) (m) = v((re)(m)) = v(r(e(m)))
=r(v(p(m))) =r(op)(m)=r(v.e))(m).
3 Here—and very often below—the composition circle o is omitted.

4 And that is, whenever two compositions of homomorphisms in the diagram have the same source
and the same target, then they are equal.
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If v/: N' — N” is another R—homomorphism, then
(4.2.1) (V'v)y = (V)vi: Homg(M, N) — Homp(M, N)",

since (1'v).(¢) = (Vv)p =V (vp) = (V) (v(p)).
For the identity homomorphism 1y € Hompg(N, N) we have the next formula.

(422) (]—N)* = 1HomR(M,N): HOH]R(M, N) — HOH]R(M, N)

(4.3) Induced homomorphism (contravariant case). Let p: M — M’ be a homo-
morphism of R—modules, and let N be an R—module. There is a (contravariantly) induced
R-homomorphism:

i o Hompg(p, N): Homp(M', N) — Homp(M, N)

defined by

def

w (") O (= ¢’ op), thatis, by the commutative diagram a

%M/

M
u*(w’)dﬁfgo’ul /
©
N.

Thus, p*(¢'): M — N is defined by (u*(¢'))(m) = ¢'(u(m)) for m € M.

It is easy to verify that p*: Homg(M’', N) — Hompg(M, N) is a homomorphism of
R-modules.

If uw: M~ — M is another R-homomorphism, then

(4.3.1) (pp)* = (p)*u*: Hompg(M', N) — Homg(M~,N).
For the identity homomorphism 1,, € Homg(M, M) we have the next formula.
(432) (1M>* = 1HomR(M,N): HOH]R<M, N) — HOH]R<M, N)

(4.4) Homomorphisms from the ring. Let N be an R—module. The map

a: Hompg(R,N) — N given by ¢ — a(p) o (1)
is then an isomorphism of R-modules; the inverse a™': N — Hompg(R, N) is defined as
follows: for n € N the homomorphism o~ (n) € Homp(R, N) is given by (a~!(n))(r) =
rn for r € R.
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5. FUNCTORS

(5.1) Category of R—modules. The class of all R~modules and of all R-homomor-
phisms is called the category of R—modules and denoted Mod(R); the modules in it are
sometimes referred to as its object while the R-homomorphisms are referred to as its
morphisms.

In this section we consider also another non-trivial commutative ring R’ and the cate-
gory Mod(R') of R'—modules and R'~homomorphisms.

(5.2) Covariant functor. Let F': Mod(R) — Mod(R’) be a map in the sense that

e to any R—module M, the map F' associates a unique R'—module F'(M),
e to any R-homomorphism ¢: M — N, the map F associates a unique R’'-ho-
momorphism F(p): F(M) — F(N), that is, F' induces a map Homg(M, N) —
Hompg (F(M), F(N)) given by ¢ +— F(p).
The map F is said to be a covariant functor: Mod(R) — Mod(R'), exactly when the
next two requirements are fulfilled.

(5.2.1)  F(py) = F(p)F(¢) for all composable R-homomorphisms L LME N,
(56.2.2)  F(ly) = lp for the identity map of any R-module M .

(5.3) Functor of isomorphism. If F': Mod(R) — Mod(R’) is a covariant functor and
@: M — N is an R-isomorphism, then F(¢): F'(M) — F(N) is an R'-isomorphism and
(F'())~" = F(™"), since Fp™")F(p) = F(¢~'¢) = F(ly) = lpan by (5.2.1) and
(5.2.2), and similarly F(@)F (o) = 1pm).

(5.4) The functor Hom(H,-). Let H be an R-module. The map:
Hompg(H, —): Mod(R) — Mod(R) given by M +— Hompg(H, M), ¢ — Hompg(H, ¢)
is then a covariant functor, cf. (4.2.1) and (4.2.2).

(5.5) Over-lining functor. Let a be a fixed proper ideal, and consider the over-lining
from (2.26). Any R-homomorphism ¢: M — N induces an R-homomorphism %: M —
N well-defined by 3(72) =% ¢(m). This follows from the Homomorphism Theorem (2.28)
applied to to the induced R-homomorphism @: M — N, m > o(m) since aM C Ker @.
It is straightforward to verify that ¢ = v for  and v as in (5.2.1) and that 15, = 15;
for all R—modules M.

Thus, over-lining M +— M, + 3 is a covariant functor Mod(R) — Mod(R).

(5.6) Exercise: Constant functor. Let F': Mod(R) — Mod(R’) be a covariant func-
tor. Assume that F' is constant, that is, there exist an R’-module M and an R'-~homo-
morphism ¢ : M{ — M such that F'(M) = M| for all R—-modules M and F'(¢) = |, for
all R-homomorphisms ¢: M — N. What is ¢[?

The next subsections are needed for the presentation of the fraction functor in (5.11).

(5.7) Special multiplicative system. A subset S of R is said to be a special multipli-
cative system, exactly when

(5.7.1) 1eS , ssefS foralls,s €S ,and 0¢ S.
(It is the condition 0 ¢ S that is “special”.)
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Examples of special multiplicative systems:
def

(5.7.2) S = R\p when p isa prime ideal in R, cf. [Th, RNG (2.9)].
(5.7.3) 5 {a" | ne Ny} when a € R issuch that a" #0 for all ne Njy.

(5.8) Set of fractions. Let M be an R—module, let S be a special multiplicative system
in R, and consider the product set

MxSE{(ms)|meM,seS}

with the relation ~ is defined by

(m,s) ~ (m',s") <% FueS:us'm=usm/

for (m,s),(m’,s’) € M x S. If also (m”,s") belongs to M x S, then the following three
assertions are easily verified:

(5.8.1)  Reflexivity: (m,s) ~ (m,s);

(5.8.2)  Symmetry: (m,s) ~ (m',s") = (m',s)~ (m,s);

(5.8.3)  Transitivity: (m,s) ~ (m/,s") A (m';s") ~ (m",s") = (m,s) ~(m",s").

For example, in order to prove the transitivity, assume that u,u’ € S are such that

us'm = usm’ and u's"m’ = u's'm”. Setting v” = w'us’ (which belongs to S) we get

u”s"m = u”sm” by an easy calculation which uses the commutativity of R.

It follows that ~ is an equivalence relation on M x S. For (m,s) € M x S we define
the corresponding fraction as the equivalence class:

m/s & {(n,t) € M x S| (n,t) ~ (m,s)};
we call m and s the numerator and the denominator, respectively. We note that
(5.8.4) m/s=m'/s <<= Jue€S:usm=usm’;
in particular
(5.8.5) m/s=0/1 <= Anng(m)NS+#a.
Next, we define the set of fractions as

S_lMd:ef{m/s|mEM/\S€S}.

(5.9) Ring and module of fractions. Let M be an R—module, let S be a special multi-
plicative system in R, and consider the set of fractions S~'M. It is then straightforward
to verify that the addition and the R—multiplication are well-defined by

(5.9.1) m/s+m'/s L (s'm+ sm')/ss

(5.9.2) rim/s) < (rm)/s

for m/s,m’'/s' € ST'M and r € R. These make S~'M into an R-module with 0/1 as
zero element and with —(m/s) = (—m)/s.
The R—module ST R is now easily seen to be a commutative ring with multiplication

well-defined by
(r/s)(r'[s') < (1) /s’

and with 1/1 as the identity element; it is called the ring of fractions (with S as the
set of denominators). This ring is non-trivial by(5.8.5) in view of the last condition in

(5.7.1).
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The R-module S™'M has a well-defined S—!R-multiplication
(r/s)(m/s') < (rm)/ss',

and this makes S™'M into an S~!R-module. If ¢: M — N is an R-homomorphism,
then an S~'R-homomorphism S~tp: S~'!M — S~IN is well-defined by

(5.9.3) (S7'p)(m/s) o ©(m)/s for m/s € S'M.

(5.10) Field of fractions. Let R be an integral domain and consider the special multi-
plicative system S =% R\ O, cf. (5.7.2). Then B =% S~ R is the field of fractions of
R, cf. [Th, RNG (4.4)], and any R-module M induces a vector space S~ M over B.

(5.11) Fraction functor. Any special multiplicative system S in R induces a covariant
functor:

S~ Mod(R) — Mod(S™'R) given by M +— S™'M , p— S o,
cf. (5.9), in particular, (5.9.3).

(5.12) Contravariant functor. Let F': Mod(R) — Mod(R') be such that

e to any R-module M, F associates a unique R'-module F'(M),
e to any R—homomorphism ¢: M — N, F associates a unique R'-~homomorphism
F(p): F(N) — F(M), that is, F' induces a map

Hompg(M, N) — Homp (F(N), F(M)), ¢ — F(p).

Note the change in directions of the arrows:

(5.12.1) M -25 N
(5.12.2) FM) £9 PNy,

Then F is said to be a contravariant functor: Mod(R) — Mod(R') exactly when the next
two requirements are fulfilled.

(5.12.3)  F(py) = F(¢)F(p) for all composable R-homomorphisms L LML N,
(5.124)  F(1um) = lpn for the identity map of any R-module M .

F(4) F(p)
— —

For the former, note the direction of the arrows: F(L) F(M) F(N).

(5.13) Functor of isomorphism. If F': Mod(R) — Mod(R’) is a contravariant functor
and ¢: M — N is an R-isomorphism, then F(¢): F(N) — F(M) is an R'-isomorphism
and (F(p)) ™ = F(¢™).

(5.14) The functor Hom(—,H). Any R-module H induces a contravariant functor
Hompg(—, H): Mod(R) — Mod(R) given by M +— Hompg(M,H), ¢ — Hompg(p, H),
cf. (4.3.1) and (4.3.2).
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6. EXACTNESS

(6.1) Sequences. A family of composable R—homomorphisms (and their sources and
targets)

©) ...“"f_“)MHl%ME&Mz_l“"_*%...

is said to be a sequence (of R—homomorphisms). Note that the arrows point to the right,
and that the index of each homomorphism correspond to that of its source. Sequences
can be bounded to the left:

(6.1.1) M, 25 M, ; 255

bounded to the right:

(6.1.2) B M BB M,

or bounded:

(6.1.3) M, 25 M, 253 2 M, B M

(6.2) Exact sequences. The (possibly bounded or partly bounded) sequence () is said
to ezract at the module M, exactly when Imyy; = Kery,, and it is said to be ezact
exactly when it is exact at all possible modules, that is, Im ¢, = Ker ¢, for all possible
integers ¢. In sequences (6.1.1) and (6.1.3), respectively, (6.1.2) and (6.1.3), it is not
possible talk about exactness at M, , respectively, at M; .

(6.3) Exercise: Kernel-cokernel sequence. For any R-homomorphism ¢: M — N
we define its cokernel by Coker ¢ =9°f N/Im ¢. Establish an exact sequence:

O—>Kerg0i>Mi>Ni>Cokergo—>O.

(6.4) Short sequences. A short sequence is a sequence of the form

O-K-L 2% M=o,

that is, a sequence consisting of four R~homomorphisms (and hence five modules) such
that the leftmost has the zero module as source (and thus is the zero homomorphism)
and such that the rightmost has the zero module as target (and thus is the zero homo-
morphism).

(6.5) Exactness of short sequences. A short sequence

(%) O—-K- L2 M=o0.
is said to be

e half-ezact exactly when K —— L 2 M s exact, that is, Imk = Ker \;

o left-exact exactly when O — K - L 25 M s exact, that is, if and only if x is
injective and Im k = Ker A ;

e right-ezact exactly when K —— L 2 M = 0is exact, that is, if and only if
Im x = Ker A and A is surjective;

e short-exact exactly when it is exact, that is, if and only if x is injective, Imxk =
Ker A, and \ is surjective.

(6.6) Special short-exact sequences. A sequence of the form

O—-H--L-%L/H-O



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 23

where L is an R—module, H is a submodule of L, ¢ is the inclusion, and p is the residue
homomorphism, is short-exact; it is called a special short-exact sequence.

(6.7) Isomorphic short sequences. Two short sequences

(6.7.1) O——K "L XM =0
(6.7.2) O—K 12X M -0
are said to be isomorphic exactly when there exist isomorphisms
ar K K ,B:L—1L', and v: M — M’

such that the diagram

(6.7.3) K—f—s1L—2>N
a[” 8| le
K ——p 2

is commutative, that is, fx = k'a and YA = N(.

(6.8) Exercise. Prove that, when two isomorphic short sequences are given, and the one
is half-exact (respectively, left-exact, right-exact, short-exact), then the other has the
corresponding property.

(6.9) Isomorphic short sequences and functors. Any (co- or contravariant) functor
F: Mod(R) — Mod(R') transform any two isomorphic short sequences into isomorphic
sequences.

LetO—>KL>LL>M—>OandO—>K'LL'LM'ﬁObeisomorphic
short sequences, and consider the commutative diagram (6.7.3). In the covariant case,
the functor sends it into a diagram

(k) £\

(6.9.1) F(K) F(L) F(M)
F(a)[e F() | = F(w)[%
F(K) 2 pry 0 pry

in the contravariant case all arrows should be reversed. F(«), F((), and F(v) are iso-
morphisms by (5.3) and (5.13). The diagram is commutative, since any functor sends
a commutative diagram into a commutative one; for example, F(3)F (k) = F(fr) =

F(k'a)=F(r)F(a).

(6.10) Lemma: Ubiquity of special short-exact sequences.
Every short-exact sequence is isomorphic to a special short-exact sequence.

(6.11) Proof. Let O — K - L 2. M — O be short-exact, and set H =% Imx =
Ker A\. Since H is the image of x and since this map is injective, it induces an isomorphism
k: K — H, kw— r(k). Setting a =4 =1 and 3 =% 1, (the identity) the left square in
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the next diagram is commutative, when ¢ is the inclusion.

(6.11.1) K——sl—2>NM

RN

H——L[—"~L/H

The isomorphism - is induced by the Isomorphism Theorem (2.30) applied to the surjec-
tive homomorphism A\: L — M. Letting p be the residue map, the right hand square is
commutative, and the desired isomorphism of short sequences has been established. [

(6.12) Half-exact functors. A (co- or contravariant) functor F': Mod(R) — Mod(R')
is said to be half-ezact exactly when it sends any short-exact sequence into a half-exact
sequence.

(6.13) Exercise: Half-exact functor of O. Let F': Mod(R) — Mod(R') be a (co- or
contravariant) half-exact functor, and consider the zero module O. Prove that F'(O) is
the zero module. [Prove that M = O if and only if 1), = 0. Consider the sequence

0 — 0 2% 0 1% 0 — 0. Prove that it is short-exact, and apply F'. ]

(6.14) Left-exact functors. A (co- or contravariant) functor F': Mod(R) — Mod(R')
is said to be left-exact exactly when it sends any short-exact sequence into a left-exact
sequence.

(6.15) Right-exact functors. A (co- or contravariant) functor F': Mod(R) — Mod(R')
is said to be right-eract exactly when it sends any short-exact sequence into a right-exact
sequence.

(6.16) Exact functors. A (co- or contravariant) functor F': Mod(R) — Mod(R') is said
to be exact exactly when it sends any short-exact sequence into a short-exact sequence,
that is, into an exact (short) sequence. Note that exact functors are not called short-exact
functors.

(6.17) Exactness of functors by special short-exact sequences. A (co- or contra-
variant) functor F': Mod(R) — Mod(R’) is, respectively, half-exact, left-exact, right-
exact, or exact, if and only if it sends any special short-exact sequence into a , respectively,
half-exact, left-exact, right-exact, or short-exact sequence. This follows from (6.10), (6.9),
and (6.8).

(6.18) Lemma: Left/right-exact functor of left /right exact sequences. Let
F: Mod(R) — Mod(R') be a (co- or contravariant) functor, and consider the short
sequence:

(%) O—-K-“L2M-0

as well as its image:

F(k)

F(%) 0 — F(K) ™™ py ™

F(M)— 0.

Here shown in the covariant case; in the contravariant case all arrows should be reversed.
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The following then hold.

(6.18.1) F' covariant and left-exact and (x) left-exact —> F(x) left-exact.
(6.18.2) F' covariant and right-exact and (x) right-exact — F(x) right-exact.
(6.18.3) F contravariant and left-exact and (x) right-exact —> F'(x) left-exact.
(6.18.4) F contravariant and right-exact and (x) left-exact = F(x) right-exact.

(6.19) Proof. We prove (6.18.1) and leave to the reader the verification of the other
three assertions.

Assume that F' is covariant and left-exact, and that (x) is left-exact [and we want to
prove that F(x) is left-exact]. The left-exact sequence (x) induces the first of the next
two short-exact sequences:

(1) 0K -1 2 ImA—o0

(1) O—Im\—— M- M/In\— O.
Here A(¢) &of A(¢) for £ € L, while ¢ is the inclusion, and p is the residue map. Note that
(0) A=\

Since F' is covariant and left-exact, (1) and (I) induce exact sequences:

F() 0 — F(K) ™ pr) ™ p(im )
F(3) 0 — F(Imx) 2% p(M) 22 F(M/Tm \).
The proof of the desired exactness of

F(#) 0 — F(K) 2 pny ™ p(ary .

is divided into three parts:
1° F(k) is injective by the exactness of F(7).

20 Tm F(r) C Ker F(\): F(\)F(x) = FO\x) 2 F(()k) = Fidw) =
FOFNFx) D Py =0.

. - F®) -
3° Ker F(\) 2 Ker (F()F(V)) € Ker F(3) "2

=" ImF(k). O

20) Overview of exactness of special functors.

(6.

(1) The over-lining functor —: Mod(R) — Mod(R), cf. (5.5), is right-exact.

(2) The covariant Hom functor Homg(H, —): Mod(R) — Mod(R), cf. (5.4), is left-exact.

(3) The fraction functor S=*: Mod(R) — Mod(S™!R), cf. (5.11) is exact.

(4) The contravariant Hom functor Homg(—, H): Mod(R) — Mod(R), cf. (5.14), is
left-exact.

Below, these propositions will be stated more precisely and proofs will be provided.

(6.21) Theorem: Over-lining is right-exact. Let a be a proper ideal and consider
the ring B & R/a. The over-lining functor —: Mod(R) — Mod(R) is then right-exact.

(6.22) Proof. Recall from (5.5) that if M is an R-module then M = &f M/aM, and if
@: M — N is an R-homomorphism then %: M — N is defined by %(77) =% o(m). Let
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O—-H-%5L-%5L /H — O be a special short-exact sequence, and we want to prove
that the induced sequence
J2 Ny N L/H— O
is exact. This is divided into three parts.
1?2 Im7 C Kerp, that is, p7 = 0: This is very easy: pt = pt = 0=0.
2° Im7 2O Kerp: Assume that ¢ = [ /], belongs to Ker p, that is,

0="72(6) = p(6) = [p(O) Jaw/m = [[£] Jaw/m) -
From this we get [¢ ]y € a(L/H), that is, there are ay,...,a, € aand {q,...,{, € L such
that
g =a[li]g + -+ an[ln]n,

that is, [£]g = [a1l1+ -+ anly g (in L/H), and hence h =% (— (a0, + - -+a,l,) € H.
Thus

[E]aL - [E— (alfl + ---+an€n)]aL = [h]aL :Z([h]aH) € ImZ,

as desired.
3° p is surjective: Left to the reader. OJ

(6.23) Example: Over-lining is not exact. Consider the ring R o Z, the ideal a of
(2), the corresponding over-lining, the exact sequence O — R 25 R L, R/(2) — O,

and the induced sequence O — R % R -2 R/(2) — O. Since the homomorphism 2p
is zero and its source is non-zero, it is not injective, and hence the induced sequence is
not exact.

(6.24) Theorem: S is exact. If S is a special multiplicative system in R, then the
fraction functor S7': Mod(R) — Mod(S™'R) is exact.

(6.25) Proof. For any R—homomorphism ¢: M — N it is straightforward to verify that
.29. msS =05 Imy an erS =9 "Kery,
6.25.1 ImS'o=5"my and KerS 'y =S5""Keryp
and the desired assertion follows as S™'O = O. U

(6.26) Exercise: S is exact. Do the verification of (6.25.1).

(6.27) Hom(H,-) is left-exact. If H is an R-module, then the covariant homomor-
phism functor Homg(H, —): Mod(R) — Mod(R) is left-exact.

(6.28) Proof. Let O — K — M -5 M/K — O be a special short-exact sequence. We
want to prove that the induced sequence:

O — Hompg(H, K) -~ Homg(H, M) 2~ Homg(H, M/K)

is exact. This is divided into three parts.

1° 4, is injective: Assume that a € Kert, (C Hompg(H, K) ), that is, ta = t.(a) = 0.
Since ¢ is injective, we get o = 0, as desired.

2° Im, C Ker p,: This is easy: pitsx = (pt). = 0, = 0.

3° Im, O Ker p,: Assume that 3 € Ker p, (C Hompg(H, M) ), that is, p8 = p.(8) =0
so Imf3 C Kerp = K, that is, § maps into K, that is, § € Hompg(H, K), and hence
B =10 =1.0) € Imu, as desired. d
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6.29) Example: Hom(H,~) is not exact. Consider the ring B & Z, the R—module
( P ; g

H % R/(2), the functor Homp(H, —), the sequence O — R 2% R L R/(2) — O which

is short-exact, and the induced sequence

(%) O — Hompg(H, R) — Homg(H, R) — Homg(H,H) — O.

Here, Homp(H, R) = O: for ¢ € Homg(H,R) and h € H we have 2p(h) = ¢(2h) =
©(0) =0 (in R =Z), that is, ¢(h) = 0 for all h € H, and hence ¢ = 0. On the other hand,
Hompg(H, H) # O because 1y # 0, and hence (x) is O — O — O — Homg(H,H) — O

which is not exact.

(6.30) Hom(—,H) is left-exact. If H is an R-module, then the contravariant homo-
morphism functor Homg(—, H): Mod(R) — Mod(R) is left-exact.

(6.31) Proof. Let O — K — M -+ M/K — O be a special short-exact sequence. We
want to prove that the induced sequence:

O — Homgr(M/K, H) , Hompg(M, H) SN Hompg (K, H)

is exact. This is divided into three parts.

1° p* is injective: Assume that a € Ker p* (C Homg(M/K, H) ), thatis, ap = p*(a) =
0. Since p is surjective we obtain a = 0 as desired.

2° Imp* C Ker(*: This is easy: t*p* = (pt)* = 0* = 0.

3° Imp* DO Ker:*: Assume that § € Ker.*, that is, f: M — H is an R—homomor-
phism such that St = *(5) = 0, and this implies that Ker § O Im: = K. Thus the
Homomorphism Theorem (2.28) yields an R-homomorphism 3: M/K — H such that
B([m]k) = B(m) for all m € M, and hence 8 = Bp = p*(3) € Im p*, as desired. O

6.32) Example: Hom(—,H) is not exact. Consider the ring R % Z, the R—module
( p ; g

H =% R the functor Homg(—, H), the sequence O — R 25 R -2, R/(2) — O which
is short-exact, and the induced sequence which is the top row in the next commutative
diagram.

(2R)*

(6.321) O —= Homp(R/(2), R) *— Homp(R, R) 2> Homg(R, R) — O .

R R

2R

IR

o | =

Here « is the isomorphism from (4.4) given by a(/3) oo B(1) for § € Homg(R, R). Since

2 is not surjective, (2g)* cannot be it either, and hence the induced sequence is not
exact.

(6.33) Five Lemma. Assume that the next diagram is commutative and has exact rows.

a B Y d

K L M N P
K l A 12 | v [ e

/ / ! / /

K ——L0—F>M——>N——>P

(a) If A and v are injective and k is surjective, then p is injective.
(b) If XA and v are surjective and 7 is injective, then y is surjective.
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(c) If X and v are bijective, k is injective, and 7 is surjective, then p is bijective.
(d) If k, A, v, and 7 are isomorphisms, then so is p.

.34) Proof. (a)
Assume that m € Ker p [and we want to prove m = 0].

V' pu(m) = 0.

—def ”Y(m)

(n) =0 as vy =~p.

n = 0 as v is injective.

m = B(¢) for some ¢ € L as Kery C Im f3.
Vi —def )\(ﬂ)

B() =0 as BA = uf.

V' = o/ (k') for some k' € K" as Ker f/ C Im «’'.
k' = k(k) for some k € K as k is surjective.
0y =% a(k).

A(ly) =0 as Aa = d/k.

¢y =1 as A is injective.

m = B(¢) = fa(k) = 0(k) = 0 [as desired ].

This procedure is called a diagram chase, and can be illustrated as follows.

™~

as) 0 @ 0
(10) (12) ) 7 @ 7
kt——F—— (= {1 5 mi > n
n](fa) (11)\}6) | (0) VLB)
o e !
k' 0 0 ! 0

®) G ' (1)

(b) is proved by the next diagram chase; the original diagram is repeated for conve-
nience.

K0 L L Y — N 5 P
K|/ )\|/ lu| V| '

lA ! ! ! /
K ———1L M ———— N'———— P

(4)

. 0

mi @ n ]”9
(15) 1(8)

a2 m o (3) (5)

14 1

(14) y — A !

(1) (2)

—m

! ! !
¢! T 0 -

(6.35) Additive functors. A (co- or contravariant) functor F': Mod(R) — Mod(R’) is
said to be additive exactly when

F(o+1v)=F(p)+ F(1) and all R-homomorphisms ¢, € Homgr(M, N),
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that is, if and only if the next map
Hompg(M, N) — Hompg/ (F(M), F(N)), ¢ — F(g) in the covariant case;
Hompg(M, N) — Homp (F(N), F(M)), ¢ — F(p) in the covariant case

is additive, that is, a Z—homomorphism.
It follows that if F' is additive, then (with notation as above):

(6.35.1) Flp =) = F(p) = F(¢).

(6.36) Examples: Additive functor. The next functors are additive.

(1) Over-lining functor —: Mod(R) — Mod(R), cf. (5.5).

(2) Covariant Hom functor Homg(H,—): Mod(R) — Mod(R), cf. (5.4).

(3) Fraction functor S™': Mod(R) — Mod(S™'R), cf. (5.11).

(4) Contravariant Hom functor Homg(—, H): Mod(R) — Mod(R), cf. (5.14).

29

(6.37) Proposition: Additive functor of zero. Let F': Mod(R) — Mod(R’) be a co-
or contravariant additive functor. If 0: M — N is the zero homomorphism of R—modules

and O is the zero module, then F(0) =0 and F(O) = O.

(6.38) Proof. We treat the covariant case only. In the group Hompg (F (M), F(N)) we

have by (6.35.1):
F(0)=F(0—-0)=F(0)—F(0)=0.
Furthermore, 150y = F(1p) = F(0) = 0; thus F(O) = O.

(6.39) Splitting sequences. A short sequence

(1) O—M-—>N-"P—0,

is said to split exactly when there are R~homomorphisms ¢: N — M and 7: P — N,
that is,

(1) O—MZI=NLP—0,

such that

(%) op=1py, po+7v =15, and vr =1p.

We say also that (1) is split-ezact because of the next result.

(6.40) Lemma: Splitting sequences. If the sequence (1) splits then it is exact.

(6.41) Proof. Divide into four parts.
1° p is injective since op = 1.
2° Imp C Kerv: vu = 0 because:
v =viyp =v(uo + V) = vuop + vrvp = vuly + lprp = 2up.
3° Imp O Kerv: For n € Ker v we have:
n = 1y(n) = (uo +70)(n) = p(o(n) + 7(v(n)) = plo(n)) € Im .
4° p is surjective since v = 1p.

0

(6.42) Proposition: Additive functor and split sequences. If F' is an additive
(co- or contravariant) functor, then F takes any split-exact sequence into a split-exact

sequernce.
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(6.43) Proof. We treat the covariant case only. Assume that F' is an additive covariant
functor, and consider the sequence (1) satisfying (%) of (6.39). Applying F yields a
sequence

a F(v
F(1) 0 — F(M) 2% p(v)y 2% p(P) —= 0
F(o) F(7)

Since F'is an additive functor, we obtain the next relations
F(*) F(O')F(ILL) = 1F(M) s F(,LL)F(O') + F(T)F(V) = 1F(N) s and F(V)F(T) = 1F(P) s

and the desired assertion has been established. O

(6.44) Direct summands. A submodule H of an R-module M is said to be a direct
summand in M exactly when there exists a submodule K of M such that M = H + K
and HN K = O, that is, M = H ® K (inner direct sum), cf. (2.22.2).

(6.45) Theorem: Split-exact sequences. Consider the short sequence:

v

(1) O—M-‘>NpP—0.

The following are the equivalent.

() O—M-—=M&P—=P—0
m+— (m,0)
(m,p) —=D-
() Thus, if (}) is split-exact, then N = M & P.

(6.46) Proof. “(i) = (iii) A (iv)” by (6.40).
“(#i7) = (v)”: Define ¢p: N — M & P by ¢(n) & (o(n),v(n)) for n € N. The next
diagram is then commutative, and ¢ is an isomorphism by Five Lemma (6.33).

M—t s N—Y . p
IJMIN @ 1p | =
M MaP P

L s

“(v) = (i)": By assumptions we have the next commutative diagram with vertical
isomorphisms and split-exact lower row.

M—r - N—Y . p

O{J/N ﬁ [ v

M—MePL——~p
M Lp

The R-homomorphisms o &t a try B and T &t Bt py have then the desired properties.
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For the remaining implications confer Exercise (6.47) U
(6.47) Exercise: Split-exact sequences. Prove the remaining implications in (6.46)

(6.48) Proposition: Additive functor of direct sum. If F' is an additive functor,
and M and P are R—modules, then F(M @& P) = F(M) @ F(P).

(6.49) Proof. Due to (6.42), the additive functor F' sends the split-exact sequence ()
from (6.45) into the split-exact sequence F'(I) from (6.43); (6.45.x) yields the desired. [

(6.50) Exercise: Functor and direct sum. Let H be a non-zero R-module, and
consider the constant functor, cf. (5.6):

Cy: Mod(R) - Mod(R), M — H, ¢+ 1y,

(a) Prove that C is not additive.
(b) Prove that R™ @ R™ =~ R,
(c) Prove that Cy(M @& N) = Cy(M) @ Cy(N) provided H® H = H.

(6.51) Exercise: Gamma functor. Let a be an element in the ring R. For any R-
module M we set:

FMd—ef{meM\am—O for some ne Ny }.

(a) Prove that I'y,(M) is a submodule of M.

(b) Prove that I',(M/T',M) = 0.

(c) Prove that ¢(T'y(M)) C T',N whenever ¢: M — N is an R-homomorphism. Let
La(p): To(M) — T'y(N) be the restriction.

(d) Prove that T, is a functor.

(e) Prove that I, is additive.

(f) Prove that I, is left-exact.

(g) Prove that I', is exact, if a is invertible or nilpotent, the latter is, ™ = 0 for some
ne No.

(h) Prove that I, is exact, if R =% Z/(6) and a =% [3]).

(i) Suppose that the ring R has exactly one maximal ideal. Prove that a is invertible or
nilpotent, if I, is exact.

(6.52) Exercise: Half-exact is additive. Let F': Mod(R) — Mod(R') be a (co- or
contravariant) half-exact functor. Prove that F' is additive.

(6.53) Lemma: Exact tilted sequences. Let

(6.53.1) \ /
/ ~ .
\
/

i

O
be a commutative diagram. If the three tilted sequences are exact, then so is the hori-
zontal one.
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(6.54) Proof. 1° Imx C Ker A\: Ak = dyfa = 60a = 0.
2° Ker A C Im &:
0) Assume that ¢ € Ker A [and we want to prove ¢ € Imk].

) =) e L.

) 0(t") = d(7(£)) = 0.

) ¢/ =0 (since 0 is injective by assumption).

) Choose k' € K’ such that G(k') = ¢ (using that Kery C Im ).
) Choose k € K such that a(k) = k" (since « is surjective).

) (k) = Bla(k)) = B(K) = L.

This diagram chasing can be illustrated as follows.

e
k © 4

(
(1
(2
(3
(4
(5
(6

(6.55) Proposition: Exact functor of exact sequence. Let
(T) ~~—>Mg+1%M@—>M@ 1 —> "

be a (possibly bounded or partly bounded) exact sequence, and let F' be a (co- or con-
travariant) exact functor. The induced sequence °

F(T) el F(Mg+1) F%ﬂ F(Mg) (‘PZ) F(Mgfl) _

is then exact.

(6.56) Proof. Set K, T oni1 = Kerp, for all (possible) n and consider the next
commutative diagram in which the ¢,’s are inclusions and the ¢,,’s are induced by the
corresponding ¢,,. In the next commutative diagram the tilted short sequences are exact.

(D) O
\ / . 7
wy \ Pe %1 h
M, M,
/+1 Dot é /-1
K Ky

7 N

5 Here shown in the covariant case; in the contravariant case all arrows should be reversed.
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Applying the exact functor F' to the above diagram we obtain the next diagram with
short-exact tilted sequences.

F(A) @) \ / @) / O
F(K F(K,_
Fe, L B iy (Hi2)
/1 \ . -
©e¢) (Pe+1)
F(Mg+1) T F(Mg) F(Mg,l)
1 Ax /
F(Kngl)F( o+1) F(W)F<K£71)F( i—1)

O/ O/ \O

The exactness of the horizontal sequence follows from (6.53). U
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7. PROJECTIVE MODULES

Recall that the covariant Hom functor Hompg(H, —) is left-exact for all R—modules H.

(7.1) Projective modules. An R-module H is said to be projective exactly when the
functor Homg(H, —) is exact, that is, if and only if the induced homomorphism

Hompg(H, ¢): Homg(H, M) — Hompg(H, N)
is surjective for any surjective R—homomorphism ¢: M — N, cf. (6.27).

(7.2) Projectivity diagram. Projectivity of the R—module H is often explained by the
diagram:

£

M N 0.

This means: If the solid arrows are given and the row is exact, then the dotted arrow
exists such the triangle commutes.

(7.3) Not projective. The Z-module Z/(2) is not projective, cf. (6.29).

(7.4) R is projective. The R—module R is always projective: If ¢: M — N is surjective,
then it follows that Hompg(R, ¢): Hompg(R, M) — Hompg(R, N) is surjective from the
next commutative diagram:

Homg(R, M) "2 Homp(R, N)
>~ | ap > an
M ; N,

when apy () & w(1) and an(v) o v(1), cf. (4.4).

(7.5) Exercise: R is projective. Prove that the R—module R is always projective by
using the projectivity diagram (7.2).

(7.6) Isomorphic projectives. If n: H =, H'is an isomorphism of R-modules, then
H is a projective module if and only if H' is so, because the next diagram is commutative

HOI’IIR(H,LP)

Hompg(H, M) Hompg(H, N)

=~ | Hompg(n,M) = | Hompg(n,N)

Hompg(H', M)

Hompg(H', N)

HomR (H/ 74)0)

for any R-homomorphism ¢: M — N.

(7.7) Theorem: Free is projective. If F' is a free R—module, then F' is projective.
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(7.8) Proof. Assume that F' is free with basis (f,).cx, and let the solid part of the next
projectivity diagram with exact row, cf. (7.2), be given.

M N 0.

Use the surjectivity of ¢ to choose, for each x € X, an element m, € M such that
o(m,) = affy). Since every f € F is a (finite) unique sum f = Y~ _ 7, f, with all
e € R, we can define 3 by 8(f) = > ,cx rama.. We then get the desired assertion:

P(B(f) =D remy) =Y rap(my) = rea(fe) =alf). O

zeX zeX zeX

(7.9) Projective but not free. Consider the commutative group R’ & p2 (d:ef R x R);
the addition is (71, ro)+ (71, 7o) =9 (ry+7,, 79+73). The group R’ becomes a commutative
ring with the multiplication (ry, ro) (7, 72) =9 (r171, roT9); the identity element is (1,1).
The subsets a; =% R x O (=% {(r,0) | r € R}) and ay =% O x R are ideals in R/,
hence R'~modules. Since the R'~module R’ is free and R’ = a; ® as, the module a; is
projective. For any element (r,0) € a; we have (0,1) € Anng/(r,0), so (r,0) cannot be

part of a basis for aj, cf. (3.22). Thus, a; is a projective non-free R'—module.

(7.10) Lemma: Surjections onto projective. If o: M — P is a surjective R—homo-
morphism with the module P is projective, then the exact sequence

(1) O—Ker¢g —M -5 P—0
splits, and P is isomorphic to a direct summand in M.

(7.11) Proof. Let the solid part of the next projectivity diagram with exact row, cf.
(7.2), be given.

1p

M P 0.

©

Choose 3 such that the triangle commutes, that is, 3 = 1p. Thus, (iv) in Theorem:
Split-exact sequences (6.45) is fulfilled, and hence the sequence (t) splits. The last asser-
tion results from (v) in that theorem. O

(7.12) Lemma: Direct sum of projectives 1. If P and ) are R—modules, then the
following holds.

P ® Q is projective <= P and (@) are projective.

(7.13) Proof. Set S “ro @ and consider the next split-exact sequence:

L

O—=P §——=Q—=0.
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Let ¢: M — N be any R-homomorphism, and consider the induced commutative dia-
gram:

Hompg (m,M) Hompg(¢,M)
_—

O — Homg(Q, M) Hompg(S, M)

Hompg(P, M) —= O

Hompg(Q,¢) Hompg (S,p) Hompg (P,p)

O —— Hompg(Q, N) Hompg(S, N) Hompg(P,N) —= O

Hompg/(m,N) Hompg(¢,N)

The rows are exact as they result from application of an additive functor to a split-exact
sequence, cf. (6.48).

Proof of “=7. Assume that S is projective. By symmetry it suffices to prove that P
is projective. Let ¢p: M — N be surjective [and we want to prove that Hompg (P, p) is
surjective|. Hompg(S, ¢) is surjective by assumption, and Homg (s, N) is surjective by the
exactness of the bottom row in the diagram. The commutativity of the diagram yields
the equality

Homg(t, N) Hompg(S, ¢) = Homg(P, ¢) Hompg(¢, M) .
We already know that the left hand side is surjective. Thus, so is the left factor of the
right hand side, and the desired assertion has been established.

Proof of “«<”. Assume that P and @) are projective, assume that ¢: M — N is
surjective [and we want to prove that Hompg(S, ) is surjective]. This follows from
the commutative diagram by using part (b) of Five Lemma (6.33) (with = the zero
map: O — O). O

(7.14) Exercise: Direct sum of projectives 1. Prove that the above lemma also
follows from the projectivity diagram, cf. (7.2).

(7.15) Theorem: Projective is direct summand in free. For any R—module P the
following holds.

P projective <= P direct summand in free.

(7.16) Proof. “=": P is a homomorphic image of a free module by (3.29), so the
assertion follows from (7.10).

“<": Use (7.7) and (7.12). O

(7.17) Not projective. Consider an integral domain R with field of fractions B, and
assume that R is not a field. Part (e) in (3.32) asserts that the R—module B cannot be
a submodule of a free R—-module. Thus B is not projective by (7.15).

(7.18) Zero-divisors. The set of zero-divisors for an R—module M is defined as:

ZeroRMd:ef{reR|E|mEM:m%O/\am:O}(: U Anng(m)).

meM\O

(7.19) Exercise: Zero-divisors. Prove that Zeror P C Zerog R, if P is a projective
R-module.

(7.20) Proposition: Over-lining and projectivity. For a proper ideal a in R and the

corresponding over-lining functor —: Mod(R) — Mod(R) the following holds.

P projective over R => P projective over R.
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(7.21) Proof. Assume that P is projective. Thus P is a direct summand of a free R
module F, cf. (7.15), and F is isomorphic to R™) for some set W, cf. (3.28). It follows

that P is a direct summand of RW) = B"_ cf. (3.33). Now apply (7.15) once more. [

(7.22) Proposition: Fractions and projectivity. For a special multiplicative system
in R and the corresponding fraction functor S~': Mod(R) — Mod(S™'R) the following
holds.

P projective over R = S~ 'P projective over ST'R.

(7.23) Proof. As in the previous proof (7.21), it suffices for any set W to establish
an isomorphism ®: S~1(RM™)) = (S~'R)W). For any ¢/s € S~1(RW)) the ele-
ment ®(p/s) € (ST'R)W) that is, the function ®(p/s): W — S~'R, is defined by
P(p/s)(w) =% p(w)/s. It remains to be verified that ® is a well-defined bijective
S~'R-homomorphism; this is straightforward—albeit tedious. O

(7.24) Projective resolutions. A projective resolution P. of an R—module M is a se-
quence of R—homomorphisms:

P.:"'ﬁpgipg_lk---Plﬁpo—)O

together with an R—homomorphism F %, M such that

e P, is a projective R—module for all /€ Ny;

def 5 Op— 5} O .
e P.-ME...5P 5P, = ..., P % M — O is exact.

The sequence P. — M is then called the augmented projective resolution of M. Note
that the index of the R—~homomorphism 0, in the projective resolution equals that of its
source.

(7.25) Free resolutions. A free resolution of an R—module M is a projective resolution
F. of M in which each module Fj is free. (Recall that every free module is projective, cf.
(7.7).) The corresponding augmented free resolution is the exact sequence F. — M.

If 2 € R\ Zerog R, cf. (7.18), then O — R — R — O is a free resolution of the
R-module R/(z). The sequence O — R -+ R -*» R/(x) — O is exact when p is the
residue homomorphism; it is the corresponding augmented free resolution.

(7.26) Lemma: Ubiquity of projective and free resolutions. All R—modules have
a free, and hence projective, resolution.

(7.27) Proof. To any R—module M we are required to construct an exact sequence

d, 0 dg— G o
(%) i Py 5SS RS RS RS M—0

with each F) free.

Start by choosing a surjective R-homomorphism Fj 2, M with Fy free, cf. (3.29).
Now, (x) is exact at M.

Assume next that that R-homomorphisms 0y, ..., J; have been chosen such that (x)
is exact at Fy_q,..., Fy, M [and we want 0y, such that it is exact at Fy too]. Choose
surjective R-homomorphism 9, ,: Fyy; — Ker 9, with free source, and let 0py1: Fypp —
F; be the induced homomorphism; it has Im 9,1 = Ker 9, [as desired]. [
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(7.28) Projective dimension. Let M be an R—module. It is said to have finite projective
dimension exactly when it has a bounded projective resolution, that is, there is a bounded
exact sequence

(1,) O-p2p 2. p2p P M0
with Fy, ..., P, projective modules.

When M # O has finite projective dimension, then the projective dimension of M is
the smallest p € Ny such that there exists an exact sequence (f,).

If M # O has not finite projective dimension, then we set pdp M = oc.

Finally, we set pdp O = —o0.

Thus, for any R—module M # O and any n € Ny we have:

There exists an exact sequence:
(7.28.1) pdp M <n <+ O—pP 2 ... % p 2 po0
with P, ..., P, projective.

Note furthermore the next equivalence for an R-module M.

(7.28.2) pdg M =0 <= M is projective and non-zero.

(7.29) Projective dimension over a field. If R be a field and M is any R-module,
that is, vector-space over R, then pdp M < 0. Namely, M is a free R-module because it
has a basis: if M is finitely generated then this is well-known from Linear Algebra. In
general, it is a consequence of Zorn’s Lemma: Let W be the set of linearly independent
subsets W of the module M. This set W is then non-empty (as @ is in it), and it is also
inductively ordered by inclusion, that is, if Y is a totally ordered ¢ subset of W, then Y
has a majorant ” in W, namely the union Uyey Y. By Zorn’s Lemma W has a maximal
element Wy ® Set F =% spany Wy which is free by (3.16.1), (3.19.1), (3.27). Thus it
suffices to prove that ' = M. Assume F' C M and look for a contradiction. Choose
x € M\ F and divide into two cases.

1° Rx N F # O. Choose r € R such that rz € F and rx # 0. The latter yields r # 0,
and hence, as R is a field, we have x = r~!(rx) € F' contradicting the choice of .

2° Rz N F = O. In this case we will prove that {x } U W in linearly independent
(contradicting the maximality of Wy). Indeed, let rx + riw; + -+ + rw, = 0 be a
linear relation with wy,...,w, € Wy and r,r,...,r, € R, and note that then rx €
Rx Nspanp Wy = Re N F = O. Thus, r = 0 since otherwise z = r~1(rz) = 0 € F,
and the remaining part of the linear relation is ryw; + --- + ryw, = 0 which yields
r=--=1r,=0.

Thus M is projective by (7.7), and hence pdy M = 0 if M # O, cf. (7.28.2), and
pdp M = —oo otherwise.

(7.30) Projective dimension over a PID. If R be a PID, that is, a Principal Integral
Domain, cf. (1.8), and M is any R-module, then pdy M < 1. If M is finitely generated,
then it is a homomorphic image of a finitely generated free module Py, cf. (3.29). Let P
be the kernel, that is, there is an exact sequence

O—-P —-F—->M-—O0.
6 that is, for Y, Y’ € Y either Y C Y’ or Y’ C Y.

7 that is, an element W € W such that Y C W for all Y € Y.
8 that is, if W € W and Wy C W, then Wy = W.



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 39

Here, P; is free by (3.8); thus pdy M < 1 by (7.28.1). In general, it follows from this
special case by applying the derived functors that will be introduced later.

(7.31) Exercise: Projective dimension of R/(x). Assume that x € R\ Zerog R, cf.
(7.18) and (7.25). Prove that the following hold.

—oo if () =R
pdpR/(x)=¢ 0 if (z)CR and R=(z)® R/(x)

1 otherwise.

(7.32) Proposition: Projective dimension and the fraction functor. If S is a
special multiplicative system in R, and M is an R-module, then the next inequality

holds.
pds—lR S_lM S deM

(7.33) Proof. This is certainly true if pdy M = 0o or M = O. Therefore, assume that
pdp M = p € Ny and choose an exact sequence

(tp) O—-F—-FP1— =P —-F—-M-=0

with Fy, ..., P, projective R-modules. The induced sequence

S7H(tp) O—S'P,—-S'P, - =8P —-S'Ph—S'M—-O0,

since S™! is an exact functor, cf. (6.24), cf. (6.55) (or just (6.25.1)). Since each S™' P, is
a projective S~'R-module, cf. (7.22), we have proved that pdg-1p S™'M < p. U

(7.34) Exercise: Projective dimension and special over-lining. Let a = (z) be a
proper principal ideal in R and consider the corresponding over-lining.

(a) Let O - K 5 L 5 M — O be an exact sequence, and assume that x ¢ Zerog M,
cf. (7.18). Prove the exactness of the induced sequence

0-K 2T “M—-0.
(b) Prove that pdg M < pdp M if x ¢ Zeror M U Zeror R.
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8. COMPLEXES AND HOMOLOGY

(8.1) Complexes. An R-complex—or a complex of R—modules—is a sequence, cf. (6.1)
of R—homomorphisms

Ke .
an«‘fl aylf

(8.1.1) K=+ —->K,,,—K,—K,{—---

such that 99X = 0 for all n € Z; the R-homomorphism 95+ is said to be the n’th
differential. The R-module K, is said to be in degree n in the R—complex K.. An
R—complex can be bounded to the left, to the right, or in both directions, cf. (6.1.1) —
(6.1.3), and when this is the case, we leave out superfluous zero modules: we write, for

example, an R—complex K. with K,, = O forn <0 as--- — K; o, Ky — O (that is,

notas---—>K1i>K0—>O—>---).

(8.2) Boundary and cycles. For any R—complex K. and any n € Z we define

B, (K.) ' m OX:,, the n'th module of boundaries;
Zn(K.) Cf Ker 0%+ the n’th module of cycles; and
Cn(K.) & Coker oK (d:ef K,/B,.(K.)), the n’th cokernel.

(8.3) Homology. Let K. be an R—complex. As 05 9%:, =0 we have B,,(K.) C Z,(K.)
and define

H,(K.) & Z,(K.)/B,(K.), the n’th homology module.
The next four sequences are short-exact and provide relations between the homology
modules, boundaries, cycles, and cokernels.

(8.3.1) O — By (K.) = Z,(K.) = H,(K.) = O
(8.3.2) O = B,(K.) = K, = C,(K.) = O
(8.3.3) O = Zo(K.) = Ky, 25 By ((KL) — O
(8.3.4) O = Hy(K.) — Co(K.) 5By y(K.) = 0.

Here, the hooked arrows are inclusions, and the two-headed ones are inclusions. Fur-
thermore, 57]:(/(:16) = 9K+ (z) for x € K, (but the maps éZ(/(ZL‘) and 9%+ (x) are not
necessarily equal as their targets might be different). Finally, since B, (K.) C Kerég(/' :
the Homomorphism Theorem (2.28) yields a well-defined R—homomorphism 6/5\ given
by 5,1;(\'([!10]13"(1(.)) = 9K+ (z). It follows that [z]p,k.) € Kelra/nlZ if and only if
r € Ker 9%+ =7, (K.); thus, Kelra/nlZ =7Zn(K.)/B,(K.) =H,(K.), as desired.

(8.4) Morphisms. For R-complexes K. and L., an R-morphism ¢.: K. — L. is a
family (¢,: K, — Lyp)nez of R-homomorphisms such that 9L ¢, = ¢, 105 for all
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n € Z. The last condition is the commutativity of the diagram

8K'
(8.4.1) e K,— K, —>---
QOnJ/ l@n—l
Ln 8,];' Lnfl

This is often phrased as: “R-morphisms commute with the differentials.” The R—homo-
morphism ¢, is said to be in degree n in the R-morphism ¢. .

(8.5) Special R—morphisms. The following hold for R—complexes K. and L..
The identity 1x, = (lKn: K, — K")nez is an R—morphism.

The zero-morphism ok, 1. = (0,1, K, — Ly) cf. (2.18), is an R-morphism.

nez’
For a € R there is the multiplication morphism ay., = (aKn K, — K”)nGZ’ cf. (2.16).

(8.6) Composition. Let ¢. = (gpn)nezz K. — L. and 9. = (@/}n)nezz L. — M. be

R-morphisms. The composite p.9. = (cpnz/)n)nezz K. — M. is then an R—morphism.

(8.7) Isomorphisms. An R-morphism ¢. = (gpn)nezz K. — L. is said to be an isomor-
phism exactly when there exists an R—morphism ¢. ~': L. — K. such that ¢. “tp. = 1.
and ¢..”t = 1. . This is tantamount to that ¢, is an isomorphism of R-modules for
all n € Z, and when the latter is the case, then . ! = (‘p"_l)nez: L. — K. and this is
an R-morphism.

Let O = K —L—M—0Oand O — K'— L' - M" — O be two short sequences,
cf. (6.4). If they are complexes, then are isomorphic as such if and only if they are so in

the sense of (6.7).

(8.8) Module as complex. Any R—module M can be viewed as the R—complex:
O—M—0O

which has M in degree 0 and has the zero module in all other degrees. If an R—complex N.
is concentrated in degree 0, that is, N, = 0 for £ # 0, then N. is equal to the R—module N
(considered as a complex). Thus, modules are identified with the corresponding complex
concentrated in degree zero, and vice versa.

If M. and N. are R—complexes which are concentrated in degree 0, that is, they are
modules under our identification, then ¢.: K. — L is an R-morphism, if and only if
wo: Ko — Ly is an R—homomorphism.

(8.9) Category of R—complexes. The class of all R—complexes and all R—morphisms
is called the category of R—complexes and is denoted Com(R). In view of (8.8), the
category Mod(R) of R-modules and R-morphisms is contained in Com(R). Some says
that Mod(R) is a full subcategory of Com(R) to emphasize that for any M and N in
Mod(R), all morphisms M — N in Com(R) belong to Mod(R), cf. (8.8).

(8.10) Short-exact sequence of complexes. The next sequence of R—morphisms

0. > K. 25 L. M. = 0.
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is said to be short exact exactly when the sequence of R—homomorphisms

O— K, — 1L, nMn—>O

is exact for each n € Z.

(8.11) Homology homomorphisms. Let ¢.: K. — L. be an R—morphism. It follows
then directly from the definition, cf. (8.4), that the next inclusions then hold for all n € Z.

(8.11.1) on(Bn(K.)) CBo(L.) and  on(Zn(K.)) C Zun(L.) .

It follows that for each n € Z an R-homomorphism H,,(.) is well-defined as follows:

(8112)  Hy(p.): Hy(K.) = Ho(L) by  Hu()([2]s,cxe) < [#0(®) ]Boire) -

Here, = belongs to Z,,(K.) so ¢,(x) € Z,(L.) by (8.11.1). Assume that 2’ € Z,,(K.) and
(2], (k.)y = [ |B.(k.). We then have x — 2’ € B,(K.), and hence ¢, () — ¢n(2') =
on(x —a') € Bu(L.), cf. (8.11.1); thus, [¢n(2) |8, (2.) = [@n(2’) |B,(£.). This proves that
H, (p.) is well-defined. It fits into the next commutative diagram:

(8.11.3) B (K.)—— 7, (K.) H, (K.)
(‘p")Bn(K.)l (“’”)zn(K.)[ Hn(p.)
B, (L) 7, (L.) H,(L.)

Here, the hooked arrows are inclusions, the double head ones are residue homomorphisms,
and the left and the middle vertical ones are restrictions of ¢, .

(8.12) Theorem: Homology is a functor. For any n € Z the n’th homology H,,(—)
is a covariant functor: Com(R) — Mod(R). That is,

(1) If K. is an R—complex, then H, (K.) is an R—module.

(2) If o : K. — L. is an R—morphism, then H,,(¢.): H,(K.) — H,(L.) is an R—homo-
morphism.

(3) Hy(¢epe) = (w)H (¢.) for R—morphisms ¢.: K. — L. and ¢.: L. — M. .

(4) Ho(1x.) = lu,(k.) , if K. is an R—complex.

(8.13) Proof. (1) is by the definition of homology, cf. (8.3), and (2) is by that of the
homology homomorphism, cf. (8.11.2).

(3) The definition of the homology homomorphism, cf. (8.11.2), is used several times
in the next chain of equalities in which x belongs to Z,(K.).

H, (.. )([2 B (k) = [ (¥nspn) (%) I8, (012 )
[( Vn(pn(T)) B, (M)
D ([enlz )] (1))

This proves the desired assertion.
(4) For x € Z,(K.) we have H,(1x.)([%]s,(k.))
is, Hno (K. ) (1k.) = lu,(x.) - O

I
"
=
3
—

8
SN~—
™
=
3
P

|

8
W
B
=

+

=

&

-+
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(8.14) Theorem: Homology is half-exact. Let n be an integer. The functor H,(—)
is then half-exact, that is, any short exact sequence of R—morphisms:

0. > K. 25 L. M. = 0.

induces an exact sequence of R—homomorphisms:

H,(K.) ™% 1, (0.) "™ 1, (M)

(8.15) Proof. We are required to prove that Im H,,(¢.) = Ker H,,(¢.).

The inclusion ImH,,(¢.) C KerH,(¢.) follows from H,(¢.)H,(¢.) = H,(¢d.@.) =
H, (0.) = o where the first equality is from (8.12.3), the second one is by assumption, and
the last one is obvious from the definition (8.11.2).

Next, we prove the inclusion Im H, (¢.) 2O KerH,(¢.). To do this, we assume that
¢ € 7,(L.) is such that the element [{]g, 1.y in H,(L.) belongs to Ker H,(¢.); thus, by
the definition of H,(¢.), cf. (8.11.2), the assumptions are:

(8.15.1) (€ Z,(L) and ,(0) € B,(M.)=ImoM .
We want to prove that [£]g,(z.) belongs to Im H,(¢.), that is,
(8.15.2) [l]B, .y = [¢n(k)]B, (k) forsome ke Z,(K.).

To achieve this, we chase—on the next page—a commutative diagram in which the
rows are exact and the columns are complexes.
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n wn
O Kn+1 ot Ln+1 = Mn+1
BTIL(-Fl BTLLI-.Fl 8211
0 K, o L, o M,
aTIL(. 8%. 8;’?'
O Kn—l o Ln—l fot Mn—l
- (2) ~
A m
(3)
(1)
or,(0) *
©) e ) m
(7) (8)
(10)
K 9y (0) -
an 9 ==

—def wn< )
€ Im 92+, by assumption, cf. (8.15.1).

(0) m
(1) m
(2) The row is exact.
(4) The square is commutative.
(6) The row is exact.
(9) By assumption, cf. (8.15.1).
(10) The square is commutative.
(11) The row is exact.

Thus, we have k € Z,(K.) such that [{]g, .y = [{ — 8£L1(@]Bn(L,) = [on(k) I8, (K.)s
and this was exactly what we desired, cf. (8.15.2). O
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(8.16) Theorem: Connecting Homomorphism. Let

(S) 0. — K. 2% Lo 2% M. — O.

be a short-exact sequence of complexes, and let n be an integer. Furthermore, for any
element w in H,(M.), choose m € Z,(M.) such that w = [m|g, .y € Hp(M.), and let
k" € K, _1 be determined by the next diagram chase:

0 K, —2 1, —" M, 0
oKe | oL oM [
O Kn—l L Ln—l fo Mn—l O

(

/

14
(2)1

4
(4) 0

% m
o)
3
k't = © 0
The following then hold.
(1) The element k' belongs to Z,_1(K.).
(2) The class [K'|g,_,(k.) € Hp—1(K.) does not depend on the choices made.
(3) The resulting map
def

5,(?)1 H,(M.) — H,1(K.) given by 558)(10) = [k B, 1 (k.
is an R—homomorphism.
(4) The next sequence of R-homomorphisms is exact:
. ®) (e
Ho(L) " 1, () 25 1, (k) T2 |, (1)
(8.17) Proof. Each part results from enhancing the diagram chase. 0

(8.18) Long-exact sequence. The previous theorem and the half-exactness of the ho-
mology functor, cf. (8.14), yield that every short-exact sequence (S) of R—complexes, as
in Theorem (8.16), induces a (so-called) long-exact sequence:

. (e ©)
(8.18.1) H,(K.) Hn(ee) H,(L.) Ho () H,,(M.) 5
—1(pe 1 (e 5&

Hy o (K 220y ) 22y oy 2

(8.19) Exercise: Snake Lemma. Let the diagram

O K, Z Ly i M, O
©»o Yo
O K, Ly M, @)

be commutative and have exact rows. Prove that there is an induced exact sequence:

O — Kerk — Ker A — Kerp 2, Coker k — Coker A — Coker p — O.
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(8.20) Theorem: Functoriality of Connecting homomorphism. Let

(S) O. K.—2 . o.
() 0. K.y, O.

be a commutative diagram of complexes with exact rows. The next diagram involving
the connecting homomorphisms of the rows is then commutative for each n € 7Z.

5

H,(M.) H, i (K.)
Hn(u-)l IHnl(n-)
H,(M.") e H,1(K.")
(8.21) Proof. By inspection. O

(8.22) Induced functor of complexes 1. Let T: Mod(R) — Mod(R’) be a covariant
functor and assume that it is additive, cf. (6.35). If K. is an R—complex, then there is
an induced sequence of R'~homomorphisms:

e T(0K,. Ke
T(K.) def T(Kpy1) _tl) T(K,) T:) T(K,_y) — -

This is indeed an R'—complex with Jp ") = T (0X+) because

T(ON:)T(O) = T(045,05°) =T(0) = 0

n+1
since 7' is additive, see also (6.37).
If o. = (¢n: Ky — Lyp)nez is an R—morphism: K. — L., then the induced family
T(p.) =% (T(pn): T(K,) — T(L"))nez is an R'-morphism, because the commutativity
of the left diagram below implies that of the right.

$n

(8.22.1) K, Ln T(K,) T(L,)
on® [ laﬁ' T(aff')l T(05*)
Kn—l Pn_1 Ln—l T<Kn71) T(on1) T(Lnfl)X

Thus, there is an induced map
(8.22.2)
T: Com(R) — Com(R') given by K. — T(K.), ¢.: K. —» L — T(p.].
This is easily seen to be a functor, the functor of complexes induced by the module

functor T

(8.23) Theorem: Homology and Exact Covariant Module Functor. Consider an
exact additive® covariant functor T: Mod(R) — Mod(R'). There exists then for any
R—complex K. and any n € Z an R'—isomorphism

(8.23.1) 05 . H,(T(K.)) > T(Hu(K.)).

9 One can prove that all half-exact functors are additive; this is, however, not so important here.



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 47

Furthermore, if p. : K. — L. is any R—morphism, then the next diagram is commutative.

(8.23.2) H(T(K.)) — 2 T(H,(K.))
Hn(T(pe)) T(Hn(pe))
H,(T(L.)) 6:, T(Hn (L))

(8.24) Proof. Chase the diagrams induced by the short-exact sequences in (8.3). O

(8.25) Exercise: Mapping Cones. Let ¢.: K. — L. be an R-morphism. For n € Z

consider the next definitions.

(8.25.1) My & L, ® Ky

(8252) Hop, - Mn - Mn—l ) Mn(gna kn—l) d—ef (aL (f ) + Spn—l(kn—l) ; _85_.1(]{371—1))

(a) Prove that M. = -+ — M, 4 =5 M, X M, — --- is an Rcomplex.

It is called the mapping cone of the R—morphism . .

Let K.’ be the R—complex K. shifted one degree to the left, that is, it is given by
(8.25.3) K, ¥ K, , og 0K ¥_pK-

Furthermore, t«: L. — M. is the inclusion, that is, ¢,(¢,) =% (£,,0) € M, , and
mo: M. — K. is the projection, that is, 7, (€., k,—1) = _det ko1 € K.".
(b) Prove that

(S) O. — L s M = K. — O.

is an exact sequence in Com(R).
(c) Make the identification H, 1 (K.") = H,(K.).

(d) Prove that the connecting homomorphism 5 : Hp(KY) — Hy (L) is equal to
H,(¢.): H,(L.) under the above identification.

(e) Describe M. when K. and L. are modules, cf. (8.8).

(f) Prove that M. is exact if and only if H, (¢.) is an isomorphism for all n € Z.

(8.26) Quasi-isomorphisms. An R-morphism ¢.: K. — L. is said to be a quasi-
isomorphisms exactly when H,(¢.) is an isomorphism for all n € Z, and the latter
is the case if and only if the mapping cone of ¢. is an exact complex, cf. (8.25). When
wo: Ko — Lgis an R—homomorphism, then the corresponding R—morphism ¢. : K. — L.,
cf. (8.8), is a quasi-isomorphism, if and only if g is an isomorphism in Mod(R).

(8.27) Exercise: Hom and mapping cones. Let ¢.: K. — L. be an R—morphism
with mapping cone M. , cf. (8.25), and let H be an R—module.

(a) Prove that the R—complex Hompg(H, M.), cf. (8.22) is isomorphic to the mapping
cone of of the R—morphism Hompg(H, ¢.): Homg(H, M.) — Hompg(H, M.).
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9. HoMmoTOPY AND PROJECTIVE RESOLUTIONS

(9.1) Homotopic morphisms. Two R-morphisms ¢.,¢.: K. — L. in Com(R) (with
same source and same target) are said to be homotopic, exactly when there exists a family

(O-n: Kn - Ln+1)neZ
of R—homomorphisms such that
P — Uy = 0105 + ijrlan forall neZ.

When this is the case we write p. ~ ). .

(9.2) Nlustration: Homotopy.

Ln+1

Le
an+1

Note, however, that there are NO requirement of commutativity on neither the rhomboid
nor the triangles!

(9.3) Proposition. If ¢. and 1. are homotopic R—morphisms, then the induced R—ho-
momorphisms H,(¢.) and H, (¢.) are equal for all n € Z.

(9.4) Proof. Choose the family (crn: K, — L"+1)nez such that
(*) O — by = 0,105 + 8,6;1% forall neZ.

For x € Z,(K.) we get ¢, (x) — ¢, (x) = 9%, (0, (x)) which belongs to B, (L.), that is,
[on(2) B, (L) = [Vn(2) |B, 2.y in Hy(Le) . By the definition (8.11.2) of homology homo-
morphisms we get for all x € Z,(K.) that H,(¢.)([2 ], (x.)) = Hn(¥.)([2]8, (k.)), that
is, H,(¢.) = H,(¢.), as desired. O

(9.5) Proposition. Let T: Mod(R) — Mod(R') be an additive covariant functor and
consider the induced one T': Com(R) — Com(R’), cf. (8.22). The following then holds.

Yo~ e = T(pe) ~T ().
(9.6) Proof. Apply T to (%) above. O

(9.7) Split R—complexes. An R-complex K. is said to split, exactly if 15, ~ o., that

is, there exists a family (an: K, — Kn+1)nEZ of R—homomorphisms such that

(%) 1k, = 0,105 + 0810, forall nezZ.
If K. is short, say K. = O — Ky — K7 — Ky — O, then it splits in this sense exactly
when it does so in the sense of (6.39).

Let T: Mod(R) — Mod(R’) be an additive covariant functor. If K. splits, then so
does T'(K.), cf. (8.22) and (9.5).

(9.8) Proposition. If K. splits, then it is exact, that is, H,(K.) =0 for all n € Z.
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(9.9) Proof. We have 1y, (k.) = H,(1x.) = Hn(0k.) = o by, respectively, (8.12.4), (9.3),
and the definition (8.11.2). Thus, H,(K.) = O. O

(9.10) Exercise. Consider the ring R 7 /(4) and prove that the next complex is exact
but does not split:
def

KY . o REZR2ZR3ZR—....

(9.11) Exercise. Let R be a field, and let K. be an ezact complex. Prove that K. splits.
[Divide K. into tilted sequences as in (6.56) and apply (7.29) and (7.10).]

(9.12) Exercise. Let R be a field, and let T: Mod(R) — Mod(R') be an additive co-
variant functor. Prove that T is exact.

(9.13) Exercise. Assume that the R—complex
P.:---ﬁpné---ﬁplé---ﬁpoﬁo
is exact, and that P, is projective for all /€ Ny. Prove that P. splits.

(9.14) Continuation of homomorphisms. Let y: M — M’ be an R-homomorphism
of R—modules, and let P. and P’ be projective resolutions of M and M’, respectively, cf.
(7.24), and set 0, = 9+ and 9, = 9" for all ne N.

A continuation of p is an R-morphism p.: P. — P such that @ dy = o, that is,
such that the next diagram is commutative:

On F) E)
P, P, e P ————P ———M 0
Hn |/Nn1 M1 Ko IM
P, Py P Py o Fy P M’ 0.

(The right hand square commutes because pdy = 9o, and the others commute since p.
is a morphism.)

(9.15) Theorem. The following then hold.

(3) There exists a continuation of fi .
(") If po: P. — P% and fi.: P. — P\ both are continuations of y, then p. ~ [i. .

The proof of this theorem relies on the next auxiliary result.

(9.16) Lemma. Let K = L 2 M be an exact sequence of R-modules, let P be a
projective R—-module, and let a: P — L be an R-homomorphism such that Aa = o.
There exists then an R—homomorphism «': P — K such that ko' = «. Illustration:

(9.16.1) P

£

This means: If the solid arrows are given, the row is exact, and the right triangle com-
mutes, then the dotted arrow exists such the left triangle commutes. (For M = 0 then
this is the projectivity diagram (7.2).)
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(9.17) Proof of Lemma. As P is projective, the next sequence is exact, and the existence
of the desired o’ follows.

Hompg(P,k) Hompg(P,\)

Hompg(P, K) Hompg(P, L) Hompg(P, M)
El O{/ T PSP P PP > (O } O .

(9.18) Proof of the theorem.

Part (3) is established by constructing pug , 41, - -, fbn , - - . recursively using the lemma.
n = 0. The diagram

Jpo ]

yields f such that o)y = poo.
n = 1. By the choice above we have 0 g0 = 11001 = po = o, so the next diagram

Py
T
poo1
e
P/ P !
1 o 0 o M

provides p; such that 0}y = ppdy as desired.

n > 1. Assume that pg, 1, ..., tn_1 have been chosen appropriately; in particular,
such that p, 20,-1 = 0, ptn—1. We then have 0/, 1,10, = pn—20p,_10n = ftn—20 = 0,
and the next diagram

3 pn o

/
P

provides p, such that &/, = pi,—10, as desired.

Part (!). Assuming that p. and pi. both continues p, and hence that p. — . continues
the zero homomorphism o: M — M’ we want to prove that . ~ f., that is, g — . ~ o..
Thus, we may assume that p = o, that is, u. continues o, and we want to prove that
pe ~ o. , that is, there exists a family (o,,: P, — P, )nez such that u,, = 0., 0,4+ 0,10,
for all ne Ny .
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30 )
Ho

/
P ——— M.
0

Thus, 0j09 = o as required, since o_; = o (as its source is zero).
n > 0. We have already p,—1 = 0,0,_1 + 0,_20,_1 and hence the fourth equality in
the next chain.

8;(#71 - Un—lan) = 8;“un - 8;LC’-n—lan = Mn—lan - 8;0-71—1871
= (,un—l - 8;0-71—1)871: Un—28n—18n

= 0,_20 =o0
The diagram
P,
: |
Un Mn_o'nflan °
/ / /
Pn+1 ‘9;1+1 Pn Py Pn 1
now yields p, = 0., 0y + 0,10, as desired. [

Without proof we mention the next useful result.

(9.19) Horse Shoe Lemma. Let O — M % M’ Y M" — O be an exact sequence
in Mod(R), and let P. and P". be projective resolutions of M and M", respectively.
There exists then a projective resolution P. of M' and continuations p.: P. — P. and
po: Po— Puof p: M — M’ and p': M' — M", respectively, such that

O. = P. 2 p. " p. 0

is an exact sequence in Com(R).
Illustration: There is the next exact sequence of augmented projective resolutions.

e e },L"o

T R S & S S - Pl‘ ....................... S o VR A = 0.




52 HANS-BJORN FOXBY DECEMBER 20, 2004

(9.20) Example. Consider the next exact sequence of Z-modules:

O—)Z%ZQZ/(Q)—)O

The next is a corresponding exact sequence of augmented projective resolutions:

0) 0 0 0 0

19 O 7— = .7 15
o, 2,

O 72— s —" 7 O
IZ a(l) 2Z

19, 72— g — " 7/)2) 1%

0) 0) 0) 0) 0

Here, 9} (x) = (—x,2x), Oy(z,y) =1 2z +y, 1 (x) = (2,0), and ma(z,y) =" y.
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10. LEFT DERIVED OF COVARIANT FUNCTORS

There are two kinds of functors, the covariant ones and the contravariant ones. For
each of these there are two kinds of derived functors: left derived functors and right
derived functors; this makes four cases to consider. Two of these cases rely on the theory
of projective resolutions, namely, that of left derived functors of covariant functors which
is described in this section, and that of right derived functors of contravariant functors,
confer Section 11. The two remaining ones rely on (so-called) injective resolutions and
are deferred to the later section 13 and its exercise (13.15).

(10.1) Convention. Throughout this section

T: Mod(R) — Mod(R') is an additive covariant functor.

We also consider its induced functor 7': Com(R) — Com(R’), cf. (8.22).

(10.2) Definition. For n € Z the n’th left derived functor L, T: Mod(R) — Mod(R')
of T is defined as follows:

(M) If M is an R—module, then choose a projective resolution P. of M, and set

L, T(M) % H,(T(P.)).
Dependence upon the choice of P. will be discussed below.
(u) If p: M — M’ is an R—homomorphism, then choose projective resolutions P. and
P. of M and M’, respectively, choose a continuation p.: P. — P of u, and set

L T(p) < Ho(T (1)) Ho(T(P.)) — Ho(T(PL)).

Dependence upon the choices of P., P., and p. will be discussed below.

(10.3) Theorem: Uniqueness. The following hold.

(M) For any R-module M, the R'-module L, T (M) is uniquely determined up to
unique isomorphism. That is, if P. and P. are projective resolutions of M, and
w.: P. — P. is any continuation of 1,;, then the induced map

~

Ho(T(p-)): Ha(T(P.)) — Hu(T(P.))

is an isomorphism, and it does not depend on the choice of ..
(1) For any R—homomorphism p: M — M’, the induced R'~homomorphism L, T'(11)
is uniquely determined up to isomorphism. That is, the diagram

Hn(T(pe))

,(7(P.) =2y, (7 (B))

Hy, (T (e )

[=23

(T (P) o Ha(TPL).

is commutative, whenever @. is as in (M), P. and P. are projective resolutions
of M', the morphisms p.: P. — P% and ji.: P. — P are continuations of u, and
v P. — Pl is a continuation of 1.
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(10.4) Proof. (M) Choose a continuation @.: P. — P. of 15;, and note that then the
composite p.p.: P. — P. and the identity 1p,: P. — P. are both continuations of
1pr: M — M. Thus, g.¢. ~ 1p, by (9.15.1), so (9.5) yields

T(@.)T(¢.) ~T(1p.) = 1r(p.) .-
For any n € Z, apply now the homology functor to obtain

Ho(T(%.)) Ha(T()) = lu,(rpuy) -
Similarly we get
Ho (T () Hn(T'(2)) = 1y, (2B, ) -

Thus, H,,(T'(¢.)) is an isomorphism.
The last assertion in (M) is left for the reader to verify, and so is that of (u). O

(10.5) Theorem: Functoriality. For all n € Z the derived functor L,, T is a functor:

n =L, n or alln € Z when j: M — an : — are

) L, T(Wp) =L, T() L, T(u) for all Z when y: M — M’ and p': M' — M"
R—-homomorphisms.

(2) L, T(1ap) = 1, 7wy for all n € Z when M is an R-module.

(10.6) Proof. (1) Let P., P., and P". be projective resolutions of M, M’ and M",
respectively, and let p.: P. — P. and u.: P. — P’. be continuations of p and p/,
respectively. Then plp.: P. — P’ is a continuation of p'p: M — M", and

L T(p' 1) = Hy (T (pep)) = Ho (T (1)) Ho (T (1)) = Ly T(1') L T (1)

by (10.2.), (8.22), (8.12.3), and (10.2.x).
(2) Let P. be a projective resolution of M. The identity 1p, is then a continuation of
lpyr: M — M, and hence

L, T(1y) = H,(T(1p.)) = Ho(1r(p.)) = lu,(rp.)) = lu, T(ar)
by (10.2.4), (8.22), (8.12.4), and (10.2.M). O

T =0 for alln < 0.

T(M) =0 for alln > pdy M.

T(M) = O for all n > 0 if M is projective.
T(0O) =0 for alln € Z.
T
T

(10.8) Proof. Let P. be a projective resolution of M. If n < 0, then P, = O. If n >
pdy M, then we may assume P,, = O. In both cases, L, T(M) = H,,(T'(P.)) = O/O = O.
(1) and (2) have been established, and (3) and (4) follow, while (5) and (6) result from
(7.29) and (7.30), respectively. O

(10.9) Derived over-lining. Let a be a proper ideal in R, and consider the corresponding

over-lining functor —: Mod(R) — Mod(R), cf. (2.26), as well as its derivatives L, for
n € Z. In some cases the following holds.

L, =0 for n>pdpR.

10 Later it will turn out that finite generation is superfluous here.
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A first case is covered by the next proposition (in which pdp R < 1), while another one
will be treated in a later section.

(10.10) Proposition: Derived special over-lining. Let a = (z) be a proper principal
ideal in R, and assume that x ¢ Zerog R. The following then hold for all R—modules M.
(1) L, (M)=0 for n>2.

(2) Lir(M)=0 <= ¢ Zerog M.

(10.11) Proof. Choose a projective resolution P. of M and note that L, (M) = H,(P.).
By (7.19) there is the next short-exact sequence

O.HP.&P.E»?HO.

in Com(R). Here, p. is the residue map P, — P, in each degree, and xp, is the multipli-
cation morphism of (8.5); the latter induces in homology the R-homomorphism zy,, p.),
confer the definition (8.11.2) of homology homomorphisms. In the induced long-exact
sequence, cf. (8.18.1),

H,,(P.) H,(P.)
Hn—l(P‘)

H,(P.) H, ()
Ho(P.) —%~ Hy(P.) Ho(P.) =
H_,(P.)

we have H,(P.) = 0 for n # 0. This yields first that H,(P.) = 0 for n > 2 and (1)
follows. Next it gives an exact sequence

O — Hy(P.) — Ho(P.) 5 Ho(P.) & H{(P.) — O,
and (2) follows since Ho(P.) = M. O

(10.12) Proposition: Additivity. The functor L,, T is additive for all n€ Ny.

(10.13) Proof. Let p,v: M — N be two R-homomorphisms. Choose projective res-
olutions P. and ). of M and N, respectively, and continuations ¢.: P. — (. and
. Po — Q. of ¢ and v, respectively. The third equality in the next chain is by the
definition (8.11.2) of homology homomorphisms:

Lo T(p +¢) = Ho(T(¢. +¢1))

= Ha((T(p.) + T(¢1))

= Hu(T(¢-)) + Hu (T (¢-))

=L.T(p) + L, T(¥). O
(10.14) Theorem: Long-exact sequence of derived functors.
Let T': Mod(R) — Mod(R') be an additive covariant functor, and let

M.=0— M- M2 M -0

be an exact sequence of R—modules. For alln € 7Z there exists then an R'—~homomorphism

§IMe - L, T(M") — L, 1 T(M)
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such that the next sequence is exact:

TMe

Lo T(M) M)Lnﬂ T(M") ——
n n / 53;1\/10
L, T(M) —2 1, oy =290 1, oy —2s
Ln_l T(M) Ln—1T(n) Ln—l T(M/) L1 T (1)

(10.15) Proof. The Horse Shoe Lemma (9.19) provides an exact sequence

0. p. s p " pr_0

in Com(R) consisting of projective resolutions of M, M’ and M"| respectively, and with
i. and .’ being continuations of p and p/, respectively. The exact sequence of R—modules

/
O— P, P, Pl -0

splits since P/ is projective, cf. (7.10), and hence, since T is an additive functor, the
induced sequence

0 —T(P,) " 7Py " 7Py = O
also splits, cf. (6.42), and hence it is exact. It follows that the sequence

() ()

0. —-T(P.) — T(Pl.) — T(P".) — O.

in Com(R’) is exact. In view of the definition of the derived functor L, T', cf. (10.2), the
desired long-exact sequence results from Theorem (8.16). O

(10.16) Corollary 1. The functor L,, T is half-exact for all n > 0. O
(10.17) Corollary 2. The functor Lo T is right-exact.
(10.18) Proof. L_; 7 = O by (10.7.1). O

(10.19) Corollary 3. If O — K — P — M — O is an exact sequence of R—modules
and P is projective, then L, T(M) = L, T(K) for n > 1.

(10.20) Proof. The theorem provides the next exact sequence:
L,T(P) — L, T(M) 2~ L, , T(K) — L,_, T(P).
The two outer modules vanish by (10.7.3), so J,, is an isomorphism. O

(10.21) Corollary 4. Assume that T is right-exact. To any R-module M there exists
then an R'-isomorphism 6™ : T (M) — Lo T(M) such that the next diagram is commuta-
tive for any R—homomorphism y: M — M’:

T(M) —2 (M)
oM | = o | gn’
Lo T(M) Lo T(M")
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Because of this commutative diagram, the isomorphism 6 is often said to be natural, and
the functors T and Lo T are said to be isomorphic.

(10.22) Proof. Let P. be a projective resolution of M, and consider the next diagram.

T@f")
T(P) T(Py) (M) O
| |
T(P) o T(R) Lo T(M) 0

The top row results from the exact sequence P, — Py — M — O by applying the
functor T, and it is exact because T is right-exact, cf. (6.18.2). The lower row is exact as
LoT (M) = Ho(T(P.)) = Coker(T'(P) — T'(Fp)). As the left square is commutative, the
isomorphism ¥ has been provided. That 6™ T (1) = Lo T'(p)6™ is left for the reader to
verify. 0

(10.23) Corollary 5. If T is exact, then L, T = O for all n > 1.

(10.24) Proof. For a given R-module M, use induction on n. Choose an exact sequence
O— K — P — M — O with P projective.
n = 1. The theorem and (10.7.3) give an exact sequence:

O — L, T(M) 25 Ly T(K) — Lo T(P) — Ly T(M) — O.

As T is right-exact, Corollary 4 (10.21) yields that the functor Ly 7 is isomorphic to T’
and thus exact, and it follows from the exact sequence that L, T'(M) = 0.

n > 1. Corollary 3 (10.19) provides the isomorphism L,, T(M) = L, T(K). The latter
module vanishes by the inductive hypothesis. O

(10.25) Corollary 6. If T is right-exact and Ly T = O, then T is exact. O

(10.26) Standard Kernel Notation. Let M be an R-module, let P. be a projective
resolution of M, consider the augmented resolution:

0, Op— o) 0 0 o_
Po-M=---—>P %P, —...25pPp 5P 2%MZ0,

and define the standard kernel notation for P. as follows:
def

K,(P.) = Kerog, .
Note that K, (P.) = Z,(P. — M) for all n € Z, that is,
O it n<—1
M it n=-1
Ker(Ph - M) if n=0
Ker(P, — P,_1) if n>0

(10.26.1) K, (P.) =

Moreover, for each n > 0 there is the next short-exact sequence:
(10.26.2) O—K,(P.)— P, =K, 1(P.) = O.

Namely, the Isomorphism Theorem (2.30) yields the isomorphism P, /K, (P.) = Imd,,
and the latter module is equal K,,_1(P.), since the sequence P. — M is exact.

The next useful result is an improved version of Corollary 3 (10.19).
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(10.27) Corollary 3 Plus. If P. is a projective resolution of an R—module M, then
(10.27.1) L1 T(Ky—q(P.)) =2 L, T(K,(P.))

whenever n > 0 and m > 1. (Note that the sum of the indices on either side is m + n.)
Furthermore, for any k > 0 there is the next isomorphism:

(10.27.2) Lot T(M) = Ly T(K,_ (P.))

(10.28) Proof. The short-exact sequence (10.26.2) induces by (10.14) the next long-exact
sequence:

L1 T(P,) — L1 T(K, 1 (P.)) — L, T(K,(P.)) — L, T(P,) .

Here, the outer modules vanish as m > 1, cf. (10.7.3), and the first isomorphism has been
established. The second one is obvious for k£ =0 (as K_;(P.) = M), and it follows from
the next chain in which 1 < /¢ <k +1:

Lt T(M) = Loy T(K_((P.)) 2 -+ 2 Ly T(Ky_g(P.)) 22 - - 2 Ly T(Kj_y(P.)). O
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11. RIGHT DERIVED OF CONTRAVARIANT FUNCTORS

This section describes the theory of right derived functors of an additive contravariant
functor. As this is dual to that of left derived functors of an additive covariant functor,
no proofs are provided. At the end Ext—-modules are presented and applied to projective
dimensions.

We start by some useful notation.

(11.1) Cohomological Notation. Sometimes it is handy to use superscripts when de-
scribing complexes:

n—1

. . ar.
K :...HKnilLKnLKnJ’»IH...

which is subject to the condition d7.. 972" = 0 for all n € Z. We set B"(K") ' Im ot

and Z"(K") ' Ker 0%. and define the nth cohomology by

HY(K") € 727(K")/BK").

This K" correspond to the usual complex K. given by K, =% K~ and &+ =df (o
note that H,(K.) =H "(K").

(11.2) Convention. Throughout this section

U: Mod(R) — Mod(R') is an additive and contravariant functor.

The functor U induces a contravariant functor U: Com(R) — Com(R’): when we use
homological notation in Com(R) and cohomological notation in Com(R’) it is given as
follows on an R—complex K. and an R-morphism a.: K. — L. :

def

n def . n n .
(11.2.1) UK )" S U(K,) with 9.y = (=)™ U08);
(11.2.2) Ulow): U(L) — U(K.) is defined by U(ow)" < U(o,) .
The sign is often handy—but not always needed. It is straightforward to verify that
U(P.) is an R'—complex and that U(a.) is an R'~morphism. The next result is dual to
Theorem (8.23).

(11.3) Theorem: Homology and Exact Contravariant Module Functor.

Let U: Mod(R) — Mod(R') be an exact additive contravariant functor. For any R—
complex K. and any n € 7Z there exists then an R'—isomorphism

(11.3.1) g . H'(U(K.)) = U(H,(K.)),

such that if, furthermore, ¢.: K. — L. is any R-morphism, then the next diagram is
commutative.

(11.3.2) H™(U(L.)) ei' U(Hn(L.))
H™(U(pe)) U(Hn(pe))
H"(U(K.)) ——— U(H,(K.))
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(11.4) Definition. For n € Z the n’th right derived functor R" U: Mod(R) — Mod(R')
of U is defined as follows:

(M) If M is an R-module, then choose a projective resolution P. of M, and set
R"U(M) € H*(U(P.)).

(u) If p: M — M’ is an R—homomorphism, then choose projective resolutions P. and
P. of M and M’, respectively, choose a continuation p.: P. — P of u, and set

R™U(p) € H"(U()): HY(U(P.)) — H*(U(P.)).

(11.5) Theorem: Uniqueness. The following hold.

(M) For any R-module M, the R'-module R" U(M) is uniquely determined up to
unique isomorphism.

(1) For any R—homomorphism ji: M — M, the induced R'~homomorphism R" U (1)

is uniquely determined up to unique isomorphism. O]

(11.6) Theorem: Functoriality. For all n € Z the derived functor R" U is a functor:

(1) R"U(p'p) = R"U(u)R*"U (') for all n € Z when pu: M — M’ and /- M' — M"
are R—homomorphisms.

(2) R"U(1y) = Irnpquy for all n € Z when M is an R-module. O

U—Ofora1]n<0.

U(M) = O for all n > pdy M.

U(M) = O for allmn > 0 if M is projective.

U(O) =0 foralln € Z.

U =0 for alln # 0, if R is a field.

UM'") =0 for alln > 1, if R is PID, n > 1, and M’ is finitely generated"!.

(11.8) Proposition: Additivity. The functor R" U is additive for all ne Nj. O

(11.9) Theorem: Long-exact sequence of derived functors.
Let U: Mod(R) — Mod(R’) be an additive contravariant functor, and let

—0-M-5 M5 M -0
be an exact sequence of R—modules. For all n € 7Z there exists then an R'~homomorphism
Stpe s RPU(M) — R UM”)

such that the next sequence is exact:

n—1 577,71.
R U(M/)R U(p) R U(M) UM
n ’ n oM .
R U (M) T e gy 0L R (v
Rn—i—l U(M”) R™U U) Rn—H U<M,>R”+1 Un) ]
(11.10) Corollary 1. The functor R" U is half-exact for all n > 0. O

1 Later it will turn out that finite generation is superfluous here.
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(11.11) Corollary 2. The functor R° U is left-exact. O

(11.12) Corollary 3. If O — K — P — M — O is an exact sequence of R—modules
and P is projective, then R"U(M) = R" ' U(K) forn > 1. O

(11.13) Corollary 3 Plus. If P. is a projective resolution of an R—module M, and the
standard kernel notation of (10.26) is used, then
(11.13.1) R™1U(K,_1(P.)) = R™U(K,(P.))

whenever n > 0 and m > 1. (Note that the sum of the indices on either side is m + n.)
Furthermore, for any k > 0 there is the next isomorphism:

(11.13.2) RFFLU(M) =2 R U (K1 (P.)). O
(11.14) Corollary 4. IfU is left-exact, then the functors U and R U are isomorphic (in
the sense of (10.21)). O
(11.15) Corollary 5. If U is exact, then R"U = O for all n > 1. O
(11.16) Corollary 6. If U is left-exact and R' U = O, then U is exact. O

(11.17) Ext—modules. Let N be an R-module. For any n € Z we set

Ext?.(—, N) & R" Hompg(—, N) .

These are called the contravariant Ext—functors. They are half-exact, additive, and con-
travariant. The functors Ext%(—, N) and Homp(—, N) are isomorphic (in the sense of
(10.23)). Ext will be studied in further detail in Section 16.

(11.18) Long-exact Sequence for Contravariant Ext. Let H be an R-module, and

let M be the exact sequence O — M 5 M’ 55 M"” — O of R-modules. There is then
an induced long-exact sequence:

0 — Homp(M", 7)™ Homg (01", 1) ") o (M, 1) — 202
Extp(M", H) B ExthL(M', H) Exct (1, H)

Bty (M, H) S e v, ) —

Exth(M", H) Extip (u',H) Ext (M, H) Ext, (11, H) Exts (M, H) 0L

Extt (1 H) Extt (1, H)

Ext™(M", H)

Ext™t (M, H)

(11.19) PDT ey Projective Dimension Theorem. The following are equivalent for
any R—-module M and any ne€ Nj.
(i) pdg M <n;
(i) Exth (M, H) = O for all m > n and all R-modules H;
(iii) Ext’%™ (M, H) = O for and all R-—modules H;
(iv) If P. is a projective resolution of M, then Ext;™ (M, K, (P.)) = O.
(v) If P. is a projective resolution of M, then K,,_1(P.) is projective.



62 HANS-BJORN FOXBY DECEMBER 20, 2004

In items (iv) and (v) the standard kernel notation of (10.26) is used.

(11.20) Proof. The implications “(ii) = (444)”, “(iii) = ()", and “(v) = (1)” are
obvious, while “(7) = (u1)” follows from the vanishing result (11.7).
“(iv) = (v)” follows from the next lemma, since (11.13) yields

Exth(K,_1(P.),K,(P.)) = Ext™ (M, K,(P.)). O

(11.21) Lemma. Let O — K % P — K’ — O be an exact sequence, and assume that
P is a projective module. The following then holds:

K' is projective <= Extp(K',K)=0.

(11.22) Proof. The implication “ = ” is by the vanishing result (11.7). To prove the
opposite one, assume that Ext}%(K ' K) = O, and consider the exact sequence

Hompg (o, K)

Homp(P, K) """ Homp(K, K) 2= Exth(K', K)

from (11.18). Thus, our assumption yields that Hompg(a, K) is surjective. Choose o €
Hompg (P, K) such that Hompg(a, K)(0) = 1k, that is, oo = 1. By Theorem (6.45) the
short-exact sequence splits, and it follows that K’ is projective, cf. (7.10), as desired. O

(11.23) PDC def Projective Dimension Corollary. If M is an R—module, then
pdp M = sup{ne Ny | Exti(M,H) # O for some H }

This number is in Nj d:ef{—oo}UNOU{oo}. O
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12. INJECTIVE MODULES

Recall that the contravariant functor Hompg(—, H) is left-exact for all R—modules H.

(12.1) Injective modules. An R-module H is said to be injective exactly when the

functor Homg(—, H) is exact, that is, if and only if the induced homomorphism
Hompg(p, H): Homg(N, H) — Hompg(M, H)

is surjective for any injective R—homomorphism ¢: M — N cf. (6.30).

(12.2) Injectivity diagram. Injectivity of the R—module H is often explained by the
diagram:

0 M - N

£

H

This means: If the solid arrows are given and the row is exact, then the dotted arrow
exists such the triangle commutes.

(12.3) Not injective. The Z-module Z/(2) is not injective, cf. (6.32).

The next three auxiliary results correspond to the results on projectivity (7.6), (7.10),
and (7.12), and their proofs are dual, that is, they are obtained by reversing the arrows.

(12.4) Isomorphic injectives. If n: H =, H'is an isomorphism of R—modules, then
H is an injective module if and only if H’ is so O

(12.5) Lemma: Injective submodule splits off. If p: I — N is an injective R—ho-
momorphism with the source I injective, then the exact sequence

O%[LM—»M/IH]QO—)O

splits, and I is isomorphic to a direct summand in M. O

(12.6) Lemma: Direct sum of injectives. If I and J are R-modules, then the follow-
ing holds.

I @© J isinjective <= [ and J are injective. O

The next theorem is an important tool in the theory of injective modules.

(12.7) Baer’s Criterion. The following are equivalent for any R—module H.

(i) The module H is injective;
(i) The restriction homomorphism Hompg(R, H) — Homg(a, H) is surjective for any
ideal a in R, that is,
O——a——=R

H ;
(#i1) To any ideal a in R and any R—-homomorphism «: a — H there exists hg € H
such that a(a) = ahg for all a € a.

(12.8) Proof. The implication “(i) == (4i)” is by the definition of injectivity.
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“(i1) = (441)”: Let o € Hompg(a, H) be given, and choose, by the assumption, 3: R —
H such that the restriction 3|, is equal a, and set hy =% 3(1). For any a € a we have
then a(a) = f(a) = af(1) = ahy as desired.

“(i11) = (4)”: We assume that (i) holds and want to prove that Hompg(—, H) is
exact, and to test this it is sufficient to consider a special short-exact sequence

O—-K—M-—M/K-—O
and prove that the induced sequence
Hompg(M, H) — Homg(K,H) — O

is exact. The latter is, to any R—homomorphism x: K — H there exists an R—homomor-
phism p: M — H such that the restriction p|x equals k. To achieve this, let X denote
the set of pairs (L, ) such that

e [ is submodule of M and L D K;
e \: L — H is an R-homomorphism with A|x= k.

We will prove that X contains an element of the form (M, p).
This set X is (partially) ordered by:

def
<

(L)) = (L)) LCL and XN|,=).

We will prove that X hereby is inductively ordered, cf. (7.29). If Y is a totally ordered
subset of X, then it has a majorant, namely (E, X) where L is the union of the submodules
L occurring in Y (and this is a submodule of M as Y is totally ordered), and where A
is defined by A(z) = A(z) whenever (L,\) € Y is such that € L (and A is hereby
well-defined due to the definition of the ordering <).

Thus, X is inductively ordered, so Zorn’s Lemma gives a maximal element (N, v) in X.

If N=M then v: M — H is the desired extension of x.

Next assume that N C M [and look for a contradiction]. Choose mo € M \ N,
and set a =% {q € R | amo € N}, which is an ideal in R. Define a: a — H by
a(a) =% v(amyg). Since a is an R—homomorphism, our assumption (7i) yields an element
ho € H such that a(a) = ahg for all a € a. Set N’ =% N 4+ Rmy, which is a submodule
of M, and define v': N’ — H by /(n + rmg) =% v(n) + rhg for n € N and r € R.
To see that this well-defines v/, assume that ny + rymg = ns + romg, and conclude that
(r1 —r9)mog =ng —ny € N, so r;y —ry € a, and hence

(r1 —r2)ho = a(ry — r2) = v((r1 — r2)mg) = v(ne — n1) = v(n2) — v(n);
thus v(nq) + rho = v(n2) + rohy (as required for the well-definition of v’). Note that
V' |n= v, and hence V' |x= k.

Now it has been verified that (N’, ') belongs to X. Since (N,v) < (N',v) and (N, v) #
(N’, V"), we have obtained the desired contradiction to the maximality of (IV,v). O

(12.9) Injectives over a field. If R is a field, then O and R are the only ideals, so (i)
i Baer’s Criterion is always fulfilled, and all modules are injective.

(12.10) All exact sequences split. The following are equivalent.

(i) All modules are injective.
(7) All modules are projective.

(7i7) All additive functors are exact.
(7v) All short-exact sequences split.
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Indeed, “(7) = (w)” and “(i1) = (iv)” by (12.5) and (7.10), respectively. Furthermore,
“(iv) = (414)” since additive functors preserve splitting sequences (6.42). Finally, “(i7)
= (i)” and “(iit) = (1)” are obvious.
Later, in (18.36), we will prove that they are equivalent to
(v) The ring R is a finite product of fields.

These five conditions are equivalent also over non-commutative rings, when the fifth one is replaced by
“The ring is a finite product of matrix algebras over division rings.” Such rings are said to be semisimple.

(12.11) Isomorphic Functors. Let F,G: Mod(R) — Mod(R’) be two functor of the
same variance. They are said to be isomorphic, exactly when there for each R-module
M is an R'-isomorphism 60y,: F(M) — G(M) such that the next diagram is commutative
for each R-homomorphism ¢: M — N:

The diagram is here shown in the covariant case; in the contravariant one, the vertical
arrows should be reversed.

If F and G are isomorphic, and F is exact (respectively, left-exact, right-exact, half-
exact), then G is the same.

If T is a right-exact covariant functor, then it is isomorphic to Lo T, cf. (10.21). If U
is a left-exact contravariant functor, then it is isomorphic to R" U, cf. (11.14).

(12.12) Theorem: Swap isomorphism'. Let K, L, and M be R-modules. There is
then an isomorphism

Qgry: Homg(K, Homg(L, M)) — Hompg(L, Homg(K, M))

which is natural in K, in L, and in M, that is, there are the next three pairs of isomorphic
functors:

(12.12.1) Hompg(—, Homg(L, M)) = Homp(L, Homg(—, M))
(12.12.2) Hompg(K, Hompg(—, M)) = Homg(—, Homg (K, M))
(12.12.3) Hompg(K,Hompg(L, —)) = Hompg(L, Homg(K, —))

1

(12.13) Proof. Let us start by analyzing the element of the source: Assume that s
belongs to it, that is, x is an R~homomorphism x: K — Hompg(L, M), so it associates to
any k € K an element (k) in Hompg(L, M), that is, an R~homomorphism «(k): L — M,
and this sends each ¢ € L into the element (k(k))(¢) € M.

To determine Qg : Homg(K, Homg(L, M)) — Hompg(L, Homg(K, M)) we want for
any £ € Hompg(K, Homg(L, M)) to define Qg (k) in Homg(L, Homg (K, M)), that is,
the R—homomorphism Qg (k): L — Hompg(K, M), and this is done by defining for
each ¢ € L the R—homomorphism (Qxrr(k))(¢): K — M by the assignment

((Querar(k))(0) (k) = (s (k) (0)

12 The name “swap” was introduced in the book Gorenstein Dimensions (1990) by Lars Winther
Christensen.
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for k € K. It is seen by inspection that Qg is an R—homomorphism. Thus we have
also the R—homomorphism

Qrgy: Homg(L, Homg(K, M)) — Homg(K, Homg(L, M)) .
In is seen by inspection that

QremQx v = THomp(K Homp (L) ad QrryQrrnr = LHom g (L, Hom g (K,M)) -

Thus, Qg is an R—isomorphism.
That Qg is natural in K means that for any R-homomorphism ¢: K — K’ the
next diagram is commutative:

Qper
Hompg(K', Homg (L, M)) ——*> Homg(L, Homg(K’, M))
Hompg(p,Homg(L,M)) Hompg(L,Hompg (¢, M))

Hompg(K, Homg(L, M))

Hompg(L, Homg(K, M)) .

KLM

An inspection shows that this indeed is the case. Naturality in L follows, and naturality
in M can be verified. ]

(12.14) Corollary: Hom(P,I) is projective. If P is a projective R—module, and I is
an injective R—module, then Hompg (P, I) is an injective R—module.

(12.15) Proof. By the theorem there is the following isomorphism of functors:
Hompg(—, Homg(P, 1)) = Hompg(P, Homg(—, I)).

The right hand functor is exact as it the composite of the exact functors Hompg(—, I) and
Hompg(P, —). Thus the left hand functor is exact, as desired. O

(12.16) Divisible modules. Let R be an integral domain, and let D be an R-module.
We say that D is divisible, exactly when the multiplication map rp: D — D, x — rx is
surjective for all r € R\ O. Thus,

D isdivisible <= VreR\OVdeD3zeD:rx=d.

(12.17) Theorem: Injectivity vs. Divisibility. Let D be a module over an integral
domain R, and let K be a submodule of D. The following then hold.

(1) If D is injective, then D is divisible.

(2) If R is PID and D is divisible, then D is injective.

(3) If D is divisible, then D/K is divisible.

(4) If R is PID and D is injective, then D/K is injective.

(12.18) Proof. (1) Assume that D is injective, and let r € R\ O and d € D be given. By
setting a(ar) =9 ad for a € R an R-homomorphism «: (r) — D has been well-defined
(as 7 # 0 and R is a domain). By (74) in Baer’s Criterion (12.7) we get dy € D such that
a(ar) = (ar)dy for all @ € R. With 2 =% dy we have rz = (1r)dy = o(1r) = 1d = d, as
desired.

(2) Assuming that D is divisible, we will verify condition (4i) in Baer’s Criterion (12.7).
Let a: a — D be any R—homomorphism with an ideal as source, and search for dy € D
such that a(a) = ad, for all a € a. As R is PID we can choose a¢ € R such that a = (ay).
If ap = 0 then dy = 0 will do the job. Therefore assume that ag # 0 and choose by the
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divisibility of D an element dy € D such that a(ag) = agdy. Now, for a € a choose r € R
such that a = rag, and obtain the desired assertion:

ala) = a(rag) = ra(ag) = r(apdy) = (rag)dy = ady .

(3) is obvious.
(4) If D is injective, then it is divisible by (1). Thus, D/K is divisible by (3) and hence
injective by (2). O

(12.19) Exercise: Field of Fractions. Let R be a domain. Prove that its field of
fractions B is an injective R-module.

(12.20) Faithfully injective modules. An R—module [ is said to be faithfully injective,
exactly when it is injective and Hompg(M, I') # 0 whenever M is a non-zero R-module.

(12.21) Faithfully injective group. The Z-module A =% Q/Z is faithfully injective.
Indeed, the group Q of rational numbers is a divisible Z—module, and Z is a submodule
of it. Thus, the group A is divisible by (12.17.3) and hence injective by (12.17.4). If M is
a non-zero Z—module, choose a non-zero m € M, and let n€ NU oo be the order of m. If
n is finite, then a Z-homomorphism ¢: Zm — A is well-defined by ¢(zm) =4 [Z]z;ifn
is infinite, then a Z-homomorphism ¢: Zm — A is well-defined by ¢(zm) =% [£];. In
both cases we have a non-zero Z-homomorphism ¢: Zm — A. Since A is an injective Z—
module, ¢ can be extended to a Z-homomorphism @: M — A. Thus, Homz(M,A) # O

as desired.

(12.22) Induced structure. As any R-module is a Z-module, and any R-homomor-
phism is a Z-homomorphism, we have Mod(R) C Mod(Z). (However, if M and N are
R-modules, then Hompg(M, N) might be a proper subset of Homy (M, N).)

If M is an R—module, and G is a Z—module, then the Z—module Homy(M, G) becomes
an R-module with the multiplication given as follows:

For r € R and pu € Homy (M, G) the product ru: M — G is defined by

(rp)(m) oo p(rm) for me M.

A calculation shows that this endows Homyz (M, G) with a structure of an R—module.

The definition above does not require the underlying ring to be commutative. Indeed, let A be any
(not necessarily commutative) ring. A commutative group (M, +) is then said to be a A—module, exactly
when there is a multiplication A x M — M such that (M1), (M2), and (M3) of (2.1) hold when r,7' € R
are replaced by A\, A’ € A. (Some refer to this as M is a left A—-module.) The opposite ring A° is the
group (A, +) equipped with the opposite multiplication Ax A — A, (A, A') — X A. If N is an A°~module,
then the associativity condition (M1) of (2.1) can be written A(A’n) = (MA)n (In this case some write
the multiplication as (A,n) — nA; thus (M1) becomes n(AX) = (nA)N, and some refer to N as a right
A—module.)

If M is a A-module and G is a Z—module, then Homz (M, G) is a A°—module.

(12.23) Proposition: Swap isomorphism. Let K and L be R—modules and let G be
an Z-module. There is then an isomorphism

Homp (K, Homy (L, G)) = Hompg(L, Homz (K, G))

of R—modules, and it is natural in K, in L, and in G.

(12.24) Proof. This is a restriction of Homyz (K, Homz (L, G)) = Homyz(L, Homz (K, G))
from the Theorem (12.12) O
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(12.25) Pontryagin Module. The Pontryagin module of R is Ar =% Homgz(R, A)
where A = Q/Z is the faithfully injective Z—module introduced in (12.21). By (12.22),
Ap is an R—module.

The Pontryagin module Ay is faithfully injective, because of the next isomorphisms:

Hompg(—, Agr) = Hompg(R, Homz(—, A)) = Homg(—, A),
where the former results from (12.23) and the latter from (4.4).

(12.26) Pontryagin Duality. The Pontryagin duality functor is the contravariant exact
functor (—)Y =% Hompg(—, Ag).

For an R—module M the module MY = Hompg(M, A)rg is said to be the Pontryagin dual
R-module of M. If a: M — N is an R—homomorphism, then the induced one o": NV —
MY is the Pontryagin dual R—homomorphism. Note that the faithful injectivity of Ag
yield the next:

(12.26.1) M+#0 <+ M'+#O0;

(12.26.2) a is injective <= a" is surjective;

(12.26.3) o is surjective <= " is injective;

12.26.4 « is bijective <= " is bijective.
J J

(12.27) ExP 4" Exactness Principle. The following are equivalent for R—complex K..
(i) K. is exact;
(71) Hompg(K.,I) is exact for all injective R-modules I;
(@i) (K.)Y is exact.

(12.28) Proof. “(i) = (u1)” and “(iii) = (4)” follow from (11.3), while “(ii) = (4ii)”
is obvious. 0

(12.29) Evaluation Homomorphism. The map ¥ : M — M"YV is given as follows:
For m € M, the image e (m) € MYV = Homgz(M", Ag), that is, the R—homomorphism
e (m): MY — Ag, is defined by (&3 (m))(n) = p(m) for p € MY = Hompg(M, Ag).

(12.30) Injectivity. The evaluation homomorphism e¥: M — MYV is injective.

(12.31) Proof. For m € M \ O we have Rm # O, and hence Homg(Rm, Ag) # O, so
choose an R-homomorphism p: Rm — Apg which is non-zero, that is, p(m) # 0. By
the injectivity of Agr we can extend p to pu: M — Apg. Thus, u(m) = p(m) # 0 as
desired. 0

(12.32) Embedding into an injective module. Every R—module M can be embedded
into an injective R—-module 1.

(12.33) Proof. Choose a surjective R-homomorphism 7,: P — M"Y with projective
source. The induced homomorphism MYV — PV is then injective, and its target is an
injective module by (12.14). Finally, M is embedded into M"Y by (12.30). O

(12.34) Injective resolutions. An injective resolution I° of an R—module M is a se-
quence of R—homomorphisms:

. 0 1 ¢ 041
) AR TN (A & SN (AN (S AN
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-1
together with an R—homomorphism M 27, 1% such that

e [’ is an injective R-module for all /€ Ny;

. def -1 0 1 ¢ 041 .
e M-I Yoo, Ot O e T g exact.

The sequence M — I" is then called the augmented injective resolution of M. Note that
the index of the R-homomorphism 0° in the injective resolution equals that of its source.

(12.35) Lemma: Ubiquity of injective resolutions. Fach R-module M has an in-
jective resolution.

(12.36) Proof. First embed M into an injective R—module I°, next embed C* =t [°/M
into an injective R—module I', then C? =% [1/C! into an injective R—module 2, and
SO on. U

(12.37) Injective dimension. Let M be an R—module. It is said to have finite injective
dimension exactly when it has a bounded injective resolution, that is, there is a bounded
exact sequence

(+7) O M2Lp e, nd e g o
with 1°,..., I" injective modules.

When M # O has finite injective dimension, then the injective dimension of M is the
smallest n € Ny such that there exists an exact sequence (7).

If M # O has not finite injective dimension, then we set idg M = oc.

Finally, we set idg O = —o0.

Thus, for any R—module M # O and any n € Ny we have:

There exists an exact sequence:

(12.37.1) dpM <n < O-M2ZL0 ... 0
with I°,..., I"™ injective.

Furthermore,

(12.37.2) idgM =0 <= M is injective and non-zero.

(12.38) Injective dimension over a field. If M is a module over a field R, then idgr M
is zero if M # 0 and —oo otherwise, cf. (12.9).

(12.39) Injective dimension over a PID. If R is a PID and M is an R-module , then
idg M < 1. Indeed, by (12.32) there is an exact sequence O — M — I — C' — O, and
(12.17.4) implies that C is injective.

(12.40) Bounds on Homological Dimensions. Consider for any n€ Ny the next two
assertions concerning the ring R.

(p) pdp M < n for all R-modules M;

(i%) idg M < n for all R—modules M.

If R is a field, then (p%) and (i%) hold by (7.29) and (12.38).

If Ris a PID, then (ik) holds by (12.39), and (7.30) yields the next:

(pk) pdg M’ <1 for all finitely generated R-modules M.

Later, in Auslander’s Theorem (17.6), we prove that (p%) holds, if and only if (i)

holds; this uses further properties of the Ext functor. It then follows that (pk) actually
does hold, when R is a PID.
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13. RIGHT DERIVED OF COVARIANT FUNCTORS

(13.1) Convention. Throughout this section

T: Mod(R) — Mod(R') is an additive and covariant functor.

We also consider its induced functor 7': Com(R) — Com(R'), cf. (8.22).

This section describes—without proofs—the theory of right derived functors of covari-
ant functors; this relies on the theory of injective modules.

(13.2) Definition. For n € Z the n’th right derived functor R"T: Mod(R) — Mod(R')
of T is defined as follows:

(M) If M is an R—module, then choose an injective resolution I° of M, and set
R"T(M) € H"(T(I")).

(u) If p: M — N is an R-homomorphism, then choose injective resolutions I and
J* of M and N, respectively, choose an R—morphism p": I° — J° which is a
continuation of p, that is, ,uo(?;.l = ;.lu, and set

R T () = HY(T(p")): HY(T(I)) = HY(T(J)) .

(13.3) Theorem: Uniqueness. The following hold.

(M) For any R-module M, the R'-module R"T(M) is uniquely determined up to
unique isomorphism.

(1) For any R—homomorphism p: M — M’, the induced R'~homomorphism R™ T'(11)

is uniquely determined up to unique isomorphism. O

(13.4) Theorem: Functoriality. For all n € Z the derived functor R" T' is a functor:

(1) R"T(Wpu) =R"T(p')R"T(n) for all n € Z when p: M — M’ and p/: M — M" are
R—-homomorphisms.
(2) R"T (1) = 1grruy for all n € Z when M is an R-module. O

T =0 for alln < 0.

(M) =0 for all n > idg M.

(M) =0 for all n > 0 if M is injective.

(O) =0 for alln € Z.

= O for all n # 0, if R is a field.

T =0 foralln > 1, if R is PID and n > 1. O

(13.6) Proposition: Additivity. The functor R" T is additive for all n€ Ny. g

(13.7) Theorem: Long-exact sequence of derived functors.
Let T': Mod(R) — Mod(R') be an additive covariant functor, and let

M =0—-M-25 M 25 M -0
be an exact sequence of R—modules. For all n € 7 there exists then an R'~homomorphism

§pe s RPT(M”) — R™ T(M)



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 71

such that the next sequence is exact:

R () W et gy
R T(M) U0 gy U gy
R (M) RMTTG) T TR et (M) RYTW . ]
(13.8) Corollary 1. The functor R"T is half-exact for all n > 0. O
(13.9) Corollary 2. The functor R T is left-exact. O

(13.10) Corollary 3. If O — M — I — C — O is an exact sequence of R—modules
and I is injective, then R"T(M) = R" ' T(C) for n > 1. O

(13.11) Corollary 4. IfT is left-exact, then the functors T and R T are isomorphic. [
(13.12) Corollary 5. If T is exact, then R"T = O for alln > 1. U
(13.13) Corollary 6. If T is left-exact and R' T = O, then T is exact. O

(13.14) Exercise: Derived functors of I',. Consider the Gamma functor I', for an
element a € R, cf. (6.51), and the set S(a) = {a™ | ne Ny }. If 0 ¢ S(a), then S(a) is a
special multiplicative system, and we set M, = S(a)™*M; otherwise we set M, = O.

LJVI M
(a) Establish, for any R-module M an exact sequence O — I'(M) ~» M Lo M, .
Assume from now on, that R is a domain, and that D is a divisible R—module.

D D
(b) Prove that the next sequence is exact O — I'y(D) <~ D £ D, — O.
Let O - D — J — C — O be an exact sequence with J injective.
(c) Establish the next commutative diagram with exact rows and columns.

0] 0] 0]
O Fa(D) la D Pa Da O
O T,(J) v g I 0
o oS
0] I(e) C c, 0]
0] 0]

(d) Prove that R'T'y(D) =0.
(e) Prove that R"I',(D) =0 for alln > 1.
(f) Prove that R"T',(M) = 0 for all n > 2 for any R—module M .

(Actually (f) holds over any ring—the proof is harder, though.)

(13.15) Exercise: Left Derived of Contravariant Functors. Describe this theory.
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14. DIRECT PRODUCTS AND SUMS

(14.1) Family of Sets. The notation (M,)
and X is an index set (or class).
Example A. M, = R for all z € X.
Ezample B. X = {1,...,n}. There are then n modules: M ,..., M, .

cex 182 family of sets, when each M, is a set

(14.2) Product Set. The product set [],. M, of a family (MJC)xeX of sets is the set
{ (mx)xex |Vz € X:m, € M, } consisting of all families (mﬂﬁ)xex of elements such that
mg € M,.

Ezample A continued. Recall from (3.13) that RX = {¢ | ¢: X — R is a function }.
When M, = Rforall z € X, then the map RY — [[, . M, , ¢ — ((p(:c))mex is bijective,
and we make the identification R =[], M,.

Ezample B continued. When X = {1,...,n}, then [[ . M, = M; x --- x M,, the

usual product set.

(14.3) Direct Product of Modules. The direct product of a family (Mx)xEX of R
modules is the product set [], .y M, equipped with addition and multiplication defined
as follows:

/ def ! def
(mx)a;eX + (mx)xeX o (mx +mx)xeX T(mﬂﬁ)meX - (rmx)a:eX'

Indeed, this makes it into an R—module.

Example A continued. In this case, the product module is R, the module of functions,
cf. (3.13).

Ezxample B continued. Here, the product module is the direct sum M; @ --- & M,, , cf.
(2.21).

(14.4) Direct Sum of Modules. For m = (m,),_ € [[,ex M. we set suppm =
{z e X |my #0} Theset [[,ex My =2 {m € [[,cx M. | suppm is finite } is a
submodule of the R-module [, M, and it is called the direct sum (or coproduct) of
the family (Mﬂﬁ)xex'

Ezample A continued. The direct sum is the module of functions RX)| cf. (3.13).
Ezample B continued. 1t is again the finite direct sum M; @ --- & M, , cf. (2.21) and
(14.3) with elements (myq,...,m,), m, € M, for all .

(14.5) Families of Homomorphisms. Let (gpm M, — N, ) be a family of R-ho-
momorphisms.

(1) There is then the induced R-homomorphism: [[.cv ¢z [l,ex Mo — [1,ex Nz given

by (mf) zeX (¢$<mm>)mex
2) As well as its restriction [,y 21 [loex Mo — [iex Na

3) I ([Lex 22) = [Lex Iy and I (1Ley ¢s) = 1Ly g,

(2)

(3) 1

(4) Ker ([T ex ¢2) = [Lex Kerg, and Ker ([],cx ¢z) = [Lcx Kero, .

(5) For any family of R— homomorphlsms (1/1;,3 N, — P, ) the following are equivalent.

(i) The sequence M, — N, Y2, P, is exact for all 2 € X
(i) The sequence [] .y M, Hoex s [Tex No Hlocx b [1,cx P is exact.
(éii) The sequence [ [,y My Hoex g« [Toex No Hoex g« [1,cx P is exact.
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(14.6) Direct Product and Sum of Functors. Any family
(Fy: Mod(R) — Mod(R"))
of functors F, of the same variance induces functors

I I] Fe: Mod(R) — Mod(R)

rzeX zeX

. def def
by setting (ngeX Fm) (M) = [loex F2(M) and (HmeX Fz) (¢) = Il.ex Fu(p) for any
R-module M and any R-homomorphism ¢. The sum [] .y F, is defined similarly. If

X={1,...,n} then F; ®--- @ F, denotes [[ .y F> = [[,cx Fa-
Exactness. The following are equivalent.

zeX

(i) F, is exact, respectively, left-exact, right-exact, half-exact, for all x € X;
(71) J],ex F» has the same property;
(#ii) [1,cx F» has the same property.

(14.7) Morphisms of Functors. Let ' and G be two functors Mod(R) — Mod(R’) of
the same variance. A family (©,: F(M) — G(M)),, indexed by the R-modules M is

then said to be a morphisms'® ©: F — G, exactly when the next diagram

O

F(M) G(M)
F(sa)l lG(«J)
F(N) . G(N).

is commutative for each R—homomorphism ¢: M — N. The diagram is here shown in
the covariant case; in the contravariant one, the vertical arrows should be reversed.

If ©: F — G is a morphism, then it is an isomorphism of functors, cf. (12.11), if and
only if ©); is an isomorphism for all R—modules M.

If ©,; is an isomorphism for all M in a certain subcategory of Mod(R), then we say
the © is an isomorphism on that subcategory.

(14.8) Exercise: Hom(R,-) is the Identity. Prove that the functor Homg(R, —) is
isomorphic to the identity functor.

(14.9) Exercise: Isomorphic Hom functors. Prove that the functors Hompg(—, M)
and Homp(—, N) are isomorphic if and only if M = N. Prove the same for the functors
Hompg(M, —) and Hompg(N, —).

(14.10) Isomorphism Theorem: Hom & Product. Let (Mf)xex be a family of R—
modules. There is then the next isomorphism of functors:

o H Homp(—, M,) — Homp(—, H M,).

zeX zeX

(14.11) Proof. For any L, the map ®%: []Homg(L, M,) — Hompg(L, [ M,) is given by,
that for p = (gpw)w in the source, the image ®"(y) in Hompg(L, [] M,), that is, the R-ho-
momorphism ®(p): L — [] M,, is defined by (®*(¢))(£) =2 (¢4 (¢),) (€ [TM,). Tt is
straightforward to verify that ® is a morphisms of functors. It is an isomorphism with
the inverse given by (®L)~1()\) =def (ﬂx)\gg)x for the projections m,: [[ M, — M, . O

13 Or we say that ©,; is functorial in M.
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(14.12) Corollary: Product of Injectives. For any family (Mr)mex of R—modules the
next holds:

H M, is injective <= M, is injective for all x € X . O
zeX
(14.13) Isomorphism Theorem: Hom & Sum. If (MJC)xeX is a family of R—modules,
then the restriction of the isomorphism ® from Theorem (14.10) to direct sums

D H Hompg(—, M,) — Hompg(—, H M,)

zeX reX

is an isomorphism on the subcategory Mod'(R) of finitely generated R—-modules, that is,
for any finitely generated R—module L’ there is the next isomorphism:

oM J] Homp(L', M,) — Homp (L, [] M.).

zeX zeX

(14.14) Proof. We verify first, that the restriction maps into Homg (L', [], oy M,): For

p = (gpgg)xex € [L,cx Homg(L', M,) and ¢’ € L' we have (9 (p))(¢') = (apx(f’))JCeX ,

so the support of (gpm(ﬁ’ ))me « is contained in supp ¢ which is finite by assumption.

The restriction is injective since ®F itself is. To prove that it is surjective, let
A € Hompg(L',][ M,) be given. From the previous theorem we know that there ex-
ists ¢ € [[ Hompg(L', M,) such that ®~'(¢) = X. Thus, it suffices to prove that supp ¢ is
finite. Assume that L/ = spang{/;,..., ¢, }, and set Y =% supp A\(¢;) U - - - supp A\(£,).
This set is finite because it is a finite union of finite sets. If the element x belongs to
supp ¢, then ¢, # 0, that is, ¢, (¢;) # 0 for some i; thus z € Y. O

(14.15) Noetherian Rings. The ring R is said to be Noetherian '*, exactly when every
ideal in R is finitely generated. It is easy to see, that R is Noetherian if and only if it has
the Ascending Chain Condition on ideals: Every ascending chain ag Ca;---Ca, C---
of ideals is ultimately stable, that is, there is an N&€ Ny such that ay = anyq--- .

Fields and PIDs are Noetherian. If R is Noetherian, then the residue ring R/a, the
ring ST R of fractions, and the polynomial ring R[X] are all Noetherian. (Proofs will be
provided later.)

(14.16) Corollary: Direct sum of Injectives. If R is Noetherian, then the next holds
for any family (Ml“)xex of R—modules:

H M, is injective <= M, is injective for all x € X .
zeX

(14.17) Proof. The implication “==" follows from (12.6) as [ [,cx M, = M,®[],, M.

To prove the other implication, assume that each M, injective, any use Baer’s Criterion
(12.7) to prove that M = [[, .y M, is injective. Let a be an ideal and consider the next
commutative diagram:

Hompg (R, M) Hompg/(a, M) O
%lq}R glq)a
[aex Homp(R, M) ——— [1,cx Homg(a, M.,) 0

14 After Emmy Noether (German), 1882-1935, the founder of modern algebra.



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 75

The isomorphisms are by Theorem (14.13) as the modules R and a are finitely generated.
The lower row is exact by assumption, and hence the top row is exact, as desired. O

(14.18) Exercise: Direct sum of Injectives. Prove that the ring R is Noetherian,
if the direct sum [, .y M, is injective, whenever each M, is injective. [Assume that
ap C --- Ca, C--- is an infinite strictly increasing chain of ideals in R. Embed each
R/a, into an injective module M,, . Prove that [] _y M, is not injective. |

(14.19) Isomorphism Theorem: Hom & Sum-Product. If (M,)
R-modules, then there is the next isomorphism of functors:

U Homp([[ My, —) — ] Homp(M,, ).

reX zeX

sex 18 a family of

(14.20) Proof. For ¢ € Homg (][ M,, L) we set Wl(p) =def (Wx)xex’ which belongs to
[1,cx Homp(M,, L), and where ¢, is the inclusion M, — [ M, . Define

0" ] Homp(M,, L) — Homp([ [ M., L)
zeX reX

by (5 (1) ,e ) (M) ) =2 D sex ta(ma) € L; the sum is finite because (m..) .
belongs to [ M, . It is straightforward to verify that the maps QLWL and WEQL are the

identities. O
(14.21) Corollary: Direct sum of Projectives. If R is Noetherian and (MJC)xeX is a
family of R—modules, then the next holds:

H M, is projective <= M, is projective for all r € X . O

zeX
(14.22) Exercise: Module of Maps. Let M be an R-module, let X be a set, and
define M to be the set of maps X — M.
(a) Provide M* with the structure of an R—module.
(b) Identify M~ with [, .y M, when M, = M for all z € X.
(¢) Establish an isomorphism M* — Hompg(R™), M) of R-modules.



76 HANS-BJORN FOXBY DECEMBER 20, 2004

15. COMPLEXES OF HOMOMORPHISMS

This section contains auxiliary results to be used in Section 16.

(15.1) Complex of Homomorphisms. For R—-complexes X. and Y. we define an R-
complex Hompg(X.,Y.). as follows.

(M) The n’th module is:
Homp(X.,Y.), = [ [ Homp(Xe, Yern) -

LET

Thus, each element a. in this module is a family (Oég: Xy — Ye+n) ez of R—ho-
momorphisms, and «. is said to be a homomorphism of complexes: X. — Y.of
degree n. (Examples: Any morphism ¢.: X. — Y. is a homomorphism of degree
zero. The family (85() ez of differentials in an R—complex X. is a homomor-
phism: X. — X. of degree —1. Any family 0. = (@: X, — Yg+1)€el defining a
homotopy between two morphisms: X. — Y. belongs to Hompg(X.,Y.);.)

(1) The n’th differential
oHomr(Xe.Ye)e . Homp(X.,Y.), — Homp(X.,Y.),_1
in degree n is defined as follows:

QHomR(X+Y ) () def (8 pae — (1) 10

tez
for a.. = (Ozg)gel € Homp(X.,Y.),.
For any (. € Hompg(X.,Y.), the last definition yields:
(15.1.1) B. € Zo(Homp(X.,Y.).) <= (. isamorphism: X. —Y..

(15.1.2) B. € Bo(Homp(X.,Y.).) <= [ ~0..

The last is that (. is homotopic to the zero-morphism 0.: X. — Y.. Thus, the set
of equivalence classes of morphisms X. — Y. with respect to homotopy is precisely
Ho(HOITlR(X. s Y. ).) .

As usual, cf. (8.8), we identify any complex concentrated i degree 0 with the module in
degree 0, and vice versa. If M and N are R—modules, then the complex Hompg(M, N).
equals the module Homg(M, N), and if, furthermore, X. is an R—complex, then the
complex Hompg (M, X.)., respectively, Homg(X., M)., is equal to the result of applying
the covariant functor Hompg (M, —), respectively, the contravariant functor Hompg(—, M),
to the complex X., cf. (8.22), respectively, (11.2.1) (and here the sign matters).

(15.2) Induced Morphisms. Let ¢.: Y. — Y be a morphism of R—complexes, and let
X. and Z. be R—complexes. There are the next induced morphisms:

Homp(X.,¢.).: Homg(X.,Y.). — Homg(X.,Y!)., a— Y«
Homg (9., Z.).: Homg(Y!, Z.). — Hompg(Y.,Z.)., o' — a/¢.

(15.3) Shifted Complex. Let X. be an R—complex. The R—complex X X. is defined as
follows:
(EX'>n = n—1, 85)(' = _85:1 )
and it is said to be the complex X shifted one degree to the left'®.
Note that H,1(XX.) = H,(X.).

15 The complex X©X. is also called the suspension of X, and it was introduced in (8.25.3) using a
different notation.
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(15.4) Cone of Morphism. Let a.: X. — Y. be a morphism of R-complexes. The
mapping cone Cone(a. ). of a. is the R—complex defined as follows:

Cone(c), EY, ® Xy (= (V. ®SX.)),

oo (g w0 1) (DY (yn) + 1 (1), — 0K (20 1)) -

There is the next exact sequence of R—complexes:
O. — Y. Cone(a.). — ¥X. — O.,

where «. and 7. degreewise are the inclusion and the projection, respectively. In the
corresponding long-exact sequence, the connecting homomorphism H,, 1 (XX.) — H,(Y.)
turns out to be H, (a. ). Thus, setting C. =% Cone(a. ). , there is the next exact sequence:

(15.4.1)
Hn+1 (a' ) H, (Oéo )

Hy1 (Xo) ——=Hp1 (Vo) —— Hpit (CL) —— Hp(X4) H,(Y.) — H,(C.)

(15.5) Cone and Homomorphisms. Let ¢: Y. — Y. be an R—morphism, and let X.
and Z. be R—complexes. It is then not hard to establish the next identification and the
next isomorphism:

Cone(Hompg(X.,.).). = Homg(X., Cone(¢.).). ;
Cone(Hompg (., Z.).). = YHompg(Cone(. )., Z.). .

(15.6) Quasi-isomorphisms. Let a: X. — Y. be an R-morphism; it is said to be
a quasi-isomorphism, exactly when it induces isomorphisms in homology, that is, the
homomorphism H,(a.): H,(X.) — H,(Y.) is an isomorphism for all n € Z.

If a: M — N is an R-homomorphism, then it is also an R—morphism, cf. (8.8), and it
is a quasi-isomorphism of complexes, if and only if it is an isomorphism of modules.

If P. is a projective resolution of an R-module M, then the induced R—morphism
m.: P. — M is a quasi-isomorphism.

If 1.'% is an injective resolution of an R-module N, then the induced R-morphism
v.: N — I. is a quasi-isomorphism.

(15.7) Cone and Quasi-isomorphisms. By (15.4.1) we have the next:

(15.7.1) a is a quasi-isomorphism <= Cone(a.) is exact.

(15.8) Exact Complex of Homomorphisms. Consider R—complexes P., I., and K..
The following then hold.

(P) If P. is bounded to the right and each P, is projective, then the next holds:
K. isexact == Hompg(P.,K.). is exact.

(I) If 1. is bounded to the left and each I,, is injective, then the next holds:
K. isexact = Hompg(K.,I.). is exact.

For (P), assume that P, = 0 for n < 0, and prove that Ho(Hompg(P., K.).) vanishes,
that is, that any morphism P. — K. is homotopic to the zero morphism. This is
achieved as in the proof of the theorem (9.15.!) (which actually does not need to require
the modules P, to be projective).

16 Here written homologically.
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(15.9) Induced Quasi-isomorphisms. Let ¢.: Y. — Y. be an R—morphism, and let
P. and I. be R—complexes. The following then results from (15.7), (15.8), (15.5), and
(15.7) once more:

(P) If P. is bounded to the right and each P, is projective, then the next holds:
¥. is a quasi-isomorphism = Homg(P.,1.). is a quasi-isomorphism.
(I) If I. is bounded to the left and each I, is injective, then the next holds:

¥. is a quasi-isomorphism = Homg(¢., I.). is a quasi-isomorphism.

(15.10) Resolutions and Induced Quasi-isomorphisms. Let P. be a projective re-
solution of an R-module M, and let I.'” be an injective resolution of an R-module N.
Consider the induced quasi-isomorphisms 7.: P. — M and v.: N — I., cf. (15.6), as
well as the next two quasi-isomorphisms, that they induce, cf. (15.9):

Hompg (P ,ve)s Hompg(me ,Ie)e

Hompg(P., N).

For each n € 7Z, these two quasi-isomorphisms induce the next two isomorphisms in

homological degree —n:
(15.10.1)

Ext? (M, N)

Hompg(P., I.). Hompg(M, I.). .

H_,, (Hompg(Pe,ve)e) H_, (Hompg(me,le)e)

o

H_,(Homg(P.,1.).) H_,(Homg(M,I.).).

1%

Recall from (11.17) that Ext (M, N) is R" Hompg(—, N)(M), that is, the n’th right de-
rived of the contravariant functor Homg(—, N) applied to the module M, and hence
Ext™(M, N) = H_,(Homg(P., N).).

By the way, the right hand module above is R" Hompg(M, —)(N), that is, the n’th right
derived of the covariant functor Hompg(M, —) applied to the module N, cf. (13.2).

17 Again written homologically.
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16. EXT

For any R-module N and any n € Z the contravariant functor Exty(—, N) was intro-
duced in (11.17) as the n’th right derived of the contravariant functor Hompg(—, N). In
this section, this functor is extended to a bi-functor Ext};(—, —) in two variables (and it
is explained what this means). Furthermore, it is proved that Extl; (M, —) for fixed M is
isomorphic to the n-th right derived of the covariant functor Hompg(M, —).

(16.1) Hom is a bi-functor. That is, if yu: M — M’ and v: N — N’ are R-homomor-
phisms, then the next diagrams are commutative:

Hompg(M,v)

(16.1.1) Hompg (M, N) Hompg(M, N') QU > VUl
Hompg (u,N) Homp (u,N")
Hompg(M', N) Hompg(M', N') v

_
Hompg(M',v)

We set Hompg(p, v) =% Hompg(M, v) Homg(u, N): Homg(M’', N) — Hompg(M, N').

(16.2) Ext}(M,-) is a functor. For a fixed R-module M we make Ext;z (M, —) into
a functor as follows: First, choose a projective resolution P. of M. Next, consider any
R-homomorphism v: N — N’, and the induced R—morphism

Hompg(P.,v): Homg(P., N) — Homg(P., N').

The desired R-homomorphism is obtained by taking cohomology:

Ext?(M,v) € H"(Hompg(P.,v)): Ext? (M, N) — Ext’(M, N").

This makes Ext(M,—) into a functor: the composite of Hompg(P.,—): Mod(R) —
Com(R) and the cohomology functor H"(—): Com(R) — Mod(R).

(16.3) Ext is a bi-functor. That is, if u: M — M’ and v: N — N’ are R-homomor-
phisms, then the next diagram is commutative:

Ext's (M,v)

Ext(M, N) Ext(M, N')
Ext% (1,N) Ext’, (u,N")
Ext(M’, N) Ext (M, N') .

—_
Ext} (M’ ,v)

Indeed, choose projective resolutions P. and P. of M and M’, respectively, and con-
sider the next commutative diagram:

Homp(P., N) 22 Homu(P., N')
Hompg(P.,N) Hompg(P.,N’)
Hompg(P., N) Hompg(P., N').

_
Hompg(P.,v)

The desired assertion follows by taking n’th cohomology.
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(16.4) Ext as derived of covariant Hom. By Definition (11.17), Ext’,(—, N) is the
derived functor R" Homg(—, N) for n € Z and an R-module N. Temporarily, we set
Exth (M, ~) =% R*Homp(M,~), cf. (13.2), for n € Z and M € Mod(R). Dually
again, Ext;(—, ~) is a bi-functor, cf. (16.3). It follows from (15.10.1) that this bi-functor
Ext,(—, ~) is isomorphic to Ext(—, ~). Now, the notation Ext};(—, ~) is superfluous.

(16.5) Theorem: Ext. For every n € Z there exists a bi-functor
Exth(—, —): Mod(R)°® x Mod(R) — Mod(R);

contravariant in the first variable’® and covariant in the second.

(P1) For any R-module N, the functor Exty(—, N) is the n’th right derived functor
R" Hompg(—, N) of the contravariant functor Hompg(—, N).

(I1) For any R-module L, the functor Ext(L,—) is the n’th right derived functor
R"Hompg(L, —) of the covariant functor Hompg(L, —).

(P2) Extj(M, N) depends on the choice of projective resolution of M, but is unique
up to unique isomorphism.

(I12) ExtRi(L, M) depends on the choice of injective resolution of M, but is unique up

to unique isomorphism.

3) Ext%(—, N) = Hompg(—, N).

) Ext%(L, —) = Homg(L, —).

) N is 1nject1ve if and only if Exty(—, N) = O for all n > 0.

4)

)

(
(

P3
(I3
P4
(I4) L is projective, if and only if Ext';, (L ) = O for all n > 0.
(H) Consider the next short-exact ladder!?

0 O
M = M
Iz B
M ——— p
W W

0 O

18 As indicated by the superscript °P.
19 That is, a commutative diagram with exactly two columns (or rows) satisfying the mentioned

exactness property.
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(P5) The short-exact ladder (H) induces the next long-exact ladder:

Ext™ (]’ Bt (@ N) 1
xty (M, N) Exty (M',N)
Ext® ™ (7,N) Ext% ' (u,N)
el Ext%_l(oz,N) 1
Exty (M, N) Exty (M, N)
ot ot
— Ext% (o ,N) n
Ext},(M", N) — Ext’(M”, N)
Ext?}, (1 ,N) Ext? (u/,N)
L~ Ext?(o/,N) o
Ext'y(M’, N) Extp(M', N)
Ext (&,N) Ext’, (1,N)
— Ext% (a,N) n
Ext? (M, N) —— Ext” (M, N)
o b

(I5) The short-exact ladder (H) induces the next long-exact ladder:

ont
Exctly(L, M) — 22 pin
Ext?, (L)
Exctiy(L, M') —i&)
Bt (L)
Ext’ (L,a")

Ext(L, M")

o7

+1
Ext

Exti ! (L,p)

+1
Extl,

Ext? (L,a)

(L, M)

+1
Ext,

Extt™(L,a’)

(L, M) Bty

n—1
5I

L, M)

Ext™ (L,7)

Ext? (L, M)

Ext’ (L)

Ext’(L, M")

(16.6) Proof. (P1) is by the definition (11.17), and (I1) is by (16.4). (P2) and (I2) are
by (11.5) and (13.3), respectively.(P3) and (I3) are by (11.14) and (13.11), respectively.
(P4) and (I4) follow from (11.16), (11.15), (13.13), and (13.12). The vertical exactness
in (P5) is by (11.18); commutativity of diagrams involving connecting homomorphisms

d is by (8.20), while that of the other ones is by (16.3). The proof of (I5) is dual.

0
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17. HOMOLOGICAL DIMENSIONS

Projective dimension of a module was introduced in (7.28), and the main results are
PDT (11.19) and PDC (11.23). Injective dimension was defined in (12.37). This section
brings the main results on injective dimension and relations to projective dimension.

(17.1) Injectivity Lemma. The following are equivalent for any R—module M.
(i) M is injective;
(i) Extih(H, M) = O for alln > 0 and all R—modules H;
(iii) Extp(R/a, M) = O for all ideals a.

(17.2) Proof. “(i) = (i1)” by (P4) in Theorem: Ext (16.5).
“(i1) = (111)” is obvious.
“(411) = (7)”: The exact sequence O — a — R — R/a — O induces the next one:

Homp(R, M) — Homp(a, M) - ExtL(R/a, M),

and the desired assertion follows from Baer’s Criterion (12.7). O

(17.3) IDT - Injective Dimension Theorem. The following are equivalent for any
R-module M and any n€ Nj.
(i) idg M < n;
(i) Ext}h(H, M) = O for all m > n and all R—modules H;
(i33) Ext’™ (H, M) = O for and all R-modules H;
i) Ext™™ (H', M) = O for and all finitely generated R-modules H';
R
(i5”) Ext™ (R/a, M) = O for and all ideals a;
(iv) If I" is a injective resolution of M, then the cokernel C" '(I") is injective.

(17.4) Proof. The proofs of the equivalence of (i), (i), (i), and (iv) are dual to the
corresponding ones in the proof of PDT (11.19).

“(#ii) = (iir’) " and “ (i) = (44”)” are obvious.

“(#i”) = () ”: By an argument dual to the one for (11.13) we get the isomorphism
Extp(R/a,C" (1)) = Ext’s™ (R/a, M). Thus, by assumption, the Injectivity Lemma
(17.1) yields that C* !(I") is injective. O

(17.5) IDC <’ Injective Dimension Corollary. If M is an R-module, then
idg M = sup{ ne Ny | Ext}(H, M) # O for some H }
= sup{ne Ny | ExtL(H', M) # O for some finitely generated H'}
= sup{ ne Ny | Ext}(R/a, M) # O for some ideal a}.
This number is in N§, cf. (11.23). O

(17.6) Auslander’s Theorem. The following are equivalent for the ring R and n€ Ny .

(pk) pdr M < n for all R—modules M;
(i) idg N < n for all R-modules N;
(p)’ pdy M’ < n for all finitely generated R—modules M’;
(p})” pdg R/a < n for all ideals a;
(ER) Ext’s" (M, N) = O for all R-modules M and N;
(E%)’ Ext®™ (M', N) = O for all finitely generated R—modules M’ & all R—modules N;
(E%)” Ext®%™ (R/a, N) = O for all ideals a and all R-modules N.
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(17.7) Proof.

n obvious n
(Pk) (PR)’
PDT | (iii) :>% WUS
n obvious n\/ n\/"
(E%) (E%) (Pk)
obvious
IDT [ (i) = (iid)] PDT [ (i) = (iid)]
m En 2
(%) IDT [ (iii") = (i)] (ER) O
(17.8) Global Dimension. It is defined as follows:
gldim R & sup{pdp M | M is an R-module } (€ NgU{o0}).
The next is a reformulation of Auslander’s Theorem (17.6).
(17.9) Auslander’s Theorem for Global Dimension.
gldim R =sup{idg N | N is an R—module }
=sup{pdpy M' | M" is a finitely generated R—module }
=sup{pdg R/a|a is an ideal }
=sup{n | Exty(M,—)# O for an R-module M }
=sup{n | Ext}(M',—) # O for a finitely generated R—-module M'}
=sup{n | Exth(R/a,—) # O for an ideala } . O

(17.10) Global Dimension over a field. gldim R = 0 if R is a field. This follows from
the theorem, since every finitely generated R—module, that is, vector space over R, is
free, that is, has a basis. Thus, every module is projective. Actually, every module is
free, cf. (7.29).

(17.11) Global Dimension over a PID. gldim R = 1 if R is a PID which is not a
field. Indeed, if » € R\ O is not a unit, then pd R/(r) > 0, see for example (7.19),
so gldim R > 0. On the other hand, pdp M’ < 1 whenever M’ is finitely generated, cf.
(7.30). Alternatively, idg N < 1 by (12.39)

(17.12) Dedekind Domains. One can prove that if R is a domain, then gldim R = 1,
if and only if every ideal a # O in R is a (finite) product of prime ideals; these rings are
called Dedekind domains and are important in algebraic number theory, confer [Sc,2.1].

(17.13) Ring of Fractions & Global Dimension. If S is a special multiplicative sy-
stem in R, then gldim S7!R < gldim R, cf. (7.32).

(17.14) Global Dimension over Z/(4). gldim Z/(4) = oco. Setting R =9 Z/(4) and
M =% 7Z,/(2), the latter is a module over the former with multiplication well-defined

by [a]w[7]@ =% [az]p). The sequence O — M —~ R oM - 0is exact, when
the homomorphisms are well-defined by a([z]@)) =% [22]4) and B([a]w) = [a]w) .
Since the sequence cannot split, M is not projective, that is, pdz M > 0, and the next
lemma and the above exact sequence imply that pdy M = pdz M +1; thus, pdy M = oo.
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(17.15) Lemma: Projective Dimension & Short-exact Sequences. If the sequence
O—K—L— M- Oisexact, and pdy L < pdg M (< o0), then pdy M = pdp K +1.

(17.16) Proof. For any ne Ny and any R—module N, we have the next exact sequence:
() Ext’ (L, N) — Ext%(K, N) 25 Ext’ (M, N) — Ext%" (L, N)

By hypothesis, ¢ =9 pdy L is finite. Thus, there is an isomorphism Exth(K, N) =
Ext"* (M, N) whenever n > ¢, and it follows that pdp M = pdy K + 1, if pdg M > £+ 1
(and this includes pdy M = o0). Next assume pdy M = ¢ + 1, and consider the exact
sequence

(1) Extl, (L, N) — Ext’ (K, N) < Ext& (M, N) — O.
which yields pdp K = ¢ as desired in this case. UJ

(17.17) Exercise: Injective Dimension & Short-exact Sequences. If the sequence
O—K—L— M — O isexact, and idg L < idg K (< o0), prove that then idg K =
idg M + 1.

(17.18) LHF 0%’ Lemma on Half-exact Functors 0. If T': Mod(R) — Mod(R') is
a half-exact (co— or contravariant) functor such that T(R/a) = O for all ideals a in R,
then T(M') = O for all finitely generated R—modules M'.

(17.19) Proof. Assume that M’ = Rm/ + --- 4+ Rm,, and use induction on n.

n=1: M’ = Rm/ is cyclic, so it is isomorphic to R/a for some ideal a, cf. (2.32), and
T(M') = O by assumption.

n>1: Set M" =% Rm! and N’ =% M'/M", and note that N’ is generated by
the n — 1 elements [m] |y, ..., [m,_1|mr, so T(N') = O by the inductive hypothesis.
Furthermore, T'(M") = O by the already established case. As the functor T is half-exact,
it sends the short-exact sequence O — M"” — M’ — N’ — O into the exact sequence
T(M") — T(M') — T(N'). As the two outer modules in the latter sequence are trivial,

so is the middle one, as desired. 0]
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18. NOETHERIAN RINGS AND MODULES

(18.1) Noetherian Modules. An R-module M is said to be Noetherian, exactly when
every submodule is finitely generated. The R-module R is Noetherian, if and only if the
ring R is Noetherian in as defined in (14.15).

(18.2) Exercise: ACC. Prove that an R-module M is Noetherian, if and only if it
satisfies the next Ascending Chain Condition:

(ACC) Every ascending chain M; C --- C M,, € M,,.; C --- of submodules of M is
eventually stationary, that is, there exists an Ne€ N such that My = My, for all i€ N:
My C--- CMy=Myy=---.

(18.3) Noetherian Rings. These include fields, PIDs, homomorphic images of Noe-
therian rings, cf. (18.4), and rings of fractions of Noetherian rings with respect to special
multiplicative systems, cf. (18.5).

(18.4) Exercise: Homomorphic images. Let a be a proper ideal in a Noetherian ring
R. Prove that the ring of residue classes R/a is Noetherian. Justify the title of this
exercise.

(18.5) Exercise: Ring of fractions. Let S be a special multiplicative system in a
Noetherian ring R. Prove that the ring S™'R of fractions is Noetherian.

(18.6) Polynomial Ring. If R is a Noetherian ring, then the polynomial ring R[X] in
one variable X is Noetherian, cf. [Fo, ROM 4.2(5)].

(18.7) Non—Noetherian Ring. Let the set X be infinite, and consider the ring RX. By
(3.14) R is an ideal that is not finitely generated. Thus, the ring RX is not Noetherian.

(18.8) Proposition: Noetherianness & Short-exact Sequences. For any exact se-
quence of R-modules O — K - L LM = O the following holds:

L is Noetherian <<= K and M are Noetherian.

(18.9) Partial proof. Assume that L is Noetherian, and we will prove that M is Noe-
therian. Let N be a submodule of M. By assumptions, the inverse image S8~!(N) is
finitely generated. Hence so is B(37}(NN)) = N (where the inclusion “D” holds as 3 is
surjective. U

(18.10) Exercise. Carry out the remaining parts of the proof of (18.8).
(18.11) Corollary. For any R—modules My, ..., M, the next holds:

M, @®---@® M, is Noetherian <= M, is Noetherian for all 7.
(18.12) Proof. Apply the proposition to the exact sequence:

O—-M&--- &My 1 —>M&--- &M, > M, —O. 0

(18.13) Finitely Generated over Noetherian Ring. If M is a finitely generated
module over a Noetherian ring R, the M is a Noetherian module.
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(18.14) Proof. Choose a surjective R~homomorphism R" — M. Since R™ is Noetherian
by the corollary (18.11), so is M by the proposition (18.8). O

(18.15) FtP <’ Finiteness Principle. Let F': Mod(R) — Mod(R’) be an additive
functor, and assume that

(%) F(R) is a finitely generated R'-module.

Assume furthermore, either

(a) F is right-exact and covariant; or
(b) F is left-exact and contravariant, and the ring R' is Noetherian.

The following then holds:

(t) M’ is a finitely generated over R = F(M') is a finitely generated over R'.

(18.16) Proof. (3.29) yields an exact sequence R" — M’ — O. As F(R") = F(R)", it
induces the next exact sequence, respectively:

() F(R)" — F(M') = O;
(b") O — F(M') = F(R)".

In case (a), the desired assertion (}) follows from the assumption (%) and the exact
sequence (a’). In case (b), we use that F'(R)" is Noetherian by (18.13). O

(18.17) Corollary. If R is Noetherian, and M and N are finitely generated R—modules,
then the module Hompg(M, N) is finitely generated.

(18.18) Proof. The functor Hompg(—, N) is left-exact and contravariant. The R-module
Hompg (R, N) is finitely generated, since it is isomorphic to N by (4.4). Thus, the desired
assertion follows from FtP . O

(18.19) Proposition. If M is a finitely generated module over a Noetherian ring R, then
M has a projective resolution P. consisting of finitely generated free modules.

(18.20) Proof. As in (7.27), choose finitely generated free modules Py, Py, ..., P,, ...
recursively. The first one, Py, can be chosen finitely generated free as M is finitely gene-
rated, cf. (3.29). When finitely generated free modules Py, P, ..., P,_; have been chosen,
there is the next exact sequence:

O—-K,,—-P,_1—-—P—-F—-M-=—O0O.

Since P,_; is finitely generated, and R is Noetherian, the module P, _; is Noetherian
by (18.13), and hence the submodule K,,_; is finitely generated, so it is a homomorphic
image of a finitely generated free P, . O

(18.21) Corollary. If R is Noetherian, and M and N are finitely generated R—modules,
then the modules Ext’y(M, N) are finitely generated for all n.

(18.22) Proof. Choose, by the proposition, a projective resolution P. of M with each
P, finitely generated. The module Hompg(P,, N) is then Noetherian by (18.17), and
hence its submodule Z"(Hompg(P., N)) is finitely generated. Thus, so is Ext(M, N) =
H"(Hompg(P., N)) as it is a homomorphic image of Z"(Hompg(P., N)). O
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(18.23) IsoP - Isomorphism Principle. Let ©: F — G be a morphism of additive
functors I, G: Mod(R) — Mod(R'). Assume that R is Noetherian, and that

(%) ©f: F(R) — G(R) is an isomorphism.

Assume furthermore, either

(a) F' and G are right-exact and covariant; or
(b) F and G are left-exact and contravariant.

The following then holds:
(1) M. F(M') — G(M') is an isomorphism for all finitely generated R-modules M’

(18.24) Proof. The proof is divided into two parts.

Part 1: ©%" is an isomorphism for all n€ N. Proof by induction on n.

n = 1 by assumption.

n > 1. The split-exact sequence O — R" ! < R"® — R — O induces, as © is a
morphism of functors, the next commutative diagram:

0 —— F(R™) ——= F(RY) —— F(R) ——= 0
QR”_I =] eR" OR |
0 — G(R"™1) —— G(R") G(R) 0

The rows are exact, cf. (6.42), ©F is an isomorphism by assumption, and Of"" is an
isomorphism by the inductive hypothesis. Thus, by the Five Lemma, cf. (6.33), ©F is
one too, as desired.

Part 2: (f) holds. Choose, by (18.19), an exact sequence F; — Fy — M — O
with Fy and Fj finitely generated free. This sequence induces in each of the two cases a
commutative diagram with exact rows:

(a) F(F) —— F(Fy) —= F(M) — 0O

o QJMJ/

G(F) — G(Fp) —=G(M) —— 0

oFf | efo

(b) O —— F(M) —— F(Fy) —— F(F)

@]\JI @FO =53 @Fl o~

0 —— G(M) —— G(Fy) — G(R)

The isomorphisms result from the first part of the proof. The Five Lemma shows that
©M is an isomorphism in either case. O

(18.25) Theorem: Hom & Fractions. Let R be Noetherian, let N be an R-module,
and let S be a special multiplicative system. There is then a morphism of functors:
Ay ST'Hompg(—, N) — Homg-15(S7(—),S7IN).
Whenever M’ is a finitely generated R—module, it induces an isomorphism:
S

A
S~ Homp(M', N) —="> Homg-15(S~'M’, S~'N)

o
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(18.26) Proof. For any R-module M an S~!'R-homomorphism
A n: STtHomp(M, N) — Homg13(S™M,S™'N)

is defined by that the S~!R-homomorphism A3, y(¢/s): ST'M — S7IN for /s €
S™'Hompg (M, N) is well-defined by (Ay,n(¢/s))(m/t) =% o(m)/(st) for m/t € ST'M.
An inspection verifies that this is a morphism of functors.

Both functors are left-exact and contravariant. The next diagram is commutative:

AS
S~'Homg(R, N) £ Homg-1p(S™'R,S7IN)
STIN.

Consult (4.4) concerning the isomorphisms . It follows that A%, is an isomorphism,
and the Isomorphism Principle IsoP (18.23) yields that A3,y is an isomorphism for all
finitely generated R—module M’ as desired. O

(18.27) Corollary: Ext & Fractions. Let R be Noetherian, let N be an R-module,
and let S be a special multiplicative system. For each finitely generated R—module M’
there is an isomorphism:

ST Exth(M', N) = Extl_i (S~ M, S7IN) .

(18.28) Proof. Choose, by Proposition (18.19), a projective resolution P. of M’ with
each P, finitely generated.

ST'Exth(M', N) = ST'H"(Homg(P., N))
=~ H"(S 'Homg(P., N))
=~ H"(Homg-15(S™'P.,S7'N))
= Extt 1 5(S'P.,ST'N).

The equalities are by the definition of Ext, cf. (11.17), the first isomorphism is by (8.22),
and the second one is by the theorem. O

(18.29) Corollary: Injective Dimension & Fractions. If R is Noetherian, and N is
any R-module, then idg-15 S™'N <idgr N.

(18.30) Proof. By IDT (17.3) it suffices to prove that Ext%_.,(S™'R/a,S™'N) = O
whenever n > idg N and @ is an ideal in S™'R. The ideal @ in S™'R induces an ideal
a=%{a € R|a/l €a}in R Notethat S~'a = @, so that the exactness of the
fraction functor yields S™'(R/a) = S™'R/a, cf. (6.24). This gives the first of the next
two isomorphisms:

Ext} i p(ST'R/a,S7IN) =2 Exti_ 1 z(SH(R/a), ST'N) =2 ST 'Ext%(R/a, N) = O

for n > idg N; the second isomorphism is by the previous corollary (18.27), and the
equality is by IDT (17.3). O

(18.31) Corollary: Injectivity & Fractions. If R is Noetherian, and N is an injective
R-module, then S~'N is an injective module over S™'R. U



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 89

(18.32) Theorem: Projective Dimension over Noetherian Rings. If R is Noether-
ian, and M’ is a finitely generated R—module, then the next holds:

pdp M’ = sup{ne Ny | Exti(M', N') # O for some finitely generated N'}
= sup{ne Ny | Extiz(M', R/b) # O for some ideal b} .

18.33) Proof. 11.23) it suffices to prove the next:
( ) Proof. By PDC ( ) th p h
(%) pdp M' < sup{ne Ny | Ext}z(M', R/b) # O for some ideal b}.

Let w denote the number on the right, and assume that it is finite. As Ext%™ (M’ R/b) =
O for all ideals b, LHF 0 (17.18) yields Ext%*'(M’, N') = O for all finitely generated
N’. Let P. be a projective resolution of M’ with P, finitely generated—and hence
Noetherian—for all n, cf. (18.19). The w’th kernel K, (P.), in the standard notation
of (10.26), is a submodule of the Noetherian module P,, and hence K, (P.) is finitely
generated. It results that Ext%t (M’ K, (P.)) = O by our assumption. Now, the desired
pdp M’ < w follows from PDT (11.19). O]

(18.34) Theorem: Global Dimension over Noetherian Rings. If R is Noetherian,
then the next holds:

gldim R = sup{idg N' | N’ is finitely generated }
= sup{idg R/b | b is an ideal }
= sup{ ne Ny | Exti(R/a, R/b) # O for some ideals a,b}.

(18.35) Proof. In the first two lines the inequalities “>" are obvious, and “>" in the
last line follows from IDT (17.3). Let s denote the last number in the theorem. Thus, it
suffices to prove that gldim R < s. Since gldim R = sup{pdz R/a | a is an ideal } by
Auslander’s Theorem (17.9), the previous theorem (18.32) yields gldim R < s. O

(18.36) Exercise: Global Dimension Zero. Assume that gldim R = 0. Prove that R
is Noetherian. Prove that R is isomorphic to a finite product of fields.
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19. TENSOR PRODUCT

(19.1) Maps. For sets X and Y, the set of maps a: X — Y is denoted Maps(X,Y'). For
maps of sets ¢: X — X’ and ¢: Y — Y’ there are the next two induced maps:

Maps(p,Y): Maps(X',Y) — Maps(X,Y), o' — o'p;
Maps(X, ): Maps(X,Y) — Maps(X,Y"), @ v,

(19.2) Hom. For R—modules M and N, the set Hompg(M, N) is a subset of Maps(M, N),
that is, there is an inclusion:

wyn: Hompg(M, N) — Maps(M,N).

(19.3) Maps of Product Sets. Consider sets X, Y, and Z, and there product set:
XxY={(r,y)|lzeX and yeY}.

There are then bijective maps ® = ®*YZ and ¥ = UXYZ each the inverses of the other:

(]

(0) Maps(X x Y, Z) Maps(X, Maps(Y, 7)) .

Indeed, for v € Maps(X x Y, Z) the element ®(y) € Maps(X, Maps(Y, Z)), that is, the
map ®(v): X — Maps(Y, Z), is defined as follows: For x € X the element (®(7))(z) €
Maps(Y, Z), that is, the map (®(7))(z): Y — Z, is defined as:

(@)@ )0 5t
Moreover, for 5 € Maps(X, Maps(Y, Z)) and (z,y) € X x Y we set:
(¥(3)(,9) = (B0)) ().

It is now straightforward to verify that Wo® and ®oW are the identities on Maps(X xY, Z)
and Maps(X, Maps(Y, Z)), respectively. (Sometimes Maps(U, W) is denoted by WY, and
(0) is expressed as ZX*Y = (ZY)X.)

(19.4) Homomorphisms of Suitable Product Modules. For R-modules M and N
we want to construct a new module M ®g N, the tensor product, aping (¢), that is,
such that there, for any R-module P, are the top isomorphisms in the next commutative
diagram:

~

(0) HomR(M§R N, P) - Hompg(M, H(imR(N, P)).
WM RN, P WM Hom (N, P)
Maps(M ®g N, P) Maps(M, Homg(N, P))
Maps(e pr, N, P) Maps(M,wnp)
MNP

Maps(M x N, P) Maps(M, Maps(N, P)) .

\PA/INP

The lower left vertical map is induced by by a map ey n: M x N — M ®p N that results
from the construction below of the tensor product, cf. (19.12).
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(19.5) Bilinear Maps. Let M, N, and P be R-modules.
The set of maps Maps(M x N, P) is then an R—module, cf. (14.22), namely PM*¥.
A submodule Bilg(M, N; P) of it is then defined to consist exactly of the R-bilinear

maps v: M x N — P, that is, those 7 satisfying the next four relations (in the module
P) for all m,m’ € M, all n,n’ € N, and all r € R:

(al) y(m+m',n) =vy(m,n) +y(m',n);
(ml1) Y(rm,n) =ry(m,n);
(a2) y(m,n+n') =vy(m,n) +y(m,n');
(m2) y(m,rn) = rvy(m,n).

(al) and (ml) mean that, for a fixed n € N, the map M — P, z — ~(x,n) is an
R-homomorphism, that is, it belongs to Homg (M, P).

(a2) and (m2) mean that, for a fixed m € M, the map N — P, x — vy(m,x) is an
R-homomorphism, that is, it belongs to Hompg (N, P).

The subset Bilg(M, N; P) is a submodule of the R-module Maps(M x N, P), it is
called the module of bilinear maps: M x N — P.

(19.6) Bil & Double Hom. The diagram () in (19.4) contains two bijective maps
PMNE and WMNP “and each one is the inverse of the other. The restrictions ®|MN? and
W MNP of these, cf. the diagram below, are easily seen to be isomorphisms, and again
each one is the inverse of the other:

<I>‘]MNP

(1) Bilg(M, N; P) __= ~ Hompg(M,Hompg(N, P))

MAINP

@JVINP

Maps(M x N, P) Maps(M, Maps(N, P)) .

\PNINP

(19.7) Free Module over MxN. Let M and N be R—modules. Consider the product
set M x N (thus forgetting its module structure for the time being), and the free R—
module RM*N) with basis (5(m7"))(m menxn  °E (3:27).

Let Kjyn be the submodule of RM*N) generated by the elements

(al) O(mem’ ) = Omn) = O’ ) ;
(m1) Ormom) = TO(mn) ;
(a2) S(m,ntny = O(m,m) = O(m,n)
(m2) O(m,rn) — TO(myn) -

(19.8) Tensor Product of Modules. The tensor product of M and N is the R-module
M @p N & RN /¢, o (confer (19.7)).

(19.9) Tensor Product of Elements. Furthermore, for m € M and n € N we define
the the tensor product of the elements m € M and n € N as follows:

def
m@mn = [5(m,n) ]KMN
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(19.10) Generators. As { () | (m,n) € M x N} generates RM*N) we have:
M ®gr N =spang{m®n|me M and ne N},
that is, M ®r N is generated by m ® n for m € M and n € N.

19.11) Relations. Since Ky, cf. (19.7), contains the elements (al), (ml), (a2), and
m2), there are the following relations among these generators.
)

(

(

(A1 (m+m)@n=men+m @n;
(M1) (rm)®@n=r(m®mn);

(A2) mn+n)=men+men;
(M2) m® (rn) =r(m®n).

(19.12) Bilinear Map into Tensor Product. The map
eun: M XN —M®®rN, (mn)—maen

is bilinear, that is, ey v € Bilg(M, N; M®gN). In general, it is not an R-homomorphism
(and that was the reason for forgetting the module structure on M x N in (19.7)).

(19.13) Theorem: Bilinear Map versus Homomorphism from Tensor Product.
Let M, N, and P be R—modules. The following then hold.

(a) Any R-bilinear map v: M x N — P induces an R—homomorphism 7: M @ g N — P
given on generators by ¥(m @ n) =9 y(m,n).

(b) Any R—homomorphism «: M @ g N — P induces an R-bilinear map &: M x N — P
given by a(m,n) =% a(m @ n).

(¢) There are R-isomorphisms that are inverse to each other:

o

Bilg(M, N; P) =—= Homp(M @ N, P)
v ~
a o« .

(19.14) Proof. (a) Let the R-homomorphism R™*N) — P he given on basis elements by
S(m,n) — (M, n); its kernel contains Ky since 7 is bilinear. Thus, the Homomorphism
Theorem (2.28) yields an R-homomorphism 5: M ®r N — P that is well-defined by
Y(m ®@n) = y(m,n).

(b) is obvious, and (c) follows. O

(19.15) Tensor Product is a Functor. For any R-homomorphism p: M — M’ and
any R—module N there is an induced R—homomorphism
pQrN: MQr N — M Qr N, m@n— pulm)@n,

corresponding to the bilinear map M x N — M’ ®@zr N, (m,n) — u(m) @ n. It is
straightforward to verify that this makes

—®r N: Mod(R) — Mod(R), M — M®rN, p+— pn®gN
into an additive, covariant functor. Similarly, there is an additive, covariant functor:

N@R—I MOd(R)HMOd(R), MHN®RM, ILLI—>N®RIM

(19.16) Exercise. Prove that — ®p — is a bi-functor.
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(19.17) Theorem: Adjointness. If M, N, and P are R—modules, then there are inverse
R-isomorphisms:

A]\JNP
Homg(M ®g N, P) — = ~ Homg(M,Homg(N, P)).

FJVINP

These induce the next isomorphisms of functors®:

(19.17.1) Hompg(— ®g N, P) = Hompg(—, Homg(N, P));
(19.17.2) Homp(M ®pg —, P) = Hompg(M, Homg(—, P)) ;
(19.17.3) Hompg(M ®g N, —) = Hompg(M, Hompg (N, —)).

(19.18) Proof. Definition of the map AMNP: For v € Homp(M ®r N, P) the map
AMNP(~): M — Hompg(N, P) is defined by that the map (AMNP(v))(m): N — P for
m € M is defined for n € N by:

((AMNP(W))(m)) (n) & y(m@n) (€ P)

Definition of TMN?: For 8 € Homg(M, Homg(N, P)) the map TM¥?(3): M @ g N — P
is well-defined on a generator m @ n € M ®r N by:

(PYNP(3)) (m @n) = (B(m))(n) (€ P)

It follows from (19.6.1) and (19.13.c) that AMNF and MNP are inverse isomorphisms.
The three remaining assertions are verified by inspection. U

(19.19) Theorem: Tensor Product is Right Exact. If O — M — M’ — M" — O
is exact, then the induced sequence M @r N — M' @g N — M" ®zr N — O is exact.

(19.20) Proof. We want to prove the exactness of the next complex:
(%) K. =" M@rN—>MegrN—>M N —O.

Let I be any R-module, set H = Hompg(N, I), and consider the next commutative
diagram:

O—>HOITlR(MI/ Xpr N,I)—>H0mR(M’ ®RN,]) —>HOIHR(M®RN,])

AM'NT | = AM/NI | = AMNI | =

@)

Hompz(M", H)

Hompg(M', H)

Hompg(M, H)

The isomorphisms and the commutativity come from (19.17.1), and the lower row is exact
as it results from applying the left-exact functor Homgz(—, H) applied the the given exact
sequence. Thus, the upper row is exact, and the Exactness Principle ExP (12.27) yields
that the sequence (x) is exact, as desired. O

(19.21) Exercise. Provide a direct, element-wise, proof of the theorem (19.19).

(19.22) Theorem: Tensor Product & Over-lining. Let a be a proper ideal in R.
The corresponding over-lining functor is then isomorphic to the tensor product functor

20 That is, the isomorphisms AMNP and TMNP are functorial in M, N, and P.
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R ®p —. The isomorphisms are given as follows:
;0']\4 ~M

(19221) M o~ E@RM that jS, M/aM o~ (R/C() ®RM
'IZIVI IZAJ

m——1® (Mo ———[1],@m

m

Tm<~——"TQm, [rm oy =—[T]a®@m.
(19.23) Proof. The R-homomorphism ¢: M — (R/a)®zM defined by ¢(m) o [1].@m
has Ker ¢ D aM, so it induces well-defined ™ as above, cf. (2.28). On the other hand,
the map ¢: (R/a) x M — M /aM defined by ([ ]q, m) =% [7m ]a is well-defined and
bilinear; thus, it induces M _above. Finally, it remain to check that PMGM and gMypM
are the identities on M and R ®r M, respectively. 0]

(19.24) Corollary. The functor R®p— is isomorphic to the identity functor lyjoqr). O

(19.25) Theorem: Tensor Product & Fraction Functor. Let S be a special multi-
plicative system. The corresponding fraction functor S~'(—) is then isomorphic to the
tensor product functor ST'R ®p —. The isomorphisms are given as follows:

M

S—tM

R

ST'Ropr M

>,
g

m/s———— (1/s) @m

rm/s <———(r/s)@m.

(19.26) Proof. A bilinear map 8™ : ST'Rx M — S~'M is well-defined by 8™ (r /s, m) &
(rm)/s, and it induces the R~homomorphism §™ of the theorem. It is not hard to verify
that the R-homomorphism ™ is also well-defined, and it is easy to check that 6~
and YM M are identities. O

(19.27) Associativity. For R—modules M, N, and P there is the next isomorphism:

o

(M ®gr N)®gr P

M ®pr (N ®g P)

(m@n) @pr———=m® (n®p).
This is functorial in M, N, and P. 0

(19.28) Commutativity. For R-modules M and P there is the next isomorphism:

o

M ®pr P Pr M
mpr————=pRm.
This is functorial in M and P. O

(19.29) Exercise. Obtain the Swap Isomorphism (12.12) from the associativity and the
commutativity above.

(19.30) Theorem: Tensor Product of Projectives. If P and P’ are projective R—
modules, then their tensor product P ®p P’ is a projective R—module.



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 95

(19.31) Proof. By Adjointness (19.17) we have the next isomorphism of functors:
(%) Homp(P ®r P, —) = Hompg(P, Homg(P', —)).
By assumptions, the functors Homg(P, —) and Homg(P’, —) are exact. Hence so is their

composition, that is, the right hand functor in (x). Thus, Homg(P ®g P’, —) is exact, as
desired. O

19.32) Dot—Slash Notation. Setting M.N =% N@pM and M/N = Homg(N, M)
and noting the order of M and N), we have the next five isomorphisms:

(

(

(o) M.N = M.N commutativity, cf. (19.28).
(o0) (M«N)eP = M.(N.P) associativity, cf. (19.27).
(//) (M/N)/P = M/(N.P) adjointness, cf. (19.17).
(R.) R.N = N unitarity, cf. (19.24).

(/R) M/R=M co-unitarity, cf. (4.4).
There are also the next two R—homomorphisms:

(/) (M/N)eP — M/(N/P) evaluation, cf. (20.20).

(«/) (M«N)/P <+ M«N/P) co—evaluation, cf. (20.15).
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20. FLAT MODULES

The covariant functor H ®g — is right-exact for all R—modules H, cf. (19.19).

(20.1) Flat modules. An R-module H is said to be flat, exactly when the tensor functor
H ®g — is exact, that is, if and only if the following holds for R~homomorphisms:

pw: M — M isinjective = H®ppu: H®pr M — H®rM' is injective.

(20.2) Examples: Flat modules.

(a) The R-module R is flat as R ®r — = Lyoar) » cf. (19.24), is exact.

(b) For any special multiplicative system S the R—module S7!R is flat as ST'R ®@p — is
isomorphic to S7(—), cf. (19.25), and the latter functor is exact by (6.24).

(c) If R is a domain but not a field, then the residue field B is flat by the above, but not
projective, cf. (7.17).

(d) If r € R\ Zerog R is a non-invertible, then the R—module R/(z) is not flat: Tensoring
the injective homomorphism R —— R by R/(z) yields R/(z) SN R/(z) which is not
injective.

(e) If F'is a flat R—module, then Zerog F' C Zerog R. Indeed, for © € R\ Zerog R the
injective homomorphism R —— R induces by (a) the map F -~ F. This map is
injective due to the flatness of F', and hence x ¢ Zerog F.

(20.3) Proposition: Tensor Product of Flat Modules. If the R-modules F' and F’
are flat, then the module F ®p F' is flat.

(20.4) Proof. The functor (F ®g F') ®g — is isomorphic to F ®g (F' ®g —), cf. (19.27),
and the latter one is exact because it is the composition of two exact functors. 0

(20.5) Theorem: Flatness versus Injectivity. The following are equivalent for an
R-module F.

(i) F is flat;
(ii) Hompg(F, I) is injective for all injective modules I;
(#i) The Pontryagin dual F is injective.

(20.6) Proof. By Adjointness (19.17) we have the isomorphism:
(%) Homp(— ®g F,I) = Homp(—, Homg(F, I))

and “(i) = (4i)” follows.

“(i1) = (117)” results from the definition of Pontryagin duals (12.26).

“(411) = (1)”: The isomorphism (*) shows, in particular, that the functors (—®g F)"
and Hompg(—, FY) are isomorphic. As the latter is exact, so is the former, and by the
faithfulness, we conclude that — ®x F' is exact too. O

(20.7) Corollary: Projective is Flat. If P is a projective module, then P is flat.

(20.8) Proof. The module Hompg (P, I) is injective by (12.14), so the flatness of P results
from the theorem (20.5). O

(20.9) Corollary: Direct Sum of Flat Modules. If (F},)
modules, then the direct sum [[, . F, is flat.

cex IS a family of flat R—
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(20.10) Proof. Theorem (14.19) yields Homg ([ [,cx Fur 1) = [[,cx Homg(F;, I) for any
module 7. If it is injective, then the latter module is injective by the theorem (20.5) and
Corollary (14.12). Application of the theorem once more, yields the desired assertion. [

(20.11) Exercise: Direct Sum and Tensor Product. Let (Ml“)xex be a family of

R-modules. Establish an isomorphism ([, M,) ®r— = [,y (M, ®r —) of functors.
Provide an alternative proof of the corollary above (20.9).

(20.12) Tensor Product of Ideal and Module. The next notation is needed for the
Flatness Theorem (20.13) that follows below.
Let a be an ideal in R, let ¢: a — R be the inclusion, and let ' be an R—module.
The R—homomorphism wyp: a @ F' — F' is then defined by the commutativity of the
next diagram:

WaF

(V) CL®RF F

h‘\

R®p F,

IR

where the isomorphism is from (19.24). Thus, wgr is well-defined on a generator by the
next formula:

(%) war(a® f) = af

foraceaand f € F.
If o’ is an ideal contained in a, and ¢': a’ < a is the inclusion, then there is the next
commutative diagram:

Wl F

(V') o Qr F F

m WaF

Cl®RF.

(20.13) Flatness Theorem. The following are equivalent for any R—module F'.
(i) F is flat;
(i) wep: a @r F' — F' is injective for all ideals a;
(ii") wep: @ @ F' — F is injective for all finitely generated ideals a’.

(20.14) Proof. “(i) = (ii’)”: Assuming that F' is flat, the injective R~homomorphism
Ly @ — R induces an injective map ty ®g F': @/ @p F' — R®pg F in the diagram (V) in
(20.12); thus, wyp is injective.

“(ir”) = (4i)”: Assume that (i) holds, and that w belongs to Kerw,r [and we want
to prove w = 0]. As the module a ® g F' is generated by {a® f |a € a and f € F'}, cf.
(19.10), w = z1(a1 ® f1)+- - -+ xp(a, ® f,,) for some ne N, xq,...,2, € R, a3,...,a, € a,
and fi,...,f, € F. Consider the finitely generated ideal o’ =% (ay,...,a,) which is
contained in a, and the inclusion ¢': a’ < a. To distinguish the elements in o’ @ F' from
those in a ®p F, we use ® ( instead of ®) when describing the generators of a’ @g F,
that is, ' @g I is generated by {a' ® f |ad’ € @ and f € F'}, and we have:

VQrF:d QrF —a@pF, d @ f—d®f.
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Furthermore, recall that aq, ..., a, belong to the ideal @’ (by the definition of it), and set:

w o (dh @ fi) 4+ aald, @ f) €d.
We have then (/' ®p F)(w') = w and the commutative diagram (V') in (20.12) yields
W r(W') = wep(w) = 0. Thus, by assumption, w’ = 0, and hence w = 0, as desired.

“(i1) = (4)”: By Theorem (20.5) it suffices to prove that Hompg(F,I) is injective,
whenever [ is an injective module. Let a be any ideal, and consider the next commutative
diagram:

Hompg(F, I)

omp(wqp,l)

1%

HomR(R®RF,]) HOH]R(Cl@RF,I)

—_—
Homp(t@prF,I)

ARFI

1%

[=23

AaFI

Hompg(R, Hompg(F, 1))
(X Tq-

The top isomorphism is from (19.24), and the two other isomorphisms are by adjointness,
cf. (19.17.1). Since, by assumptions, [ is an injective module and wyr is an injective ho-
momorphism, it follows that Homg(wap, I) is surjective. Thus, so is the lower horizontal
map, and Baer’s Criterion (12.7) yields the desired injectivity of Hompg(F, I). O

Hompg(a, Hompg(F, I))

(20.15) Co—Evaluation Homomorphism. For R—modules K, L, and M the R—homo-

morphism
O.KLM

HOIHR(K,L) ®RM HomR(K,L®R M)

k@ m— (k—k(k) @ m)

is well-defined, and induces three morphisms of functors?!:

(20.15.1) oM Homp(—, L) g M — Hompg(—, L @z M)
(20.15.2) oKOM . Homp(K,—) @z M — Hompg(K,— @z M)
(20.15.3) o) Homp(K, L) ®z — — Homp(K,L Qp —).

The definition of 0*M can be explained further as follows: Consider a generator k®m
in the tensor product Homg(K, L) ®r M, that is, K € Homg(K, L) and m € M. The
element oM (k @ m) in Homp(K, L ®r M), that is, the homomorphism o (x @ m)
from K to L ®g M, is then defined by (o™ (k @ m)) (k) =% k(k) @ m.

To prove that, for example, oM is a morphism of functors, one is required to prove
that the next diagram is commutative for any homomorphism «: K — K':

KLM

HOH]R<K,L) ®RM = HOH]R<K,L®R M)

Hompg(a,L)@r M Hompg (o, LQr M)

HOH]R(K/, L) Xpr M

, HOH]R(K/,L(X)R M)
oK' LM

21 That is, the homomorphism %M is functorial in K, L, and M.
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This can be done by inspection, for example by element wise considerations in the dia-
gram:
Ka@m——s (k— (Ka)(k) @ m)
Il

(k— K(a(k)) @m

!

K @ m——— (k' — k' (K') @m)

~—

(20.16) Theorem: Co—Evaluation. If the ring R is Noetherian, K is a finitely genera-
ted R—module, L is any R—module, and F' is a flat R—module, then the co—evaluation

oM Homp(K, L) @ F — Homp(K, L ®r F)

is an isomorphism.

(20.17) Proof. Note first that the functors Homg(—, L) ®g F' and Hompg(—, L ®g F') are
left-exact, the former because F' is flat. In the next commutative diagram the isomor-
phisms are from (4.4).

RLF

Homp(R,L) @p F ? Hompg(R, L Qr F)
aL®R; ;L@RF
L®grF.
Thus, of*FF is an isomorphism. IsoP (18.23) yields the desired assertion. O

(20.18) Corollary: Tensor Product of Injective & Flat. If the ring R is Noetherian,
I is an injective R—module, and F is a flat R—module, then the tensor product I @ F' is
an injective module.

(20.19) Proof. Let a be any ideal, and let t: @ — R be the inclusion. By (20.15.1) there
is then the next commutative diagram:

Homp (:,])QgrF
_—

HOH]R(R,I) ®RF HOIHR(CL,I) ®RF

GRIF | = & | jalF

HOH]R(R,I KR F)
iy 7|

The two co-evaluation homomorphisms are isomorphisms by Theorem (20.16). The
injectivity of the module I implies that the homomorphism Homg(¢, I): Hompg(R,I) —
Hompg(a, I) is surjective, and hence so is the top horizontal map in the diagram. It follows
that the bottom one is surjective too, and Baer’s Criterion (12.7) implies that [ ®pg F' is
injective, as desired. 0

HOIHR(Cl, 1 QSR F)

(20.20) Exercise: Evaluation. Let K, L, and M be R-modules.

(a) Establish a homomorphism 75": K @p Hompg(L, M) — Hompg(Homg(K, L), M)
which is functorial in K, L, and M.
(b) Describe this in case L = M = A the Pontryagin module, cf. (12.25) and (12.26).
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Assume, from now on, that the ring R is Noetherian.
(c) Prove that 751 is an isomorphism, when K is finitely generated and I is injective.
(d) Prove that Hompg(L, I) is flat when L and I are injective.

(20.21) Theorem: Finitely Generated Flat is Projective. If R is Noetherian, and
F' is a finitely generated flat R—module, then F' is projective.

(20.22) Proof. Assume that the sequence of R-homomorphisms L 2, I/ = O is exact,
and prove exactness of the next induced complex:

K. ¥ Hompg(F, L) 2 Hompg(F, L') — O.

To accomplish this, by ExP (12.27), it suffices to prove that, for any injective R—module
I, the top sequence in the next diagram is exact.

O Homp(Hompg(F, L), [)HWR—()\*;I)HomR(HomR(F, L), I)
TFL’I o~ o~ | FLI
0 F @p Homp(L, 1) 222D b o Homp(L, 1) .

The two isomorphisms are from (b) in the Evaluation (20.20). The lower row is exact
because contravariant Hom is always left-exact, and because F' is flat. The diagram is
commutative, so the top row is exact, as desired. Il

(20.23) Torsionfree Modules. Let R be a domain. An R-module M is then said
to be torsionfree, exactly when , for all » € R\ O the multiplication homomorphism
ry: M — M, m — rm is injective, that is, the next holds:

Vre RR\OVme M\O:rm#0.
Compare (12.16).

(20.24) Exercise: Flatness versus Torsionfreeness. Let F' be a module over an
integral domain R, and let K be a submodule of F'. The following then hold.

(1) If F is flat, then F' is torsionfree.

(2) If R is PID and F' is torsionfree, then F'is flat.
(3) If F is torsionfree, then K is torsionfree.

(4) If R is PID and F is flat, then K is flat.
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21. Tor

For any R-module N and any n € Z the covariant functor Tor’(—, N) will be intro-
duced as the n’th left derived of the covariant functor — ®pz N. This functor will be
extended to a bi-functor Tor?(—, —) in two variables.

(21.1) Tensor Product as Bi-functor. That is, if u: M — M" and v: N — N’ are
R-homomorphisms, then the next diagrams are commutative:

M®Rl/

(21.1.1) M ®r N M ®r N’ m®n———=m Qg v(n)
HRORN u@prN’
M @pN——s M'@r N p(m) @ n———> p(m) @5 v(n)

We set p@pv =% (u@r N')(M @rv) = (M @rv)(u@r N): M@r N — M' @ N'.
The next result is analogous to Theorem: Ext (16.5).

(21.2) Theorem: Tor. For every n € Z there exists a functor in two variables:
Tor(—, —): Mod(R) x Mod(R) — Mod(R);

it is covariant in both variables.

(F1) For any R-module N, the functor Tor’(—, N) is the n’th left derived functor
L,(—®gN) of the covariant functor —®r N, and for any R—module M, the functor
Tor® (M, —) is the n’th left derived functor L,(M ®p —) of the covariant functor
M ®p —. Thus, Tor®(M, N) = H,(P. ®z N) = H,(M ®g Q.) when P. and Q. are
projective resolutions of M and N, respectively.

(F2) Tor®(M, N) depends on the choice of projective resolution of M or N, but is unique
up to unique isomorphism.

(F3) Torf(—,—) = — ®g — as a functor in two variables.

(F4) Tor®(M, N) = Tor®(N, M) functorial in both variables.

(F5) Tor is a bi-functor. That is, if p: M — M’ andv: N — N’ are R-homomorphisms,
then the next diagram is commutative:

Torﬁ‘ M,v
Torf(M, N) Sl Torf (M, N').
Torf (u,N) Tor )} (u,N")
R / R ! /
Tor, (M, N) TRV Tor,*(M', N")

(F6) I is flat, if and only if Tor’(—, F) = O for all n > 0, if and only if Tor®(F,—) = O
for all n > 0.
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O O
N = N
N —
N,/ a// ]/_\}_I//
O 0.
induces the next long-exact ladder:
5;L+1 g?+1
Tor (M,a) ~
Tor (M, N) Tor (M, N)
Torf(M,v) TorZ (M, D)
TorZ(M,o/ —
Torf (M, N') e Torf (M, N')
TorF (M) TorE(M,rj’)
Tor(M,a" —
Tor®(M, N") o) Tor®(M, N")
&7 S?
Tor® | (M,a) ~
Tor," (M, N) Tor® (M, N)
TorE_| (M) Tor®_, (M,D)
Tor®_| (M,a') —~
Tor,* (M, N'") Tor® (M, N')

In particular, any exact sequence O — K — F — N — O with F' flat induces an exact

sequence:

(%)

and isomorphisms TorY, (L, N) = Tor’(L, K) for n > 1.

O — TP (L,N) 5 Ler K > LegF — Lor N — O

O

(21.3) Flat resolutions. A flat resolution F. of an R—module M is a sequence of R—

homomorphisms:

F.

9
s S F g — S

Op—1

0

1

F0—>O
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together with an R—homomorphism Fj %, M such that

e Fj,is a flat R—module for all /€ Ny;

def 0 O 0 O .
e F.-ME...oF -5 F = . ..FF F 2 M- O is exact.

The sequence F. — M is then called the augmented flat resolution of M. Note that the
index of the R—homomorphism 0, in the flat resolution equals that of its source.
Any R-module admits a flat resolution as any projective resolution is a flat resolution.

(21.4) Example. Let R be a domain that is not a field, and let B be the field of fractions.
The R-module B/R has then O — R — B — O as flat resolution, and this is not a
projective resolution, cf. (20.2.c).

(21.5) Exercise: Tor by Flat Resolution. Let F. be a flat resolution of M. Prove for
any n€ Ny that the functors Tor’ (M, —) and H,,(F. ®g —) are isomorphic.

(21.6) Exercise: Flat Resolution & Injective Resolution. Let F. be a flat resolution
of M, and let I be an injective module. Prove that Hompg(F., I) is an injective resolution

of Homg(M, I).

(21.7) Lemma. Let K be a submodule of an R—-module M, and let a be an ideal. If the
module M /K is flat, then (aM) N K = aK.

(21.8) Proof. In the next diagram:

Tor®(R/a, M/K) 2= (R/a) ®r K —= (R/a) @ M

l
0 JKLN | g

@)

Ker K/(aK) —— M/(aM)

the upper row is (part of) the long-exact sequence obtained by applying the functor
(R/a) ®g — to the exact sequence O — K — M — M/K — O. The equality is
because M/K is flat by assumption, confer also (F6) in Tor Theorem (21.2). The two
isomorphisms are by (19.22). The homomorphism ¢ is well-defined by ¢([k].x) =
[ k]an, and it is easy to verify that the rectangle commutes. It follows that Ker ¢ = O.
On the other hand, Ker ¢ = (aM N K)/aK, and the desired assertion follows. O

(21.9) von Neumann Regular Rings. The ring R is said to be von Neumann regular,
exactly when there to each r € R exists an x € R such that rzr = r, that is, (r?) = (r)
for all r € R.

(21.10) Example: von Neumann Regular Ring. Let L be a field , and consider the
ring R =9 L% cf. (3.14). This ring is von Neumann regular: To each element ¢ in
R, that is, function ¢: X — R, define v € R by ¥(x) =% o(z)~! when ¢(z) # 0,
and ¢(z) =% 0 otherwise, because then p(x)y(x)p(xr) = p(x) for all x € X, that is,
PP = p.

(21.11) Lemma: von Neumann Regular Rings. R is von Neumann regular, if the
R-module R/(r) is flat for all r € R.
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(21.12) Proof. Letting, for an r € R, M =% R K =% (r), and a =% (r), Lemma
(21.7) yields that (r) = (r)RN (r) =aM N K = aK = (r)(r) = (r?), as desired. O

(21.13) Exercise: von Neumann Regular Rings. Assume that R is von Neumann

regular. Prove the next assertions.

(a) To any principal ideal (a) there exists an idempotent® e generating (a).

(b) The R—module R/(e) is projective whenever e is an idempotent.

¢) The R—module R/a is projective whenever a is an ideal generated by two elements.

(d) The R—module R/a is projective whenever a is a finitely generated ideal.
)

ideal.
(f) Every R—module is flat.

The next characterization of von Neumann regular rings follows directly from Lemma
(21.11) and Exercise (21.13).

(21.14) Theorem: von Neumann Regular Rings. The ring R is von Neumann reg-
ular if and only if all R—-modules are flat. U

(21.15) Exercise: Finite Generation of Tensor Product and Tor. Let M and N
be finitely generated R-modules.

(a) Prove that M ®g N is finitely generated.
R . . . . .
) () .
(b) Prove that Tor, (M, N) is finitely generated for all n€ Ny, if R is Noetherian

22 That is, €2 = e.
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22. FLAT DIMENSION

(22.1) Flat dimension. An R-module M is said to have finite flat dimension exactly
when it has a bounded flat resolution, and when this is the case, the flat dimension of M
is determined as smallest f € Ny such that it has a flat resolution of length f. If M does
not have finite flat dimension, then we set fdg M = oo, provided the module is not the
zero module: we set fdp O = —o0.

Thus, for any R—module M # O and any n € Ny we have:

There exists an exact sequence:
(22.1.1) fdgM <n < O—F 2 .2 m 2 v 0
with Fy, ..., F, flat.

Note furthermore the next equivalence for an R—module M.
(22.1.2) fdgM =0 <<= M is flat and non-zero.

(22.2) Example. Let R be a domain that is not a field, and let B be its field of fractions.
Then fdg B = 0 as it is a flat module, and fdg(B/R) = 1 by (21.4), since B/R is
not flat by (20.2.e), since any non-invertible r € R \ O belongs to Zerogr(B/R) (as
r[31r =[1]r[0]r =0 and [} ]r # 0).

(22.3) Example. If M is a module over a PID R, then fdg M < 1 by (20.24.4).
As any projective module is flat by (20.7), we obtain the next inequality:

(22.4) Lemma: Flat & Projective Dimension. For all R—modules M the inequality
fdrg M < pdp M holds. O

(22.5) Example. If R be a domain and not a field, and let B be its field of fractions.
There is then a strict inequality fdg B = 0 < pdy B, cf. (20.2.c).

(22.6) FDT 4" Flat Dimension Theorem. The following are equivalent for any R—
module M and any ne Nj.

(i) TorZ(H, M) = O for all m > n and all R-modules H;

(44i) Tork,  (H, M) = O for and all R-modules H;

(i5i7) Tork, ,(R/a/, M) = O for and all finitely generated ideals a;
(i) If F. is a flat resolution of M, then the kernel K,,_1(F\.) is flat.

(22.7) Proof. With one exception, all parts of this proof are similar to the corresponding
ones in the proof of IDT, cf. (17.4). Thus, we concentrate on the exceptional one:
“(4177) = (iv)”: Assume that (447) holds, and that F. is a flat resolution of M, and

consider the kernels K, = Ker(F, — F, ;) for {e N, Ky =% Ker(F, — M), and
K_; =% M as well as the resulting short-exact sequences:

(Te) O—- K —F,—Ki1—0

for /€ Ny . Let a’ be a finitely generated ideal, and consider the short-exact sequence

(%) O—dSR>Rld—0.



106 HANS-BJORN FOXBY DECEMBER 20, 2004

By Flatness Theorem (20.13)—in view of the diagram (V) in (20.12)—it suffices to prove
that K,,_1 ®rt: K,_1 ®r a — K,_1 Qr R is injective. Because of the exact sequence

(*) Tor{%<Kn717 R/al) L n—1 ®R al - anl ®R R

from (F7) in Theorem: Tor (21.2), it suffices to prove Torf(K,,_1, R/a’) = 0. This follows
from the next chain (in which the sum of indices is n in each line):

Torf (K, _1, R/a’) = Tor} (K, _o, R/d)

1%

12

Torf(Ko, R/d")
= Tory,,(K_1, R/d’)
= TOI'ngl(M, R/Cl/) = 0’

the former equality is by convention and the latter is by assumption. 0

(22.8) FDC 4f Flat Dimension Corollary. If M is an R—module, then

fdr M = sup{ne Ny | Tor?(H, M) # O for some H}
= sup{ne Ny | Tor®(R/da’, M) # O for some finitely generated ideal a'} .

This number is in Nj, cf. (11.23). O

(22.9) Proposition: Over Noetherian Ring. If R is Noetherian, and M’ is a finitely
generated R—-module, then pdp M’ = fdg M'.

(22.10) Proof. Since one inequality is known in general, cf. (22.4), it suffices to prove
pdp M’ < fdp M'. Therefore, assume that n =% fdgr M’ < co and M’ # O, and choose
a projective resolution of M’ by finitely generated modules P,, cf. (18.19). We want to
see that the kernel K,,_1(P.) is projective. It is flat by FDT (22.6), and it is finitely
generated, because it is a submodule of P,,_; which, as a finitely generated module over a
Noetherian ring, is Noetherian by (18.13). It results from Theorem (20.21) that K,,_;(P.)
is projective, as desired. O

(22.11) Exercise: Flat Dimension & Fractions. Let M be an R-module, and let S
be a special multiplicative system. Prove that fdg-15 S™'M < fdg M.

(22.12) Exercise: Tor & Fractions. Let M be an R-module, and let S be a special
multiplicative system. Establish an isomorphism of bi-functors

TorS B(S71(=), $71(~)) & S~ Torf(—, ~).

(22.13) Exercise: Torsion. Let R be a domain with B as field of fractions. For any
R-module M define the torsion submodule of M as

MTd:ef{meM|mm:0 for some x € R\ O}.

(a) Prove that the functors (—)z and Torf(—, B/R) are isomorphic.
(b) Prove that Tor®(M, N), = Tor®*(M, N) for n > 0.

The name Tor is an abbreviation of Torsion, and can be motivated by either of the
above.
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(22.14) Theorem: Higher Adjointness. For any injective R-module I, any R-
modules M and N, and any n€ Ny there is an isomorphism of functors:

Ext’s(M, Homg(N, I)) = Hompg(Tor (M, N), I),
which is functorial in M and N.

(22.15) Proof. Let P. be a projective resolution of M. In the next chain the two equal-
ities are by the definitions: (21.2.(F1)) and (11.17), respectively.

Hompg(Tor(M, N),I) = Homg(H,(P. ®z N),I) =H"(Hompg(P. ®r N, 1))
= H"(Hompg(P.,Homg(N, I)))=Exty (M, Homg (N, I)) .
The first isomorphism is by (11.3); the second one is the adjunction (19.17.1). O

(22.16) Corollary: Injective & Flat Dimensions. There is the next equality:
fdg N = sup{idg Homg(N,I) | I is an injective R-module } .

(22.17) Proof. The inequality “>"” follows from the theorem in view of FDT (22.6) and
IDT (17.3). Setting I equal the Pontryagin module AT, cf. (12.25), the isomorphism of
the theorem yields, in view of (12.26.1),

Ext’(M,Homgz(N,A®)) #0 <= Tor?(M,N)+#O.
Thus, fdg N = idg Hompg(N, A¥), and the desired equality has been established. O

(22.18) Exercise: Higher Associativity. Prove that the modules Tor®(M,N) ®p F
and Tor”(M, N ®p F) are isomorphic, whenever F is flat.

(22.19) Exercise: Higher Evaluation. Prove that the modules Tor’ (K, Homg(L,I))
and Hompg(Ext', (K, L), I) are isomorphic, and that fdg(Hompg(K, I)) < idg K, whenever
R is Noetherian, K is finitely generated, and [ is injective.

(22.20) Exercise: Higher Co—Evaluation. Prove that the modules Ext} (K, L) @ F
and Extl(K, L ®p F') are isomorphic, and that idg(L ®g F) < idg L, whenever R is
Noetherian, K is finitely generated, and F is flat.

(22.21) Weak®® Global Dimension. It is defined as follows:
wgldim R < sup{fdg M | M is an R-module } (€ NoU {00 }).

(22.22) Remarks. (1) wgldim R = 0if and only if R is von Neumann regular, cf. (21.14).

(2) wgldim R < gldim R by (22.4). An example with strict inequality is provided by
(22.23) below, and in (22.26) it is proved that equality holds always over Noetherian
rings.

(22.23) Weak Global Dim vs. Global Dim. Let L be a field, let X be an infinite
set, and set R =9 [X which is a von Neumann regular ring, cf. (21.10), and hence has
wgldim R = 0, cf. (21.14). We shall prove that gldim R > 0 by proving that not all
short-exact sequences split, cf. (12.10). Indeed, assume that the ideal a =9 LX) is an
direct summand in R, we get R = a @ b (inner direct sum) for some ideal b in R. In
particular, ab C aNb = 0. We will next prove that then b = O. Namely, assuming that

23 n older literature, flat dimension is called “weak homological dimension”.
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¢ € band ¢ # O, choose x € X such that p(z) # 0. The function 0, is then non-zero
(as it sends z into d,(x)p(x) = @(x) # 0), and as it belongs to ab, this contradicts
ab = 0. Now b = O, and we have LX) = a = R = L* which contradicts the infinity of
X. (Consulting Exercise (18.36) is an alternative to the above.)

(22.24) Theorem: Weak Global Dim.
wgldim R = sup{fdg M' | M’ finitely generated module }
=sup{ fdg R/a’ | a’ finitely generated ideal }
= sup{n | Tor®(R/a’,—) # O for a finitely generated ideal } .

(22.25) Proof. For ne Ny consider the next four assertions:

(fp) fdg M < n for all R—modules M;

(fg) fdg M’ < n for all finitely generated R—modules M’;
(fR)~ fdr R/a’ < n for all finitely generated ideals a’;
(T%)~ Torﬁﬂ(R/ a’, —) = O for all finitely generated ideals a’.

obvious

(fp) =——— (tp)’

FDC (22.8)” “obvious

(Th)~ FDC (22.8) (ER)™ U

(22.26) Theorem: Weak Global Dim over Noetherian Ring. If R is Noetherian,
then wgldim R = gldim R.

(22.27) Proof. By, respectively, Auslander’s Theorem (17.9), Proposition: Over Noe-
therian Ring (22.9), Definition (22.21), and Remark (22.22.2) we obtain the next four
relations:

gldim R = sup{pdy M' | M’ finitely generated }
= sup{ fdg M' | M’ finitely generated }
< wgldim R < gldim R. O
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23. KRULL DIMENSION

First we summarize aspects of the theory of commutative rings in general; later we
specialize to the Noetherian ones.

(23.1) Radical. The set Rad(R) o {z € R| 2™ =0 for some ne N} is called the

radical** of R. This is an ideal in R (because R is commutative; for example, the
binomial formula gives (z 4+ y)* = >"" (:L) ziymi)

(23.2) Prime Ideals & Maximal Ideals. We use the next notation:

Spec R & {p|p is a prime ideal } O Max R o {p|p is a maximal ideal } # & .
peESpecR <= R/p isadomain. méeMaxR <= R/m is a field.

The existence of at least one maximal ideal is due to Zorn’s Lemma: The set of proper
ideals is non-empty (as R is non-trivial) and inductively ordered (as the union of a totally
ordered set of ideals is again an ideal).

(23.3) Minimal Prime Ideals.

p e MinR VEIN p is minimal in Spec R
Thus, p € Min R, if and only if p € Spec R and p = q whenever q C p and q € Spec R.
(23.3.1) Min R # @.

This follows by Zorn’s Lemma applied to Spec R ordered by inverse inclusion: If Y is
a totally ordered non-empty subset, then gq =9 ﬂpeyp belongs to Spec R. Indeed, if
a,b € R has ab € q and b ¢ q, then choose py € Y such that b ¢ pg, and note that
4= Nyey P when Y =% {p" € Y [ p’ C po} (as Y is totally ordered). Because b ¢ p’
and a € p’ for all p’ € Y', we conclude that a € q, as desired.

Proof of the next useful result will be provided later.
(23.4) Proposition. If R is Noetherian, then Min R is finite.

(23.5) Lemma. Each ring homomorphism ¢: R — R induces the next map:

Spec : Spec R — Spec R, p — ¢ 1(p).

(23.6) Proof. For p € Spec R we are required to prove that

p=" o P (E{reR|p(r)ep})

belongs to Spec R. The induced ring homomorphism R — R/p, r — [¢(r) J5 » has kernel
p. Thus, the Isomorphism Theorem (for rings) yields that R/p is isomorphic to a subring

of E’/E As the latter is a domain, so is the former, that is, p € Spec R. O

(23.7) Exercise: Spec as Functor. Describe Spec as a contravariant functor from the
category of rings and ring homomorphisms to the category of sets and maps.

(23.8) Variety of an Ideal. For an ideal a in R its variety Vg(a) is defined as follows:

Va(a) & {peSpecR|pDa},

24 Or nilradical.
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If W is any subset of R we set Vz(W) &f Vg (spang W), for example, for a € R we write
Vg(a) instead of Vg((a)).

There is a map ®,: Spec (R/a) — Vg(a) given by p — m,~(p) when m,: R — R/a
is the residue homomorphism. The map ®, bijective, and it respects inclusions, that is,
Pqo(p1) C Pa(p2) if p1 C po, and its inverse in given by ®,71(p) = p/a.

(23.9) Prime Ideals in Ring of Fractions. Let S be a special multiplicative system
in R. The map

Ug: Spec(S'R) = {pe€SpecR |pNS=a}, p—{recR|r/lcp}

is the one induced by the ring homomorphism R — S™'R, r — r/1, cf. (23.5); ¥y is
bijective and respects inclusions. To any p € Spec R with p NS = @, the ideal S~ 1p
belongs to Spec (ST!R), and ¥g'(p) = S~'p.

(23.10) Proposition: Radical. Rad(R) =\ cyinr P -

(23.11) Proof. The inclusion “C7” follows from the fact that ™ € p implies a € p
whenever p is a prime ideal.

“27: Assume that € R\ Rad(R) [and we want p € Min R with x ¢ p|. Consider the
special multiplicative system S(z) =9 {2" | n€ Ny }, and the non-trivial ring R, =9
S(z)~'R. Choosing p € Min R, by (23.3.1), the corresponding prime ideal p, cf. (23.9),
then belongs to Min R and z ¢ p by (23.9) once more. O

3

a) If L is a field, then Max L = Spec L = Min L = { O } and Rad(L) = O.

b) If R is a domain, then Min R = { O } and Rad(R) = O

c) If Ris a PID, then Max R = { (p) | p is a prime element }, Spec R = Max RU{O }.
) Spec R/a={p/a|p € Vg(a)}, when a is an ideal, cf. (23.8).
)

system, cf. (23.9).
(f) Spec Z/(4) = { ([2]w) }.
(8) SpecZ/(6) = { ([2]w), ([3]@®) }-

(23.13) Local Ring. The ring R is said to be local, exactly when it is Noetherian and has
only one maximal ideal. Recall that Max R # & by (23.2). We use the next terminology:

(R,m, k) is local &L R is Noetherian, Max R = {m}, and k= R/m.
We say that k is the residue field.

(23.14) Localization. Let R be Noetherian. For p € Spec R, the set R \ p is a special
multiplicative system, and we set

def _
M, = (R\p)"'M
for any R-module M. Then M, is a module over the ring R,, which is local by (23.12.e):

def

(Rp, pp, kr(p)) is alocal ring with kg(p) = Ry/py -

Here, p, = {p/s|p €p and s € R\ p}, and the field kg(p) is isomorphic to the field
of fractions of the domain R/p.
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(23.15) Krull Dimension. The Krull dimension of the ring R is denoted dim R, and it
is the supremum of ne Ny such that exists a chain

(1) PoCp1 C-- Chn

in Spec R, that is, a chain of prime ideals. In the chain () there are exactly n strict
inclusions; for n = 0 the chain is just po (without inclusions). As Spec R # @& by (23.2)
we have:

dimMENQU{OO}.

3
) If L is a field, then dim L = 0.

) If R is a domain and not a field, then dim R > 0.

) If Ris a PID and not a field, then dim R = 1.

) dim R/a < dim R, when a is an ideal.

) dim S7!R < dim R, when S is a special multiplicative system.
)
)

In cases (d) and (e), more precise results will be provided later.

(23.17) Infinite Dimension. Let L be a field, and consider the next infinite chain of
polynomial domains:

LIXi|CL[ X, Xs]C---CL[Xy,...,X,]C -

The union of these rings is easily seen to be a ring; it is denoted L[ X1, X5, - - -] and said
to be the polynomial ring over L in the infinitely many indeterminates X, X»,..., and
it is a domain. In the infinite chain

OC(Xl)C(Xl,XQ)CC(Xl,,Xn>C

ofidealsin L[ Xy, Xy, - - -]. These ideals are prime ideals as L] X1, Xo, -+ ]/(X1, ..., X,)
L[ X,11, X012, -], and the latter is a domain. Thus dim L[ X7, X5, -] = 0.

Il

(23.18) Height of Prime Ideal. For p € Spec R the height htg p is defined as:
htpp < dim R, (€ NgU{oo}).
By (23.12.e) applied with S = R\ p we get:
htg p = sup{n€ Ny | There is prime ideal chain: py C---Cp, Cp}.
In particular,
htpp =0 <= peMnR.
(23.19) Exercise: Height Inequality. Let p be a prime ideal. Prove the next inequality:
htrp +dim R/p < dim R.
Provide an example with strict inequality.

(23.20) Exercise: Height. Let R be a UFD? and let p € Spec R have htzpp = 1. Prove
that p is a principal ideal generated by a prime element.

The next two fundamental results are proved in [Ka] and [BH], respectively.

25 That is, a Unique Factorization Domain
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(23.21) PIT <’ Principal Ideal Theorem by Krull. Let z be an element in R, and
assume that R is Noetherian. For any prime ideal p that is minimal in Vg(x) (that is,
p/(x) € Min R/(z) ) the next inequality holds:

(23.22) PAL 4f prime Avoidance Lemma. Assume that p1,...,p, are ideals in R,
and that at most two of these are not prime ideals. If a is an ideal that is not contained
in any p,;, then

@ g pU--Upy.

Thus, “the ideals p1,...,p, can be avoided by an element in a”.

(23.23) Proposition: Spec R infinite. If R is Noetherian and dim R > 2, then the set
Spec R Is infinite.

(23.24) Proof. We will actually prove that X o {p € SpecR | htgp < 1} is infinite.
Assume that X = {p;,...,p, } is finite [and look for a contradiction]. As dim R > 2
by assumption, q € Spec R can be chosen such that htrq > 2. Next, use PAL (23.22)
to choose z € g\ py U---Up, By (23.3.1) Min R/(z) is non-empty, so p’ can be
chosen minimal in Vg(z), cf. (23.12.d). By PIT (23.21) we have htpp’ < 1, and hence
p' e X={p1,...,pn} contradicting z € p'\ p; U---Up,. O

For the rest of this section we assume, cf. (23.13):

(R,m,k) is a local ring.

(23.25) GPIT < General PIT. For ne N, the following are equivalent.

(i) There exist ay,...,a, € m such that Vg(ai,...,a,) ={m}.
(7)) dim R < n;

(23.26) Proof. “(ii) = (¢)” by induction on n:

n =0: dim R < 0 means that dim R = 0, that is, Spec R = { m }. The ideal generated
by 0 elements is spany @ = O, the zero ideal, cf. (2.9.1). Thus, Vg(O) = Spec R = {m },
as desired.

n > 0: By Proposition (23.4) the set Min R is finite, say Min R = {q1,...,qm }. By
PAL (23.22) we can choose € m such that ¢ q;U---Ugq,, . Set R =% R/(z) which is
a local ring with maximal ideal m’ =% m/(z). In order to be able to apply the inductive
hypothesis, we want to prove:

() dmR<n-—1.

To achieve this, let p; C --- C p; be any (strict) chain in Spec R, and consider the
corresponding chain p; C - -+ C p, in Spec R, cf. (23.12.d), that is, z € p; and p;/(z) = p; .
As z is in py and as it is not in any of the minimal prime ideals q1, ..., q,, we conclude
that po is not minimal, that is, htgppy > 1, so we may choose p_; € Spec R such that
p_1 C po. Now, we have constructed a chain in Spec R of length ¢ + 1, and hence
¢+ 1 <dim R. As the latter, by assumption, is at most n, we have established ().

The inductive hypothesis now provide elements [a; |, ..., [@n-1]@) € R such that
Vi(lar )@, - [an-1]@) = {m'}, and hence Vg(as,...,a,-1,2) = {m}, as desired.
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“(i) = (i)™

n = 0: In this case Vg(ay,...,a,) = Vg(O) = Spec R and hence Spec R = { m }; thus,
dim R = 0.

n = 1: As, by assumption, m is minimal in Vg(a,), PIT (23.21) yields htp m < 1, that
is, dim R <1 as desired.

n > 1: This requires a special argument that will be provided later—if at all. [l

(23.27) Corollary 1. If m can be generated by b (€ Ny) elements, then dim R <b. [

(23.28) Corollary 2. dim R < co. O
(23.29) Corollary 3. Set d © dim R. There exists then ai,...,aqg € m such that
VR(ala"'aad):{m}' O

(23.30) Exercise: Generating Ideal up to Radical. Prove that there to any ideal a
in R exists ay,...,aq € a such that d = dim R and Vg(ay,...,as) = Vg(a).

(23.31) Theorem: Dimension of Ring Modulo Element. Set d ' dim R, assume
that x € m, and set R =% R/(x). The following then hold.

(a) d—1<dimR <d.

(b) If dim R = d, then there exists p € Min R such that dim(R/p) = d and z € p.

(c) If v & Upertin g P> then dmR=d—1.

(d) If dim R > 0, then there x can be chosen in m such that dim R = d — 1

23.32) Proof. First note that
)

(
(1 Spec R = {p/(z) [ p € Vr(2)}
by (23.12.d). Thus, for (a), only the inequality dim R > d — 1 needs explanation. Set
e = dim R, and choose by Corollary 3 (23.29) [a1]@),---,[ac]@ € m' =9 m/(z) (the
maximal ideal in R) such that m’ is minimal in Vg([a1]@), ..., [de]w). Thus, m is
minimal in Vg(ay,...,a.x), and d < e+ 1 follows from GPIT (23.25).

(b) results from (1), and (c) follows.

(d): Choose x € m\ Uperin g P by PAL (23.22) in view of the finiteness of Min R, cf.
(23.4). Apply then (c). O

(23.33) Non-local Noetherian Rings.

(a) Let A be a Noetherian ring which need not be local. If d =% dim A < oo and a is an
ideal in a, then there exist d + 1 elements ay, ..., aqy1 such that V4(ay,...,aq41) =
Va(a). This is a variation of Exercise (23.30).

(b) Later we will give an example of a Noetherian ring A with dim A = co. Corollary 2
(23.28) implies that this ring is not local. (The ring L[ X7, X5, - - -] in Example (23.17)
is not Noetherian.) In any ring A with dim A = oo, there is an infinite sequence of
chains in Spec A: poo ;5 P1o C P11; -+ 5 Prno € Pt C -+ C Pon ;- .. (but each chain
is finite when the ring is Noetherian).
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24. MINIMAL GENERATION

Throughout this section:

(R,m,k) is a local,

that is, R is Noetherian, Max R ={m }, and k = R/m.

Over-lining will, in this section, always refer to the ideal m, that is, for an R—module
N, an element n € N, and an R-homomorphism ¢: N — P, we write N = N/mN
(which is a vector space over k), @ = [n]ny (Which is an element in N), and : N — P
(which is the induced linear map of vector spaces). Thus, the structure of N as a vector
space over k is given by 7 = 7 for r € Rand n € N, cf. (2.27.3). As already indicated,
there is one exception to the general usage of over-lining: in general we write k, not R.

Further notation in this section: N denotes an R—module, b is in Ny, and nq,...,n,
is a set of elements in N (and it is empty if b = 0). For a4,...,a, € R we consider the
linear combination:

Eiami =any+ -+ apny .
When i is used as a lower index, its range will be { 1,...,b}, and the same applies to the
letter j. Thus, 1 < 4,5 < b (in this section).
(24.1) Invertible elements. For x,u € R the following hold.

(24.1.1) ug¢m <<= wu isinvertible in R.

(24.1.2) rem = 1—2x isinvertiblein R.

In the former, both sides are equivalent to (u) = R, and in the latter, z and 1 — z cannot
both belong to m.

(24.2) Linear independence over k. We shall often use that elements 77, ...,7 in

N are not linearly independent if and only if there exists a number®® j such that
(1) nj € Yizikng ,
and this is tantamount to

(i) n; € EZ';,AJ'RHZ‘ 4+ mN .

(24.3) Theorem: Noether’s Isomorphisms. The following hold for submodules N’
and N" of N.

(24.3.1) N'/(N' A N") = (N’ + N")/N".
(24.3.2) (N/N")/(N'/N") 2= N/N' if N" C N'.

(24.4) Proof. (1): The map N’ — (N'+N")/N" given by n’ +— [n' |y~ is a surjective R—
homomorphism with kernel N'NN". Thus, the desired assertion results from Isomorphism
Theorem (2.30).

(2): The map N — (N/N")/(N'/N") given by n +— [[n |y |nr/n» is a surjective R-ho-
momorphism with kernel N’; so Isomorphism Theorem (2.30) yields again the desired. [

26 {1,...,b} as always in this section
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(24.5) NAK %' Nakayama’s Lemma?’ If N is a finitely generated R-module and

N # O, then N # O.

(24.6) Proof. As over-lining is right-exact, cf. (6.21), LHF 0 (17.18) yields that it suffices
to assume N = R/a for an ideal a. As R is local, and R/a # O, we obtain that a C m
and hence an exact sequence N — k — O. As over-lining is right-exact we get another
exact sequence M — k — O. Since k = k # O we get N # O as desired. 0

(24.7) NAK Corollary 1. Let N’ be a submodule of a finitely generated R—module N.
The following then holds:

mN+N =N = N =N.

(24.8) Proof. The second equality in the chain below results from the next Exercise
(24.9).

N/N'= (N/N")/m(N/N') = (N/N)/((mN + N')/N') = N/(mN + N') = O.
The isomorphism is from Noether’s Isomorphism (24.3.2). U

(24.9) Exercise: Ideal times Residue Module. Prove that a(N/N') = (aN + N')/N’
whenever a is an ideal, and N’ is a submodule of an R-module N.

(24.10) NAK Corollary 2. For ny,...,n, € N, the following are equivalent.

(i) nq,...,n, generates N;
(@) 71, ...,ny generates N, and N is finitely generated.

(24.11) Proof. “(i) = (11)” is obvious.

“(ii) = (i)”: Consider the submodule N’ =%f ¥}, Rn; of N. In the k-module N we
have (N’ + mN)/mN = X;kn; = N; the former by the definition of N’; the latter by
the assumption. Thus, N+ mN = N and NAK Corollary 1 (24.7) yields N’ = N as
desired. O

(24.12) Definition: Minimal Generators. Any set of elements ny,...,n, € N is a
minimal generating set for N, exactly when it generates N, and no n; is superfluous, the
latter is, for all j we have:

() nj & Niziln; .
(24.13) Proposition: Minimal Generators. For n,...,n, € N, the following are
equivalent.

(1) n1,...,np Is a minimal generating set for N;

(i) M1, ...,Ty is a basis for N over k, and the R—module N is finitely generated.

(24.14) Proof. “(1) = (4i)”: Asnq,...,n, generates N, the residues iy, . .., 7 certainly
generates N. Assume that they are not linearly independent [and look for a contradic-
tion|. By (24.2.) there is a j such that n; € ¥,.;Rn; + mN, that is, n; = X, ,mn; +
with all ;, € R and x € mN. Since nq,...,n, generates the module N, we can find

2T Late Hideyuki Matsumura wrote in [M1, page 11]: “This simple but important lemma is due to
T. Nakayama, G. Azumaya, and W. Krull, and although it is usually called Lemma of Nakayama, late
Prof. Nakayama did not like the name.”
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mq,...,my € m such that x = X;m;n;. Thus,
Ny = Rt TN + XMy
that is,
(1 — mj)nj = 217&](7’1 + mz)nl c EZ;éJRTTLZ .
As 1—m; is invertible in R, cf. (24.1.2), n; belongs to ¥;+; Rm,; contradicting [as desired |
the minimality of the generating set nq, ..., ny.

“(i1) = (4)”: Under our assumptions, NAK Corollary 2 (24.10) yields that nq, ..., n
generate N, and we are required to prove the minimality. Assume that, for some 7,
we have n; in X,2;Rn;. We get n; € X,.;kn; contradicting the linear independence of
ni, ..., Np.

(24.15) Vector Space Dimension. The dimension of a k—vector space V' is denoted by
|V|k; it belongs to No U { 0o }. Thus, we reserve the operator name dim for the Krull
dimension.

(24.16) Definition: Zeroth Betti Number. For any R-module N its zeroth Betti

number is defined to be BZH(N) &of |N|), in Ng U {oo}. (Later, in (24.30), higher order

Betti numbers $%(N) will be introduced for ne N.)

From Proposition: Minimal Generators (24.13) we obtain the next:

(24.17) Corollary: Minimal Generators. For any finitely generated R—module N the
next are equivalent.

(i) nq,...,np is a minimal generating set for N;
(1) ny,...,ny generates N, and b = BF(N). O

(24.18) Minimal Number of Generators. Let N be a finitely generated R—module. It
follows from the corollary above, that all minimal generating sets for N have the number
of elements, and that:

BE(N) is the minimal number of generators for N .

(24.19) Lemma. IfO - U — V — W — O is an exact sequence of vector spaces over
k, then

Ve =|Ulr + Wi (in NgU{o0}).

(24.20) Proof. Because W is a projective k—module, cf. (7.29) or (17.10), the sequence
split, cf. (7.10), and hence V= U@ W, cf. (6.45.x), and the desired assertion follows. [

(24.21) Lemma: Modulo an Element. If N is a finitely generated R—module, and x
is an element in N, then the following holds:

BE(N) =1 if = ¢ mN

ﬁf(N/R“’):{gg(N) if +€mN.

(24.22) Proof. We start by some calculations.
N/Rx = (N/Rx)/m(N/Rz) = (N/Rx)/((mN + Rx)/Rx) = N/(mM + Rzx).
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In the first line, the first equality is by definition of over-lining (in this section), the second
one is by Exercise (24.9), and the third one is by Noether’s second isomorphism (24.3.2)
In the second line, the left hand module is generated by the residue class of x, and this
yields the first equlity; the second one is because both sides are submodules of the vector
space N. Noether’s second isomorphism (24.3.2) yield also the next exact sequence:

O — (mN + Rz)/mN — N/mN — N/(mN + Rx) — O.
In view of the above, the last exact sequence gives the next exact sequence:
O — k[z]wy — N — N/Rx — O.
Thus, by Definition (24.16) and Lemma (24.19) we have obtained the next:
BR(N/ Ra) = BE(N) = K2 Jm s
Finally, note that:

1 if ¢ mN
Kl 2 lonle =
L T i {o if 2 emN.

The desired assertion has been proved. O

(24.23) Lemma: Two Rings. Let N be a finitely generated R—module and let a be an
ideal such a C Anng N. Then N is also a module over R/a and:

S(N) = BR(N).

(24.24) Proof. For the first assertion consult (2.27.3). It follows that ny, ..., n, generates
N as an R—module, if and only it does so as a module over R/a, and that it is a minimal
generation set over R if and only if it is so over R/a. Now apply (24.18). O

(24.25) Exercise: Zeroth Betti Number & Tensor Product. Prove that the fol-
lowing hold for R—modules M and N.

Assume from now on, that M and N are finitely generated.
(b) BE(M @r N) = BR(M)GE(N).
(¢) M#0 and N#0 = M®rN #O0.

(24.26) Lemma: Free Cover. Let N be a finitely generated R-module, and let
ni,...,n, be a minimal generating set for N. There exists then an exact sequence:
(%) O—-K--—-R - N-=O

inducing an isomorphism @ : R = N, and such that T = o and Torf(N, k) 2 K.

(24.27) Proof. Define o by o(r1,...,7p) dof Yirin; . It is surjective as nq, . .., n, generates

N. Set K =% Kero. The exact sequence (%) has been established. For 77,...,7 € R
we have 7 (71,...,75) = %;7;7; in N. Furthermore, @ is an isomorphism as nq,...,7ny
is a basis for N over k, cf. (24.13). The remaining assertions now follow from the next
long-exact sequence:

Torf (R, k) — Torf(N, k) NNy Ny % N—O

because Torf (R’ k) = O. O
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Compare the next result to Theorem: Finitely Generated Flat is Projective (20.21)
which does not require the ring to be local.

(24.28) Theorem: Finitely Generated Flat is Free. Let N be a finitely generated
R-module, and let nq,...,n, be a minimal generating set for N. If the module N is flat,
then it is free, and nq,...,ny is a basis for it.

(24.29) Proof. It follows from the lemma (24.26) that K = Torf(N, k), and the latter
module is O since N is flat. Thus, K = O, so NAK (24.5) yields K = O, and N = R?
by the lemma once more. 0

(24.30) Definition: Higher Betti Numbers. For any R-module N, the n’th Betti
number is BE(N) =4 | Tor®(N, k)| (€ NoU {0 }).
If N is finitely generated, then B2(N) < oo for all n, cf. (21.15.b).

(24.31) Theorem: Minimal Free Resolutions. For any finitely generated R—module
N there exists an exact sequence:

("') "‘—)Rbni)Rb"_lﬁ"‘—)Rbl&RboiN—)O

with by, by, ..., b, ...€ Ny such that 0, is an isomorphism, and 0, = o forn > 1.
Furthermore, for any exact sequence (t) such that 0,, = o for n€ N, there are equalities:

(x) b, = BE(N) for all ne Ny .

(24.32) Proof. Set K_; o N, and choose recursively for ¢ = 0,1,... short-exact se-

quences:
O—-K, -5 Rt S Ky —0O
as in (24.26,%) such that &; is an isomorphism and 7; = o. Setting 9y =% oy and
0, =% 1,,_10, forn > 1, note that 9, = &y is an isomorphism and 9, = 7,_10,, = 00,, = o.
To prove the last assertion, note that

P L RW LR ... LR L RY QO
is a projective resolution of N, and that
P.@rk=-- 2k S bt & S0 Sk O
It follows that Tor?(M, k) = H,(P. ®g k) = k’ for n€ Ny, so the definition (24.30) of
Betti numbers yields the desired assertion. 0

(24.33) Corollary: Vanishing of Betti Numbers. The following hold, when N is a
finitely generated R—module.

(a) pdp N =sup{ne Ny | BE(N) #£0} (< ).
(b) BE(N) #0 for all n < pdy N.

(24.34) Proof. Both assertions follow from (t) in view of (x), cf. the theorem(24.31). O

(24.35) Corollary: Modulo an Element. If N is a finitely generated R—module, and
z € m\ Zerog N U Zerog R, then /") (N/xN) = BE(N) and pdp ) N/aN = pdy N.

(24.36) Remark. By (7.34.b), pdg/,) N/xN < pdg N holds in further generality.
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(24.37) Proof of Corollary. Let ~ denote the functor — ®g R/(x) (as the usual over-
lining is occupied as denoting — ®g k). Thus, M~M /xM for all R—modules M. Note
that (R, m/(z), k) is a local ring.

The exact sequence of R-modules from the theorem (24.31):

o R S Rt L S R NSO
induces, by Exercise (7.34), an exact sequence of R-modules:

s R Rt o LR SN SO
Since R = k, the theorem (24.31) yields ﬁf/(w)(M/xM) = B(N), and pdp,,) N/zN =
pdy N follows by the first corollary (24.33). O

(24.38) Exercise. Provide a more direct prove of Lemma: Modulo an Element (24.21).
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25. REGULAR LocAL RINGS 1

Throughout this section:

(R,m, k) is a local.

(25.1) Minimal Generation of Maximal Ideal. The minimal number of generators
of the maximal ideal m is Bf(m) = |m/m?|, cf. (24.18) and (24.16), when m? =9°f mm.
By GPIT (23.25) and (24.18) we have the next

(FI) Fundamental Inequality: dim R < 3 (m).
(25.2) Modulo an Element. For x € m we set®:
(25.2.1) RYR/(x) and m' € m/(x).

Note that (cf. also the Noether isomorphism (24.3.2)):
(25.2.2) (R,m’ k) is a local ring.

For z € m \ U,c\mn g P> one deduces from (c), respectively, (24.21) and (24.23), the
following:

(25.2.3) dimR=dimR — 1

B ) BFm) =1 if x¢m?
(25.24) Fo'(m') = {gé%(m) if x€m?

(25.3) Definition: Regular Local Ring. The local ring (R, m, k) is said to be regular,
exactly when there is equality in the Fundamental Inequality(FI), that is,

R isregular <% dimR = Bt (m) .

(25.4) Dimension Zero.
R isregular and dimR=0 <= R is a field.
Indeed, S (m) = 0 if and only if m = O.

(25.5) Dimension One.
R isregular and dimR =1 <= m is principal.

Indeed, 3f{(m) = 1 if and only if m is principal. These rings turn out to local PIDs, cf.
(25.10) and consult also (25.12).

(25.6) Fundamental Lemma. Assume that x € m\ U, e\, g P, and consider the local

ring (R,w', k), cf. (25.2.1). The following then hold.
(a) If R is regular, then:
R isregular <= 1x¢m’

(b) If R is regular, then R is regular and x ¢ m?.

28 In this section—in contrast to the usage in Section 24.
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(25.7) Proof. (a): As Bf{(m) — 1 = dim R — 1 = dim R by the assumptions and (25.2.3),
the desired equivalence follows from (25.2.4).
(b): Assume that R is regular, that is, the first equality in the next chain.

dimR = Em') > %m) —1>dimR — 1 = dim R.

Here, the inequalities result from (25.2.4) and Fundamental Inequality(FI), respectively,
the first equality is our assumption, while the last one is by (25.2.3). Thus, equality holds
in both cases, that is, respectively, z ¢ m? and R is regular. O

(25.8) Theorem. If R is regular, then R is a domain.

(25.9) Proof. We use induction on d & dim R.

d = 0: In this case R is a field by (25.4) and hence a domain.

d > 0: First, note that, in this case, m ¢ p for all p € Min R. Second, note that m ¢ m?
by NAK (24.5) as, in this case, m # O. Thus, PAL (23.22) yields m € (U, ey g P) UM
Choose

(%) xGm\(( U p)UmQ).

peMin R

Now, B & R/(x) is regular by (a) in Fundamental Lemma (25.6), and hence R is a
domain by the inductive hypothesis, that is, (x) is a prime ideal in R. By the choice of
the element z, this prime ideal is not minimal. Consider the special multiplicative system
S =d°f R\ (z) and the ring ST R, and choose, by (23.3.1) a minimal prime ideal in this
ring; by (23.9), this minimal prime ideal is of the form S~!p for a prime ideal p in R such
that SNp = @, that is, p C (z). Now we have the next:

(%) p=p.
Namely, as “C” is obvious, we prove the opposite inclusion. Assume that p belongs to p.
As p C (z) there exists € R such that p = rz, which—as = ¢ p—implies that r € p and

hence p € zp as required for (x). Now NAK (24.5) yields p = O. Thus, R is a domain,
as desired. 0

(25.10) Theorem: Dimension One. Ifdim R = 1, then the next holds:
R isregular <= R is PID.

(25.11) Proof. The implication “ <= " is obvious by (25.5).

“=7: Assume that m = (¢). Furthermore, assume that there exists an ideal that is
not a principal ideal [and look for a contradiction]. As R is Noetherian, we can choose
a maximal among non-principal ideals, cf. (18.2). Set b =% {r € R | tr € a}. Since
a Cm = (¢) (as a is not equal to R which is a principal ideal), we have a = tb, and NAK
(24.5) yields a C b which, in turn, implies that b is a principal ideal, say b = (b). Thus,
a = tb = (tb) which is the desired contradiction. O

(25.12) DVR %" Discrete Valuation Ring. The local ring R is said to by a discrete
valuation ring, abbreviated as DVR, exactly when it is regular and dim R = 1. Assume
now that R is a DVR with maximal ideal m. It is then PID by the previous theorem
(25.10), and hence UFD. If m = (¢), then for each r € R\ O there exists v(r)€ Ny and
u € R\msuch that r = ut*™ and v(r) and u are uniquely determined. The map 7 + v(r)
can be extended to the field of fractions w: B — Z U { 0o } by w(r/s) =% v(r) — v(s)
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and w(0) = oco. This w satisfies w(bc) = w(b) + w(c) and w(b + ¢) > min{ w(b), w(c) }
for all b,c € B, and it is said to be a discrete valuation.

(25.13) Krull’s Conjectures. If R is a regular local ring, then the next holds.

(a) Any localization R, of R at a prime ideal p is a regular local ring.
(b) The ring R is UFD.

These will be proved later by proving and using the next key result.
R isregular <= gldim R < 0.

(a) then follows directly by (17.13). (b) requires more—to be provided later.

(25.14) Regular Sequence. Let M be an R—module.
An element x in R is the said to be M—regular, exactly when x ¢ Zerog M, that is, if
and only if the sequence O — M 5 M is exact, and that is, if and only if m # 0 for all

me M\ O.
For ne Ny a sequence xy,...,z, € R is said to be M—regular, exactly when the next
holds:
x1 ¢ Zerop M, xo ¢ Zevop M /x1 M, ... | x, & Zerogr M/(x1, ..., 2, 1)M,

that is, if and only if, z; is M/(x1,...,z;_1)M-regular for all i € {1,...,n}. Forn =0
the sequence is empty, and it is regular.

Here, we do not require that (zi,...,2,)M C M which, however, is fulfilled if when
M is finitely generated, M # O, and 1, ..., x, € m, cf. NAK (24.5).

Furthermore, the above definition is concerning an ordered sequence xq, ..., T,.

(25.15) Example. Let R oo Zy3), the localization of the ring of integers Z at the prime
ideal (2), cf. (23.14), that is,

R={r/seQ|reR, secN, s odd },

which is a local ring (and a subring of Q). Consider the R—module M =9 Q. The
sequence 1,0 is M-regular (as Zerogr O = &) but 0, 1 is not.

(25.16) Remark. One can prove that if M is finitely generated, and zq,...,x, is an
M-regular sequence, then any permutation x,(1),...,Zemn) of x1,..., 2, is again an M-
regular sequence.

The next result is important in our quest for proofs of the Krull conjectures.

(25.17) Proposition: Maximal Ideal in Regular Local Ring. If R is regular, and
x1,...,xq are minimal generators for m, then x1, ..., x4 is an R-regular sequence.

(25.18) Proof. We use induction on d. Note first that, under our hypotheses, d = dim R.
d = 0: The sequence is empty in this case, cf. (25.4), and thus R-regular.
d>0: By (24.13) we have z; ¢ m?. Thus, as MinR = {O} by (25.8), the

local ring B & R/(x1) is regular by Fundamental Lemma (25.6.a). The sequence
[22](@1)s - -+ [®a](@,) Is @ minimal set of generators for the maximal ideal m/(z1) in R,

and hence it is R-regular by the inductive hypothesis, and our desired assertion results
from the next lemma. U
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(25.19) Lemma. For xy,...,z, € m, n > 1, and R—module M the following holds.

x1 ¢ Zerorg M and

T1,...,T, IS M-regular <= )
o & {xz,...,xn is M/xyM-regular.

(25.20) Proof. For j > 2 we have the next:
(M/le)/(SEQ,,.T])(M/SElM) = (M/Z‘lM)/(Il,SUQ,SIZ'])<M/SE1M)
%M/(Il,l‘g...,l'j)M,

where the equality is (24.9) and the isomorphism is Noether’s (24.3.2). The desired
assertion follows by the definition (25.14). O
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26. HALF-EXACT FUNCTORS

Throughout this section:

‘ R is a Noetherian ring.

(26.1) Associated Primes & Support. For any R-moduleM we define:
Assp M & {p € Spec R | Anng(xz) =p for some = € M }
Suppp M & {p € Spec R | Anng(z) Cp for some z € M }.

The elements of the former set are called associated primes, and the set is called the
assassinator; the latter set is the support of M.

26.2) Proposition: Prime Ideals. The following hold for R—modules K, L, and M.

(
(a) Asspg M C Suppy M.

(b) If M # O, then Assg M # @.

(c) Ifp € SpeCR then M, # O, if and only if p € Suppp M.

(d) If M is finitely generated then the set Assp M is finite.

(e) Zeror M = U, casep 1 P-

(f) If O - K — L — M — O is an exact sequence, then there are the next inclusions:

Assp K C Assp L C Assp K U Assp M .
(g) If O — K — L — M — O is an exact sequence, then there are the next equality:
Suppp L = Suppy K U Suppp M .
(h) Suppr M C Vg(Anng M) with equality if M is finitely generated.

(26.3) Proof. (a) is obvious from the definitions.

(b): The set X =% { Anng(x) | z € M\ O} has—as R is Noetherian—a maximal
element, and this is a prime ideal.

(c) follows from (23.14) and (5.8.5).

(d) follows from (26.5) below.

(e): The inclusion “2” is obvious. To prove the other one assume that a € R and
x € M are such that ax = 0; choose p in Assp Rx C Assg M.

(f): The first inclusion is obvious from the definition. For the second one, assume that
p = Anng? € Assg L with ¢ € L, and assume R/ N K = O, respectively, R{ N K # O,
and conclude p € Assg M respectively, p € Assy K.

(g): The assertion follows directly from (c) in view of the exactness of the localization
functor, cf. (23.14) and (6.24).

(h): The inclusion follows from the definitions, cf. (26.1) and (23.8), since Anng(z) C
Anng M for all x € M. Next, assume that M = Rm, + --- + RM,, and consider the R—
homomorphism ¢: R — M™ defined by ¢(r) =9 (rmy,...,rm,). As Ker¢ = Anng M,
there is an exact sequence O — R/ Anng M — M™ by Isomorphism Theorem (2.30),
and hence Vg(Anng M) = Suppy(R/ Anng M) C Suppp M™ = Suppy M by Definitions
(23.8) and (26.1) together with (g). O

(26.4) Definition: Prime Factor Chain. A chain O = My C M;--- C M,, = M of
submodules of an R-module M together with py,...,p, € Spec R such that M;/M; ; =
R/p; foralli € {1,...,n} is said to be a prime factor chain of M.
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(26.5) Proposition: Prime Factor Chain. If M is a finitely generated R—module,
then M admits a prime factor chain, and there are inclusions:

ASSRMQ {‘pla'-')pn} g SuppRM

for any such prime factor chain.

(26.6) Proof. The zero module admits a prime factor chain, namely the empty one (with
zero submodules and zero prime ideals). Choose M’ maximal among the submodules
admitting prime factor chains. Then, M’ = M since Assg M /M’ # @ otherwise by
(26.2.b). For the second assertion consult (f) and (g) in (26.2). O

(26.7) Special Prime Avoidance Lemma. If M is a finitely generated R—module, and
a is an ideal in R such that a C Zeror M, then a C p for some p € Assgp M.

(26.8) Proof. Use PAL (23.22) together with (d) and (e) in (26.2). O

(26.9) LHF 1 <’ Lemma on Half-exact Functors 1. Let T': Mod(R) — Mod(R')

be a half-exact functor. To any finitely generated R—module M with T (M) # O there
exists then p € Suppy M such that T(R/p) # O.

(26.10) Proof. Choose a prime factor chain O = My C M;--- C M, = M with prime
ideals py,...,p, € Suppyp M, cf. (26.4) and (26.5). Each of the short-exact sequences

O — My — M; = R/p; — O
induces an exact sequence

T(M;-1) — T(M;) — T(R/p:)
(with the arrows reversed in the contravariant case). As T'(M,) = T(M) # O and
T(My) =T(0) = O, cf. (6.13), we conclude T(R/p;) # O for some i. O

(26.11) Linear Functors. Let T: Mod(R) — Mod(R) be a functor with the same
target as source. It is said to be R-linear, exactly if it additive, and it satisfies T'(ru) =
rT'(u) for all r € R and all R-homomorphism pu, that is, if and only if the induced map
Homp(M, N) — Hompg(T(M),T(N)) is an R-homomorphism. If T" is additive, then T’
is R-linear, if and only if T'(ra) = ryyy for all ¥ € R and all R-modules M, , cf. (2.16).
Indeed, if pu: M — M’ is an R—homomorphism and r € R, then T'(ru) = T(rp o p) =
T(ry) o T ().

(26.12) Lemma: Linear Functor & Annihilator. If T is an R-linear functor, then
Anngp T (M) 2 Anng M for all R-modules M.

(26.13) Proof. ry; = o for r € Anng M, hence rp) = o, that is, r € Anng T(M). O

(26.14) Proposition: Derivative of Linear Functor. If T is a linear functor, then so
are its derivatives L, T and R" T

(26.15) Proof. For an R-module M with projective resolution P. and r € R, the mor-
phism rp, : P. — P., cf. (8.5), is a continuation of ry;: M — M; thus:

L, T(ry) = Ho(T(rp.)) = Hu(rrpa)) = ma,r(pa)) = TLaT(M) - ]
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(26.16) Ext & Tor. For any b Ny the functors Ext’(—, —) and Tor%(—, —) are linear
in either variable. Thus,

(26.16.1) Anng Ext’, (M, N) D Anng M + Anng N;
(26.16.2) Anng Tor®(M, N) D Anng M + Anng N. O

(26.17) Auxiliary Lemma. Let T: Mod(R) — Mod(R) be a half-exact and R-linear
functor. If M’ is a finitely generated R-module with T'(M') # O, then there exists
p € Suppy M’ such that:

(1) T(R/p) # O and T(R/a) =0 whenever a is an ideal with a D p.

(26.18) Proof. The set X o {q € Suppr M' | T(R/q) # O} is non-empty by LHF 1
(26.9), so choose p maximal in it. If T'(R/a) # O, then LHF 1 (26.9) gives q € Suppy R/a
with T(R/q) # O. Since Suppp R/a = Vg(a) € Vg(p) C Suppp M’, we have q €
Suppy M'. As p C a C q, this contradicts the choice of p as being maximal in X. Thus,
(1) has been proved. O

(26.19) LHF 2 <’ Lemma on Half-exact Functors 2. Let T': Mod(R) — Mod(R)
be half-exact and R—linear, and assume either

(a) T is contravariant; or

(b) T is covariant and left-exact.

If M" is a finitely generated R-module with T'(M') # O, then there exists p € Suppy M’
such that T(R/p), # O.

(26.20) Proof. Auxiliary Lemma (26.17) yields p € Suppy M’ such that T'(R/p) # O,
and T'(R/a) = O whenever a is an ideal with a D p.
We want to prove that

(1) O — T(R/p) "™ T(R/p)

is exact for all r € R\ p. Indeed, set a =% p + (r) (D p), and note that the exact
sequence

O—R/PEAR/p— Rj/a— O
in either case, (a) or (b), induces the exact sequence (1). Now, it follows that the map
T(R/p) — T(R/p), is injective, cf. the next Exercise (26.21) O

(26.21) Exercise: Injectivity of Fraction Homomorphism. If S is a special mul-
tiplicative system in R, and M is an R-module such that S N Zerog M = @, then the
fraction homomorphism M — S™M, m +— m/1, is injective. Formulate and prove a
corresponding assertion concerning surjectivity.

(26.22) Theorem: Measuring Injective & Flat Dimension. For any R—module N
there are the next two equalities:

(i) idg N = sup{ne Ny | Exti(R/p, N), # O for some p € Spec R };

(f) fdg N = sup{ne Ny | Tor®(R/p, N), # O for some p € Spec R }.

(26.23) Proof. (i): The inequality “>" follows directly from IDC (17.5). To prove
the other one, assume that n < idg N [and we want to find p € Spec R such that
Ext%(R/p, N)y # O]. The functor Ext,(—, N) is contravariant and R-linear, so LHF 2
(26.19) yields the desired p in view of IDT (17.3).
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(f): The inequality “>" follows directly from FDC (22.8). If n = fdg N < oo,
then Tor(—, N) is left-exact and covariant, so FDT (22.6) and LHF 2 (26.19) yield
p € Spec R with Tor®(R/p, N), non-zero. In general, if the right hand side of (f) is finite,
then equlity follows from the next exercise. O

(26.24) Exercise: LHF 2 Revised. Let T: Mod(R) — Mod(R) be a covariant functor.
It is said to be left-connected, exactly if there to any short-exact sequence

O—-K-SL2M-0
exists an R—homomorphism A: T'(M) — T'(K) such that also the next sequence is exact:

T(M) -2 T(K) ™ 7(L)

(a) Prove that T is left-connected, if it is left-exact.

(b) Prove that the functor Ty =9 [] Torf(—, N) is left-connected for all g€ Ny and
all R-modules N.

(c) Assume that T is a left-connected and R-linear covariant functor, and let M’ be a fini-
tely generated R—module such that T'(M’) # O. Prove that there exists p € Supp, M’
such that T'(R/p), # O.

(d) Prove the remaining part of the equality (26.22.f).

TN (M .

i>g

(26.25) LHF 3 <’ Lemma on Half-exact Functors 3. Suppose that (R,m, k) is local,
and that T: Mod(R) — Mod(R) is an R-linear, covariant, half-exact functor, such that
T(M') is finitely generated, whenever M’ is finitely generated. If there is one finitely
generated R—module M' with T'(M') # O, then T (k) # O.

(26.26) Proof. Auxiliary Lemma (26.17) yields p € Suppy M’ such that T'(R/p) # O,
and T'(R/a) = O whenever a is an ideal with a D p. For any r € R\ p, set a =% p + (1),
and note that the short-exact sequence:

O—R/p = R/p— R/a— O
induce the next exact sequence:
T(R/p) —— T(R/p) — O.

Thus, NAK (24.5) yields r ¢ m. This implies that p = m, and hence T'(k) = T'(R/p) # O
as desired. O

(26.27) PDC: Finite Generated over Local Ring. If L’ is a finitely generated module
over a local ring (R, m, k), then:

pdg L' = sup{ne Ny | Ext} (L', k) A0 }.

(26.28) Proof. “>” follows from PDC (11.23).

“<”: Let ue Ny be such that u < pdy L’ (the latter might be infinite), and we want
to prove Exty (L', k) # O. The functor Ext; (L', —) is linear by (26.14), covariant, and
half-exact. Moreover, it carries finitely generated R—modules into finitely generated ones
by (18.21), and there is a finitely generated R—module M’ such that Exty (L', M') # O,
cf. (18.32). Thus, the desired assertion follows from LHF 3 (26.25). O

(26.29) Exercise. Deduce the result (26.27) above by taking a minimal free resolution
of L', cf. (24.31). [Prove and use that Homg(—, k) = Hompg(— ®g k, k).] Furthermore,
prove that Ext% (L', k) # O for all uw < pdp L'.
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(26.30) Lemma. Let M be a finitely generated module over a local ring (R, m, k), and
let = belong to m \ Zeror M. There is then an equality pdp M /xM = pdy M + 1.

(26.31) Proof. The exact sequence O — M - M — M — O induces the next one:
Ext’ (M, k) - Ext (M, k) -2 Exth(M, k) — Extb (M, k) = Ext% (M, k) .
Here we used that Exth(—, k) is a linear functor, cf. (26.16). By (26.16.1),
Anng Exty(M, k) O m, so the multiplications by x are zero. Thus, for each /€ Ny there

is an exact sequence:
O — Exty ' (M, k) — Exth(M, k) — Exth(M, k) — O,
and we obtain:
Exth(M, k) #0 = Exth'(M,k)# O or Exth(M,k)#O;
Exth (M, k) #0 =  ExtY(M, k) #0.

In view of PDC: Finite Generated over Local Ring (26.27), the former yields the inequality
pdp M < pdp M + 1, and the latter gives the opposite inequality. O

(26.32) Exercise. Let M, R, and z be as in (26.30), and assume furthermore that = ¢
Zerop R. Prove that on the category Mod(R/(z)) the functors Extl,\(M/xM, —) and
Extz(M, —) are isomorphic. Provide another proof of (24.35): pdg,,) M/xM = pdp M.

(26.33) Exercise. Let (R, m, k) be a one-dimensional regular local ring (for example,
R =% 7)), let a be a generator for m, and let T denote the functor R'T',, cf. (13.14).
Prove that T' is R-linear, that T'(R) # O, and that T'(R/p), = O for all p € Suppy R.
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27. DEPTH
Throughout this section:

(R,m, k) is a local.

(27.1) Depth of Module. depthy, M & inf{ne Ny | Ext?(k, M) £ O}e NgU{oo}.

(27.2) Example. Let R be a local domain with field of fractions B. For z € m \ O the
multiplication homomorphism x;: k£ — k is zero while xz: B — B is an isomorphism;
thus, for n€ Ny the homomorphism gy r,5) = Exty(7x, B) = Extk(k, vp) is both zero
and an isomorphism, and hence Ext;(k, B) = O. Thus, depth, B = inf @ = cc.

(27.3) Lemma: Depth Zero. For any R—module M the following are then equivalent.
(i) depthp M = 0;
(i) Hompg(k, M) 7é O;
(73) m € Assg M.
If M is finitely generated, then these are equivalent to the next:
v)

(¢

(27.4) Proof. “(i) <= (ii)” by the definition of depth (27.1).

“(it) = (111)”: For ¢ € Hompg(k, M) \ O we have m = Anng(p([1]n) € Assg M.

“(i11) = (ii)”: f m = Anng(m) € Assg M and m € M, then p: k — M, [1]|n— rm
is a well-defined R—homomorphism, which is non-zero.

“(411) = (iv)” by (e) in Proposition: Prime Ideals (26.2)

“(iv) = (411)” Assume from now on that M is finitely generated. (d) and (e) in
Proposition: Prime Ideals (26.2) yield that Zerog M is a finite union of prime ideals,
namely the associated ones, so PAL (23.22) gives the desired. U

Zeror M = m.

(27.5) Proposition: Depth Modulo Regular Element. If M is an R-module and
x € m\ Zerog M, then depthy M/xM = depth, M — 1 (€ NgU {00 }).

(27.6) Proof. The exact sequence O — M % M — M — O induces the next one:
Ext’ 1(k, M) - Ext ' (k, M) — Ext’ ' (k, M) - Bxt’,(k, M) —=> Ext’(k, M) .
Here the multiplications by x are zero, and for each /€ Ny we obtain an exact sequence:
O — Exty ' (k, M) — Exty ' (k, M) — Ext(k, M) — O.

Thus:
Extht(h,M) #0 <= Exth'(k,M)#0 or Exth(k,M)+#O0O,

and the desired equation follows. O

(27.7) Remarks. If a is an ideal in R, and M is an R-module, then the following hold.
(a) a C Anng(M/aM).

(b) Anng M C Zerog M if M # O.

(c) If x ¢ Zerogr(M/aM) and aM C M, then x ¢ a by (a) and (b), and hence a C a+(z).
(d) If z,...,x, € mis an M-regular sequence, cf. (25.14), and (z1,...,x,)M is a proper
subset of M, then there is the next strictly ascending finite chain:

(1) T C (1,5 2i) C(T1yee ey Tigr) T C (T, ., 1)
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(27.8) Maximal Regular Sequence. Element z,...,z, € m are said to form
a maximal M-reqular sequence, exactly when it is an M-regular sequence, and
Zeror(M/(z1,...,x,)M) = m. The latter implies that (zq,...,2,)M C M (as
Zerog O = @), and that xy, ..., x,,w is not M-regular for any w € m.

(27.9) Lemma: Existence of Maximal Regular Sequence. If mM C M, then M
admits a maximal regular sequence in m. In particular, if M is finitely generated and
non-zero, then it admits a maximal regular sequence in m.

(27.10) Proof. The first assertion follows from (d) in (27.7), since R is Noetherian, and

then the second one results from NAK (24.5). O]
(27.11) Example. Since Zeror O = &, any sequence yi,...,Yn is an O-regular se-
quence. Thus, if z1,...,x, is an M-regular sequence such that (z1,...,2,)M = M,

then xq,...,2,,y1,...,Ym is M-regular for any yq,...,yn € R.

(27.12) Proposition: Maximal Sequence & Depth. If x;,..., 2, € m is an M-
regular sequence, then the following hold.

(a) depthy M > n.
(b) If M is finitely generated, then the next holds:

depthp, M =n <= =x,...,7, Is a maximal M-regular sequence in m.

(27.13) Proof. (a): Proposition: Depth Modulo Regular Element (27.5) yields the next
sequence:

depthy M = depthy(M/x1M) +1=--- =depthz(M/(z1,...,2,)M)+n>n.
(b): By Lemma: Depth Zero (27.3), depthp(M/(z1,...,2,)M) = 0 if and only if
Zeror(M/(x1,...,x,)M) = m, that is, if and only if z4,...,x, is a maximal M-regular
sequence in m. O

(27.14) Corollary: Depth of Finitely Generated Module. If M is finitely genera-
ted, then the next equality holds:

depthp M = sup{ne Ny | There exists M-regular sequence zi,...,z, Em}. [

(27.15) Lemma. Let M be a finitely generated R—module, and let p € Spec R be such
that dim(R/p) = 1%.
(a) For (e Ny the following then holds:

Exth(R/p, M) #0 = Exti(k,M)#O0.
(b) depthp M < depthp M, + 1.

(27.16) Proof. (a): Choose x € m\ p, and consider the short-exact sequence:
O—R/p -~ R/p— R/a— O
where a & p + (x), and the induced one:
Ext%(R/p, M) - Ext’(R/p, M) - Ext4 ™ (R/a, M) .

29 Such prime ideals are sometimes said to be sub-maximal.
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As Ext(R/p, M) is finitely generated by (18.21), NAK (24.5) yields Ext4'(R/a, M) #
O. Thus, LHF 1 (26.9) gives the desired: Ext% ! (k, M) # O as Suppg(R/a) = Vg(a) =
{m} (because dim(R/p) =1 and p C a).

(b): Set ¢ & depthp M, and assume that £ < co. Let kr(p) be the residue field of the

local ring Ry, cf. (23.14), and note that xkgr(p) = (R/p),. Thus, (18.27) yields the next
isomorphism:

Exty(R/p, M), = Exty, (kr(p), M,) .
As the latter module is non-zero by our assumptions, Ext%(R/p, M) # O, and hence
Ext ™ (k, M) # O by (a). Thus, depthy M < £+ 1, as desired. O
(27.17) Proposition: Depth Inequality. If M is finitely generated, and p belongs to
Suppy M, then the next holds:

depthp M < depthp M, + dim(R/p) .

(27.18) Proof. We use induction on n & dim(R/p).
n = 0: In this case p = m, so the inequality certainly holds (and is an equality).
n > 0: Choose a chain of prime ideals:

(%) p=poCpC--Cp,=m.

This is possible since Spec (R/p) = {q/p | q € Vr(p) } by (23.12.d). From the chain (x)
it follows that dim(R/p;) = n — 1, so the inductive hypothesis yields that

depthp M < depthp, My, + (n—1).
Now apply (b) in Lemma (27.15) to the R, —module M, and obtain:
deptth1 M, < deptth M, +1

because dim(R,,/py,) = 1 and (Mm)lgp = M,, consult also (23.12.e) and the next
exercise. ]

(27.19) Exercise: Localization & Fractions. Let S be a special multiplicative system
in R, let p € Spec R be such that pN S = &, and let M be an R—module. Provide an
isomorphism M, = (S7'M)g-1, of Ry-modules. Prove the next equalities:

(27.19.1) Assg-1ig ST'TM ={S'p|pe€Assg M and pNS =2}
(27.19.2) Suppg-1p STTM = {S7'p|p €Suppy M and pNS=0}.

(27.20) Proposition: Depth & Dim. If M is a finitely generated R—module, and p
belongs to Assr M, then

depthp M < dim(R/p).

(27.21) Proof. Since p € Assp M, (27.19.1) yields p, € Assg, My, that is, depthp M, =
0 by (27.3), and Proposition: Depth Inequality (27.17) yields the desired inequality. [

(27.22) Exercise: Minimal Prime. Let M be an R—module, and let p be minimal in
Suppp M. Prove that p belongs to Assg M.

(27.23) Krull Dimension of Module. The Krull dimension of an R-module M is:
dimp M & sup{ dim(R/p) | p € Suppr M }.
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Note that, for any ideal a in R, the Krull dimension dimg(R/a) of the R—module R/a
equals the Krull dimension dim(R/a) of the ring R/a, cf. (23.8) and (23.12.d). Note also
dimp M < dim R, and that the latter if finite by Corollary 2 (23.28) to GPIT (23.25).

(27.24) Theorem: Depth & Dim. If M is a finitely generated non-zero R—module,
then depthy M < dimp M.

(27.25) Proof. Choose p € Suppp M such that dim(R/p) = dimg M, and note that
this p is necessarily minimal in Suppy M, and hence p € Assy M by Exercise: Minimal
Prime (27.22), and it follows from (27.19.1) that p, € Assg, M,, which, in turn, yields
depthp M, = 0 by Lemma: Depth Zero (27.3). Thus, the desired inequality results from
Proposition: Depth Inequality (27.17). OJ

(27.26) Cohen—Macaulay Modules. A finitely generated R—module M is said to be
a Cohen—Macaulay, exactly when depthp M = dimp M. This is an interesting class of
modules, see [BH].
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28. AUSLANDER—BUCHSBAUM EQUATION

Throughout this section:

(R,m, k) is a local.

(28.1) Auslander—-Buchsbaum Equation. If M is a finitely generated non-zero R—
module with pdp M finite, then

depth R = pdp M + depthp, M .

Here we write depth R def depthyp R. The proof of ABE will be provided below after
some preparations.

(28.2) Lemma. The following are equivalent for any finitely generated R—module N.
(i) N is free;
(ii) N is projective;
(#ii) N is flat.

(28.3) Proof. “(i) = (ii)” and “(ii) == (ii)” hold always, while “(iii) = (i)” is by
Theorem: Finitely Generated Flat is Free (24.28). O

(28.4) Lemma. If depth R = 0 and M is a finitely generated R—module with pdp M
finite, then M is free.

(28.5) Proof. Assume that p &f pdrp M > 0 [and look for a contradiction]. Choose by
Theorem: Minimal Free Resolution (24.31) a minimal free resolution:

(1) OﬁFpin_lé---—)Fl—>F0—>M—>O

and set B % Im 0, which is isomorphic to the free non-zero module F,,. Since depth R = 0,
we have m € Assg R by Lemma: Depth Zero (27.3), that is, m = Anng(z) for an z € R.
By the minimality of () we have B C mF, ; (as d, = 0). Thus, B = O, and this
contradicts that B is free and non-zero. O

(28.6) Depth over two Rings. If M is a finitely generated R—module, and a is en ideal
contained in Anng M, then depthp,, M = depthp M, since [21]a,...,[Zn]a € Mm/a is

def

M-regular, if and only if xy,...,x, € m is M-regular (as [« |;m =" xm for x € m and

m € M).

(28.7) Depth of Free. If F' is a finitely generated free non-zero R-module, then
depthy F' = depth R (as any sequence is F-regular if and only if it is R-regular).

(28.8) Proof of ABE. We use induction on s & depth R.

s = 0: In this case, M is free by Lemma (28.4), and (28.7) yields pdz M +depth, M =
04+ 0=0=s=depthR.

s > 0: Divide into two cases:

1° depthp M > 0: The assumptions on R and M imply that m ¢ Assg R U Assg M,
cf. (27.3). As the set of prime ideals Assgp R U Assg M is finite by (d) in (26.2), PAL
(23.22) yields that m is not contained in the union of these prime ideals, that is, m ¢
Zeror R U Zeror M by (f) in (26.2). Choosing x € m \ (Zerog R U Zerog M) and setting



134 HANS-BJORN FOXBY DECEMBER 20, 2004

R =% R/(x) and M =% M/xM we get the following:

depth R = depth, R by convension
= depthp, R +1 by (27.5)
= depthz R + 1 by (28.6)
=depth R+ 1 by convension

= pdﬁm + depthﬁﬂ +1 by the inductive hypothesis
=pdy M + depthg M + 1 by (24.35)
=pdp M + depthp, M + 1 by (28.6)
= pdr M + depthy M by (27.5),
as desired.
2° depthyp M = 0: Choose an exact sequence O — K — F' — M — O with [ finitely

generated and free. As depth R > 0, (28.2) and (28.7) yield pdz M > 0, and hence
pdp M = pdp K + 1. The next is an induced long-exact sequence:

O — Homp(k, K) — Hompg(k, F) — Homp(k, M) - Extk(k, K) .

As Hompg(k, F') = 0 by (28.7) and Hompg(k, M) # O by assumption, Homg(k, K) = O
and Exth(k, K) # O by the long-exact sequence, and hence depth, K = 1, which implies
pdp K = depth R — 1 by case 1°. Now we have pdp M = pdp K + 1 = depth R as
desired—in this case. 0

(28.9) Range of Homological Dimensions. If M is a finitely generated R—module
with pdy M finite, then ABE (28.1) yields pdy M € {0,1,...,depth R}. On the other
hand, to any p € {0,1,...,depth R} there exists a finitely generated R—module M with
pdp M = p, namely M =% R/(zy,...,z,) where z1,..., 7, is an R-regular sequence in
m, cf. (26.30).

H. Bass has proved that to any p € {0,1,...,dim R } there exists a R—module M with
pdp M = p. Gruson, Jensen, and Raynaud have proved that pdz N < dim R, if just
fdg N < co. Auslander has proved:

sup{idg N |idg N < oo} =sup{fdg N | fdg N < o0}

= sup{ depth R, | p € SpecR }

_JdimR if depth R =dim R
" )dimR — 1 otherwise.

(28.10) Exercise. Prove some of the equalities above.
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29. REGULAR LocAL Rings 11

Throughout this section:

(R,m, k) is a local.

(29.1) Main Theorem: Regularity & Global Dimension. The following are equiv-
alent.

(29.2) Corollary: Krull’s First Conjecture holds. If R is regular, then R, is a
regular local ring for all p € Spec R.

(29.3) Proof of Corollary. Consult also (17.13). O
(29.4) Proof of Main Theorem. Set d & dim R.
“(i) = (ii")”: Let z1,...,x4 be a minimal generating set for m, and note that it is
an R-regular sequence by Proposition (25.17). Applying Lemma (26.30) d times yields:
d=pdgpR+d=pdgR/(z1) +d—1=---=pdg R/(z1,...,34) = pdg R/m = pdg k.
“(ir”) = (443")": First, we note that:
(%) Extp(R/p, k), = O forall p € SpecR\{m},neNy.

Indeed, Suppyp Exti(R/p, k) C Vg(Anng Exti(R/p,k)) C {m} by (26.2.h), (26.16.1).
In view of (x), the formula for injective dimension (26.22.i) gives the next equality:

(1) idr k = sup{ne Ny | Exth(k, k) #0} < d.

The inequality results from the hypothesis (#’) and PDT (11.19). Next, choose by
Auslander’s Theorem for Global Dimension (17.9) a finitely generated R-module N’
such that the next equality holds:

(1) gldim R = pdyp N' = sup{ne Ny | Extix(N', k) # O }.

Here, the second equality is by PDC: Finitely Generated over Local Ring (26.27). Now
IDC (17.5) yields the unlabeled inequality in the next chain:

0
gldim R ¥ sup{ne Ny | Ext.(N', k) £ O} < idpk < d,.

This gives the desired assertion as d = pdy k < gldim R.

“(4117) = (111)” and “(4i4) = (4i)” are obvious.

“(i1) = (1)” by induction on s & depth R.

s =10: Since pdyk < oo, ABE (28.1) and Lemma (28.2) yield that k is a free R—
module, and hence R is a field, that is, R is regular.

s>0: Asm ¢ m? by NAK (24.5) (since m # O), and as m € p whenever p € Assg R
(since depth R = s > 0), PAL (23.22) provides z € m \ (m? U Zerog R), cf. also (26.2.e).
Set R =% R/(z) and m =% m/zm. By the next lemma (29.5), the R-module k is a
direct summand in the R-module m. The latter has finite projective dimension, since
pdzm = pdzpm by Corollary: Modulo an Element (24.35), and hence pdgk is finite.
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Thus, the inductive hypothesis yields that R is regular, and Fundamental Lemma (25.6.b)
shows that R is regular—as desired. 0

(29.5) Lemma. If x € m\ m? then k is a direct summand in the R/(x)-module m/xm.

(29.6) Proof. An R-homomorphism ¢: k& — m/azm is well-defined by ¢([7]) = [r2 ] om.

Since 1 oy ¢ m? it can be extended to a minimal generating set z1, s, ..., z; for m
with b =% g (m). Then [22](), - ., [2s]) is a minimal generating set for m/(x), since
it generates it and has the correct number, Gf{(m/(x)) = Bf(m) —1 = b — 1, of elements.

Next we prove for aq,...,ap,¢1,...,c € R that the next holds:

[Yia:%; |om = [ZiciTi lom (In m/zm) = [a1|m=]c1|m (in k= R/m).
Indeed, if ZZ(CLZ — bl)l’l € rm, then
(a1 —C1 — m)xl + Zi>0(a,i — Ci)xi =0 (1n m)

for some m € m, and hence ;[ a;—¢; |m[ 7; w2 = 0 in the vector space m/m? over k = R/m.
Since ([71]m2, .-, [Zp]m2) is a basis for m/m?, cf. (24.13), in particular, [a; — ¢1]m = 0,
that is, a1 |m = [¢1 ]m in k. Thus, an R-homomorphism p: m/zm — k is well-defined by
([ 505w Jom) =9 [a1]m- As p(e([7]w)) = p([72 ]em) = p([721 |m) = [T ]m, the sequence

@)

@)

L
k ———=m/am —— Coker¢
p

splits, as desired. 0]
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30. REGULAR RINGS

Throughout this section:

R is a Noetherian ring.

(30.1) Definition: Regular Ring. The Noetherian ring R is said to be reqular, exactly
when R, is a regular local ring for each m € Max R. If this is the case, then R, is a
regular local ring for any p € Spec R. Indeed, choose a maximal ideal m containing p.
Note that py, € Spec Ry, cf. (23.9), and that (Ry)p, = Ry, cf. (27.19). As Ry, is a regular
local ring by assumption, the validity of Krull’s First conjecture, cf. (29.2), ensures that
so is Itp.

(30.2) Regular Ring of Infinite Dimension. Nagata has constructed a Noetherian
ring with infinite Krull dimension, and this ring turns out to be regular, see [Na, page
203]. Let R be any regular ring with dim R = oo. There is then for each n€ Ny an
m,, € Spec R such that dim R,,, > n. For the residue field kg(m,) = (R/m;,)n, of Ry,
we then have

pdp(R/my,) > pdg,  rr(M,) = dim Ry, >n,

confer Main Theorem (29.1). For M def I

all n€ Ny; thus, pdy M = oo.

This shows that any regular ring of infinite dimension admits a non-zero module of
infinite projective dimension. The next result shows that over a reular ring finitely ge-
nerated non-zero modules have always finite projective dimension.

meMax g 2/m we therefore have pd M > n for

(30.3) Theorem. If M is a finitely generated module over a regular ring R, then pdp M
is finite.

(30.4) Proof. Choose by (18.19) a projective resolution P. of M with each P, finitely
generated, and use the standard kernel notation of (10.26). For any p € Spec R condition
(7v) in PDT (11.19) yields the next:

(%) pdp, My >n <= Extipt'(My, (K,),) #O.
Recall Extit (M, K,,), 2 Exti™ (My, (K,)p), of. (18.27). Set

a, dof Anng Ext%“(M, K,).

As ExtitH (M, K,,) is finitely generated by (18.21), we have Suppy Ext;™ (M, K,,) =
Vg(ay,), cf. (26.2.h), and (*) has been translated into the next:

(xx) pdp, My >n <= pE€ Vg(a,).

In particular, we have the next:

(1) Vr(ag) 2 Vg(a1) 2 - 2 Vgr(an) 2 Ve(api1) 2 - - .

As Min R/a, is finite, the set Vg(a,,) has a finite number minimal elements. Let b,, denote
there intersection, and note that Vg(b,) = Vg(a,), and that b, equals the intersection
of all prime ideals in Vg(a,). Now (}) yields the next sequence:

() bpCb; C---Cb, Cby1 &0

Set b & U,en, bn which is an ideal in R. Furthermore, Vg(b) = (o, Vr(br)

Mnen, VR(an). As pdp M, < dim A, < oo for all p € Spec R we conclude from ()
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that (,en, Vr(0n) = &, and hence b = R; thus, 1 € b, for some me Ny, that is,
Vz(a,) = Vr(b,) = @, and it follows that a,, = R, that is, Ext?™ (M, K,,) = O, and
pdp M < m follows from PDT (11.19). O

(30.5) Remark. Let A be a ring. The set Spec A is then a topological space with
{Va(a) | a isanideal in A} as the class of closed subsets. If (F,) is a family of

closed sets such that

n€Np

Fp2F 2 2F,2 and [|F.=2,
n€Ng
then there exists me Ny such that F,,, = @. This topology is quasi-compact but seldom
Hausdorff. If A is Noetherian, then every closed subset is quasi-compact.

(30.6) Main Theorem: Regular Ring. If R is a regular ring, then it is isomorphic to
a finite product Ry X --- X R, of regular domains, and the next holds:

(0) gldim R = max{gldim Ry,...,gldim R, }.

(30.7) Proof. As R is Noetherian, the set Min R is finite, cf. (23.4), say Min R =
{p1,...,pn}, and set R; =% R/p; when 1 < i < n. Let R denote the finite prod-
uct Ry x --- x R, of Noetherian integral domains, this is again a Noetherian ring.

For each m € Max R there exists one and only one p € Min R such that p C m. Indeed,
the regular local ring Ry, is a domain, cf. (25.8), and the our assertion follows, because
Spec Ry = {pm | p € Spec R and p Cm}, cf. (23.9).

The next map: B

" R— R, r— ([7]pys- 5 [7]pn)
is a ring homomorphism as well as an R-homomorphism of R—modules.

For each m € Max R the induced homomorphism ¢.,: Ry — Ry is an isomorphism.
Indeed, choose ¢ such that m 2 p;. For j # i we then have m 2 p;, and hence
(Rj)m = O. Thus, Ry = (Ri)m = (R/p;)m =2 Ry/(pi)m = Ra/O = Ry, and the de-
sired assertion follows. We have now proved that Max R N Suppy Ker ¢ = @ and that
Max RN Suppp Coker ¢ = &, and hence that Supp, Ker ¢ = Suppy Coker p = &, that is,
Ker ¢ = O and Coker ¢ = O, so ¢ is an isomorphism as desired. Thus, the isomorphism
R = Ry x---x R, has been established.

The remaining assertions, the regularity of each R; and the equality (), result from
Exercise (30.10) below. O

(30.8) Global Dimension Zero. If A is a commutative ring with gldim A = 0, then it
is Noetherian by (14.18) and hence a finite product of fields by the theorem, but this is
already known from (18.36).

(30.9) Global Dimension One. If gldim R = 1 then R is a finite product of Dedekind
domains, cf. (17.12), and fields.

(30.10) Exercise: Direct Product of Rings. Let the ring A be isomorphic to a direct

product A; x --- x A, of rings.

(a) Prove that the assignment N +— A;N provides an exact functor Mod(A) — Mod(A;)
that takes projective A-modules into projective A;,—modules .

(b) Prove that pdy N = max{pd,, AiN,...,pdy A,N}.

(c) Establish the remaining assertions in Main Theorem: Regular Ring (30.6).
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31. REGULAR LocAL Rings I11

Throughout this section:

(R,m, k) is a local.

This section provides an affirmative answer to Krull’s second conjecture.

(31.1) Main Theorem: Regular Local is UFD. If R is a regular local ring, then it
is UFD, that is, a Unique Factorization Domain.

(31.2) Remarks on Factoriality. That a domain R is has unique factorization means
that there to each non-invertible non-zero element r in R exist n€ N and #rreducible
elements py,...,p, in R such that » = p; - - - p,, and that this factorization is unique up
to the order of the factors and up to multiplication with invertible elements. As this ring
R is Noetherian, such factorization always exists, and uniqueness is tantamount to that
each irreducible element is a prime element, that is, it generates a prime ideal.

Next, we introduce the properties P, and P; of the ring R and state three lemmas
concerning these properties. The Main Theorem follows from Lemma 3 and Lemma 1,
while Lemma 2 is used in the proof of Lemma 3.

(31.3) Definition. The ring R satisfies property Ps , respectively, property Ps, exactly if
for all elements a, b in R the projective dimension pd, R/(a, b) is at most 2, respectively,
at most 3.

(31.4) Lemma 1. If R satisfies Py, then R is UFD.
(31.5) Lemma 2. If R is UFD, then R satisfies P, .
(31.6) Lemma 3. If R is regular, then R satisfies P .

(31.7) Proof of Lemma 1. Assume that a is an irreducible element in R [and we
want to prove that (a) is a prime ideal.] To achieve this, consider elements b € R\ (a)
and ¢ € R such that bc € (a) [and we want to prove that ¢ € (a)]. Next, define two
R-homomorphisms as follows:

¢: (a)N(b) — R* by ©(2) & (x,y) when z=xza=yb

b R? = (a,b) by ¥(z,y) < za—yb.

Consider the following two exact sequences:

o) (a) N (b) —— g2 —— (a,b) 0

O (a,b) R R/(a,b) 0.

As pdg R/(a,b) < 3 by assumption, we get pdg(a,b) <2 and pdgz(a) N (b) < 1. Set

def

) ()Y {reR|zac®)}.

An isomorphism ¢ — (a) N (b) is defined by z — za.
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Next we want to prove that ¢ is a principal ideal. Assume that n &t BE(c) > 1 [and

look for a contradiction.] Note first that—under this assumption—the module ¢ is not
free, and hence not projective, cf. (28.2). Thus, the above yield pdy ¢ = 1.

Choose, by NAK (24.5), x; € ¢ \ mc, and next y; € R such that x1a = y;b; the latter
is possible because z; € ¢ = (b) : (a). It is then easy to see that ¢ = (z7) : (y1). Extend
x1 to a minimal generating set xi,...,x, for ¢c. Choose y, € R such that zsy; = yoxq,
which is possible since x5 € ¢ = (x1) : (y1). Let (f1,..., fu) be a basis for F' =% R let
p: F — ¢ be defined by p(f;) =% z;, and set G =% Kerp. As (x1,...,z,) is a minimal
generating set for ¢, this G is a submodule of mF" and p is surjective.

As pdp ¢ = 1, the exact sequence O — G — F — ¢ — O shows that G is free, cf.
(28.2). Let (g1,...,gx) be a basis for G. Since p(ya2fi — y1f2) = y2x1 — 122 = 0 and
p(zofi — 21 f2) = 0 there exist ry,...,7%, 81,...,5: € R such that yof; — y1fo = S5 10
and o f1 — 21 fo = XF_5;9; . Because z1(y2f1 —y1f2) = y1(z2fi — 21 f2), we get 217y = y184,
and hence s1,...,s; € (x1) : (y1). Since G C mF, there exist, for each i € {1,...,k},
elements m;y, ..., m;, € m such that g; = m;1 f1 + - -+ + m;, fn,. Thus,

Tofi — w1 fo = Bi_ysigi = By si(S)_ymii f5) = S5y (S simig) f

By comparison of coefficients on either side, we get x; = —XF_,s;m;y € mc contradicting
the choice of ;.

Now we have proved that 3{%(c) is not larger than 1, that is, ¢ is a principal ideal. Since
(a) N (b) = ¢ we can choose d € R such that (a) N (b) = (d). As ab € (d) C (b), choose
e, f € Rsuch that ab = ed and d = fb, and hence a = ef. Here, f € m, because otherwise
we have (b) = (d) and hence b € (d) C (a) contradicting our assumption b ¢ (a). Thus,
as a is assumed to be an irreducible element, ¢ must be invertible, and hence (ab) = (d).
The latter ideal equals (a) N (b) by the choice of d. Since be € (a) by assumption, we get
be € (a) N (b) = (ab), and be = gab, which yields ¢ = ga € (a), as desired. O

(31.8) Proof of Lemma 2. Assume that R is UFD, and that ¢ = (a,b) is an ideal
generated by two elements [ and we want to prove that pdy ¢ < 1.] This is certainly the
case if ¢ is principal, so we assume that this is not the case, in particular, a,b € m. As R
is UFD, we can choose a greatest common divisor d of a an b, that is, a = da’, b = dV/,
such that ¢’ and b’ have only invertible elements as common divisors. In particular, o', ¢’
is an R-regular sequence, and hence pdy R/(a’,b") < 2, that is, pdgz(a’,0’) < 1. Thus, as
¢ = (a,b) = (a/,b')d = (d/, V') has projective dimension at most 1, as desired. O

(31.9) Proof of Lemma 3. Assume that R is regular, and that a,b € R, and set
¢ =4 (a,b). We want to prove that pd(R/c) < 3. We use induction on d =% dim R.
d < 3: In this case we have pdg(R/c) < 3 since gldim R = dim R by Main Theorem:
Regularity & Global Dimension (29.1)
d>3: We want to prove pdpc < 2. We may assume that a,b € m \ O. Setting
c:a=% {2z € R|zaCc} for any ideal a, we have an ascending chain:

ccmCe:m?C---Ceoom®Ce:m®tt C...

Choose s€ N such that ¢ : m® = ¢ : m*!, set 0 & ¢ : m?, and note that m ¢ Assr(R/0).
Choose z € m \ m? U Zerog(R/0) by PAL (23.22) (in view of NAK (24.5)). By Fun-
damental Lemma (25.6) (since R is a domain by (25.8)) R =% R/(x) is regular with
dim R = d — 1 and hence it satisfies P; by the inductive hypothesis, so it is is UFD by
the already established Lemma 1. Thus, R satisfies P, by Lemma 2, which has also been
proved. Consider the ideal ¢/ =% (¢ + (z))/(z) in R, and note that it is generated by



HOMOLOGICAL ALGEBRA DECEMBER 20, 2004 141

the two elements @, b. It follows that pdz(R/¢') < 2, and we obtain the next sequence:

depth(R/¢') = depthz(R/c) by (28.6)
= depth R — pdz(R/¢) by ABE (28.1)
> depth R—2 by the above
=dimR — 2 by (25.17) and (27.14)
=d—-3>0 by assumption.

Thus, m ¢ Assg(R/c¢') = Assg(R/(c + (x))) where the equality is by Noether’s Isomor-
phism (24.3.2). It follows that (¢ + (x)) : m = ¢ + (z), and hence
d=c:m*C (c+ (z):m’=c+ ().

To each d € 0 there exists therefore ¢ € ¢ and r € R such that d = ¢ + rx, that is,
re =d — ¢, and hence r € 0 as x ¢ Zerog(R/0). This shows that 0 C ¢+ 0z, and hence
0 = c+0x. Thus, z(0/c) = (x0+¢)/c =0/¢, and NAK (24.5) yields 9 = ¢. Now we have
xe¢ = (x)Nc, because “C” is obvious, and “O” follows since x ¢ Zeror(R/0) = Zeror(R/¢).
Thus © =% ¢/zc = ¢/(z)Nec = (c+(x))/(x) = ¢ using the Noether isomorphism (24.3.1).
From (24.35) we conclude that pdy ¢ = pdi ¢ = pdi ¢’ < 1 which implies the desired. [

(31.10) Final Remark. Consult [ Ka| concerning another proof of Main Theorem (31.1).
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abelian group, 2
ACC, 85
addition, 2
additive functor, 28, 29
and zero, 29
coproduct, 31
direct sum, 31
splitting sequence, 29
additive notation, 2
adjointness, 93
higher, 107
algebraic structures, 2
annihilator, 9
linear independence, 15
zero-divisor, 129
Ascending Chain Condition, 85
Ass, see assassinator, 124
assassinator, 124, 125
module of fractions, 131
associated prime ideal, 124, 125, 131
depth, 131
dimension, 131
associativity, 2, 4
higher, 107
tensor product, 94
augmented flat resolution, 103
augmented injective resolution, 69
augmented projective resolution, 37
Auslander’s Theorem, 82, 83
Auslander—Buchsbaum Equation, 133
auxiliary lemma, 126
Azymaya, G., 115

Baer’s Criterion, 63

basis, 15

Betti number
higher, 118
minimal generators, 116
modulo element, 116
non-vanishing, 118
projective dimension, 118
tensor product, 117
two rings, 117
vanishing, 118
zeroth, 116

of maximal ideal, 120

bi-functor
Ext, 79
Hom, 79
tensor product, 101
Tor, 101

bilinear map, 91
homomorphism from tensor product, 92
into tensor product, 92

INDEX
ABE, see Auslander—-Buchsbaum Equation, 133
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bound on homological dimension, 69, 82, 83,

133, 134
boundary in a complex, 40

category of complexes, 41
category of modules, 19
co—evaluation, 99

higher, 107

homomorphism, 98

isomorphism, 99
Cohen—Macaulay module, 132
cohomological notation, 59
cokernel in a complex, 40
commutative group, 2
commutative ring, 2
commutativity

tensor product, 94
complex, 40

homomorphism ~, 76

and cone, 77
exactness, 77

morphism of, 40
composition of morphism, 41
cone, 47, 77

complex of homomorphisms, 77

long-exact sequence, 77

of quasi-isomorphism, 77
connecting homomorphism, 45

functoriality, 46

long-exact sequence, 45
constant functor, 19
continuation of homomorphism, 49, 70
contravariant Ext, 61

long-exact sequence, 61
contravariant functor, 21

right derived of, 60
contravariant Hom, 21

left-exact, 27

not exact, 27
convention, 3
coproduct

projective modules, 75

tensor product, 97
coproduct, see direct sum, 74
covariant Ext, 79
covariant functor, 19

left derived functor of, 53

right derived of, 70
covariant Hom functor, 19
covariant Hom is left-exact, 26
covariant Hom is not exact, 27
cycle in a complex, 40
cyclic module, 6, 10

tensor product, 93

Dedekind domain
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global dimension, 83
degree (in a complex), 40
Apr Pontryagin module, 68
depth, 133
associated prime, 131
definition, 129
dimension, 131, 132
finitely generated module, 130
free module, 133
inequality, 131
Krull dimension, 131, 132
maximal regular sequence, 130
over domain, 129
over two rings, 133
regular element, 129
zero, 129
projective dimension, 133
derived functor
left derived, 54
long-exact sequence, 55
of 'y, 71
right derived, 60, 70
dim, see Krull dimension, 110
dimension, see also Krull dimension
vector space, 116
direct product of functors, 72
direct product of modules, 72
direct sum
finite, 8
functors, 72
homomorphism functor, 75
injective modules, 74, 75
injectives, 63
inner, 8
modules, 72
of Noetherian modules, 85
projective modules, 75
projectives, 35, 36
tensor product, 97
direct summand
free module, 36
in Noetherian module, 85
injective, 63
projective, 35
discrete valuation ring, see DVR, 120
distributivity, 2, 4
divisible module, 66
injectivity, 66
domain = integral domain, 3
dot—slash notation, 95
DVR, 121
DVR, Discrete Valuation Ring, 120, 121

embedding into an injective module, 68

endomorphism ring, 3

5% evaluation homomorphism, 68
injectivity, 68

evaluation
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co—, 98, 99

higher, 107

Hom, 99

homomorphism, 99

isomorphism, 99
evaluation homomorphism, 68

injectivity, 68
exact functor, 24

homology

contravariant case, 59
covariant case, 46

of exact sequence, 32
exact sequence, 22

exact functor of, 32
exact tilted sequences, 31
exactness

of complex of homomorphisms, 77

of short sequence, 22

of special functors, 25
exactness principle, 68
Ext, 80

bi-functor, 79

contravariant, 61

covariant, 79

finitely generated, 86

linear, 126

main theorem, 80

module of fractions, 88

modulo an element, 128

over Noetherian ring, 88

vanishing, 130

factoriality, 139
faithfully injective
group, 67
module, 67, 68
families of homomorphism, 72
family of sets, 72
FDC, Flat Dimension Corollary, 106
FDT, Flat Dimension Theorem, 105
field, 3
exact sequences, 64
finite product of, 64
fractions, 21
global dimension, 83
injective dimension, 69
injectives modules, 64
of fractions
injectivity, 67
projectives modules, 64
finite direct sum, 8
finite generation theorem, 10
finite product of fields, 64
finitely generated free module, 12, 13
over a field, 12
over a PID, 13
over non-commutative ring, 13
over PID, 13
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finitely generated module, 6
depth, 130
over Noetherian ring, 85
projective resolution, 86
Finiteness Principle (FtP), 86
Five Lemma, 27
flat dimension, 105
corollary, 106
cyclic module, 108
finitely generated module, 108
injective dimension, 107
over domain, 105
over Noetherian ring, 106, 126
over PID, 105
projective dimension, 105, 106
range, 134
ring modulo finitely generated ideal, 108
theorem, 105
Flat Dimension Corollary (FDC), 106
Flat Dimension Theorem (FDT), 105
flat module, 96
characterization, 97
coproduct, 96
direct sum, 96
example, 96
finitely generated, 100, 118, 133
free, 133
freeness, 118
injective module, 96
local ring, 118
projective, 100
projective module, 96
residue module, 103
tensor product, 96
tensor with injective, 99
tensoring by ideal, 97
torsionfree module, 100
flat residue module, 103
flat resolution, 102
injective resolution, 103
not projective resolution, 103
Tor, 103
fraction functor, 21, 126
is exact, 26
tensor product, 94
fractions, 20, 21
and projectivity, 37
free cover, 117
free is projective, 34
free module, 15
and isomorphism, 12
depth, 133
finitely generated, 12, 133
over a field, 12
over a PID, 13
homomorphic image of, 16
isomorphism, 16
over M x N, 91
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over an integral domain, 16
over-lining, 16
free resolution, 37
minimal, 118
FtP (finiteness principle), 86
functor
and direct sum, 31
identity, 94
isomorphism of ~s, 65, 73
left derived, 54
morphism of ~s, 73
of isomorphism, 19, 21
right derived, 60, 70
functorial homomorphism, 73, 93, 98, 99, 101,
107
functoriality, 1, 54, 60, 70, 73, 93, 94, 98, 99,
101, 107
connecting homomorphism, 46
fundamental lemma, 120

gamma functor, 31
General Principal Ideal Theorem (GPIT), 112
generated submodule, 5
generating maximal ideal up to radical
Krull dimension, 113
generating set
modulo maximal ideal, 115
generators
Betti number, 116
minimal, 115, 116
zeroth Betti number, 116
generators of maximal ideal
Krull dimension, 113
global dimension, 83, 107
Z/(4), 83
Dedekind domain, 83
field, 83
one, 138
over Noetherian ring, 89, 108
PID, 38, 83
regular local ring, 122
ring of fractions, 83
weak, 107
zero, 89, 138
GPIT, General Principal Ideal Theorem, 112
group, 2

half-exact functor, 24
auxiliary lemma, 126
is additive, 31
lemma 0 , 84

lemma 1, 125
lemma 2 revised, 127
lemma 2 , 126
lemma 3 , 127

non-vanishing, 125-127
of finitely generated module, 125-127
of zero module, 24
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half-exact sequence, 22
height, 111
inequality, 111
UFD, 111
higher adjointness, 107
higher associativity, 107
higher Betti number, 118
higher co—evaluation, 107
higher evaluation, 107
Hom
bi-functor, 79
finitely generated, 86
module of fractions, 87
quasi-isomorphism, 78
homological dimension
bound on, 69, 82, 83, 133, 134
homology
and exact contravariant functor, 59
and exact covariant functor, 46
as functor, 42, 43
functor
connecting homomorphism, 45
homomorphism, 42
is half-exact functor, 43
of a complex, 40
homomorphic image
of free module, 16
of Noetherian ring, 85
homomorphism, 6
and tensor product, 93
as map, 90
complex of ~s, 76
from the ring, 18
functor
adjointness, 93
contravariant, 21
coproduct, 74
covariant, 19
direct sum, 74, 75
Hom(—,H), 21
Hom(H,-), 19
product, 73, 75
sum, 74, 75
functorial ~, 73, 93, 98, 99, 101, 107
modules, 17
Homomorphism Theorem, 10
homotopy, 48
and additive functor, 48
and homology, 48
Hom(R,-) is the identity, 73
Homgz (M, G) as R—module, 67
Horse Shoe Lemma, 51
example, 52

(i%), 82
IDC, Injective Dimension Corollary, 82
ideal, 3

tensor module, 97
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times residue module, 115
variety of, 109
identity element, 2
identity functor, 94
identity map, 7
identity morphism, 41
IDT, Injective Dimension Theorem, 82
image, 7
image of submodule, 8
inclusion map, 7
induced homomorphism
contravariant case, 18
covariant case, 17
induced morphism of complexes, 76
induced quasi-isomorphisms
resolutions, 78
induced structure, 67
injective dimension, 69
bound on, 69, 82, 83, 134
corollary, 82
flat dimension, 107
module of fractions, 88
over field, 69
over Noetherian ring, 88, 126
over PID, 69
range, 134
short-exact sequences, 84
theorem, 82
Injective Dimension Corollary (IDC), 82
Injective Dimension Theorem (IDT), 82
injective group
faithfully ~, 67
injective module, 63, 82
and Hom, 66
direct sum of ~s, 74, 75
divisibility, 66
faithfully ~, 67
flat module, 96
module of fractions, 88
product of ~s, 74
projective module, 66
tensor with flat, 99
injective resolution, 68
flat resolution, 103
injective resolution exists, 69
injective submodule splits off, 63
injectives over a field, 64
injectivity diagram, 63
Injectivity Lemma, 82
inner direct sum, 8
integral domain, 3
intersection of submodules, 4, 5
inverse image of submodule, 8
invertible element, 3
local ring, 114
isomorphic functors, 65, 73
isomorphic short sequences, 23

isomorphic short sequences and functors, 23
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isomorphism, 7

swap, 65, 67
Isomorphism Principle (IsoP), 87
isomorphism theorem, 10
isomorphisms of complexes, 41
IsoP (isomorphism principle), 87

kernel, 7
kernel notation, 57
kernel—cokernel sequence, 22
kronecker delta function, 14
Krull dimension, 110

associated prime, 131

depth, 131, 132

domain, 111

field, 111

finite ring, 111

finiteness, 113

generating maximal ideal up to radical, 113

generators for ideal, 113

generators of maximal ideal, 113

inequalities, 113

infinite, 111

module, 131

PID, 111

residue ring, 111

ring modulo element, 113

ring of fractions, 111
Krull’s conjectures, 122, 135, 139
Krull, W., 115

ladder, 80, 81

long-exact, 80, 81

short-exact, 80
left derived functor

covariant case, 53
left—connected functor, 127
left-exact functor, 24

of left exact sequence, 24

of right exact sequence, 24
left-exact sequence, 22
Lemma on Half-exact Functors 0, LHF 0, 84
Lemma on Half-exact Functors 1 , 125
Lemma on Half-exact Functors 2

revised, 127
Lemma on Half-exact Functors 2 , 126, 128
Lemma on Half-exact Functors 3 , 127
LHF 0, Lemma on Half-exact Functors 0 , 84
LHF 1, Lemma on Half-exact Functors 1 , 125
LHF 2, Lemma on Half-exact Functors 2 , 126
LHF 3, Lemma on Half-exact Functors 3 , 127
linear combination, 5
linear functor, 125

annihilator, 125

derivative, 125
linear independence, 14

over residue field, 114
linear map, 6

DECEMBER 20, 2004

local ring, 110
invertible element, 114
modulo an element, 120
localization, 110, 124
module of fractions, 131
regular local ring, 122
long-exact ladder, 80, 81
long-exact sequence, 45
cone, 77
contravariant Ext, 61
derived functors, 55

main theorem
factoriality, 139
regular local ring, 135

map, 90
of product set, 90
Map, maps, 90

mapping cone, see cone, 47
Max, set of maximal ideals, 109
examples, 110
maximal ideal, 109
examples, 110
minimal number of generators, 120
maximal regular sequence, 130
depth, 130
Min, set of minimal prime ideals, 109
Min, set of minimal primes
examples, 110
minimal free resolutions, 118
minimal generators, 115, 116
number of, 116
minimal number of generators
maximal ideal, 120
minimal prime ideal, 131
examples, 110
minimal prime ideals, 109
Mod(R), category of R—modules, 19
module, 4
tensor ideal, 97
module as complex, 41
module modulo element
Betti number, 116
module of fractions, 21
Ass, 131
assassinator, 131
Ext, 88
Hom, 87
injective dimension, 88
injective module, 88
localization, 131
Supp, 131
support, 131
tensor product, 94, 106
Tor, 106
module of functions, 13
module of maps, 75
modulo an element, 120

147
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morphism of complexes, 40

cone of ~, 77
morphism of functors, 73
multiplication, 2, 4
multiplication homomorphism, 7
multiplication morphism, 41
multiplicative system, 19
(—)Y Pontryagin dual, 68
MY Pontryagin dual, 68

N§, 62
NAK, Nakayama’s Lemma, 115
Corollary 1, 115
Corollary 2, 115
Nakayama’s Lemma, 115
Corollary 1, 115
Corollary 2, 115
Nakayama, H., 115
natural basis, 15
nilradical, 109
Noether’s isomorphisms, 114
Noether, Emmy, 74
Noetherian module, 85
direct sum, 85
direct summand, 85
short-exact sequence, 85
noetherian module, 10
Noetherian ring, 74
dimension, 113
Ext, 88
finitely generated module, 85
global dimension, 89, 108
homomorphic image, 85
infinite dimension, 137
injective dimension, 88
injective modules, 74, 75
polynomial ring, 85
projective dimension, 89
projective modules, 75
projective resolution
finitely generated module, 86
regularity, 137
ring of fractions, 85
weak global dimension, 108
non-Noetherian ring, 85
non—trivial ring, 2
non-zero-divisor, 3, 122

opposite element, 2
over-line functor

left derived of, 54, 55
over-lining, 9

projective dimension of, 39

tensor product, 93
over-lining and freeness, 16
over-lining and projectivity, 36
over-lining functor, 19
over-lining is not exact, 26
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over-lining is right-exact, 25

P, 139
P, 139
(Pf), 82
PAL, Prime Avoidance Lemma, 112
PDC
finitely generated over local ring, 127
PDC, Projective Dimension Corollary, 62
finitely generated over local ring, 127
PDT, Projective Dimension Theorem, 61
PID, Principal Ideal Domain, 3, 120, 121
global dimension, 83
injective dimension, 69
projective dimension, 38
polynomial ring
over Noetherian ring, 85
Pontryagin dual, 68
Pontryagin duality, 68
Pontryagin duality functor, 68
Pontryagin module, 68
Prime Avoidance Lemma (PAL), 112
prime factor chain, 124
prime ideal, 109
examples, 110
residue ring, 109
ring homomorphism, 109
ring of fractions, 110
prime ideals
infinitely many, 112
minimal, 109
principal ideal, 3
principal ideal domain, see PID, 3
product
homomorphism functor, 75
product module, 72
product of injective modules, 74
product of rings, 138
product set, 72
projective but not free, 35
projective dimension, 38
and fractions, 39
and over-lining, 39
base change, 118
Betti numbers, 118
bound on, 69, 82, 83, 133, 134
corollary, 62
depth zero, 133
finitely generated module, 118, 133
local ring, 127, 128
modulo element, 128
finitely generated over local ring, 127
flat dimension, 105, 106
modulo an element, 118, 128
over a field, 38
over a PID, 38
over local ring, 118
over Noetherian ring, 89, 106
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range, 134

residue field, 135

short-exact sequences, 84

theorem, 61
Projective Dimension Corollary

finitely generated module

local ring, 127

Projective Dimension Corollary (PDC), 62

finitely generated over local ring, 127
Projective Dimension Theorem (PDT), 61
projective module, 34

and Hom, 66

direct summand in free, 36

finitely generated, 133

flat, 100

flat module, 96

free, 133

injective module, 66
projective modules

coproduct of, 75

direct sum of, 75

tensor product, 94
projective resolution, 37

finitely generated module

over Noetherian ring, 86

projectivity and Ext!, 62
projectivity diagram, 34
proper ideal, 3
property Ps, 139
property Ps, 139

quasi-compact space, 138
quasi-isomorphism, 47, 77

cone of ~, 77
quasi-isomorphisms

Hom, 78

induced, 78

R™ 12
R"T,, 71
R-homomorphism, 6
R-morphism, 40
Rad, radical
examples, 110
radical, 109
examples, 110
intersection of minimals, 110
regular element, 3, 122
regular local ring, 137
definition, 120
dimension one, 120, 121
dimension zero, 120
factoriality, 139
global dimension, 122, 135
is domain, 121
localization, 122
main theorem, 135, 139
modulo element, 120
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UFD, 122, 139

regular ring, 137
finite product of domains, 138
finite projective dimension, 137
generators of maximal ideal, 122
infinite dimension, 137
main theorem, 138

regular sequence, 122, 129
generating maximal ideal, 122
maximal, 130

depth, 130

subsequence, 122
zero module, 130

residue, 9

residue map, 9

residue module, 9
times ideal, 115

residue ring, 9
prime ideals, 109

resolutions
induced quasi-isomorphism, 78
minimal free, 118

right derived functor
contravariant case, 60
covariant case, 70

right-exact functor, 24
of left exact sequence, 24
of right exact sequence, 24
over-lining, 25

right-exact sequence, 22

ring, 2
product, 138

ring of fractions, 20
global dimension, 83
of Noetherian ring, 85
prime ideals, 110

ring of functions, 14

R"™ module of functions, 13

semisimple ring, 65
sequence, 22
set of fractions, 20
shifted complex, 76
short sequence, 22
short sequence, exact, 22
short sequences, isomorphic, 23
short-exact ladder, 80
short-exact sequence, 22
and boundary, 40
and cokernel, 40
and cycle, 40
and homology, 40
of Noetherian modules, 85
special, 23
short-exact sequence of complexes, 41
short-exact sequences
injective dimension, 84
projective dimension, 84
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slash—dot notation, 95
snake lemma, 45
source, 6
span W, 5
spanning homomorphism, 14
injectivity, 15
surjectivity, 14
Spec
infinite, 112
Spec as topological space, 138
Spec, set of prime ideals, 109
examples, 110
ring of fractions, 110
special multiplicative system, 19
special prime avoidance lemma, 125
special short-exact sequence, 22, 23
split complex, 48, 49
split sequence and Ext!, 62
split-exact sequence, 29-31
splitting sequence, 29-31
additive functor, 29
standard kernel notation, 57
sub-maximal prime ideal, 130
submodule, 4
submodule rule, 5
subsets of the ring, 15
sum of cyclic submodules, 6
sum of injective modules, 74, 75
sum of projective modules, 75
sum of submodules, 5, 6
Supp, see support, 124
support, 124, 125
module of fractions, 131
surjection onto projective, 35
swap isomorphism, 65, 67

target, 6

tensor evaluation
see co—evaluation, 99

tensor evaluation: see co—evaluation, 98

tensor product
associativity, 94
Betti number, 117
bi-functor, 92, 101
co—evaluation, 99
commutativity, 94
coprod, 97
cyclic module, 93
definition, 91
direct sum, 97
finitely generated, 104
flat modules, 96
fraction functor, 94
functor, 92

adjointness, 93

generators, 91
homomorphism, 93
ideal and module, 97
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injective and flat, 99
module of fractions, 94, 106
over-lining, 93
projective modules, 94
relations, 92
right exact, 93
the ring, 94
tensor product ®, 90
tilted sequences
exact, 31
Tor
bi-functor, 101
by flat resolution, 103
finitely generated, 104
linear, 126
main theorem, 101
module of fractions, 106
torsion, 106
torsion product, 106
torsionfree module
flat module, 100
torsionfree modules, 100
transcendence, 15
trivial ideals, 3

UFD, Unique Factorization Domain, 111
regular local ring, 122, 139

Unique Factorization Domain, see UFD, 111

unit, 3

unitarity, 4

variety as closed subset, 138
variety of ideal, 109
vector space dimension, 116
short-exact sequence, 116
| — |k, vector space dimension, 116
von Neumann regular ring, 103
all modules flat, 104
finitely generated ideals, 104

weak global dimension, 107, 108
definition, 107
over Noetherian ring, 108

Z)(4)
global dimension, 83
Zero = zero-divisors, 36
zero element 0, 2
zero homomorphism o, 7
zero ideal, 3
zero module O, 2
zero morphism o., 41
zero-divisor, 3, 36, 124, 125
annihilator, 129
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