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1. Algebraic Structures

In this introductory section we recall some basic concepts concerning rings. For details
consult any book on ring theory, for example the notes [ Th ].

(1.1) Commutative groups. Let G be a set equipped with:

• a map +: G×G→ G, that is, to any pair (g, g′) ∈ G×G of elements, + associates
exactly one element g + g′ ∈ G;
• a map − : G→ G, that is, to any element g ∈ G, it associates exactly one element
−g ∈ G;
• an element 0 ∈ G.

The set G is said to be a group exactly when the next three requirements are fulfilled.

(G1) (g + g′) + g′′ = g + (g′ + g′′) for all g, g′, g′′ ∈ G;
(G2) g + 0 = g and 0 + g = g for all g ∈ G;
(G3) g + (−g) = 0 and (−g) + g = 0 for all g ∈ G.

Here, (G1) is the associativity of + . (G2) states that 0 is a neutral element. (G3) means
that −g is an inverse element to g, and it follows that this is uniquely determined. We
refer to this group as (G,+), or just as the group G. The usage of the symbols +, − and
0 is called additive notation.

Let (G,+) be a group. It is said to be commutative (or Abelian) exactly when

(G4) g + g′ = g′ + g for all g, g′ ∈ G.

In this case + is called the addition, 0 is the zero element, and −g is the opposite element
to g. For g, h ∈ G we set g − h =def g + (−h) and note that g − g = 0 by (G3).

Consider a set {n} consisting of exactly one element n; it is a commutative group with
n + n = n, 0 = n and −n = n, and it is called the zero group and denoted 0, that is,
0 = {0}.

(1.2) Commutative rings. Let (R,+) be a commutative group. It is said to be a ring
exactly when it (in addition to +, − and 0) is equipped with:

• a so-called multiplication, that is, a map R×R → R that to any pair (r, r ′) ∈ R×R
associates exactly one element rr′ ∈ R; and
• a so-called identity element 1 ∈ R,

such that the next three requirements are fulfilled.

(R1) (rr′)r′′ = r(r′r′′) for all r, r′, r′′ ∈ R (associativity);
(R2) r(r′+r′′) = rr′+rr′′ and (r+r′)r′′ = rr′′+r′r′′ for all r, r′, r′′ ∈ R (distributivity);
(R3) r1 = r and 1r = r for all r ∈ R.

It follows that

(1.2.1) 0r = 0 for all r ∈ R .

Namely: 0r=0r+0=0r+(0r-0r)=(0r+0r)-0r=(0+0)r-0r=0r-0r=0.
The ring R is said to be commutative exactly when

(R4) rr′ = r′r for all r, r′ ∈ R.

Examples of commutative rings are the integers Z, the complex numbers C and poly-
nomial rings like Z[X], C[X]. The ring of 2× 2 matrices with complex entries is an example of a

non-commutative ring, see also (1.3).

A ring R is said to be non–trivial exactly when R 6= {0}, that is, 1 6= 0 (if r ∈ R \ {0}
then 1r = r 6= 0 = 0r and hence 1 6= 0.)
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(1.3) Exercise: Endomorphism rings. Let V be a vector space over the real numbers R (or any
other field), and consider the set of endomorphisms Λ =def HomR(V, V ) which consists of all linear
maps: V → V . Prove that Λ is a ring with the usual addition, and with composition of maps as the
multiplication. Prove that it is commutative if and only if the dimension of the vector space V is at
most 1.

(1.4) Convention. Throughout these notes

R denotes always non–trivial commutative ring.

(1.5) Special ring elements. For r ∈ R we have the following definitions:

r is invertible ⇐⇒ ∃ r−1 ∈ R : rr−1 = 1 ;(1.5.1)

r is a zero-divisor ⇐⇒ ∃ a ∈ R : ra = 0 ∧ a 6= 0 ;(1.5.2)

r is non-zero-divisor ⇐⇒ ∀ a ∈ R : ra = 0 ⇒ a = 0 .(1.5.3)

Another word for an invertible element is a unit, and non-zero-divisors are often called
regular elements.

(1.6) Special rings. We have the following two definitions and an observation.

R is a field
def
⇐⇒ ∀ r ∈ R \ {0} : r is invertible; and(1.6.1)

R is a integral domain
def
⇐⇒ ∀ r ∈ R \ {0} : r is a non-zero-divisor(1.6.2)

⇐⇒ ∀ r, r′ ∈ R : rr′ = 0 ⇒ r = 0 ∨ r′ = 0 .(1.6.3)

Every field is a domain. The ring of complex numbers C is a field while the polynomial
ring C[X] is an integral domain but not a field (for example, the element X is not
invertible). The ring Z/(4) of residue classes modulo 4, that is, Z/(4) = {0, 1, 2, 3}, is
not an integral domain (since 2 2 = 0 which is the zero element).

(1.7) Ideals. An ideal a in R is a subset a ⊆ R satisfying the next conditions.

(I1) 0 ∈ a ;
(I2) a+ a′ ∈ a for all a, a′ ∈ a ;
(I3) ra ∈ a for all r ∈ R and a ∈ a.

The ideal a is said to be proper exactly when a 6= R. Proper ideals contain no invertible
elements: If a is an ideal and u ∈ a is invertible, then for any r ∈ R we obtain r = r1 =
r(uu−1) = r(u−1u) = (ru−1)u ∈ a; hence a = R

The subsets O = {0} and R are ideals in R and they are called the trivial ideals; O is
called the zero ideal.

(1.8) Principal ideals. For a ∈ R the notation Ra is used for the principal ideal gen-
erated by a, that is, Ra =def { ra | r ∈ R }; often—when the name of the ring is clear
from the context—we write (a) instead of Ra, that is, (a) =def { ra | r ∈ R }. The trivial
ideals are principal: O = (0) and R = (1).

The ring R is said to a PID , that is, a principal ideal domain, exactly when it is a
domain and all its ideals are principal. The ring of integers Z and the polynomial ring
C[X] over the complex numbers are principal ideal domains.
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2. Modules

(2.1) Definition: Module. Let (M,+) be a commutative group. It is said to be a
module over R, or just an R–module, if it (in addition to +, − and 0) is equipped with

• a (so-called) R–multiplication, that is, map R ×M → M that to any (r,m) ∈
R×M associates exactly one element rm ∈ M ,

such that

(M1) (rr′)m = r(r′m) for all r, r′ ∈ R and m ∈M (associativity);
(M2) (r+ r′)m = rm+ r′m and r(m+m′) = rm+ rm′ for all r, r′ ∈ R and m,m′ ∈M

(distributivity);
(M3) 1m = m for all m ∈M (unitarity).

The ring R itself is an R–module with R–multiplication equal the ring-multiplication.
The zero group O = {0} is always an R–module with the R–multiplication r0 = 0.
If R is a field then M is an R–module, if and only if M is a vector space over R.
Every commutative group G is a Z–module with Z–multiplication defined for r ∈ Z

and g ∈ G by rg = 0 for r = 0, by rg = g + · · ·+ g, the sum of r copies of g, for r > 0,
and for r < 0 by rg = −(−r)g (which has already been defined as −r > 0). It follows
by repeated applications of the distributive rule (M2) that this is a Z–multiplication in
the group M , and that it is only possible one. On the other hand, every module, and
hence, in particular, every Z–module, is, by definition, also a commutative group. So the
concept “Z–module” is the same as “commutative group”.

For each element m in an R–module M the following hold.

(2.1.1) 0m = 0 ;

(2.1.2) (−1)m = −m .

In the first equality the left hand zero is that of the ring while the right hand one is that
of the module; in the second equality −1 ∈ R and −m ∈ M . The first equality follows
from: 0m = (0 + 0)m = 0m + 0m, and hence 0m = 0m + (−0m) = 0; the second one:
0 = 0m = (1 + (−1))m = 1m+ (−1)m = m+ (−1)m.

For r, r′ ∈ R and m,m′ ∈M the next two equalities follow from the module rules (M1)
and (M2) combined with (2.1.2).

(2.1.3) (r − r′)m = rm− r′m and r(m−m′) = rm− rm′ .

(2.2) Definition: Submodule. A submodule N of an R–module M is a subset N ⊆M
satisfying:

(S1) 0 ∈ N ;
(S2) n+ n′ ∈ N for all n, n′ ∈ N ;
(S3) rn ∈ N for all r ∈ R and n ∈ N .

Each submodule is itself an R–module with the restrictions of the addition and the
multiplication. It is called proper exactly when N 6= M . The trivial submodules of M
are M itself and O = {0}.

The submodules of the R–module R are exactly the ideals in R.
If R is a field and V is an R–module, that is, a vector-space over R, then the submodules

of V are exactly the subspaces of V .

(2.3) Intersection of submodules. Let M be an R–module and let N1, . . . , Nt be
submodules of M . For the intersection N1 ∩ · · · ∩Nt we have

x ∈ N1 ∩ · · · ∩Nt ⇐⇒ x ∈ N1 , . . . , x ∈ Nt ,
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and it follows that (S1)–(S3) are satisfied for the intersection, that is, N1 ∩ · · · ∩Nt is a
submodule of M .

(2.4) Exercise: Infinite intersection of submodules. Let M be an R–module and
let (Ni)i∈I be a family of submodules of M . For the intersection

⋂
i∈I Ni we have

x ∈
⋂

i∈I

Ni ⇐⇒ x ∈ Ni for all i ∈ I .

Prove that
⋂
i∈I Ni is a submodule of M .

(2.5) Sum of submodules. Let M be an R–module and let N1, . . . , Nt be submodules
of M . The sum N1 + · · ·+Nt is defined by

N1 + · · ·+Nt
def
= {n1 + · · ·+ nt | n1 ∈ N1 , . . . , nt ∈ Nt } .

The sum N1 + · · ·+Nt is a submodule of M :

(S1) 0 = 0 + · · ·+ 0 ∈ N1 + · · ·+Nt;
(S2) (n1 + · · · + nt) + (n′

1 + · · · + n′
t) = (n1 + n′

1) · · · + (nt + n′
t) ∈ N1 + · · · + Nt for

n1, n
′
1 ∈ N1 , . . . , nt, n

′
t ∈ Nt;

(S3) r(n1 + · · ·+nt) = rn1 + · · ·+ rnt ∈ N1 + · · ·+Nt for r ∈ R, n1 ∈ N1 , . . . , nt ∈ Nt .

(2.6) Exercise: Infinite sum of submodules 1. Let M and (Ni)i∈I be as in (2.4).
The sum

∑
i∈I Ni of these submodules is a subset of M defined by

∑

i∈I

Ni
def
= {ni1 + · · ·+ nit | t∈ N , i1, . . . , it ∈ I , ni1 ∈ Ni1 , · · · , nit ∈ Nit }

Prove that
∑

i∈I Ni is a submodule of M .

(2.7) Exercise: Submodule rule. Let N be a subset of an R–module M . Prove that
N is a submodule of M if and only if the following holds:

(2.7.1) N 6= ∅ and rn+ n′ ∈ N for all r ∈ R and n, n′ ∈ N .

(2.8) Linear combinations. Let n∈ N0 be a non-negative integer (possibly n = 0), let
r1, . . . , rn ∈ R be n elements in the ring R, and let w1, . . . , wn ∈ M be n elements in an
R–module M . The linear combination of the elements w1, . . . , wn ∈ M with coefficients
r1, . . . , rn ∈ R is the sum r1w1 + · · · + rnwn which is an element in the module M ; if
n = 0 then the linear combination is, by definition, the zero element 0 ∈M .

(2.9) Generated subset. Let W be a (possibly empty) subset of the R–module M . The
subset generated by W is then denoted by spanRW and defined as follows

(2.9.1) spanRW
def
= { r1w1 + · · ·+ rnwn | n∈ N0 , r1, . . . , rn ∈ R , w1, . . . , wn ∈ W } ,

that is, spanRW is the set of all linear combinations of elements from W . It follows from
the convention in (2.8) that spanR ∅ = O (the zero submodule of M).

Note that W ⊆ spanRW since w = 1w ∈ spanRW for all w ∈ W .

(2.10) Generated submodule. Let M be an R–module with a subset W .
The set spanRW is then a submodule af M , and it is the smallest submodule of M

containing W , that is, if N is a submodule of M then the following holds.

(2.10.1) W ⊆ N ⇐⇒ spanRW ⊆ N .
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If W = ∅ then these assertions are obvious, so assume that W 6= ∅. First we note that
spanRW is a submodule of M :

(S1) 0 = 0w ∈ spanRW for any w ∈ W ;
(S2) the sum of two linear combinations of elements from W is again a linear combi-

nation af elements fra W ;
(S3) r(r1w1 + · · ·+ rnwn) = (rr1)w1 + · · ·+ (rrn)wn ∈ spanRW by (M1)&(M2).

In the bi-implication, “⇐” follows from W ⊆ spanRW , cf. (2.9), while “⇒” follows by
(2.8). We say that spanRW is the submodule generated by W .

(2.11) Exercise: Infinite sum of submodules 2. Let M , (Ni)i∈I , and
∑

i∈I Ni be as

in (2.6). Prove that
∑

i∈I Ni = spanR
(⋃

i∈I Ni

)
.

(2.12) Finitely generated modules. An R–module M is said to be finitely genera-
ted exactly when it has a finite subset W such that M = spanRW , that is, there exist
n∈ N and m1, . . . , mn ∈ M such that any element m in M is a linear combination of
m1, . . . , mn ∈M , and that is, there exist r1, . . . , rn ∈ R such that m = r1m1 + · · ·+rnmn.

The zero module O er finitely generated; it can be generated by the element 0 (but it
can also be generated by 0 elements).

The R–module R is finitely generated; it can be generated by the one element 1. Every
principal ideal (a) in R is a finitely generated module, namely generated by a.

(2.13) Cyclic modules 1. An R–module M is said to be cyclic exactly when it is
generated by one element: M = spanR{m} for an element m ∈ M .

The zero module is cyclic: O = spanR{0}. The ring R is a cyclic R–module: R =
spanR{1}. An ideal is a cyclic module if and only if it is a principal ideal. We set
Rm = spanR{m}; this is in accordance the notation in (1.8).

(2.14) Exercise: Sum of cyclic submodules. Let W be a subset of an R–module M .
Prove that spanRW =

∑
w∈W Rw, cf. (2.11). In particular,

(2.14.1)
M is finitely generated ⇐⇒ M = Rm1 + · · ·+Rmn for some m1, . . . , mn ∈M .

(2.15) Homomorphisms. Let M and N be R–module, and let ϕ : M → N be a map.
Then, ϕ is said to be a homomorphism of R–modules—or an R–homomorphism—or just
a homomorphism—exactly when it satisfies

(H1) ϕ(m+m′) = ϕ(m) + ϕ(m′) for all m,m′ ∈M ;
(H2) ϕ(rm) = rϕ(m) for all r ∈ R and m ∈M .

Some use also the term R–linear maps. Here, (H1) means that ϕ is a group homomor-
phism, and this implies that

(2.15.1) ϕ(0M) = 0N

where 0M and 0N are the zero elements in M and N , respectively.
When we mention an R–homomorphism ϕ : M → N , we alway assume that M and N

are R–modules; M is said to be the source for ϕ, and N is said to be the target for ϕ.
If R is a field then ϕ is an R–homomorphism, if and only if it is a linear map of vector

spaces M → N over R.
Furthermore, ϕ is a Z–homomorphism, if and only if it just satisfies homomorphism

rule (H1), that is, it is a homomorphism M → N of commutative groups.
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If N is a submodule of an R–module M , then the inclusion map ι : N → M , n 7→ n
is an R–homomorphism which often is displayed as N ↪→M .

The identity map on M is denoted 1M : M → M ; it is—of course—an R–homomor-
phism.

(2.16) Multiplication homomorphisms. Let a ∈ R be an element and let M be an
R–module. A map aM : M →M is then defined by aM(m) = am for m ∈ M . This map
is an R–homomorphism: For m,n ∈M and r ∈ R we have the next equalities.

aM(m + n)
by def
= a(m + n)

(M2)
= am + an

by def
= aM(m) + aM (n) and

aM(rm)
by def
= a(rm)

(M1)
= (ar)m

(R4)
= (ra)m

(M1)
= r(am)

by def
= raM(m) .

Here, (M1) and (M2) are from the definition of modules (2.1) while (R4) is the commu-
tativity of R, cf. (1.2) and (1.4).

The R–homomorphism aM : M → M is called multiplication with a on M . Note that
aM for a = 1 is the identity 1M on M .

(2.17) Isomorphisms. If ϕ : M → N is a bijective R–homomorphism, then the inverse
map ϕ−1 : N →M is also an R–homomorphism:

ϕ−1
(
n + n′

)
= ϕ−1

(
ϕ(ϕ−1(n)) + ϕ(ϕ−1(n′))

)
=ϕ−1

(
ϕ(ϕ−1(n) + ϕ−1(n′))

)

= (ϕ−1ϕ)(ϕ−1(n) + ϕ−1(n′)) =ϕ−1(n) + ϕ−1(n′)

for n, n′ ∈ N , and similarly ϕ−1(rn) = rϕ−1(n) for r ∈ R and n ∈ N .
A bijective R–homomorphism ϕ : M → N is said to be an R–isomorphism; we write

ϕ : M
∼=
→ N . The identity 1M : M → M is an R–isomorphism. The notation M ∼=

N means that there exists an R–isomorphism M → N , and M and N is said to be
isomorphic.

(2.18) Zero homomorphism. Let M and N be R–modules. The zero homomorphism
o = oMN : M → N is defined by o(m) = 0 for all m ∈ M . When M = N it is the
multiplication 0M : M →M with 0. There exists exactly one R–homomorphism O → N
and exactly one R–homomorphism M → O, namely the zero homomorphisms.

(2.19) Kernel and image. Let ϕ : M → N be an R–homomorphism. Its kernel and
image, respectively, are defined as follows.

Kerϕ
def
= ϕ−1(O)

def
= {m ∈M | ϕ(m) = 0 } ; and(2.19.1)

Imϕ
def
= ϕ(M)

def
= {ϕ(m) | m ∈M } ,(2.19.2)

The following hold.

Kerϕ is a submodule of M ;(2.19.3)

Imϕ is a submodule of N .(2.19.4)

Although this follows from exercise (2.20) a proof is provided: For m,m′ ∈ Kerϕ and
r ∈ R we have:

ϕ(0) = 0 , ϕ(m +m′) = ϕ(m) + ϕ(m′) = 0 + 0 = 0 , ϕ(rm) = rϕ(m) = r0 = 0 ,

Thus, 0, m+m′, rm ∈ Kerϕ. To y, y′ ∈ Imϕ choose m,m′ ∈M such that ϕ(m) = y and
ϕ(m′) = y′; for r ∈ R the elements

0 = ϕ(0) , y + y′ = ϕ(m) + ϕ(m′) = ϕ(m+m′) , ry = rϕ(m) = ϕ(rm)
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all belong to Imϕ.
For every R–homomorphism ϕ : M → N the following hold.

ϕ is injective ⇐⇒ Kerϕ = O(2.19.5)

ϕ is surjective ⇐⇒ Imϕ = N .(2.19.6)

The latter follows directly from the definition of surjectivity. Although the former
follows from the special case R = Z, that is, the well-known case of commutative groups,
a proof is included here: Assume first that ϕ is injective and that m belongs to Kerϕ.
Since ϕ(m) = 0 = ϕ(0) we obtain m = 0 (as desired) by the injectivity of ϕ. Next assume
that Kerϕ = O and that m,m′ ∈ M have ϕ(m) = ϕ(m′). We get

ϕ(m−m′) = ϕ(m+(−m′)) = ϕ(m)+ϕ(−m′) = ϕ(m)+ (−ϕ(m′)) = ϕ(m)−ϕ(m′) = 0 .

Thus, m−m′ ∈ Kerϕ, that is, m = m′, and the injectivity of ϕ has been established.

(2.20) Exercise: Images and inverse images of submodules. Let ϕ : M → N be an
R–homomorphism, and let M ′ and N ′ be submodules of M and N , respectively. Prove
that

ϕ(M ′)
def
= {ϕ(m′) | m′ ∈M ′ } is a submodule of N ;(2.20.1)

ϕ−1(N ′)
def
= {m ∈M | ϕ(m) ∈ N ′ } er en submodule of M .(2.20.2)

(2.21) Finite direct sums. Let M1, . . . ,Mt be R–modules, and consider the product:

Σ
def
= M1 × · · · ×Mt

def
= { (m1, . . . , mt) | m1 ∈M1, . . . , mt ∈Mt } .

This set Σ can be equipped with the addition

(m1, . . . , m1) + (m′
1, . . . , m

′
t)

def
= (m1 +m′

1, . . . , m1 +m′
t)

for (m1, . . . , mt), (m
′
1, . . . , m

′
t) ∈ Σ, and Σ becomes a commutative group with (0, . . . , 0)

as the zero element and with −(m1, . . . , m1) = (−m1, . . . ,−m1). The R–multiplication
r(m1, . . . , m1) = (rm1, . . . , rm1) for r ∈ R and (m1, . . . , m1) ∈ Σ makes Σ into an R–
module which is denoted M1 ⊕ · · · ⊕Mt and called the direct sum of M1, . . . ,Mt. (The
notation M1 × · · · ×Mt is sometimes used, in particular for rings, and it is called the
direct product.)

For any u ∈ { 1, . . . , t } there are two R–homomorphisms:

(2.21.1) The inclusion ιu : Mu →M1⊕· · ·⊕Mt given by mu 7→ (0, . . . , 0, mu, 0, . . . , 0)

with the mu in space number u.

(2.21.2) The projection πu : M1 ⊕ · · · ⊕Mt →Mu given by (m1, . . . , mv) 7→ mu .

Note that

(2.21.3) πu ◦ ιu = 1Mu .

(2.22) Inner direct sum. Let N1, . . . , Nt be submodules of an R–module M . The map

νN1···Nt : N1 ⊕ · · · ⊕Nt → N1 + · · ·+Nt given by (n1, . . . , nt) 7→ n1 + · · ·+ nt

is a surjective R–homomorphism, cf. (2.5). The submodules N1, . . . , Nt are said to form
inner direct sum exactly when νN1···Nt is injective, that is, νN1···Nt is an isomorphism:

N1 ⊕ · · · ⊕Nt
∼= N1 + · · ·+Nt

For t = 2 we have:

(2.22.1) Ker νN1N2 = { (x,−x) | x ∈ N1 ∩N2 }
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and hence:

(2.22.2) N1 and N2 form inner direct sum ⇐⇒ N1 ∩N2 = O .

(2.23) Residues. Let H be a submodule of an R–module M and let x ∈M . The residue
class and the set of residue classes are defined by, respectively,

(2.23.1) [ x ]H = { x+ h | h ∈ H }

(2.23.2) M/H = { [m ]H | m ∈M } ,

and they are pronounced x modulo H and M modulo H, respectively. Often we use the
abbreviated notations x = [ x ]H and M = M/H, respectively, when it is obvious from
the context that we are working modulo H. Note that for m1, m2 ∈M the next holds:

(2.23.3) m1 = m2 ⇐⇒ m1 −m2 ∈ H .

(2.24) Residue module. The set M/H has an addition, cf. [ Th, GRP (4.15) ]; it well-
defined by m+n = m + n. It has also an R–multiplication well-defined by rm = rm. (If
m = m′ then m−m′ ∈ H and hence rm− rm′ = r(m−m′) ∈ H; use (2.23.3).)

With these M/H becomes an R–module. Note also:

−m = −m , 0 is the zero element, and m = 0 if and only if m ∈ H .

The residue map

(2.24.1) ρMH : M →M/H given by m 7→ m = [m ]H

is a surjective R–homomorphism with Ker ρMH = H.

(2.25) Residue ring. Let a be a proper ideal in R and consider the residue set R
def
= R/a

which is an R–module by (2.24). It is actually a commutative non-trivial ring with
multiplication well-defined by r s =def rs for r, s ∈ R, cf. [ Th, RNG (2.7) ]. This uses
that R is supposed to be commutative.

(2.26) Over-lining. Let a be a fixed proper ideal, and consider the residue ring R
def
= R/a.

For any R–module M we set aM =def spanR{ am | a ∈ a and m ∈M }, that is,

aM = { a1m1 + · · ·+ anmn | n∈ N0, a1, . . . , an ∈ a, m1, . . . , mn ∈M } .

by (2.9.1) since Ra = a. Set M
def
= M/aM . (For M = R this is in accordance with

the earlier definition of R.) It follows from (2.27.3) below that M is an R–module with
multiplication well-defined by r m =def rm, that is, [ r ]a[m ]aM =def [ rm ]aM .

(2.27) Annihilators. Let M be an R–module, and let x ∈M be an element.

AnnRM
def
= { r ∈ R | rm = 0 for all m ∈M }

AnnR(x)
def
= { r ∈ R | rx = 0 }

Note that these are ideals in R. The next equality results from (2.9.1) and the commu-
tativity of R, and it is followed by a special case, cf. (2.14.1).

(2.27.1) AnnRM =
⋂

w∈W

AnnR(w) if M = spanRW .

(2.27.2) AnnRM = AnnR(m1) ∩ · · · ∩ AnnR(mn) if M = Rm1 + · · ·+Rmn .
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Let N be an R–module such that a ⊆ AnnRN . The R–module N is then also an
R–module with multiplication well-defined by

(2.27.3) rn =def rn for r ∈ R and n ∈ N .

Namely, if r = r′ then r − r′ ∈ a ⊆ AnnRN and hence rn − r′n = (r − r′)n = 0. In
particular, M is an R–module for any R–module M , cf. (2.26).

(2.28) Homomorphism Theorem. If ϕ : M → N is an R–homomorphism and H is a
submodule of Kerϕ, then there is one and only one R–homomorphism ϕ̂ : M/H → N
such that ϕ̂([m ]H) = ϕ(m) for all m ∈M .

(2.29) Proof. It is known from [Th, GRP (5.6) ] (applied to the surjective group ho-
momorphism M → Imϕ , m 7→ ϕ(m) ) that there exists a unique group homomorphism
ϕ̂ : M/H → N such that ϕ̂([m ]H) = ϕ(m) for all m ∈ M ; this is also an R–homomor-
phism:

(2.29.1) ϕ̂(r[m ]H) = ϕ̂([ rm ]H) = ϕ(rm) = rϕ(m) = rϕ̂([m ]H)

for all m ∈M and r ∈ R. �

(2.30) Isomorphism Theorem. If ϕ : M → N is an R–homomorphism , then there is
one and only one R–isomorphism ϕ̂ : M/Kerϕ → Imϕ such that ϕ̂([m ]Kerϕ) = ϕ(m)
for all m ∈M .

(2.31) Proof. It is known from [Th, GRP (5.8) ] that there exists a unique group iso-
morphism ϕ̂ : M/Kerϕ → Imϕ such that ϕ̂([m ]H) = ϕ(m) for all m ∈ M ; this is also
an R–isomorphism by the calculation (2.29.1). �

(2.32) Cyclic modules 2. Let M be an R–module. Recall from (2.13) that it is cyclic
if and only if it is generated by one of its elements, that is, M = Rw (= spanR{w }) for
some w ∈M .

(2.32.1) M is cyclic ⇐⇒ M ∼= R/AnnRM .

If M = Rw is cyclic, then the map ϕ : R → M defined by ϕ(r) = rw is a surjective
homomorphism of R–modules with Kerϕ = AnnR(w) = AnnRM . The Isomorphism
Theorem (2.30) yields the desired isomorphism. If, on the other hand, ψ : R/AnnRM →
M is an isomorphism, then M is generated by ψ([ 1 ]AnnR M).

(2.33) Finite Generation Theorem. Let H be a submodule of an R–module M . The
following then hold.

M is finitely generated =⇒ M/H is finitely generated ;(2.33.1)

M/H and H are finitely generated =⇒ M is finitely generated .(2.33.2)

(2.34) Proof. If M = Rm1 + · · ·+Rms then M = Rm1 + · · ·+Rms; this proves (2.33.1).
Next assume that M = Rm1 + · · ·+ Rms and H = Rh1 + · · ·+ Rht [and we want to

prove that M = Rm1 + · · · + Rms + Rh1 + · · · + Rht ]. Consider m ∈ M . Choose first
r1, . . . , rs ∈ R such thatm = r1m1+· · ·+rsms (∈M), that is,m−(r1m1+· · ·+rsms) ∈ H.
Choose next r′1, . . . , r

′
t ∈ R such that m − (r1m1 + · · ·+ rsms) = r′1h1 + · · ·+ r′tht, that

is, m = r1m1 + · · ·+ rsms + r′1h1 + · · ·+ r′tht as required. �
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(2.35) Noetherian modules. Later we will present a class of R–modules M for which
also the following holds:

M is finitely generated =⇒ H is finitely generated

holds. Cf. for (3.14) for an example of a finitely generated R–module M with a submodule
H which is not finitely generated.
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3. Free Modules

The modules in this section title are the building blocks for the homological theory of
modules. We start by presenting the finitely generated free R–modules.

(3.1) Finitely generated free modules. Let W = {w1, . . . , wn } is a finite subset1 of
an R–module M .

The set W = {w1, . . . , wn } is then said to be linearly independent exactly when every
linear relation is trivial, that is, for all r1, . . . , rn ∈ R we have:

(3.1.1) r1w1 + · · ·+ rnwn = 0 =⇒ r1 = 0, . . . , rn = 0 .

The linear relation is at the left and the triviality is expressed at the right.
The set W is said to be basis for M exactly when

(3.1.2) W = {w1, . . . , wn } linearly independent and spanRW = M ,

that is, W is a linearly independent set that generates M .
The R–moduleM is said to be finitely generated free module exactly when it has a

finite basis.

(3.2) Rn . For n∈ N we set Rn def
= R⊕ · · ·⊕R, the direct sum of n copies of R, cf. (2.21);

the addition and R–multiplication on Rn are given by, respectively:

(r1, . . . , rn) + (r′1, . . . , r
′
n) = (r1 + r′1, . . . , rn + r′n) and r(r1, . . . , rn) = (rr1, . . . , rrn) .

In addition, we set R0 def
= O, the zero module.

The finitely generated modules Rn for n∈ N0 are free:

O is free with basis ∅.
R is free with basis { 1 }.
R2 is free with basis { (1, 0), (0, 1) }.
Rn is free with basis { δ1, . . . , δn } where δi = (0, . . . , 0, 1, 0, . . . , 0) with the 1 in
space number i.

(3.3) Theorem: Finitely generated free modules. The modules Rn are the proto-
types of finitely generated free modules: For any R–module M the following holds:

M is finitely generated free ⇐⇒ ∃n∈ N0 : M ∼= Rn .

(3.4) Proof. To prove “ =⇒ “ assume that W = {w1, . . . , wn } is a finite basis for M ,
and define the map σ : Rn → M by σ(r1, . . . , rn) =def r1w1 + · · · + rnwn. This map is
easily seen to be an R–homomorphism. It is injective since W is linearly independent,
cf. (3.1.1), and it is surjective since spanRW = M . Thus, σ is an isomorphism.

“ ⇐= “ follows from (3.5). �

(3.5) Exercise: Free module and isomorphism 1. Let F be a finitely generated free
R–module with basis W = {w1, . . . , wn }, let N be an R–module, and let ϕ : F → N be
an isomorphism. Prove that N is a finitely generated free R–module with basis ϕ(W ).

(3.6) Theorem: Finitely generated modules over a field. If R is a field and F is a
finitely generated R–module, then F is a finitely generated free R–module.

1 In these notes, when we list a finite set, we assume tacitly that the list is without repetitions, that
is, in this example, wi 6= wj whenever i 6= j.
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(3.7) Proof. Since F is a finitely generated vector space it has a (finite) basis. �

(3.8) Theorem: Finitely generated free modules over a PID. If R is a PID, cf.
(1.8), F is a finitely generated free R–module, and G is a submodule of F , then G is
finitely generated free.

(3.9) Proof. Choose by (3.3) n∈ N0 and an isomorphism ϕ : F → Rn, and set H =def

ϕ(G) which is a submodule of Rn. By (3.3) it suffices to prove that H is a finitely
generated free module. This will be done by induction on n.

For n = 0 we have that H = O which is free.
Assume now n > 0, and consider the projection

π : Rn → Rn−1 given by π(r1, r2, . . . , rn) = (r2, . . . , rn) .

The submodule π(H) of Rn−1 is finitely generated free by the inductive hypothesis. Let
(p1, . . . , pv) be a basis for π(H), and choose h1, . . . , hv ∈ H such that π(hi) = pi for all i.

If H ∩ Kerπ = O then the restriction π|H : H → π(H) is an isomorphism, and H is
finitely generated free by (3.3).

Next assume that H ∩ Ker π 6= O. Since Ker π = { (r1, 0, . . . , 0) | r1 ∈ R } there
is an isomorphism ψ : Kerπ → R. Since R is PID, a ∈ R can be chosen such that
ψ(H ∩ Kerπ) = (a). Now choose h0 ∈ H ∩ Kerπ such that ψ(h0) = a. It remains to be
seen that (h0, h1, . . . , hv) is a basis for H; this is verified by inspection. �

(3.10) Exercise: Finitely generated free modules. Let F be a finitely generated
free R–module, that is, F ∼= Rn for some n∈ N0, cf. (3.3). Prove that this n is unique,
that is, if Rn ∼= Rn′

then n = n′. [ Use (without proof) that there exits a maximal ideal
m in R and consider the corresponding over-lining, cf. (2.26). Apply then (3.33) twice
and (5.3).]

(3.11) Exercise: Finitely generated free modules over a non-commutative ring. Consider the
vector-space V = R(N) over the real numbers R. Prove that the vector-space Λ = HomR(V, V ) is a
(non-commutative) ring with composition as the multiplication. Prove that the left Λ–module Λ⊕ Λ is
isomorphic to the left Λ–module Λ.

(3.12) Exercise: Finitely generated free modules over a PID. Let R, F , and G
be as in (3.8) and choose m,n∈ N0 such that F ∼= Rm and G ∼= Rn. Prove that n ≤ m.

(3.13) Module of functions. Let W be a (possible empty) set. Let RW denote the set
of maps ϕ : W → R; the elements of RW are called functions on W . If W = ∅ then
RW = R∅ consists of one and only one map, the empty map. The set RW becomes an
R–module by the definitions:

(ϕ+ ψ)(w)
def
= ϕ(w) + ψ(w)(3.13.1)

(rϕ)(w)
def
= rϕ(w)(3.13.2)

for ϕ, ψ ∈ W and r ∈ R. If W = ∅ then RW = R∅ is the zero module O. For ϕ ∈ RW

we define its support by

suppϕ
def
= {w ∈ W | ϕ(w) 6= 0 } ,

and we set

(3.13.3) R(W ) def
= {ϕ ∈ RW | suppϕ is finite }
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which is a submodule of RW . The set W is finite if and only if R(W ) = RW . We make
the obvious identification

(3.13.4) R({ 1,...,n }) = Rn .

(3.14) Exercise: Ring of functions. Let R by any commutative non-trivial ring, and
let W be any set. Prove that the R–module RW becomes a commutative ring with the
product ϕψ ∈ RW of ϕ, ψ ∈ RW defined by (ϕψ)(w) =def ϕ(w)ψ(w) for w ∈ W . Prove
that R(W ) is an ideal in RW . Prove that the submodule R(W ) of the RW–module RW is
not finitely generated when W is infinite.

(3.15) Spanning homomorphisms. Any subset W of an R–module M induces a map

(3.15.1) σRWM : R(W ) →M given by σRWM(ϕ)
def
=

∑

w∈W

ϕ(w)w .

As suppϕ is a finite subset of W , this sum is finite in the sense that its terms ϕ(w)w are
zero for all w ∈ W but finitely many; namely ϕ(w)w = 0w = 0 whenever w /∈ suppϕ, cf.
(3.13.3) and (2.1.1).

If { x1, . . . , xn } be a finite subset of W then the next holds for any ϕ ∈ R(W ):

(3.15.2) suppϕ ⊆ { x1, . . . , xn } =⇒ σRWM(ϕ) = ϕ(x1)x1 + · · ·+ ϕ(xn)xn .

It is straightforward to verify that σRWM is an R–homomorphism, it is called the
spanning homomorphism for the subset W of the R–module M , cf. (3.16.1).

(3.16) Surjectivity. Let W be a subset of an R–module M . The first equality below
follows from (2.9.1), and then the next follows by definition.

(3.16.1) Im σRWM = spanRW ;

(3.16.2) σRWM is surjective ⇐⇒ W generates M .

(3.17) Kronecker delta functions. Let X be a set, and let w ∈ X be an element. The
Kronecker delta function δw : X → R is defined by

δw(x) =

{
1 if x = w

0 otherwise.

If ϕ belongs to R(X) and { x1, . . . , xn } is a finite subset of X, then the following hold:

(3.17.1) suppϕ ⊆ { x1, . . . , xn } =⇒ ϕ = ϕ(x1)δx1 + · · ·+ ϕ(xn)δxn ;

the function on either side maps any xi to ϕ(xi) and any other x ∈ X to 0.

(3.18) Linear independence. A subset W of an R–module M is said to be linearly
independent exactly when every linear relation of elements from W is trivial, that is, if
n∈ N0, r1, . . . , rn ∈ R, and w1, . . . , wn ∈ W are such that

(3.18.1) r1w1 + · · ·+ rnwn = 0 ,

then

(3.18.2) r1 = 0, . . . , rn = 0 .

It is (3.18.1) that is the linear relation, and (3.18.2) that expresses the triviality. The
empty subset W = ∅ is (by definition) linearly independent.
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(3.19) Theorem: Linear independence. Let W be a subset of an R–module M . The
following then holds.

(3.19.1) W is linearly independent ⇐⇒ σRWM is injective,

(3.20) Proof. “ =⇒ ”: Assume that W is linearly independent, and that ϕ is in
Ker σRWM . [ In view of (2.19.5) we want to prove that ϕ = 0 ]. Choose a finite subset
{ x1, . . . , xn } of X such that suppϕ ⊆ { x1, . . . , xn }. We have then by (3.15.2):

ϕ(x1)x1 + · · ·+ ϕ(xn)xn = σRWM(ϕ) = 0 .

This implies that ϕ(xi) = 0 for all i, and hence that ϕ = 0 [ as desired ].
“ ⇐= ”: Assume that σRWM (ϕ) is injective, and that we have a linear relation

r1w1 + · · ·+ rnwn = 0 [ and we want to prove that ri = 0 for all i ].
Set ϕ = r1δw1 + · · ·+ rnδwn ∈ R

(W ). Note that σRWM(ϕ) = r1w1 + · · ·+ rnwn = 0, so
by (2.19.5) we obtain ϕ = 0, and hence ri = ϕ(wi) = 0 for all i [ as desired ]. �

(3.21) Exercise: Transcendence. Consider the complex numbers C as a module over
the integers Z, a number α ∈ C, and the subset

Wα
def
= { 1, α, α2, . . . , αn, . . . }

of the Z–module C. Prove the following:

Wα is linearly independent ⇐⇒ α is a transcendent number,

cf. [ Th, POL (3.17.8) ]

(3.22) Exercise: Annihilators and linear independence. Let W be a linearly inde-
pendent subset of the R–module M . Prove that AnnR(w) = O for all w ∈ W .

(3.23) Exercise: Subsets of the ring. Let W be a non-empty subset of the ring. Prove
that W is linearly independent if and only if W consist of exactly one element w and
AnnR(w) = O .

(3.24) Basis. A subset W of an R–module M is a basis for M exactly when the span-
ning homomorphism σRWM is an isomorphism, that is, if and only if W is a linearly
independent generating set for M , cf. (3.19.1) and (3.16.2).

(3.25) Natural basis. Set ∆X =def { δw | w ∈ X } (⊆ R(X)). It is then straightforward
to verify that the following holds.

(3.25.1) The set ∆X is a basis for R(X).

This basis ∆X is called the natural basis for R(X).
If X is finite, say X = { 1, . . . , n } for an n∈ N0, then Rn has natural basis (δ1, . . . , δn),

cf. (3.2).

(3.26) Free modules. An R–module F is said to be free exactly when it has a basis,
that is, there is a subset W of F such that σRWF : R(W ) → F is an isomorphism, cf.
(3.24).

(3.27) Free modules over a set. For any set X, the R–module R(X) is free with basis
∆X , cf. (3.25.1); it is called the free module over X.
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(3.28) Exercise: Free module and isomorphism 2. Let F be a free R–module with
basis W , let N be an R–module, and let ϕ : F → N be an isomorphism. Prove that N
is a free R–module with basis ϕ(W ).

Prove that an R–module M is free if and only if there is a set X such that M ∼= R(X).

(3.29) Theorem: Module as homomorphic image of a free. Any R–module M is
a homomorphic image of a free R–module, that is, there exists a free R–module F and a
surjective homomorphism F → M . If M is finitely generated by n elements, then M is
a homomorphic image of Rn.

(3.30) Proof. Choose any generating set W for M (for example, W = M), but choose it
consisting of n elements, if M is finitely generated by n elements. Then σRWM : R(W ) →
M is surjective by (3.16.2), and R(W ) is free by (3.27). If W consists of n∈ N0 elements,
then R(W ) = Rn, cf. (3.13.4). �

(3.31) Exercise: Q free over Z. Determine whether the set of rational numbers Q is
free as a Z–module.

(3.32) Exercise: Free modules over integral domains. Let R be an integral domain
and let B be its field of fractions, cf. [ Th, RNG (4.4) ]. Assume that R is not a field.

(a) Prove that R ⊂ B 2

(b) Prove that B is an R–module.
(c) Prove that B is not a free R–module.
(d) Let M be a free R–submodule of B. Prove that M is cyclic.
(e) Prove that B cannot be an R–submodule of a free R–module.

(3.33) Theorem: Over-lining and modules of functions. Let a be a proper ideal,
and consider the corresponding over-lining, cf. (2.26). There is then an R–isomorphism:

R(X) ∼= R
(X)

.

(3.34) Proof. Recall that the elements of R(X) are functions ϕ : X → R such that ϕ(x) =

0 for all but finitely many x ∈ X. Let the map Φ: R(X) → R
(X)

be defined by that for

ϕ ∈ R(X) the image Φ(ϕ) ∈ R
(X)

, that is, the function Φ(ϕ) : X → R, is defined by(
Φ(ϕ)

)
(x) =def ϕ(x) (= [ϕ(x) ]a) for x ∈ X.

It is easy to see that Φ is an R–homomorphism. To prove that Φ is surjective, let ψ

belong to R
(X)

, that is, ψ : X → R is a map. For a given x ∈ suppψ choose any element
ϕ(x) ∈ R such that ϕ(x) = ψ(x) ∈ R. Set ϕ(x) = 0 for all x /∈ suppψ. This defines

ϕ ∈ R(X) such that ϕ(x) = ψ(x) for all x ∈ X, that is, Φ(ϕ) = ψ. In the next chain of
bi-implications the last one results from (3.17.1).

ϕ ∈ Ker Φ ⇐⇒ ∀ x ∈ X : ϕ(x) ∈ a ⇐⇒ ϕ(X) ⊆ a ⇐⇒ ϕ ∈ aR(X) .

Thus, KerΦ = aR(X), and the Isomorphism Theorem (2.30) yields the next isomorphism:

R(X) = R(X)/aR(X) ∼= R
(X)

,

and this proves the desired assertion. �

2 In these notes, the notation ⊂ always means proper inclusion, that is, X ⊂ Y if and only if X ⊆ Y
and X 6= Y .
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4. Modules of Homomorphisms

(4.1) Homomorphisms form an R–module. Let M and N be R–modules, and set

HomR(M,N)
def
= {ϕ : M → N | ϕ is an R–homomorphism } .

This is an R–module: For ϕ, ψ ∈ HomR(M,N) and r ∈ R define maps as follows:

ϕ+ ψ : M → N by (ϕ+ ψ)(m)
def
= ϕ(m) + ψ(m) ;(4.1.1)

rϕ : M → N by (rϕ)(m)
def
= r(ϕ(m)) .(4.1.2)

Then ϕ + ψ, rϕ ∈ HomR(M,N), that is, they are R–homomorphisms. For example, for
a ∈ R and m ∈M there are equalities:

(rϕ)(am)
(1)
= r(ϕ(am))

(2)
= r(aϕ(m))(4.1.3)

(3)
= (ra)ϕ(m)

(4)
= (ar)ϕ(m)(4.1.4)

(5)
= a(rϕ(m))

(6)
= a(rϕ)(m) .(4.1.5)

The reasons behind these six equalities are as follows.

(1) by the above definition of rϕ.
(2) since ϕ is an R–homomorphism.
(3) since N is an R–module.
(4) since R is commutative! Cf. (1.4)
(5) since N is an R–module.
(6) by the definition of rϕ.

With the addition above and the R–multiplication the set HomR(M,N) becomes an
R–module. The zero homomorphism, cf. (2.18), is the zero element, and the opposite
element −ϕ to ϕ ∈ HomR(M,N) is defined by

(
− ϕ

)
(m) =def −ϕ(m) for m ∈M .

(4.2) Induced homomorphism (covariant case). Let M be an R–module, and let
ν : N → N ′ be a homomorphism of R–modules. There is then a (covariantly) induced
R–homomorphism:

ν∗
def
= HomR(M, ν) : HomR(M,N)→ HomR(M,N ′)

defined by

ν∗(ϕ)
def
= νϕ (

def
= ν ◦ ϕ) 3, that is, by the commutative diagram4 M

ϕ

��

ν∗(ϕ)
def
= νϕ

!!CC
CC

CC
CC

CC
C

N ν
// N ′ .

Thus, ν∗(ϕ) : M → N ′ is defined by
(
ν∗(ϕ)

)
(m) = ν(ϕ(m)) for m ∈M .

It is easy to verify that ν∗ : HomR(M,N)→ HomR(M,N ′) is a homomorphism of R–
modules. For example, that ν∗(rϕ) = rν∗(ϕ) for r ∈ R and ϕ ∈ HomR(M,N) is verified
as follows:

(
ν∗(rϕ)

)
(m) =

(
ν ◦ (rϕ)

)
(m) = ν((rϕ)(m)) = ν(r(ϕ(m)))

= r(ν(ϕ(m))) = r(ν ◦ ϕ)(m) = r(ν∗(ϕ))(m) .

3 Here—and very often below—the composition circle ◦ is omitted.
4 And that is, whenever two compositions of homomorphisms in the diagram have the same source

and the same target, then they are equal.
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If ν ′ : N ′ → N ′′ is another R–homomorphism, then

(4.2.1) (ν ′ν)∗ = (ν ′)∗ν∗ : HomR(M,N)→ HomR(M,N)′′,

since (ν ′ν)∗(ϕ) = (ν ′ν)ϕ = ν ′(νϕ) = (ν ′)∗(ν∗(ϕ)).
For the identity homomorphism 1N ∈ HomR(N,N) we have the next formula.

(4.2.2) (1N)∗ = 1HomR(M,N) : HomR(M,N)→ HomR(M,N)

(4.3) Induced homomorphism (contravariant case). Let µ : M → M ′ be a homo-
morphism of R–modules, and let N be an R–module. There is a (contravariantly) induced
R–homomorphism:

µ∗ def
= HomR(µ,N) : HomR(M ′, N)→ HomR(M,N)

defined by

µ∗(ϕ′)
def
= ϕ′µ (

def
= ϕ′ ◦ µ) , that is, by the commutative diagram M

µ //

µ∗(ϕ′)
def
=ϕ′µ

��

M ′

ϕ′

}}{{
{{

{{
{{

{{
{

N .

Thus, µ∗(ϕ′) : M → N is defined by
(
µ∗(ϕ′)

)
(m) = ϕ′(µ(m)) for m ∈M .

It is easy to verify that µ∗ : HomR(M ′, N) → HomR(M,N) is a homomorphism of
R–modules.

If µ− : M− →M is another R–homomorphism, then

(4.3.1) (µµ−)∗ = (µ−)∗µ∗ : HomR(M ′, N)→ HomR(M−, N) .

For the identity homomorphism 1M ∈ HomR(M,M) we have the next formula.

(4.3.2) (1M)∗ = 1HomR(M,N) : HomR(M,N)→ HomR(M,N)

(4.4) Homomorphisms from the ring. Let N be an R–module. The map

α : HomR(R,N)→ N given by ϕ 7→ α(ϕ)
def
= ϕ(1)

is then an isomorphism of R–modules; the inverse α−1 : N → HomR(R,N) is defined as
follows: for n ∈ N the homomorphism α−1(n) ∈ HomR(R,N) is given by

(
α−1(n)

)
(r) =

rn for r ∈ R.



HOMOLOGICAL ALGEBRA December 20, 2004 19

5. Functors

(5.1) Category of R–modules. The class of all R–modules and of all R–homomor-
phisms is called the category of R–modules and denoted Mod(R); the modules in it are
sometimes referred to as its object while the R–homomorphisms are referred to as its
morphisms.

In this section we consider also another non-trivial commutative ring R′ and the cate-
gory Mod(R′) of R′–modules and R′–homomorphisms.

(5.2) Covariant functor. Let F : Mod(R)→ Mod(R′) be a map in the sense that

• to any R–module M , the map F associates a unique R′–module F (M) ,
• to any R–homomorphism ϕ : M → N , the map F associates a unique R′–ho-

momorphism F (ϕ) : F (M) → F (N), that is, F induces a map HomR(M,N) →
HomR′(F (M), F (N)) given by ϕ 7→ F (ϕ).

The map F is said to be a covariant functor: Mod(R) → Mod(R′), exactly when the
next two requirements are fulfilled.

F (ϕψ) = F (ϕ)F (ψ) for all composable R–homomorphisms L
ψ
→M

ϕ
→ N ,(5.2.1)

F (1M) = 1F (M) for the identity map of any R–module M .(5.2.2)

(5.3) Functor of isomorphism. If F : Mod(R) → Mod(R′) is a covariant functor and
ϕ : M → N is an R–isomorphism, then F (ϕ) : F (M)→ F (N) is an R′–isomorphism and(
F (ϕ)

)
−1 = F (ϕ−1), since F (ϕ−1)F (ϕ) = F (ϕ−1ϕ) = F (1M) = 1F (M) by (5.2.1) and

(5.2.2), and similarly F (ϕ)F (ϕ−1) = 1F (N).

(5.4) The functor Hom(H,–). Let H be an R–module. The map:

HomR(H,−) : Mod(R)→ Mod(R) given by M 7→ HomR(H,M) , ϕ 7→ HomR(H,ϕ)

is then a covariant functor, cf. (4.2.1) and (4.2.2).

(5.5) Over-lining functor. Let a be a fixed proper ideal, and consider the over-lining
from (2.26). Any R–homomorphism ϕ : M → N induces an R–homomorphism ϕ : M →

N well-defined by ϕ(m) =def ϕ(m). This follows from the Homomorphism Theorem (2.28)

applied to to the induced R–homomorphism ϕ̃ : M → N , m 7→ ϕ(m) since aM ⊆ Ker ϕ̃.
It is straightforward to verify that ϕψ = ϕψ for ϕ and ψ as in (5.2.1) and that 1M = 1M
for all R–modules M .

Thus, over-lining M 7→M,ϕ 7→ ϕ is a covariant functor Mod(R)→ Mod(R).

(5.6) Exercise: Constant functor. Let F : Mod(R) → Mod(R′) be a covariant func-
tor. Assume that F is constant, that is, there exist an R′–module M ′

0 and an R′–homo-
morphism ϕ′

0 : M ′
0 →M ′

0 such that F (M) = M ′
0 for all R–modules M and F (ϕ) = ϕ′

0 for
all R–homomorphisms ϕ : M → N . What is ϕ′

0?

The next subsections are needed for the presentation of the fraction functor in (5.11).

(5.7) Special multiplicative system. A subset S of R is said to be a special multipli-
cative system, exactly when

(5.7.1) 1 ∈ S , ss′ ∈ S for all s, s′ ∈ S , and 0 /∈ S .

(It is the condition 0 /∈ S that is “special”.)
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Examples of special multiplicative systems:

S
def
= R \ p when p is a prime ideal in R , cf. [ Th, RNG (2.9) ].(5.7.2)

S
def
= { an | n∈ N0 } when a ∈ R is such that an 6= 0 for all n∈ N0 .(5.7.3)

(5.8) Set of fractions. Let M be an R–module, let S be a special multiplicative system
in R, and consider the product set

M × S
def
= { (m, s) | m ∈M , s ∈ S }

with the relation ∼ is defined by

(m, s) ∼ (m′, s′)
def
⇐⇒ ∃ u ∈ S : us′m = usm′

for (m, s), (m′, s′) ∈ M × S. If also (m′′, s′′) belongs to M × S, then the following three
assertions are easily verified:

Reflexivity: (m, s) ∼ (m, s) ;(5.8.1)

Symmetry: (m, s) ∼ (m′, s′) =⇒ (m′, s′) ∼ (m, s) ;(5.8.2)

Transitivity: (m, s) ∼ (m′, s′) ∧ (m′, s′) ∼ (m′′, s′′) =⇒ (m, s) ∼ (m′′, s′′) .(5.8.3)

For example, in order to prove the transitivity, assume that u, u′ ∈ S are such that
us′m = usm′ and u′s′′m′ = u′s′m′′. Setting u′′ = u′us′ (which belongs to S) we get
u′′s′′m = u′′sm′′ by an easy calculation which uses the commutativity of R.

It follows that ∼ is an equivalence relation on M × S. For (m, s) ∈ M × S we define
the corresponding fraction as the equivalence class:

m/s
def
= { (n, t) ∈M × S | (n, t) ∼ (m, s) } ;

we call m and s the numerator and the denominator, respectively. We note that

(5.8.4) m/s = m′/s′ ⇐⇒ ∃ u ∈ S : us′m = usm′ ;

in particular

(5.8.5) m/s = 0/1 ⇐⇒ AnnR(m) ∩ S 6= ∅ .

Next, we define the set of fractions as

S−1M
def
= {m/s | m ∈M ∧ s ∈ S } .

(5.9) Ring and module of fractions. Let M be an R–module, let S be a special multi-
plicative system in R, and consider the set of fractions S−1M . It is then straightforward
to verify that the addition and the R–multiplication are well-defined by

m/s +m′/s′
def
= (s′m+ sm′)/ss′(5.9.1)

r(m/s)
def
= (rm)/s(5.9.2)

for m/s,m′/s′ ∈ S−1M and r ∈ R. These make S−1M into an R–module with 0/1 as
zero element and with −(m/s) = (−m)/s.

The R–module S−1R is now easily seen to be a commutative ring with multiplication
well-defined by

(r/s)(r′/s′)
def
= (rr′)/ss′

and with 1/1 as the identity element; it is called the ring of fractions (with S as the
set of denominators). This ring is non-trivial by(5.8.5) in view of the last condition in
(5.7.1).
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The R–module S−1M has a well-defined S−1R–multiplication

(r/s)(m/s′)
def
= (rm)/ss′ ,

and this makes S−1M into an S−1R–module. If ϕ : M → N is an R–homomorphism,
then an S−1R–homomorphism S−1ϕ : S−1M → S−1N is well-defined by

(5.9.3)
(
S−1ϕ

)
(m/s)

def
= ϕ(m)/s for m/s ∈ S−1M .

(5.10) Field of fractions. Let R be an integral domain and consider the special multi-
plicative system S =def R \ O , cf. (5.7.2). Then B =def S−1R is the field of fractions of
R, cf. [ Th, RNG (4.4) ], and any R–module M induces a vector space S−1M over B.

(5.11) Fraction functor. Any special multiplicative system S in R induces a covariant
functor:

S−1 : Mod(R)→ Mod(S−1R) given by M 7→ S−1M , ϕ 7→ S−1ϕ ,

cf. (5.9), in particular, (5.9.3).

(5.12) Contravariant functor. Let F : Mod(R)→ Mod(R′) be such that

• to any R–module M , F associates a unique R′–module F (M) ,
• to any R–homomorphism ϕ : M → N , F associates a unique R′–homomorphism
F (ϕ) : F (N)→ F (M), that is, F induces a map

HomR(M,N)→ HomR′(F (N), F (M)) , ϕ 7→ F (ϕ) .

Note the change in directions of the arrows:

M
ϕ
−→ N(5.12.1)

F (M)
F (ϕ)
←− F (N) .(5.12.2)

Then F is said to be a contravariant functor: Mod(R)→ Mod(R′) exactly when the next
two requirements are fulfilled.

F (ϕψ) = F (ψ)F (ϕ) for all composable R–homomorphisms L
ψ
→M

ϕ
→ N ,(5.12.3)

F (1M) = 1F (M) for the identity map of any R–module M .(5.12.4)

For the former, note the direction of the arrows: F (L)
F (ψ)
←− F (M)

F (ϕ)
←− F (N).

(5.13) Functor of isomorphism. If F : Mod(R)→ Mod(R′) is a contravariant functor
and ϕ : M → N is an R–isomorphism, then F (ϕ) : F (N)→ F (M) is an R′–isomorphism
and

(
F (ϕ)

)
−1 = F (ϕ−1).

(5.14) The functor Hom(–,H ). Any R–module H induces a contravariant functor

HomR(−, H) : Mod(R)→ Mod(R) given by M 7→ HomR(M,H) , ϕ 7→ HomR(ϕ,H) ,

cf. (4.3.1) and (4.3.2).
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6. Exactness

(6.1) Sequences. A family of composable R–homomorphisms (and their sources and
targets)

(†) · · ·
ϕ`+2
−→M`+1

ϕ`+1
−→M`

ϕ`−→M`−1
ϕ`−1
−→ · · ·

is said to be a sequence (of R–homomorphisms). Note that the arrows point to the right,
and that the index of each homomorphism correspond to that of its source. Sequences
can be bounded to the left:

(6.1.1) Ms
ϕs
−→Ms−1

ϕs−1
−→ · · ·

bounded to the right:

(6.1.2) · · ·
ϕt+2
−→Mt+1

ϕt+1
−→Mt ,

or bounded :

(6.1.3) Ms
ϕs
−→Ms−1

ϕs−1
−→ · · · · · ·

ϕt+2
−→Mt

ϕt+1
−→Mt .

(6.2) Exact sequences. The (possibly bounded or partly bounded) sequence (†) is said
to exact at the module M` exactly when Imϕ`+1 = Kerϕ`, and it is said to be exact
exactly when it is exact at all possible modules, that is, Imϕ` = Kerϕ` for all possible
integers `. In sequences (6.1.1) and (6.1.3), respectively, (6.1.2) and (6.1.3), it is not
possible talk about exactness at Ms , respectively, at Mt .

(6.3) Exercise: Kernel–cokernel sequence. For any R–homomorphism ϕ : M → N
we define its cokernel by Cokerϕ =def N/ Imϕ. Establish an exact sequence:

O → Kerϕ
α
−→M

ϕ
−→ N

β
−→ Cokerϕ→ O .

(6.4) Short sequences. A short sequence is a sequence of the form

O → K
κ
−→ L

λ
−→M → O ,

that is, a sequence consisting of four R–homomorphisms (and hence five modules) such
that the leftmost has the zero module as source (and thus is the zero homomorphism)
and such that the rightmost has the zero module as target (and thus is the zero homo-
morphism).

(6.5) Exactness of short sequences. A short sequence

(∗) O → K
κ
−→ L

λ
−→M → O .

is said to be

• half-exact exactly when K
κ
−→ L

λ
−→M is exact, that is, Im κ = Kerλ ;

• left-exact exactly when O → K
κ
−→ L

λ
−→M is exact, that is, if and only if κ is

injective and Im κ = Kerλ ;

• right-exact exactly when K
κ
−→ L

λ
−→ M → O is exact, that is, if and only if

Im κ = Kerλ and λ is surjective;
• short-exact exactly when it is exact, that is, if and only if κ is injective, Im κ =

Kerλ , and λ is surjective.

(6.6) Special short-exact sequences. A sequence of the form

O → H
ι
−→ L

ρ
−→ L/H → O
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where L is an R–module, H is a submodule of L, ι is the inclusion, and ρ is the residue
homomorphism, is short-exact; it is called a special short-exact sequence.

(6.7) Isomorphic short sequences. Two short sequences

O −→ K
κ
−→ L

λ
−→M → O(6.7.1)

O −→ K ′ κ′
−→ L′ λ′

−→M ′ → O(6.7.2)

are said to be isomorphic exactly when there exist isomorphisms

α : K
∼=
−→ K ′ , β : L

∼=
−→ L′ , and γ : M

∼=
−→M ′

such that the diagram

(6.7.3) K
κ //

α ∼=

��

L
λ //

β ∼=

��

M

γ ∼=

��
K ′ κ′ // L′ λ′ // M ′

is commutative, that is, βκ = κ′α and γλ = λ′β.

(6.8) Exercise. Prove that, when two isomorphic short sequences are given, and the one
is half-exact (respectively, left-exact, right-exact, short-exact), then the other has the
corresponding property.

(6.9) Isomorphic short sequences and functors. Any (co- or contravariant) functor
F : Mod(R) → Mod(R′) transform any two isomorphic short sequences into isomorphic
sequences.

Let O → K
κ
−→ L

λ
−→ M → O and O → K ′ κ′

−→ L′ λ′
−→ M ′ → O be isomorphic

short sequences, and consider the commutative diagram (6.7.3). In the covariant case,
the functor sends it into a diagram

(6.9.1) F (K)
F (κ)

//

F (α) ∼=

��

F (L)
F (λ)

//

F (β) ∼=

��

F (M)

F (γ) ∼=

��
F (K ′)

F (κ′)
// F (L′)

F (λ′)
// F (M ′) ;

in the contravariant case all arrows should be reversed. F (α), F (β), and F (γ) are iso-
morphisms by (5.3) and (5.13). The diagram is commutative, since any functor sends
a commutative diagram into a commutative one; for example, F (β)F (κ) = F (βκ) =
F (κ′α) = F (κ′)F (α).

(6.10) Lemma: Ubiquity of special short-exact sequences.
Every short-exact sequence is isomorphic to a special short-exact sequence.

(6.11) Proof. Let O → K
κ
−→ L

λ
−→ M → O be short-exact, and set H =def Im κ =

Kerλ. Since H is the image of κ and since this map is injective, it induces an isomorphism
κ̃ : K → H , k 7→ κ(k). Setting α =def κ̃−1 and β =def 1L (the identity) the left square in
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the next diagram is commutative, when ι is the inclusion.

(6.11.1) K
κ // L

λ // M

H

α∼=

OO

ι // L

β∼=

OO

ρ // L/H

γ∼=

OO

The isomorphism γ is induced by the Isomorphism Theorem (2.30) applied to the surjec-
tive homomorphism λ : L → M . Letting ρ be the residue map, the right hand square is
commutative, and the desired isomorphism of short sequences has been established. �

(6.12) Half-exact functors. A (co- or contravariant) functor F : Mod(R) → Mod(R′)
is said to be half-exact exactly when it sends any short-exact sequence into a half-exact
sequence.

(6.13) Exercise: Half-exact functor of O. Let F : Mod(R)→ Mod(R′) be a (co- or
contravariant) half-exact functor, and consider the zero module O. Prove that F (O) is
the zero module. [ Prove that M = O if and only if 1M = 0. Consider the sequence

O → O
1O−→ O

1O−→ O → O. Prove that it is short-exact, and apply F . ]

(6.14) Left-exact functors. A (co- or contravariant) functor F : Mod(R) → Mod(R′)
is said to be left-exact exactly when it sends any short-exact sequence into a left-exact
sequence.

(6.15) Right-exact functors. A (co- or contravariant) functor F : Mod(R)→ Mod(R′)
is said to be right-exact exactly when it sends any short-exact sequence into a right-exact
sequence.

(6.16) Exact functors. A (co- or contravariant) functor F : Mod(R)→ Mod(R′) is said
to be exact exactly when it sends any short-exact sequence into a short-exact sequence,
that is, into an exact (short) sequence. Note that exact functors are not called short-exact
functors.

(6.17) Exactness of functors by special short-exact sequences. A (co- or contra-
variant) functor F : Mod(R) → Mod(R′) is, respectively, half-exact, left-exact, right-
exact, or exact, if and only if it sends any special short-exact sequence into a , respectively,
half-exact, left-exact, right-exact, or short-exact sequence. This follows from (6.10), (6.9),
and (6.8).

(6.18) Lemma: Left/right-exact functor of left/right exact sequences. Let
F : Mod(R) → Mod(R′) be a (co- or contravariant) functor, and consider the short
sequence:

(∗) O → K
κ
−→ L

λ
−→M → O

as well as its image:

F (∗) O → F (K)
F (κ)
−→ F (L)

F (λ)
−→ F (M)→ O .

Here shown in the covariant case; in the contravariant case all arrows should be reversed.
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The following then hold.

F covariant and left-exact and (∗) left-exact =⇒ F (∗) left-exact.(6.18.1)

F covariant and right-exact and (∗) right-exact =⇒ F (∗) right-exact.(6.18.2)

F contravariant and left-exact and (∗) right-exact =⇒ F (∗) left-exact.(6.18.3)

F contravariant and right-exact and (∗) left-exact =⇒ F (∗) right-exact.(6.18.4)

(6.19) Proof. We prove (6.18.1) and leave to the reader the verification of the other
three assertions.

Assume that F is covariant and left-exact, and that (∗) is left-exact [and we want to
prove that F (∗) is left-exact]. The left-exact sequence (∗) induces the first of the next
two short-exact sequences:

(†) O → K
κ
−→ L

eλ
−→ Imλ→ O

(‡) O → Imλ
ι
−→M

ρ
−→M/ Imλ→ O .

Here λ̃(`)
def
= λ(`) for ` ∈ L, while ι is the inclusion, and ρ is the residue map. Note that

(◦) ιλ̃ = λ .

Since F is covariant and left-exact, (†) and (‡) induce exact sequences:

F (†) O → F (K)
F (κ)
−→ F (L)

F (eλ)
−→ F (Imλ)

F (‡) O → F (Imλ)
F (ι)
−→ F (M)

F (ρ)
−→ F (M/ Imλ) .

The proof of the desired exactness of

F (∗) O → F (K)
F (κ)
−→ F (L)

F (λ)
−→ F (M) .

is divided into three parts:
1o F (κ) is injective by the exactness of F (†).

2o ImF (κ) ⊆ KerF (λ): F (λ)F (κ) = F (λκ)
(◦)
= F ((ιλ̃)κ) = F (ιλ̃κ) =

F (ι)F (λ̃)F (κ)
F (†)
= F (ι)0 = 0 .

3o KerF (λ)
(◦)
= Ker

(
F (ι)F (λ̃)

) F (‡)

⊆ KerF (λ̃)
F (†)
= ImF (κ) . �

(6.20) Overview of exactness of special functors.

(1) The over-lining functor — : Mod(R)→ Mod(R), cf. (5.5), is right-exact.
(2) The covariant Hom functor HomR(H,−) : Mod(R)→ Mod(R), cf. (5.4), is left-exact.
(3) The fraction functor S−1 : Mod(R)→ Mod(S−1R), cf. (5.11) is exact.
(4) The contravariant Hom functor HomR(−, H) : Mod(R) → Mod(R), cf. (5.14), is

left-exact.

Below, these propositions will be stated more precisely and proofs will be provided.

(6.21) Theorem: Over-lining is right-exact. Let a be a proper ideal and consider

the ring R
def
= R/a. The over-lining functor — : Mod(R)→ Mod(R) is then right-exact.

(6.22) Proof. Recall from (5.5) that if M is an R–module then M
def
= M/aM , and if

ϕ : M → N is an R–homomorphism then ϕ : M → N is defined by ϕ(m) =def ϕ(m). Let
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O → H
ι
−→ L

ρ
−→ L/H → O be a special short-exact sequence, and we want to prove

that the induced sequence

H
ι
−→ L

ρ
−→ L/H → O

is exact. This is divided into three parts.
1o Im ι ⊆ Ker ρ, that is, ρ ι = 0: This is very easy: ρ ι = ρι = 0 = 0.
2o Im ι ⊇ Ker ρ: Assume that ` = [ ` ]aL belongs to Ker ρ, that is,

0 = ρ(`) = ρ(`) = [ ρ(`) ]a(L/H) = [ [ ` ]H ]a(L/H) .

From this we get [ ` ]H ∈ a(L/H), that is, there are a1, . . . , an ∈ a and `1, . . . , `n ∈ L such
that

[ ` ]H = a1[ `1 ]H + · · ·+ an[ `n ]H ,

that is, [ ` ]H = [ a1`1+· · ·+an`n ]H (in L/H), and hence h =def `−(a1`1+· · ·+an`n) ∈ H.
Thus

[ ` ]aL = [ `− (a1`1 + · · ·+ an`n) ]aL = [ h ]aL = ι([ h ]aH) ∈ Im ι ,

as desired.
3o ρ is surjective: Left to the reader. �

(6.23) Example: Over-lining is not exact. Consider the ring R
def
= Z, the ideal a

def
=

(2), the corresponding over-lining, the exact sequence O → R
2R−→ R

ρ
−→ R/(2) → O ,

and the induced sequence O → R
2R−→ R

ρ
−→ R/(2) → O . Since the homomorphism 2R

is zero and its source is non-zero, it is not injective, and hence the induced sequence is
not exact.

(6.24) Theorem: S–1 is exact. If S is a special multiplicative system in R, then the
fraction functor S−1 : Mod(R)→ Mod(S−1R) is exact.

(6.25) Proof. For any R–homomorphism ϕ : M → N it is straightforward to verify that

(6.25.1) ImS−1ϕ = S−1Imϕ and KerS−1ϕ = S−1Kerϕ ,

and the desired assertion follows as S−1O = O. �

(6.26) Exercise: S–1 is exact. Do the verification of (6.25.1).

(6.27) Hom(H,–) is left-exact. If H is an R–module, then the covariant homomor-
phism functor HomR(H,−) : Mod(R)→ Mod(R) is left-exact.

(6.28) Proof. Let O → K
ι
−→M

ρ
−→M/K → O be a special short-exact sequence. We

want to prove that the induced sequence:

O → HomR(H,K)
ι∗−→ HomR(H,M)

ρ∗
−→ HomR(H,M/K)

is exact. This is divided into three parts.
1o ι∗ is injective: Assume that α ∈ Ker ι∗ (⊆ HomR(H,K) ), that is, ια = ι∗(α) = 0.

Since ι is injective, we get α = 0, as desired.
2o Im ι∗ ⊆ Ker ρ∗: This is easy: ρ∗ι∗ = (ρι)∗ = 0∗ = 0.
3o Im ι∗ ⊇ Ker ρ∗: Assume that β ∈ Ker ρ∗ (⊆ HomR(H,M) ), that is, ρβ = ρ∗(β) = 0

so Im β ⊆ Ker ρ = K, that is, β maps into K, that is, β ∈ HomR(H,K), and hence
β = ιβ = ι∗(β) ∈ Im ι∗ as desired. �
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(6.29) Example: Hom(H,–) is not exact. Consider the ring R
def
= Z, the R–module

H
def
= R/(2), the functor HomR(H,−), the sequence O → R

2R−→ R
ρ
−→ R/(2)→ O which

is short-exact, and the induced sequence

(∗) O → HomR(H,R)→ HomR(H,R)→ HomR(H,H)→ O .

Here, HomR(H,R) = O: for ϕ ∈ HomR(H,R) and h ∈ H we have 2ϕ(h) = ϕ(2h) =
ϕ(0) = 0 (in R = Z), that is, ϕ(h) = 0 for all h ∈ H, and hence ϕ = 0. On the other hand,
HomR(H,H) 6= O because 1H 6= 0, and hence (∗) is O → O → O → HomR(H,H)→ O
which is not exact.

(6.30) Hom(–,H ) is left-exact. If H is an R–module, then the contravariant homo-
morphism functor HomR(−, H) : Mod(R)→ Mod(R) is left-exact.

(6.31) Proof. Let O → K
ι
−→M

ρ
−→M/K → O be a special short-exact sequence. We

want to prove that the induced sequence:

O → HomR(M/K,H)
ρ∗

−→ HomR(M,H)
ι∗
−→ HomR(K,H)

is exact. This is divided into three parts.
1o ρ∗ is injective: Assume that α ∈ Ker ρ∗ (⊆ HomR(M/K,H) ), that is, αρ = ρ∗(α) =

0. Since ρ is surjective we obtain α = 0 as desired.
2o Im ρ∗ ⊆ Ker ι∗: This is easy: ι∗ρ∗ = (ρι)∗ = 0∗ = 0.
3o Im ρ∗ ⊇ Ker ι∗: Assume that β ∈ Ker ι∗, that is, β : M → H is an R–homomor-

phism such that βι = ι∗(β) = 0, and this implies that Ker β ⊇ Im ι = K. Thus the
Homomorphism Theorem (2.28) yields an R–homomorphism β : M/K → H such that
β([m ]K) = β(m) for all m ∈M , and hence β = βρ = ρ∗(β) ∈ Im ρ∗ , as desired. �

(6.32) Example: Hom(–,H ) is not exact. Consider the ring R
def
= Z, the R–module

H =def R, the functor HomR(−, H), the sequence O → R
2R−→ R

ρ
−→ R/(2) → O which

is short-exact, and the induced sequence which is the top row in the next commutative
diagram.

(6.32.1) O // HomR(R/(2), R)
ρ∗ // HomR(R,R)

(2R)∗
//

α ∼=

��

HomR(R,R) //

α∼=

��

O

R
2R

// R

.

Here α is the isomorphism from (4.4) given by α(β)
def
= β(1) for β ∈ HomR(R,R). Since

2R is not surjective, (2R)∗ cannot be it either, and hence the induced sequence is not
exact.

(6.33) Five Lemma. Assume that the next diagram is commutative and has exact rows.

K
α //

κ

��

L
β //

λ

��

M
γ //

µ

��

N
δ //

ν

��

P

π

��
K ′

α′
// L′

β′
// M ′

γ′
// N ′

δ′
// P ′

(a) If λ and ν are injective and κ is surjective, then µ is injective.
(b) If λ and ν are surjective and π is injective, then µ is surjective.
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(c) If λ and ν are bijective, κ is injective, and π is surjective, then µ is bijective.
(d) If κ, λ, ν, and π are isomorphisms, then so is µ.

(6.34) Proof. (a)
(0) Assume that m ∈ Kerµ [ and we want to prove m = 0 ].

(1) γ′µ(m) = 0.
(2) n =def γ(m).
(3) ν(n) = 0 as νγ = γ ′µ.
(4) n = 0 as ν is injective.
(5) m = β(`) for some ` ∈ L as Ker γ ⊆ Im β.
(6) `′ =def λ(`).
(7) β ′(`′) = 0 as β ′λ = µβ.
(8) `′ = α′(k′) for some k′ ∈ K ′ as Kerβ ′ ⊆ Imα′.
(9) k′ = κ(k) for some k ∈ K as κ is surjective.

(10) `1 =def α(k).
(11) λ(`1) = `′ as λα = α′κ.
(12) `1 = ` as λ is injective.
(13) m = β(`) = βα(k) = 0(k) = 0 [ as desired ].

This procedure is called a diagram chase, and can be illustrated as follows.

0(13)

{{
{{{
{ 0(4)

}}
}}}
}

k
�

α

(10)
//

_

κ (9)

��

`1
(12)

m

λ
(11)

��-
--

--
--

--
`

�
β

(5)
//

_

(6)

��

m �
γ

(2)
//

_

µ (0)

��

n_

ν (3)

��
k′

� α′

(8)
// `′

� β′

(7)
// 0

� γ′

(1)
// 0

(b) is proved by the next diagram chase; the original diagram is repeated for conve-
nience.

K
α //

κ

��

L
β //

λ

��

M
γ //

µ

��

N
δ //

ν

��

P

π

��
K ′

α′
// L′

β′
// M ′

γ′
// N ′

δ′
// P ′

m1 +m
z

(15)

��:
::

::
::

::
::

::
::

0
(6)��

`
� (13)

//
_

(12)

��

m1y

(14)

��9
99

99
99

99
99

99
99

m � (7)
//

_

(8)
��

n � (4)
//

_

(3)

��

p
_

(5)

��
m′

1 � (9)

++VVVVVVVVVV

m′ �
(1)

// n′ �
(2)

// 0

`′
�

(11)
// m′ −m′

1
�
(10)

// 0 �

(6.35) Additive functors. A (co- or contravariant) functor F : Mod(R)→ Mod(R′) is
said to be additive exactly when

F (ϕ+ ψ) = F (ϕ) + F (ψ) and all R–homomorphisms ϕ, ψ ∈ HomR(M,N) ,
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that is, if and only if the next map

HomR(M,N)→ HomR′(F (M), F (N)) , ϕ 7→ F (ϕ) in the covariant case;

HomR(M,N)→ HomR′(F (N), F (M)) , ϕ 7→ F (ϕ) in the covariant case

is additive, that is, a Z–homomorphism.
It follows that if F is additive, then (with notation as above):

(6.35.1) F (ϕ− ψ) = F (ϕ)− F (ψ) .

(6.36) Examples: Additive functor. The next functors are additive.

(1) Over-lining functor — : Mod(R)→ Mod(R), cf. (5.5).
(2) Covariant Hom functor HomR(H,−) : Mod(R)→ Mod(R), cf. (5.4).
(3) Fraction functor S−1 : Mod(R)→ Mod(S−1R), cf. (5.11).
(4) Contravariant Hom functor HomR(−, H) : Mod(R)→ Mod(R), cf. (5.14).

(6.37) Proposition: Additive functor of zero. Let F : Mod(R)→ Mod(R′) be a co-
or contravariant additive functor. If 0: M → N is the zero homomorphism of R–modules
and O is the zero module, then F (0) = 0 and F (O) = O.

(6.38) Proof. We treat the covariant case only. In the group HomR′(F (M), F (N)) we
have by (6.35.1):

F (0) = F (0− 0) = F (0)− F (0) = 0 .

Furthermore, 1F (O) = F (1O) = F (0) = 0; thus F (O) = O. �

(6.39) Splitting sequences. A short sequence

(†) O // M
µ // N

ν // P // O ,

is said to split exactly when there are R–homomorphisms σ : N → M and τ : P → N ,
that is,

(‡) O // M
µ // N
σ

oo
ν // P
τ

oo // O ,

such that

(∗) σµ = 1M , µσ + τν = 1N , and ντ = 1P .

We say also that (†) is split-exact because of the next result.

(6.40) Lemma: Splitting sequences. If the sequence (†) splits then it is exact.

(6.41) Proof. Divide into four parts.
1o µ is injective since σµ = 1M .
2o Imµ ⊆ Ker ν : νµ = 0 because:

νµ = ν1Nµ = ν(µσ + τν)µ = νµσµ+ ντνµ = νµ1M + 1Pνµ = 2νµ .

3o Imµ ⊇ Ker ν : For n ∈ Ker ν we have:

n = 1N(n) = (µσ + τν)(n) = µ(σ(n)) + τ(ν(n)) = µ(σ(n)) ∈ Im µ .

4o ν is surjective since ντ = 1P . �

(6.42) Proposition: Additive functor and split sequences. If F is an additive
(co- or contravariant) functor, then F takes any split-exact sequence into a split-exact
sequence.
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(6.43) Proof. We treat the covariant case only. Assume that F is an additive covariant
functor, and consider the sequence (‡) satisfying (∗) of (6.39). Applying F yields a
sequence

F (‡) O // F (M)
F (µ)

// F (N)
F (σ)
oo

F (ν)
// F (P )

F (τ)
oo // O .

Since F is an additive functor, we obtain the next relations

F (∗) F (σ)F (µ) = 1F (M) , F (µ)F (σ) + F (τ)F (ν) = 1F (N) , and F (ν)F (τ) = 1F (P ) ,

and the desired assertion has been established. �

(6.44) Direct summands. A submodule H of an R–module M is said to be a direct
summand in M exactly when there exists a submodule K of M such that M = H +K
and H ∩K = O, that is, M = H ⊕K (inner direct sum), cf. (2.22.2).

(6.45) Theorem: Split-exact sequences. Consider the short sequence:

(†) O // M
µ // N

ν // P // O .

The following are the equivalent.

(i) The sequence (†) is split-exact.
(ii) The sequence (†) is exact and Imµ is a direct summand in N .
(iii) The sequence (†) is exact and σµ = 1M for some R–homomorphism σ : N →M .
(iv) The sequence (†) is exact and ντ = 1P for some R–homomorphism τ : P → N .
(v) The sequence (†) is isomorphic to the short sequence:

(‡) O // M ιM
// M ⊕ P πP

// P // O

m � // (m, 0)

(m, p) � // p .

(∗) Thus, if (†) is split-exact, then N ∼= M ⊕ P .

(6.46) Proof. “(i)⇒ (iii) ∧ (iv)” by (6.40).

“(iii) ⇒ (v)”: Define ϕ : N → M ⊕ P by ϕ(n)
def
= (σ(n), ν(n)) for n ∈ N . The next

diagram is then commutative, and ϕ is an isomorphism by Five Lemma (6.33).

M
µ //

1M
∼=

��

N
ν //

σ
oo

ϕ

��

P

1P
∼=

��
M ι

// M ⊕ P π
// P

“(v) ⇒ (i)”: By assumptions we have the next commutative diagram with vertical
isomorphisms and split-exact lower row.

M
µ //

α ∼=

��

N
ν //

β ∼=

��

P

γ ∼=

��
M

ιM // M ⊕ P
πP //

πM

oo P
ιP

oo

The R–homomorphisms σ
def
= α−1πMβ and τ

def
= β−1ιPγ have then the desired properties.
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For the remaining implications confer Exercise (6.47) �

(6.47) Exercise: Split-exact sequences. Prove the remaining implications in (6.46)

(6.48) Proposition: Additive functor of direct sum. If F is an additive functor,
and M and P are R–modules, then F (M ⊕ P ) ∼= F (M)⊕ F (P ).

(6.49) Proof. Due to (6.42), the additive functor F sends the split-exact sequence (‡)
from (6.45) into the split-exact sequence F (‡) from (6.43); (6.45.∗) yields the desired. �

(6.50) Exercise: Functor and direct sum. Let H be a non-zero R–module, and
consider the constant functor, cf. (5.6):

CH : Mod(R)→ Mod(R) , M 7→ H , ϕ 7→ 1H ,

(a) Prove that CH is not additive.
(b) Prove that R(N) ⊕R(N) ∼= R(N).
(c) Prove that CH(M ⊕N) ∼= CH(M)⊕ CH(N) provided H ⊕H ∼= H.

(6.51) Exercise: Gamma functor. Let a be an element in the ring R. For any R–
module M we set:

ΓaM
def
= {m ∈M | anm = 0 for some n∈ N0 } .

(a) Prove that Γa(M) is a submodule of M .
(b) Prove that Γa(M/ΓaM) = 0.
(c) Prove that ϕ(Γa(M)) ⊆ ΓaN whenever ϕ : M → N is an R–homomorphism. Let

Γa(ϕ) : Γa(M)→ Γa(N) be the restriction.
(d) Prove that Γa is a functor.
(e) Prove that Γa is additive.
(f) Prove that Γa is left-exact.
(g) Prove that Γa is exact, if a is invertible or nilpotent, the latter is, an = 0 for some

n∈ N0.
(h) Prove that Γa is exact, if R =def Z/(6) and a =def [ 3 ](6).
(i) Suppose that the ring R has exactly one maximal ideal. Prove that a is invertible or

nilpotent, if Γa is exact.

(6.52) Exercise: Half-exact is additive. Let F : Mod(R) → Mod(R′) be a (co- or
contravariant) half-exact functor. Prove that F is additive.

(6.53) Lemma: Exact tilted sequences. Let

(6.53.1) O

''OOOOOOOOO O

K ′

77ooooooooo

β

''OOOOOOOOO

K

α
77ooooooooo
κ

// L
λ //

γ ''NNNNNNNNN M

L′
δ

77ooooooooo

''OOOOOOOOO

O

77ppppppppp
O

be a commutative diagram. If the three tilted sequences are exact, then so is the hori-
zontal one.
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(6.54) Proof. 1o Im κ ⊆ Kerλ: λκ = δγβα = δ0α = 0.
2o Kerλ ⊆ Im κ:

(0) Assume that ` ∈ Kerλ [ and we want to prove ` ∈ Im κ ].

(1) `′
def
= γ(`) ∈ L′.

(2) δ(`′) = δ(γ(`)) = 0.
(3) `′ = 0 (since δ is injective by assumption).
(4) Choose k′ ∈ K ′ such that β(k′) = ` (using that Ker γ ⊆ Im β).
(5) Choose k ∈ K such that α(k) = k′ (since α is surjective).
(6) κ(k) = β(α(k)) = β(k′) = `.

This diagram chasing can be illustrated as follows.

k′ (4)

&&MMMMMMMMM

k

(5) 88ppppppppp

(6)
// `

(0)
//

(1) &&MMMMMMMMM 0

`′
(2)

77nnnnnnnnnn

(3)

0 �

(6.55) Proposition: Exact functor of exact sequence. Let

(†) · · · →M`+1
ϕ`+1
−→M`

ϕ`−→M`−1 → · · ·

be a (possibly bounded or partly bounded) exact sequence, and let F be a (co- or con-
travariant) exact functor. The induced sequence 5

F(†) · · · → F (M`+1)
F (ϕ`+1)
−→ F (M`)

F (ϕ`)
−→ F (M`−1)→ · · ·

is then exact.

(6.56) Proof. Set Kn
def
= Imϕn+1 = Kerϕn for all (possible) n and consider the next

commutative diagram in which the ιn’s are inclusions and the ϕ̃n’s are induced by the
corresponding ϕn. In the next commutative diagram the tilted short sequences are exact.

(4) O

%%KKK
KKK

K O O

K`

;;vvvvvv

ι`
##GG

GG
G K`−2

::uuuuuu

M`+1

eϕ`+1
::tttttt

ϕ`+1

// M`

ϕ` //

eϕ`
$$JJJJJ M`−1

eϕ`+1

88rrrrr

K`+1

ι`+1

88rrrrr
K`−1

ι`−1

88rrrrr

&&MMM
MMM

M

O

::uuuuuu
O

99ssssss
O

5 Here shown in the covariant case; in the contravariant case all arrows should be reversed.
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Applying the exact functor F to the above diagram we obtain the next diagram with
short-exact tilted sequences.

F (4) O

%%KKKKKK O O

F (K`)

::vvvvv

F (ι`)

##GGGG
F (K`−2)

==zzzz

F (M`+1)

F (eϕ`+1) ::ttttt

F (ϕ`+1)
// F (M`)

F (ϕ`) //

F (eϕ`)
$$JJJ

JJ
F (M`−1)

F (eϕ`+1)

99rrrrr

F (K`+1)
F (ι`+1)

99rrrrr
F (K`−1)

F (ι`−1)

99rrrrr

&&MMMM
MMM

O

==zzzz
O

99ssssss
O

The exactness of the horizontal sequence follows from (6.53). �
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7. Projective Modules

Recall that the covariant Hom functor HomR(H,−) is left-exact for all R–modules H.

(7.1) Projective modules. An R–module H is said to be projective exactly when the
functor HomR(H,−) is exact, that is, if and only if the induced homomorphism

HomR(H,ϕ) : HomR(H,M)→ HomR(H,N)

is surjective for any surjective R–homomorphism ϕ : M → N , cf. (6.27).

(7.2) Projectivity diagram. Projectivity of the R–module H is often explained by the
diagram:

H

��

∃

{{
M // N // O .

This means: If the solid arrows are given and the row is exact, then the dotted arrow
exists such the triangle commutes.

(7.3) Not projective. The Z–module Z/(2) is not projective, cf. (6.29).

(7.4) R is projective. The R–moduleR is always projective: If ϕ : M → N is surjective,
then it follows that HomR(R,ϕ) : HomR(R,M) → HomR(R,N) is surjective from the
next commutative diagram:

HomR(R,M)
HomR(R,ϕ)

//

αM∼=

��

HomR(R,N)

αN∼=

��
M ϕ

// N ,

when αM(µ)
def
= µ(1) and αN (ν)

def
= ν(1), cf. (4.4).

(7.5) Exercise: R is projective. Prove that the R–module R is always projective by
using the projectivity diagram (7.2).

(7.6) Isomorphic projectives. If η : H
∼=
−→ H ′ is an isomorphism of R–modules, then

H is a projective module if and only if H ′ is so, because the next diagram is commutative

HomR(H,M)
HomR(H,ϕ)

//
OO

HomR(η,M)∼=

HomR(H,N)
OO

HomR(η,N)∼=

HomR(H ′,M)
HomR(H′,ϕ)

// HomR(H ′, N)

for any R–homomorphism ϕ : M → N .

(7.7) Theorem: Free is projective. If F is a free R–module, then F is projective.
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(7.8) Proof. Assume that F is free with basis (fx)x∈X , and let the solid part of the next
projectivity diagram with exact row, cf. (7.2), be given.

F

α

��

β

{{
M ϕ

// N // O .

Use the surjectivity of ϕ to choose, for each x ∈ X, an element mx ∈ M such that
ϕ(mx) = α(fx). Since every f ∈ F is a (finite) unique sum f =

∑
x∈X rxfx with all

rx ∈ R, we can define β by β(f) =
∑

x∈X rxmx. We then get the desired assertion:

ϕ(β(f)) = ϕ(
∑

x∈X

rxmx) =
∑

x∈X

rxϕ(mx) =
∑

x∈X

rxα(fx) = α(f) . �

(7.9) Projective but not free. Consider the commutative group R′ def
= R2 (

def
= R×R);

the addition is (r1, r2)+(r̃1, r̃2) =def (r1+r̃1, r2+r̃2). The group R′ becomes a commutative
ring with the multiplication (r1, r2)(r̃1, r̃2) =def (r1r̃1, r2r̃2); the identity element is (1, 1).
The subsets a1 =def R × O (=def { (r, 0) | r ∈ R }) and a2 =def O × R are ideals in R′,
hence R′–modules. Since the R′–module R′ is free and R′ = a1 ⊕ a2, the module a1 is
projective. For any element (r, 0) ∈ a1 we have (0, 1) ∈ AnnR′(r, 0), so (r, 0) cannot be
part of a basis for a1, cf. (3.22). Thus, a1 is a projective non-free R′–module.

(7.10) Lemma: Surjections onto projective. If ϕ : M → P is a surjective R–homo-
morphism with the module P is projective, then the exact sequence

(†) O→ Kerϕ
ι
−→M

ϕ
−→ P → O

splits, and P is isomorphic to a direct summand in M .

(7.11) Proof. Let the solid part of the next projectivity diagram with exact row, cf.
(7.2), be given.

P

1P

��

β

{{
M ϕ

// P // O .

Choose β such that the triangle commutes, that is, ϕβ = 1P . Thus, (iv) in Theorem:
Split-exact sequences (6.45) is fulfilled, and hence the sequence (†) splits. The last asser-
tion results from (v) in that theorem. �

(7.12) Lemma: Direct sum of projectives 1. If P and Q are R–modules, then the
following holds.

P ⊕Q is projective ⇐⇒ P and Q are projective.

(7.13) Proof. Set S
def
= P ⊕Q and consider the next split-exact sequence:

O // P
ι // S

π // Q // O .
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Let ϕ : M → N be any R–homomorphism, and consider the induced commutative dia-
gram:

O // HomR(Q,M)
HomR(π,M)

//

HomR(Q,ϕ)

��

HomR(S,M)
HomR(ι,M)

//

HomR(S,ϕ)

��

HomR(P,M) //

HomR(P,ϕ)

��

O

O // HomR(Q,N)
HomR(π,N)

// HomR(S,N)
HomR(ι,N)

// HomR(P,N) // O

The rows are exact as they result from application of an additive functor to a split-exact
sequence, cf. (6.48).

Proof of “⇒”. Assume that S is projective. By symmetry it suffices to prove that P
is projective. Let ϕ : M → N be surjective [ and we want to prove that HomR(P, ϕ) is
surjective ]. HomR(S, ϕ) is surjective by assumption, and HomR(ι, N) is surjective by the
exactness of the bottom row in the diagram. The commutativity of the diagram yields
the equality

HomR(ι, N) HomR(S, ϕ) = HomR(P, ϕ) HomR(ι,M) .

We already know that the left hand side is surjective. Thus, so is the left factor of the
right hand side, and the desired assertion has been established.

Proof of “⇐”. Assume that P and Q are projective, assume that ϕ : M → N is
surjective [ and we want to prove that HomR(S, ϕ) is surjective ]. This follows from
the commutative diagram by using part (b) of Five Lemma (6.33) (with π the zero
map: O → O). �

(7.14) Exercise: Direct sum of projectives 1. Prove that the above lemma also
follows from the projectivity diagram, cf. (7.2).

(7.15) Theorem: Projective is direct summand in free. For any R–module P the
following holds.

P projective ⇐⇒ P direct summand in free.

(7.16) Proof. “⇒”: P is a homomorphic image of a free module by (3.29), so the
assertion follows from (7.10).

“⇐”: Use (7.7) and (7.12). �

(7.17) Not projective. Consider an integral domain R with field of fractions B, and
assume that R is not a field. Part (e) in (3.32) asserts that the R–module B cannot be
a submodule of a free R–module. Thus B is not projective by (7.15).

(7.18) Zero-divisors. The set of zero-divisors for an R–module M is defined as:

ZeroRM
def
= { r ∈ R | ∃m ∈M : m 6= 0 ∧ am = 0 } ( =

⋃

m∈M\O

AnnR(m) ).

(7.19) Exercise: Zero-divisors. Prove that ZeroR P ⊆ ZeroRR, if P is a projective
R–module.

(7.20) Proposition: Over-lining and projectivity. For a proper ideal a in R and the
corresponding over-lining functor — : Mod(R)→ Mod(R) the following holds.

P projective over R =⇒ P projective over R .
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(7.21) Proof. Assume that P is projective. Thus P is a direct summand of a free R–
module F , cf. (7.15), and F is isomorphic to R(W ) for some set W , cf. (3.28). It follows

that P is a direct summand of R(W ) ∼= R
(W )

, cf. (3.33). Now apply (7.15) once more. �

(7.22) Proposition: Fractions and projectivity. For a special multiplicative system
in R and the corresponding fraction functor S−1 : Mod(R) → Mod(S−1R) the following
holds.

P projective over R =⇒ S−1P projective over S−1R .

(7.23) Proof. As in the previous proof (7.21), it suffices for any set W to establish

an isomorphism Φ: S−1(R(W ))
∼=
−→ (S−1R)(W ). For any ϕ/s ∈ S−1(R(W )) the ele-

ment Φ(ϕ/s) ∈ (S−1R)(W ), that is, the function Φ(ϕ/s) : W → S−1R, is defined by
Φ(ϕ/s)(w) =def ϕ(w)/s. It remains to be verified that Φ is a well-defined bijective
S−1R–homomorphism; this is straightforward—albeit tedious. �

(7.24) Projective resolutions. A projective resolution P. of an R–module M is a se-
quence of R–homomorphisms:

P. = · · · → P`
∂`−→ P`−1

∂`−1
−→ · · ·P1

∂1−→ P0 → O

together with an R–homomorphism P0
∂0−→M such that

• P` is a projective R–module for all `∈ N0;

• P.→M
def
= · · · → P`

∂`−→ P`−1
∂`−1
−→ · · ·P1

∂1−→ P0
∂0−→M → O is exact.

The sequence P. → M is then called the augmented projective resolution of M . Note
that the index of the R–homomorphism ∂` in the projective resolution equals that of its
source.

(7.25) Free resolutions. A free resolution of an R–module M is a projective resolution
F. of M in which each module F` is free. (Recall that every free module is projective, cf.
(7.7).) The corresponding augmented free resolution is the exact sequence F.→M .

If x ∈ R \ ZeroRR, cf. (7.18), then O → R
x
−→ R → O is a free resolution of the

R–module R/(x). The sequence O → R
x
−→ R

ρ
−→ R/(x) → O is exact when ρ is the

residue homomorphism; it is the corresponding augmented free resolution.

(7.26) Lemma: Ubiquity of projective and free resolutions. All R–modules have
a free, and hence projective, resolution.

(7.27) Proof. To any R–module M we are required to construct an exact sequence

(∗) · · · → F`+1
∂`+1
−→ F`

∂`−→ F`−1
∂`−1
−→ · · ·F1

∂1−→ F0
∂0−→M → O

with each F` free.

Start by choosing a surjective R–homomorphism F0
∂0−→ M with F0 free, cf. (3.29).

Now, (∗) is exact at M .
Assume next that that R–homomorphisms ∂0, . . . , ∂` have been chosen such that (∗)

is exact at F`−1, . . . , F0,M [ and we want ∂`+1 such that it is exact at F` too ]. Choose
surjective R–homomorphism ∂ ′`+1 : F`+1 → Ker ∂` with free source, and let ∂`+1 : F`+1 →
F` be the induced homomorphism; it has Im ∂`+1 = Ker ∂` [ as desired ]. �
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(7.28) Projective dimension. LetM be anR–module. It is said to have finite projective
dimension exactly when it has a bounded projective resolution, that is, there is a bounded
exact sequence

(†p) O → Pp
∂p
−→ Pp−1

∂p−1
−→ · · ·P1

∂1−→ P0
∂0−→M → O

with P0, . . . , Pp projective modules.
When M 6= O has finite projective dimension, then the projective dimension of M is

the smallest p∈ N0 such that there exists an exact sequence (†p).
If M 6= O has not finite projective dimension, then we set pdRM =∞.
Finally, we set pdRO = −∞.
Thus, for any R–module M 6= O and any n∈ N0 we have:

(7.28.1) pdRM ≤ n ⇐⇒





There exists an exact sequence:

O → Pn
∂n−→ · · ·

∂1−→ P0
∂0−→M → O

with P0, . . . , Pn projective.

Note furthermore the next equivalence for an R–module M .

(7.28.2) pdRM = 0 ⇐⇒ M is projective and non-zero.

(7.29) Projective dimension over a field. If R be a field and M is any R–module,
that is, vector-space over R, then pdRM ≤ 0. Namely, M is a free R–module because it
has a basis: if M is finitely generated then this is well-known from Linear Algebra. In
general, it is a consequence of Zorn’s Lemma: Let W be the set of linearly independent
subsets W of the module M . This set W is then non-empty (as ∅ is in it), and it is also
inductively ordered by inclusion, that is, if Y is a totally ordered 6 subset of W, then Y
has a majorant 7 in W, namely the union

⋃
Y ∈Y

Y . By Zorn’s Lemma W has a maximal
element W0

8. Set F =def spanRW0 which is free by (3.16.1), (3.19.1), (3.27). Thus it
suffices to prove that F = M . Assume F ⊂ M and look for a contradiction. Choose
x ∈M \ F and divide into two cases.

1◦ Rx ∩ F 6= O. Choose r ∈ R such that rx ∈ F and rx 6= 0. The latter yields r 6= 0,
and hence, as R is a field, we have x = r−1(rx) ∈ F contradicting the choice of x.

2◦ Rx ∩ F = O. In this case we will prove that { x } ∪ W0 in linearly independent
(contradicting the maximality of W0). Indeed, let rx + r1w1 + · · · + rnwn = 0 be a
linear relation with w1, . . . , wn ∈ W0 and r, r1, . . . , rn ∈ R, and note that then rx ∈
Rx ∩ spanRW0 = Rx ∩ F = O. Thus, r = 0 since otherwise x = r−1(rx) = 0 ∈ F ,
and the remaining part of the linear relation is r1w1 + · · · + rnwn = 0 which yields
r1 = · · · = rn = 0.

Thus M is projective by (7.7), and hence pdRM = 0 if M 6= O, cf. (7.28.2), and
pdRM = −∞ otherwise.

(7.30) Projective dimension over a PID. If R be a PID, that is, a Principal Integral
Domain, cf. (1.8), and M is any R–module, then pdRM ≤ 1. If M is finitely generated,
then it is a homomorphic image of a finitely generated free module P0, cf. (3.29). Let P1

be the kernel, that is, there is an exact sequence

O → P1 → P0 →M → O .

6 that is, for Y, Y ′ ∈ Y either Y ⊆ Y ′ or Y ′ ⊆ Y .
7 that is, an element W ∈W such that Y ⊆W for all Y ∈ Y.
8 that is, if W ∈W and W0 ⊆W , then W0 = W .
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Here, P1 is free by (3.8); thus pdRM ≤ 1 by (7.28.1). In general, it follows from this
special case by applying the derived functors that will be introduced later.

(7.31) Exercise: Projective dimension of R/(x). Assume that x ∈ R \ ZeroRR, cf.
(7.18) and (7.25). Prove that the following hold.

pdRR/(x) =





−∞ if (x) = R

0 if (x) ⊂ R and R ∼= (x)⊕ R/(x)

1 otherwise.

(7.32) Proposition: Projective dimension and the fraction functor. If S is a
special multiplicative system in R, and M is an R–module, then the next inequality
holds.

pdS−1R S
−1M ≤ pdRM .

(7.33) Proof. This is certainly true if pdRM = ∞ or M = O. Therefore, assume that
pdRM = p∈ N0 and choose an exact sequence

(†p) O → Pp → Pp−1 → · · · → P1 → P0 →M → O

with P0, . . . , Pp projective R–modules. The induced sequence

S−1(†p) O → S−1Pp → S−1Pp−1 → · · · → S−1P1 → S−1P0 → S−1M → O ,

since S−1 is an exact functor, cf. (6.24), cf. (6.55) (or just (6.25.1) ). Since each S−1P` is
a projective S−1R–module, cf. (7.22), we have proved that pdS−1R S

−1M ≤ p. �

(7.34) Exercise: Projective dimension and special over-lining. Let a = (x) be a
proper principal ideal in R and consider the corresponding over-lining.

(a) Let O → K
ϕ
−→ L

ψ
−→M → O be an exact sequence, and assume that x /∈ ZeroRM ,

cf. (7.18). Prove the exactness of the induced sequence

O → K
ϕ
−→ L

ψ
−→M → O .

(b) Prove that pdRM ≤ pdRM if x /∈ ZeroRM ∪ ZeroRR.
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8. Complexes and Homology

(8.1) Complexes. An R–complex—or a complex of R–modules—is a sequence, cf. (6.1)
of R–homomorphisms

(8.1.1) K. = · · · → Kn+1

∂K.
n+1
−→ Kn

∂K.
n−→ Kn−1 → · · ·

such that ∂K.n ∂K.n+1 = 0 for all n ∈ Z; the R–homomorphism ∂K.n is said to be the n’th
differential. The R–module Kn is said to be in degree n in the R–complex K. . An
R–complex can be bounded to the left, to the right, or in both directions, cf. (6.1.1) –
(6.1.3), and when this is the case, we leave out superfluous zero modules: we write, for

example, an R–complex K. with Kn = O for n < 0 as · · · → K1
∂1−→ K0 → O (that is,

not as · · · → K1
∂1−→ K0 → O → · · · ) .

(8.2) Boundary and cycles. For any R–complex K. and any n ∈ Z we define

Bn(K.)
def
= Im ∂K.n+1 , the n’th module of boundaries;

Zn(K.)
def
= Ker ∂K.n , the n’th module of cycles; and

Cn(K.)
def
= Coker ∂K.n (

def
= Kn/Bn(K.) ) , the n’th cokernel.

(8.3) Homology. Let K. be an R–complex. As ∂K.n ∂K.n+1 = 0 we have Bn(K.) ⊆ Zn(K.)
and define

Hn(K.)
def
= Zn(K.)/Bn(K.) , the n’th homology module.

The next four sequences are short-exact and provide relations between the homology
modules, boundaries, cycles, and cokernels.

(8.3.1) O → Bn(K.) ↪→ Zn(K.) � Hn(K.)→ O

(8.3.2) O → Bn(K.) ↪→ Kn � Cn(K.)→ O

(8.3.3) O → Zn(K.) ↪→ Kn

g∂K.
n−→ Bn−1(K.)→ O

(8.3.4) O → Hn(K.) ↪→ Cn(K.)
d∂K.
n−→ Bn−1(K.)→ O .

Here, the hooked arrows are inclusions, and the two-headed ones are inclusions. Fur-

thermore, ∂̃K.n (x) = ∂K.n (x) for x ∈ Kn (but the maps ∂̃K.n (x) and ∂K.n (x) are not

necessarily equal as their targets might be different). Finally, since Bn(K.) ⊂ Ker ∂̃K.n ,

the Homomorphism Theorem (2.28) yields a well-defined R–homomorphism ∂̂K.n given

by ∂̂K.n ([ x ]Bn(K.)) = ∂K.n (x). It follows that [ x ]Bn(K.) ∈ Ker ∂̂K.n if and only if

x ∈ Ker ∂K.n = Zn(K.); thus, Ker ∂̂K.n = Zn(K.)/Bn(K.) = Hn(K.), as desired.

(8.4) Morphisms. For R–complexes K. and L., an R–morphism ϕ. : K. → L. is a
family (ϕn : Kn → Ln)n∈Z of R–homomorphisms such that ∂L.n ϕn = ϕn−1∂

K.
n for all
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n ∈ Z. The last condition is the commutativity of the diagram

(8.4.1) · · · // Kn

∂K.
n //

ϕn

��

Kn−1
//

ϕn−1

��

· · ·

· · · // Ln
∂L.

n

// Ln−1
// · · · .

This is often phrased as: “R–morphisms commute with the differentials.” The R–homo-
morphism ϕn is said to be in degree n in the R–morphism ϕ. .

(8.5) Special R–morphisms. The following hold for R–complexes K. and L..
The identity 1K. =

(
1Kn : Kn → Kn

)
n∈Z

is an R–morphism.

The zero-morphism oK.L. =
(
oKnLn : Kn → Ln

)
n∈Z

, cf. (2.18), is an R–morphism.

For a ∈ R there is the multiplication morphism aK. =
(
aKn : Kn → Kn

)
n∈Z

, cf. (2.16).

(8.6) Composition. Let ϕ. =
(
ϕn

)
n∈Z

: K. → L. and ψ. =
(
ψn

)
n∈Z

: L. → M. be

R–morphisms. The composite ϕ.ψ. =
(
ϕnψn

)
n∈Z

: K.→M. is then an R–morphism.

(8.7) Isomorphisms. An R–morphism ϕ. =
(
ϕn

)
n∈Z

: K.→ L. is said to be an isomor-

phism exactly when there exists an R–morphism ϕ.−1 : L.→ K. such that ϕ.−1ϕ. = 1K.
and ϕ.ϕ.−1 = 1L. . This is tantamount to that ϕn is an isomorphism of R–modules for
all n ∈ Z, and when the latter is the case, then ϕ.−1 =

(
ϕn

−1
)
n∈Z

: L. → K. and this is
an R–morphism.

Let O → K → L → M → O and O → K ′ → L′ → M ′ → O be two short sequences,
cf. (6.4). If they are complexes, then are isomorphic as such if and only if they are so in
the sense of (6.7).

(8.8) Module as complex. Any R–module M can be viewed as the R–complex:

O →M → O

which has M in degree 0 and has the zero module in all other degrees. If an R–complex N.
is concentrated in degree 0, that is, N` = 0 for ` 6= 0, then N. is equal to the R–module N0

(considered as a complex). Thus, modules are identified with the corresponding complex
concentrated in degree zero, and vice versa.

If M. and N. are R–complexes which are concentrated in degree 0, that is, they are
modules under our identification, then ϕ. : K. → L is an R–morphism, if and only if
ϕ0 : K0 → L0 is an R–homomorphism.

(8.9) Category of R–complexes. The class of all R–complexes and all R–morphisms
is called the category of R–complexes and is denoted Com(R). In view of (8.8), the
category Mod(R) of R–modules and R–morphisms is contained in Com(R). Some says
that Mod(R) is a full subcategory of Com(R) to emphasize that for any M and N in
Mod(R), all morphisms M → N in Com(R) belong to Mod(R), cf. (8.8).

(8.10) Short-exact sequence of complexes. The next sequence of R–morphisms

O.→ K.
ϕ.
−→ L.

ψ.
−→M.→ O.
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is said to be short exact exactly when the sequence of R–homomorphisms

O → Kn
ϕn
−→ Ln

ψn
−→Mn → O

is exact for each n ∈ Z.

(8.11) Homology homomorphisms. Let ϕ. : K.→ L. be an R–morphism. It follows
then directly from the definition, cf. (8.4), that the next inclusions then hold for all n ∈ Z.

(8.11.1) ϕn(Bn(K.)) ⊆ Bn(L.) and ϕn(Zn(K.)) ⊆ Zn(L.) .

It follows that for each n ∈ Z an R–homomorphism Hn(ϕ.) is well-defined as follows:

(8.11.2) Hn(ϕ.) : Hn(K.)→ Hn(L.) by Hn(ϕ.)([ x ]Bn(K.))
def
= [ϕn(x) ]Bn(L.) .

Here, x belongs to Zn(K.) so ϕn(x) ∈ Zn(L.) by (8.11.1). Assume that x′ ∈ Zn(K.) and
[ x ]Bn(K.) = [ x′ ]Bn(K.). We then have x − x′ ∈ Bn(K.), and hence ϕn(x) − ϕn(x

′) =
ϕn(x− x

′) ∈ Bn(L.), cf. (8.11.1); thus, [ϕn(x) ]Bn(L.) = [ϕn(x
′) ]Bn(L.). This proves that

Hn(ϕ.) is well-defined. It fits into the next commutative diagram:

(8.11.3) Bn(K.)
� � //

(ϕn)|Bn(K.)

��

Zn(K.) // //

(ϕn)|Zn(K.)

��

Hn(K.)

Hn(ϕ.)

��
Bn(L.)

� � // Zn(L.) // // Hn(L.)

Here, the hooked arrows are inclusions, the double head ones are residue homomorphisms,
and the left and the middle vertical ones are restrictions of ϕn .

(8.12) Theorem: Homology is a functor. For any n ∈ Z the n’th homology Hn(−)
is a covariant functor: Com(R)→ Mod(R). That is,

(1) If K. is an R–complex, then Hn(K.) is an R–module.
(2) If ϕ. : K.→ L. is an R–morphism, then Hn(ϕ.) : Hn(K.)→ Hn(L.) is an R–homo-

morphism.
(3) Hn(ψ.ϕ.) = Hn(ψ.) Hn(ϕ.) for R–morphisms ϕ. : K.→ L. and ψ. : L.→M. .
(4) Hn(1K.) = 1Hn(K.) , if K. is an R–complex.

(8.13) Proof. (1) is by the definition of homology, cf. (8.3), and (2) is by that of the
homology homomorphism, cf. (8.11.2).

(3) The definition of the homology homomorphism, cf. (8.11.2), is used several times
in the next chain of equalities in which x belongs to Zn(K.).

Hn(ψ.ϕ.)([ x ]Bn(K.)) = [ (ψnϕn)(x) ]Bn(M.)

= [ (ψn(ϕn(x)) ]Bn(M.)

= Hn(ψ.)
(
[ϕn(x) ]Bn(L.)

)

= Hn(ψ.)
(
Hn(ϕ.)([ x ]Bn(K.)

)

=
(
Hn(ψ.) Hn(ϕ.)

)
([ x ]Bn(K.)) .

This proves the desired assertion.
(4) For x ∈ Zn(K.) we have Hn(1K.)([ x ]Bn(K.)) = [ 1Kn(x) ]Bn(K.)) = [ x ]Bn(K.), that

is, Hn(K.)(1K.) = 1Hn(K.) . �
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(8.14) Theorem: Homology is half-exact. Let n be an integer. The functor Hn(−)
is then half-exact, that is, any short exact sequence of R–morphisms:

O.→ K. ϕ.
−→ L. ψ.

−→M.→ O.
induces an exact sequence of R–homomorphisms:

Hn(K.) Hn(ϕ.)
−→ Hn(L.) Hn(ψ.)

−→ Hn(M.) .
(8.15) Proof. We are required to prove that Im Hn(ϕ.) = Ker Hn(ψ.).

The inclusion Im Hn(ϕ.) ⊆ Ker Hn(ψ.) follows from Hn(ψ.) Hn(ϕ.) = Hn(ψ.ϕ.) =
Hn(o.) = o where the first equality is from (8.12.3), the second one is by assumption, and
the last one is obvious from the definition (8.11.2).

Next, we prove the inclusion Im Hn(ϕ.) ⊇ KerHn(ψ.). To do this, we assume that
` ∈ Zn(L.) is such that the element [ ` ]Bn(L.) in Hn(L.) belongs to Ker Hn(ψ.); thus, by
the definition of Hn(ψ.), cf. (8.11.2), the assumptions are:

(8.15.1) ` ∈ Zn(L.) and ψn(`) ∈ Bn(M.) = Im ∂M.n+1 .

We want to prove that [ ` ]Bn(L.) belongs to Im Hn(ϕ.), that is,

(8.15.2) [ ` ]Bn(L.) = [ϕn(k) ]Bn(K.) for some k ∈ Zn(K.) .

To achieve this, we chase—on the next page—a commutative diagram in which the
rows are exact and the columns are complexes.
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O // Kn+1
ϕn+1 //

∂K.
n+1

��

Ln+1
ψn+1 //

∂L.
n+1

��

Mn+1

∂M.
n+1

��

// O

O // Kn
ϕn //

∂K.
n

��

Ln
ψn //

∂L.
n

��

Mn

∂M.
n

��

// O

O // Kn−1
ϕn−1 // Ln−1

ψn−1 // Mn−1
// O

˜̀ � (2)
//

_

(3)

��

m̃_

(1)

��
∂L.n−1(

˜̀) � (4)

,,ZZZZZZZZZZZZZZZZZZZ

`
�

(0)
// m

k
� (6)

//
_

(7)

��

`− ∂L.n−1(
˜̀) �

(5)
//

_

(8)

��

m−m = 0

k′
� (10)

//

(11)
JJJ
JJJ ∂L.n (`)

(9)
TTTTTT
TTTTTT

0 0

(0) m =def ψn(`).
(1) m ∈ Im ∂M.n+1 by assumption, cf. (8.15.1).
(2) The row is exact.
(4) The square is commutative.
(6) The row is exact.
(9) By assumption, cf. (8.15.1).

(10) The square is commutative.
(11) The row is exact.

Thus, we have k ∈ Zn(K.) such that [ ` ]Bn(L.) = [ `− ∂L.n−1(
˜̀) ]Bn(L.) = [ϕn(k) ]Bn(K.),

and this was exactly what we desired, cf. (8.15.2). �
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(8.16) Theorem: Connecting Homomorphism. Let

(S) O.→ K. ϕ.
−→ L. ψ.

−→M.→ O.
be a short-exact sequence of complexes, and let n be an integer. Furthermore, for any
element w in Hn(M.), choose m ∈ Zn(M.) such that w = [m ]Bn(M.) ∈ Hn(M.), and let
k′ ∈ Kn−1 be determined by the next diagram chase:

O // Kn

ϕn //

∂K.
n

��

Ln
ψn //

∂L.
n

��

Mn

∂M.
n

��

// O

O // Kn−1
ϕn−1 // Ln−1

ψn−1 // Mn−1
// O

`
� (1)

//
_

(2)

��

m_

(0)

��
k′

� (4)
// `′

� (3)
// 0

The following then hold.

(1) The element k′ belongs to Zn−1(K.).
(2) The class [ k′ ]Bn−1(K.) ∈ Hn−1(K.) does not depend on the choices made.
(3) The resulting map

δ(S)
n : Hn(M.)→ Hn−1(K.) given by δ(S)

n (w)
def
= [ k′ ]Bn−1(K.)

is an R–homomorphism.
(4) The next sequence of R–homomorphisms is exact:

Hn(L.) Hn(ψ.)
−→ Hn(M.) δ

(S)
n−→ Hn−1(K.) Hn−1(ϕ.)

−→ Hn−1(L.)
(8.17) Proof. Each part results from enhancing the diagram chase. �

(8.18) Long-exact sequence. The previous theorem and the half-exactness of the ho-
mology functor, cf. (8.14), yield that every short-exact sequence (S) of R–complexes, as
in Theorem (8.16), induces a (so-called) long-exact sequence:

(8.18.1) · · · // Hn(K.)
Hn(ϕ.)

// Hn(L.)
Hn(ψ.)

// Hn(M.)
δ
(S)
n //

Hn−1(K.)
Hn−1(ϕ.)

// Hn−1(L.)
Hn−1(ψ.)

// Hn−1(M.)
δ
(S)
n−1 // · · ·

(8.19) Exercise: Snake Lemma. Let the diagram

O // K1

ϕ1 //

κ

��

L1

ψ1 //

λ

��

M1

µ

��

// O

O // K0
ϕ0 // L0

ψ0 // M0
// O

be commutative and have exact rows. Prove that there is an induced exact sequence:

O → Kerκ→ Kerλ→ Kerµ
δ
→ Coker κ→ Coker λ→ Coker µ→ O .
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(8.20) Theorem: Functoriality of Connecting homomorphism. Let

(S) O. // K. ϕ. //

κ.
��

L. ψ. //

λ.
��

M. //

µ.
��

O.

(S′) O. // K ′. ϕ′. // L′. ψ′. // M ′. // O.
be a commutative diagram of complexes with exact rows. The next diagram involving
the connecting homomorphisms of the rows is then commutative for each n ∈ Z.

Hn(M.) δ
(S)
n //

Hn(µ.)

��

Hn−1(K.)
Hn−1(κ.)

��
Hn(M.′)

δ
(S

′)
n

// Hn−1(K.′)

(8.21) Proof. By inspection. �

(8.22) Induced functor of complexes 1. Let T : Mod(R) → Mod(R′) be a covariant
functor and assume that it is additive, cf. (6.35). If K. is an R–complex, then there is
an induced sequence of R′–homomorphisms:

T (K.)
def
= · · · → T (Kn+1)

T (∂K.
n+1)
−→ T (Kn)

T (∂K.
n )
−→ T (Kn−1)→ · · ·

This is indeed an R′–complex with ∂
T (K.)
n = T

(
∂K.n

)
because

T (∂K.n+1)T (∂K.n ) = T
(
∂K.n+1∂

K.
n

)
= T (0) = 0

since T is additive, see also (6.37).
If ϕ. = (ϕn : Kn → Ln)n∈Z is an R–morphism: K. → L., then the induced family

T (ϕ.) =def
(
T (ϕn) : T (Kn)→ T (Ln)

)
n∈Z

is an R′–morphism, because the commutativity
of the left diagram below implies that of the right.

Kn
ϕn //

∂K.
n

��

Ln

∂L.
n

��
Kn−1 ϕn−1

// Ln−1

T (Kn)
T (ϕn)

//

T (∂K.
n )

��

T (Ln)

T (∂L.
n )

��
T (Kn−1)

T (ϕn−1)
// T (Ln−1)X .

(8.22.1)

Thus, there is an induced map
(8.22.2)

T : Com(R)→ Com(R′) given by K. 7→ T (K.) , ϕ. : K.→ L. 7→ T (ϕ.] .

This is easily seen to be a functor, the functor of complexes induced by the module
functor T .

(8.23) Theorem: Homology and Exact Covariant Module Functor. Consider an
exact additive 9 covariant functor T : Mod(R) → Mod(R′). There exists then for any
R–complex K. and any n ∈ Z an R′–isomorphism

(8.23.1) θK.n : Hn(T (K.)) ∼=
→ T (Hn(K.)) .

9 One can prove that all half-exact functors are additive; this is, however, not so important here.
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Furthermore, if ϕ. : K.→ L. is any R–morphism, then the next diagram is commutative.

(8.23.2) Hn(T (K.)) θK.
n

∼=
//

Hn(T (ϕ.))

��

T (Hn(K.))
T (Hn(ϕ.))

��
Hn(T (L.))

θL.
n

∼= // T (Hn(L.)) .

(8.24) Proof. Chase the diagrams induced by the short-exact sequences in (8.3). �

(8.25) Exercise: Mapping Cones. Let ϕ. : K. → L. be an R–morphism. For n ∈ Z
consider the next definitions.

Mn
def
= Ln ⊕Kn−1 ;(8.25.1)

µn : Mn →Mn−1 , µn(`n, kn−1)
def
=

(
∂L.n (`n) + ϕn−1(kn−1) , −∂

K.
n−1(kn−1)

)
(8.25.2)

(a) Prove that M. = · · · →Mn+1
µn+1
−→Mn

µn
−→Mn−1 → · · · is an R–complex.

It is called the mapping cone of the R–morphism ϕ. .
Let K.′ be the R–complex K. shifted one degree to the left, that is, it is given by

(8.25.3) Kn
′ def
= Kn−1 og ∂K.

′

n
def
= −∂K.n−1 .

Furthermore, ι. : L. → M. is the inclusion, that is, ιn(`n) =def (`n, 0) ∈ Mn , and
π. : M.→ K.′ is the projection, that is, πn(`n, kn−1) =def kn−1 ∈ K.

′ .
(b) Prove that

(S) O.→ L.
ι.
−→M.

π.
−→ K.′ → O.

is an exact sequence in Com(R).
(c) Make the identification Hn+1(K.

′) = Hn(K.).

(d) Prove that the connecting homomorphism δ
(S)
n+1 : Hn+1(K.

′) → Hn(L.) is equal to
Hn(ϕ.) : Hn(L.) under the above identification.
(e) Describe M. when K. and L. are modules, cf. (8.8).
(f) Prove that M. is exact if and only if Hn(ϕ.) is an isomorphism for all n ∈ Z.

(8.26) Quasi-isomorphisms. An R–morphism ϕ. : K. → L. is said to be a quasi-
isomorphisms exactly when Hn(ϕ.) is an isomorphism for all n ∈ Z, and the latter
is the case if and only if the mapping cone of ϕ. is an exact complex, cf. (8.25). When
ϕ0 : K0 → L0 is anR–homomorphism, then the corresponding R–morphism ϕ. : K.→ L.,
cf. (8.8), is a quasi-isomorphism, if and only if ϕ0 is an isomorphism in Mod(R).

(8.27) Exercise: Hom and mapping cones. Let ϕ. : K. → L. be an R–morphism
with mapping cone M. , cf. (8.25), and let H be an R–module.
(a) Prove that the R–complex HomR(H,M.) , cf. (8.22) is isomorphic to the mapping
cone of of the R–morphism HomR(H,ϕ.) : HomR(H,M.)→ HomR(H,M.).
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9. Homotopy and Projective Resolutions

(9.1) Homotopic morphisms. Two R–morphisms ϕ., ψ. : K. → L. in Com(R) (with
same source and same target) are said to be homotopic, exactly when there exists a family

(
σn : Kn → Ln+1

)
n∈Z

of R–homomorphisms such that

ϕn − ψn = σn−1∂
K.
n + ∂L.n+1σn for all n ∈ Z .

When this is the case we write ϕ. ∼ ψ. .

(9.2) Illustration: Homotopy.

· · · // Kn

∂K.
n //

ϕn−ψn

��

σn

zztttttttttttttt
Kn−1

σn−1

zztttttttttttttt
// · · ·

· · · // Ln+1
∂L.

n+1

// Ln // · · ·

Note, however, that there are NO requirement of commutativity on neither the rhomboid
nor the triangles!

(9.3) Proposition. If ϕ. and ψ. are homotopic R–morphisms, then the induced R–ho-
momorphisms Hn(ϕ.) and Hn(ψ.) are equal for all n ∈ Z.

(9.4) Proof. Choose the family
(
σn : Kn → Ln+1

)
n∈Z

such that

(∗) ϕn − ψn = σn−1∂
K.
n + ∂L.n+1σn for all n ∈ Z .

For x ∈ Zn(K.) we get ϕn(x) − ψn(x) = ∂L.n+1(σn(x)) which belongs to Bn(L.) , that is,
[ϕn(x) ]Bn(L.) = [ψn(x) ]Bn(L.) in Hn(L.) . By the definition (8.11.2) of homology homo-
morphisms we get for all x ∈ Zn(K.) that Hn(ϕ.)([ x ]Bn(K.)) = Hn(ψ.)([ x ]Bn(K.)), that
is, Hn(ϕ.) = Hn(ψ.), as desired. �

(9.5) Proposition. Let T : Mod(R) → Mod(R′) be an additive covariant functor and
consider the induced one T : Com(R)→ Com(R′), cf. (8.22). The following then holds.

ϕ. ∼ ψ. =⇒ T (ϕ.) ∼ T (ψ.) .
(9.6) Proof. Apply T to (∗) above. �

(9.7) Split R–complexes. An R–complex K. is said to split, exactly if 1K. ∼ o., that
is, there exists a family

(
σn : Kn → Kn+1

)
n∈Z

of R–homomorphisms such that

(∗) 1Kn = σn−1∂
K.
n + ∂K.n+1σn for all n ∈ Z .

If K. is short, say K. = O → K2 → K1 → K0 → O, then it splits in this sense exactly
when it does so in the sense of (6.39).

Let T : Mod(R) → Mod(R′) be an additive covariant functor. If K. splits, then so
does T (K.), cf. (8.22) and (9.5).

(9.8) Proposition. If K. splits, then it is exact, that is, Hn(K.) = 0 for all n ∈ Z.
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(9.9) Proof. We have 1Hn(K.) = Hn(1K.) = Hn(oK.) = o by, respectively, (8.12.4), (9.3),
and the definition (8.11.2). Thus, Hn(K.) = O. �

(9.10) Exercise. Consider the ring R
def
= Z/(4) and prove that the next complex is exact

but does not split:

K.
def
= · · · → R

2
→ R

2
→ R

2
→ R→ · · · .

(9.11) Exercise. Let R be a field, and let K. be an exact complex. Prove that K. splits.
[ Divide K. into tilted sequences as in (6.56) and apply (7.29) and (7.10). ]

(9.12) Exercise. Let R be a field, and let T : Mod(R) → Mod(R′) be an additive co-
variant functor. Prove that T is exact.

(9.13) Exercise. Assume that the R–complex

P. = · · · → Pn → · · · → P1 → · · · → P0 → O

is exact, and that P` is projective for all `∈ N0. Prove that P. splits.

(9.14) Continuation of homomorphisms. Let µ : M → M ′ be an R–homomorphism
of R–modules, and let P. and P ′

. be projective resolutions of M and M ′, respectively, cf.
(7.24), and set ∂n = ∂P.n and ∂′n = ∂P

′
.

n for all n∈ N0.
A continuation of µ is an R–morphism µ. : P. → P ′

. such that µ ∂0 = ∂′0µ0, that is,
such that the next diagram is commutative:

· · · // Pn
∂n //

µn

��

Pn−1
//

µn−1

��

· · · // P1
∂1 //

µ1

��

P0
∂0 //

µ0

��

M //

µ

��

0

· · · // P ′
n ∂′n

// P ′
n−1

// · · · // P ′
1 ∂′1

// P ′
0 ∂′0

// M ′ // 0 .

(The right hand square commutes because µ ∂0 = ∂′0µ0, and the others commute since µ.
is a morphism.)

(9.15) Theorem. The following then hold.

(∃) There exists a continuation of µ .
(!) If µ. : P.→ P ′. and µ̃. : P.→ P ′. both are continuations of µ, then µ. ∼ µ̃. .

The proof of this theorem relies on the next auxiliary result.

(9.16) Lemma. Let K
κ
→ L

λ
→ M be an exact sequence of R–modules, let P be a

projective R–module, and let α : P → L be an R–homomorphism such that λα = o.
There exists then an R–homomorphism α′ : P → K such that κα′ = α. Illustration:

(9.16.1) P

α

��

o

##GGGGGGGGGGGGG

∃ α′

||
K κ

// L
λ

// M .

This means: If the solid arrows are given, the row is exact, and the right triangle com-
mutes, then the dotted arrow exists such the left triangle commutes. (For M = 0 then
this is the projectivity diagram (7.2).)
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(9.17) Proof of Lemma. As P is projective, the next sequence is exact, and the existence
of the desired α′ follows.

HomR(P,K)
HomR(P,κ)

// HomR(P, L)
HomR(P,λ)

// HomR(P,M)

∃α′ � // α � // O .

�

(9.18) Proof of the theorem.
Part (∃) is established by constructing µ0 , µ1 , . . . , µn , . . . recursively using the lemma.
n = 0. The diagram

P0

µ∂0

��

o

""DD
DD

DD
DD

DD
DD

DD
DD

D

∃ µ0

||
P ′

0 ∂′0

// M ′ // O

yields µ0 such that ∂′0µ0 = µ∂0.
n = 1. By the choice above we have ∂ ′

0µ0∂1 = µ∂0∂1 = µo = o, so the next diagram

P1

µ0∂1

��

o

""EEEEEEE
EEEEEEEEE

∃ µ1

||
P ′

1 ∂′1

// P ′
0 ∂′0

// M ′

provides µ1 such that ∂′1µ1 = µ0∂1 as desired.
n > 1. Assume that µ0 , µ1 , . . . , µn−1 have been chosen appropriately; in particular,

such that µn−2∂n−1 = ∂′n−1µn−1. We then have ∂′n−1µn−1∂n = µn−2∂n−1∂n = µn−2o = o,
and the next diagram

Pn

µn−1∂n

��

o

##HHHHHHHHHHHHHHHHH

∃ µn

{{
P ′
n ∂′n

// P ′
n−1

∂′n−1

// P ′
n−2

provides µn such that ∂′nµn = µn−1∂n as desired.
Part (!). Assuming that µ. and µ̃. both continues µ, and hence that µ.− µ̃. continues

the zero homomorphism o : M →M ′, we want to prove that µ. ∼ µ̃., that is, µ.−µ̃. ∼ o..
Thus, we may assume that µ = o, that is, µ. continues o, and we want to prove that
µ. ∼ o. , that is, there exists a family (σn : Pn → P ′

n+1)n∈Z such that µn = ∂′n+1σn+σn−1∂n
for all n∈ N0 .
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n = 0.

P0

µ0

��

o

""FF
FF

FFF
FF

FF
FF

FF
FF

∃ σ0

||
P ′

1 ∂′1

// P ′
0 ∂′0

// M ′ .

Thus, ∂′1σ0 = µ0 as required, since σ−1 = o (as its source is zero).
n > 0. We have already µn−1 = ∂′nσn−1 + σn−2∂n−1 and hence the fourth equality in

the next chain.

∂′n(µn − σn−1∂n) = ∂′nµn − ∂
′
nσn−1∂n = µn−1∂n − ∂

′
nσn−1∂n

= (µn−1 − ∂
′
nσn−1)∂n= σn−2∂n−1∂n

= σn−2o = o

The diagram

Pn

µn−σn−1∂n

��

o

##FFFFFFFFFFFFFFFF

∃ σn

{{
P ′
n+1

∂′n+1

// P ′
n ∂′n

// P ′
n−1

now yields µn = ∂′n+1σn + σn−1∂n as desired. �

Without proof we mention the next useful result.

(9.19) Horse Shoe Lemma. Let O → M
µ
→ M ′ µ′

→ M ′′ → O be an exact sequence
in Mod(R), and let P. and P ′′. be projective resolutions of M and M ′′, respectively.
There exists then a projective resolution P ′. of M ′ and continuations µ. : P. → P ′. and
µ′. : P ′.→ P ′′. of µ : M →M ′ and µ′ : M ′ →M ′′, respectively, such that

O.→ P. µ.
−→ P ′. µ′.

−→ P ′′.→ O

is an exact sequence in Com(R).
Illustration: There is the next exact sequence of augmented projective resolutions.

O. // P. µ. //

��

P ′. µ′. //

��

P ′′. µ′′. //

��

O.

O // M
µ // M ′

µ′ // M ′′ // O �
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(9.20) Example. Consider the next exact sequence of Z–modules:

O → Z
2Z→ Z

ρ
� Z/(2)→ O .

The next is a corresponding exact sequence of augmented projective resolutions:

O // O //

��

O //

��

O //

��

O

O // O //

��

Z
1Z //

∂′1

��

Z //

2Z

��

O

O // Z � � ι1 //

1Z

��

Z2
π2 // //

∂′0

��

Z //

2Z

��

O

O // Z
2Z //

��

Z
ρ // //

��

Z/(2) //

��

O

O // O // O // O // O

Here, ∂′1(x) =def (−x, 2x), ∂′0(x, y) =def 2x+ y, ι1(x) =def (x, 0), and π2(x, y) =def y.
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10. Left Derived of Covariant Functors

There are two kinds of functors, the covariant ones and the contravariant ones. For
each of these there are two kinds of derived functors: left derived functors and right
derived functors; this makes four cases to consider. Two of these cases rely on the theory
of projective resolutions, namely, that of left derived functors of covariant functors which
is described in this section, and that of right derived functors of contravariant functors,
confer Section 11. The two remaining ones rely on (so-called) injective resolutions and
are deferred to the later section 13 and its exercise (13.15).

(10.1) Convention. Throughout this section

T : Mod(R)→ Mod(R′) is an additive covariant functor.

We also consider its induced functor T : Com(R)→ Com(R′), cf. (8.22).

(10.2) Definition. For n ∈ Z the n’th left derived functor Ln T : Mod(R) → Mod(R′)
of T is defined as follows:

(M) If M is an R–module, then choose a projective resolution P. of M , and set

Ln T (M)
def
= Hn(T (P.)) .

Dependence upon the choice of P. will be discussed below.
(µ) If µ : M →M ′ is an R–homomorphism, then choose projective resolutions P. and

P ′
. of M and M ′, respectively, choose a continuation µ. : P.→ P ′

. of µ, and set

Ln T (µ)
def
= Hn(T (µ.)) : Hn(T (P.))→ Hn(T (P ′

.)) .

Dependence upon the choices of P., P ′
., and µ. will be discussed below.

(10.3) Theorem: Uniqueness. The following hold.

(M) For any R–module M , the R′–module Ln T (M) is uniquely determined up to

unique isomorphism. That is, if P. and P̂. are projective resolutions of M , and

ϕ. : P.→ P̂. is any continuation of 1M , then the induced map

Hn(T (ϕ.)) : Hn(T (P.))→ Hn(T (P̂.))
is an isomorphism, and it does not depend on the choice of ϕ..

(µ) For any R–homomorphism µ : M →M ′, the induced R′–homomorphism Ln T (µ)
is uniquely determined up to isomorphism. That is, the diagram

Hn(T (P.)) Hn(T (ϕ.))

∼=
//

Hn(T (µ.))

��

Hn(T (P̂.))
Hn(T (bµ.))

��

Hn(T (P ′.))
Hn(T (ϕ′.))

∼= // Hn(T (P̂ ′.)) ,

is commutative, whenever ϕ. is as in (M), P ′. and P̂ ′. are projective resolutions

of M ′, the morphisms µ. : P.→ P ′. and µ̂. : P̂.→ P̂ ′. are continuations of µ, and
ϕ′. : P ′.→ P̂ ′. is a continuation of 1M ′.
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(10.4) Proof. (M) Choose a continuation ϕ̂. : P̂. → P. of 1M , and note that then the
composite ϕ̂.ϕ. : P. → P. and the identity 1P. : P. → P. are both continuations of
1M : M →M . Thus, ϕ̂.ϕ. ∼ 1P. by (9.15. ! ), so (9.5) yields

T (ϕ̂.)T (ϕ.) ∼ T (1P.) = 1T (P.) .

For any n ∈ Z, apply now the homology functor to obtain

Hn(T (ϕ̂.)) Hn(T (ϕ.)) = 1Hn(T (P.)) .

Similarly we get

Hn(T (ϕ.)) Hn(T (ϕ̂.)) = 1Hn(T ( bP.)) .

Thus, Hn(T (ϕ.)) is an isomorphism.
The last assertion in (M) is left for the reader to verify, and so is that of (µ). �

(10.5) Theorem: Functoriality. For all n ∈ Z the derived functor Ln T is a functor:

(1) Ln T (µ′µ) = Ln T (µ′) Ln T (µ) for all n ∈ Z when µ : M →M ′ and µ′ : M ′ →M ′′ are
R–homomorphisms.

(2) Ln T (1M) = 1Ln T (M) for all n ∈ Z when M is an R–module.

(10.6) Proof. (1) Let P., P ′
., and P ′′

. be projective resolutions of M , M ′, and M ′′,
respectively, and let µ. : P. → P ′

. and µ′
. : P ′

. → P ′′
. be continuations of µ and µ′,

respectively. Then µ′
.µ. : P.→ P ′′

. is a continuation of µ′µ : M →M ′′, and

Ln T (µ′µ) = Hn(T (µ′
.µ.)) = Hn(T (µ′

.)) Hn(T (µ.)) = Ln T (µ′) Ln T (µ)

by (10.2.µ), (8.22), (8.12.3), and (10.2.µ).
(2) Let P. be a projective resolution of M . The identity 1P. is then a continuation of

1M : M →M , and hence

Ln T (1M) = Hn(T (1P.)) = Hn(1T (P.)) = 1Hn(T (P.)) = 1Ln T (M)

by (10.2.µ), (8.22), (8.12.4), and (10.2.M). �

(10.7) Vanishing. The following hold.

(1) Ln T = O for all n < 0.
(2) Ln T (M) = O for all n > pdRM .
(3) Ln T (M) = O for all n > 0 if M is projective.
(4) Ln T (O) = O for all n ∈ Z.
(5) Ln T = O for all n 6= 0, if R is a field.
(6) Ln T (M ′) = O for all n > 1, if R is PID, n > 1, and M ′ is finitely generated10.

(10.8) Proof. Let P. be a projective resolution of M . If n < 0, then Pn = O. If n >
pdRM , then we may assume Pn = O. In both cases, Ln T (M) = Hn(T (P.)) = O/O = O.
(1) and (2) have been established, and (3) and (4) follow, while (5) and (6) result from
(7.29) and (7.30), respectively. �

(10.9) Derived over-lining. Let a be a proper ideal inR, and consider the corresponding
over-lining functor : Mod(R) → Mod(R), cf. (2.26), as well as its derivatives Ln for
n ∈ Z. In some cases the following holds.

Ln = O for n > pdRR .

10 Later it will turn out that finite generation is superfluous here.
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A first case is covered by the next proposition (in which pdRR ≤ 1), while another one
will be treated in a later section.

(10.10) Proposition: Derived special over-lining. Let a = (x) be a proper principal
ideal in R, and assume that x /∈ ZeroRR. The following then hold for all R–modules M .

(1) Ln (M) = 0 for n ≥ 2.
(2) L1 (M) = 0 ⇐⇒ x /∈ ZeroRM .

(10.11) Proof. Choose a projective resolution P. of M and note that Ln (M) = Hn(P.).
By (7.19) there is the next short-exact sequence

O.→ P.
xP.−→ P.

ρ.
� P.→ O.

in Com(R). Here, ρ. is the residue map Pn → Pn in each degree, and xP. is the multipli-
cation morphism of (8.5); the latter induces in homology the R–homomorphism xHn(P.),
confer the definition (8.11.2) of homology homomorphisms. In the induced long-exact
sequence, cf. (8.18.1),

· · · // Hn(P.) // Hn(P.)
δn //

Hn−1(P.) // · · ·

· · ·

· · · // H1(P.) // H1(P.)
δ1 //

H0(P.)
x // H0(P.) // H0(P.)

δ0 //

H−1(P.) // · · ·

we have Hn(P.) = 0 for n 6= 0. This yields first that Hn(P.) = 0 for n ≥ 2 and (1)
follows. Next it gives an exact sequence

O → H1(P.)→ H0(P.)
x
→ H0(P.)

ρ
→ H1(P.)→ O ,

and (2) follows since H0(P.) ∼= M . �

(10.12) Proposition: Additivity. The functor Ln T is additive for all n∈ N0.

(10.13) Proof. Let ϕ, ψ : M → N be two R–homomorphisms. Choose projective res-
olutions P. and Q. of M and N , respectively, and continuations ϕ. : P. → Q. and
ψ. : P. → Q. of ϕ and ψ, respectively. The third equality in the next chain is by the
definition (8.11.2) of homology homomorphisms:

Ln T (ϕ+ ψ) = Hn(T (ϕ.+ ψ.))

= Hn((T (ϕ.) + T (ψ.))

= Hn(T.(ϕ.)) + Hn(T.(ψ.))

= Ln T (ϕ) + Ln T (ψ) . �

(10.14) Theorem: Long-exact sequence of derived functors.
Let T : Mod(R)→ Mod(R′) be an additive covariant functor, and let

M. = O →M
µ
−→M ′ µ′

−→M ′′ → O

be an exact sequence of R–modules. For all n ∈ Z there exists then an R′–homomorphism

δTM.n : Ln T (M ′′)→ Ln−1 T (M)
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such that the next sequence is exact:

· · · // Ln+1 T (M ′)
Ln+1 T (µ′)

// Ln+1 T (M ′′)
δTM.
n+1 //

Ln T (M)
Ln T (µ)

// Ln T (M ′)
Ln T (µ′)

// Ln T (M ′′)
δTM.
n //

Ln−1 T (M)
Ln−1 T (µ)

// Ln−1 T (M ′)
Ln−1 T (µ′)

// · · ·

(10.15) Proof. The Horse Shoe Lemma (9.19) provides an exact sequence

O.→ P.
µ.
−→ P ′

.

µ′.
−→ P ′′

.→ O

in Com(R) consisting of projective resolutions of M , M ′, and M ′′, respectively, and with
µ. and µ.′ being continuations of µ and µ′, respectively. The exact sequence of R–modules

O → Pn
µn
−→ P ′

n

µ′n−→ P ′′
n → O

splits since P ′′
n is projective, cf. (7.10), and hence, since T is an additive functor, the

induced sequence

O → T (Pn)
T (µn)
−→ T (P ′

n)
T (µ′n)
−→ T (P ′′

n )→ O

also splits, cf. (6.42), and hence it is exact. It follows that the sequence

O.→ T (P.)
T (µ.)
−→ T (P ′

.)
T (µ′.)
−→ T (P ′′

.)→ O.

in Com(R′) is exact. In view of the definition of the derived functor Ln T , cf. (10.2), the
desired long-exact sequence results from Theorem (8.16). �

(10.16) Corollary 1. The functor Ln T is half-exact for all n > 0. �

(10.17) Corollary 2. The functor L0 T is right-exact.

(10.18) Proof. L−1 T = O by (10.7.1). �

(10.19) Corollary 3. If O → K → P → M → O is an exact sequence of R–modules
and P is projective, then Ln T (M) ∼= Ln−1 T (K) for n > 1.

(10.20) Proof. The theorem provides the next exact sequence:

Ln T (P )→ Ln T (M)
δn−→ Ln−1 T (K)→ Ln−1 T (P ) .

The two outer modules vanish by (10.7.3), so δn is an isomorphism. �

(10.21) Corollary 4. Assume that T is right-exact. To any R–module M there exists
then an R′-isomorphism θM : T (M)→ L0 T (M) such that the next diagram is commuta-
tive for any R–homomorphism µ : M →M ′:

T (M)
T (µ)

//

θM ∼=

��

T (M ′)

θM′∼=

��
L0 T (M)

L0 T (µ)
// L0 T (M ′)
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Because of this commutative diagram, the isomorphism θ is often said to be natural, and
the functors T and L0 T are said to be isomorphic.

(10.22) Proof. Let P. be a projective resolution of M , and consider the next diagram.

T (P1)
T (∂P.

1 )
// T (P0) // T (M) //

θM

��

O

T (P1)
T (∂P.

1 )

// T (P0) // L0 T (M) // O

The top row results from the exact sequence P1 → P0 → M → O by applying the
functor T , and it is exact because T is right-exact, cf. (6.18.2). The lower row is exact as
L0 T (M) = H0(T (P.)) = Coker(T (P1)→ T (P0)). As the left square is commutative, the
isomorphism θM has been provided. That θM

′
T (µ) = L0 T (µ)θM is left for the reader to

verify. �

(10.23) Corollary 5. If T is exact, then Ln T = O for all n ≥ 1.

(10.24) Proof. For a given R–module M , use induction on n. Choose an exact sequence
O → K → P →M → O with P projective.
n = 1. The theorem and (10.7.3) give an exact sequence:

O → L1 T (M)
δ1−→ L0 T (K)→ L0 T (P )→ L0 T (M)→ O .

As T is right-exact, Corollary 4 (10.21) yields that the functor L0 T is isomorphic to T
and thus exact, and it follows from the exact sequence that L1 T (M) = 0.
n > 1. Corollary 3 (10.19) provides the isomorphism Ln T (M) ∼= Ln−1 T (K). The latter

module vanishes by the inductive hypothesis. �

(10.25) Corollary 6. If T is right-exact and L1 T = O, then T is exact. �

(10.26) Standard Kernel Notation. Let M be an R–module, let P. be a projective
resolution of M , consider the augmented resolution:

P.→M = · · · → P`
∂`−→ P`−1

∂`−1
−→ · · ·

∂2−→ P1
∂1−→ P0

∂0−→M
∂−1
−→ O ,

and define the standard kernel notation for P. as follows:

Kn(P.)
def
= Ker ∂n .

Note that Kn(P.) = Zn(P.→M) for all n ∈ Z, that is,

(10.26.1) Kn(P.) =





O if n < −1

M if n = −1

Ker(P0 →M) if n = 0

Ker(Pn → Pn−1) if n > 0

Moreover, for each n ≥ 0 there is the next short-exact sequence:

(10.26.2) O → Kn(P.)→ Pn → Kn−1(P.)→ O .

Namely, the Isomorphism Theorem (2.30) yields the isomorphism Pn/Kn(P.) ∼= Im ∂n,
and the latter module is equal Kn−1(P.), since the sequence P.→M is exact.

The next useful result is an improved version of Corollary 3 (10.19).
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(10.27) Corollary 3 Plus. If P. is a projective resolution of an R–module M , then

(10.27.1) Lm+1 T (Kn−1(P.)) ∼= Lm T (Kn(P.))
whenever n ≥ 0 and m ≥ 1. (Note that the sum of the indices on either side is m + n.)
Furthermore, for any k ≥ 0 there is the next isomorphism:

(10.27.2) Lk+1 T (M) ∼= L1 T (Kk−1(P.)) .
(10.28) Proof. The short-exact sequence (10.26.2) induces by (10.14) the next long-exact
sequence:

Lm+1 T (Pn)→ Lm+1 T (Kn−1(P.))→ Lm T (Kn(P.))→ Lm T (Pn) .

Here, the outer modules vanish as m ≥ 1, cf. (10.7.3), and the first isomorphism has been
established. The second one is obvious for k = 0 (as K−1(P.) = M), and it follows from
the next chain in which 1 ≤ ` ≤ k + 1:

Lk+1 T (M) = Lk+1 T (K−1(P.)) ∼= · · · ∼= L` T (Kk−`(P.)) ∼= · · · ∼= L1 T (Kk−1(P.)) . �
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11. Right Derived of Contravariant Functors

This section describes the theory of right derived functors of an additive contravariant
functor. As this is dual to that of left derived functors of an additive covariant functor,
no proofs are provided. At the end Ext–modules are presented and applied to projective
dimensions.

We start by some useful notation.

(11.1) Cohomological Notation. Sometimes it is handy to use superscripts when de-
scribing complexes:

K
.

= · · · → Kn−1
∂n−1

K
.

−→ Kn
∂n
K
.

−→ Kn+1 → · · ·

which is subject to the condition ∂nK.∂
n−1
K.

= 0 for all n ∈ Z. We set Bn(K
.

)
def
= Im ∂n−1

K.

and Zn(K
.

)
def
= Ker ∂nK. and define the n’th cohomology by

Hn(K
.

)
def
= Zn(K

.

)/Bn(K
.

) .

This K
.

correspond to the usual complex K. given by Kn =def K−n and ∂K.n =def ∂−n
K.

;

note that Hn(K.) = H−n(K
.

).

(11.2) Convention. Throughout this section

U : Mod(R)→ Mod(R′) is an additive and contravariant functor.

The functor U induces a contravariant functor U : Com(R) → Com(R′): when we use
homological notation in Com(R) and cohomological notation in Com(R′) it is given as
follows on an R–complex K. and an R–morphism α. : K.→ L. :

U(K.)n
def
= U(Kn) with ∂nU(K.)

def
= (−1)n+1U(∂K.n+1);(11.2.1)

U(α.) : U(L.)→ U(K.) is defined by U(α.)n
def
= U(αn) .(11.2.2)

The sign is often handy—but not always needed. It is straightforward to verify that
U(P.) is an R′–complex and that U(α.) is an R′–morphism. The next result is dual to
Theorem (8.23).

(11.3) Theorem: Homology and Exact Contravariant Module Functor.
Let U : Mod(R) → Mod(R′) be an exact additive contravariant functor. For any R–
complex K. and any n ∈ Z there exists then an R′–isomorphism

(11.3.1) θnK. : Hn(U(K.)) ∼=
→ U(Hn(K.)) ,

such that if, furthermore, ϕ. : K. → L. is any R–morphism, then the next diagram is
commutative.

(11.3.2) Hn(U(L.)) θn
L.
∼=

//

Hn(U(ϕ.))

��

U(Hn(L.))
U(Hn(ϕ.))

��
Hn(U(K.))

θn
K.
∼= // U(Hn(K.)) .

�
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(11.4) Definition. For n ∈ Z the n’th right derived functor Rn U : Mod(R)→ Mod(R′)
of U is defined as follows:

(M) If M is an R–module, then choose a projective resolution P. of M , and set

Rn U(M)
def
= Hn(U(P.)) .

(µ) If µ : M →M ′ is an R–homomorphism, then choose projective resolutions P. and
P ′
. of M and M ′, respectively, choose a continuation µ. : P.→ P ′

. of µ, and set

Rn U(µ)
def
= Hn(U(µ.)) : Hn(U(P ′

.))→ Hn(U(P.)) .

(11.5) Theorem: Uniqueness. The following hold.

(M) For any R–module M , the R′–module Rn U(M) is uniquely determined up to
unique isomorphism.

(µ) For any R–homomorphism µ : M →M ′, the induced R′–homomorphism Rn U(µ)
is uniquely determined up to unique isomorphism. �

(11.6) Theorem: Functoriality. For all n ∈ Z the derived functor Rn U is a functor:

(1) Rn U(µ′µ) = Rn U(µ) Rn U(µ′) for all n ∈ Z when µ : M → M ′ and µ′ : M ′ → M ′′

are R–homomorphisms.
(2) Rn U(1M) = 1Rn U(M) for all n ∈ Z when M is an R–module. �

(11.7) Vanishing. The following hold.

(1) Rn U = O for all n < 0.
(2) Rn U(M) = O for all n > pdRM .
(3) Rn U(M) = O for all n > 0 if M is projective.
(4) Rn U(O) = O for all n ∈ Z.
(5) Rn U = O for all n 6= 0, if R is a field.
(6) Rn U(M ′) = O for all n > 1, if R is PID, n > 1, and M ′ is finitely generated11.

(11.8) Proposition: Additivity. The functor Rn U is additive for all n∈ N0. �

(11.9) Theorem: Long-exact sequence of derived functors.
Let U : Mod(R)→ Mod(R′) be an additive contravariant functor, and let

M
.

= O →M
µ
−→M ′ µ′

−→M ′′ → O

be an exact sequence of R–modules. For all n ∈ Z there exists then an R′–homomorphism

δnUM. : Rn U(M)→ Rn+1 U(M ′′)

such that the next sequence is exact:

· · · // Rn−1 U(M ′)
Rn−1 U(µ)

// Rn−1 U(M)
δn−1

UM
.

//

Rn U(M ′′)
Rn U(µ′)

// Rn U(M ′)
Rn U(µ)

// Rn U(M)
δn
UM
.

//

Rn+1 U(M ′′)
Rn+1 U(µ′)

// Rn+1 U(M ′)
Rn+1 U(µ)

// · · · �

(11.10) Corollary 1. The functor Rn U is half-exact for all n > 0. �

11 Later it will turn out that finite generation is superfluous here.
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(11.11) Corollary 2. The functor R0 U is left-exact. �

(11.12) Corollary 3. If O → K → P → M → O is an exact sequence of R–modules
and P is projective, then Rn U(M) ∼= Rn−1 U(K) for n > 1. �

(11.13) Corollary 3 Plus. If P. is a projective resolution of an R–module M , and the
standard kernel notation of (10.26) is used, then

(11.13.1) Rm+1 U(Kn−1(P.)) ∼= Rm U(Kn(P.))
whenever n ≥ 0 and m ≥ 1. (Note that the sum of the indices on either side is m + n.)
Furthermore, for any k ≥ 0 there is the next isomorphism:

(11.13.2) Rk+1 U(M) ∼= R1 U(Kk−1(P.)) . �

(11.14) Corollary 4. If U is left-exact, then the functors U and R0 U are isomorphic (in
the sense of (10.21)). �

(11.15) Corollary 5. If U is exact, then Rn U = O for all n ≥ 1. �

(11.16) Corollary 6. If U is left-exact and R1 U = O, then U is exact. �

(11.17) Ext–modules. Let N be an R–module. For any n ∈ Z we set

ExtnR(−, N)
def
= Rn HomR(−, N) .

These are called the contravariant Ext–functors. They are half-exact, additive, and con-
travariant. The functors Ext0

R(−, N) and HomR(−, N) are isomorphic (in the sense of
(10.23)). Ext will be studied in further detail in Section 16.

(11.18) Long-exact Sequence for Contravariant Ext. Let H be an R–module, and

let M
.

be the exact sequence O → M
µ
→ M ′ µ′

→ M ′′ → O of R–modules. There is then
an induced long-exact sequence:

O → HomR(M ′′, H)
HomR(µ′,H)

// HomR(M ′, H)
HomR(µ,H)

// HomR(M,H)
δ0
M
.

H //

Ext1
R(M ′′, H)

Ext1R(µ′,H)
// Ext1

R(M ′, H)
Ext1R(µ,H)

// · · ·

· · · // Extn−1
R (M ′, H)

Extn−1
R (µ,H)

// Extn−1
R (M,H)

δn−1

M
.

H //

ExtnR(M ′′, H)
Extn

R(µ′,H)
// ExtnR(M ′, H)

Extn
R(µ,H)

// ExtnR(M,H)
δn
M
.

H //

Extn+1
R (M ′′, H)

Extn+1
R (µ′,H)

// Extn+1
R (M ′, H)

Extn+1
R (µ,H)

// · · ·

(11.19) PDT
def
= Projective Dimension Theorem. The following are equivalent for

any R–module M and any n∈ N0.

(i) pdRM ≤ n;
(ii) ExtmR (M,H) = O for all m > n and all R–modules H;
(iii) Extn+1

R (M,H) = O for and all R–modules H;
(iv) If P. is a projective resolution of M , then Extn+1

R (M,Kn(P.)) = O.
(v) If P. is a projective resolution of M , then Kn−1(P.) is projective.
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In items (iv) and (v) the standard kernel notation of (10.26) is used.

(11.20) Proof. The implications “(ii) =⇒ (iii)”, “(iii) =⇒ (iv)”, and “(v) =⇒ (i)” are
obvious, while “(i) =⇒ (ii)” follows from the vanishing result (11.7).

“(iv) =⇒ (v)” follows from the next lemma, since (11.13) yields

Ext1
R(Kn−1(P.),Kn(P.)) ∼= Extn+1

R (M,Kn(P.)) . �

(11.21) Lemma. Let O → K
α
→ P → K ′ → O be an exact sequence, and assume that

P is a projective module. The following then holds:

K ′ is projective ⇐⇒ Ext1
R(K ′, K) = O .

(11.22) Proof. The implication “ =⇒ ” is by the vanishing result (11.7). To prove the
opposite one, assume that Ext1

R(K ′, K) = O, and consider the exact sequence

HomR(P,K)
HomR(α,K)
−→ HomR(K,K)

δ1
−→ Ext1

R(K ′, K)

from (11.18). Thus, our assumption yields that HomR(α,K) is surjective. Choose σ ∈
HomR(P,K) such that HomR(α,K)(σ) = 1K , that is, σα = 1K. By Theorem (6.45) the
short-exact sequence splits, and it follows that K ′ is projective, cf. (7.10), as desired. �

(11.23) PDC
def
= Projective Dimension Corollary. If M is an R–module, then

pdRM = sup{n∈ N0 | ExtnR(M,H) 6= O for some H }

This number is in N∗
0

def
= {−∞} ∪ N0 ∪ {∞}. �
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12. Injective Modules

Recall that the contravariant functor HomR(−, H) is left-exact for all R–modules H.

(12.1) Injective modules. An R–module H is said to be injective exactly when the
functor HomR(−, H) is exact, that is, if and only if the induced homomorphism

HomR(ϕ,H) : HomR(N,H)→ HomR(M,H)

is surjective for any injective R–homomorphism ϕ : M → N , cf. (6.30).

(12.2) Injectivity diagram. Injectivity of the R–module H is often explained by the
diagram:

O // M //

��

N

∃

{{
H .

This means: If the solid arrows are given and the row is exact, then the dotted arrow
exists such the triangle commutes.

(12.3) Not injective. The Z–module Z/(2) is not injective, cf. (6.32).

The next three auxiliary results correspond to the results on projectivity (7.6), (7.10),
and (7.12), and their proofs are dual, that is, they are obtained by reversing the arrows.

(12.4) Isomorphic injectives. If η : H
∼=
−→ H ′ is an isomorphism of R–modules, then

H is an injective module if and only if H ′ is so �

(12.5) Lemma: Injective submodule splits off. If ϕ : I → N is an injective R–ho-
momorphism with the source I injective, then the exact sequence

O → I
ϕ
−→M � M/ Imϕ→ O

splits, and I is isomorphic to a direct summand in M . �

(12.6) Lemma: Direct sum of injectives. If I and J are R–modules, then the follow-
ing holds.

I ⊕ J is injective ⇐⇒ I and J are injective. �

The next theorem is an important tool in the theory of injective modules.

(12.7) Baer’s Criterion. The following are equivalent for any R–module H.

(i) The module H is injective;
(ii) The restriction homomorphism HomR(R,H)→ HomR(a, H) is surjective for any

ideal a in R, that is,

O // a � � //

��

R
∃

||
H ;

(iii) To any ideal a in R and any R–homomorphism α : a → H there exists h0 ∈ H
such that α(a) = ah0 for all a ∈ a.

(12.8) Proof. The implication “(i) =⇒ (ii)” is by the definition of injectivity.
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“(ii) =⇒ (iii)”: Let α ∈ HomR(a, H) be given, and choose, by the assumption, β : R→
H such that the restriction β |a is equal α, and set h0 =def β(1). For any a ∈ a we have
then α(a) = β(a) = aβ(1) = ah0 as desired.

“(iii) =⇒ (i)”: We assume that (iii) holds and want to prove that HomR(−, H) is
exact, and to test this it is sufficient to consider a special short-exact sequence

O → K ↪→M � M/K → O

and prove that the induced sequence

HomR(M,H)→ HomR(K,H)→ O

is exact. The latter is, to any R–homomorphism κ : K → H there exists an R–homomor-
phism µ : M → H such that the restriction µ |K equals κ. To achieve this, let X denote
the set of pairs (L, λ) such that

• L is submodule of M and L ⊇ K;
• λ : L→ H is an R–homomorphism with λ |K= κ.

We will prove that X contains an element of the form (M,µ).
This set X is (partially) ordered by:

(L, λ) � (L′, λ′)
def
⇐⇒ L ⊆ L′ and λ′ |L= λ .

We will prove that X hereby is inductively ordered, cf. (7.29). If Y is a totally ordered

subset of X, then it has a majorant, namely (L̃, λ̃) where L̃ is the union of the submodules

L occurring in Y (and this is a submodule of M as Y is totally ordered), and where λ̃

is defined by λ̃(x) = λ(x) whenever (L, λ) ∈ Y is such that x ∈ L (and λ̃ is hereby
well-defined due to the definition of the ordering � ).

Thus, X is inductively ordered, so Zorn’s Lemma gives a maximal element (N, ν) in X.
If N = M then ν : M → H is the desired extension of κ.
Next assume that N ⊂ M [ and look for a contradiction ]. Choose m0 ∈ M \ N ,

and set a =def { a ∈ R | am0 ∈ N }, which is an ideal in R. Define α : a → H by
α(a) =def ν(am0). Since α is an R–homomorphism, our assumption (iii) yields an element
h0 ∈ H such that α(a) = ah0 for all a ∈ a. Set N ′ =def N +Rm0, which is a submodule
of M , and define ν ′ : N ′ → H by ν ′(n + rm0) =def ν(n) + rh0 for n ∈ N and r ∈ R.
To see that this well-defines ν ′, assume that n1 + r1m0 = n2 + r2m0, and conclude that
(r1 − r2)m0 = n2 − n1 ∈ N , so r1 − r2 ∈ a, and hence

(r1 − r2)h0 = α(r1 − r2) = ν
(
(r1 − r2)m0

)
= ν(n2 − n1) = ν(n2)− ν(n1) ;

thus ν(n1) + r1h0 = ν(n2) + r2h0 (as required for the well-definition of ν ′). Note that
ν ′ |N= ν, and hence ν ′ |K= κ.

Now it has been verified that (N ′, ν ′) belongs to X. Since (N, ν) � (N ′, ν ′) and (N, ν) 6=
(N ′, ν ′), we have obtained the desired contradiction to the maximality of (N, ν). �

(12.9) Injectives over a field. If R is a field, then O and R are the only ideals, so (ii)
i Baer’s Criterion is always fulfilled, and all modules are injective.

(12.10) All exact sequences split. The following are equivalent.

(i) All modules are injective.
(ii) All modules are projective.
(iii) All additive functors are exact.
(iv) All short-exact sequences split.



HOMOLOGICAL ALGEBRA December 20, 2004 65

Indeed, “(i) =⇒ (iv)” and “(ii) =⇒ (iv)” by (12.5) and (7.10), respectively. Furthermore,
“(iv) =⇒ (iii)” since additive functors preserve splitting sequences (6.42). Finally, “(iii)
=⇒ (i)” and “(iii) =⇒ (i)” are obvious.

Later, in (18.36), we will prove that they are equivalent to

(v) The ring R is a finite product of fields.

These five conditions are equivalent also over non-commutative rings, when the fifth one is replaced by

“The ring is a finite product of matrix algebras over division rings.” Such rings are said to be semisimple.

(12.11) Isomorphic Functors. Let F,G : Mod(R) → Mod(R′) be two functor of the
same variance. They are said to be isomorphic, exactly when there for each R–module
M is an R′-isomorphism θM : F (M)→ G(M) such that the next diagram is commutative
for each R–homomorphism ϕ : M → N :

F (M)
θM

∼=
//

F (ϕ)
��

G(M)

G(ϕ)
��

F (N)
θN

∼= // G(N)

The diagram is here shown in the covariant case; in the contravariant one, the vertical
arrows should be reversed.

If F and G are isomorphic, and F is exact (respectively, left-exact, right-exact, half-
exact), then G is the same.

If T is a right-exact covariant functor, then it is isomorphic to L0 T , cf. (10.21). If U
is a left-exact contravariant functor, then it is isomorphic to R0 U , cf. (11.14).

(12.12) Theorem: Swap isomorphism12. Let K, L, and M be R–modules. There is
then an isomorphism

ΩKLM : HomR(K,HomR(L,M))→ HomR(L,HomR(K,M))

which is natural in K, in L, and in M , that is, there are the next three pairs of isomorphic
functors:

HomR(−,HomR(L,M)) ∼= HomR(L,HomR(−,M))(12.12.1)

HomR(K,HomR(−,M)) ∼= HomR(−,HomR(K,M))(12.12.2)

HomR(K,HomR(L,−)) ∼= HomR(L,HomR(K,−))(12.12.3)

(12.13) Proof. Let us start by analyzing the element of the source: Assume that κ
belongs to it, that is, κ is an R–homomorphism κ : K → HomR(L,M), so it associates to
any k ∈ K an element κ(k) in HomR(L,M), that is, an R–homomorphism κ(k) : L→M ,
and this sends each ` ∈ L into the element (κ(k))(`) ∈M .

To determine ΩKLM : HomR(K,HomR(L,M))→ HomR(L,HomR(K,M)) we want for
any κ ∈ HomR(K,HomR(L,M)) to define ΩKLM(κ) in HomR(L,HomR(K,M)), that is,
the R–homomorphism ΩKLM(κ) : L → HomR(K,M), and this is done by defining for
each ` ∈ L the R–homomorphism (ΩKLM(κ))(`) : K →M by the assignment

(
(ΩKLM(κ))(`)

)
(k)

def
= (κ(k))(`)

12 The name “swap” was introduced in the book Gorenstein Dimensions (1990) by Lars Winther
Christensen.
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for k ∈ K. It is seen by inspection that ΩKLM is an R–homomorphism. Thus we have
also the R–homomorphism

ΩLKM : HomR(L,HomR(K,M))→ HomR(K,HomR(L,M)) .

In is seen by inspection that

ΩLKMΩKLM = 1HomR(K,HomR(L,M)) and ΩKLMΩLKM = 1HomR(L,HomR(K,M)) .

Thus, ΩKLM is an R–isomorphism.
That ΩKLM is natural in K means that for any R–homomorphism ϕ : K → K ′ the

next diagram is commutative:

HomR(K ′,HomR(L,M))
ΩK′LM //

HomR(ϕ,HomR(L,M))

��

HomR(L,HomR(K ′,M))

HomR(L,HomR(ϕ,M))

��
HomR(K,HomR(L,M))

ΩKLM

// HomR(L,HomR(K,M)) .

An inspection shows that this indeed is the case. Naturality in L follows, and naturality
in M can be verified. �

(12.14) Corollary: Hom(P, I) is projective. If P is a projective R–module, and I is
an injective R–module, then HomR(P, I) is an injective R–module.

(12.15) Proof. By the theorem there is the following isomorphism of functors:

HomR(−,HomR(P, I)) ∼= HomR(P,HomR(−, I)) .

The right hand functor is exact as it the composite of the exact functors HomR(−, I) and
HomR(P,−). Thus the left hand functor is exact, as desired. �

(12.16) Divisible modules. Let R be an integral domain, and let D be an R–module.
We say that D is divisible, exactly when the multiplication map rD : D → D, x 7→ rx is
surjective for all r ∈ R \O. Thus,

D is divisible ⇐⇒ ∀ r ∈ R \O ∀ d ∈ D ∃ x ∈ D : rx = d .

(12.17) Theorem: Injectivity vs. Divisibility. Let D be a module over an integral
domain R, and let K be a submodule of D. The following then hold.

(1) If D is injective, then D is divisible.
(2) If R is PID and D is divisible, then D is injective.
(3) If D is divisible, then D/K is divisible.
(4) If R is PID and D is injective, then D/K is injective.

(12.18) Proof. (1) Assume that D is injective, and let r ∈ R\O and d ∈ D be given. By
setting α(ar) =def ad for a ∈ R an R–homomorphism α : (r) → D has been well-defined
(as r 6= 0 and R is a domain). By (iii) in Baer’s Criterion (12.7) we get d0 ∈ D such that
α(ar) = (ar)d0 for all a ∈ R. With x =def d0 we have rx = (1r)d0 = α(1r) = 1d = d, as
desired.

(2) Assuming thatD is divisible, we will verify condition (iii) in Baer’s Criterion (12.7).
Let α : a → D be any R–homomorphism with an ideal as source, and search for d0 ∈ D
such that α(a) = ad0 for all a ∈ a. As R is PID we can choose a0 ∈ R such that a = (a0).
If a0 = 0 then d0 = 0 will do the job. Therefore assume that a0 6= 0 and choose by the
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divisibility of D an element d0 ∈ D such that α(a0) = a0d0. Now, for a ∈ a choose r ∈ R
such that a = ra0, and obtain the desired assertion:

α(a) = α(ra0) = rα(a0) = r(a0d0) = (ra0)d0 = ad0 .

(3) is obvious.
(4) If D is injective, then it is divisible by (1). Thus, D/K is divisible by (3) and hence

injective by (2). �

(12.19) Exercise: Field of Fractions. Let R be a domain. Prove that its field of
fractions B is an injective R–module.

(12.20) Faithfully injective modules. An R–module I is said to be faithfully injective,
exactly when it is injective and HomR(M, I) 6= 0 whenever M is a non-zero R–module.

(12.21) Faithfully injective group. The Z–module ∆ =def Q/Z is faithfully injective.
Indeed, the group Q of rational numbers is a divisible Z–module, and Z is a submodule
of it. Thus, the group ∆ is divisible by (12.17.3) and hence injective by (12.17.4). If M is
a non-zero Z–module, choose a non-zero m ∈M , and let n∈ N∪∞ be the order of m. If
n is finite, then a Z–homomorphism ϕ : Zm→ ∆ is well-defined by ϕ(zm) =def [ z

n
]Z; if n

is infinite, then a Z–homomorphism ϕ : Zm → ∆ is well-defined by ϕ(zm) =def [ z
2
]Z. In

both cases we have a non-zero Z–homomorphism ϕ : Zm→ ∆. Since ∆ is an injective Z–
module, ϕ can be extended to a Z–homomorphism ϕ̃ : M → ∆. Thus, HomZ(M,∆) 6= O
as desired.

(12.22) Induced structure. As any R–module is a Z–module, and any R–homomor-
phism is a Z–homomorphism, we have Mod(R) ⊆ Mod(Z). (However, if M and N are
R–modules, then HomR(M,N) might be a proper subset of HomZ(M,N).)

If M is an R–module, and G is a Z–module, then the Z–module HomZ(M,G) becomes
an R–module with the multiplication given as follows:

For r ∈ R and µ ∈ HomZ(M,G) the product rµ : M → G is defined by

(rµ)(m)
def
= µ(rm) for m ∈M .

A calculation shows that this endows HomZ(M,G) with a structure of an R–module.
The definition above does not require the underlying ring to be commutative. Indeed, let Λ be any

(not necessarily commutative) ring. A commutative group (M, +) is then said to be a Λ–module, exactly
when there is a multiplication Λ×M →M such that (M1), (M2), and (M3) of (2.1) hold when r, r′ ∈ R
are replaced by λ, λ′ ∈ Λ. (Some refer to this as M is a left Λ–module.) The opposite ring Λ◦ is the
group (Λ, +) equipped with the opposite multiplication Λ×Λ→ Λ, (λ, λ′) 7→ λ′λ. If N is an Λ◦–module,
then the associativity condition (M1) of (2.1) can be written λ(λ′n) = (λ′λ)n (In this case some write
the multiplication as (λ, n) 7→ nλ; thus (M1) becomes n(λλ′) = (nλ)λ′, and some refer to N as a right
Λ–module.)

If M is a Λ–module and G is a Z–module, then HomZ(M, G) is a Λ◦–module.

(12.23) Proposition: Swap isomorphism. Let K and L be R–modules and let G be
an Z–module. There is then an isomorphism

HomR(K,HomZ(L,G)) ∼= HomR(L,HomZ(K,G))

of R–modules, and it is natural in K, in L, and in G.

(12.24) Proof. This is a restriction of HomZ(K,HomZ(L,G)) ∼= HomZ(L,HomZ(K,G))
from the Theorem (12.12) �
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(12.25) Pontryagin Module. The Pontryagin module of R is ∆R =def HomZ(R,∆)
where ∆ = Q/Z is the faithfully injective Z–module introduced in (12.21). By (12.22),
∆R is an R–module.

The Pontryagin module ∆R is faithfully injective, because of the next isomorphisms:

HomR(−,∆R) ∼= HomR(R,HomZ(−,∆)) ∼= HomZ(−,∆) ,

where the former results from (12.23) and the latter from (4.4).

(12.26) Pontryagin Duality. The Pontryagin duality functor is the contravariant exact
functor (−)∨ =def HomR(−,∆R).

For an R–module M the module M∨ = HomR(M,∆)R is said to be the Pontryagin dual
R–module of M . If α : M → N is an R–homomorphism, then the induced one α∨ : N∨ →
M∨ is the Pontryagin dual R–homomorphism. Note that the faithful injectivity of ∆R

yield the next:

M 6= O ⇐⇒ M∨ 6= O ;(12.26.1)

α is injective ⇐⇒ α∨ is surjective;(12.26.2)

α is surjective ⇐⇒ α∨ is injective;(12.26.3)

α is bijective ⇐⇒ α∨ is bijective.(12.26.4)

(12.27) ExP
def
= Exactness Principle. The following are equivalent for R–complex K..

(i) K. is exact;
(ii) HomR(K., I) is exact for all injective R–modules I;
(iii) (K.)∨ is exact.

(12.28) Proof. “(i) =⇒ (ii)” and “(iii) =⇒ (i)” follow from (11.3), while “(ii) =⇒ (iii)”
is obvious. �

(12.29) Evaluation Homomorphism. The map εMR : M → M∨∨ is given as follows:
For m ∈M , the image εMR (m) ∈M∨∨ = HomR(M∨,∆R), that is, the R–homomorphism
εMR (m) : M∨ → ∆R, is defined by

(
εMR (m)

)
(µ) =def µ(m) for µ ∈M∨ = HomR(M,∆R).

(12.30) Injectivity. The evaluation homomorphism εMR : M →M∨∨ is injective.

(12.31) Proof. For m ∈ M \ O we have Rm 6= O, and hence HomR(Rm,∆R) 6= O, so
choose an R–homomorphism ρ : Rm → ∆R which is non-zero, that is, ρ(m) 6= 0. By
the injectivity of ∆R we can extend ρ to µ : M → ∆R. Thus, µ(m) = ρ(m) 6= 0 as
desired. �

(12.32) Embedding into an injective module. Every R–module M can be embedded
into an injective R–module I.

(12.33) Proof. Choose a surjective R–homomorphism πM : P → M∨ with projective
source. The induced homomorphism M∨∨ → P ∨ is then injective, and its target is an
injective module by (12.14). Finally, M is embedded into M∨∨ by (12.30). �

(12.34) Injective resolutions. An injective resolution I
.

of an R–module M is a se-
quence of R–homomorphisms:

I
.

= O → I0 ∂0

−→ I1 ∂1

−→ · · · → I`
∂`

−→ I`+1 ∂`+1

−→ · · ·
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together with an R–homomorphism M
∂−1

−→ I0 such that

• I` is an injective R–module for all `∈ N0;

• M → I
. def

= O →M
∂−1

−→ I0 ∂0

−→ I1 ∂1

−→ · · · → I`
∂`

−→ I`+1 ∂`+1

−→ · · · is exact.

The sequence M → I
.

is then called the augmented injective resolution of M . Note that
the index of the R–homomorphism ∂` in the injective resolution equals that of its source.

(12.35) Lemma: Ubiquity of injective resolutions. Each R–module M has an in-
jective resolution.

(12.36) Proof. First embed M into an injective R–module I0, next embed C1 =def I0/M
into an injective R–module I1, then C2 =def I1/C1 into an injective R–module I2, and
so on. �

(12.37) Injective dimension. Let M be an R–module. It is said to have finite injective
dimension exactly when it has a bounded injective resolution, that is, there is a bounded
exact sequence

(†n) O →M
∂−1

−→ I0 ∂0

−→ I1 ∂1

−→ · · · → I`
∂`

−→ I`+1 ∂`+1

−→ · · · → In → O

with I0, . . . , In injective modules.
When M 6= O has finite injective dimension, then the injective dimension of M is the

smallest n∈ N0 such that there exists an exact sequence (†n).
If M 6= O has not finite injective dimension, then we set idRM =∞.
Finally, we set idRO = −∞.
Thus, for any R–module M 6= O and any n∈ N0 we have:

(12.37.1) idRM ≤ n ⇐⇒





There exists an exact sequence:

O →M
∂−1

−→ I0 → · · · → In → O

with I0, . . . , In injective.

Furthermore,

(12.37.2) idRM = 0 ⇐⇒ M is injective and non-zero.

(12.38) Injective dimension over a field. If M is a module over a field R, then idRM
is zero if M 6= 0 and −∞ otherwise, cf. (12.9).

(12.39) Injective dimension over a PID. If R is a PID and M is an R–module , then
idRM ≤ 1. Indeed, by (12.32) there is an exact sequence O → M → I → C → O, and
(12.17.4) implies that C is injective.

(12.40) Bounds on Homological Dimensions. Consider for any n∈ N0 the next two
assertions concerning the ring R.

(pnR) pdRM ≤ n for all R–modules M ;

(inR) idRM ≤ n for all R–modules M .

If R is a field, then (p0
R) and (i0R) hold by (7.29) and (12.38).

If R is a PID, then (i1R) holds by (12.39), and (7.30) yields the next:
(p1

R)
′
pdRM

′ ≤ 1 for all finitely generated R–modules M ′.
Later, in Auslander’s Theorem (17.6), we prove that (pnR) holds, if and only if (inR)

holds; this uses further properties of the Ext functor. It then follows that (p1
R) actually

does hold, when R is a PID.
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13. Right Derived of Covariant Functors

(13.1) Convention. Throughout this section

T : Mod(R)→ Mod(R′) is an additive and covariant functor.

We also consider its induced functor T : Com(R)→ Com(R′), cf. (8.22).

This section describes—without proofs—the theory of right derived functors of covari-
ant functors; this relies on the theory of injective modules.

(13.2) Definition. For n ∈ Z the n’th right derived functor Rn T : Mod(R)→ Mod(R′)
of T is defined as follows:

(M) If M is an R–module, then choose an injective resolution I
.

of M , and set

Rn T (M)
def
= Hn(T (I

.

)) .

(µ) If µ : M → N is an R–homomorphism, then choose injective resolutions I
.

and
J
.

of M and N , respectively, choose an R–morphism µ
.

: I
.

→ J
.

which is a
continuation of µ, that is, µ0∂

−1
I.

= ∂−1
J.
µ , and set

Rn T (µ)
def
= Hn(T (µ

.

)) : Hn(T (I
.

))→ Hn(T (J
.

)) .

(13.3) Theorem: Uniqueness. The following hold.

(M) For any R–module M , the R′–module Rn T (M) is uniquely determined up to
unique isomorphism.

(µ) For any R–homomorphism µ : M →M ′, the induced R′–homomorphism Rn T (µ)
is uniquely determined up to unique isomorphism. �

(13.4) Theorem: Functoriality. For all n ∈ Z the derived functor Rn T is a functor:

(1) Rn T (µ′µ) = Rn T (µ′) Rn T (µ) for all n ∈ Z when µ : M →M ′ and µ′ : M ′ →M ′′ are
R–homomorphisms.

(2) Rn T (1M) = 1Rn T (M) for all n ∈ Z when M is an R–module. �

(13.5) Vanishing. The following hold.

(1) Rn T = O for all n < 0.
(2) Rn T (M) = O for all n > idRM .
(3) Rn T (M) = O for all n > 0 if M is injective.
(4) Rn T (O) = O for all n ∈ Z.
(5) Rn T = O for all n 6= 0, if R is a field.
(6) Rn T = O for all n > 1, if R is PID and n > 1. �

(13.6) Proposition: Additivity. The functor Rn T is additive for all n∈ N0. �

(13.7) Theorem: Long-exact sequence of derived functors.
Let T : Mod(R)→ Mod(R′) be an additive covariant functor, and let

M
.

= O →M
µ
−→M ′ µ′

−→M ′′ → O

be an exact sequence of R–modules. For all n ∈ Z there exists then an R′–homomorphism

δnTM. : Rn T (M ′′)→ Rn+1 T (M)
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such that the next sequence is exact:

· · · // Rn−1 T (M ′)
Rn−1 T (µ)

// Rn−1 T (M ′′)
δn−1

TM
.

//

Rn T (M)
Rn T (µ′)

// Rn T (M ′)
Rn T (µ)

// Rn T (M ′′)
δn
TM
.

//

Rn+1 T (M)
Rn+1 T (µ′)

// Rn+1 T (M ′)
Rn+1 T (µ)

// · · · �

(13.8) Corollary 1. The functor Rn T is half-exact for all n > 0. �

(13.9) Corollary 2. The functor R0 T is left-exact. �

(13.10) Corollary 3. If O → M → I → C → O is an exact sequence of R–modules
and I is injective, then Rn T (M) ∼= Rn−1 T (C) for n > 1. �

(13.11) Corollary 4. If T is left-exact, then the functors T and R0 T are isomorphic. �

(13.12) Corollary 5. If T is exact, then Rn T = O for all n ≥ 1. �

(13.13) Corollary 6. If T is left-exact and R1 T = O, then T is exact. �

(13.14) Exercise: Derived functors of Γa. Consider the Gamma functor Γa for an
element a ∈ R, cf. (6.51), and the set S(a) = { an | n∈ N0 }. If 0 /∈ S(a), then S(a) is a
special multiplicative system, and we set Ma = S(a)−1M ; otherwise we set Ma = O.

(a) Establish, for any R–module M an exact sequence O → Γa(M)
ιMa−→M

ρM
a−→Ma .

Assume from now on, that R is a domain, and that D is a divisible R–module.

(b) Prove that the next sequence is exact O → Γa(D)
ιDa−→ D

ρD
a−→ Da → O.

Let O → D → J → C → O be an exact sequence with J injective.
(c) Establish the next commutative diagram with exact rows and columns.

O

��

O

��

O

��
O // Γa(D)

��

ιDa // D

��

ρD
a // Da

��

// O

O // Γa(J)

��

ιJa // J

��

ρJ
a // Ja

��

// O

O // Γa(C)
ιCa // C

��

ρC
a // Ca

��

// O

O O .

(d) Prove that R1 Γa(D) = 0 .
(e) Prove that Rn Γa(D) = 0 for all n ≥ 1 .
(f) Prove that Rn Γa(M) = 0 for all n ≥ 2 for any R–module M .

(Actually (f) holds over any ring—the proof is harder, though.)

(13.15) Exercise: Left Derived of Contravariant Functors. Describe this theory.
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14. Direct Products and Sums

(14.1) Family of Sets. The notation
(
Mx

)
x∈X

is a family of sets, when each Mx is a set

and X is an index set (or class).
Example A. Mx = R for all x ∈ X.
Example B. X = { 1, . . . , n }. There are then n modules: M1 , . . . ,Mn .

(14.2) Product Set. The product set
∏

x∈XMx of a family
(
Mx

)
x∈X

of sets is the set

{
(
mx

)
x∈X
| ∀ x ∈ X : mx ∈ Mx } consisting of all families

(
mx

)
x∈X

of elements such that
mx ∈Mx.

Example A continued. Recall from (3.13) that RX = {ϕ | ϕ : X → R is a function }.
When Mx = R for all x ∈ X, then the map RX →

∏
x∈XMx , ϕ 7→

(
ϕ(x)

)
x∈X

is bijective,

and we make the identification RX =
∏

x∈XMx.
Example B continued. When X = { 1, . . . , n }, then

∏
x∈XMx = M1 × · · · ×Mn, the

usual product set.

(14.3) Direct Product of Modules. The direct product of a family
(
Mx

)
x∈X

of R–

modules is the product set
∏

x∈XMx equipped with addition and multiplication defined
as follows:

(
mx

)
x∈X

+
(
m′
x

)
x∈X

def
=

(
mx +m′

x

)
x∈X

r
(
mx

)
x∈X

def
=

(
rmx

)
x∈X

.

Indeed, this makes it into an R–module.
Example A continued. In this case, the product module is RX , the module of functions,

cf. (3.13).
Example B continued. Here, the product module is the direct sum M1 ⊕ · · · ⊕Mn , cf.

(2.21).

(14.4) Direct Sum of Modules. For m =
(
mx

)
x∈X
∈

∏
x∈XMx we set suppm =def

{ x ∈ X | mx 6= 0 }. The set
∐

x∈XMx =def {m ∈
∏

x∈XMx | suppm is finite } is a
submodule of the R–module

∏
x∈XMx, and it is called the direct sum (or coproduct) of

the family
(
Mx

)
x∈X

.

Example A continued. The direct sum is the module of functions R(X), cf. (3.13).
Example B continued. It is again the finite direct sum M1 ⊕ · · · ⊕Mn , cf. (2.21) and

(14.3) with elements (m1, . . . , mn), mx ∈Mx for all x.

(14.5) Families of Homomorphisms. Let
(
ϕx : Mx → Nx

)
x∈X

be a family of R–ho-
momorphisms.

(1) There is then the induced R–homomorphism:
∏

x∈X ϕx :
∏

x∈XMx →
∏

x∈X Nx given

by
(
mx

)
x∈X
7→

(
ϕx(mx)

)
x∈X

.

(2) As well as its restriction
∐

x∈X ϕx :
∐

x∈XMx →
∐

x∈X Nx .

(3) Im
( ∏

x∈X ϕx
)

=
∏

x∈X Imϕx and Im
(∐

x∈X ϕx
)

=
∐

x∈X Imϕx .

(4) Ker
(∏

x∈X ϕx
)

=
∏

x∈X Kerϕx and Ker
(∐

x∈X ϕx
)

=
∐

x∈X Kerϕx .

(5) For any family of R–homomorphisms
(
ψx : Nx → Px

)
x∈X

the following are equivalent.

(i) The sequence Mx
ϕx
−→ Nx

ψx
−→ Px is exact for all x ∈ X.

(ii) The sequence
∏

x∈XMx

Q
x∈X ϕx

−→
∏

x∈X Nx

Q
x∈X ψx

−→
∏

x∈X Px is exact.

(iii) The sequence
∐

x∈XMx

‘
x∈X ϕx

−→
∐

x∈X Nx

‘
x∈X ψx

−→
∐

x∈X Px is exact.
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(14.6) Direct Product and Sum of Functors. Any family
(
Fx : Mod(R)→ Mod(R′)

)
x∈X

of functors Fx of the same variance induces functors
∏

x∈X

Fx,
∐

x∈X

Fx : Mod(R)→ Mod(R′)

by setting
( ∏

x∈X Fx
)
(M)

def
=

∏
x∈X Fx(M) and

(∏
x∈X Fx

)
(ϕ)

def
=

∏
x∈X Fx(ϕ) for any

R–module M and any R–homomorphism ϕ. The sum
∐

x∈X Fx is defined similarly. If
X = { 1, . . . , n } then F1 ⊕ · · · ⊕ Fn denotes

∏
x∈X Fx =

∐
x∈X Fx.

Exactness. The following are equivalent.

(i) Fx is exact, respectively, left-exact, right-exact, half-exact, for all x ∈ X;
(ii)

∏
x∈X Fx has the same property;

(iii)
∐

x∈X Fx has the same property.

(14.7) Morphisms of Functors. Let F and G be two functors Mod(R)→ Mod(R′) of
the same variance. A family

(
ΘM : F (M)→ G(M)

)
M

indexed by the R–modules M is

then said to be a morphisms13 Θ: F → G, exactly when the next diagram

F (M)
ΘM //

F (ϕ)
��

G(M)

G(ϕ)
��

F (N)
ΘN

// G(N) .

is commutative for each R–homomorphism ϕ : M → N . The diagram is here shown in
the covariant case; in the contravariant one, the vertical arrows should be reversed.

If Θ: F → G is a morphism, then it is an isomorphism of functors, cf. (12.11), if and
only if ΘM is an isomorphism for all R–modules M .

If ΘM is an isomorphism for all M in a certain subcategory of Mod(R), then we say
the Θ is an isomorphism on that subcategory.

(14.8) Exercise: Hom(R,–) is the Identity. Prove that the functor HomR(R,−) is
isomorphic to the identity functor.

(14.9) Exercise: Isomorphic Hom functors. Prove that the functors HomR(−,M)
and HomR(−, N) are isomorphic if and only if M ∼= N . Prove the same for the functors
HomR(M,−) and HomR(N,−).

(14.10) Isomorphism Theorem: Hom & Product. Let
(
Mx

)
x∈X

be a family of R–
modules. There is then the next isomorphism of functors:

Φ:
∏

x∈X

HomR(−,Mx)
∼=
−→ HomR(−,

∏

x∈X

Mx) .

(14.11) Proof. For any L, the map ΦL :
∏

HomR(L,Mx)→ HomR(L,
∏
Mx) is given by,

that for ϕ =
(
ϕx

)
x

in the source, the image ΦL(ϕ) in HomR(L,
∏
Mx), that is, the R–ho-

momorphism ΦL(ϕ) : L→
∏
Mx, is defined by

(
ΦL(ϕ)

)
(`) =def

(
ϕx(`)x

)
x
(∈

∏
Mx). It is

straightforward to verify that ΦL is a morphisms of functors. It is an isomorphism with
the inverse given by (ΦL)−1(λ) =def

(
πxλx

)
x

for the projections πx :
∏
Mx →Mx . �

13 Or we say that ΘM is functorial in M .
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(14.12) Corollary: Product of Injectives. For any family
(
Mx

)
x∈X

of R–modules the
next holds:

∏

x∈X

Mx is injective ⇐⇒ Mx is injective for all x ∈ X . �

(14.13) Isomorphism Theorem: Hom & Sum. If
(
Mx

)
x∈X

is a family of R–modules,

then the restriction of the isomorphism Φ from Theorem (14.10) to direct sums

Φ | :
∐

x∈X

HomR(−,Mx) −→ HomR(−,
∐

x∈X

Mx)

is an isomorphism on the subcategory Mod′(R) of finitely generated R–modules, that is,
for any finitely generated R–module L′ there is the next isomorphism:

Φ |L
′

:
∐

x∈X

HomR(L′,Mx)
∼=
−→ HomR(L′,

∐

x∈X

Mx) .

(14.14) Proof. We verify first, that the restriction maps into HomR(L′,
∐

x∈XMx): For

ϕ =
(
ϕx

)
x∈X
∈

∐
x∈X HomR(L′,Mx) and `′ ∈ L′ we have

(
ΦL′

(ϕ)
)
(`′) =

(
ϕx(`

′)
)
x∈X

,

so the support of
(
ϕx(`

′)
)
x∈X

is contained in suppϕ which is finite by assumption.

The restriction is injective since ΦL′
itself is. To prove that it is surjective, let

λ ∈ HomR(L′,
∐
Mx) be given. From the previous theorem we know that there ex-

ists ϕ ∈
∏

HomR(L′,Mx) such that ΦL′
(ϕ) = λ. Thus, it suffices to prove that suppϕ is

finite. Assume that L′ = spanR{ `1, . . . , `n } , and set Y =def supp λ(`1) ∪ · · · suppλ(`n).
This set is finite because it is a finite union of finite sets. If the element x belongs to
suppϕ, then ϕx 6= 0, that is, ϕx(`i) 6= 0 for some i; thus x ∈ Y . �

(14.15) Noetherian Rings. The ring R is said to be Noetherian 14, exactly when every
ideal in R is finitely generated. It is easy to see, that R is Noetherian if and only if it has
the Ascending Chain Condition on ideals: Every ascending chain a0 ⊆ a1 · · · ⊆ an ⊆ · · ·
of ideals is ultimately stable, that is, there is an N∈ N0 such that aN = aN+1 · · · .

Fields and PIDs are Noetherian. If R is Noetherian, then the residue ring R/a, the
ring S−1R of fractions, and the polynomial ring R[X] are all Noetherian. (Proofs will be
provided later.)

(14.16) Corollary: Direct sum of Injectives. If R is Noetherian, then the next holds
for any family

(
Mx

)
x∈X

of R–modules:
∐

x∈X

Mx is injective ⇐⇒ Mx is injective for all x ∈ X .

(14.17) Proof. The implication “ =⇒ ” follows from (12.6) as
∐

x∈XMx = My⊕
∐

x6=yMx.
To prove the other implication, assume that each Mx injective, any use Baer’s Criterion

(12.7) to prove that M =
∐

x∈XMx is injective. Let a be an ideal and consider the next
commutative diagram:

HomR(R,M) //

∼= ΦR

��

HomR(a,M) //

∼= Φa

��

O

∐
x∈X HomR(R,Mx) //

∐
x∈X HomR(a,Mx) // O

14 After Emmy Noether (German), 1882–1935, the founder of modern algebra.
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The isomorphisms are by Theorem (14.13) as the modules R and a are finitely generated.
The lower row is exact by assumption, and hence the top row is exact, as desired. �

(14.18) Exercise: Direct sum of Injectives. Prove that the ring R is Noetherian,
if the direct sum

∐
x∈XMx is injective, whenever each Mx is injective. [ Assume that

a1 ⊂ · · · ⊂ an ⊂ · · · is an infinite strictly increasing chain of ideals in R. Embed each
R/an into an injective module Mn . Prove that

∐
n∈N

Mn is not injective. ]

(14.19) Isomorphism Theorem: Hom & Sum–Product. If
(
Mx

)
x∈X

is a family of
R–modules, then there is the next isomorphism of functors:

Ψ: HomR(
∐

x∈X

Mx,−)
∼=
−→

∏

x∈X

HomR(Mx,−) .

(14.20) Proof. For ϕ ∈ HomR(
∐
Mx, L) we set ΨL(ϕ) =def

(
ϕιx

)
x∈X

, which belongs to∏
x∈X HomR(Mx, L), and where ιx is the inclusion Mx ↪→

∐
Mx . Define

ΩL :
∏

x∈X

HomR(Mx, L)→ HomR(
∐

x∈X

Mx, L)

by
(
ΩL(

(
µx

)
x∈X

)
)((

mx

)
x∈X

)
=def

∑
x∈X µx(mx) ∈ L; the sum is finite because

(
mx

)
x∈X

belongs to
∐
Mx . It is straightforward to verify that the maps ΩLΨL and ΨLΩL are the

identities. �

(14.21) Corollary: Direct sum of Projectives. If R is Noetherian and
(
Mx

)
x∈X

is a
family of R–modules, then the next holds:

∐

x∈X

Mx is projective ⇐⇒ Mx is projective for all x ∈ X . �

(14.22) Exercise: Module of Maps. Let M be an R–module, let X be a set, and
define MX to be the set of maps X →M .

(a) Provide MX with the structure of an R–module.
(b) Identify MX with

∏
x∈XMx when Mx = M for all x ∈ X.

(c) Establish an isomorphism MX → HomR(R(X),M) of R–modules.



76 HANS–BJØRN FOXBY DECEMBER 20, 2004

15. Complexes of Homomorphisms

This section contains auxiliary results to be used in Section 16.

(15.1) Complex of Homomorphisms. For R–complexes X. and Y. we define an R–
complex HomR(X., Y.). as follows.

(M) The n’th module is:

HomR(X., Y.)n
def
=

∏

`∈Z

HomR(X`, Y`+n) .

Thus, each element α. in this module is a family
(
α` : X` → Y`+n

)
`∈Z

of R–ho-
momorphisms, and α. is said to be a homomorphism of complexes: X. → Y.of
degree n. (Examples: Any morphism ϕ. : X.→ Y. is a homomorphism of degree
zero. The family

(
∂X.`

)
`∈Z

of differentials in an R–complex X. is a homomor-

phism: X. → X. of degree −1. Any family σ. =
(
σ` : X` → Y`+1

)
`∈Z

defining a

homotopy between two morphisms: X.→ Y. belongs to HomR(X., Y.)1 .)
(µ) The n’th differential

∂HomR(X.,Y.).
n : HomR(X., Y.)n → HomR(X., Y.)n−1

in degree n is defined as follows:

∂HomR(X.,Y.).
n

(
α.

) def
=

(
∂Y.`+nα` − (−1)nα`−1∂

X.
`

)
`∈Z

for α. =
(
α`

)
`∈Z
∈ HomR(X., Y.)n .

For any β. ∈ HomR(X., Y.)0 the last definition yields:

β. ∈ Z0(HomR(X., Y.).) ⇐⇒ β. is a morphism: X.→ Y. .(15.1.1)

β. ∈ B0(HomR(X., Y.).) ⇐⇒ β. ∼ 0. .(15.1.2)

The last is that β. is homotopic to the zero-morphism 0. : X. → Y. . Thus, the set
of equivalence classes of morphisms X. → Y. with respect to homotopy is precisely
H0(HomR(X., Y.).) .

As usual, cf. (8.8), we identify any complex concentrated i degree 0 with the module in
degree 0, and vice versa. If M and N are R–modules, then the complex HomR(M,N).
equals the module HomR(M,N), and if, furthermore, X. is an R–complex, then the
complex HomR(M,X.)., respectively, HomR(X.,M)., is equal to the result of applying
the covariant functor HomR(M,−), respectively, the contravariant functor HomR(−,M),
to the complex X., cf. (8.22), respectively, (11.2.1) (and here the sign matters).

(15.2) Induced Morphisms. Let ψ. : Y.→ Y ′
. be a morphism of R–complexes, and let

X. and Z. be R–complexes. There are the next induced morphisms:

HomR(X., ψ.). : HomR(X., Y.).→ HomR(X., Y ′
.). , α 7→ ψα

HomR(ψ., Z.). : HomR(Y ′
., Z.).→ HomR(Y., Z.). , α′ 7→ α′ψ .

(15.3) Shifted Complex. Let X. be an R–complex. The R–complex ΣX. is defined as
follows:

(ΣX.)n
def
= Xn−1 , ∂ΣX.

n
def
= −∂K.n−1 ,

and it is said to be the complex X shifted one degree to the left 15.
Note that Hn+1(ΣX.) = Hn(X.).

15 The complex ΣX. is also called the suspension of X , and it was introduced in (8.25.3) using a
different notation.
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(15.4) Cone of Morphism. Let α. : X. → Y. be a morphism of R–complexes. The
mapping cone Cone(α.). of α. is the R–complex defined as follows:

Cone(α.)n
def
= Yn ⊕Xn−1 ( = (Y.⊕ ΣX.)n ),

∂Cone(α.).
n (yn, xn−1)

def
= (∂Y.n (yn) + αn−1(xn−1),−∂

X.
n−1(xn−1)

)
.

There is the next exact sequence of R–complexes:

O.→ Y.
ι.
−→ Cone(α.).

π.
−→ ΣX.→ O. ,

where ι. and π. degreewise are the inclusion and the projection, respectively. In the
corresponding long-exact sequence, the connecting homomorphism Hn+1(ΣX.)→ Hn(Y.)
turns out to be Hn(α.). Thus, setting C. =def Cone(α.). , there is the next exact sequence:
(15.4.1)

Hn+1(X.)
Hn+1(α.)

// Hn+1(Y.) // Hn+1(C.) // Hn(X.)
Hn(α.)

// Hn(Y.) // Hn(C.)

(15.5) Cone and Homomorphisms. Let ψ : Y.→ Y ′
. be an R–morphism, and let X.

and Z. be R–complexes. It is then not hard to establish the next identification and the
next isomorphism:

Cone(HomR(X., ψ.).). = HomR(X.,Cone(ψ.).). ;

Cone(HomR(ψ., Z.).). ∼= ΣHomR(Cone(ψ.)., Z.). .

(15.6) Quasi-isomorphisms. Let α : X. → Y. be an R–morphism; it is said to be
a quasi-isomorphism, exactly when it induces isomorphisms in homology, that is, the
homomorphism Hn(α.) : Hn(X.)→ Hn(Y.) is an isomorphism for all n ∈ Z.

If α : M → N is an R–homomorphism, then it is also an R–morphism, cf. (8.8), and it
is a quasi-isomorphism of complexes, if and only if it is an isomorphism of modules.

If P. is a projective resolution of an R–module M , then the induced R–morphism
π. : P.→M is a quasi-isomorphism.

If I.16 is an injective resolution of an R–module N , then the induced R–morphism
ν. : N → I. is a quasi-isomorphism.

(15.7) Cone and Quasi-isomorphisms. By (15.4.1) we have the next:

(15.7.1) α is a quasi-isomorphism ⇐⇒ Cone(α.) is exact.

(15.8) Exact Complex of Homomorphisms. Consider R–complexes P., I., and K..
The following then hold.

(P) If P. is bounded to the right and each Pn is projective, then the next holds:

K. is exact =⇒ HomR(P., K.). is exact.

(I) If I. is bounded to the left and each In is injective, then the next holds:

K. is exact =⇒ HomR(K., I.). is exact.

For (P), assume that Pn = 0 for n < 0, and prove that H0(HomR(P., K.).) vanishes,
that is, that any morphism P. → K. is homotopic to the zero morphism. This is
achieved as in the proof of the theorem (9.15.!) (which actually does not need to require
the modules P ′

n to be projective).

16 Here written homologically.
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(15.9) Induced Quasi-isomorphisms. Let ψ. : Y. → Y ′
. be an R–morphism, and let

P. and I. be R–complexes. The following then results from (15.7), (15.8), (15.5), and
(15.7) once more:

(P) If P. is bounded to the right and each Pn is projective, then the next holds:

ψ. is a quasi-isomorphism =⇒ HomR(P., ψ.). is a quasi-isomorphism.

(I) If I. is bounded to the left and each In is injective, then the next holds:

ψ. is a quasi-isomorphism =⇒ HomR(ψ., I.). is a quasi-isomorphism.

(15.10) Resolutions and Induced Quasi-isomorphisms. Let P. be a projective re-
solution of an R–module M , and let I.17 be an injective resolution of an R–module N .
Consider the induced quasi-isomorphisms π. : P. → M and ν. : N → I., cf. (15.6), as
well as the next two quasi-isomorphisms, that they induce, cf. (15.9):

HomR(P., N).
HomR(P.,ν.).

// HomR(P., I.). HomR(M, I.). .
HomR(π.,I.).

oo

For each n ∈ Z, these two quasi-isomorphisms induce the next two isomorphisms in
homological degree −n:
(15.10.1)

ExtnR(M,N)
H−n(HomR(P.,ν.).)

∼=
// H−n(HomR(P., I.).) H−n(HomR(M, I.).) .

H−n(HomR(π.,I.).)

∼=
oo

Recall from (11.17) that ExtnR(M,N) is Rn HomR(−, N)(M), that is, the n’th right de-
rived of the contravariant functor HomR(−, N) applied to the module M , and hence
ExtnR(M,N) = H−n(HomR(P., N).).

By the way, the right hand module above is Rn HomR(M,−)(N), that is, the n’th right
derived of the covariant functor HomR(M,−) applied to the module N , cf. (13.2).

17 Again written homologically.
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16. Ext

For any R–module N and any n ∈ Z the contravariant functor ExtnR(−, N) was intro-
duced in (11.17) as the n’th right derived of the contravariant functor HomR(−, N). In
this section, this functor is extended to a bi-functor ExtnR(−,−) in two variables (and it
is explained what this means). Furthermore, it is proved that ExtnR(M,−) for fixed M is
isomorphic to the n-th right derived of the covariant functor HomR(M,−).

(16.1) Hom is a bi-functor. That is, if µ : M →M ′ and ν : N → N ′ are R–homomor-
phisms, then the next diagrams are commutative:

HomR(M,N)
HomR(M,ν)

// HomR(M,N ′)

HomR(M ′, N)

HomR(µ,N)

OO

HomR(M ′,ν)
// HomR(M ′, N ′)

HomR(µ,N ′)

OO
αµ � // ναµ

α
_

OO

� // να
_

OO(16.1.1)

We set HomR(µ, ν) =def HomR(M, ν) HomR(µ,N) : HomR(M ′, N)→ HomR(M,N ′).

(16.2) ExtnR(M,–) is a functor. For a fixed R–module M we make ExtnR(M,−) into
a functor as follows: First, choose a projective resolution P. of M . Next, consider any
R–homomorphism ν : N → N ′, and the induced R–morphism

HomR(P., ν) : HomR(P., N)→ HomR(P., N ′) .

The desired R–homomorphism is obtained by taking cohomology:

ExtnR(M, ν)
def
= Hn(HomR(P., ν)) : ExtnR(M,N)→ ExtnR(M,N ′) .

This makes ExtnR(M,−) into a functor: the composite of HomR(P.,−) : Mod(R) →
Com(R) and the cohomology functor Hn(−) : Com(R)→ Mod(R).

(16.3) Ext is a bi-functor. That is, if µ : M → M ′ and ν : N → N ′ are R–homomor-
phisms, then the next diagram is commutative:

ExtnR(M,N)
Extn

R(M,ν)
// ExtnR(M,N ′)

ExtnR(M ′, N)

Extn
R(µ,N)

OO

Extn
R(M ′,ν)

// ExtnR(M ′, N ′) .

Extn
R(µ,N ′)

OO

Indeed, choose projective resolutions P. and P ′
. of M and M ′, respectively, and con-

sider the next commutative diagram:

HomR(P., N)
HomR(P.,ν)

// HomR(P., N ′)

HomR(P ′
., N)

HomR(P.,N)

OO

HomR(P.,ν)
// HomR(P ′

., N ′) .

HomR(P.,N ′)

OO

The desired assertion follows by taking n’th cohomology.
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(16.4) Ext as derived of covariant Hom. By Definition (11.17), ExtnR(−, N) is the
derived functor Rn HomR(−, N) for n ∈ Z and an R–module N . Temporarily, we set
Ex̃tnR(M,∼) =def Rn HomR(M,∼), cf. (13.2), for n ∈ Z and M ∈ Mod(R). Dually
again, ExtnR(−,∼) is a bi-functor, cf. (16.3). It follows from (15.10.1) that this bi-functor
Ex̃tnR(−,∼) is isomorphic to ExtnR(−,∼). Now, the notation Ex̃tnR(−,∼) is superfluous.

(16.5) Theorem: Ext. For every n ∈ Z there exists a bi-functor

ExtnR(−,−) : Mod(R)op ×Mod(R)→ Mod(R) ;

contravariant in the first variable18 and covariant in the second.

(P1) For any R–module N , the functor ExtnR(−, N) is the n’th right derived functor
Rn HomR(−, N) of the contravariant functor HomR(−, N).

(I1) For any R–module L, the functor ExtnR(L,−) is the n’th right derived functor
Rn HomR(L,−) of the covariant functor HomR(L,−).

(P2) ExtnR(M,N) depends on the choice of projective resolution of M , but is unique
up to unique isomorphism.

(I2) ExtnR(L,M) depends on the choice of injective resolution of M , but is unique up
to unique isomorphism.

(P3) Ext0
R(−, N) ∼= HomR(−, N).

(I3) Ext0
R(L,−) ∼= HomR(L,−).

(P4) N is injective, if and only if ExtnR(−, N) = O for all n > 0.
(I4) L is projective, if and only if ExtnR(L,−) = O for all n > 0.
(H) Consider the next short-exact ladder19:

O

��

O

��

M
α //

µ

��

M̃

eµ

��

M ′ α′
//

µ′

��

M̃ ′

eµ′

��

M ′′ α′′
//

��

M̃ ′′

��
O O .

18 As indicated by the superscript op.
19 That is, a commutative diagram with exactly two columns (or rows) satisfying the mentioned

exactness property.
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(P5) The short-exact ladder (H) induces the next long-exact ladder:

:

��

:

��

Extn−1
R (M̃ ′, N)

Extn−1
R (α′,N)

//

Extn−1
R (eµ,N)

��

Extn−1
R (M ′, N)

Extn−1
R (µ,N)

��

Extn−1
R (M̃,N)

Extn−1
R (α,N)

//

eδn−1
P

��

Extn−1
R (M,N)

δn−1
P

��

ExtnR(M̃ ′′, N)
Extn

R(α′′,N)
//

Extn
R( eµ′,N)

��

ExtnR(M ′′, N)

Extn
R(µ′,N)

��

ExtnR(M̃ ′, N)
Extn

R(α′,N)
//

Extn
R(eµ,N)

��

ExtnR(M ′, N)

Extn
R(µ,N)

��

ExtnR(M̃,N)
Extn

R(α,N)
//

eδn
P

��

ExtnR(M,N)

δn
P

��
: :

(I5) The short-exact ladder (H) induces the next long-exact ladder:

:

δn−1
I

��

:

eδn−1
I��

ExtnR(L,M)
Extn

R(L,α)
//

Extn
R(L,µ)

��

ExtnR(L, M̃)

Extn
R(L,eµ)

��

ExtnR(L,M ′)
Extn

R(L,α′)
//

Extn
R(L,µ′)

��

ExtnR(L, M̃ ′)

Extn
R(L, eµ′)

��

ExtnR(L,M ′′)
Extn

R(L,α′′)
//

δn
I

��

ExtnR(L, M̃ ′′)

eδn
I

��

Extn+1
R (L,M)

Extn+1
R (L,α)

//

Extn+1
R (L,µ)

��

Extn+1
R (L, M̃)

Extn+1
R (L,eµ)

��

Extn+1
R (L,M ′)

Extn+1
R (L,α′)

//

��

Extn+1
R (L, M̃ ′)

��
: :

(16.6) Proof. (P1) is by the definition (11.17), and (I1) is by (16.4). (P2) and (I2) are
by (11.5) and (13.3), respectively.(P3) and (I3) are by (11.14) and (13.11), respectively.
(P4) and (I4) follow from (11.16), (11.15), (13.13), and (13.12). The vertical exactness
in (P5) is by (11.18); commutativity of diagrams involving connecting homomorphisms
δ is by (8.20), while that of the other ones is by (16.3). The proof of (I5) is dual. �
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17. Homological dimensions

Projective dimension of a module was introduced in (7.28), and the main results are
PDT (11.19) and PDC (11.23). Injective dimension was defined in (12.37). This section
brings the main results on injective dimension and relations to projective dimension.

(17.1) Injectivity Lemma. The following are equivalent for any R–module M .

(i) M is injective;
(ii) ExtnR(H,M) = O for all n > 0 and all R–modules H;
(iii) Ext1

R(R/a,M) = O for all ideals a.

(17.2) Proof. “(i) =⇒ (ii)” by (P4) in Theorem: Ext (16.5).
“(ii) =⇒ (iii)” is obvious.
“(iii) =⇒ (i)”: The exact sequence O → a→ R→ R/a→ O induces the next one:

HomR(R,M)→ HomR(a,M)
δ0
−→ Ext1

R(R/a,M) ,

and the desired assertion follows from Baer’s Criterion (12.7). �

(17.3) IDT
def
= Injective Dimension Theorem. The following are equivalent for any

R–module M and any n∈ N0.

(i) idRM ≤ n;
(ii) ExtmR (H,M) = O for all m > n and all R–modules H;
(iii) Extn+1

R (H,M) = O for and all R–modules H;
(iii ’) Extn+1

R (H ′,M) = O for and all finitely generated R–modules H ′;
(iii”) Extn+1

R (R/a,M) = O for and all ideals a;
(iv) If I

.
is a injective resolution of M , then the cokernel Cn−1(I

.
) is injective.

(17.4) Proof. The proofs of the equivalence of (i), (ii), (iii), and (iv) are dual to the
corresponding ones in the proof of PDT (11.19).

“ (iii) =⇒ (iii ’) ” and “ (iii ’) =⇒ (iii”) ” are obvious.
“ (iii”) =⇒ (iv) ”: By an argument dual to the one for (11.13) we get the isomorphism

Ext1
R(R/a,Cn−1(I

.

)) ∼= Extn+1
R (R/a,M). Thus, by assumption, the Injectivity Lemma

(17.1) yields that Cn−1(I
.

) is injective. �

(17.5) IDC
def
= Injective Dimension Corollary. If M is an R–module, then

idRM = sup{n∈ N0 | ExtnR(H,M) 6= O for some H }

= sup{n∈ N0 | ExtnR(H ′,M) 6= O for some finitely generated H ′ }

= sup{n∈ N0 | ExtnR(R/a,M) 6= O for some ideal a } .

This number is in N∗
0, cf. (11.23). �

(17.6) Auslander’s Theorem. The following are equivalent for the ring R and n∈ N0 .

(pnR) pdRM ≤ n for all R–modules M ;
(inR) idRN ≤ n for all R–modules N ;

(pnR)’ pdRM
′ ≤ n for all finitely generated R–modules M ′;

(pnR)” pdRR/a ≤ n for all ideals a;
(En

R) Extn+1
R (M,N) = O for all R–modules M and N ;

(En
R)’ Extn+1

R (M ′, N) = O for all finitely generated R–modules M ′ & all R–modules N ;
(En

R)” Extn+1
R (R/a, N) = O for all ideals a and all R–modules N .
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(17.7) Proof.
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(17.8) Global Dimension. It is defined as follows:

gldim R
def
= sup{ pdRM |M is an R–module } (∈ N0 ∪ {∞}).

The next is a reformulation of Auslander’s Theorem (17.6).

(17.9) Auslander’s Theorem for Global Dimension.

gldim R = sup { idRN | N is an R–module }

= sup { pdRM
′ |M ′ is a finitely generated R–module }

= sup { pdRR/a | a is an ideal }

= sup {n | ExtnR(M,−) 6= O for an R–moduleM }

= sup {n | ExtnR(M ′,−) 6= O for a finitely generated R–moduleM ′ }

= sup {n | ExtnR(R/a,−) 6= O for an ideal a } . �

(17.10) Global Dimension over a field. gldim R = 0 if R is a field. This follows from
the theorem, since every finitely generated R–module, that is, vector space over R, is
free, that is, has a basis. Thus, every module is projective. Actually, every module is
free, cf. (7.29).

(17.11) Global Dimension over a PID. gldim R = 1 if R is a PID which is not a
field. Indeed, if r ∈ R \ O is not a unit, then pdRR/(r) > 0, see for example (7.19),
so gldim R > 0. On the other hand, pdRM

′ ≤ 1 whenever M ′ is finitely generated, cf.
(7.30). Alternatively, idRN ≤ 1 by (12.39)

(17.12) Dedekind Domains. One can prove that if R is a domain, then gldim R = 1,
if and only if every ideal a 6= O in R is a (finite) product of prime ideals; these rings are
called Dedekind domains and are important in algebraic number theory, confer [ Sc,2.1 ].

(17.13) Ring of Fractions & Global Dimension. If S is a special multiplicative sy-
stem in R, then gldim S−1R ≤ gldim R, cf. (7.32).

(17.14) Global Dimension over Z/(4). gldim Z/(4) = ∞. Setting R =def Z/(4) and
M =def Z/(2), the latter is a module over the former with multiplication well-defined

by [ a ](4)[ x ](2) =def [ ax ](2). The sequence O → M
α
−→ R

β
−→ M → O is exact, when

the homomorphisms are well-defined by α([ x ](2)) =def [ 2x ](4) and β([ a ](4)) =def [ a ](2) .
Since the sequence cannot split, M is not projective, that is, pdRM > 0, and the next
lemma and the above exact sequence imply that pdRM = pdRM +1; thus, pdRM =∞.



84 HANS–BJØRN FOXBY DECEMBER 20, 2004

(17.15) Lemma: Projective Dimension & Short-exact Sequences. If the sequence
O → K → L→M → O is exact, and pdR L < pdRM (≤ ∞), then pdRM = pdRK+1.

(17.16) Proof. For any n∈ N0 and any R–module N , we have the next exact sequence:

(†n) ExtnR(L,N)→ ExtnR(K,N)
δn

−→ Extn+1
R (M,N)→ Extn+1

R (L,N) ,

By hypothesis, ` =def pdR L is finite. Thus, there is an isomorphism ExtnR(K,N) ∼=
Extn+1

R (M,N) whenever n > `, and it follows that pdRM = pdRK+1, if pdRM > `+1
(and this includes pdRM = ∞). Next assume pdRM = ` + 1, and consider the exact
sequence

(†`) Ext`R(L,N)→ Ext`R(K,N)
δ`

−→ Ext`+1
R (M,N)→ O .

which yields pdRK = ` as desired in this case. �

(17.17) Exercise: Injective Dimension & Short-exact Sequences. If the sequence
O → K → L → M → O is exact, and idR L < idRK (≤ ∞), prove that then idRK =
idRM + 1.

(17.18) LHF 0
def
= Lemma on Half-exact Functors 0. If T : Mod(R) → Mod(R′) is

a half-exact (co– or contravariant) functor such that T (R/a) = O for all ideals a in R,
then T (M ′) = O for all finitely generated R–modules M ′.

(17.19) Proof. Assume that M ′ = Rm′
1 + · · ·+Rm′

n and use induction on n.
n = 1: M ′ = Rm′

1 is cyclic, so it is isomorphic to R/a for some ideal a, cf. (2.32), and
T (M ′) = O by assumption.
n > 1: Set M ′′ =def Rm′

n and N ′ =def M ′/M ′′, and note that N ′ is generated by
the n − 1 elements [m′

1 ]M ′′ , . . . , [m′
n−1 ]M ′′ , so T (N ′) = O by the inductive hypothesis.

Furthermore, T (M ′′) = O by the already established case. As the functor T is half-exact,
it sends the short-exact sequence O → M ′′ → M ′ → N ′ → O into the exact sequence
T (M ′′)→ T (M ′)→ T (N ′). As the two outer modules in the latter sequence are trivial,
so is the middle one, as desired. �
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18. Noetherian Rings and Modules

(18.1) Noetherian Modules. An R–module M is said to be Noetherian, exactly when
every submodule is finitely generated. The R–module R is Noetherian, if and only if the
ring R is Noetherian in as defined in (14.15).

(18.2) Exercise: ACC. Prove that an R–module M is Noetherian, if and only if it
satisfies the next Ascending Chain Condition:

(ACC) Every ascending chain M1 ⊆ · · · ⊆ Mn ⊆ Mn+1 ⊆ · · · of submodules of M is
eventually stationary, that is, there exists an N∈ N such that MN = MN+i for all i∈ N:
M1 ⊆ · · · ⊆MN = MN+1 = · · · .

(18.3) Noetherian Rings. These include fields, PIDs, homomorphic images of Noe-
therian rings, cf. (18.4), and rings of fractions of Noetherian rings with respect to special
multiplicative systems, cf. (18.5).

(18.4) Exercise: Homomorphic images. Let a be a proper ideal in a Noetherian ring
R. Prove that the ring of residue classes R/a is Noetherian. Justify the title of this
exercise.

(18.5) Exercise: Ring of fractions. Let S be a special multiplicative system in a
Noetherian ring R. Prove that the ring S−1R of fractions is Noetherian.

(18.6) Polynomial Ring. If R is a Noetherian ring, then the polynomial ring R[X] in
one variable X is Noetherian, cf. [ Fo, ROM 4.2(5) ].

(18.7) Non–Noetherian Ring. Let the set X be infinite, and consider the ring RX . By
(3.14) R(X) is an ideal that is not finitely generated. Thus, the ring RX is not Noetherian.

(18.8) Proposition: Noetherianness & Short-exact Sequences. For any exact se-

quence of R–modules O → K
α
−→ L

β
−→M → O the following holds:

L is Noetherian ⇐⇒ K and M are Noetherian.

(18.9) Partial proof. Assume that L is Noetherian, and we will prove that M is Noe-
therian. Let N be a submodule of M . By assumptions, the inverse image β−1(N) is
finitely generated. Hence so is β(β−1(N)) = N (where the inclusion “⊇” holds as β is
surjective. �

(18.10) Exercise. Carry out the remaining parts of the proof of (18.8).

(18.11) Corollary. For any R–modules M1, . . . ,Mn the next holds:

M1 ⊕ · · · ⊕Mn is Noetherian ⇐⇒ Mi is Noetherian for all i .

(18.12) Proof. Apply the proposition to the exact sequence:

O →M1 ⊕ · · · ⊕Mn−1 ↪→M1 ⊕ · · · ⊕Mn � Mn → O .
�

(18.13) Finitely Generated over Noetherian Ring. If M is a finitely generated
module over a Noetherian ring R, the M is a Noetherian module.
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(18.14) Proof. Choose a surjective R–homomorphism Rn →M . Since Rn is Noetherian
by the corollary (18.11), so is M by the proposition (18.8). �

(18.15) FtP
def
= Finiteness Principle. Let F : Mod(R) → Mod(R′) be an additive

functor, and assume that

(∗) F (R) is a finitely generated R′–module.

Assume furthermore, either

(a) F is right-exact and covariant; or
(b) F is left-exact and contravariant, and the ring R′ is Noetherian.

The following then holds:

(†) M ′ is a finitely generated over R =⇒ F (M ′) is a finitely generated over R′.

(18.16) Proof. (3.29) yields an exact sequence Rn → M ′ → O. As F (Rn) ∼= F (R)n, it
induces the next exact sequence, respectively:

F (R)n → F (M ′)→ O ;(a’)

O → F (M ′)→ F (R)n .(b’)

In case (a), the desired assertion (†) follows from the assumption (∗) and the exact
sequence (a’). In case (b), we use that F (R)n is Noetherian by (18.13). �

(18.17) Corollary. If R is Noetherian, and M and N are finitely generated R–modules,
then the module HomR(M,N) is finitely generated.

(18.18) Proof. The functor HomR(−, N) is left-exact and contravariant. The R–module
HomR(R,N) is finitely generated, since it is isomorphic to N by (4.4). Thus, the desired
assertion follows from FtP . �

(18.19) Proposition. If M is a finitely generated module over a Noetherian ring R, then
M has a projective resolution P. consisting of finitely generated free modules.

(18.20) Proof. As in (7.27), choose finitely generated free modules P0, P1, . . . , Pn, . . .
recursively. The first one, P0 , can be chosen finitely generated free as M is finitely gene-
rated, cf. (3.29). When finitely generated free modules P0, P1, . . . , Pn−1 have been chosen,
there is the next exact sequence:

O → Kn−1 → Pn−1 → · · · → P1 → P0 →M → O .

Since Pn−1 is finitely generated, and R is Noetherian, the module Pn−1 is Noetherian
by (18.13), and hence the submodule Kn−1 is finitely generated, so it is a homomorphic
image of a finitely generated free Pn . �

(18.21) Corollary. If R is Noetherian, and M and N are finitely generated R–modules,
then the modules ExtnR(M,N) are finitely generated for all n.

(18.22) Proof. Choose, by the proposition, a projective resolution P. of M with each
Pn finitely generated. The module HomR(Pn, N) is then Noetherian by (18.17), and
hence its submodule Zn(HomR(P., N)) is finitely generated. Thus, so is ExtnR(M,N) =
Hn(HomR(P., N)) as it is a homomorphic image of Zn(HomR(P., N)). �
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(18.23) IsoP
def
= Isomorphism Principle. Let Θ: F → G be a morphism of additive

functors F,G : Mod(R)→ Mod(R′). Assume that R is Noetherian, and that

(∗) ΘR : F (R)→ G(R) is an isomorphism.

Assume furthermore, either

(a) F and G are right-exact and covariant; or
(b) F and G are left-exact and contravariant.

The following then holds:

(†) ΘM ′

: F (M ′)→ G(M ′) is an isomorphism for all finitely generated R–modules M ′.

(18.24) Proof. The proof is divided into two parts.
Part 1: ΘRn

is an isomorphism for all n∈ N. Proof by induction on n.
n = 1 by assumption.
n > 1. The split-exact sequence O → Rn−1 ↪→ Rn � R → O induces, as Θ is a

morphism of functors, the next commutative diagram:

O // F (Rn−1) //

ΘRn−1 ∼=

��

F (Rn) //

ΘRn

��

F (R) //

ΘR ∼=

��

O

O // G(Rn−1) // G(Rn) // G(R) // O

The rows are exact, cf. (6.42), ΘR is an isomorphism by assumption, and ΘRn−1
is an

isomorphism by the inductive hypothesis. Thus, by the Five Lemma, cf. (6.33), ΘR is
one too, as desired.

Part 2: (†) holds. Choose, by (18.19), an exact sequence F1 → F0 → M → O
with F0 and F1 finitely generated free. This sequence induces in each of the two cases a
commutative diagram with exact rows:

(a) F (F1) //

ΘF1 ∼=

��

F (F0) //

ΘF0 ∼=

��

F (M) //

ΘM

��

O

G(F1) // G(F0) // G(M) // O

(b) O // F (M) //

ΘM

��

F (F0) //

ΘF0 ∼=

��

F (F1)

ΘF1 ∼=

��

O // G(M) // G(F0) // G(F1)

The isomorphisms result from the first part of the proof. The Five Lemma shows that
ΘM is an isomorphism in either case. �

(18.25) Theorem: Hom & Fractions. Let R be Noetherian, let N be an R–module,
and let S be a special multiplicative system. There is then a morphism of functors:

λS−N : S−1HomR(−, N)→ HomS−1R(S−1(−), S−1N) .

Whenever M ′ is a finitely generated R–module, it induces an isomorphism:

S−1HomR(M ′, N)
λS

M′N

∼=
// HomS−1R(S−1M ′, S−1N)



88 HANS–BJØRN FOXBY DECEMBER 20, 2004

(18.26) Proof. For any R–module M an S−1R–homomorphism

λSMN : S−1HomR(M,N)→ HomS−1R(S−1M,S−1N)

is defined by that the S−1R–homomorphism λSMN(ϕ/s) : S−1M → S−1N for ϕ/s ∈
S−1HomR(M,N) is well-defined by

(
λSMN(ϕ/s)

)
(m/t) =def ϕ(m)/(st) for m/t ∈ S−1M .

An inspection verifies that this is a morphism of functors.
Both functors are left-exact and contravariant. The next diagram is commutative:

S−1HomR(R,N)
λS

RN //

S−1αN
R

∼=

''NNNNNNNNNNNNNNNN
HomS−1R(S−1R, S−1N)

αS−1N
S−1R

∼=

vvmmmmmmmmmmmmmmmmmm

S−1N .

Consult (4.4) concerning the isomorphisms α. It follows that λSRN is an isomorphism,
and the Isomorphism Principle IsoP (18.23) yields that λSM ′N is an isomorphism for all
finitely generated R–module M ′, as desired. �

(18.27) Corollary: Ext & Fractions. Let R be Noetherian, let N be an R–module,
and let S be a special multiplicative system. For each finitely generated R–module M ′

there is an isomorphism:

S−1ExtnR(M ′, N) ∼= ExtnS−1R(S−1M ′, S−1N) .

(18.28) Proof. Choose, by Proposition (18.19), a projective resolution P. of M ′ with
each Pn finitely generated.

S−1ExtnR(M ′, N) = S−1Hn(HomR(P., N))

∼= Hn(S−1HomR(P., N))

∼= Hn(HomS−1R(S−1P., S−1N))

= ExtnS−1R(S−1P., S−1N) .

The equalities are by the definition of Ext , cf. (11.17), the first isomorphism is by (8.22),
and the second one is by the theorem. �

(18.29) Corollary: Injective Dimension & Fractions. If R is Noetherian, and N is
any R–module, then idS−1R S

−1N ≤ idRN .

(18.30) Proof. By IDT (17.3) it suffices to prove that ExtnS−1R(S−1R/ã, S−1N) = O
whenever n > idRN and ã is an ideal in S−1R. The ideal ã in S−1R induces an ideal
a =def { a ∈ R | a/1 ∈ ã } in R. Note that S−1a = ã, so that the exactness of the
fraction functor yields S−1(R/a) ∼= S−1R/ã, cf. (6.24). This gives the first of the next
two isomorphisms:

ExtnS−1R(S−1R/ã, S−1N) ∼= ExtnS−1R(S−1(R/a), S−1N) ∼= S−1ExtnR(R/a, N) = O

for n > idRN ; the second isomorphism is by the previous corollary (18.27), and the
equality is by IDT (17.3). �

(18.31) Corollary: Injectivity & Fractions. If R is Noetherian, and N is an injective
R–module, then S−1N is an injective module over S−1R. �
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(18.32) Theorem: Projective Dimension over Noetherian Rings. If R is Noether-
ian, and M ′ is a finitely generated R–module, then the next holds:

pdRM
′ = sup{ n∈ N0 | ExtnR(M ′, N ′) 6= O for some finitely generated N ′ }

= sup{ n∈ N0 | ExtnR(M ′, R/b) 6= O for some ideal b } .

(18.33) Proof. By PDC (11.23) it suffices to prove the next:

(∗) pdRM
′ ≤ sup{ n∈ N0 | ExtnR(M ′, R/b) 6= O for some ideal b } .

Let w denote the number on the right, and assume that it is finite. As Extw+1
R (M ′, R/b) =

O for all ideals b, LHF 0 (17.18) yields Extw+1
R (M ′, N ′) = O for all finitely generated

N ′. Let P. be a projective resolution of M ′ with Pn finitely generated—and hence
Noetherian—for all n, cf. (18.19). The w’th kernel Kw(P.), in the standard notation
of (10.26), is a submodule of the Noetherian module Pw, and hence Kw(P.) is finitely
generated. It results that Extw+1

R (M ′,Kw(P.)) = O by our assumption. Now, the desired
pdRM

′ ≤ w follows from PDT (11.19). �

(18.34) Theorem: Global Dimension over Noetherian Rings. If R is Noetherian,
then the next holds:

gldim R = sup{ idRN
′ | N ′ is finitely generated }

= sup{ idRR/b | b is an ideal }

= sup{ n∈ N0 | ExtnR(R/a, R/b) 6= O for some ideals a , b } .

(18.35) Proof. In the first two lines the inequalities “≥” are obvious, and “≥” in the
last line follows from IDT (17.3). Let s denote the last number in the theorem. Thus, it
suffices to prove that gldim R ≤ s. Since gldim R = sup { pdRR/a | a is an ideal } by
Auslander’s Theorem (17.9), the previous theorem (18.32) yields gldim R ≤ s. �

(18.36) Exercise: Global Dimension Zero. Assume that gldim R = 0. Prove that R
is Noetherian. Prove that R is isomorphic to a finite product of fields.
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19. Tensor Product

(19.1) Maps. For sets X and Y , the set of maps α : X → Y is denoted Maps(X, Y ). For
maps of sets ϕ : X → X ′ and ψ : Y → Y ′ there are the next two induced maps:

Maps(ϕ, Y ) : Maps(X ′, Y )→ Maps(X, Y ) , α′ 7→ α′ϕ ;

Maps(X,ψ) : Maps(X, Y )→ Maps(X, Y ′) , β 7→ ψβ .

(19.2) Hom. For R–modules M and N , the set HomR(M,N) is a subset of Maps(M,N),
that is, there is an inclusion:

ωMN : HomR(M,N) ↪→ Maps(M,N) .

(19.3) Maps of Product Sets. Consider sets X, Y , and Z, and there product set:

X × Y = { (x, y) | x ∈ X and y ∈ Y } .

There are then bijective maps Φ = ΦXY Z and Ψ = ΨXY Z, each the inverses of the other:

(♦) Maps(X × Y, Z)
Φ // Maps(X,Maps(Y, Z)) .
Ψ

oo

Indeed, for γ ∈ Maps(X × Y, Z) the element Φ(γ) ∈ Maps(X,Maps(Y, Z)), that is, the
map Φ(γ) : X → Maps(Y, Z), is defined as follows: For x ∈ X the element

(
Φ(γ)

)
(x) ∈

Maps(Y, Z), that is, the map
(
Φ(γ)

)
(x) : Y → Z, is defined as:

((
Φ(γ)

)
(x)

)
(y)

def
= γ(x, y) .

Moreover, for β ∈ Maps(X,Maps(Y, Z)) and (x, y) ∈ X × Y we set:

(
Ψ(β)

)
(x, y)

def
=

(
β(x)

)
(y) .

It is now straightforward to verify that Ψ◦Φ and Φ◦Ψ are the identities on Maps(X×Y, Z)
and Maps(X,Maps(Y, Z)), respectively. (Sometimes Maps(U,W ) is denoted by W U , and

(♦) is expressed as ZX×Y ∼=
(
ZY

)X
.)

(19.4) Homomorphisms of Suitable Product Modules. For R–modules M and N
we want to construct a new module M ⊗R N , the tensor product, aping (♦), that is,
such that there, for any R–module P , are the top isomorphisms in the next commutative
diagram:

(�) HomR(M ⊗R N,P )
∼= //

� _

ωM⊗RN,P

��

HomR(M,HomR(N,P )) .
∼=

oo
� _

ωM,HomR(N,P )

��
Maps(M ⊗R N,P )

Maps(εM,N ,P )

��

Maps(M,HomR(N,P ))

Maps(M,ωNP )

��
Maps(M ×N,P )

ΦMNP
// Maps(M,Maps(N,P )) .

ΨMNP

oo

The lower left vertical map is induced by by a map εM,N : M×N →M⊗RN that results
from the construction below of the tensor product, cf. (19.12).
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(19.5) Bilinear Maps. Let M , N , and P be R–modules.
The set of maps Maps(M ×N,P ) is then an R–module, cf. (14.22), namely PM×N .
A submodule BilR(M,N ;P ) of it is then defined to consist exactly of the R–bilinear

maps γ : M ×N → P , that is, those γ satisfying the next four relations (in the module
P ) for all m,m′ ∈M , all n, n′ ∈ N , and all r ∈ R:

γ(m+m′, n) = γ(m,n) + γ(m′, n) ;(a1)

γ(rm, n) = rγ(m,n) ;(m1)

γ(m,n+ n′) = γ(m,n) + γ(m,n′) ;(a2)

γ(m, rn) = rγ(m,n) .(m2)

(a1) and (m1) mean that, for a fixed n ∈ N , the map M → P , x 7→ γ(x, n) is an
R–homomorphism, that is, it belongs to HomR(M,P ).

(a2) and (m2) mean that, for a fixed m ∈ M , the map N → P , x 7→ γ(m, x) is an
R–homomorphism, that is, it belongs to HomR(N,P ).

The subset BilR(M,N ;P ) is a submodule of the R–module Maps(M × N,P ), it is
called the module of bilinear maps: M ×N → P .

(19.6) Bil & Double Hom. The diagram (�) in (19.4) contains two bijective maps
ΦMNP and ΨMNP , and each one is the inverse of the other. The restrictions Φ|MNP and
Ψ|MNP of these, cf. the diagram below, are easily seen to be isomorphisms, and again
each one is the inverse of the other:

(†) BilR(M,N ;P ) ∼=

Φ|MNP

//
� _

��

HomR(M,HomR(N,P ))
Ψ|MNP

oo � _

��
Maps(M ×N,P )

ΦMNP
// Maps(M,Maps(N,P )) .

ΨMNP

oo

(19.7) Free Module over M×N . Let M and N be R–modules. Consider the product
set M × N (thus forgetting its module structure for the time being), and the free R–
module R(M×N) with basis

(
δ(m,n)

)
(m,n)∈M×N

, cf. (3.27).

Let KMN be the submodule of R(M×N) generated by the elements

δ(m+m′ ,n) − δ(m,n) − δ(m′ ,n) ;(a1)

δ(rm,n) − rδ(m,n) ;(m1)

δ(m,n+n′) − δ(m,n) − δ(m,n′) ;(a2)

δ(m,rn) − rδ(m,n) .(m2)

(19.8) Tensor Product of Modules. The tensor product of M and N is the R–module

M ⊗R N
def
= R(M×N)/KMN (confer (19.7) ).

(19.9) Tensor Product of Elements. Furthermore, for m ∈ M and n ∈ N we define
the the tensor product of the elements m ∈M and n ∈ N as follows:

m⊗ n
def
= [ δ(m,n) ]KMN
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(19.10) Generators. As { δ(m,n) | (m,n) ∈M ×N } generates R(M×N) we have:

M ⊗R N = spanR{m⊗ n | m ∈M and n ∈ N } ,

that is, M ⊗R N is generated by m⊗ n for m ∈M and n ∈ N .

(19.11) Relations. Since KMN , cf. (19.7), contains the elements (a1), (m1), (a2), and
(m2), there are the following relations among these generators.

(m+m′)⊗ n = m⊗ n+m′ ⊗ n ;(A1)

(rm)⊗ n = r(m⊗ n) ;(M1)

m⊗ (n+ n′) = m⊗ n+m⊗ n′ ;(A2)

m⊗ (rn) = r(m⊗ n) .(M2)

(19.12) Bilinear Map into Tensor Product. The map

εM,N : M ×N →M ⊗R N , (m,n) 7→ m⊗ n

is bilinear , that is, εM,N ∈ BilR(M,N ;M⊗RN). In general, it is not an R–homomorphism
(and that was the reason for forgetting the module structure on M ×N in (19.7) ).

(19.13) Theorem: Bilinear Map versus Homomorphism from Tensor Product.
Let M , N , and P be R–modules. The following then hold.

(a) Any R–bilinear map γ : M ×N → P induces an R–homomorphism γ̃ : M ⊗RN → P
given on generators by γ̃(m⊗ n) =def γ(m,n).

(b) Any R–homomorphism α : M ⊗RN → P induces an R–bilinear map α̂ : M ×N → P
given by α̂(m,n) =def α(m⊗ n).

(c) There are R–isomorphisms that are inverse to each other:

BilR(M,N ;P )
∼= // HomR(M ⊗R N,P )
∼=

oo

γ � // γ̃

α̂ α .�oo

(19.14) Proof. (a) Let the R–homomorphism R(M×N) → P be given on basis elements by
δ(m,n) 7→ γ(m,n); its kernel contains KMN since γ is bilinear. Thus, the Homomorphism
Theorem (2.28) yields an R–homomorphism γ̃ : M ⊗R N → P that is well-defined by
γ̃(m⊗ n) = γ(m,n).

(b) is obvious, and (c) follows. �

(19.15) Tensor Product is a Functor. For any R–homomorphism µ : M → M ′ and
any R–module N there is an induced R–homomorphism

µ⊗R N : M ⊗R N →M ′ ⊗R N , m⊗ n 7→ µ(m)⊗ n ,

corresponding to the bilinear map M × N → M ′ ⊗R N , (m,n) 7→ µ(m) ⊗ n. It is
straightforward to verify that this makes

−⊗R N : Mod(R)→ Mod(R) , M 7→M ⊗R N , µ 7→ µ⊗R N

into an additive, covariant functor. Similarly, there is an additive, covariant functor:

N ⊗R − : Mod(R)→ Mod(R) , M 7→ N ⊗R M , µ 7→ N ⊗R µ .

(19.16) Exercise. Prove that −⊗R − is a bi-functor.
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(19.17) Theorem: Adjointness. If M , N , and P are R–modules, then there are inverse
R–isomorphisms:

HomR(M ⊗R N,P ) ∼=

∆MNP
//
HomR(M,HomR(N,P )) .

ΓMNP

oo

These induce the next isomorphisms of functors20:

HomR(−⊗R N,P ) ∼= HomR(−,HomR(N,P )) ;(19.17.1)

HomR(M ⊗R −, P ) ∼= HomR(M,HomR(−, P )) ;(19.17.2)

HomR(M ⊗R N,−) ∼= HomR(M,HomR(N,−)) .(19.17.3)

(19.18) Proof. Definition of the map ∆MNP : For γ ∈ HomR(M ⊗R N,P ) the map
∆MNP (γ) : M → HomR(N,P ) is defined by that the map

(
∆MNP (γ)

)
(m) : N → P for

m ∈M is defined for n ∈ N by:
((

∆MNP (γ)
)
(m)

)
(n)

def
= γ(m⊗ n) (∈ P )

Definition of ΓMNP : For β ∈ HomR(M,HomR(N,P )) the map ΓMNP (β) : M ⊗R N → P
is well-defined on a generator m⊗ n ∈M ⊗R N by:

(
ΓMNP (β)

)
(m⊗ n)

def
=

(
β(m)

)
(n) (∈ P )

It follows from (19.6.†) and (19.13.c) that ∆MNP and ΓMNP are inverse isomorphisms.
The three remaining assertions are verified by inspection. �

(19.19) Theorem: Tensor Product is Right Exact. If O → M → M ′ → M ′′ → O
is exact, then the induced sequence M ⊗R N →M ′ ⊗R N →M ′′ ⊗R N → O is exact.

(19.20) Proof. We want to prove the exactness of the next complex:

(∗) K. =def M ⊗R N →M ′ ⊗R N →M ′′ ⊗R N → O .

Let I be any R–module, set H =def HomR(N, I), and consider the next commutative
diagram:

O // HomR(M ′′ ⊗R N, I) //

∆M′′NI ∼=

��

HomR(M ′ ⊗R N, I) //

∆M′NI ∼=

��

HomR(M ⊗R N, I)

∆MNI ∼=

��

O // HomR(M ′′, H) // HomR(M ′, H) // HomR(M,H)

The isomorphisms and the commutativity come from (19.17.1), and the lower row is exact
as it results from applying the left-exact functor HomR(−, H) applied the the given exact
sequence. Thus, the upper row is exact, and the Exactness Principle ExP (12.27) yields
that the sequence (∗) is exact, as desired. �

(19.21) Exercise. Provide a direct, element-wise, proof of the theorem (19.19).

(19.22) Theorem: Tensor Product & Over-lining. Let a be a proper ideal in R.
The corresponding over-lining functor is then isomorphic to the tensor product functor

20 That is, the isomorphisms ∆MNP and ΓMNP are functorial in M , N , and P .
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R⊗R −. The isomorphisms are given as follows:

M ∼=

eϕM

//
R ⊗RM

eψM

oo

m
� // 1⊗m

rm r ⊗m ,�oo

that is, M/aM ∼=

eϕM

//
(R/a)⊗RM

eψM

oo

[m ]aM
� // [ 1 ]a ⊗m

[ rm ]aM [ r ]a ⊗m .�oo

(19.22.1)

(19.23) Proof. The R–homomorphism ϕ : M → (R/a)⊗RM defined by ϕ(m)
def
= [ 1 ]a⊗m

has Kerϕ ⊇ aM , so it induces well-defined ϕ̃M as above, cf. (2.28). On the other hand,
the map ψ : (R/a)×M →M/aM defined by ψ([ r ]a, m) =def [ rm ]aM is well-defined and

bilinear; thus, it induces ψ̃M above. Finally, it remain to check that ψ̃M ϕ̃M and ϕ̃M ψ̃M

are the identities on M and R⊗RM , respectively. �

(19.24) Corollary. The functor R⊗R− is isomorphic to the identity functor 1Mod(R). �

(19.25) Theorem: Tensor Product & Fraction Functor. Let S be a special multi-
plicative system. The corresponding fraction functor S−1(−) is then isomorphic to the
tensor product functor S−1R⊗R −. The isomorphisms are given as follows:

S−1M ∼=

γM

//
S−1R⊗R M

δM

oo

m/s � // (1/s)⊗m

rm/s (r/s)⊗m .�oo

(19.26) Proof. A bilinear map βM : S−1R×M → S−1M is well-defined by βM(r/s,m)
def
=

(rm)/s, and it induces the R–homomorphism δM of the theorem. It is not hard to verify
that the R–homomorphism γM is also well-defined, and it is easy to check that δMγM

and γMδM are identities. �

(19.27) Associativity. For R–modules M , N , and P there is the next isomorphism:

(M ⊗R N)⊗R P
∼= // M ⊗R (N ⊗R P )

(m⊗ n)⊗ p � // m⊗ (n⊗ p) .

This is functorial in M , N , and P . �

(19.28) Commutativity. For R–modules M and P there is the next isomorphism:

M ⊗R P
∼= // P ⊗RM

m⊗ p � // p⊗m .

This is functorial in M and P . �

(19.29) Exercise. Obtain the Swap Isomorphism (12.12) from the associativity and the
commutativity above.

(19.30) Theorem: Tensor Product of Projectives. If P and P ′ are projective R–
modules, then their tensor product P ⊗R P

′ is a projective R–module.
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(19.31) Proof. By Adjointness (19.17) we have the next isomorphism of functors:

(∗) HomR(P ⊗R P
′,−) ∼= HomR(P,HomR(P ′,−)) .

By assumptions, the functors HomR(P,−) and HomR(P ′,−) are exact. Hence so is their
composition, that is, the right hand functor in (∗). Thus, HomR(P ⊗R P

′,−) is exact, as
desired. �

(19.32) Dot—Slash Notation. SettingM •N =def N⊗RM andM/N =def HomR(N,M)
(and noting the order of M and N), we have the next five isomorphisms:

M •N ∼= M •N commutativity, cf. (19.28).(•)

(M •N)•P ∼= M •(N •P ) associativity, cf. (19.27).(• •)

(M/N)/P ∼= M/(N •P ) adjointness, cf. (19.17).(/ /)

R•N ∼= N unitarity, cf. (19.24).(R•)

M/R ∼= M co-unitarity, cf. (4.4).(/R)

There are also the next two R–homomorphisms:

(M/N)•P →M/(N/P ) evaluation, cf. (20.20).(/ •)

(M •N)/P ←M •(N/P ) co–evaluation, cf. (20.15).(• /)
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20. Flat Modules

The covariant functor H ⊗R − is right-exact for all R–modules H, cf. (19.19).

(20.1) Flat modules. An R–module H is said to be flat, exactly when the tensor functor
H ⊗R − is exact , that is, if and only if the following holds for R–homomorphisms:

µ : M →M ′ is injective =⇒ H ⊗R µ : H ⊗RM → H ⊗RM
′ is injective.

(20.2) Examples: Flat modules.

(a) The R–module R is flat as R⊗R − ∼= 1Mod(R) , cf. (19.24), is exact.
(b) For any special multiplicative system S the R–module S−1R is flat as S−1R⊗R − is

isomorphic to S−1(−), cf. (19.25), and the latter functor is exact by (6.24).
(c) If R is a domain but not a field, then the residue field B is flat by the above, but not

projective, cf. (7.17).
(d) If r ∈ R\ZeroRR is a non-invertible, then the R–module R/(x) is not flat: Tensoring

the injective homomorphism R
x
−→ R by R/(x) yields R/(x)

0
−→ R/(x) which is not

injective.
(e) If F is a flat R–module, then ZeroR F ⊆ ZeroRR. Indeed, for x ∈ R \ ZeroRR the

injective homomorphism R
x
−→ R induces by (a) the map F

x
−→ F . This map is

injective due to the flatness of F , and hence x /∈ ZeroR F .

(20.3) Proposition: Tensor Product of Flat Modules. If the R–modules F and F ′

are flat, then the module F ⊗R F
′ is flat.

(20.4) Proof. The functor (F ⊗R F
′)⊗R− is isomorphic to F ⊗R (F ′⊗R−), cf. (19.27),

and the latter one is exact because it is the composition of two exact functors. �

(20.5) Theorem: Flatness versus Injectivity. The following are equivalent for an
R–module F .

(i) F is flat;
(ii) HomR(F, I) is injective for all injective modules I;
(iii) The Pontryagin dual F ∨ is injective.

(20.6) Proof. By Adjointness (19.17) we have the isomorphism:

(∗) HomR(−⊗R F, I) ∼= HomR(−,HomR(F, I))

and “(i) =⇒ (ii)” follows.
“(ii) =⇒ (iii)” results from the definition of Pontryagin duals (12.26).
“(iii) =⇒ (i)”: The isomorphism (∗) shows, in particular, that the functors (−⊗RF )∨

and HomR(−, F ∨) are isomorphic. As the latter is exact, so is the former, and by the
faithfulness, we conclude that −⊗R F is exact too. �

(20.7) Corollary: Projective is Flat. If P is a projective module, then P is flat.

(20.8) Proof. The module HomR(P, I) is injective by (12.14), so the flatness of P results
from the theorem (20.5). �

(20.9) Corollary: Direct Sum of Flat Modules. If
(
Fx

)
x∈X

is a family of flat R–

modules, then the direct sum
∐

x∈X Fx is flat.



HOMOLOGICAL ALGEBRA December 20, 2004 97

(20.10) Proof. Theorem (14.19) yields HomR(
∐

x∈X Fx, I)
∼=

∏
x∈X HomR(Fx, I) for any

module I. If it is injective, then the latter module is injective by the theorem (20.5) and
Corollary (14.12). Application of the theorem once more, yields the desired assertion. �

(20.11) Exercise: Direct Sum and Tensor Product. Let
(
Mx

)
x∈X

be a family of

R–modules. Establish an isomorphism
(∐

x∈XMx

)
⊗R− ∼=

∐
x∈X (Mx ⊗R −) of functors.

Provide an alternative proof of the corollary above (20.9).

(20.12) Tensor Product of Ideal and Module. The next notation is needed for the
Flatness Theorem (20.13) that follows below.

Let a be an ideal in R, let ι : a ↪→ R be the inclusion, and let F be an R–module.
The R–homomorphism ωaF : a⊗R F → F is then defined by the commutativity of the

next diagram:

(∇) a⊗R F
ωaF //

ι⊗RF
%%KKKKKKKKKKKKKK F

R⊗R F ,

∼=

;;wwwwwwwwwwwww

where the isomorphism is from (19.24). Thus, ωaF is well-defined on a generator by the
next formula:

(∗) ωaF (a⊗ f)
def
= af

for a ∈ a and f ∈ F .
If a′ is an ideal contained in a, and ι′ : a′ ↪→ a is the inclusion, then there is the next

commutative diagram:

(∇′) a′ ⊗R F
ω

a′F //

ι′⊗RF
%%KKKKKKKKKKKKKK F

a⊗R F .

ωaF

;;xxxxxxxxxxxxx

(20.13) Flatness Theorem. The following are equivalent for any R–module F .

(i) F is flat;
(ii) ωaF : a⊗R F → F is injective for all ideals a;

(ii’ ) ωa′F : a′ ⊗R F → F is injective for all finitely generated ideals a′.

(20.14) Proof. “(i) =⇒ (ii’ )”: Assuming that F is flat, the injective R–homomorphism
ιa′ : a′ ↪→ R induces an injective map ιa′ ⊗R F : a′⊗R F → R⊗R F in the diagram (∇) in
(20.12); thus, ωa′F is injective.

“(ii’ ) =⇒ (ii)”: Assume that (ii’ ) holds, and that w belongs to KerωaF [ and we want
to prove w = 0 ]. As the module a⊗R F is generated by { a⊗ f | a ∈ a and f ∈ F }, cf.
(19.10), w = x1(a1⊗f1)+ · · ·+xn(an⊗fn) for some n∈ N, x1, . . . , xn ∈ R, a1, . . . , an ∈ a,
and f1, . . . , fn ∈ F . Consider the finitely generated ideal a′ =def (a1, . . . , an) which is
contained in a, and the inclusion ι′ : a′ ↪→ a. To distinguish the elements in a′⊗R F from
those in a ⊗R F , we use ⊗′ ( instead of ⊗) when describing the generators of a′ ⊗R F ,
that is, a′ ⊗R F is generated by { a′ ⊗′ f | a′ ∈ a′ and f ∈ F }, and we have:

ι′ ⊗R F : a′ ⊗R F → a⊗R F , a
′ ⊗′ f 7→ a′ ⊗ f .
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Furthermore, recall that a1, . . . , an belong to the ideal a′ (by the definition of it), and set:

w′ def
= x1(a

′
1 ⊗

′ f1) + · · ·+ xn(a
′
n ⊗

′ fn) ∈ a′ .

We have then (ι′ ⊗R F )(w′) = w and the commutative diagram (∇′) in (20.12) yields
ωa′F (w′) = ωaF (w) = 0. Thus, by assumption, w′ = 0, and hence w = 0, as desired.

“(ii) =⇒ (i)”: By Theorem (20.5) it suffices to prove that HomR(F, I) is injective,
whenever I is an injective module. Let a be any ideal, and consider the next commutative
diagram:

HomR(F, I)

HomR(ωaF ,I)

))SSSSSSSSSSSSSSSSSSSSSSS

∼=

��
HomR(R⊗R F, I)

HomR(ι⊗RF,I)
//

∼=∆RFI

��

HomR(a⊗R F, I)

∼= ∆aFI

��
HomR(R,HomR(F, I)) // HomR(a,HomR(F, I))

ψ � // r |a .

The top isomorphism is from (19.24), and the two other isomorphisms are by adjointness,
cf. (19.17.1). Since, by assumptions, I is an injective module and ωaF is an injective ho-
momorphism, it follows that HomR(ωaF , I) is surjective. Thus, so is the lower horizontal
map, and Baer’s Criterion (12.7) yields the desired injectivity of HomR(F, I). �

(20.15) Co–Evaluation Homomorphism. For R–modules K, L, and M the R–homo-
morphism

HomR(K,L)⊗R M
σKLM

// HomR(K,L⊗R M)

κ⊗m � def // (k 7→κ(k)⊗m)

is well-defined, and induces three morphisms of functors21:

σ(−)LM : HomR(−, L)⊗R M → HomR(−, L⊗RM)(20.15.1)

σK(−)M : HomR(K,−)⊗RM → HomR(K,−⊗RM)(20.15.2)

σKL(−) : HomR(K,L)⊗R − → HomR(K,L⊗R −) .(20.15.3)

The definition of σKLM can be explained further as follows: Consider a generator κ⊗m
in the tensor product HomR(K,L) ⊗R M , that is, κ ∈ HomR(K,L) and m ∈ M . The
element σKLM(κ⊗m) in HomR(K,L⊗RM), that is, the homomorphism σKLM(κ⊗m)
from K to L⊗RM , is then defined by

(
σKLM(κ⊗m)

)
(k) =def κ(k)⊗m.

To prove that, for example, σ(−)LM is a morphism of functors, one is required to prove
that the next diagram is commutative for any homomorphism α : K → K ′:

HomR(K,L)⊗R M
σKLM

// HomR(K,L⊗RM)

HomR(K ′, L)⊗RM
σK′LM

//

HomR(α,L)⊗RM

OO

HomR(K ′, L⊗RM) .

HomR(α,L⊗RM)

OO

21 That is, the homomorphism σKLM is functorial in K, L, and M .
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This can be done by inspection, for example by element wise considerations in the dia-
gram:

κ′α⊗m
� // (k 7→ (κ′α)(k)⊗m)

(k 7→ κ′(α(k))⊗m)

κ′ ⊗m
� //

_

OO

(k′ 7→ κ′(k′)⊗m)
_

OO

(20.16) Theorem: Co–Evaluation. If the ring R is Noetherian, K is a finitely genera-
ted R–module, L is any R–module, and F is a flat R–module, then the co–evaluation

σKLF : HomR(K,L)⊗R F → HomR(K,L⊗R F )

is an isomorphism.

(20.17) Proof. Note first that the functors HomR(−, L)⊗R F and HomR(−, L⊗R F ) are
left-exact, the former because F is flat. In the next commutative diagram the isomor-
phisms are from (4.4).

HomR(R,L)⊗R F
σRLF

//

αL⊗RF

∼=

''PPPPPPPPPPPPPPPPP
HomR(R,L⊗R F )

αL⊗RF

∼=

wwnnnnnnnnnnnnnnnnn

L⊗R F .

Thus, σRLF is an isomorphism. IsoP (18.23) yields the desired assertion. �

(20.18) Corollary: Tensor Product of Injective & Flat. If the ring R is Noetherian,
I is an injective R–module, and F is a flat R–module, then the tensor product I ⊗R F is
an injective module.

(20.19) Proof. Let a be any ideal, and let ι : a→ R be the inclusion. By (20.15.1) there
is then the next commutative diagram:

HomR(R, I)⊗R F
HomR(ι,I)⊗RF //

∼=σRIF

��

HomR(a, I)⊗R F

∼= σaIF

��
HomR(R, I ⊗R F ) // HomR(a, I ⊗R F )

ψ � // r |a .

The two co–evaluation homomorphisms are isomorphisms by Theorem (20.16). The
injectivity of the module I implies that the homomorphism HomR(ι, I) : HomR(R, I)→
HomR(a, I) is surjective, and hence so is the top horizontal map in the diagram. It follows
that the bottom one is surjective too, and Baer’s Criterion (12.7) implies that I ⊗R F is
injective, as desired. �

(20.20) Exercise: Evaluation. Let K, L, and M be R–modules.

(a) Establish a homomorphism τKLM : K ⊗R HomR(L,M) → HomR(HomR(K,L),M)
which is functorial in K, L, and M .

(b) Describe this in case L = M = ∆R, the Pontryagin module, cf. (12.25) and (12.26).
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Assume, from now on, that the ring R is Noetherian.
(c) Prove that τKLI is an isomorphism, when K is finitely generated and I is injective.
(d) Prove that HomR(L, I) is flat when L and I are injective.

(20.21) Theorem: Finitely Generated Flat is Projective. If R is Noetherian, and
F is a finitely generated flat R–module, then F is projective.

(20.22) Proof. Assume that the sequence of R–homomorphisms L
λ
−→ L′ → O is exact,

and prove exactness of the next induced complex:

K.
def
= HomR(F, L)

λ∗−→ HomR(F, L′)→ O .

To accomplish this, by ExP (12.27), it suffices to prove that, for any injective R–module
I, the top sequence in the next diagram is exact.

O // HomR(HomR(F, L′), I)
HomR(λ∗,I)//

∼=τFL′I

��

HomR(HomR(F, L), I)

∼= τFLI

��

O // F ⊗R HomR(L′, I)
F⊗RHomR(λ,I)

// F ⊗R HomR(L, I) .

The two isomorphisms are from (b) in the Evaluation (20.20). The lower row is exact
because contravariant Hom is always left-exact, and because F is flat. The diagram is
commutative, so the top row is exact, as desired. �

(20.23) Torsionfree Modules. Let R be a domain. An R–module M is then said
to be torsionfree, exactly when , for all r ∈ R \ O the multiplication homomorphism
rM : M →M , m 7→ rm is injective, that is, the next holds:

∀ r ∈ R \O ∀m ∈M \O : rm 6= 0 .

Compare (12.16).

(20.24) Exercise: Flatness versus Torsionfreeness. Let F be a module over an
integral domain R, and let K be a submodule of F . The following then hold.

(1) If F is flat, then F is torsionfree.
(2) If R is PID and F is torsionfree, then F is flat.
(3) If F is torsionfree, then K is torsionfree.
(4) If R is PID and F is flat, then K is flat.
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21. Tor

For any R–module N and any n ∈ Z the covariant functor TorRn (−, N) will be intro-
duced as the n’th left derived of the covariant functor − ⊗R N . This functor will be
extended to a bi-functor TorRn (−,−) in two variables.

(21.1) Tensor Product as Bi-functor. That is, if µ : M → M ′ and ν : N → N ′ are
R–homomorphisms, then the next diagrams are commutative:

M ⊗R N
M⊗Rν //

µ⊗RN

��

M ⊗R N
′

µ⊗RN
′

��
M ′ ⊗R N

M ′⊗Rν
// M ′ ⊗R N

′

m⊗ n � //
_

��

m⊗R ν(n)
_

��
µ(m)⊗R n

� // µ(m)⊗R ν(n)

(21.1.1)

We set µ⊗R ν =def (µ⊗R N
′)(M ⊗R ν) = (M ′ ⊗R ν)(µ⊗R N) : M ⊗R N →M ′ ⊗R N

′.

The next result is analogous to Theorem: Ext (16.5).

(21.2) Theorem: Tor. For every n ∈ Z there exists a functor in two variables:

TorRn (−,−) : Mod(R)×Mod(R)→ Mod(R) ;

it is covariant in both variables.

(F1) For any R–module N , the functor TorRn (−, N) is the n’th left derived functor
Ln(−⊗RN) of the covariant functor −⊗RN , and for any R–module M , the functor
TorRn (M,−) is the n’th left derived functor Ln(M ⊗R −) of the covariant functor
M ⊗R−. Thus, TorRn (M,N) = Hn(P.⊗RN) = Hn(M ⊗RQ.) when P. and Q. are
projective resolutions of M and N , respectively.

(F2) TorRn (M,N) depends on the choice of projective resolution of M or N , but is unique
up to unique isomorphism.

(F3) TorR0 (−,−) ∼= −⊗R − as a functor in two variables.
(F4) TorRn (M,N) ∼= TorRn (N,M) functorial in both variables.
(F5) Tor is a bi-functor. That is, if µ : M →M ′ and ν : N → N ′ are R–homomorphisms,

then the next diagram is commutative:

TorRn (M,N)
TorR

n (M,ν)
//

TorR
n (µ,N)

��

TorRn (M,N ′) .

TorR
n (µ,N ′)

��

TorRn (M ′, N)
TorR

n (M ′,ν)

// TorRn (M ′, N ′)

(F6) F is flat, if and only if TorRn (−, F ) = O for all n > 0, if and only if TorRn (F,−) = O
for all n > 0.
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(F7) The next short-exact ladder:

O

��

O

��

N
α //

ν

��

Ñ

eν
��

N ′ α′
//

ν′

��

Ñ ′

eν′

��

N ′′ α′′
//

��

Ñ ′′

��
O O .

induces the next long-exact ladder:

:

δn+1
I ��

:

eδn+1
I��

TorRn (M,N)
TorR

n (M,α)
//

TorR
n (M,ν)

��

TorRn (M, Ñ)

TorR
n (M,eν)

��

TorRn (M,N ′)
TorR

n (M,α′)
//

TorR
n (M,ν′)

��

TorRn (M, Ñ ′)

TorR
n (M,eν′)

��

TorRn (M,N ′′)
TorR

n (M,α′′)
//

δn
I

��

TorRn (M, Ñ ′′)

eδn
I

��

TorRn−1(M,N)
TorR

n−1(M,α)
//

TorR
n−1(M,ν)

��

TorRn−1(M, Ñ)

TorR
n−1(M,eν)

��

TorRn−1(M,N ′)
TorR

n−1(M,α′)
//

��

TorRn−1(M, Ñ ′)

��
: :

In particular, any exact sequence O → K → F → N → O with F flat induces an exact
sequence:

(∗) O → TorR1 (L,N)
δ1−→ L⊗R K → L⊗R F → L⊗R N → O

and isomorphisms TorRn+1(L,N) ∼= TorRn (L,K) for n ≥ 1. �

(21.3) Flat resolutions. A flat resolution F. of an R–module M is a sequence of R–
homomorphisms:

F. = · · · → F`
∂`−→ F`−1

∂`−1
−→ · · ·F1

∂1−→ F0 → O
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together with an R–homomorphism F0
∂0−→M such that

• F` is a flat R–module for all `∈ N0;

• F.→M
def
= · · · → F`

∂`−→ F`−1
∂`−1
−→ · · ·F1

∂1−→ F0
∂0−→M → O is exact.

The sequence F.→M is then called the augmented flat resolution of M . Note that the
index of the R–homomorphism ∂` in the flat resolution equals that of its source.

Any R–module admits a flat resolution as any projective resolution is a flat resolution.

(21.4) Example. Let R be a domain that is not a field, and let B be the field of fractions.
The R–module B/R has then O → R → B → O as flat resolution, and this is not a
projective resolution, cf. (20.2.c).

(21.5) Exercise: Tor by Flat Resolution. Let F. be a flat resolution of M . Prove for
any n∈ N0 that the functors TorRn (M,−) and Hn(F.⊗R −) are isomorphic.

(21.6) Exercise: Flat Resolution & Injective Resolution. Let F. be a flat resolution
of M , and let I be an injective module. Prove that HomR(F., I) is an injective resolution
of HomR(M, I).

(21.7) Lemma. Let K be a submodule of an R–module M , and let a be an ideal. If the
module M/K is flat, then (aM) ∩K = aK.

(21.8) Proof. In the next diagram:

TorR1 (R/a,M/K)
δ1 // (R/a)⊗R K

eψK ∼=

��

// (R/a)⊗RM

eψM∼=

��
O

O // Kerϕ // K/(aK) ϕ
// M/(aM)

the upper row is (part of) the long-exact sequence obtained by applying the functor
(R/a) ⊗R − to the exact sequence O → K ↪→ M → M/K → O. The equality is
because M/K is flat by assumption, confer also (F6) in Tor Theorem (21.2). The two
isomorphisms are by (19.22). The homomorphism ϕ is well-defined by ϕ([ k ]aK) =def

[ k ]aM , and it is easy to verify that the rectangle commutes. It follows that Kerϕ = O.
On the other hand, Kerϕ = (aM ∩K)/aK, and the desired assertion follows. �

(21.9) von Neumann Regular Rings. The ring R is said to be von Neumann regular,
exactly when there to each r ∈ R exists an x ∈ R such that rxr = r, that is, (r2) = (r)
for all r ∈ R.

(21.10) Example: von Neumann Regular Ring. Let L be a field , and consider the
ring R =def LX , cf. (3.14). This ring is von Neumann regular: To each element ϕ in
R, that is, function ϕ : X → R, define ψ ∈ R by ψ(x) =def ϕ(x)−1 when ϕ(x) 6= 0,
and ϕ(x) =def 0 otherwise, because then ϕ(x)ψ(x)ϕ(x) = ϕ(x) for all x ∈ X, that is,
ϕψϕ = ϕ.

(21.11) Lemma: von Neumann Regular Rings. R is von Neumann regular, if the
R–module R/(r) is flat for all r ∈ R.
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(21.12) Proof. Letting, for an r ∈ R, M =def R, K =def (r), and a =def (r), Lemma
(21.7) yields that (r) = (r)R ∩ (r) = aM ∩K = aK = (r)(r) = (r2), as desired. �

(21.13) Exercise: von Neumann Regular Rings. Assume that R is von Neumann
regular. Prove the next assertions.

(a) To any principal ideal (a) there exists an idempotent 22 e generating (a).
(b) The R–module R/(e) is projective whenever e is an idempotent.
(c) The R–module R/a is projective whenever a is an ideal generated by two elements.
(d) The R–module R/a is projective whenever a is a finitely generated ideal.
(e) The exact sequence O → a→ R→ R/a→ O splits whenever a is a finitely generated

ideal.
(f) Every R–module is flat.

The next characterization of von Neumann regular rings follows directly from Lemma
(21.11) and Exercise (21.13).

(21.14) Theorem: von Neumann Regular Rings. The ring R is von Neumann reg-
ular if and only if all R–modules are flat. �

(21.15) Exercise: Finite Generation of Tensor Product and Tor. Let M and N
be finitely generated R–modules.

(a) Prove that M ⊗R N is finitely generated.
(b) Prove that TorRn (M,N) is finitely generated for all n∈ N0 , if R is Noetherian.

22 That is, e2 = e.
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22. Flat Dimension

(22.1) Flat dimension. An R–module M is said to have finite flat dimension exactly
when it has a bounded flat resolution, and when this is the case, the flat dimension of M
is determined as smallest f ∈ N0 such that it has a flat resolution of length f . If M does
not have finite flat dimension, then we set fdRM = ∞, provided the module is not the
zero module: we set fdRO = −∞.

Thus, for any R–module M 6= O and any n∈ N0 we have:

(22.1.1) fdRM ≤ n ⇐⇒





There exists an exact sequence:

O → Fn
∂n−→ · · ·

∂1−→ F0
∂0−→M → O

with F0, . . . , Fn flat.

Note furthermore the next equivalence for an R–module M .

(22.1.2) fdRM = 0 ⇐⇒ M is flat and non-zero.

(22.2) Example. Let R be a domain that is not a field, and let B be its field of fractions.
Then fdRB = 0 as it is a flat module, and fdR(B/R) = 1 by (21.4), since B/R is
not flat by (20.2.e), since any non-invertible r ∈ R \ O belongs to ZeroR(B/R) (as
r[ 1

r
]R = [ 1 ]R[ 0 ]R = 0 and [ 1

r
]R 6= 0).

(22.3) Example. If M is a module over a PID R, then fdRM ≤ 1 by (20.24.4).

As any projective module is flat by (20.7), we obtain the next inequality:

(22.4) Lemma: Flat & Projective Dimension. For all R–modules M the inequality
fdRM ≤ pdRM holds. �

(22.5) Example. If R be a domain and not a field, and let B be its field of fractions.
There is then a strict inequality fdRB = 0 < pdRB, cf. (20.2.c).

(22.6) FDT
def
= Flat Dimension Theorem. The following are equivalent for any R–

module M and any n∈ N0.

(i) fdRM ≤ n;
(ii) TorRm(H,M) = O for all m > n and all R–modules H;
(iii) TorRn+1(H,M) = O for and all R–modules H;

(iii )̃ TorRn+1(R/a
′,M) = O for and all finitely generated ideals a′;

(iv) If F. is a flat resolution of M , then the kernel Kn−1(F.) is flat.

(22.7) Proof. With one exception, all parts of this proof are similar to the corresponding
ones in the proof of IDT, cf. (17.4). Thus, we concentrate on the exceptional one:

“(iii )̃ =⇒ (iv)”: Assume that (iii )̃ holds, and that F. is a flat resolution of M , and
consider the kernels K` =def Ker(F` → F`−1) for `∈ N, K0 =def Ker(F0 → M), and
K−1 =def M , as well as the resulting short-exact sequences:

(†`) O → K` → F` → K`−1 → O

for `∈ N0 . Let a′ be a finitely generated ideal, and consider the short-exact sequence

(∗) O → a′ ι′

↪→ R � R/a′ → O .
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By Flatness Theorem (20.13)—in view of the diagram (∇) in (20.12)—it suffices to prove
that Kn−1 ⊗R ι

′ : Kn−1 ⊗R a′ → Kn−1 ⊗R R is injective. Because of the exact sequence

(∗) TorR1 (Kn−1, R/a
′)

δ1−→ Kn−1 ⊗R a′ → Kn−1 ⊗R R

from (F7) in Theorem: Tor (21.2), it suffices to prove TorR1 (Kn−1, R/a
′) = 0. This follows

from the next chain (in which the sum of indices is n in each line):

TorR1 (Kn−1, R/a
′) ∼= TorR2 (Kn−2, R/a

′)
∼= · · ·

∼= TorRn (K0, R/a
′)

∼= TorRn+1(K−1, R/a
′)

= TorRn+1(M,R/a′) = 0 ;

the former equality is by convention and the latter is by assumption. �

(22.8) FDC
def
= Flat Dimension Corollary. If M is an R–module, then

fdRM = sup{n∈ N0 | TorRn (H,M) 6= O for some H }

= sup{n∈ N0 | TorRn (R/a′,M) 6= O for some finitely generated ideal a′ } .

This number is in N∗
0, cf. (11.23). �

(22.9) Proposition: Over Noetherian Ring. If R is Noetherian, and M ′ is a finitely
generated R–module, then pdRM

′ = fdRM
′.

(22.10) Proof. Since one inequality is known in general, cf. (22.4), it suffices to prove
pdRM

′ ≤ fdRM
′. Therefore, assume that n =def fdRM

′ < ∞ and M ′ 6= O, and choose
a projective resolution of M ′ by finitely generated modules Pn, cf. (18.19). We want to
see that the kernel Kn−1(P.) is projective. It is flat by FDT (22.6), and it is finitely
generated, because it is a submodule of Pn−1 which, as a finitely generated module over a
Noetherian ring, is Noetherian by (18.13). It results from Theorem (20.21) that Kn−1(P.)
is projective, as desired. �

(22.11) Exercise: Flat Dimension & Fractions. Let M be an R–module, and let S
be a special multiplicative system. Prove that fdS−1R S

−1M ≤ fdRM .

(22.12) Exercise: Tor & Fractions. Let M be an R–module, and let S be a special
multiplicative system. Establish an isomorphism of bi-functors

TorS
−1R

n (S−1(−), S−1(∼)) ∼= S−1TorRn (−,∼) .

(22.13) Exercise: Torsion. Let R be a domain with B as field of fractions. For any
R–module M define the torsion submodule of M as

MT
def
= {m ∈M | xm = 0 for some x ∈ R \O } .

(a) Prove that the functors (−)T and TorR1 (−, B/R) are isomorphic.
(b) Prove that TorRn (M,N)T = TorRn (M,N) for n > 0.

The name Tor is an abbreviation of Torsion , and can be motivated by either of the
above.
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(22.14) Theorem: Higher Adjointness. For any injective R–module I, any R–
modules M and N , and any n∈ N0 there is an isomorphism of functors:

ExtnR(M,HomR(N, I)) ∼= HomR(TorRn (M,N), I) ,

which is functorial in M and N .

(22.15) Proof. Let P. be a projective resolution of M . In the next chain the two equal-
ities are by the definitions: (21.2.(F1)) and (11.17), respectively.

HomR(TorRn (M,N), I) = HomR(Hn(P.⊗R N), I) ∼= Hn(HomR(P.⊗R N, I))
∼= Hn(HomR(P.,HomR(N, I)))= ExtnR(M,HomR(N, I)) .

The first isomorphism is by (11.3); the second one is the adjunction (19.17.1). �

(22.16) Corollary: Injective & Flat Dimensions. There is the next equality:

fdRN = sup{ idR HomR(N, I) | I is an injective R–module } .

(22.17) Proof. The inequality “≥ ” follows from the theorem in view of FDT (22.6) and
IDT (17.3). Setting I equal the Pontryagin module ∆R, cf. (12.25), the isomorphism of
the theorem yields, in view of (12.26.1),

ExtnR(M,HomR(N,∆R)) 6= O ⇐⇒ TorRn (M,N) 6= O .

Thus, fdRN = idR HomR(N,∆R), and the desired equality has been established. �

(22.18) Exercise: Higher Associativity. Prove that the modules TorRn (M,N) ⊗R F
and TorRn (M,N ⊗R F ) are isomorphic, whenever F is flat.

(22.19) Exercise: Higher Evaluation. Prove that the modules TorRn (K,HomR(L, I))
and HomR(ExtnR(K,L), I) are isomorphic, and that fdR(HomR(K, I)) ≤ idRK, whenever
R is Noetherian, K is finitely generated, and I is injective.

(22.20) Exercise: Higher Co–Evaluation. Prove that the modules ExtnR(K,L)⊗R F
and ExtnR(K,L ⊗R F ) are isomorphic, and that idR(L ⊗R F ) ≤ idR L, whenever R is
Noetherian, K is finitely generated, and F is flat.

(22.21) Weak Global Dimension.23 It is defined as follows:

wgldim R
def
= sup{ fdRM |M is an R–module } (∈ N0 ∪ {∞}).

(22.22) Remarks. (1) wgldim R = 0 if and only ifR is von Neumann regular, cf. (21.14).
(2) wgldim R ≤ gldim R by (22.4). An example with strict inequality is provided by

(22.23) below, and in (22.26) it is proved that equality holds always over Noetherian
rings.

(22.23) Weak Global Dim vs. Global Dim. Let L be a field, let X be an infinite
set, and set R =def LX which is a von Neumann regular ring, cf. (21.10), and hence has
wgldim R = 0, cf. (21.14). We shall prove that gldim R > 0 by proving that not all
short-exact sequences split, cf. (12.10). Indeed, assume that the ideal a =def L(X) is an
direct summand in R, we get R = a ⊕ b (inner direct sum) for some ideal b in R. In
particular, ab ⊆ a∩ b = O. We will next prove that then b = O. Namely, assuming that

23 In older literature, flat dimension is called “weak homological dimension”.
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ϕ ∈ b and ϕ 6= O, choose x ∈ X such that ϕ(x) 6= 0. The function δxϕ is then non-zero
(as it sends x into δx(x)ϕ(x) = ϕ(x) 6= 0), and as it belongs to ab, this contradicts
ab = O. Now b = O, and we have L(X) = a = R = LX which contradicts the infinity of
X. (Consulting Exercise (18.36) is an alternative to the above.)

(22.24) Theorem: Weak Global Dim.

wgldim R = sup{ fdRM
′ |M ′ finitely generated module }

= sup{ fdRR/a
′ | a′ finitely generated ideal }

= sup{n | TorRn (R/a′,−) 6= O for a finitely generated ideal } .

(22.25) Proof. For n∈ N0 consider the next four assertions:

(fnR) fdRM ≤ n for all R–modules M ;
(fnR)’ fdRM

′ ≤ n for all finitely generated R–modules M ′;
(fnR)∼ fdRR/a

′ ≤ n for all finitely generated ideals a′;
(Tn

R)∼ TorRn+1(R/a
′,−) = O for all finitely generated ideals a′.

(fnR)
obvious +3 (fnR)′

obvious

��
(Tn

R)∼

FDC (22.8)

KS

(fnR)∼ .
FDC (22.8)

ks
�

(22.26) Theorem: Weak Global Dim over Noetherian Ring. If R is Noetherian,
then wgldim R = gldim R.

(22.27) Proof. By, respectively, Auslander’s Theorem (17.9), Proposition: Over Noe-
therian Ring (22.9), Definition (22.21), and Remark (22.22.2) we obtain the next four
relations:

gldim R = sup{ pdRM
′ |M ′ finitely generated }

= sup{ fdRM
′ |M ′ finitely generated }

≤ wgldim R ≤ gldim R . �
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23. Krull Dimension

First we summarize aspects of the theory of commutative rings in general; later we
specialize to the Noetherian ones.

(23.1) Radical. The set Rad(R)
def
= { x ∈ R | xn = 0 for some n∈ N } is called the

radical 24 of R. This is an ideal in R (because R is commutative; for example, the
binomial formula gives (x+ y)n =

∑n
i=0

(
n
i

)
xiyn−i.)

(23.2) Prime Ideals & Maximal Ideals. We use the next notation:

SpecR
def
= { p | p is a prime ideal } ⊇ MaxR

def
= { p | p is a maximal ideal } 6= ∅ .

p ∈ SpecR ⇐⇒ R/p is a domain. m ∈ MaxR ⇐⇒ R/m is a field.

The existence of at least one maximal ideal is due to Zorn’s Lemma: The set of proper
ideals is non-empty (as R is non-trivial) and inductively ordered (as the union of a totally
ordered set of ideals is again an ideal).

(23.3) Minimal Prime Ideals.

p ∈ MinR
def
⇐⇒ p is minimal in SpecR

Thus, p ∈ MinR, if and only if p ∈ SpecR and p = q whenever q ⊆ p and q ∈ SpecR.

(23.3.1) MinR 6= ∅ .

This follows by Zorn’s Lemma applied to SpecR ordered by inverse inclusion: If Y is
a totally ordered non-empty subset, then q =def

⋂
p∈Y

p belongs to SpecR. Indeed, if

a, b ∈ R has ab ∈ q and b /∈ q, then choose p0 ∈ Y such that b /∈ p0, and note that
q =

⋂
p′∈Y′ p

′ when Y′ =def { p′ ∈ Y | p′ ⊆ p0 } (as Y is totally ordered). Because b /∈ p′

and a ∈ p′ for all p′ ∈ Y′, we conclude that a ∈ q, as desired.

Proof of the next useful result will be provided later.

(23.4) Proposition. If R is Noetherian, then MinR is finite.

(23.5) Lemma. Each ring homomorphism ϕ : R→ R̃ induces the next map:

Spec : Spec R̃→ SpecR , p̃ 7→ ϕ−1(p̃) .

(23.6) Proof. For p̃ ∈ Spec R̃ we are required to prove that

p =def ϕ−1(p̃) (
def
= { r ∈ R | ϕ(r) ∈ p̃ } )

belongs to SpecR. The induced ring homomorphism R→ R̃/p̃ , r 7→ [ϕ(r) ]ep , has kernel
p. Thus, the Isomorphism Theorem (for rings) yields that R/p is isomorphic to a subring

of R̃/p̃. As the latter is a domain, so is the former, that is, p ∈ SpecR. �

(23.7) Exercise: Spec as Functor. Describe Spec as a contravariant functor from the
category of rings and ring homomorphisms to the category of sets and maps.

(23.8) Variety of an Ideal. For an ideal a in R its variety VR(a) is defined as follows:

VR(a)
def
= { p ∈ SpecR | p ⊇ a } ,

24 Or nilradical.
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If W is any subset of R we set VR(W )
def
= VR(spanRW ), for example, for a ∈ R we write

VR(a) instead of VR((a)).
There is a map Φa : Spec (R/a) → VR(a) given by p̃ 7→ πa

−1(p̃) when πa : R → R/a
is the residue homomorphism. The map Φa bijective, and it respects inclusions, that is,
Φa(p̃1) ⊆ Φa(p̃2) if p̃1 ⊆ p̃2, and its inverse in given by Φa

−1(p) = p/a.

(23.9) Prime Ideals in Ring of Fractions. Let S be a special multiplicative system
in R. The map

ΨS : Spec (S−1R)→ { p ∈ SpecR | p ∩ S = ∅ } , p̃ 7→ { r ∈ R | r/1 ∈ p̃ }

is the one induced by the ring homomorphism R → S−1R, r 7→ r/1, cf. (23.5); ΨS is
bijective and respects inclusions. To any p ∈ SpecR with p ∩ S = ∅, the ideal S−1p

belongs to Spec (S−1R), and Ψ−1
S (p) = S−1p.

(23.10) Proposition: Radical. Rad(R) =
⋂

p∈MinR p .

(23.11) Proof. The inclusion “⊆ ” follows from the fact that an ∈ p implies a ∈ p

whenever p is a prime ideal.
“⊇ ”: Assume that x ∈ R\Rad(R) [ and we want p ∈ MinR with x /∈ p ]. Consider the

special multiplicative system S(x) =def { xn | n∈ N0 }, and the non-trivial ring Rx =def

S(x)−1R. Choosing p̃ ∈ MinRx by (23.3.1), the corresponding prime ideal p, cf. (23.9),
then belongs to MinR and x /∈ p by (23.9) once more. �

(23.12) Examples: Spec.
(a) If L is a field, then MaxL = SpecL = MinL = {O } and Rad(L) = O.
(b) If R is a domain, then MinR = {O } and Rad(R) = O
(c) If R is a PID, then MaxR = { (p) | p is a prime element }, SpecR = MaxR∪{O }.
(d) SpecR/a = { p/a | p ∈ VR(a) }, when a is an ideal, cf. (23.8).
(e) Spec S−1R = {S−1p | p ∈ SpecR , p ∩ S = ∅ }, when S is a special multiplicative

system, cf. (23.9).
(f) Spec Z/(4) = { ([ 2 ](4)) }.
(g) Spec Z/(6) = { ([ 2 ](6)), ([ 3 ](6)) }.

(23.13) Local Ring. The ring R is said to be local, exactly when it is Noetherian and has
only one maximal ideal. Recall that MaxR 6= ∅ by (23.2). We use the next terminology:

(R,m, k) is local
def
⇐⇒ R is Noetherian, MaxR = {m } , and k = R/m .

We say that k is the residue field.

(23.14) Localization. Let R be Noetherian. For p ∈ SpecR, the set R \ p is a special
multiplicative system, and we set

Mp

def
= (R \ p)−1M

for any R–module M . Then Mp is a module over the ring Rp, which is local by (23.12.e):

(Rp, pp, κR(p)) is a local ring with κR(p)
def
= Rp/pp .

Here, pp = { p/s | p ∈ p and s ∈ R \ p }, and the field κR(p) is isomorphic to the field
of fractions of the domain R/p.
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(23.15) Krull Dimension. The Krull dimension of the ring R is denoted dimR, and it
is the supremum of n∈ N0 such that exists a chain

(†) p0 ⊂ p1 ⊂ · · · ⊂ pn

in SpecR, that is, a chain of prime ideals. In the chain (†) there are exactly n strict
inclusions; for n = 0 the chain is just p0 (without inclusions). As SpecR 6= ∅ by (23.2)
we have:

dimM ∈ N0 ∪ {∞} .

(23.16) Examples: Dim. Confer the corresponding part of Example (23.12).

(a) If L is a field, then dimL = 0.
(b) If R is a domain and not a field, then dimR > 0.
(c) If R is a PID and not a field, then dimR = 1.
(d) dimR/a ≤ dimR, when a is an ideal.
(e) dimS−1R ≤ dimR, when S is a special multiplicative system.
(f) dim Z/(4) = 0.
(g) dim Z/(6) = 0.

In cases (d) and (e), more precise results will be provided later.

(23.17) Infinite Dimension. Let L be a field, and consider the next infinite chain of
polynomial domains:

L[X1 ] ⊂ L[X1, X2 ] ⊂ · · · ⊂ L[X1, . . . , Xn ] ⊂ · · ·

The union of these rings is easily seen to be a ring; it is denoted L[X1, X2, · · · ] and said
to be the polynomial ring over L in the infinitely many indeterminates X1, X2, . . . , and
it is a domain. In the infinite chain

O ⊂ (X1) ⊂ (X1, X2) ⊂ · · · ⊂ (X1, . . . , Xn) ⊂ · · ·

of ideals in L[X1, X2, · · · ]. These ideals are prime ideals as L[X1, X2, · · · ]/(X1, . . . , Xn) ∼=
L[Xn+1, Xn+2, · · · ], and the latter is a domain. Thus dimL[X1, X2, · · · ] =∞.

(23.18) Height of Prime Ideal. For p ∈ SpecR the height htR p is defined as:

htR p
def
= dimRp (∈ N0 ∪ {∞}) .

By (23.12.e) applied with S = R \ p we get:

htR p = sup{n∈ N0 | There is prime ideal chain: p0 ⊂ · · · ⊂ pn ⊆ p } .

In particular,

htR p = 0 ⇐⇒ p ∈ MinR .

(23.19) Exercise: Height Inequality. Let p be a prime ideal. Prove the next inequality:

htR p + dimR/p ≤ dimR .

Provide an example with strict inequality.

(23.20) Exercise: Height. Let R be a UFD25, and let p ∈ SpecR have htR p = 1. Prove
that p is a principal ideal generated by a prime element.

The next two fundamental results are proved in [Ka ] and [BH ], respectively.

25 That is, a Unique Factorization Domain
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(23.21) PIT
def
= Principal Ideal Theorem by Krull. Let x be an element in R, and

assume that R is Noetherian. For any prime ideal p that is minimal in VR(x) (that is,
p/(x) ∈ MinR/(x) ) the next inequality holds:

htR p ≤ 1 .

(23.22) PAL
def
= Prime Avoidance Lemma. Assume that p1, . . . , pn are ideals in R,

and that at most two of these are not prime ideals. If a is an ideal that is not contained
in any pi , then

a * p1 ∪ · · · ∪ pn .

Thus, “the ideals p1, . . . , pn can be avoided by an element in a”.

(23.23) Proposition: Spec R infinite. If R is Noetherian and dimR ≥ 2, then the set
SpecR is infinite.

(23.24) Proof. We will actually prove that X
def
= { p ∈ SpecR | htR p ≤ 1 } is infinite.

Assume that X = { p1, . . . , pn } is finite [ and look for a contradiction ]. As dimR ≥ 2
by assumption, q ∈ SpecR can be chosen such that htR q ≥ 2. Next, use PAL (23.22)
to choose x ∈ q \ p1 ∪ · · · ∪ pn. By (23.3.1) MinR/(x) is non-empty, so p′ can be
chosen minimal in VR(x), cf. (23.12.d). By PIT (23.21) we have htR p′ ≤ 1, and hence
p′ ∈ X = { p1, . . . , pn } contradicting x ∈ p′ \ p1 ∪ · · · ∪ pn. �

For the rest of this section we assume, cf. (23.13):

(R,m, k) is a local ring.

(23.25) GPIT
def
= General PIT. For n∈ N0 the following are equivalent.

(i) There exist a1, . . . , an ∈ m such that VR(a1, . . . , an) = {m }.
(ii) dimR ≤ n;

(23.26) Proof. “(ii) =⇒ (i)” by induction on n:
n = 0: dimR ≤ 0 means that dimR = 0, that is, SpecR = {m }. The ideal generated

by 0 elements is spanR ∅ = O, the zero ideal, cf. (2.9.1). Thus, VR(O) = SpecR = {m },
as desired.
n > 0: By Proposition (23.4) the set MinR is finite, say MinR = { q1, . . . , qm }. By

PAL (23.22) we can choose x ∈ m such that x /∈ q1∪· · ·∪qm . Set R =def R/(x) which is
a local ring with maximal ideal m′ =def m/(x). In order to be able to apply the inductive
hypothesis, we want to prove:

(∗) dimR ≤ n− 1 .

To achieve this, let p̃1 ⊂ · · · ⊂ p̃` be any (strict) chain in SpecR, and consider the
corresponding chain p1 ⊂ · · · ⊂ p` in SpecR, cf. (23.12.d), that is, x ∈ pi and pi/(x) = p̃i .
As x is in p0 and as it is not in any of the minimal prime ideals q1, . . . , qn, we conclude
that p0 is not minimal, that is, htR p0 ≥ 1, so we may choose p−1 ∈ SpecR such that
p−1 ⊂ p0 . Now, we have constructed a chain in SpecR of length ` + 1, and hence
`+ 1 ≤ dimR. As the latter, by assumption, is at most n, we have established (∗).

The inductive hypothesis now provide elements [ a1 ](x), . . . , [ an−1 ](x) ∈ R such that
VR([ a1 ](x), . . . , [ an−1 ](x)) = {m′ }, and hence VR(a1, . . . , an−1, x) = {m }, as desired.
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“(i) =⇒ (ii)”:
n = 0: In this case VR(a1, . . . , an) = VR(O) = SpecR and hence SpecR = {m }; thus,

dimR = 0.
n = 1: As, by assumption, m is minimal in VR(a1), PIT (23.21) yields htR m ≤ 1, that

is, dimR ≤ 1 as desired.
n > 1: This requires a special argument that will be provided later—if at all. �

(23.27) Corollary 1. If m can be generated by b (∈ N0) elements, then dimR ≤ b. �

(23.28) Corollary 2. dimR <∞. �

(23.29) Corollary 3. Set d
def
= dimR. There exists then a1, . . . , ad ∈ m such that

VR(a1, . . . , ad) = {m }. �

(23.30) Exercise: Generating Ideal up to Radical. Prove that there to any ideal a

in R exists a1, . . . , ad ∈ a such that d = dimR and VR(a1, . . . , ad) = VR(a).

(23.31) Theorem: Dimension of Ring Modulo Element. Set d
def
= dimR, assume

that x ∈ m, and set R =def R/(x). The following then hold.

(a) d− 1 ≤ dimR ≤ d.
(b) If dimR = d, then there exists p ∈ MinR such that dim(R/p) = d and x ∈ p.
(c) If x /∈

⋃
p∈MinR p, then dimR = d− 1.

(d) If dimR > 0, then there x can be chosen in m such that dimR = d− 1

(23.32) Proof. First note that

(†) SpecR = { p/(x) | p ∈ VR(x) }

by (23.12.d). Thus, for (a), only the inequality dimR ≥ d − 1 needs explanation. Set
e = dimR, and choose by Corollary 3 (23.29) [ a1 ](x), . . . , [ ae ](x) ∈ m′ =def m/(x) (the

maximal ideal in R) such that m′ is minimal in VR([ a1 ](x), . . . , [ ae ](x)). Thus, m is
minimal in VR(a1, . . . , ae, x), and d ≤ e+ 1 follows from GPIT (23.25).

(b) results from (†), and (c) follows.
(d): Choose x ∈ m \

⋃
p∈MinR p by PAL (23.22) in view of the finiteness of MinR, cf.

(23.4). Apply then (c). �

(23.33) Non-local Noetherian Rings.

(a) Let A be a Noetherian ring which need not be local. If d =def dimA <∞ and a is an
ideal in a, then there exist d + 1 elements a1, . . . , ad+1 such that VA(a1, . . . , ad+1) =
VA(a). This is a variation of Exercise (23.30).

(b) Later we will give an example of a Noetherian ring A with dimA =∞. Corollary 2
(23.28) implies that this ring is not local. (The ring L[X1, X2, · · · ] in Example (23.17)
is not Noetherian.) In any ring A with dimA = ∞, there is an infinite sequence of
chains in SpecA: p00 ; p10 ⊂ p11; . . . ; pn0 ⊂ pn1 ⊂ · · · ⊂ pnn ; . . . (but each chain
is finite when the ring is Noetherian).
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24. Minimal Generation

Throughout this section:

(R,m, k) is a local,

that is, R is Noetherian, MaxR = {m }, and k = R/m.
Over-lining will, in this section, always refer to the ideal m, that is, for an R–module

N , an element n ∈ N , and an R–homomorphism ϕ : N → P , we write N = N/mN
(which is a vector space over k), n = [n ]mN (which is an element in N), and ϕ : N → P
(which is the induced linear map of vector spaces). Thus, the structure of N as a vector
space over k is given by r n = rn for r ∈ R and n ∈ N , cf. (2.27.3). As already indicated,
there is one exception to the general usage of over-lining: in general we write k, not R.

Further notation in this section: N denotes an R–module, b is in N0, and n1, . . . , nb
is a set of elements in N (and it is empty if b = 0). For a1, . . . , ab ∈ R we consider the
linear combination:

Σiaini = a1n1 + · · ·+ abnb .

When i is used as a lower index, its range will be { 1, . . . , b }, and the same applies to the
letter j. Thus, 1 ≤ i, j ≤ b (in this section).

(24.1) Invertible elements. For x, u ∈ R the following hold.

(24.1.1) u /∈ m ⇐⇒ u is invertible in R .

(24.1.2) x ∈ m =⇒ 1− x is invertible in R .

In the former, both sides are equivalent to (u) = R, and in the latter, x and 1−x cannot
both belong to m.

(24.2) Linear independence over k . We shall often use that elements n1, . . . , nb in
N are not linearly independent if and only if there exists a number26 j such that

(†) nj ∈ Σi6=jkni ,

and this is tantamount to

(‡) nj ∈ Σi6=jRni + mN .

(24.3) Theorem: Noether’s Isomorphisms. The following hold for submodules N ′

and N ′′ of N .

(24.3.1) N ′/(N ′ ∩N ′′) ∼= (N ′ +N ′′)/N ′′ .

(24.3.2) (N/N ′′)/(N ′/N ′′) ∼= N/N ′ if N ′′ ⊆ N ′ .

(24.4) Proof. (1): The map N ′ → (N ′+N ′′)/N ′′ given by n′ 7→ [n′ ]N ′′ is a surjective R–
homomorphism with kernel N ′∩N ′′. Thus, the desired assertion results from Isomorphism
Theorem (2.30).

(2): The map N → (N/N ′′)/(N ′/N ′′) given by n 7→ [ [n ]N ′′ ]N ′/N ′′ is a surjective R–ho-
momorphism with kernel N ′, so Isomorphism Theorem (2.30) yields again the desired. �

26 In { 1, . . . , b } as always in this section
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(24.5) NAK
def
= Nakayama’s Lemma.27 If N is a finitely generated R–module and

N 6= O, then N 6= O.

(24.6) Proof. As over-lining is right-exact, cf. (6.21), LHF 0 (17.18) yields that it suffices
to assume N = R/a for an ideal a. As R is local, and R/a 6= O, we obtain that a ⊆ m

and hence an exact sequence N → k → O. As over-lining is right-exact we get another
exact sequence M → k → O. Since k = k 6= O we get N 6= O as desired. �

(24.7) NAK Corollary 1. Let N ′ be a submodule of a finitely generated R–module N .
The following then holds:

mN +N ′ = N =⇒ N ′ = N .

(24.8) Proof. The second equality in the chain below results from the next Exercise
(24.9).

N/N ′ = (N/N ′)/m(N/N ′) = (N/N ′)/
(
(mN +N ′)/N ′

)
∼= N/(mN +N ′) = O .

The isomorphism is from Noether’s Isomorphism (24.3.2). �

(24.9) Exercise: Ideal times Residue Module. Prove that a(N/N ′) = (aN +N ′)/N ′

whenever a is an ideal, and N ′ is a submodule of an R–module N .

(24.10) NAK Corollary 2. For n1, . . . , nb ∈ N , the following are equivalent.

(i) n1, . . . , nb generates N ;
(ii) n1, . . . , nb generates N , and N is finitely generated.

(24.11) Proof. “(i) =⇒ (ii)” is obvious.
“(ii) =⇒ (i)”: Consider the submodule N ′ =def ΣiRni of N . In the k–module N we

have (N ′ + mN)/mN = Σikni = N ; the former by the definition of N ′; the latter by
the assumption. Thus, N ′ + mN = N and NAK Corollary 1 (24.7) yields N ′ = N as
desired. �

(24.12) Definition: Minimal Generators. Any set of elements n1, . . . , nb ∈ N is a
minimal generating set for N , exactly when it generates N , and no nj is superfluous, the
latter is, for all j we have:

(∗) nj /∈ Σi6=jRni .

(24.13) Proposition: Minimal Generators. For n1, . . . , nb ∈ N , the following are
equivalent.

(i) n1, . . . , nb is a minimal generating set for N ;
(ii) n1, . . . , nb is a basis for N over k, and the R–module N is finitely generated.

(24.14) Proof. “(i) =⇒ (ii)”: As n1, . . . , nb generates N , the residues n1, . . . , nb certainly
generates N . Assume that they are not linearly independent [ and look for a contradic-
tion ]. By (24.2.‡) there is a j such that nj ∈ Σi6=jRni + mN , that is, nj = Σi 6=jrini + x
with all ri ∈ R and x ∈ mN . Since n1, . . . , nb generates the module N , we can find

27 Late Hideyuki Matsumura wrote in [ M1, page 11 ]: “This simple but important lemma is due to
T. Nakayama, G. Azumaya, and W. Krull, and although it is usually called Lemma of Nakayama, late
Prof. Nakayama did not like the name.”
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m1, . . . , mb ∈ m such that x = Σimini . Thus,

nj = Σi6=jrini + Σimini ,

that is,

(1−mj)nj = Σi6=j(ri +mi)ni ∈ Σi6=jRmi .

As 1−mj is invertible in R, cf. (24.1.2), nj belongs to Σi6=jRmi contradicting [ as desired ]
the minimality of the generating set n1, . . . , nb.

“(ii) =⇒ (i)”: Under our assumptions, NAK Corollary 2 (24.10) yields that n1, . . . , nb
generate N , and we are required to prove the minimality. Assume that, for some j,
we have nj in Σi6=jRni. We get nj ∈ Σi6=jkni contradicting the linear independence of
n1, . . . , nb.

(24.15) Vector Space Dimension. The dimension of a k–vector space V is denoted by
|V |k; it belongs to N0 ∪ {∞}. Thus, we reserve the operator name dim for the Krull
dimension.

(24.16) Definition: Zeroth Betti Number. For any R–module N its zeroth Betti

number is defined to be βR0 (N)
def
= |N |k in N0 ∪ {∞}. (Later, in (24.30), higher order

Betti numbers βRn (N) will be introduced for n∈ N.)

From Proposition: Minimal Generators (24.13) we obtain the next:

(24.17) Corollary: Minimal Generators. For any finitely generated R–module N the
next are equivalent.

(i) n1, . . . , nb is a minimal generating set for N ;
(ii) n1, . . . , nb generates N , and b = βR0 (N). �

(24.18) Minimal Number of Generators. Let N be a finitely generated R–module. It
follows from the corollary above, that all minimal generating sets for N have the number
of elements, and that:

βR0 (N) is the minimal number of generators for N .

(24.19) Lemma. If O → U → V → W → O is an exact sequence of vector spaces over
k, then

|V |k = |U |k + |W |k (in N0 ∪ {∞}).

(24.20) Proof. Because W is a projective k–module, cf. (7.29) or (17.10), the sequence
split, cf. (7.10), and hence V ∼= U⊕W , cf. (6.45.∗), and the desired assertion follows. �

(24.21) Lemma: Modulo an Element. If N is a finitely generated R–module, and x
is an element in N , then the following holds:

βR0 (N/Rx) =

{
βR0 (N)− 1 if x /∈ mN

βR0 (N) if x ∈ mN .

(24.22) Proof. We start by some calculations.

N/Rx = (N/Rx)/m(N/Rx) = (N/Rx)/((mN +Rx)/Rx) ∼= N/(mM +Rx).

(mN +Rx)/mN = R[ x ]mN = k[ x ]mN (⊆ N )
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In the first line, the first equality is by definition of over-lining (in this section), the second
one is by Exercise (24.9), and the third one is by Noether’s second isomorphism (24.3.2)
In the second line, the left hand module is generated by the residue class of x, and this
yields the first equlity; the second one is because both sides are submodules of the vector
space N . Noether’s second isomorphism (24.3.2) yield also the next exact sequence:

O → (mN +Rx)/mN → N/mN → N/(mN +Rx)→ O .

In view of the above, the last exact sequence gives the next exact sequence:

O → k[ x ]mN → N → N/Rx→ O .

Thus, by Definition (24.16) and Lemma (24.19) we have obtained the next:

βR0 (N/Rx) = βR0 (N)− |k[ x ]mN |k .

Finally, note that:

|k[ x ]mN |k =

{
1 if x /∈ mN

0 if x ∈ mN .

The desired assertion has been proved. �

(24.23) Lemma: Two Rings. Let N be a finitely generated R–module and let a be an
ideal such a ⊆ AnnRN . Then N is also a module over R/a and:

β
R/a
0 (N) = βR0 (N) .

(24.24) Proof. For the first assertion consult (2.27.3). It follows that n1, . . . , nb generates
N as an R–module, if and only it does so as a module over R/a, and that it is a minimal
generation set over R if and only if it is so over R/a. Now apply (24.18). �

(24.25) Exercise: Zeroth Betti Number & Tensor Product. Prove that the fol-
lowing hold for R–modules M and N .

(a) M ⊗R N ∼= M ⊗k N .
Assume from now on, that M and N are finitely generated.

(b) βR0 (M ⊗R N) = βR0 (M)βR0 (N).
(c) M 6= O and N 6= O =⇒ M ⊗R N 6= O.

(24.26) Lemma: Free Cover. Let N be a finitely generated R–module, and let
n1, . . . , nb be a minimal generating set for N . There exists then an exact sequence:

(∗) O → K
ι
−→ Rb σ

−→ N → O

inducing an isomorphism σ : R
b ∼=
−→ N , and such that ι = o and TorR1 (N, k) ∼= K.

(24.27) Proof. Define σ by σ(r1, . . . , rb)
def
= Σirini . It is surjective as n1, . . . , nb generates

N . Set K =def Ker σ. The exact sequence (∗) has been established. For r1, . . . , rb ∈ R
b

we have σ(r1, . . . , rb) = Σiri ni in N . Furthermore, σ is an isomorphism as n1, . . . , nb
is a basis for N over k, cf. (24.13). The remaining assertions now follow from the next
long-exact sequence:

TorR1 (Rb, k)→ TorR1 (N, k)
δ1−→ K

ι
−→ R

b σ
−→
∼=

N → O

because TorR1 (Rb, k) = O. �
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Compare the next result to Theorem: Finitely Generated Flat is Projective (20.21)
which does not require the ring to be local.

(24.28) Theorem: Finitely Generated Flat is Free. Let N be a finitely generated
R–module, and let n1, . . . , nb be a minimal generating set for N . If the module N is flat,
then it is free, and n1, . . . , nb is a basis for it.

(24.29) Proof. It follows from the lemma (24.26) that K ∼= TorR1 (N, k), and the latter
module is O since N is flat. Thus, K = O, so NAK (24.5) yields K = O, and N ∼= Rb

by the lemma once more. �

(24.30) Definition: Higher Betti Numbers. For any R–module N , the n’th Betti
number is βRn (N) =def |TorRn (N, k)|k (∈ N0 ∪ {∞}).

If N is finitely generated, then βRn (N) <∞ for all n, cf. (21.15.b).

(24.31) Theorem: Minimal Free Resolutions. For any finitely generated R–module
N there exists an exact sequence:

(†) · · · → Rbn ∂n−→ Rbn−1 → · · · → Rb1 ∂1−→ Rb0 ∂0−→ N → O

with b0, b1, . . . , bn . . .∈ N0 such that ∂0 is an isomorphism, and ∂n = o for n ≥ 1.
Furthermore, for any exact sequence (†) such that ∂n = o for n∈ N, there are equalities:

(×) bn = βRn (N) for all n∈ N0 .

(24.32) Proof. Set K−1
def
= N , and choose recursively for ` = 0, 1, . . . short-exact se-

quences:

O → K`
ι`−→ Rb` σ`−→ K`−1 → O

as in (24.26,∗) such that σ` is an isomorphism and ι` = o. Setting ∂0 =def σ0 and
∂n =def ιn−1σn for n ≥ 1, note that ∂0 = σ0 is an isomorphism and ∂n = ιn−1σn = oσn = o.

To prove the last assertion, note that

P.
def
= · · · → Rbn → Rbn−1 → · · · → Rb1 → Rb0 → O

is a projective resolution of N , and that

P.⊗R k = · · ·
o
→ kbn

o
→ kbn−1

o
→ · · ·

o
→ kb1

o
→ kb0 → O .

It follows that TorRn (M, k) = Hn(P.⊗R k) = kbn for n∈ N0 , so the definition (24.30) of
Betti numbers yields the desired assertion. �

(24.33) Corollary: Vanishing of Betti Numbers. The following hold, when N is a
finitely generated R–module.

(a) pdRN = sup{n∈ N0 | β
R
n (N) 6= 0 } (≤ ∞).

(b) βRn (N) 6= 0 for all n ≤ pdRN .

(24.34) Proof. Both assertions follow from (†) in view of (×), cf. the theorem(24.31). �

(24.35) Corollary: Modulo an Element. If N is a finitely generated R–module, and

x ∈ m \ ZeroRN ∪ ZeroRR, then β
R/(x)
n (N/xN) = βRn (N) and pdR/(x) N/xN = pdRN .

(24.36) Remark. By (7.34.b), pdR/(x) N/xN ≤ pdRN holds in further generality.
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(24.37) Proof of Corollary. Let ∼ denote the functor − ⊗R R/(x) (as the usual over-

lining is occupied as denoting −⊗R k). Thus, M̃ ∼= M/xM for all R–modules M . Note

that (R̃,m/(x), k) is a local ring.
The exact sequence of R–modules from the theorem (24.31):

· · · → Rbn → Rbn−1 → · · · → Rb0 → N → O

induces, by Exercise (7.34), an exact sequence of R̃–modules:

· · · → R̃bn → R̃bn−1 → · · · → R̃b0 → Ñ → O .

Since R̃ = k, the theorem (24.31) yields β
R/(x)
n (M/xM) = βRn (N), and pdR/(x) N/xN =

pdRN follows by the first corollary (24.33). �

(24.38) Exercise. Provide a more direct prove of Lemma: Modulo an Element (24.21).
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25. Regular Local Rings I

Throughout this section:

(R,m, k) is a local.

(25.1) Minimal Generation of Maximal Ideal. The minimal number of generators
of the maximal ideal m is βR0 (m) = |m/m2|k, cf. (24.18) and (24.16), when m2 =def mm.
By GPIT (23.25) and (24.18) we have the next

(FI) Fundamental Inequality: dimR ≤ βR0 (m) .

(25.2) Modulo an Element. For x ∈ m we set28:

(25.2.1) R
def
= R/(x) and m′ def

= m/(x) .

Note that (cf. also the Noether isomorphism (24.3.2)):

(25.2.2) (R,m′, k) is a local ring.

For x ∈ m \
⋃

p∈MinR p, one deduces from (c), respectively, (24.21) and (24.23), the
following:

(25.2.3) dimR = dimR− 1

(25.2.4) βR0 (m′) =

{
βR0 (m)− 1 if x /∈ m2

βR0 (m) if x ∈ m2.

(25.3) Definition: Regular Local Ring. The local ring (R,m, k) is said to be regular,
exactly when there is equality in the Fundamental Inequality(FI), that is,

R is regular
def
⇐⇒ dimR = βR0 (m) .

(25.4) Dimension Zero.

R is regular and dimR = 0 ⇐⇒ R is a field.

Indeed, βR0 (m) = 0 if and only if m = O.

(25.5) Dimension One.

R is regular and dimR = 1 ⇐⇒ m is principal.

Indeed, βR0 (m) = 1 if and only if m is principal. These rings turn out to local PIDs, cf.
(25.10) and consult also (25.12).

(25.6) Fundamental Lemma. Assume that x ∈ m \
⋃

p∈MinR p, and consider the local

ring (R,m′, k), cf. (25.2.1). The following then hold.

(a) If R is regular, then:

R is regular ⇐⇒ x /∈ m2.

(b) If R is regular, then R is regular and x /∈ m2.

28 In this section—in contrast to the usage in Section 24.
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(25.7) Proof. (a): As βR0 (m)− 1 = dimR− 1 = dimR by the assumptions and (25.2.3),
the desired equivalence follows from (25.2.4).

(b): Assume that R is regular, that is, the first equality in the next chain.

dimR = βR0 (m′) ≥ βR0 (m)− 1 ≥ dimR − 1 = dimR .

Here, the inequalities result from (25.2.4) and Fundamental Inequality(FI), respectively,
the first equality is our assumption, while the last one is by (25.2.3). Thus, equality holds
in both cases, that is, respectively, x /∈ m2 and R is regular. �

(25.8) Theorem. If R is regular, then R is a domain.

(25.9) Proof. We use induction on d
def
= dimR.

d = 0: In this case R is a field by (25.4) and hence a domain.
d > 0: First, note that, in this case, m * p for all p ∈ MinR. Second, note that m * m2

by NAK (24.5) as, in this case, m 6= O. Thus, PAL (23.22) yields m * (
⋃

p∈MinR p)∪m2.
Choose

(∗) x ∈ m \

(( ⋃

p∈MinR

p
)
∪ m2

)
.

Now, R
def
= R/(x) is regular by (a) in Fundamental Lemma (25.6), and hence R is a

domain by the inductive hypothesis, that is, (x) is a prime ideal in R. By the choice of
the element x, this prime ideal is not minimal. Consider the special multiplicative system
S =def R \ (x) and the ring S−1R, and choose, by (23.3.1) a minimal prime ideal in this
ring; by (23.9), this minimal prime ideal is of the form S−1p for a prime ideal p in R such
that S ∩ p = ∅, that is, p ⊂ (x). Now we have the next:

(×) xp = p .

Namely, as “⊆” is obvious, we prove the opposite inclusion. Assume that p belongs to p.
As p ⊂ (x) there exists r ∈ R such that p = rx, which—as x /∈ p—implies that r ∈ p and
hence p ∈ xp as required for (×). Now NAK (24.5) yields p = O. Thus, R is a domain,
as desired. �

(25.10) Theorem: Dimension One. If dimR = 1, then the next holds:

R is regular ⇐⇒ R is PID.

(25.11) Proof. The implication “ ⇐= ” is obvious by (25.5).
“ =⇒ ”: Assume that m = (t). Furthermore, assume that there exists an ideal that is

not a principal ideal [ and look for a contradiction ]. As R is Noetherian, we can choose
a maximal among non-principal ideals, cf. (18.2). Set b =def { r ∈ R | tr ∈ a }. Since
a ⊆ m = (t) (as a is not equal to R which is a principal ideal), we have a = tb, and NAK
(24.5) yields a ⊂ b which, in turn, implies that b is a principal ideal, say b = (b). Thus,
a = tb = (tb) which is the desired contradiction. �

(25.12) DVR
def
= Discrete Valuation Ring. The local ring R is said to by a discrete

valuation ring, abbreviated as DVR, exactly when it is regular and dimR = 1. Assume
now that R is a DVR with maximal ideal m. It is then PID by the previous theorem
(25.10), and hence UFD. If m = (t), then for each r ∈ R \ O there exists v(r)∈ N0 and
u ∈ R\m such that r = utv(r), and v(r) and u are uniquely determined. The map r 7→ v(r)
can be extended to the field of fractions w : B → Z ∪ {∞} by w(r/s) =def v(r) − v(s)
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and w(0) = ∞. This w satisfies w(bc) = w(b) + w(c) and w(b + c) ≥ min{w(b), w(c) }
for all b, c ∈ B, and it is said to be a discrete valuation.

(25.13) Krull’s Conjectures. If R is a regular local ring, then the next holds.

(a) Any localization Rp of R at a prime ideal p is a regular local ring.
(b) The ring R is UFD.

These will be proved later by proving and using the next key result.

R is regular ⇐⇒ gldim R <∞ .

(a) then follows directly by (17.13). (b) requires more—to be provided later.

(25.14) Regular Sequence. Let M be an R–module.
An element x in R is the said to be M–regular, exactly when x /∈ ZeroRM , that is, if

and only if the sequence O →M
x
→M is exact, and that is, if and only if xm 6= 0 for all

m ∈M \O.
For n∈ N0 a sequence x1, . . . , xn ∈ R is said to be M–regular, exactly when the next

holds:

x1 /∈ ZeroRM, x2 /∈ ZeroRM/x1M, . . . , xn /∈ ZeroRM/(x1, . . . , xn−1)M ,

that is, if and only if, xi is M/(x1, . . . , xi−1)M–regular for all i ∈ { 1, . . . , n }. For n = 0
the sequence is empty, and it is regular.

Here, we do not require that (x1, . . . , xn)M ⊂ M which, however, is fulfilled if when
M is finitely generated, M 6= O, and x1, . . . , xn ∈ m, cf. NAK (24.5).

Furthermore, the above definition is concerning an ordered sequence x1, . . . , xn.

(25.15) Example. Let R
def
= Z(2), the localization of the ring of integers Z at the prime

ideal (2), cf. (23.14), that is,

R = { r/s ∈ Q | r ∈ R , s∈ N , s odd } ,

which is a local ring (and a subring of Q). Consider the R–module M =def Q. The
sequence 1, 0 is M–regular (as ZeroRO = ∅) but 0, 1 is not.

(25.16) Remark. One can prove that if M is finitely generated, and x1, . . . , xn is an
M–regular sequence, then any permutation xσ(1), . . . , xσ(n) of x1, . . . , xn is again an M–
regular sequence.

The next result is important in our quest for proofs of the Krull conjectures.

(25.17) Proposition: Maximal Ideal in Regular Local Ring. If R is regular, and
x1, . . . , xd are minimal generators for m, then x1, . . . , xd is an R–regular sequence.

(25.18) Proof. We use induction on d. Note first that, under our hypotheses, d = dimR.
d = 0: The sequence is empty in this case, cf. (25.4), and thus R–regular.
d > 0: By (24.13) we have x1 /∈ m2. Thus, as MinR = {O } by (25.8), the

local ring R
def
= R/(x1) is regular by Fundamental Lemma (25.6.a). The sequence

[ x2 ](x1), . . . , [ xd ](x1) is a minimal set of generators for the maximal ideal m/(x1) in R,

and hence it is R–regular by the inductive hypothesis, and our desired assertion results
from the next lemma. �



HOMOLOGICAL ALGEBRA December 20, 2004 123

(25.19) Lemma. For x1, . . . , xn ∈ m, n ≥ 1, and R–module M the following holds.

x1, . . . , xn is M–regular ⇐⇒

{
x1 /∈ ZeroRM and

x2, . . . , xn is M/x1M–regular.

(25.20) Proof. For j ≥ 2 we have the next:

(M/x1M)/(x2, . . . , xj)(M/x1M) = (M/x1M)/(x1, x2 . . . , xj)(M/x1M)
∼= M/(x1, x2 . . . , xj)M ,

where the equality is (24.9) and the isomorphism is Noether’s (24.3.2). The desired
assertion follows by the definition (25.14). �
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26. Half-exact Functors

Throughout this section:

R is a Noetherian ring.

(26.1) Associated Primes & Support. For any R–moduleM we define:

AssRM
def
= { p ∈ SpecR | AnnR(x) = p for some x ∈M }

SuppRM
def
= { p ∈ SpecR | AnnR(x) ⊆ p for some x ∈M } .

The elements of the former set are called associated primes, and the set is called the
assassinator ; the latter set is the support of M .

(26.2) Proposition: Prime Ideals. The following hold for R–modules K, L, and M .

(a) AssRM ⊆ SuppRM .
(b) If M 6= O, then AssRM 6= ∅.
(c) If p ∈ SpecR, then Mp 6= O, if and only if p ∈ SuppRM .
(d) If M is finitely generated, then the set AssRM is finite.
(e) ZeroRM =

⋃
p∈AssR M p.

(f) If O → K → L→M → O is an exact sequence, then there are the next inclusions:

AssRK ⊆ AssR L ⊆ AssRK ∪ AssRM .

(g) If O → K → L→M → O is an exact sequence, then there are the next equality:

SuppR L = SuppRK ∪ SuppRM .

(h) SuppRM ⊆ VR(AnnRM) with equality if M is finitely generated.

(26.3) Proof. (a) is obvious from the definitions.
(b): The set X =def {AnnR(x) | x ∈ M \ O } has—as R is Noetherian—a maximal

element, and this is a prime ideal.
(c) follows from (23.14) and (5.8.5).
(d) follows from (26.5) below.
(e): The inclusion “⊇” is obvious. To prove the other one assume that a ∈ R and

x ∈M are such that ax = 0; choose p in AssRRx ⊆ AssRM .
(f): The first inclusion is obvious from the definition. For the second one, assume that

p = AnnR ` ∈ AssR L with ` ∈ L, and assume R` ∩ K = O, respectively, R` ∩ K 6= O,
and conclude p ∈ AssRM respectively, p ∈ AssRK.

(g): The assertion follows directly from (c) in view of the exactness of the localization
functor, cf. (23.14) and (6.24).

(h): The inclusion follows from the definitions, cf. (26.1) and (23.8), since AnnR(x) ⊆
AnnRM for all x ∈ M . Next, assume that M = Rm1 + · · ·+RMn and consider the R–
homomorphism ϕ : R →Mn defined by ϕ(r) =def (rm1, . . . , rmn). As Kerϕ = AnnRM ,
there is an exact sequence O → R/AnnRM → Mn by Isomorphism Theorem (2.30),
and hence VR(AnnRM) = SuppR(R/AnnRM) ⊆ SuppRM

n = SuppRM by Definitions
(23.8) and (26.1) together with (g). �

(26.4) Definition: Prime Factor Chain. A chain O = M0 ⊂ M1 · · · ⊂ Mn = M of
submodules of an R–module M together with p1, . . . , pn ∈ SpecR such that Mi/Mi−1

∼=
R/pi for all i ∈ { 1, . . . , n } is said to be a prime factor chain of M .
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(26.5) Proposition: Prime Factor Chain. If M is a finitely generated R–module,
then M admits a prime factor chain, and there are inclusions:

AssRM ⊆ { p1, . . . , pn } ⊆ SuppRM

for any such prime factor chain.

(26.6) Proof. The zero module admits a prime factor chain, namely the empty one (with
zero submodules and zero prime ideals). Choose M ′ maximal among the submodules
admitting prime factor chains. Then, M ′ = M since AssRM/M ′ 6= ∅ otherwise by
(26.2.b). For the second assertion consult (f) and (g) in (26.2). �

(26.7) Special Prime Avoidance Lemma. If M is a finitely generated R–module, and
a is an ideal in R such that a ⊆ ZeroRM , then a ⊆ p for some p ∈ AssRM .

(26.8) Proof. Use PAL (23.22) together with (d) and (e) in (26.2). �

(26.9) LHF 1
def
= Lemma on Half-exact Functors 1. Let T : Mod(R) → Mod(R′)

be a half-exact functor. To any finitely generated R–module M with T (M) 6= O there
exists then p ∈ SuppRM such that T (R/p) 6= O.

(26.10) Proof. Choose a prime factor chain O = M0 ⊂ M1 · · · ⊂ Mn = M with prime
ideals p1, . . . , pn ∈ SuppRM , cf. (26.4) and (26.5). Each of the short-exact sequences

O →Mi−1 →Mi → R/pi → O

induces an exact sequence

T (Mi−1)→ T (Mi)→ T (R/pi)

(with the arrows reversed in the contravariant case). As T (Mn) = T (M) 6= O and
T (M0) = T (O) = O, cf. (6.13), we conclude T (R/pi) 6= O for some i. �

(26.11) Linear Functors. Let T : Mod(R) → Mod(R) be a functor with the same
target as source. It is said to be R–linear, exactly if it additive, and it satisfies T (rµ) =
rT (µ) for all r ∈ R and all R–homomorphism µ, that is, if and only if the induced map
HomR(M,N) → HomR(T (M), T (N)) is an R–homomorphism. If T is additive, then T
is R–linear, if and only if T (rM) = rT (M) for all r ∈ R and all R–modules M , , cf. (2.16).
Indeed, if µ : M → M ′ is an R–homomorphism and r ∈ R, then T (rµ) = T (rM ◦ µ) =
T (rM) ◦ T (µ).

(26.12) Lemma: Linear Functor & Annihilator. If T is an R–linear functor, then
AnnR T (M) ⊇ AnnRM for all R–modules M .

(26.13) Proof. rM = o for r ∈ AnnRM , hence rT (M) = o, that is, r ∈ AnnR T (M). �

(26.14) Proposition: Derivative of Linear Functor. If T is a linear functor, then so
are its derivatives Ln T and Rn T .

(26.15) Proof. For an R–module M with projective resolution P. and r ∈ R, the mor-
phism rP. : P.→ P., cf. (8.5), is a continuation of rM : M →M ; thus:

Ln T (rM) = Hn(T (rP.)) = Hn(rT (P.)) = rHn(T (P.)) = rLn T (M) . �
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(26.16) Ext & Tor. For any b∈ N0 the functors ExtnR(−,−) and TorRn (−,−) are linear
in either variable. Thus,

AnnR ExtnR(M,N) ⊇ AnnRM + AnnRN ;(26.16.1)

AnnR TorRn (M,N) ⊇ AnnRM + AnnRN. �(26.16.2)

(26.17) Auxiliary Lemma. Let T : Mod(R) → Mod(R) be a half-exact and R–linear
functor. If M ′ is a finitely generated R–module with T (M ′) 6= O, then there exists
p ∈ SuppRM

′ such that:

(†) T (R/p) 6= O and T (R/a) = O whenever a is an ideal with a ⊃ p .

(26.18) Proof. The set X
def
= { q ∈ SuppRM

′ | T (R/q) 6= O } is non-empty by LHF 1
(26.9), so choose p maximal in it. If T (R/a) 6= O, then LHF 1 (26.9) gives q ∈ SuppRR/a
with T (R/q) 6= O. Since SuppRR/a = VR(a) ⊆ VR(p) ⊆ SuppRM

′, we have q ∈
SuppRM

′. As p ⊂ a ⊆ q, this contradicts the choice of p as being maximal in X. Thus,
(†) has been proved. �

(26.19) LHF 2
def
= Lemma on Half-exact Functors 2. Let T : Mod(R) → Mod(R)

be half-exact and R–linear, and assume either

(a) T is contravariant; or
(b) T is covariant and left-exact.

If M ′ is a finitely generated R–module with T (M ′) 6= O, then there exists p ∈ SuppRM
′

such that T (R/p)p 6= O.

(26.20) Proof. Auxiliary Lemma (26.17) yields p ∈ SuppRM
′ such that T (R/p) 6= O,

and T (R/a) = O whenever a is an ideal with a ⊃ p.
We want to prove that

(‡) O → T (R/p)
rT (R/p)
−→ T (R/p)

is exact for all r ∈ R \ p. Indeed, set a =def p + (r) (⊃ p), and note that the exact
sequence

O → R/P
rR/p

−→ R/p→ R/a→ O

in either case, (a) or (b), induces the exact sequence (‡). Now, it follows that the map
T (R/p)→ T (R/p)p is injective, cf. the next Exercise (26.21) �

(26.21) Exercise: Injectivity of Fraction Homomorphism. If S is a special mul-
tiplicative system in R, and M is an R–module such that S ∩ ZeroRM = ∅, then the
fraction homomorphism M → S−1M , m 7→ m/1, is injective. Formulate and prove a
corresponding assertion concerning surjectivity.

(26.22) Theorem: Measuring Injective & Flat Dimension. For any R–module N
there are the next two equalities:

(i) idRN = sup{n∈ N0 | ExtnR(R/p, N)p 6= O for some p ∈ SpecR };
(f) fdRN = sup{n∈ N0 | TorRn (R/p, N)p 6= O for some p ∈ SpecR }.

(26.23) Proof. (i): The inequality “≥” follows directly from IDC (17.5). To prove
the other one, assume that n ≤ idRN [ and we want to find p ∈ SpecR such that
ExtnR(R/p, N)p 6= O ]. The functor ExtnR(−, N) is contravariant and R–linear, so LHF 2
(26.19) yields the desired p in view of IDT (17.3).
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(f): The inequality “≥” follows directly from FDC (22.8). If n = fdRN < ∞,
then TorRn (−, N) is left-exact and covariant, so FDT (22.6) and LHF 2 (26.19) yield
p ∈ SpecR with TorRn (R/p, N)p non-zero. In general, if the right hand side of (f) is finite,
then equlity follows from the next exercise. �

(26.24) Exercise: LHF 2 Revised. Let T : Mod(R)→ Mod(R) be a covariant functor.
It is said to be left-connected, exactly if there to any short-exact sequence

O → K
κ
−→ L

λ
−→M → O

exists an R–homomorphism ∆: T (M)→ T (K) such that also the next sequence is exact:

T (M)
∆
−→ T (K)

T (κ)
−→ T (L)

T (λ)
−→ T (M) .

(a) Prove that T is left-connected, if it is left-exact.
(b) Prove that the functor TgN =def

∐
i≥g TorRg (−, N) is left-connected for all g∈ N0 and

all R–modules N .
(c) Assume that T is a left-connected and R–linear covariant functor, and let M ′ be a fini-

tely generated R–module such that T (M ′) 6= O. Prove that there exists p ∈ SuppRM
′

such that T (R/p)p 6= O.
(d) Prove the remaining part of the equality (26.22.f).

(26.25) LHF 3
def
= Lemma on Half-exact Functors 3. Suppose that (R,m, k) is local,

and that T : Mod(R)→ Mod(R) is an R–linear, covariant, half-exact functor, such that
T (M ′) is finitely generated, whenever M ′ is finitely generated. If there is one finitely
generated R–module M ′ with T (M ′) 6= O, then T (k) 6= O.

(26.26) Proof. Auxiliary Lemma (26.17) yields p ∈ SuppRM
′ such that T (R/p) 6= O,

and T (R/a) = O whenever a is an ideal with a ⊃ p. For any r ∈ R \ p, set a =def p +(r),
and note that the short-exact sequence:

O → R/p
r
−→ R/p→ R/a→ O

induce the next exact sequence:

T (R/p)
r
−→ T (R/p)→ O .

Thus, NAK (24.5) yields r /∈ m. This implies that p = m, and hence T (k) = T (R/p) 6= O
as desired. �

(26.27) PDC: Finite Generated over Local Ring. If L′ is a finitely generated module
over a local ring (R,m, k), then:

pdR L
′ = sup{ n∈ N0 | ExtnR(L′, k) 6= O } .

(26.28) Proof. “≥” follows from PDC (11.23).
“≤”: Let u∈ N0 be such that u ≤ pdR L

′ (the latter might be infinite), and we want
to prove ExtuR(L′, k) 6= O. The functor ExtuR(L′,−) is linear by (26.14), covariant, and
half-exact. Moreover, it carries finitely generated R–modules into finitely generated ones
by (18.21), and there is a finitely generated R–module M ′ such that ExtuR(L′,M ′) 6= O,
cf. (18.32). Thus, the desired assertion follows from LHF 3 (26.25). �

(26.29) Exercise. Deduce the result (26.27) above by taking a minimal free resolution
of L′, cf. (24.31). [ Prove and use that HomR(−, k) ∼= HomR(− ⊗R k, k). ] Furthermore,
prove that ExtuR(L′, k) 6= O for all u ≤ pdR L

′.



128 HANS–BJØRN FOXBY DECEMBER 20, 2004

(26.30) Lemma. Let M be a finitely generated module over a local ring (R,m, k), and
let x belong to m \ ZeroRM . There is then an equality pdRM/xM = pdRM + 1.

(26.31) Proof. The exact sequence O →M
x
→M →M → O induces the next one:

Ext`−1
R (M, k)

x
−→ Ext`−1

R (M, k)
δ
−→ Ext`R(M, k) −→ Ext`R(M, k)

x
−→ Ext`R(M, k) .

Here we used that ExtuR(−, k) is a linear functor, cf. (26.16). By (26.16.1),
AnnR ExtuR(M, k) ⊇ m, so the multiplications by x are zero. Thus, for each `∈ N0 there
is an exact sequence:

O → Ext`−1
R (M, k)→ Ext`R(M, k)→ Ext`R(M, k)→ O ,

and we obtain:

Ext`R(M, k) 6= O =⇒ Ext`−1
R (M, k) 6= O or Ext`R(M, k) 6= O ;

Ext`−1
R (M, k) 6= O =⇒ Ext`R(M, k) 6= O .

In view of PDC: Finite Generated over Local Ring (26.27), the former yields the inequality
pdRM ≤ pdRM + 1, and the latter gives the opposite inequality. �

(26.32) Exercise. Let M , R, and x be as in (26.30), and assume furthermore that x /∈
ZeroRR. Prove that on the category Mod(R/(x)) the functors ExtnR/(x)(M/xM,−) and
ExtnR(M,−) are isomorphic. Provide another proof of (24.35): pdR/(x) M/xM = pdRM .

(26.33) Exercise. Let (R,m, k) be a one-dimensional regular local ring (for example,
R =def Z(2)), let a be a generator for m, and let T denote the functor R1 Γa, cf. (13.14).
Prove that T is R–linear, that T (R) 6= O, and that T (R/p)p = O for all p ∈ SuppRR.
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27. Depth

Throughout this section:

(R,m, k) is a local.

(27.1) Depth of Module. depthRM
def
= inf{n∈ N0 | ExtnR(k,M) 6= O }∈ N0 ∪ {∞} .

(27.2) Example. Let R be a local domain with field of fractions B. For x ∈ m \ O the
multiplication homomorphism xk : k → k is zero while xB : B → B is an isomorphism;
thus, for n∈ N0 the homomorphism xExtn

R(k,B) = ExtnR(xk, B) = ExtnR(k, xB) is both zero
and an isomorphism, and hence ExtnR(k, B) = O. Thus, depthRB = inf ∅ =∞.

(27.3) Lemma: Depth Zero. For any R–module M the following are then equivalent.

(i) depthRM = 0;
(ii) HomR(k,M) 6= O;
(iii) m ∈ AssRM .

If M is finitely generated, then these are equivalent to the next:

(iv) ZeroRM = m.

(27.4) Proof. “(i) ⇐⇒ (ii)” by the definition of depth (27.1).
“(ii) =⇒ (iii)”: For ϕ ∈ HomR(k,M) \O we have m = AnnR(ϕ([ 1 ]m) ∈ AssRM .
“(iii) =⇒ (ii)”: If m = AnnR(m) ∈ AssRM and m ∈M , then ϕ : k →M , [ r ]m 7→ rm

is a well-defined R–homomorphism, which is non-zero.
“(iii) =⇒ (iv)” by (e) in Proposition: Prime Ideals (26.2)
“(iv) =⇒ (iii)” Assume from now on that M is finitely generated. (d) and (e) in

Proposition: Prime Ideals (26.2) yield that ZeroRM is a finite union of prime ideals,
namely the associated ones, so PAL (23.22) gives the desired. �

(27.5) Proposition: Depth Modulo Regular Element. If M is an R–module and
x ∈ m \ ZeroRM , then depthRM/xM = depthRM − 1 (∈ N0 ∪ {∞}).

(27.6) Proof. The exact sequence O →M
x
→M →M → O induces the next one:

Ext`−1
R (k,M)

x
−→ Ext`−1

R (k,M) −→ Ext`−1
R (k,M)

δ
−→ Ext`R(k,M)

x
−→ Ext`R(k,M) .

Here the multiplications by x are zero, and for each `∈ N0 we obtain an exact sequence:

O → Ext`−1
R (k,M)→ Ext`−1

R (k,M)→ Ext`R(k,M)→ O .

Thus:

Ext`−1
R (k,M) 6= O ⇐⇒ Ext`−1

R (k,M) 6= O or Ext`R(k,M) 6= O ,

and the desired equation follows. �

(27.7) Remarks. If a is an ideal in R, and M is an R–module, then the following hold.

(a) a ⊆ AnnR(M/aM).
(b) AnnRM ⊆ ZeroRM if M 6= O.
(c) If x /∈ ZeroR(M/aM) and aM ⊂ M , then x /∈ a by (a) and (b), and hence a ⊂ a+(x).
(d) If x1, . . . , xn ∈ m is an M–regular sequence, cf. (25.14), and (x1, . . . , xn)M is a proper

subset of M , then there is the next strictly ascending finite chain:

(x1) ⊂ · · · ⊂ (x1, . . . , xi) ⊂ (x1, . . . , xi+1) ⊂ · · · ⊂ (x1, . . . , xn) .
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(27.8) Maximal Regular Sequence. Element x1, . . . , xn ∈ m are said to form
a maximal M–regular sequence, exactly when it is an M–regular sequence, and
ZeroR(M/(x1, . . . , xn)M) = m. The latter implies that (x1, . . . , xn)M ⊂ M (as
ZeroRO = ∅), and that x1, . . . , xn, w is not M–regular for any w ∈ m.

(27.9) Lemma: Existence of Maximal Regular Sequence. If mM ⊂ M , then M
admits a maximal regular sequence in m. In particular, if M is finitely generated and
non-zero, then it admits a maximal regular sequence in m.

(27.10) Proof. The first assertion follows from (d) in (27.7), since R is Noetherian, and
then the second one results from NAK (24.5). �

(27.11) Example. Since ZeroRO = ∅, any sequence y1, . . . , ym is an O–regular se-
quence. Thus, if x1, . . . , xn is an M–regular sequence such that (x1, . . . , xn)M = M ,
then x1, . . . , xn, y1, . . . , ym is M–regular for any y1, . . . , ym ∈ R.

(27.12) Proposition: Maximal Sequence & Depth. If x1, . . . , xn ∈ m is an M–
regular sequence, then the following hold.

(a) depthRM ≥ n.
(b) If M is finitely generated, then the next holds:

depthRM = n ⇐⇒ x1, . . . , xn is a maximal M–regular sequence in m .

(27.13) Proof. (a): Proposition: Depth Modulo Regular Element (27.5) yields the next
sequence:

depthRM = depthR(M/x1M) + 1 = · · · = depthR(M/(x1, . . . , xn)M) + n ≥ n .

(b): By Lemma: Depth Zero (27.3), depthR(M/(x1, . . . , xn)M) = 0 if and only if
ZeroR(M/(x1, . . . , xn)M) = m, that is, if and only if x1, . . . , xn is a maximal M–regular
sequence in m. �

(27.14) Corollary: Depth of Finitely Generated Module. If M is finitely genera-
ted, then the next equality holds:

depthRM = sup{n∈ N0 | There exists M–regular sequence x1, . . . , xn ∈ m } . �

(27.15) Lemma. Let M be a finitely generated R–module, and let p ∈ SpecR be such
that dim(R/p) = 129.

(a) For `∈ N0 the following then holds:

Ext`R(R/p,M) 6= O =⇒ Ext`+1
R (k,M) 6= O .

(b) depthRM ≤ depthRp
Mp + 1.

(27.16) Proof. (a): Choose x ∈ m \ p, and consider the short-exact sequence:

O → R/p
x
−→ R/p −→ R/a→ O

where a
def
= p + (x), and the induced one:

Ext`R(R/p,M)
x
−→ Ext`R(R/p,M)

δ
−→ Ext`+1

R (R/a,M) .

29 Such prime ideals are sometimes said to be sub-maximal.
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As Ext`R(R/p,M) is finitely generated by (18.21), NAK (24.5) yields Ext`+1
R (R/a,M) 6=

O. Thus, LHF 1 (26.9) gives the desired: Ext`+1
R (k,M) 6= O as SuppR(R/a) = VR(a) =

{m } (because dim(R/p) = 1 and p ⊂ a).

(b): Set `
def
= depthRp

Mp and assume that ` <∞. Let κR(p) be the residue field of the

local ring Rp , cf. (23.14), and note that κR(p) ∼= (R/p)p . Thus, (18.27) yields the next
isomorphism:

Ext`R(R/p,M)
p
∼= Ext`Rp

(κR(p),Mp) .

As the latter module is non-zero by our assumptions, Ext`R(R/p,M) 6= O, and hence
Ext`+1

R (k,M) 6= O by (a). Thus, depthRM ≤ `+ 1, as desired. �

(27.17) Proposition: Depth Inequality. If M is finitely generated, and p belongs to
SuppRM , then the next holds:

depthRM ≤ depthRp
Mp + dim(R/p) .

(27.18) Proof. We use induction on n
def
= dim(R/p).

n = 0: In this case p = m, so the inequality certainly holds (and is an equality).
n > 0: Choose a chain of prime ideals:

(∗) p = p0 ⊂ p1 ⊂ · · · ⊂ pn = m .

This is possible since Spec (R/p) = { q/p | q ∈ VR(p) } by (23.12.d). From the chain (∗)
it follows that dim(R/p1) = n− 1, so the inductive hypothesis yields that

depthRM ≤ depthRp1
Mp1 + (n− 1) .

Now apply (b) in Lemma (27.15) to the Rp1–module Mp1 and obtain:

depthRp1
Mp1 ≤ depthRp

Mp + 1

because dim(Rp1/pp1) = 1 and
(
Mp1

)
pp1

∼= Mp , consult also (23.12.e) and the next

exercise. �

(27.19) Exercise: Localization & Fractions. Let S be a special multiplicative system
in R, let p ∈ SpecR be such that p ∩ S = ∅, and let M be an R–module. Provide an
isomorphism Mp

∼= (S−1M)S−1p of Rp–modules. Prove the next equalities:

AssS−1R S
−1M = {S−1p | p ∈ AssRM and p ∩ S = ∅ }(27.19.1)

SuppS−1R S
−1M = {S−1p | p ∈ SuppRM and p ∩ S = ∅ } .(27.19.2)

(27.20) Proposition: Depth & Dim. If M is a finitely generated R–module, and p

belongs to AssRM , then

depthRM ≤ dim(R/p) .

(27.21) Proof. Since p ∈ AssRM , (27.19.1) yields pp ∈ AssRp
Mp, that is, depthRp

Mp =
0 by (27.3), and Proposition: Depth Inequality (27.17) yields the desired inequality. �

(27.22) Exercise: Minimal Prime. Let M be an R–module, and let p be minimal in
SuppRM . Prove that p belongs to AssRM .

(27.23) Krull Dimension of Module. The Krull dimension of an R–module M is:

dimRM
def
= sup{ dim(R/p) | p ∈ SuppRM } .
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Note that, for any ideal a in R, the Krull dimension dimR(R/a) of the R–module R/a
equals the Krull dimension dim(R/a) of the ring R/a, cf. (23.8) and (23.12.d). Note also
dimRM ≤ dimR, and that the latter if finite by Corollary 2 (23.28) to GPIT (23.25).

(27.24) Theorem: Depth & Dim. If M is a finitely generated non-zero R–module,
then depthRM ≤ dimRM .

(27.25) Proof. Choose p ∈ SuppRM such that dim(R/p) = dimRM , and note that
this p is necessarily minimal in SuppRM , and hence p ∈ AssRM by Exercise: Minimal
Prime (27.22), and it follows from (27.19.1) that pp ∈ AssRp

Mp, which, in turn, yields
depthRp

Mp = 0 by Lemma: Depth Zero (27.3). Thus, the desired inequality results from
Proposition: Depth Inequality (27.17). �

(27.26) Cohen–Macaulay Modules. A finitely generated R–module M is said to be
a Cohen–Macaulay, exactly when depthRM = dimRM . This is an interesting class of
modules, see [ BH ].
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28. Auslander–Buchsbaum Equation

Throughout this section:

(R,m, k) is a local.

(28.1) Auslander–Buchsbaum Equation. If M is a finitely generated non-zero R–
module with pdRM finite, then

depthR = pdRM + depthRM .

Here we write depthR
def
= depthRR. The proof of ABE will be provided below after

some preparations.

(28.2) Lemma. The following are equivalent for any finitely generated R–module N .

(i) N is free;
(ii) N is projective;
(iii) N is flat.

(28.3) Proof. “(i) =⇒ (ii)” and “(ii) =⇒ (iii)” hold always, while “(iii) =⇒ (i)” is by
Theorem: Finitely Generated Flat is Free (24.28). �

(28.4) Lemma. If depthR = 0 and M is a finitely generated R–module with pdRM
finite, then M is free.

(28.5) Proof. Assume that p
def
= pdRM > 0 [ and look for a contradiction ]. Choose by

Theorem: Minimal Free Resolution (24.31) a minimal free resolution:

(†) O → Fp
∂p
−→ Fp−1 → · · · → F1 → F0 →M → O

and set B
def
= Im ∂p which is isomorphic to the free non-zero module Fp. Since depthR = 0,

we have m ∈ AssRR by Lemma: Depth Zero (27.3), that is, m = AnnR(x) for an x ∈ R.
By the minimality of (†) we have B ⊆ mFp−1 (as ∂p = o). Thus, xB = O, and this
contradicts that B is free and non-zero. �

(28.6) Depth over two Rings. If M is a finitely generated R–module, and a is en ideal
contained in AnnRM , then depthR/aM = depthRM , since [ x1 ]a, . . . , [ xn ]a ∈ m/a is

M–regular, if and only if x1, . . . , xn ∈ m is M–regular (as [ x ]am =def xm for x ∈ m and
m ∈M).

(28.7) Depth of Free. If F is a finitely generated free non-zero R–module, then
depthR F = depthR (as any sequence is F–regular if and only if it is R–regular).

(28.8) Proof of ABE. We use induction on s
def
= depthR.

s = 0: In this case, M is free by Lemma (28.4), and (28.7) yields pdRM+depthRM =
0 + 0 = 0 = s = depthR.
s > 0: Divide into two cases:
1◦ depthRM > 0: The assumptions on R and M imply that m /∈ AssRR ∪ AssRM ,

cf. (27.3). As the set of prime ideals AssRR ∪ AssRM is finite by (d) in (26.2), PAL
(23.22) yields that m is not contained in the union of these prime ideals, that is, m *
ZeroRR ∪ ZeroRM by (f) in (26.2). Choosing x ∈ m \ (ZeroRR ∪ ZeroRM) and setting
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R =def R/(x) and M =def M/xM we get the following:

depthR = depthRR by convension

= depthRR + 1 by (27.5)

= depthRR + 1 by (28.6)

= depthR + 1 by convension

= pdRM + depthRM + 1 by the inductive hypothesis

= pdRM + depthRM + 1 by (24.35)

= pdRM + depthRM + 1 by (28.6)

= pdRM + depthRM by (27.5),

as desired.
2◦ depthRM = 0: Choose an exact sequence O → K → F →M → O with F finitely

generated and free. As depthR > 0, (28.2) and (28.7) yield pdRM > 0, and hence
pdRM = pdRK + 1. The next is an induced long-exact sequence:

O → HomR(k,K)→ HomR(k, F )→ HomR(k,M)
δ
−→ Ext1

R(k,K) .

As HomR(k, F ) = 0 by (28.7) and HomR(k,M) 6= O by assumption, HomR(k,K) = O
and Ext1

R(k,K) 6= O by the long-exact sequence, and hence depthRK = 1, which implies
pdRK = depthR − 1 by case 1◦. Now we have pdRM = pdRK + 1 = depthR as
desired—in this case. �

(28.9) Range of Homological Dimensions. If M is a finitely generated R–module
with pdRM finite, then ABE (28.1) yields pdRM ∈ { 0, 1, . . . , depthR }. On the other
hand, to any p ∈ { 0, 1, . . . , depthR } there exists a finitely generated R–module M with
pdRM = p, namely M =def R/(x1, . . . , xp) where x1, . . . , xp is an R–regular sequence in
m, cf. (26.30).

H. Bass has proved that to any p ∈ { 0, 1, . . . , dimR } there exists a R–module M with
pdRM = p. Gruson, Jensen, and Raynaud have proved that pdRN ≤ dimR, if just
fdRN <∞. Auslander has proved:

sup{ idRN | idRN <∞} = sup{ fdRN | fdRN <∞}

= sup{ depthRp | p ∈ SpecR }

=

{
dimR if depthR = dimR

dimR− 1 otherwise.

(28.10) Exercise. Prove some of the equalities above.
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29. Regular Local Rings II

Throughout this section:

(R,m, k) is a local.

(29.1) Main Theorem: Regularity & Global Dimension. The following are equiv-
alent.

(i) R is a regular local ring;
(ii) pdR k <∞;

(ii’ ) pdR k = dimR;
(iii) gldim R <∞;
(iii ’) gldim R = dimR.

(29.2) Corollary: Krull’s First Conjecture holds. If R is regular, then Rp is a
regular local ring for all p ∈ SpecR.

(29.3) Proof of Corollary. Consult also (17.13). �

(29.4) Proof of Main Theorem. Set d
def
= dimR.

“(i) =⇒ (ii’ )”: Let x1, . . . , xd be a minimal generating set for m, and note that it is
an R–regular sequence by Proposition (25.17). Applying Lemma (26.30) d times yields:

d = pdRR + d = pdRR/(x1) + d− 1 = · · · = pdRR/(x1, . . . , xd) = pdRR/m = pdR k .

“(ii’ ) =⇒ (iii ’)”: First, we note that:

(∗) ExtnR(R/p, k)
p

= O for all p ∈ SpecR \ {m } , n∈ N0 .

Indeed, SuppR ExtnR(R/p, k) ⊆ VR(AnnR ExtnR(R/p, k)) ⊆ {m } by (26.2.h), (26.16.1).
In view of (∗), the formula for injective dimension (26.22.i) gives the next equality:

(†) idR k = sup{n∈ N0 | ExtnR(k, k) 6= O } ≤ d .

The inequality results from the hypothesis (ii’ ) and PDT (11.19). Next, choose by
Auslander’s Theorem for Global Dimension (17.9) a finitely generated R–module N ′

such that the next equality holds:

(‡) gldim R = pdRN
′ = sup{n∈ N0 | ExtnR(N ′, k) 6= O } .

Here, the second equality is by PDC: Finitely Generated over Local Ring (26.27). Now
IDC (17.5) yields the unlabeled inequality in the next chain:

gldim R
(‡)
= sup{n∈ N0 | ExtnR(N ′, k) 6= O } ≤ idR k

(†)

≤ d, .

This gives the desired assertion as d = pdR k ≤ gldim R.
“(iii ’) =⇒ (iii)” and “(iii) =⇒ (ii)” are obvious.

“(ii) =⇒ (i)” by induction on s
def
= depthR.

s = 0: Since pdR k < ∞, ABE (28.1) and Lemma (28.2) yield that k is a free R–
module, and hence R is a field, that is, R is regular.
s > 0: As m * m2 by NAK (24.5) (since m 6= O), and as m * p whenever p ∈ AssRR

(since depthR = s > 0), PAL (23.22) provides x ∈ m \ (m2 ∪ ZeroRR), cf. also (26.2.e).
Set R =def R/(x) and m =def m/xm. By the next lemma (29.5), the R–module k is a
direct summand in the R–module m. The latter has finite projective dimension, since
pdR m = pdR m by Corollary: Modulo an Element (24.35), and hence pdR k is finite.
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Thus, the inductive hypothesis yields that R is regular, and Fundamental Lemma (25.6.b)
shows that R is regular—as desired. �

(29.5) Lemma. If x ∈ m \m2, then k is a direct summand in the R/(x)–module m/xm.

(29.6) Proof. An R–homomorphism ι : k → m/xm is well-defined by ι([ r ]m) =def [ rx ]xm.

Since x1
def
= x /∈ m2, it can be extended to a minimal generating set x1, x2, . . . , xb for m

with b =def βR0 (m). Then [ x2 ](x), . . . , [ xb ](x) is a minimal generating set for m/(x), since
it generates it and has the correct number, βR0 (m/(x)) = βR0 (m)− 1 = b− 1, of elements.

Next we prove for a1, . . . , ab, c1, . . . , cb ∈ R that the next holds:

[ Σiaixi ]xm = [ Σicixi ]xm (in m/xm) =⇒ [ a1 ]m = [ c1 ]m (in k = R/m) .

Indeed, if Σi(ai − bi)xi ∈ xm, then

(a1 − c1 −m)x1 + Σi>0(ai − ci)xi = 0 (in m)

for somem ∈ m, and hence Σi[ ai−ci ]m[ xi ]m2 = 0 in the vector space m/m2 over k = R/m.
Since ([ x1 ]m2 , . . . , [ xb ]m2) is a basis for m/m2, cf. (24.13), in particular, [ a1 − c1 ]m = 0,
that is, [ a1 ]m = [ c1 ]m in k. Thus, an R–homomorphism ρ : m/xm→ k is well-defined by
ρ([ Σiaixi ]xm) =def [ a1 ]m . As ρ(ι([ r ]m)) = ρ([ rx ]xm) = ρ([ rx1 ]m) = [ r ]m, the sequence

O // k
ι //

m/xm
ρ

oo // Coker ι // O

splits, as desired. �
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30. Regular Rings

Throughout this section:

R is a Noetherian ring.

(30.1) Definition: Regular Ring. The Noetherian ring R is said to be regular, exactly
when Rm is a regular local ring for each m ∈ MaxR. If this is the case, then Rp is a
regular local ring for any p ∈ SpecR. Indeed, choose a maximal ideal m containing p.
Note that pm ∈ SpecRm, cf. (23.9), and that (Rm)pm

∼= Rp, cf. (27.19). As Rm is a regular
local ring by assumption, the validity of Krull’s First conjecture, cf. (29.2), ensures that
so is Rp.

(30.2) Regular Ring of Infinite Dimension. Nagata has constructed a Noetherian
ring with infinite Krull dimension, and this ring turns out to be regular, see [Na, page
203 ]. Let R be any regular ring with dimR = ∞. There is then for each n∈ N0 an
mn ∈ SpecR such that dimRmn ≥ n. For the residue field κR(mn) ∼= (R/mn)mn of Rmn

we then have
pdR(R/mn) ≥ pdRmn

κR(mn) = dimRmn ≥ n ,

confer Main Theorem (29.1). For M
def
=

∐
m∈MaxR R/m we therefore have pdRM ≥ n for

all n∈ N0; thus, pdRM =∞.
This shows that any regular ring of infinite dimension admits a non-zero module of

infinite projective dimension. The next result shows that over a reular ring finitely ge-
nerated non-zero modules have always finite projective dimension.

(30.3) Theorem. If M is a finitely generated module over a regular ring R, then pdRM
is finite.

(30.4) Proof. Choose by (18.19) a projective resolution P. of M with each Pn finitely
generated, and use the standard kernel notation of (10.26). For any p ∈ SpecR condition
(iv) in PDT (11.19) yields the next:

(∗) pdRp
Mp > n ⇐⇒ Extn+1

Rp
(Mp, (Kn)p) 6= O .

Recall Extn+1
R (M,Kn)p

∼= Extn+1
Rp

(Mp, (Kn)p), cf. (18.27). Set

an
def
= AnnR Extn+1

R (M,Kn) .

As Extn+1
R (M,Kn) is finitely generated by (18.21), we have SuppR Extn+1

R (M,Kn) =
VR(an), cf. (26.2.h), and (∗) has been translated into the next:

(∗∗) pdRp
Mp > n ⇐⇒ p ∈ VR(an) .

In particular, we have the next:

(†) VR(a0) ⊇ VR(a1) ⊇ · · · ⊇ VR(an) ⊇ VR(an+1) ⊇ · · · .

As MinR/an is finite, the set VR(an) has a finite number minimal elements. Let bn denote
there intersection, and note that VR(bn) = VR(an), and that bn equals the intersection
of all prime ideals in VR(an). Now (†) yields the next sequence:

(‡) b0 ⊆ b1 ⊆ · · · ⊆ bn ⊆ bn+1 ⊆ · · · .

Set b
def
=

⋃
n∈N0

bn which is an ideal in R. Furthermore, VR(b) =
⋂
n∈N0

VR(bn) =⋂
n∈N0

VR(an). As pdRp
Mp ≤ dimAp < ∞ for all p ∈ SpecR we conclude from (∗∗)
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that
⋂
n∈N0

VR(an) = ∅, and hence b = R; thus, 1 ∈ bm for some m∈ N0, that is,

VR(am) = VR(bm) = ∅, and it follows that am = R, that is, Extm+1
R (M,Km) = O, and

pdRM ≤ m follows from PDT (11.19). �

(30.5) Remark. Let A be a ring. The set SpecA is then a topological space with
{VA(a) | a is an ideal in A } as the class of closed subsets. If

(
Fn

)
n∈N0

is a family of

closed sets such that

F0 ⊇ F1 ⊇ · · · ⊇ Fn ⊇ · · · and
⋂

n∈N0

Fn = ∅ ,

then there exists m∈ N0 such that Fm = ∅. This topology is quasi-compact but seldom
Hausdorff. If A is Noetherian, then every closed subset is quasi-compact.

(30.6) Main Theorem: Regular Ring. If R is a regular ring, then it is isomorphic to
a finite product R1 × · · · × Rn of regular domains, and the next holds:

(�) gldim R = max{ gldim R1, . . . , gldim Rn } .

(30.7) Proof. As R is Noetherian, the set MinR is finite, cf. (23.4), say MinR =

{ p1, . . . , pn }, and set Ri =def R/pi when 1 ≤ i ≤ n. Let R̃ denote the finite prod-
uct R1 × · · · × Rn of Noetherian integral domains, this is again a Noetherian ring.

For each m ∈ MaxR there exists one and only one p ∈ MinR such that p ⊆ m. Indeed,
the regular local ring Rm is a domain, cf. (25.8), and the our assertion follows, because
SpecRm = { pm | p ∈ SpecR and p ⊆ m }, cf. (23.9).

The next map:

ϕR : R→ R̃ , r 7→ ([ r ]p1, . . . , [ r ]pn)

is a ring homomorphism as well as an R–homomorphism of R–modules.

For each m ∈ MaxR the induced homomorphism ϕm : Rm → R̃m is an isomorphism.
Indeed, choose i such that m ⊇ pi. For j 6= i we then have m + pj, and hence

(Rj)m = O. Thus, R̃m = (Ri)m = (R/pi)m ∼= Rm/(pi)m = Rm/O = Rm, and the de-
sired assertion follows. We have now proved that MaxR ∩ SuppR Kerϕ = ∅ and that
MaxR∩SuppR Cokerϕ = ∅, and hence that SuppR Kerϕ = SuppR Cokerϕ = ∅, that is,
Kerϕ = O and Cokerϕ = O, so ϕ is an isomorphism as desired. Thus, the isomorphism
R ∼= R1 × · · · ×Rn has been established.

The remaining assertions, the regularity of each Ri and the equality (�), result from
Exercise (30.10) below. �

(30.8) Global Dimension Zero. If A is a commutative ring with gldim A = 0, then it
is Noetherian by (14.18) and hence a finite product of fields by the theorem, but this is
already known from (18.36).

(30.9) Global Dimension One. If gldim R = 1 then R is a finite product of Dedekind
domains, cf. (17.12), and fields.

(30.10) Exercise: Direct Product of Rings. Let the ring A be isomorphic to a direct
product A1 × · · · × An of rings.

(a) Prove that the assignment N 7→ AiN provides an exact functor Mod(A)→ Mod(Ai)
that takes projective A–modules into projective Ai–modules .

(b) Prove that pdRN = max{ pdA1
A1N, . . . , pdAn

AnN }.
(c) Establish the remaining assertions in Main Theorem: Regular Ring (30.6).
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31. Regular Local Rings III

Throughout this section:

(R,m, k) is a local.

This section provides an affirmative answer to Krull’s second conjecture.

(31.1) Main Theorem: Regular Local is UFD. If R is a regular local ring, then it
is UFD, that is, a Unique Factorization Domain.

(31.2) Remarks on Factoriality. That a domain R is has unique factorization means
that there to each non-invertible non-zero element r in R exist n∈ N and irreducible
elements p1, . . . , pn in R such that r = p1 · · · pn, and that this factorization is unique up
to the order of the factors and up to multiplication with invertible elements. As this ring
R is Noetherian, such factorization always exists, and uniqueness is tantamount to that
each irreducible element is a prime element, that is, it generates a prime ideal.

Next, we introduce the properties P2 and P3 of the ring R and state three lemmas
concerning these properties. The Main Theorem follows from Lemma 3 and Lemma 1,
while Lemma 2 is used in the proof of Lemma 3.

(31.3) Definition. The ring R satisfies property P2 , respectively, property P3 , exactly if
for all elements a, b in R the projective dimension pdRR/(a, b) is at most 2, respectively,
at most 3.

(31.4) Lemma 1. If R satisfies P3 , then R is UFD.

(31.5) Lemma 2. If R is UFD, then R satisfies P2 .

(31.6) Lemma 3. If R is regular, then R satisfies P3 .

(31.7) Proof of Lemma 1. Assume that a is an irreducible element in R [ and we
want to prove that (a) is a prime ideal. ] To achieve this, consider elements b ∈ R \ (a)
and c ∈ R such that bc ∈ (a) [ and we want to prove that c ∈ (a) ]. Next, define two
R–homomorphisms as follows:

ϕ : (a) ∩ (b)→ R2 by ϕ(z)
def
= (x, y) when z = xa = yb

ψ : R2 → (a, b) by ψ(x, y)
def
= xa− yb .

Consider the following two exact sequences:

O // (a) ∩ (b)
ϕ // R2

ψ // (a, b) // O

O // (a, b) // R // R/(a, b) // O .

As pdRR/(a, b) ≤ 3 by assumption, we get pdR(a, b) ≤ 2 and pdR(a) ∩ (b) ≤ 1. Set

c
def
= (b) : (a)

def
= { x ∈ R | xa ∈ (b) } .

An isomorphism c
∼=
−→ (a) ∩ (b) is defined by x 7→ xa.
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Next we want to prove that c is a principal ideal. Assume that n
def
= βR0 (c) > 1 [ and

look for a contradiction. ] Note first that—under this assumption—the module c is not
free, and hence not projective, cf. (28.2). Thus, the above yield pdR c = 1.

Choose, by NAK (24.5), x1 ∈ c \mc, and next y1 ∈ R such that x1a = y1b; the latter
is possible because x1 ∈ c = (b) : (a). It is then easy to see that c = (x1) : (y1). Extend
x1 to a minimal generating set x1, . . . , xn for c. Choose y2 ∈ R such that x2y1 = y2x1,
which is possible since x2 ∈ c = (x1) : (y1). Let (f1, . . . , fn) be a basis for F =def Rn, let
ρ : F → c be defined by ρ(fi) =def xi, and set G =def Ker ρ. As (x1, . . . , xn) is a minimal
generating set for c, this G is a submodule of mF and ρ is surjective.

As pdR c = 1, the exact sequence O → G → F → c → O shows that G is free, cf.
(28.2). Let (g1, . . . , gk) be a basis for G. Since ρ(y2f1 − y1f2) = y2x1 − y1x2 = 0 and
ρ(x2f1 − x1f2) = 0 there exist r1, . . . , rk, s1, . . . , sk ∈ R such that y2f1 − y1f2 = Σk

i=1rigi
and x2f1−x1f2 = Σk

i=1sigi . Because x1(y2f1−y1f2) = y1(x2f1−x1f2), we get x1ri = y1si,
and hence s1, . . . , sk ∈ (x1) : (y1). Since G ⊆ mF , there exist, for each i ∈ { 1, . . . , k },
elements mi1, . . . , min ∈ m such that gi = mi1f1 + · · ·+minfn. Thus,

x2f1 − x1f2 = Σk
i=1sigi = Σk

i=1si(Σ
n
j=1mijfj) = Σn

j=1(Σ
k
i=1simij)fj .

By comparison of coefficients on either side, we get x1 = −Σk
i=1simi2 ∈ mc contradicting

the choice of x1.
Now we have proved that βR0 (c) is not larger than 1, that is, c is a principal ideal. Since

(a) ∩ (b) ∼= c we can choose d ∈ R such that (a) ∩ (b) = (d). As ab ∈ (d) ⊆ (b), choose
e, f ∈ R such that ab = ed and d = fb, and hence a = ef . Here, f ∈ m, because otherwise
we have (b) = (d) and hence b ∈ (d) ⊆ (a) contradicting our assumption b /∈ (a). Thus,
as a is assumed to be an irreducible element, e must be invertible, and hence (ab) = (d).
The latter ideal equals (a)∩ (b) by the choice of d. Since bc ∈ (a) by assumption, we get
bc ∈ (a) ∩ (b) = (ab), and bc = gab, which yields c = ga ∈ (a), as desired. �

(31.8) Proof of Lemma 2. Assume that R is UFD, and that c = (a, b) is an ideal
generated by two elements [ and we want to prove that pdR c ≤ 1.] This is certainly the
case if c is principal, so we assume that this is not the case, in particular, a, b ∈ m. As R
is UFD, we can choose a greatest common divisor d of a an b, that is, a = da′, b = db′,
such that a′ and b′ have only invertible elements as common divisors. In particular, a′, b′

is an R–regular sequence, and hence pdRR/(a
′, b′) ≤ 2, that is, pdR(a′, b′) ≤ 1. Thus, as

c = (a, b) = (a′, b′)d ∼= (a′, b′) has projective dimension at most 1, as desired. �

(31.9) Proof of Lemma 3. Assume that R is regular, and that a, b ∈ R, and set
c =def (a, b). We want to prove that pdR(R/c) ≤ 3. We use induction on d =def dimR.
d ≤ 3: In this case we have pdR(R/c) ≤ 3 since gldim R = dimR by Main Theorem:

Regularity & Global Dimension (29.1)
d > 3: We want to prove pdR c ≤ 2. We may assume that a, b ∈ m \ O. Setting

c : a =def { x ∈ R | xa ⊆ c } for any ideal a, we have an ascending chain:

c : m ⊆ c : m2 ⊆ · · · ⊆ c : ms ⊆ c : ms+1 ⊆ · · · .

Choose s∈ N such that c : ms = c : ms+1, set d
def
= c : ms, and note that m /∈ AssR(R/d).

Choose x ∈ m \ m2 ∪ ZeroR(R/d) by PAL (23.22) (in view of NAK (24.5)). By Fun-
damental Lemma (25.6) (since R is a domain by (25.8)) R =def R/(x) is regular with
dimR = d − 1 and hence it satisfies P3 by the inductive hypothesis, so it is is UFD by
the already established Lemma 1. Thus, R satisfies P2 by Lemma 2, which has also been
proved. Consider the ideal c′ =def

(
c + (x)

)
/(x) in R, and note that it is generated by
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the two elements a, b. It follows that pdR(R/c′) ≤ 2, and we obtain the next sequence:

depthR(R/c′) = depthR(R/c′) by (28.6)

= depthR − pdR(R/c′) by ABE (28.1)

≥ depthR− 2 by the above

= dimR− 2 by (25.17) and (27.14)

= d− 3 > 0 by assumption.

Thus, m /∈ AssR(R/c′) = AssR(R/(c + (x))) where the equality is by Noether’s Isomor-
phism (24.3.2). It follows that (c + (x)) : m = c + (x), and hence

d = c : ms ⊆ (c + (x)) : ms = c + (x) .

To each d ∈ d there exists therefore c ∈ c and r ∈ R such that d = c + rx, that is,
rx = d− c, and hence r ∈ d as x /∈ ZeroR(R/d). This shows that d ⊆ c + dx, and hence
d = c+dx. Thus, x(d/c) = (xd+ c)/c = d/c, and NAK (24.5) yields d = c. Now we have
xc = (x)∩c, because “⊆” is obvious, and “⊇” follows since x /∈ ZeroR(R/d) = ZeroR(R/c).
Thus c =def c/xc = c/(x)∩ c ∼= (c+(x))/(x) = c′ using the Noether isomorphism (24.3.1).
From (24.35) we conclude that pdR c = pdR c = pdR c′ ≤ 1 which implies the desired. �

(31.10) Final Remark. Consult [Ka ] concerning another proof of Main Theorem (31.1).



142 HANS–BJØRN FOXBY DECEMBER 20, 2004

References:

[ BH ] W. Bruns and J. Herzog: Cohen–Macaulay Rings, Cambridge University (1998).
[ Fo ] Hans–Bjørn Foxby: Matematik 3AG: Kurver og moduler, KUMA (2003).
[Ka ] Irving Kaplansky: Commutative Rings, University of Chicago Press (1974).
[M1 ] Hideyuki Matsumura: Commutative Algebra, Benjamin (1970).
[M2 ] Hideyuki Matsumura: Commutative Ring Theory, Cambridge University (1986).
[ Na ] Masayoshi Nagata: Local Rings, Interscience Publishers (1962)
[ Sc ] Asmus Schmidt: Matematik 2. del: Algebraisk Talteori, KUMA (1998).
[ Th ] Anders Thorup: Matematik 2AL: Algebra, 2. udgave KUMA (1998).



Index

ABE, see Auslander–Buchsbaum Equation, 133
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adjointness, 93

higher, 107
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linear independence, 15
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Ascending Chain Condition, 85
Ass, see assassinator, 124
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depth, 131
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associativity, 2, 4
higher, 107
tensor product, 94
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augmented injective resolution, 69
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Auslander’s Theorem, 82, 83
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higher, 107
homomorphism, 98
isomorphism, 99

Cohen–Macaulay module, 132
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commutative ring, 2
commutativity

tensor product, 94
complex, 40

homomorphism ∼, 76
and cone, 77
exactness, 77

morphism of, 40
composition of morphism, 41
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complex of homomorphisms, 77
long-exact sequence, 77
of quasi-isomorphism, 77

connecting homomorphism, 45
functoriality, 46
long-exact sequence, 45

constant functor, 19
continuation of homomorphism, 49, 70
contravariant Ext, 61

long-exact sequence, 61
contravariant functor, 21

right derived of, 60
contravariant Hom, 21

left-exact, 27
not exact, 27

convention, 3
coproduct

projective modules, 75
tensor product, 97

coproduct, see direct sum, 74
covariant Ext, 79
covariant functor, 19

left derived functor of, 53
right derived of, 70
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covariant Hom is left-exact, 26
covariant Hom is not exact, 27
cycle in a complex, 40
cyclic module, 6, 10
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global dimension, 83
degree (in a complex), 40
∆R Pontryagin module, 68
depth, 133

associated prime, 131
definition, 129
dimension, 131, 132
finitely generated module, 130
free module, 133
inequality, 131
Krull dimension, 131, 132
maximal regular sequence, 130
over domain, 129
over two rings, 133
regular element, 129
zero, 129

projective dimension, 133
derived functor

left derived, 54
long-exact sequence, 55
of Γa, 71
right derived, 60, 70

dim, see Krull dimension, 110
dimension, see also Krull dimension

vector space, 116
direct product of functors, 72
direct product of modules, 72
direct sum

finite, 8
functors, 72
homomorphism functor, 75
injective modules, 74, 75
injectives, 63
inner, 8
modules, 72
of Noetherian modules, 85
projective modules, 75
projectives, 35, 36
tensor product, 97

direct summand
free module, 36
in Noetherian module, 85
injective, 63
projective, 35

discrete valuation ring, see DVR, 120
distributivity, 2, 4
divisible module, 66

injectivity, 66
domain = integral domain, 3
dot–slash notation, 95
DVR, 121
DVR, Discrete Valuation Ring, 120, 121

embedding into an injective module, 68
endomorphism ring, 3
εM

R evaluation homomorphism, 68
injectivity, 68

evaluation

co–, 98, 99
higher, 107
Hom, 99
homomorphism, 99
isomorphism, 99

evaluation homomorphism, 68
injectivity, 68

exact functor, 24
homology

contravariant case, 59
covariant case, 46

of exact sequence, 32
exact sequence, 22

exact functor of, 32
exact tilted sequences, 31
exactness

of complex of homomorphisms, 77
of short sequence, 22
of special functors, 25

exactness principle, 68
Ext, 80

bi-functor, 79
contravariant, 61
covariant, 79
finitely generated, 86
linear, 126
main theorem, 80
module of fractions, 88
modulo an element, 128
over Noetherian ring, 88
vanishing, 130

factoriality, 139
faithfully injective

group, 67
module, 67, 68

families of homomorphism, 72
family of sets, 72
FDC, Flat Dimension Corollary, 106
FDT, Flat Dimension Theorem, 105
field, 3

exact sequences, 64
finite product of, 64
fractions, 21
global dimension, 83
injective dimension, 69
injectives modules, 64
of fractions

injectivity, 67
projectives modules, 64

finite direct sum, 8
finite generation theorem, 10
finite product of fields, 64
finitely generated free module, 12, 13

over a field, 12
over a PID, 13
over non-commutative ring, 13
over PID, 13
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finitely generated module, 6
depth, 130
over Noetherian ring, 85

projective resolution, 86
Finiteness Principle (FtP), 86
Five Lemma, 27
flat dimension, 105

corollary, 106
cyclic module, 108
finitely generated module, 108
injective dimension, 107
over domain, 105
over Noetherian ring, 106, 126
over PID, 105
projective dimension, 105, 106
range, 134
ring modulo finitely generated ideal, 108
theorem, 105

Flat Dimension Corollary (FDC), 106
Flat Dimension Theorem (FDT), 105
flat module, 96

characterization, 97
coproduct, 96
direct sum, 96
example, 96
finitely generated, 100, 118, 133
free, 133
freeness, 118
injective module, 96
local ring, 118
projective, 100
projective module, 96
residue module, 103
tensor product, 96
tensor with injective, 99
tensoring by ideal, 97
torsionfree module, 100

flat residue module, 103
flat resolution, 102

injective resolution, 103
not projective resolution, 103
Tor, 103

fraction functor, 21, 126
is exact, 26
tensor product, 94

fractions, 20, 21
and projectivity, 37

free cover, 117
free is projective, 34
free module, 15

and isomorphism, 12
depth, 133
finitely generated, 12, 133

over a field, 12
over a PID, 13

homomorphic image of, 16
isomorphism, 16
over M ×N , 91

over an integral domain, 16
over-lining, 16

free resolution, 37
minimal, 118

FtP (finiteness principle), 86
functor

and direct sum, 31
identity, 94
isomorphism of ∼s, 65, 73
left derived, 54
morphism of ∼s, 73
of isomorphism, 19, 21
right derived, 60, 70

functorial homomorphism, 73, 93, 98, 99, 101,
107

functoriality, 1, 54, 60, 70, 73, 93, 94, 98, 99,
101, 107

connecting homomorphism, 46
fundamental lemma, 120

gamma functor, 31
General Principal Ideal Theorem (GPIT), 112
generated submodule, 5
generating maximal ideal up to radical

Krull dimension, 113
generating set

modulo maximal ideal, 115
generators

Betti number, 116
minimal, 115, 116
zeroth Betti number, 116

generators of maximal ideal
Krull dimension, 113

global dimension, 83, 107
Z/(4), 83
Dedekind domain, 83
field, 83
one, 138
over Noetherian ring, 89, 108
PID, 38, 83
regular local ring, 122
ring of fractions, 83
weak, 107
zero, 89, 138

GPIT, General Principal Ideal Theorem, 112
group, 2

half-exact functor, 24
auxiliary lemma, 126
is additive, 31
lemma 0 , 84
lemma 1 , 125
lemma 2 revised, 127
lemma 2 , 126
lemma 3 , 127
non-vanishing, 125–127
of finitely generated module, 125–127
of zero module, 24
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half-exact sequence, 22
height, 111

inequality, 111
UFD, 111

higher adjointness, 107
higher associativity, 107
higher Betti number, 118
higher co–evaluation, 107
higher evaluation, 107
Hom

bi-functor, 79
finitely generated, 86
module of fractions, 87
quasi-isomorphism, 78

homological dimension
bound on, 69, 82, 83, 133, 134

homology
and exact contravariant functor, 59
and exact covariant functor, 46
as functor, 42, 43
functor

connecting homomorphism, 45
homomorphism, 42
is half-exact functor, 43
of a complex, 40

homomorphic image
of free module, 16
of Noetherian ring, 85

homomorphism, 6
and tensor product, 93
as map, 90
complex of ∼s, 76
from the ring, 18
functor

adjointness, 93
contravariant, 21
coproduct, 74
covariant, 19
direct sum, 74, 75
Hom(–,H ), 21
Hom(H,–), 19
product, 73, 75
sum, 74, 75

functorial ∼, 73, 93, 98, 99, 101, 107
modules, 17

Homomorphism Theorem, 10
homotopy, 48

and additive functor, 48
and homology, 48

Hom(R,–) is the identity, 73
HomZ(M, G) as R–module, 67
Horse Shoe Lemma, 51

example, 52

(inR), 82
IDC, Injective Dimension Corollary, 82
ideal, 3

tensor module, 97

times residue module, 115
variety of, 109

identity element, 2
identity functor, 94
identity map, 7
identity morphism, 41
IDT, Injective Dimension Theorem, 82
image, 7
image of submodule, 8
inclusion map, 7
induced homomorphism

contravariant case, 18
covariant case, 17

induced morphism of complexes, 76
induced quasi-isomorphisms

resolutions, 78
induced structure, 67
injective dimension, 69

bound on, 69, 82, 83, 134
corollary, 82
flat dimension, 107
module of fractions, 88
over field, 69
over Noetherian ring, 88, 126
over PID, 69
range, 134
short-exact sequences, 84
theorem, 82

Injective Dimension Corollary (IDC), 82
Injective Dimension Theorem (IDT), 82
injective group

faithfully ∼, 67
injective module, 63, 82

and Hom, 66
direct sum of ∼s, 74, 75
divisibility, 66
faithfully ∼, 67
flat module, 96
module of fractions, 88
product of ∼s, 74
projective module, 66
tensor with flat, 99

injective resolution, 68
flat resolution, 103

injective resolution exists, 69
injective submodule splits off, 63
injectives over a field, 64
injectivity diagram, 63
Injectivity Lemma, 82
inner direct sum, 8
integral domain, 3
intersection of submodules, 4, 5
inverse image of submodule, 8
invertible element, 3

local ring, 114
isomorphic functors, 65, 73
isomorphic short sequences, 23
isomorphic short sequences and functors, 23
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isomorphism, 7
swap, 65, 67

Isomorphism Principle (IsoP), 87
isomorphism theorem, 10
isomorphisms of complexes, 41
IsoP (isomorphism principle), 87

kernel, 7
kernel notation, 57
kernel–cokernel sequence, 22
kronecker delta function, 14
Krull dimension, 110

associated prime, 131
depth, 131, 132
domain, 111
field, 111
finite ring, 111
finiteness, 113
generating maximal ideal up to radical, 113
generators for ideal, 113
generators of maximal ideal, 113
inequalities, 113
infinite, 111
module, 131
PID, 111
residue ring, 111
ring modulo element, 113
ring of fractions, 111

Krull’s conjectures, 122, 135, 139
Krull, W., 115

ladder, 80, 81
long-exact, 80, 81
short-exact, 80

left derived functor
covariant case, 53

left–connected functor, 127
left-exact functor, 24

of left exact sequence, 24
of right exact sequence, 24

left-exact sequence, 22
Lemma on Half-exact Functors 0, LHF 0, 84
Lemma on Half-exact Functors 1 , 125
Lemma on Half-exact Functors 2

revised, 127
Lemma on Half-exact Functors 2 , 126, 128
Lemma on Half-exact Functors 3 , 127
LHF 0, Lemma on Half-exact Functors 0 , 84
LHF 1, Lemma on Half-exact Functors 1 , 125
LHF 2, Lemma on Half-exact Functors 2 , 126
LHF 3, Lemma on Half-exact Functors 3 , 127
linear combination, 5
linear functor, 125

annihilator, 125
derivative, 125

linear independence, 14
over residue field, 114

linear map, 6

local ring, 110
invertible element, 114
modulo an element, 120

localization, 110, 124
module of fractions, 131
regular local ring, 122

long-exact ladder, 80, 81
long-exact sequence, 45

cone, 77
contravariant Ext, 61
derived functors, 55

main theorem
factoriality, 139
regular local ring, 135

map, 90
of product set, 90

Map, maps, 90
mapping cone, see cone, 47
Max, set of maximal ideals, 109

examples, 110
maximal ideal, 109

examples, 110
minimal number of generators, 120

maximal regular sequence, 130
depth, 130

Min, set of minimal prime ideals, 109
Min, set of minimal primes

examples, 110
minimal free resolutions, 118
minimal generators, 115, 116

number of, 116
minimal number of generators

maximal ideal, 120
minimal prime ideal, 131

examples, 110
minimal prime ideals, 109
Mod(R), category of R–modules, 19
module, 4

tensor ideal, 97
module as complex, 41
module modulo element

Betti number, 116
module of fractions, 21

Ass, 131
assassinator, 131
Ext, 88
Hom, 87
injective dimension, 88
injective module, 88
localization, 131
Supp, 131
support, 131
tensor product, 94, 106
Tor, 106

module of functions, 13
module of maps, 75
modulo an element, 120
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morphism of complexes, 40
cone of ∼, 77

morphism of functors, 73
multiplication, 2, 4
multiplication homomorphism, 7
multiplication morphism, 41
multiplicative system, 19
(−)∨ Pontryagin dual, 68
M∨ Pontryagin dual, 68

N∗

0, 62
NAK, Nakayama’s Lemma, 115

Corollary 1 , 115
Corollary 2 , 115

Nakayama’s Lemma, 115
Corollary 1 , 115
Corollary 2 , 115

Nakayama, H., 115
natural basis, 15
nilradical, 109
Noether’s isomorphisms, 114
Noether, Emmy, 74
Noetherian module, 85

direct sum, 85
direct summand, 85
short-exact sequence, 85

noetherian module, 10
Noetherian ring, 74

dimension, 113
Ext, 88
finitely generated module, 85
global dimension, 89, 108
homomorphic image, 85
infinite dimension, 137
injective dimension, 88
injective modules, 74, 75
polynomial ring, 85
projective dimension, 89
projective modules, 75
projective resolution

finitely generated module, 86
regularity, 137
ring of fractions, 85
weak global dimension, 108

non–Noetherian ring, 85
non–trivial ring, 2
non-zero-divisor, 3, 122

opposite element, 2
over-line functor

left derived of, 54, 55
over-lining, 9

projective dimension of, 39
tensor product, 93

over-lining and freeness, 16
over-lining and projectivity, 36
over-lining functor, 19
over-lining is not exact, 26

over-lining is right-exact, 25

P2, 139
P3, 139
(pn

R), 82
PAL, Prime Avoidance Lemma, 112
PDC

finitely generated over local ring, 127
PDC, Projective Dimension Corollary, 62

finitely generated over local ring, 127
PDT, Projective Dimension Theorem, 61
PID, Principal Ideal Domain, 3, 120, 121

global dimension, 83
injective dimension, 69
projective dimension, 38

polynomial ring
over Noetherian ring, 85

Pontryagin dual, 68
Pontryagin duality, 68
Pontryagin duality functor, 68
Pontryagin module, 68
Prime Avoidance Lemma (PAL), 112
prime factor chain, 124
prime ideal, 109

examples, 110
residue ring, 109
ring homomorphism, 109
ring of fractions, 110

prime ideals
infinitely many, 112
minimal, 109

principal ideal, 3
principal ideal domain, see PID, 3
product

homomorphism functor, 75
product module, 72
product of injective modules, 74
product of rings, 138
product set, 72
projective but not free, 35
projective dimension, 38

and fractions, 39
and over-lining, 39
base change, 118
Betti numbers, 118
bound on, 69, 82, 83, 133, 134
corollary, 62
depth zero, 133
finitely generated module, 118, 133

local ring, 127, 128
modulo element, 128

finitely generated over local ring, 127
flat dimension, 105, 106
modulo an element, 118, 128
over a field, 38
over a PID, 38
over local ring, 118
over Noetherian ring, 89, 106
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range, 134
residue field, 135
short-exact sequences, 84
theorem, 61

Projective Dimension Corollary
finitely generated module

local ring, 127
Projective Dimension Corollary (PDC), 62

finitely generated over local ring, 127
Projective Dimension Theorem (PDT), 61
projective module, 34

and Hom, 66
direct summand in free, 36
finitely generated, 133
flat, 100
flat module, 96
free, 133
injective module, 66

projective modules
coproduct of, 75
direct sum of, 75
tensor product, 94

projective resolution, 37
finitely generated module

over Noetherian ring, 86
projectivity and Ext1, 62
projectivity diagram, 34
proper ideal, 3
property P2, 139
property P3, 139

quasi-compact space, 138
quasi-isomorphism, 47, 77

cone of ∼, 77
quasi-isomorphisms

Hom, 78
induced, 78

Rn, 12
RnΓa, 71
R-homomorphism, 6
R-morphism, 40
Rad, radical

examples, 110
radical, 109

examples, 110
intersection of minimals, 110

regular element, 3, 122
regular local ring, 137

definition, 120
dimension one, 120, 121
dimension zero, 120
factoriality, 139
global dimension, 122, 135
is domain, 121
localization, 122
main theorem, 135, 139
modulo element, 120

UFD, 122, 139
regular ring, 137

finite product of domains, 138
finite projective dimension, 137
generators of maximal ideal, 122
infinite dimension, 137
main theorem, 138

regular sequence, 122, 129
generating maximal ideal, 122
maximal, 130

depth, 130
subsequence, 122
zero module, 130

residue, 9
residue map, 9
residue module, 9

times ideal, 115
residue ring, 9

prime ideals, 109
resolutions

induced quasi-isomorphism, 78
minimal free, 118

right derived functor
contravariant case, 60
covariant case, 70

right-exact functor, 24
of left exact sequence, 24
of right exact sequence, 24
over-lining, 25

right-exact sequence, 22
ring, 2

product, 138
ring of fractions, 20

global dimension, 83
of Noetherian ring, 85
prime ideals, 110

ring of functions, 14
RW module of functions, 13

semisimple ring, 65
sequence, 22
set of fractions, 20
shifted complex, 76
short sequence, 22
short sequence, exact, 22
short sequences, isomorphic, 23
short-exact ladder, 80
short-exact sequence, 22

and boundary, 40
and cokernel, 40
and cycle, 40
and homology, 40
of Noetherian modules, 85
special, 23

short-exact sequence of complexes, 41
short-exact sequences

injective dimension, 84
projective dimension, 84



150 HANS–BJØRN FOXBY DECEMBER 20, 2004

slash–dot notation, 95
snake lemma, 45
source, 6
spanW, 5
spanning homomorphism, 14

injectivity, 15
surjectivity, 14

Spec
infinite, 112

Spec as topological space, 138
Spec, set of prime ideals, 109

examples, 110
ring of fractions, 110

special multiplicative system, 19
special prime avoidance lemma, 125
special short-exact sequence, 22, 23
split complex, 48, 49
split sequence and Ext1, 62
split-exact sequence, 29–31
splitting sequence, 29–31

additive functor, 29
standard kernel notation, 57
sub-maximal prime ideal, 130
submodule, 4
submodule rule, 5
subsets of the ring, 15
sum of cyclic submodules, 6
sum of injective modules, 74, 75
sum of projective modules, 75
sum of submodules, 5, 6
Supp, see support, 124
support, 124, 125

module of fractions, 131
surjection onto projective, 35
swap isomorphism, 65, 67

target, 6
tensor evaluation

see co–evaluation, 99
tensor evaluation: see co–evaluation, 98
tensor product

associativity, 94
Betti number, 117
bi-functor, 92, 101
co–evaluation, 99
commutativity, 94
coprod, 97
cyclic module, 93
definition, 91
direct sum, 97
finitely generated, 104
flat modules, 96
fraction functor, 94
functor, 92

adjointness, 93
generators, 91
homomorphism, 93
ideal and module, 97

injective and flat, 99
module of fractions, 94, 106
over-lining, 93
projective modules, 94
relations, 92
right exact, 93
the ring, 94

tensor product ⊗, 90
tilted sequences

exact, 31
Tor

bi-functor, 101
by flat resolution, 103
finitely generated, 104
linear, 126
main theorem, 101
module of fractions, 106
torsion, 106

torsion product, 106
torsionfree module

flat module, 100
torsionfree modules, 100
transcendence, 15
trivial ideals, 3

UFD, Unique Factorization Domain, 111
regular local ring, 122, 139

Unique Factorization Domain, see UFD, 111
unit, 3
unitarity, 4

variety as closed subset, 138
variety of ideal, 109
vector space dimension, 116

short-exact sequence, 116
| − |k, vector space dimension, 116
von Neumann regular ring, 103

all modules flat, 104
finitely generated ideals, 104

weak global dimension, 107, 108
definition, 107
over Noetherian ring, 108

Z/(4)
global dimension, 83

Zero = zero-divisors, 36
zero element 0, 2
zero homomorphism o, 7
zero ideal, 3
zero module O, 2
zero morphism o., 41
zero-divisor, 3, 36, 124, 125

annihilator, 129
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