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Preface to the Second Edition

This book has now been in print for ten years and has seen several
printings. During this period it has been very gratifying to me to have heard
from a surprisingly varied group of readers that it has been helpful to them in
learning the fundamentals of differentiable manifolds and their geometry. It
appears that to some extent at least the objectives set out in the original
preface have been realized. Satisfying though this may be, ten years is more
than enough time to accumulate a long list of annoying misprints and errors
and a collection of possibie improvements, many of which were suggested by
users and readers. This makes it a real pleasure to be given a chance to
rethink a number of proofs, add new problems, and clean up as many errors
and misprints as could be found. There are, in fact, changes on almost every
second or third page, some slight and some substantial: a number of proofs
have been modified or improved; the historical notes have been enlarged; and
the references have been updated. It is hoped that this has improved the
readability while preserving whatever good qualities were there before.

I am very appreciative of the detailed comments and errata furnished by
Chung-Shing Chen, H. V. Fagundes, J. F. C. Velson, and A. H. Clifford. I am
profoundly grateful to the many students, colleagues, and friends encoun-
tered in many places, who have said kind and encouraging things, and to
those who have taken the trouble to write to me about this book. This is a
reward for my efforts which is all the more gratifying for having been
unanticipated. It is hoped that readers of the first edition will find the second
edition tidied up and improved and that new readers will find it helpful to
them in learning an exciting and important field of mathematics.

I also wish to express my gratitude to the National Science Foundation
for support at various times during which I have worked on this book.

Lavenen bei Gstaad William M. Boothby
Switzerland
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Preface to the First Edition

Apart from its own intrinsic interest, a knowledge of differentiable
manifolds has become useful—even mandatory—in an ever-increasing

number of areas of mathematics and of its applications. This is neot too

surprising, since differentiable manifolds are the underlying, if unacknow-
ledged, objects of study in much of advanced calculus and analysis. Indeed,
such topics as line and surface integrals, divergence and curl of vector
fields, and Stokes’s and Green’s theorems find their most natural setting in
manifold theory. But however natural the leap from calculus on domains of
Euclidean space to calculus on manifolds may be to those who have made
it, it is not at all easy for most students. It usually involves many weeks
of concentrated work with very general concepts (whose importance is not
clear until later) during which the relation to the already familiar ideas in
calculus and linear algebra becomes lost—not irretrievably, but for all too
long. Simple but nontrivial examples that illustrate the necessity for the
high level of abstraction are not easy to present at this stage, and a
realization of the power and utility of the methods must often be postponed
for a dismayingly long time.

This book was planned and written as a text for a two-semester course
designed, it is hoped, to overcome, or at least to minimize, some of these
difficulties. It has, in fact, been used successfully several times in preliminary
form as class notes for a two-semester course intended to lead the student
from a reasonable mastery of advanced (multivariable) calculus and a
rudimentary knowledge of general topology and linear algebra to a solid
fundamental knowledge of differentiable manifolds, including some facility
in working with the basic tools of manifold theory: tensors, differential
forms, Lie and covariant derivatives, multiple integrals, and so on. Although
in overall content this book necessarily overlaps the several available
excellent books on manifold theory, there are differences in presentation and
emphasis which, it is hoped, will make it particularly suitable as an introduc-
tory text.

xiii




xiv PREFACE TO THE FIRST EDITION

To begin with, it is more elementary and less encyclopedic than
most books on this subject. Special care has been taken to review, and
then to develop, the connections with advanced calculus. In particular, all
of Chapter II is devoted to functions and mappings on open subsets of
Euclidean space, including a careful exposition and proof of the inverse
function theorem. Efforts are made throughout to introduce new ideas
gradually and with as much attention to intuition as possible. This has led
to a longer but more readable presentation of inherently difficult material.
When manifolds are first defined, an effort is made to have as many non-
trivial examples as possible; for this reason, Lie groups, especially matrix
groups, and certain quotient manifoids are introduced early and used
throughout as examples. A fairly large number of problems (almost 400)
is included to develop intuition and computational skills.

Further, it may be said that there has been a conscious effort to avoid
or at least to economize generality insofar as that is possible. Concepts are
often introduced in a rather ad hoc way with only the generality needed

PO hnaey oea ants v mandad far enma enacific nuirnoge
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This is particularly noticeable in the treatment of tensors—which is far from

general—and in the brief introduction to vector bundles (more specifically
to the tancent bundle). Thus it is not claimed that this is a compre-

LU LIV LQLIEVIIL UulINIv ). g iius 15 UL LaGaaala LOIAPIL

hensive book ; the student will emerge with gaps in his knowledge of various
subjects treated (for example, Lie groups or Riemannian geometry). On the
other hand it is hoped that he will acquire strong motivation, computa-
tional skills, and a feeling for the subject that will make it easy for him to
proceed to more advanced work in any of a number of areas using manifold
theory: differential topology, Lie groups, symmetric and homogeneous
spaces, harmonic analysis, dynamical systems, Morse theory, Riemann
surfaces, and so on.

Finally, it should be said that the author has tried to include at every
stage results that illustrate the power of these ideas. Chapter VI is especially
noteworthy in this respect in that it includes complete proofs of Brouwer’s
fixed point theorem and of the nonexistence of nowhere-vanishing continuous
vector fields on even-dimensional spheres. In a similar vein, the existence
of a bi-invariant measure on compact Lie groups is demonstrated and
applied to prove the complete reducibility of their linear representations.
Then, in a later chapter, compact groups are used as simple examples of
symmetric spaces, and their corresponding geometry is used to prove that
every element lies on a one-parameter subgroup. In the last two chapters,
which deal with Riemannian geometry of abstract n-dimensional manifolds,
the relation to the more easily visualized geometry of curves and surfaces
in Euclidean space is carefully spelled out and is used to develop the general
ideas for which such applications as the Hopf-Rinow theorem are given.
Thus, by a selection of accessible but important applications, some truly
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nontrivial, unexpected (to the student) results are obtained from the abstract
machinery so patiently constructed.

Briefly, the organization of the book is as follows. Chapter I is a very
intuitive introduction and fixes some of the conventions and notation that
are used. Chapter II is largely advanced calculus and may very well be
omitted or skimmed by better prepared readers. In Chapter 111, the basic
concept of differentiable manifold is introduced along with mappings of
manifolds and their properties; a fairly extensive discussion of examples is
included. Chapter IV is particularly concerned with vectors and vector
fields and with a careful exposition of the existence theorem for solutions
of systems of ordinary differential equations and the related one-parameter
group action. In Chapter V covariant tensors and differential forms are
treated in some detail and then used to develop a theory of integration
on manifolds in Chapter VI. Numerous applications are given. It would
be possible to use Chapters II-VI as the basis of a one-semester course
for students who wish to learn the fundamentals of differentiable manifolds
without any Riemannian geometry. On the other hand, for students who
already have some experience with manifolds, Chapters VII and VIII could
serve as a brief introduction to Riemannian geometry. In these last two
chapters, beginning from curves and surfaces in Euclidean space, the concept
of Riemannian connection and covariant differentiation is carefully
developed and used to give a fairly extensive discussion of geodesics—
including the Hopf-Rinow theorem—and a shorter treatment of curvature.
The natural (bi-invariant) geometry on compact Lie groups and Riemannian
manifolds of constant curvature are both discussed in some detail as examples
of the general theory. This discussion is based on a fairly complete treatment
of covering spaces, discontinuous group action, and the fundamental
group given earlier in the book.

This book, as do many of the books in this subject, owes much to the
influence of S. S. Chern. For many years his University of Chicago notes—
—stillan important reference (Chern [1])}—were virtually the only systematic
account of most of the topics in this text. Even more importantly his
courses, lectures, published works, and above all his personal encourage-
ment have had an impressive influence on a whole generation of differentiai
geometers, among whom this author had the good fortune to be included.
Another source of inspiration to the author was the work of John Milnor.
The manner in which he has made exciting fundamental research in
differential topology and geometry available to specialist and nonspecialist
alike through many careful expository works (written in a style that this
author particularly admires) certainly deserves gratitude. No better material
for further or supplemental reading to this text could be suggested than
Milnor’s two books [1] and [2].

For part of the time during which this book was being written, the
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author benefitted from a visiting professorship at the University of
Strasbourg, France, and he is particularly grateful for the opportunity to
work there, in an atmosphere so conducive to advancing in the task he

had undertaken.
afihldc the hf‘lp given
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nowledge with gratitude the hel

The author would also like to acknowiedg
to him by his son, Thomas Boothby, by students and colleagues at
Washington University, especially Humberto Alagia and Eduardo Cattani,

and by Mrs. Virginia Hundley for her careful work preparing the manuscript.



I INTRODUCTION TO MANIFOLDS

In this chapter, we establish some preliminary notations and give an intuitive, geometric
discussion of a number of examples of manifolds—the primary objects of study throughout the
book. Most of these examples are surfaces in Euclidean space; for these—together with curves
on the plane and in space—were the original objects of study in classical differential geometry
and are the source of much of the current theory.

The first two sections deal primarily with notational matters and the relation between
Euclidean space, its model R", and real vector spaces. In Section 3 a precise definition of
topological manifolds is given, and in the remaining sections this concept 1s illustrated.

1 Preliminary Comments on R"

Let R denote the real numbers and R" their n-fold Cartesian product

RX"‘Xk,

the set of all ordered n-tuples (x!, ..., x") of real numbers. Individual n-
tuples may be denoted at times by a single letter. Thus x = (x?, ..o x")
a=(a',...,a"), and so on. We agree once and for all to use on R" its
topology as a metric space with the metric defined by

i) = ( £ = ) "

1




2 I INTRODUCTION TO MANIFOLDS

The neighborhoods are then open balls B}(x), or B,(x) or, equivalently, open
cubes C7(x), or C,(x) defined for any ¢ > 0 as

B(x) = {ye R"| d(x, y) < &},
and
Cx)={yeR"| |x' - )| <gi=1,...,n},

a cube of side 2¢ and center x. Note that R! = R and we define R° to be a
single point.

We shall invariably consider R" with the topology defined by the metric.
This space R" is used in several senses, however, and we must usually decide
from the context which one is intended. Sometimes R" means merely R" as
topological space, sometimes R" denotes an n-dimensional vector space, and
sometimes it is identified with Euclidean space. We will comment on this last
identification in Section 2 and examine here the other meanings of R™.

We assume that the definition and basic theorems of vector spaces over
R are known to the reader. Among these is the theorem which states that any
two vector spaces over K which have the same dimension n are isomorphic.
It is important to note that this isomorphism depends on choices of bases in
the two spaces; there is in general no natural or canonical isomorphism
independent of these choices. However, there does exist one important
example of an n-dimensional vector space over R which has a distinguished
or canonical basis—a basis which is somehow given by the nature of the
space itself. We refer to the vector space of n-tuples of real numbers with
componentwise addition and scalar multiplication. This is, as a set at least,
just R*; should we wish on occasion to avoid confusion, then we will denote
it by F” (and use boldface for its elements (x instead of x, and so forth). For
this space the n-tuplese; = (1,0,...,0),...,¢,=(0,0, ..., 0, 1) are a basis,
known as the natural or canonical basis. We may at times suppose that the
n-tuples are written as rows, that is, 1 X n matrices, and at other times as
columns, that is, # x 1 matrices. This only becomes important should we
wish to use matrix notation to simplify things a bit, for example, to describe
linear mappings, equations, and so on.

Thus R" may denote a vector space of dimension n over R. We sometimes
mean even more by R". An abstract n-dimensional vector space over R is
called Euclidean if it has defined on it a positive definite inner product. In
general there is no natural way to choose such an inner product, but in the
case of R" or V", again we have the natural inner product

It is characterized by the fact that relative to this inner product the natural
basis is orthonormal, (e;, e;) = ;.
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Thus at times R"is a Euclidean vector space, but one which has a built-in
orthonormal basis and inner product. An abstract vector space, even if
Euclidean, does not have any such preferred basis. The metric in R" dis-
cussed at the beginning can be defined using the inner product on R". We

define ||x|, the norm of the vector x, by |x|| = ((x, x)}*/>. Then we have

k4

d(x, y) = fx - y|.

This notation is frequently useful even when we are dealing with R" as a
metric space and not using its vector space structure. Note, in particular,
that | x | = d(x, 0), the distance from the point x to the origin. In this equal-
ity x is a vector on the left-hand side, and x is the corresponding point on
the right-hand side; an illustration of the way various interpretations of R"
can be mixed together.

Exercises
1. Show thatif 4 isanm x nmatrix, then the mapping from ¥ to ¥™ (with
elements written as n x 1 and m x 1 matrices), which is defined by
y = Ax, is continuous. Identify the images of the canonical basis of F” as
linear combinations of the canonical basis of ™
2. Find conditions for the mapping of Exercise 1 to be onto; to be
one-to-one.

Show that if W is an n-dimension

exists an isometry, that is, an isomorphism preserving the inner product
of W onto R" interpreted as Euclidean vector space.

4, Show that C™, the space of n-tuples of complex numbers, may be placed
in one-to-one correspondence with R2". Can this correspondence be a
vector space isomorphism?

5. Exhibit an isomorphism between the vector space of m x n matrices
over R and the vector space R™. Show that the map X — AX, where A
is a fixed m x m matrix and X is an arbitrary m x n matrix (over R), is
continuous in the topology derived from R™.

6. Show that [x| has the following properties:

)

Cail

(@) Ix+y]| < x|+ [yl
(®) x|
() x| = ;and

(d) explain how (a) is related to the triangle inequality of d(x, y).

7. Show that an isometry of a Euclidean vector space onto itself has an
orthogonal matrix relative to any orthonormal basis.

8. Prove that every Euclidean vector space ¥ has an orthonormal basis.
Construct your proof in such a way that if W is a given subspace of V,
dim W = r, then the first r vectors of the basis of V are a basis of W.
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2 R" and Euclidean Space

Another role which R" plays is that of a model for n-dimensional
Euclidean space E", in the sense of Euclidean geometry. In fact many texts
simply refer to R"™ with the metric d(x, y) as Euclidean space. This
identification is misleading in the same sense that it would be misleading to
identify all n-dimensional vector spaces with R"; moreover unless clearly
understood, it is an identification that can hamper clarification of the con-
cept of manifold and the role of coordinates. Certainly Euclid and the
geometers before the seventeenth century did not think of the Euclidean
plane or three-dimensional space—which we denote by E? and E>—as pairs
or triples of real numbers. In fact they were defined axiomatically beginning
with undefined objects such as points and lines together with a list of their
properties—the axioms—ifrom which the theorems of geometry were then
deduced. This is the path which we all follow in learning the basic ideas of
Euclidean plane and solid geometry, about which most of us know quite a
bit before studying analytic or coordinate geometry at all. The identification
of R" and E" came about after the invention of analytic geometry by Fermat
and Descartes and was eagerly seized upon since it is very tricky and

difficult to give a suitable definition of Euclidean space, of any dimension, in

the spirit of Euclid, that is, by giving axioms for (abstract) Euclidean space
as one does for abstract vector spaces. This difficulty was certainly
recognized for a very long time, and has interested many great mathemati-
cians. It led in part to the discovery of non-Euclidean geometries and thus to
manifolds. A careful axiomatic definition of Euclidean space is given by
Hilbert [1]. Since our use of Euclidean geometry is mainly to aid our
intuition, we shall be content with assuming that the reader “knows” this
geometry from high school.

Consider the Euclidean plane E? as studied in high school geometry;
definitions are made, theorems proved, and so on, without coordinates. One
later introduces coordinates using the notions of length and perpendicular-
ity in choosing two mutually perpendicular “number axes” which are used
to define a one-to-one mapping of EZ onto R? by p — (x(p), y(p)), the coor-
dinates of p € E*. This mapping is (by design) an isometry, preserving dis-
tances of points of E2 and their images in R2. Finally one obtains further
correspondences of essential geometric elements, for example, lines of E?
with subsets of R? consisting of the solutions of linear equations. Thus we
carry each geometric object to a corresponding one in R?. It is the existence
of such coordinate mappings which make the identification of E* and R?
possible. But caution! An arbitrary choice of coordinates is involved, there is
no natural, geometrically determined way to identify the two spaces. Thus, at
best, we can say that R? may be identified with E? plus a coordinate system.
Even then we need to define in R? the notions of line, angle of lines, and
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other attributes of the Euclidean plane before thinking of it as Fuclidean
space. Thus, with qualifications, we may identify E2 and R? or E" and R",
especially remembering that they carry a choice of rectangular coordinates.

We conclude with a brief indication of why we might not always wish to
make the identification, that is, to use the analytic geometry approach to the
study of a geometry. Whenever E” and R" are identified it involves the choice
of a coordinate systeiii, as we have seen. It then becomes difficult at times to
distinguish underlying geometric properties from those which depend on the

choice of coordmates An example: Having identified E? and R? and lines

with fhp hc of linear pnnnhnnc or instan
wilil UI2C s O alical CquaiiQils, 107 isial

we define the slope m and the y-intercept b. Neither has geometric meaning;
they depend on the choice of coordmates However, glven two such lines of
slope m,, m,, the expression (m, — m;)/(1 + m,; m;) does have geometric
meaning. This can be demonstrated by directly checking independence of
the choice of coordinates—a tedious process—or determining that its value
is the tangent of the angle between the lines, a concept which is independent
of coordinates! It should be clear that it can be difficult to do geometry, even
in the simplest case of Euclidean geometry, working with coordinates alone,
that is, with the model R". We need to develop both the coordinate method
and the coordinate-free method of approach. Thus we shall often seek ways
of looking at manifolds and their geometry which do not involve coordin-
ates, but will use coordinates as a useful computational device (and more)
when necessary.

However, being aware now of what is involved, we shall usually refer to
R" as Euclidean space and make the identification. This is especially true
when we are interested only in questions involving topology—as in the next
section—or differentiability.

Exercises

1. Using standard equations for change of Cartesian coordinates, verify
that (m, — m,)/(1 + m, m,) is independent of the choice of coordinates.

2. Similarly, show that ((x, — x;)* + (2 — y1)?)"/? is a function of points
Py(xy,y;) and P,(x,,y,) which does not depend on the choice of
coordinates. .

3. How do we describe the subset of R" which corresponds to a segment pg
in E"? to a line? to a 2-plane not through the origin?

If we wish to prove the theorems of Euclidean geometry by analytical geometry methods,
we need to define the notion of congruence. We say that two figures are congruent if there is a
rigid motion of the space, that is, an isometry or distance-preserving transformation, which
carries one figure to the other.
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4. TIdentifying E* with R?, describe analytically the rigid motions of RZ.
Show that they form a group.

5. Using Exercise 4 prove that two triangles are congruent if and only if
corresponding sides are of equal length.

3 Topological Manifolds

Of all the spaces which one studies in topology the Euclidean spaces and
their subspaces are the most important. As we have just seen, the metric
spaces R" serve as a topological model for Euclidean space E", for finite-
dimensicnal vector spaces over R or C, and for other basic mathematical
systems which we shall encounter later. It is natural enough that we are led
to study those spaces which are locally like R", more precisely those spaces
for which each point p has a neighborhood U which is homeomorphic to an
open subset U’ of R", n fixed. We say that a space with this property is locally
Euclidean of dimension n, and in order to stay as close as possible to
Fuclidean spaces, we will consider spaces called manifolds, defined as
follows.

(3.1) Definition A manifold M of dimension n, o
cal space with the following properties:

(i) M is Hausdorff,
(i) M is locally Euclidean of dimension n, and
(iii) M has a countable basis of open sets.

As a matter of notation dim M is used for the dimension of M; when
dim M = 0, then M is a countable space with the discrete topology. It
follows from the homeomorphism of U and U’ that locally Euclidean is
equivalent to the requirement that each point p have a neighborhood U
homeomorphic to an n-ball in R™. Thus a manifold of dimension 1 is locally
homeomorphic to an open interval, a manifold of dimension 2 is locally
homeomorphic to an open disk, and so on. Our first examples will remove
any lingering suspicion that an n-manifold is necessarily globally equivalent,
that is, homeomorphic, to E".

(3.2) Example Let M be an open subset of R" with the subspace topo-
logy; then M is an n-manifold.

Indeed properties (i) and (iii) of Definition 3.1 are hereditary, holding for
any subspace of a space which possesses them; and we see that (ii) holds with
U = U = M and with the homeomorphism of U to U’ being the identity
map. A bit of imagination, assisted perhaps by Fig. L1, will show that even
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Figure 1.1

(a) The manifold is the open set M of R? between the curves C and C'. (b) The manifold is
the open subset of R* obtained by removing the knots.

when n = 2 or 3 these examples can be rather complicated and certainly not
equivalent to Euclidean space in general, although they may be in special
cases: a trivial such case is M = E".

(3.3) Example The simplest examples of manifolds not homeomorphic to
open subsets of Euclidean space are the circle S! and the 2-sphere $2, which
may be defined to be all points of E2, or of E3, respectively, which are at unit
distance from a fixed point 0.

These are to be taken with the subspace topology so that (i) and (iii) are
immediate. To see that they are locally Euclidean we introduce coordinate
axes with 0 as origin in the corresponding ambient Euclidean space. Thus in
the case of §* we identify R® and E® and S? becomes the unit sphere
centered at the origin. At each point p of $? we have a tangent plane and a
unit normal vector N,. There will be a coordinate axis which is not perpen-
dicular to N, and some neighborhood U of p on S? will then project in a
continuous and one-to-one fashion onto an open set U’ of the coordinate
plane perpendicular to that axis. In Fig. 1.2a, N, is not perpendicular to the
x;-axis so for ge U, the projection is given quite explicitly by ¢(q) =
(x*{q), 0, x*(q)), where (x'(g), x*(q), x*(q)) are the coordinates of g in E°.
Similar considerations show that S' is locally Euclidean. Note that S? and
R? cannot be homeomorphic since one is compact while the other is not.

(34) Example Our final example is that of the surface of revolution ob-
tained by revolving a circle around an axis which does not intersect it. The
figure we obtain is the torus or “inner tube™ (denoted T2) as shown in
Fig. 1.2b. This figure can be studied analytically; it is easy to write down an
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x3

Figure 1.2

(a) The spherical surface S? as a manifold. (b) The torus as a manifold.

3

ifi

equation whose locus it is if we introduce coordinates in E )
figure. In order to convince ourselves that it is indeed locally Euclidean we

consider once more the normal vector N atpe T?2. There will be at least one

T i ot e il 4 o moad ma i 3 1
coordinate axis to which it is not perpendicular, say x*. Then some neigh-

borhood U of p projects homeomorphically onto a neighborhood U’ in the
x'x2-plane as illustrated. Since we use the relative topology derived from E>,
space T2 is necessarily Hausdorff and has a countable basis of open sets.

tha
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Thus conditions (i)-(iii) of Definition 3.1 are satisfied.

i~ 1
nowii il

5
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o
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(3.5) Remark It should be clear from the last two examples that certain
subspaces M of E® are easily seen to be 2-manifolds; they are surfaces which
are “smooth,” that is, without corners or edges, so that they have at each
peM a (unit) normal vector N, and tangent plane T,(M)—to introduce
notation we use later—which varies continuously as we move from point to
point. (By this last requirement we mean that the components of the unit
normal vector depend continuously on the point p.) This smoothness allows
us to prove the locally Euclidean property by projection of a neighborhood
of p onto a plane as in Examples 3.3 and 3.4. The other properties are
immediate since we use the subspace topology. Figure 1.3 shows some fur-
ther examples of manifolds which can be obtained in this way. Obviously
this method will not always work: The surface of a cube is a 2-manifold, in
fact it is homeomorphic to §2; but it has no tangent plane or normal vector
at the corners and edges.

Example 3.2 gives an inkling at least, of how nasty a space can be and
still be a manifold, even when it is connected—which we do not suppose in
general. The following theorem will offer some reassurance.
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=>

Figure 1.3

(3.6) Theorem A topological manifold M is locally connected, locally
compact, and a union of a countable collection of compact subsets ; furthermore,
it is normal and metrizable.

s | 4.\...

Proof These are all immediate consequences of the definition and s
dard theorems of general topology. Let p be a point of M and U a neighbor-
hood of p homeomorphic to an open ball B,(x) of radius ¢ in R". We denote
this homeomorphism by ¢, and we suppose ¢(p) = x. Then it is clear that
interior to any neighborhood V of p there is a neighborhood W whose
closure W is in U and for which @(W) = B,(x) with ¢ > é > 0. It follows
that M is locally connected at p since Bs(x) and hence W, to which it is
homeomorphic by ¢!, is connected. Similarly W is compact since Bj(x) is
compact; thus M is locally compact. Because M has a countable base of
open sets, we may now suppose that it has a countable base of relatively
compact open sets {V}; obviously M = | JV,;. Normality follows from
Lindelof’s theorem and metrizability is then a consequence of the Urysohn
metrization theorem (see Kelley [1]).

There is one difficulty in our concept of manifold about which we can do

nothing at present. In fact it concerns Euclidean spaces and their topology.

and arises even before consideration of manifolds: it is the question of
dimension. Could it be that E* and E™ are homeomorphic, or locally
homeomorphic—so that an open set U of E" is homeomorphic to some open
set U’ of E™ with m # n? The answer is no, but the proof is difficult and
requires algebraic topology. It was proved in 1911 by L. E. J. Brouwer and is
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known as Brouwer’s theorem on invariance of domain. For a proof see
Hurewicz and Wallman [1]. Later we shall be able to give a differentiable
version of this theorem which will be sufficient for our needs; in this chapter
we assume the theorem.

We make one final remark which connects this section with the preced-
ing one. The notion of coordinates plays an important role in manifold
theory, just as it does in the study of the geometry of E™. In E”, however, it is
possibie to find a singie system of coordinates for the entire space, that is, to
establish a correspondence between all of £” and R". Built into the definition
of n-manifold M is a correspondence ofa neighborhood U of each pe M and
ar Upﬁll buUbCl b 01 R LClllIlg (p U g U Ge tﬂlb LOTTespOIlUCIlLC, we Ld.ll

the pair U, (p a coordmate nezghborhood and the numbers x'(g), ..., x"(q),

given by ¢(q) = (x'(q), --. (9)) the coordmates of ge M. We have
assum\td Lh“l- th 19 ’n lD <« llulll\tulll\ll Plllolll lt JD Ul.l\t t\J \Jll\t ﬂlld w and w_l

are continuous. Thus each g € U has n uniquely determined coordinates, real

numbers, which vary continuously with g. Of course the function ¢ — x'(g),
which mveq the ith nnnrdmnfe l<i< n, i< pnnhnnnnc 1t 1s called the ith

coordmate function. There is obv1ously nothmg unique about our choice of
coordinates; in Examples 3.3 and 3.4, we could equally well project the
neighborhood of p discussed there to other coordinate planes. Finally note
that even in the case of Euclidean space it is often useful to use local coordin-
ates; the domain of a polar coordinate system on E?, for example, must omit
a ray if it is to be one-to-one.

Exercises

1. Consider the following subset of R?: X = A, U A_ U B with
Ay ={(x,y)|[x20,y= +1}
Ao ={lx,y)|x=20,y= —1}
B={(x,y)|x <0,y=0}

(0,1

0,-1

Define a topology as follows: We use the subspace topology (open
intervals as a basis) on 4, — {(0, 1)}, A_ — {(0, —1)} and B; then for
e>0welet N = {(x, £1)|]0 < x <e}u{(x,0)] —¢ < x < 0}and use
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" and N as a basis of nelghborhoods of (0, 1) and (0, — 1), respec-
tively. Show that the space X is locally Euclidean but is not a manifold.

A Hausdorff space M is said to be paracompact if every covering [U,} of M by open sets has
a locally finite refinement; more precisely. there is a covering [V} which (i) refines {U,} in the
sense that each V, U, for some 2, and which (ii) is locally finite, that is, each pe M has a
neighborhood W which intersects only a finite number of sets V.

2. Show that a manifold is paracompact. Show that a locally Euclidean,
paracompact, Hausdorff space need not have a countable basis.

o

Show that a connected manifold M is pathwise connected. that i
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p, g€ M implies that there exists a continuous curve f(s), 0 < s < 1,
with £(0) = p, f(1) = .

4. Show that the (connected) components of a manifold M are open sets
and are countable in number.

4 Further Examples of Manifolds. Cutting and Pasting

A hemispherical cap (including the equator) or a right circular cylinder
(including the circles at the ends) are typical examples of manifolds with
boundary Except for the equator, or the end-circles, they are 2-manifolds
and these boundary sets are themselves manifolds of dimension one less. In
fact, they are homeomorphic to S* or to $* U §* in these two cases. An even
simpler example is the upper half-plane H?, or more generally H", where we
shall mean by H" the subspace of R" defined by

H"={(x',...,x")eR"|x" > 0}.

Every point pe H" has a neighborhood U which is homeomorphic to an
open subset U’ of R™ except the set of points (x*, ..., x"~ !, 0), which ob-
viously forms a subspace homeomorphic to R"~, called the boundary of H"
and denoted by ¢H"

We shall define a manifold with boundary to be a Hausdor{f space M with
a countable basis of open sets which has the property that each pe M is
contained in an open set U with a homeomorphism ¢ to either (a) an open
set U’ of H" — 0H" or (b) to an open set U’ of H" with ¢(p)e 0H", that is, a
boundary point of H". It can be shown (as a consequence of invariance of
domain) that pe M is in one class or the other but not both; those p of the
first type are called interior points of M and those p mapped onto the
boundary of H" by one, and hence by all, homeomorphisms of their neigh-
borhoods into H" are called boundary points. The collection of boundary
points is then denoted by dM and is called the boundary of M. It is a
manifold of dimension n — 1. We make no attempt to prove these facts here,
but they will be discussed briefly in Chapter VI.
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o

Figure 1.4

Some examples of pasting.

Our interest is in pointing out that new surfaces, that is, 2-manifolds, can
be formed by fastening together manifolds with boundary along their boun-
daries, that is, by identifying points of various boundary components by a
homeomorphism, assuming of course the necessary condition that such
components are homeomorphic. The simplest examples are $2, which is
obtained by pasting two disks (or hemispheres) together so as to form the
equator, and T2, formed by pasting the two end-circles of a cylinder
together. However, one can go much further and paste any number of cylin-
ders onto a sphere S2 with “holes,” that is, with circular disks removed. This
gives various pretzellike surfaces as illustrated in Fig. 1.4. We leave as an
exercise the proof that these are manifolds. Thus to generate new 2-
manifolds from old ones we may (1) cut out two disks, leaving a manifold M
whose boundary M is the disjoint union of two circles, and (2) paste on a
cylinder or “handle” so that each end-circle is identified with one of the
boundary circles of M.

The pasting on of handles is not the only way in which we can generate
examples of 2-manifolds. It is also possible to do so by identifying or pasting
together the edges of certain polygons. For example, the sides of a square
may be identified in various ways in order to obtain surfaces. Figure L.5
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illustrates this: we obtain a cylinder, Mobius band, torus, and Klein bottle.
The latter cannot be pictured as a surface in E> unless we allow it to cut itself
as shown. Thus as a subspace of E® it is not a manifold: it is possible to
identify the sides of the square, as shown, and obtain a manifold—but it is
not possible to put it inside E>.

For connected 2-manifolds M which lie smoothly inside E* so that there
Is a tangent plane and normal line L, at each point p, we may ask whether it
is possible to choose a unit normal vector N, (on L,) for every pe M which
varies continuously with M. It is easy to see that this is possible for $2 and
T2 but not for the Mobius band (which is actually a manifold with boun-
dary) or the Klein bottle. We say that a manifold or manifold with boundary
is orientable if such a choice of N, is possible. The following is a fundamental
theorem of 2-manifolds.

— | &

Cylinder T, TWisted (miobius)

1
A

L

{(a)

(c) (d)
Figure L5

Four ways to identify sides of a rectangle: (a) cylinder; (b) twisted (Mébius) band; (¢) torus; (d)
Klein bottle.
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(4.1) Theorem Every compact, connected, orientable 2-manifold is homeo-
morphic to a sphere with handles added. Two such manifolds with the same
number of handles are homeomorphic and conversely, so that the number of
handles (called the genus) is the only topological invariant.

This is a very satisfying theorem in that it shows that 2-manifolds of a

certain large class can be enumerated and completely described to within
homeomornhism (for a proof see Massey [1}) This can actuallv be carried

............. PSSl 20s PO SLL IVARaSL s L4l AalBally UL Lad

further. Nonorientable as well as noncompact 2-manifolds can be described
equally completely—although the noncompact case is more involved as
might be expected. One can show also that every connected, one-
dimensional manifold is homeomorphic to S* or to R depending on whether
it is compact or not. However, beginning with n = 3 everything is far more
complicated. In fact A. A. Markov has shown that for n = 4 no algorithm
classifying compact orientable manifolds is possible (see Massey [1, p. 144]).

Curves and surfaces, that is, one- and two-dimensional manifolds in E>,
formed the objects of study in classical differential geometry. We shall
frequently refer to them as sources of examples and new ideas.

Exercises

1. Assuming invariance of domain, show that H" is a manifold of dimen-
sion n — 1 and that no neighborhood in H" of a point of dH" can be
homeomorphic to an open subset of R".

2. Prove that adding a handle to a 2-manifold in the fashion described
above for $2 and T? actually does give a 2-manifold.

3. Prove in detail that it is possible to obtain a 2-manifold by identifying
sides of the square as shown in Fig. 1.5d (Klein bottle).

4. Prove that identification of points at opposite ends of diameters on the
boundary of the circular disk D? defines a 2-manifold.

According to a theorem of topology, if a compact orientable 2-manifold is obtained by
pasting together triangles along their edges, then the number y = f — e + v (faces — edges +
vertices) is the same for two surfaces M, and M, which are homeomorphic: y is independent of
the way the surface is cut up into triangles. (x is called the Euler characteristic of the surface.)

5. Let M, = §% and M, be the surface obtained from M, by adding g
handles. Compute the relation between the genus g and the Euler
characteristic y.

5 Abstract Manifolds. Some Examples

The manifolds of dimensions 1 and 2 considered above are pictured as
subspaces of E* except in the case of the Klein bottle. This is the way in
which manifolds are first and most easily visualized. However, the definition
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makes no such requirement. Such visualization makes equivalent (homeo-
morphic) manifolds look different just because they are differently placed in
Euclidean space; and we might easily be led to think that they are different.
Several examples of equivalent manifolds are shown in Fig. 1.6. In spite of

appearances, they are homeomorphic.
B\ fn‘@
o9 !

Figure L6

Three equivalent manifolds.

As we might expect from the definition, it is possible to give examples of
manifolds which we do nor think of as lying in Euclidean space. Indeed, it is
not clear that they can be realized at all as a subspace of Euclidean space.
This can already be guessed from the construction of manifolds by pasting,
which does not really use E> at all. The simplest, as well as one of the most
important examples of manifolds defined “ abstractly "—not as a subspace of
Euclidean space—is real projective space P"(R), the space of (real) projective
geometry. It may be defined as follows. Let an equivalence relation ~ be
defined on R"*' — {0} by

1

(x ’.‘.,xn+1)~ (yl,.“,ym»l)

if there is a real number  such that y' = tx',i = 1,...,n + 1;briefly y = ¢x.
Then we denote by [x] the equivalence class of x and by P*(R) the set of
equivalence classes. There is a natural map = : R"*! — {0} - P"(R) given by
n(x) = [x] and we shall topologize P*(R), as is usual in the case of such
quotient spaces, by saying that U < P"(R) is open if and only if n~(U) is
open in R"*!. This gives P"(R) the structure of an n-manifold (as shown in
the exercises). We note that there is an alternative description of P*(R) as the
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space of all lines through the origin 0 of R"*'; n takes each x # 0 to the line
through 0 which contains it. Then we define the topology as follows: a
collection U of lines is open if it is the set of all lines through O which meeta
given open set U.

This example may be generalized as follows: Let M be the set of all
r-planes through the origin in R", where n and r are fixed; for example, the
set of all planes through the origin in R? or the set of all three-dimensional
planes through the origin of R?®, and so on. This set has a natural topology
which makes it a manifold. Intuitively it consists of defining a neighborhood
of a given plane p to be all planes g which are “close” to it in a more or less
obvious sense: there exist corresponding bases of both planes p and g (con-
sidered as r-dimensional subspaces of R", as a vector space) such that corre-
sponding basis vectors are close, say, for example, that their differences have
norm less than some ¢ > 0.

Further important and useful examples of manifolds force themselves
upon our attention when we begin to study the geometry of some of the
manifolds we already have discussed. For example, counsider S2, the unit
sphere in R3. We denote by T(S?) the collection of all tangent vectors to
points of S2, including the zero vector at each point. Thus T(S?) =
Upesz T,(S?). This set has a natural topology: two tangent vectors X ,and
Y, are “close” if their initial points p and g and their terminal points are
close. Similarly, if M is any of the 2-manifolds we have considered which lie
“smoothly” in E3, so as to have a tangent plane at each point which turns
continuously as we move about on M, then T(M) = | ), . » T,(M)is a mani-
fold, called the rangent bundle of M. The dimension of T(M) is 4 since,

roughly speaking, X, depends locally on four parameters: two being the

Figure 1.7

The 2-sphere S? and some of its tangent vectors—elements of T(S?).
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local coordinates of p relative to some coordinate neighborhood U and two

more being the components which determine X, relative to some basis

{Ey,. E,,} of T,(M), a basis which varies contmuously over the neighbor-
ary A
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t
exhibit the locally Euclidean character of T(M). For the moment we note
that E, and E, can be visualized as vectors tangent to o the coordinate curves

Xl — econstant and v2 — conctant in . Th 1§ 1 ic 1llustrated in Fin 1.7.
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We should note that these manifolds are not subspaces of E3, even
though M is and although the geometry of E* is used here to describe them.
In fact, one of our major tasks is to describe ’T' (M\ and ’T(M\ independently

of any way of placmg M in Euclidean Space, that is, to give a description
valid for an abstract manifold.

The manifolds mentioned above arose quite naturally from studies of the
geometry of curves and surfaces in E>. In fact, Gauss used, in a very essential
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way, a mapping which he introduced for orientable surfaces in E~. 3. Let M be
such a surface and let N, be a unit normal vector at each pe M, so defined
that N, varies contmuously with p on M. Translate N, to N, from a fixed
origin O and let G(p) be the endpoint of N, on S?, the unit sphere at 0. The
mapping taking p to G(p) is known as the Gauss mapping, and the Gaussian
curvature is a measure of the distortion of areas under this mapping: If M is
sharply curved near p, then the area of a small region around p would be
greatly magnified in mapping to S Even if M is not orientable, we stiil
have a tangent plane T, (M) at each point p and it is parallel to a uniquely
determined plane G(p) through the p01nt 0. Thus a slight variant of the
previous definition defines a mapping (as shown in Fig. 1.8 ) of M to the
manifold of 2-planes through 0 introduced above. Or again, using normal
lines instead of tangent planes we can obtain a mapping from M to the

o o varman el ad in

manifoid of lines mrougn U, which as we have remarked

P3(R).

Exercises

Show that P?(R) and the manifold of Exercise 4.4 are homeomorphic.
Show that P2(R) and the set of all planes through the origin of R* are in
natural one-to-one correspondence.

3. Show that the set of all pairs (x, y) of mutually orthogonal unit vectors x
and y of ¥3, with its natural inner product, is a manifold. What is its
dimension? Generalize if possible.

4. Prove that the manifold of orthonormal pairs of vectors in F?
(Exercise 3) is homeomorphic to T,(S?), the tangent sphere bundle of 2,
which consists of all unit vectors tangent to S>.

5. Let C be a one-dimensional manifold (curve) in R*. Show that the
collection of all vectors normal to C form a three-dimensional manifold.
What sort of manifold would the unit vectors normal to C give us?

6. Manifolds may be obtained as the locus of one or more algebraic equa-

tions, for example, 5% = {(x, y,z)| x> + y*.+ z* = 1}. Show that the

torus T2 may be given as the locus of an equation in X, y, z

N —

Notes

Curves and surfaces in Euclidean space were studied since the earliest days of geometry
and, after they were invented, both analytic geometry and calculus were systematically used in
these studies. However, the discoveries of Gauss, announced in 1827, profoundly altered the
course of differential gcometry and pointed the way to the concept of abstract differentiable
manifolds—the underlying spaces of every geometry and of other important mathematical
theories as well. In his celebrated * Theorema Egregium ” Gauss showed that there is a measure
of curvature of a surface (now called the Gaussian curvature) which depends only on one’s
ability to measure the lengths of curves on the surface. This means that this curvature is
unchanged by alterations of shape of the surface which leave arclength unchanged. (It is easily
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seen that there are such alterations. For example, we may roll a plane surface into a cylinder or
cone, or we may gently squeeze a hemisphere in along its edge, the equator.) This discovery of
an “inner " geometry, independent of the shape of the surface in E>, led very naturally toward
the invention of abstract surfaces (2-manifolds) on which a measure of arclength is (somehow)
provided. The discovery by Bolyai and Lobachevskii (independently) about 1830 of non-
Euclidean geometry was another important step toward the concept of abstract spaces—spaces
not conceived of as subspaces of Euclidean space. (Non-Euclidean geometry satisfies all of
Euclid’s postulates except the one which affirms that through any point p not on a line L there is
exactly one line parallel to L. As in Euclidean geometry, lengths of curves and distances between
points have meaning; see hyperbolic space, Section VIIL6.) The existence of such spaces was
apparently already known to Gauss, who kept his knowledge to himself— presumably for fear of
the profoundly disturbing philosophical and religious consequences such a discovery would
bring about. It can only be compared with the discovery of relativity in this century, for which it
laid the foundation. The belief that we live in a Euclidean world had been an article of faith for
centuries and was not easily challenged.

A second great impetus to these new ideas was given by Riemann in his inaugural address at
Gottingen in 1854. He introduced the idea of a space or “manifold” having its existence outside
of Euclidean space but locally like it; he made clear what arc length would mean in this case (see
Section V.3)—separating metric and topological properties. Both Euclidean and non-Euclidean
geomeiry and spaces of arbitrary dimension were inciuded within s ideas. Later he made
extensive use of the notion of abstract two-dimensional manifolds in analytic function theory by
his systematic use of Riemann surfaces.

In the remainder of the 19th century many further important developments in geometry
took place. The most important by far from the point of view of modern differential geometry
and manifold theory being the monumental work of Poincaré. He introduced concepts and
raised questions which have dominated much of the work in these fields in this century. Among
them the use of groups to measure topological invariants of manifolds, the importance of
manifolds in the study of dynamical systems, the Poincaré conjecture —central to an understand-
ing of three dimensional manifolds but still unresolved, and many others. A second great impetus
coming at the end of the 19th century and early in this century was the work on Lie groups,
especially in the hands of the great differential geometer E. Cartan. In his famous Erlangen
program of 1872 Felix Klein had shown the intimate relation of all geometries with groups, and
with the later development of Lie groups (themselves important differentiable manifolds) it
became clear that both Euclidean and non-Euclidean geometry could be thought of as branches
of group theory. All of these applications gradually clarified the concepts themselves, as did the
emergence of topology, so that the ideas of manifold theory and differential geometry are now
highly developed and used across the entire mathematical spectrum, in relativity theory, analysis,
Lie groups, algebraic topology, algebraic geometry, and elsewhere. The reader will find historical
sketches in many of the references. In particular, Gauss’s famous paper [1] is available in an
annotated English translation and Riemann’s Inaugural Address is translated in the book of
Spivak [2], which contains an excellent and very readable analysis of this paper and is highly
recommended for those interested in a history of differential geometry. The reader will also find
an elegant intuitive discussion of surfaces given by Hilbert and Cohn-Vossen [1].



II FUNCTIONS OF SEVERAL VARIABLES AND MAPPINGS

In this chapter we review in some detail the differential calculus which we will nced later.
The purpose is to build a bridge between the reader’s previous knowledge of multivariable
caleulus and the somewhat specialized facts we need here, especially the inverse function
theorem and the theorem on rank. (Many readers can skim over or skip this chapter entirely.)

Briefly, the topics treated are the following: In Section | we define differentiability of
real-valued functions of many variables and its immediate consequences, in particular the mean
value theorem. In Section 2 this is extended to the case that concerns us most, a mapping F
from an open subset U of R" into R™. Here the Jacobian is defined and the mean value theorem
restated for mappings. Sections 3 and 4 deal with the concept of the space of tangent vectors
T,(R") at a point ae R"; this will be most important in studying manifolds, especially Section 4
in which T,(R”) is defined in a way that admits generalization. Section 5 reviews the notion of
vector field in R". Section 6 gives a detailed proof of the inverse function theorem. This theorem
with its corollaries, especially the theorem on rank (Section 7), is one of the basic theorems on
which most of our theory is built.

1 Differentiability for Functions of Several Variables

In this section we review briefly some facts about partial derivatives from
advanced calculus. Few proofs are given; they may be worked out as prob-
lems or found in advanced calculus texts, for example, Apostol[1],

20
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Dieudonné[1], or Fleming [1]. We will consider real-valued functions of
several variables, more precisely functions whose domain is a subset 4 = R”
and whose range is R. If 4 > R is such a function, then f(x)=
fx', ..., x") denotes its value at x = (x', ..., x") e A. We assume through-
out this section that fis a function on anopenset U — R". Ateachae U, the
partial derivative (6f)0x’), of f with respect to x’ is, of course, the following
limit, if it exists:

1 J ny _ 1 J n
(ﬂ) =limL(a""’a + h,...,a" f(a,...,a,...,a)'

ox/

If of /0x’ is defined, that is, the limit above exists at each point of U for
1 < j < n, this defines n functions on U. Should these functions be contin-
uous on U for 1 <j < n, fis said to be continuously differentiable on U,
denoted by fe C}(U).

Mere existence of partial derivatives is too weak a property for most
purposes. For example, the function defined on R* by

B0 h

i and  f(0,0)=0

f(xa)’)'—'xz +y2

is not continuous at (0, 0), yet both derivatives are defined there. The natural
generalization of existence of the derivative for functions of one variable 1s as
follows. We shall say that fis differentiable at ae U if there is a (homogen-
eous) linear expression Y 7_, b(x’ — a') such that the (inhomogeneous)
linear function defined by f(a) + Y 71—, bi{(x’ — a’) approximates f(x) near a
in the following sense:

()~ f(@) = Thfx' = a) _,

lim = ,
Ix — al

XxX—a

or equivalently, if there exist constants b,,..., b, and a function r{x, a)
defined on a neighborhood V of ae U which satisfy the following two
conditions:

f(x)=fla) + ¥ bi(x' — ') + ||x — a|r(x, a)
on V, and

lim r(x, a) = 0.
If fis differentiable for every a € U, we say it is differentiable on U. [ Warning:
this is a technical definition from advanced calculus. Beginning with Chap-
ter III differentiable will be used rather loosely to mean differentiable of
some order, usually infinitely differentiable (C*).] Note that differentiability
on U is a local concept, that is, if fis differentiable on a neighborhood of
each point of U, then fis differentiable on U. By the mean value theorem, for
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a function of one variable the existence of the derivative at ae U is equiva-
lent to differentiability; but for functions of several variables, as we have
seen, this is not the case. The exercises at the end of this section and the
following statements (1.1)-(1.3), whose proofs we leave as exercises, will
clarify these concepts.

(1.1) If f is differentiable at a, then it is continuous at a and all the partial

derivatives (0f/0x"), exist. Moreover the b; are uniquely determined for each a

at which f is differentiable; in fact b; = (3f/0x), -

By virtue of (1.1) when f'is differentia

10~ fa) = 3 (1) b= @)+ = alrtos o)

We denote by (df ),, or simply df, the homogeneous linear expression on the
right:

n af R .
1.2 df = ) (xf = d')
(12) = 3 () -
It is called the differential of f at a.

(1.3) Ifafjox', ..., cfiex" are defined in a neighborhood of a and continuous
at a, then f is differentiable at a.

Thus existence and continuity of the partial derivatives of f on an open
set U = R" implies differentiability of f at every point of U. We define
inductively the notion of an r-fold continuously differentiable function on an
open set U = R" (function of class C7): f is of class C" on U if its first
derivatives are of class C"~ ', Equivalently we may say that f has continuous
derivatives of order 1,2, ..., r on U.Iffis of class C" for all r, then we say that
f is smooth, or of class C*. As in the case of C!, we denote these classes of
functions on U by C"(U) and C*(U).

We now state the first version of the chain rule; a more general version
will be given in the next section. Define a differentiable (C") curve in R" to be
a mapping of an open interval (a, b) = {x€ R|a < x < b} of the real num-
bers into R", f: (a, b) — R", with f (t) = {x'(t), ..., x"(t)}, where the n coordin-
ate functions x!(t),..., x"(t) are differentiable (resp. C’) on the interval
(Recall: For functions of one variable “differentiable” and “derivative exists”
are equivalent.) Now suppose that fis a differentiable curve and maps (a, b)
into U, an open subset of R". Let a < t, < b and suppose that g is a function
on U which is differentiable at f(t,) € U. Then the composite functiong o fis a
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real-valued function on (a, b). We assert that g o fis differentiable at t, and
that its derivative at t, is given by the chain rule

J n / dg /dxi\
14 (g o ( : ) ( )
( ) dt f ZZI Sto) dt to

The proof is left as an exercise. Using it we may establish the mean value
theorem for functions of several variables. We shall say that a domain U is
starlike with respect to ae U provided that whenever x € U, then the seg-
ment ax lies entirely in U (see Fig. I1.1). This is a somewhat weaker property
than convexity of U, a convex set being starlike with respect to every one of

its points.

\—/

\i

7

f-s

Figure 11.1

(1.5) Theorem (Mean Value Theorem) Let g be a differentiable function
on an open set U = R"; let ae U and suppose that U is starlike with respect to
a. Then given x € U there exists e R, 0 < 0 < 1, such that

o) = gla) = 3 () (<

i=1
the derivatives ¢g/éx', ..., 0g/ex" all being evaluated at the same point
a + B(x — a) on the segment ax.

Proof Set f(t) = a + t(x — a), that is x'(t) = @' + t{x' — a'). Then the
corresponding curve is a line segment with f(0) = aand f(1) = x. This curve
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is differentiable, in fact C*, so that g - f maps [0, 1] into U and is differen-
tiable on (0, 1). Applying the standard mean value theorem for functions of
one variable (as in elementary differential calculus) and using (1.4) to com-
pute the derivatives gives the formula. |

(1.6) Corollary Let U and g be as in Theorem 1.5. If |8g/éx' | < K on U,
i=12,...,n, then for any xe U, we have
|9(x) — g(a)| < Ky/n|x — al.
Proof Taking absolute values in the formula of Theorem 1.5 and using

the Schwarz inequality gives
dg )2 R
< . i g
<|z(a) | zw-o

- 69) i i
';1 (axi/(x a)| Li oy ;o4 L 4

1/2 1/2

[9(x) — g(a)| =

Therefore

|9(x) — gla) | < Ky/n|x - al. 1

The following corollary is an important consequence and should be
proved as an exercise.

(1.7) Corollary Iffis of class C" on U, then at any point of U the value of
the derivatives of order k, | < k < r is independent of the order of differentia-

Mmatat
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of
Ox't - Ox'x - OxJt - OxJr’

Taylor’s theorem on polynomial approximation with its formula for the
remainder Ry, ,, or error of the approximation of degree N, as well as the
corollary theorem on power series expansions are easily extended to func-
tions of several variables using the technique of Theorem 1.5 (see Apostol [1]
and Dieudonné [1]). As in the single variable case, a necessary but not a
sufficient condition that a function be (real) analytic, that is, can be ex-
panded in a power series at each ae U, an open set of R", is that it be in
C*(U). [We writefe C*(U) iffis real analytic on U.] Although knowledge of
analytic functions is not needed in this text, it is helpful—since C® implies
C*—to know that any linear function f(x) = ) a,x’, or any polynomial
P(x!',..., x") of n variables, is an analytic function on U = R"; the same is
true for any quotient of polynomials (rational function) if we exclude from
the domain the points at which the denominator is zero. Thus, for example, a
determinant is an analytic function of its entries and, if we exclude n x n
matrices of determinant zero (which have no inverses), then each entry in the
inverse 4~ ! of a matrix a is an analytic (and hence C*) function of the
entries in the matrix A.
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Exercises

1. Prove (1.1).

Prove (1.3) using the mean value theorem for functions of one variable.

3. Prove that all first partial derivatives of a differentiable function vanish
at an extremum.

4. Let U be an open subset of R" and let C°( ) and C'(U) denote the

continuous and continuously differentiable functions on U. Let D(U)

denote the functions which are differentiable on U. Show that C°(U) =

D(U) o C'(U) and construct examples to show that in general the inclu-

slons are proper.

Show that the inclusions C'(U) = C*(U) = - > C*(U) are proper.

6. Prove that C°O > C?, and that the inclusion is proper. [Hint: Let

\U} = U,_] \L; = exp(—l/tz) fort # u,flS C*onR Isit C®0on R‘ﬂ

Prove (1.4), that is, prove that g o f is differentiable at ¢ = to and that its
derivative is given by (1.4).

Prove Pnrn”ary 1.7
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Sometimes it is important to extend the definitions of differentiability, C', and so on, to
functions defined on a subset A = R" which is not assumed to be an open set, for example, a
function f(t) of one variable on the closed interval 0 < ¢ < 1. We say that fis differentiable, of
class C", of class C®, and so on, on A if f can be extended to a differentiable, C', C* function,
respectively, on an open subset U of R" which contains A.

9. Show thatif A ={xeR"|d' < x' <b,d <b,i=1,...,n}and fis dif-
ferentiable on A, then the value of 3f/dx" at any point of A is independent
of the extension chosen. Can you find any example to show that for
some sets A this is not the case? If so, does assuming C' help?

2 Differentiability of Mappings and Jacobians

In this section we generalize the ideas of the previous section to the case
of functions defined on subsets of R" but whose range is in R™ rather than
R. We will refer to them as mappings (or maps) and, insofar as possible, re-
serve the term function for real-valued functions as in Section 1. If n':
R™ > R denotes the projection to the ith coordinate, namely,
m(x!,...,x,...,x")=x, and if F:4A— R™ is a mapping defined on

A c R", then F is determined by its coordinate functions f' = n* o F; in fact
for xe A4,

F(x) = (fY(x), ..., f™(x))

Conversely, any set of m functions f*, ..., /™ on A with values in R deter-
mines a mapping F: 4 — R™ with the coordinates of F(x) given by
FHUx), ..., f™(x) as above.
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We are interested in the case where U is an open set of R", possibly all of
R". Since many authors identify R™ and »™ (see SectionI.1), these are
sometimes referred to as vector-valued functions on R", although we will not
use that terminology. From general topology we know that F is continuous
if and only if its coordinate functions are. We shall say that F is differentiable,
of class C", C*, C*, and so on, ar ac U or on U if each of its coordinate
functions has the corresponding property. We may sometimes call a C*
mapping F a smooth mapping; if F is smooth, then each coordinate function
f possesses continuous partial derivatives of all orders and each such deriva-
tive is independent of the order of differentiation.

" 2 il 1sm news ¢l nse &L saa N =a

If F is differentiable on U, we know that the m x n Jacobian matrix
of! oft
/ ox! 6x"\

oo

\ ox? ox" /

is defined at each point of U, its mn entries being functions on U. These
functions need not be continuous on U; they are so if and only if F is of class
C!. Since differentiability is needed in Section IL.6, it is useful to give another
formulation of this concept for mappings. We leave the proof to the exer-
cises. [ Note. later differentiable will be used to mean C®; see Section 111.3.]
(21) A mapping F: U - R", U an open subset of R", is differentiable at
ae U (or on U) if and only if there exists an m x n matrix A of constants
(respectively, functions on U) and an m-tuple R(x, a) = (r*(x, a), ..., r"(x, a))
of functions defined on U (on U x U) such that | R(x, a)| - 0as x — aand for
each x e U we have

(*) F(x) = F(a) + A(x — a) + ||x — a||R(x, a).

If such R(x, a) and A exist, then A is unique and is the Jacobian matrix.

[In the expression (), A(x — a) denotes a matrix product, so we must
write (x — @) as an n x 1 (column) matrix and read this as an equation in
m x 1 matrices. The last term means that each component of the m-tuple
R(x, a) is multiplied by |x — al|.]

Corollary 1.6 extends immediately to mappings in the following form.
The proof is left as an exercise.

(22) Theorem Let ac U be an open subset of R" which is starlike with
respect to a, and let F: U — R™ be differentiable on U with |df'/éx’| < K,
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1 <i<m 1 <j<n, atevery point of U. Then the following inequality holds
forall xe U:

() IF(x) = Fla)} < (nm)'*Kl}x — a.

We will use DF to denote the Jacobian matrix of a differentiable map-
ping F and DF(x ) to denote its value at x. If F is differentiable on U, then for

o~ T] Averemnnine \ hornmng
uc v CAPLCDDIUAI \’F} UCLUILLIVY

F(x) = F(a) + DF(a)(x — a) + ||x — a|R(x, a).

We remark that Fe fﬂ(”\ if and onlv if DF/Y\ varies continuously with
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x,thatis, x - DF(x)isa COI’ItlI’IUOUS map of U 1nto the space A ,,(R)of m x n
matrices, identified with R™ and given the corresponding topology.

Just as in the case of functions we wish to prove a chain rule for composi-
tion of mappings. We suppose U < R" and V < R™ are open sets and
F:U->VcR"and G: V — RP so that H = G < F is defined on U, which it
maps into R?. We may write the coordinate functions of H using those of F
and G:

H(x)=g' o F(x) = g(f1(x),..../™x)), i=1..,p

(2.3) Theorem (Chainrule) Let F, G, H be as above and suppose that F is
differentiable at ac U and G is differentiable at b = F(a). Then H = G - F is

/‘llffnrnmfIﬂ")lo at x =g nn/] wo 11/1170

A — L

DH(a) = DG(F(a)) - DF(a)

(where - indicates matrix multiplication). If F is differentiable on U and G on V,
then this holds for every ae U.

Proof According to the characterization above it is enough to show
that the p-tuple Ry(x, a) defined by

H(x) — H(a) — DG(F(a))- DF(a) - (x — a) = |x — a|Ry(x, a)

approaches 0 as x approaches a. Using y = F(x), b = F(a), and the differen-
tiability of F and G at a and b, we may write

H(x) — H(a) = G(y) — G(b) = DG(b) - (y — b) + |y — b[Rs(y, b),
and
y—b=F(x)— F(a) = DF(a) - (x — a) + | x — a|Rg(x, a).
Then, replacing y by F(x) and b by F(a),
H(x) — H(a) = DG(a) - DF(a)" (x — a)

+ I = a l[D6(F@) - Retw.a) + T =HO e, Fla)|.

Ix —
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Using the continuity of F, which is an immediate consequence of differen-
tiability, and the properties of Rg(x, a) and R¢(y, b), we see that as x — a the
expression in curly braces, which we may denote by Ry(x, a), goes to zero.
This completes the proof.

(24) Corollary If F and G are of class C" (or smooth) on U and V, respec-
tively, then H = G < F is of class C” (or smooth) on U.

Proof We prove only the statement for C?, although we will use the
general case, whose proof is a problem in mathematical induction (see
Dieudonné [1], where it is also proved for analytic mappings). If Fand G are

ICUUOITIG HCLG T Iy alst) LU IOL dlidlylio Lild 111

C', then they are certainly differentiable, and DF and DG are continuous
functions on U and V. Since F is C', it is continuous and so DG(F(x)) is
continuous on U. Finally the product of two matrices is a continuous, in fact
C®, mapping of R™ x R" since the entries in the m x p product matrix are
polynomials in the entries of the factors. Thus the chain rule formula gives
DH(x) as a composite of functions which are at least continuous so that it

must be continuous. This is equivalent to its entries being continuous which
means that the coordinate functions of H, and thus H itself, are of class C.

Exercises
Prove (2.1).
Prove Theorem 2.2,
Prove Corollary 2.4 for the case r = 2 and try to construct a procedure
which would give the result for all r.
4. Prove that the rank of the product of two matrices is less than or equal to
the rank of either factor. Show that multiplying a matrix on the left or
right by a nonsingular matrix does not change its rank.

Radi

Just as in the case of functions, we can extend the notion of differentiability, C", C*, and so
on, to mappings into R™ whose domain of definition is an arbitrary subset 4 ¢ R". We say that
F: A - R™ is differentiable, C", C*, or C* if and only if it has an extension to an openset U > A
which is, respectively, differentiable, C", C*, or C®. As we have mentioned in Section 1, there
exist examples to show that under these circumstances DF(x) may not be uniquely defined at
each x € A, that is, it may depend on the extension of F, the simplest example being that 4 is a
single point. Thus one must use some care in dealing with this case. The following two
problems involve this generalization.

5. Let U be an open subset of R”and F: U - R™ m < n,be a C' mapping.
Suppose that F is injective (one-to-one into) and that F~!': 4 — U,
where 4 = F(U) is also of class C'. Then show that m cannot be less
than n. (This is a weak version of the theorem of Brouwer: There exists
no homeomorphism of an open set U of R" into R™, m < n.)
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6. Let A be a closed cube in R® and suppose F: A — R™ is a mapping of
class C!. Prove that the value of DF on A is independent of any exten-
sion. Generalize this to other domains 4 and to class C™.

3 The Space of Tangent Vectors at a Point of R”

Although we shall presently restrict our attention to R”" let us first con-
sider E", or E? at least, for the sake of intuition. Our purpose is to attach to

each noint a of BR" an n-dimensional vector space 'T'/D‘ \ We know how to do

clLln pULLL G Uik UL LIULIaL YOLVIUL spavy 4 Sy uy

this in Euclidean space: If ac E®, we let T,(E) be the vector space whose
elements are directed line segments X, with a as initial point. These are
added by the parallelogram law: — X, is the oppositely directed segment
and 0 is the segment consisting of the point a alone. We have supposed that a
unit of length was chosen in E® and we may denote by | X, | the length of the
segment. Multiplication by positive (negative) real numbers leaves the direc-
tion unchanged (reversed) and multiplies the length by the absolute value of
the number. To show that this does indeed give a vector space of dimension
3 over R is an exercise in solid geometry. Thus we attach to each point of E>
a three-dimensional vector space called the tangent space at that point.

We shall ultimately attach vector spaces at each point of more com-
plicated spaces, namely manifolds; this was briefly indicated in Section I.5.
There is, however, a unigue feature of the tangent spaces of Euclidean space
which is not shared by the tangent spaces at points of manifolds ; the tangent
spaces at any two points of Euclidean space are naturally isomorphic, that is,
there is an isomorphism determined in some unique fashion by the geometry
of the space—not chosen by us. (Without the restriction of naturality, the
statement would be trivial since any two vector spaces of the same dimen-
sion over the real numbers are isomorphic, but in general there is no unique
isomorphism singled out, rather we must choose one arbitrarily from a very
large collection.)

Indeed, if a, b are points of E>, then there is exactly one translation of the
space taking a to b; this translation moves each line segment issuing from a
to a line segment from b and thus carries T,(E*) to T,(E?). Since parallelo-
grams go to congruent paralielograms and lengths are preserved, this corre-
spondence is an isomorphism; and it is uniquely determined by the geometry
(Fig.I1.2). If we choose a fixed point a as origin and choose at a three linearly
independent vectors E,,, E,,, E,,, for example, three mutually perpendicu-
lar unit vectors, then this will automatically determine a basis not only of
T.(E®) but also (by parallel translation) of T,(E?) for every be E*. All of this
is intuitive geometry and we have not really proved the statements we have
made. Therefore we turn to R" where we are able to be more precise and
rigorous, but we keep in mind our geometric model.
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Figure 11.2

Tet 0 = (nl a™ be anv point of R". We define T(R")? the tangent

Let a = (a',..., a") be any fine T,(R
(vector) space attached to a, as follows. First, as a set it consists of all pairs of
points (a, x), or axX, a = (a',...,a") and x = (x', ..., x"), corresponding, of
course, to initial and terminal points of a segment. We also denote such a
pair by X, using upper case letters for vectors. We next establish a one-to-
one correspondence ¢,: T,(R") — F™ between the set just described and the
vector space of n-tuples of real numbers by the following simple device: If
X, =ax, then @, (X,) = (x' —a',...,x" — a"). Finally the vector space
operations (addition and multiplication by scalars) are defined in the one
way possible so that ¢, is an isomorphism. This requires that

X, + Y, =0, (0uX,) + oY),
aXa = (Pa_ i(:X(Pu()(a))’ “ER’

the right-hand side being used to define the operations on the left. Clearly we
are being guided by the fact that R" and E" may be identified if we choose
rectangular Cartesian coordinates in E". This is equivalent to choosing an
origin 0 and n mutually orthogonal unit vectors there, (E,)o, ..., (E,)o. lying
on each (positive) coordinate axis—as do i, j, and k in the usual model for
E3. Then vectors at any point a are uniquely determined by their compon-
ents relative to the basis E,,, ..., E,,, which in turn are given by subtracting
from the coordinates of the terminal point of each vector, the coordinates of
its initial point a. The geometry of E” has guided us to a proper method for
defining the tangent space at each point of R". Please note that }” has a
canonical basis e! = (1,0,...,0), ..., " = (0,..., 1) and this gives at each
ae R" a natural or canonical basis E;, = ¢, '(e,), ..., E,.. = ¢, '(e,) of
T,(R"). The canonical isomorphism given by translation in the case of E'is
now ¢, !¢ @, T,(R") > T,(R"), and we have X, = axX corresponding to
Y, = by if and only if x' — a' = y' — b', i = 1,2, ..., n. However, we never
identify the tangent spaces into a single vector space as is often done in
discussions of vectors on Euclidean space, that is, we never equate vectors
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with different initial points; in particular. we cannot add a vector in T,(R")
and one in T,(R") where a # b. The reason for our insistence on this point
will appear when we learn how to attach a tangent space T,(M) to each point
natural isomorphisms of T,(E*) and T,(E?) given by the translations of E°.
For example, there is no natural isomorphism of the tangent vectors to 2 at
two distinct points p and ¢ of S%. It follows that our method of defining
T.(R") at each a—which depended on such an isomorphism—is not suitable
for generalization in its present form. Therefore we shall give two further
methods for defining T,(R"), one in this section with details left as exercises
and a second, which we use in the remainder of the text, in the section
following this one.

(0= j7{0)

/ A1) (), 20
/y(‘i% T T
(y2<’>- 0= (0 =y (O)
e

———

Figure I1.3
Equivalent Curves: x(r) and y(r).

We begin by a formal description of the first definition. Let x(r),
—& <t < ¢ bea C!curve in R" passing through ae R” when r = 0, that is,
assume x(t) = (x'(¢), ..., x"(t)), where x'(t) is C* and X'(0) = &, i = 1,..., n.
Let I, = {reRﬁ |t] <&} Then each such curve is a C' map of I, > R",
where ¢ > 0 and may vary from curve to curve. Two curves are equiralent,
x(t) ~ y(t), if at ¢ = 0, the derivatives with respect to t of their coordinate
functions are equal: X'(0) = j/(0), i = 1, ..., n. Let [x(r)] denote the equiv-
alence class of x(t); to each [x(t)] corresponds an n-tuple of numbers
x(0) = (x'(0), ..., x"(0)), that is, an element of }. Using this map we obtain
a vector space structure on the collection of equivalence classes which we
denote, predictably, by T,(R"). Details are left as exercises. Intuitively speak-
ing, if we use the identification of R" with E” plus a rectangular Cartesian
coordinate system, we see that x'(0) is the ith component of the velocity
vector of the particle whose motion is given by x(f) = (x'(z),..., x"(t)) at the
instant it passes through a (see Fig. I1.3). Two curves are equivalent if they
represent two motions with the same velocity at this instant.



32 Il FUNCTIONS OF SEVERAL VARIABLES AND MAPPINGS

Exercises

1. Show that the map [x(r)] - (x'(0), ..., x"(0)) is one-to-one and onto ¥,
so that it can be used to define the structure of a vector space on the
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2. Prove that this definition of T(R") is equivalent to the earlier one of the

present section.

Usine a standard method of definition of the tangent nlane to Qz the
using a stancard method of gennition ¢! (he tan gent plane S

unit sphere in R>, show that the vectors of T,(R?), ae 52 which belong
to equivalence classes [x(¢)] determined by curves lying on $2, determine
a subspace of T,(R?) and that this subspace may be naturally identified
with the tangent plane to §2 at a.

4. For each of the vectors E,,, ae R" and i = 1, ..., n, identify the equiv-
alence class of curves corresponding to it by defining a particularly
simple curve in the class. This gives an interpretation of the canonical

basis of T,(R").

w

4 Another Definition of T,(R")

In this section we give a characterization of the space of tangent vectors
attached to a point a of R” which we shall later use in extending this concept
to manifolds. In spite of its formal and abstract nature it is relatively easy to
work with; it is hoped that some intuitive clarification has resulted from the
earlier definitions.

Let us denote by C*(a) the collection of all C* functions whose domain
includes a, identifying those functions which agree on an open set containing
a—since we are only interested in their derivatives ata. Let X, = Y 1., o'E,,
be the expression for a vector of T,(R") in the canonical basis; we define the
directional derivative Af of f at a in the “direction of X, by
Af = Y7o, o Offox’, 0f)0x" evaluated at a = (a', ..., a"). This is a slight ex-
tension of the usual definition in that we do not require X, to be a unit
vector. Since Af depends on f, a, and X, we shall write it as X* f. Thus

(1),

We may take the directional derivative in the “direction of X,” of any
C® function defined in a neighborhood of a. Hence f — X * f defines a map-
ping assigning to each fe C*(a) a real number

X*:C*(a) - R.
It is reasonable to denote this mapping by X* = Y7_, x,(0/0x'), where we

must remember that the derivatives are to be evaluated at a. We remark that
X¥x'=a' i =1,...,n, so that the vector X, is completely determined if its
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value on every C* function at a is known—or even on the functions
fix) = x4

We have agreed not to distinguish between C* functions f, g in C*(a) if
they agree on some open set containing a. Two functions of C*(a) may be
added or multiplied to give another element of C*(a), whose domain is the
intersection of their domains. If o € R, then of is a C* function with the same
domain as f, so fe C*(a) implies af e C*(a); the same result would be ob-
tained by multiplying fby a C* function whose value is « on some open set
about a. Thus C*(a) is an algebra over R containing R as a subalgebra.
Remembering the fundamental properties of derivatives we see at once that
if o, B are real numbers and f, g are C* functions defined in open sets
containing a, then we have

() Xrf+ fg) — d(X2S) + B(X2g)  (linearity)
and
(i) X:(fg) = (X2f)gla) +f(a)(X2g) (Leibnizrule)

Let 2(a) denote all mappings of C*(a) to R with these properties; we

may call the elements of 2(a) “derivations” on C*(a) into R. We see that
ol al is 2 vector snace gver R for If n n f'ocfn\ > Rand « RC R fth we
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define (aDy + BD,)f = oD, f) + B(D zf) where the operations on the right
are in R. This defines in 2(a) both addition and multiplication by real
numbers o, B. This is the standard procedure for defining a vector space
structure on maps of a set into a field. One must check that the vector space
axioms are indeed satisfied by these operations. In particular, it must be
verified that if D € 2(a), then aD € 2(a), and if D, D, € Z(a), then so also are
D, + D,. This means checking the linearity of aD:C*(a) > R and
D, + D,: C*(a) = R and checking that the Leibniz rule is satisfied. We do
this for yD only. Suppose then y, &, f€ R, D € Z(a), and f, g€ C*(a). Then

(vD)ef + Bg) = v[Dlof + Pg)] (by definition of yD)

= y[a(Df) + B(Dg)]  (by property (i)
ya(Df) + yB(Dg) (by the distributive law of R)
w(yD)f + B(yD)g (by our definition of yD).

It follows that the map yD: C*(a) — R is linear. That yD satisfies the Leibniz
rule for differentiation of products is equally easy:

(vD)(fg) = +[D(f9)] (by definition of yD)
= [(Df )gla) + f (a)(Dyg)] (by property (ii))
= y(Df)g(a) + f(a)y(Dg) (these being real numbers)

= ((+D)f)g(a) + f(a)((yD)g)  (by definition of yD).
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As was remarked, a similar verification shows that D, + D, is a derivation
mto R; it 1s left as an exercise.

The correspondence X, - X ¥ associates to each element X, of 7,(R") an
element of 2(a), namely the mapping X¥: C*(a) — R defined by taking the
directional derivative of fe C™(a) at a in the direction X,. This mapping
from T,(R") —» Z(a) is one-to-one since X¥ = Y} means that X} f = Y7 ffor
every fe C*(a) which implies X, = Y,. Indeed we have noted the ith com-
ponent of X, relative to the natural basis is just X*x' so that
X, =) (X}x')E, = Y,. Finally, it is easy to see that this mapping is
linear. If Z, = aX, + BY,e T,(R"), then for the directional derivatives we

have for any fe C*(a),

Zif=oAX3f)+ BOYZS)

If interpreted in terms of the operations in Z(a), this means exactly that the
mapping T,(R"} —» Z(a) is linear. In summary then, X, —» X7 defines an
isomorphism of the vector space T,(R") into the vector space Z(a), which
allows us to identify T,(R") with a subspace of %(a). However, more can be
said; in fact this isomorphism is onto, and we have the following theorem.

(4.1) Theorem The vector space T,(R") is isomorphic to the vector space
2(a) of all derivations of C*(a) into R. This isomorphism is given by making
each X, correspond to the directional derivative X¥ in the direction of X,.

To prove the theorem it only remains to show that every derivation of
C*(a) into R is a directional derivative, that is, that X, — X7 1s a map onto
Z(a). This will result from two lemmas.

(42) Lemma Let D be an arbitrary element of Z(a). Then D is zero on any
function fe C*(a) which is constant in a neighborhood of a.

Proof Because the map D is linear, it is enough to show that if 1 denotes
the constant function of value 1, then D1 = 0. However, D1 = D(1-1) =
(D)1 + 1(D1) = D1 + D1 = 2D1,so D1 = 0. We must remember in inter-
preting these equalities that multiplying fe C*(a) by a real number « gives

. exactly the same result as multiplying by the C* function whose value is
constant and equal to « in some open set (possibly R") containing a, at least
as far as the algebra C*(a) is concerned: we have identified R with the
subalgebra of such functions. |

(4.3) Lemma Let f(x',..., x") be defined and C* on some open set U. If
ae U, then there is a spherical neighborhood B of a, B = U, and C*-functions
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g', ..., g" defined on B such that:

0 dw=(2)

and

(if) SO xn) =fla) + Y=y (' — a)gi(x)
Proof Let B = U be a spherical neighborhood of ¢ and note that for
x€ B, f(x) = f(a) + [o (8/01)f(a + t(x — a)) dt. Hence,

r B

4
1

c i i af
=+ Se-af |Gl
i=1 *0 att(x—a)
Let
. Lleof
g'(x) = = dt, i=1,....n;
( ) JO [6)( a+t{x—a)
these are C*-functions and satisfy the two conditions. |

Proof of Theorem 4.1 Using these lemmas we may complete the proof
of Theorem 4.1. Suppose D is any derivation on C*(a). We wish to show
that, given D € %(a), there is a vector X, € T,(R") such that for any fe C*(a),
we have X* f = Df. If this be so, then X} = D and we see that every deriva-
tion of C*(a) into R is a directional derivative; thus the map X, » X} of
T.(R") to 2(a) is an isomorphism onto.

Let hi(x!,..., x") = x'. Then denote by o' the value of D', that is,
o' = Di. Consider X, = )7_, a; E;,; as an operator on C*(a), it gives

wr_ v
X*f= i;oc (ﬁxi)a'

On the other hand, by Lemma 4.3, f(x) = f(a) + Y=, (x' — a')g'(x) on
some B,(a) in the domain of f. Restricting to B,(a) and using the properties of
D, we may write

Df = D(f{a)) + i:il{(D(xi — a'))g'(a) + 0 Dg'}.

By Lemma 42, D(f(a))=0 and D(x' —d')= Dx' = «'; and by
Lemma 4.3, g'(a) = (8f)éx"),. Therefore Df = Y7, o(&f}ox), = X ¥ f. Since
fis an arbitrary element of C*(a), we have D = X}. This completes the
proof. |

Theorem 4.1 allows us to identify the vector space T,(R") with the space
Z(a) of linear operators on functions of C*(a) into R which satisfy the
product rule of Leibniz, that is, the “derivations into R.”
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Note that under this identification the canonical basis vectors
Eis,-.., E, of T,(R") are identified with J/éx', ..., 8/0x", the directional
derivatives (evaluated at x = q) in the directions of the coordinate axes:

We will make thiS identification from now on for vectors in ( ) and
for this reason we will drop the asterisk * which distinguishes the vector X,
as a segment or point pair from the directional derivative: X¥ f will b

written Y (‘ In P" wo mav nge oithor F or /9yt to denote the nnit vector
WOl A g ). 1l v wo aliay ushe Clunll S, U U/0X 10 GOV LG wlliy Yool

parallel to the ith coordinate axis. This characterization of T,(R") requires
C* functions; although C’(a) is an algebra, it is known to have other deriva-
tions than directional derivatives. OQur situation is then that we shall rely on
Euclidean space for our geometric intuition of the space of tangent vectors at
a point, but in formal definitions and proofs we will use the ideas above: a
vector at a point is a linear operator of a certain kind—satisfying the pro-
duct rule for derivatives—on the C* functions at the point.

Exercises

1. LetaeR"andf g be two C* functions whose domains of definition both

ntain o “70 chall cavy fia alont to nt f o~ if and anly if thou
U\Jlllulll (£ 2% ¥ Oliall au_y 10 c(fbuuul.cru I-U y ut u,J ~ y, ll uxlu \)All)’ 11 tll\d_y

agree on some open set containing a. Show that this is an equivalence
relation and that the collection of equivalence classes, which we call
germs of C™ functions at a, is an algebra over R. [It is precisely this
algebra which is C*(a).]

2. Do the statements of Exercise 1 remain true if we replace C* by (",
r > 07 Suppose that we merely require equality of fand g and all of their
derivatives at a, does this give an equivalence relation and an algebra
over R, or is equality on an open set needed?

3. Prove that the collection of all maps of a set X into a field F has a
natural vector space structure. Follow the definitions indicated for Z(a).

4. Show that if D, and D, are in Z(a), then D, + D, is also in Z(a).

5. Using the definition (Section 3) of equivalence of C' curves through
a € R", prove that the mapping of T,(R"), defined as “velocity vectors,”
to 2(a), taking the class [x(t)] to the operator D defined by

o (9

Df = i; (6xi)ax (0) ,

is independent of the choice of the curve x(r) in [x(¢)] and determines an

isomorphism of T,(R") onto Z(a).
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5 Vector Fields on Open Subsets of R"

A vector field on an open subset U = R" is a function which assigns to
each point pe U a vector X, e T,(R"). A similar definition applies to
Euclidean space E". There are many examples in physics for n = 2 and
n = 3. The best known is the gravitational field: If an object of mass y is
located at a point 0, then to each point pin U = E" — {0}, there is assigned a
vector which denotes the force of attraction on a particle of unit mass placed
at the point. This vector is represented by a line segment or arrow from p (as
initial point) directed toward 0 and having length ku/r?, r denoting the
distance d(0, p) and k a fixed constant determined by the units chosen (see

L7
/ /

Figure 11.4
First quadrant portion of gravitational field of point mass at origin.

~

Fig. IL4). If we introduce Cartesian coordinates with 0 as origin and u = 1,
then for the point p with coordinates (x?, x%, x*) the components of X , in the
canonical basis are

—kx' —kx* —kx?

IS S

with 7= ((x)? + (x3)* + ()72,
that 1s,

X, = —r—3k (x'Ey, + x?E3, + X’E3,) = rak(x1 + x? a2t x3 i)

We note that the components of X, are C*= functions of the coordinates.
We shall say that a vector field on R" is C* or smooth if its components
relative to the canonical basis are C* functions on U. Unless otherwise
stated, all vector fields considered will be assumed to have this property,
although it is quite possible to define continuous, C', and so on, vector fields
also. When dealing with vector fields, as with functions, the independent
variable will be omitted from the notation. Thus we write X rather than X,
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just as we customarily use f rather than f(p) for a function. Then X, is the
value at p of X, that is, the vector of the field which is attached to p—it lies in
T,(R").

Further examples of vector fields are given for each i = 1, ..., n by the
fields E; = d/¢x' which assign to every pe R" the naturally defined basis
vector E; at that point. The vector fields E, ..., E, being independent, even
orthogonal unit vectors, at each point p form a basis there of T,(R"); such a
set ol helds 1s called a jfreld of frames. 1he vector felds X,;,, X, on
U = R? — {0} defined by X, = x'E; + x’E, and X, = x*’E; — x'E, also
define a field of frames; geometrically X, , is a vector along aray from 0 to p
and X ,, s a vector perpendicular to it, that is, tangent to the circle through p
with center at 0 (see Fig. IL.5). It is often convenient, as we know from
elementary mechanics to use other frames (even in Euclidean space) than E;

A K
ana Ly .

sz 1p

-
Ly

e 2R

Figure 11.5

If X is a C*-vector field on U and f'a C* function on U, then Xf'is the
C*-function on U defined by (Xf )(p) = X, f. Indeed, if the components of X
are the functions a'(p), ..., «"(p) so that X = Y 7., «'E;, then

e = o)1)

i=1

We see from the right-hand side that Xfis a C* function of p on U since
«(p)e C*(U) and df/dx' e C=(U). Thus f— Xf maps C*(U) - C*(U).
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We note also that C*(U) is an algebra over R with unit, where R is
identified with the constant functions and, in particular, the constant
function 1 with the unit. It is natural to ask whether X is a linear map of

TXATTY + 7o 1 1 2 I 1
C*(U) to C={U) and more generally whether it is a derivation, that is,

satisfies the Leibniz product rule. In fact, this is so, for we may write
[X(f + B9))(p) = X, (of + Bg) = (X, f) + B(X,9)
= «(Xf)p) + B(X9)p).

and
[X(fg)lp) = (X, flalp) + f(P)X,9)
=[(XN)p)lalp) + PN (Xg)P)]-

Since the functions on the right and left agree for each pe U, they are equal
as functions. Thus X: C*(U) —» C*(U} is a derivation which maps C*(U)
into itself, a slight variation from the previous case. (This, in fact, is the
customary use of the term “ derivation” of an algebra. If A is an algebra over
R, then a derivation is a map D: A — A which is linear and satisfies the
product rule of Leibniz. For example, d/Cx is a derivation on the algebra of
all polynomials in two variables x and y.)

We conclude this section by proving an important property of
C*-functions which, with the corollary given here, is used very often in
discussions of vector fields (see the exercises). It is a “separation theorem”
and contrasts strongly the behavior of C* and C® functions on R". (There
exist stronger versions of this theorem as we shall see later.)

(5.1) Theorem Let F < R" be a closed set and K < R" compact,
Fn K = . Then there is a C* function a(x) whose domain is all of R" and
whose range of values is the closed interval [0, 1] such that o(x) = 1 on K and
o(x) =0onF.

Proof We prove the theorem in two steps.

(a) Let B,(a) be an open ball of center a and radius & We show that
there is a C* function g(x) on R" which is positive on B,(a), identically 1 on
B,);, and 0 outside B,(a). The function h(t) defined by h(0) = O for ¢ < 0 and
h(t) = e '"fort > 0is C* since we can prove by direct computation that all
of its derivatives exist and are zero at 1 = 0, and since it is analytic for other
values of t. We let

he — [1x])*)
e — I1x)1%) + h(lx|1? — 3e)

glx) =

Since the denominator is never zero [at either e — || x| or ||x|*> — &% or at
both h is positive], this is a C* function. When {|x| > e, the numerator is
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zero, otherwise it is positive; and when 0 < | x| < 3¢, the value of g(x) is
identically 1. Thus §(x) is C*, vanishes outside B(0), and is positive on its
interior; in fact g(x) = 1 for x € 38/2(0). Hence g(x) = §(x — a) has the desired
properties.

(b) For step two let B,(a;),i = 1,..., k, be a finite collection of n- balls in
R" — F such that | J%_; B,(a;) > K. It is possible to find such a collection
because of the compactness of K and since K n F = . For B,(a;) let g,(x)

have the properties above and define o(x) by

:x-

o(x) = 1 - [] (1 - g))

i=1

On each x € K at least one g; has the value 1, o(x) = 1,s0 0 = 1 on K.

utside | J¥_, B,(a;) each g; vanishes so o(x) = 0 and, since F lies outside

i rread - =0
iis union, ¢ = 0 on F. This completes the proof H

=g

(5.2) Corollary Let f(x' x") be C* on an open set U = R" and let

ac U. Then there is an open set V — U, which is a neighborhood of a, and a

4 TN Lncr Lpe ST L ynaIU

C™ function f*(x', ..., x") defined on all of R" such thatf*( x) = f( )for all
xeV and f*(x) = 0 for x outside U.

Proof Choose any neighborhoods ¥, ¥, of a such that ¥, = ¥},
7, = U and ¥, is compact. Let ¥; = K and F = R" — V, in Theorem 5.1.
Then take ¢(x), a C* function whose value is 1 on ¥, and 0 outside V,, that
is, on F. Define f*(x) = o(x)f(x) for xe U and f*(x) = 0 for xe R* — V.
Since f* thus defined is C* on U, where it is equal to of, and is C* on
R" — V, where it is identically zero, and since on the (open) intersection
U — 7V, of these two sets, both definitions agree, we see that f* is C* on R”

and has the properties needed. |

Exercises

1. Prove that the function h(t) defined above does in fact have derivatives
of all orders at t = 0 and that they all have the value zero there. Why
does this imply that h(z) is not analytic at ¢ = 0?

2. Suppose a vector X ,€ T,(R")is given at each p € U, an open subset of R".
Show that this defines a C* vector field if and only if for each fe C*(U),
Xfis C* on U

3. Let D be a derivation on the algebra C*(U). If f; g are in C*(U) and
f(x)=g(x) for all xe ¥, an open subset of U, then prove (Df)(x)
= (Dg)(x) at each point x € V.

4. Using the preceding problem show that the derivations 2(U)on C*(U)
define a vector space over R and that this space is isomorphic with the
space of C* vector fields on U, which we denote ¥(U). Show that these
are infinite-dimensional vector spaces.
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5. If D, and D, are derivations on an algebra A4, show by example that
D, D, need not be a derivation but that D, D, — D, D, is a derivation. If
we consider A= C*(U), U openc< R, X =) «(x)d/0x' and
Y =) Bi(x) /0y ¢ ¥(U), then this means that XY — YX =3 y'(x)
d/ox". Verify this and compute y,(x).

6. Give examples of linear operators on C*(U), U an open subset of R",
which are not derivations of Cw(U)

7. Let pe U, an open subset of R”, and let X Y
Show that X, may be extended to a C* vector fi

In Theorem 5 1, assume only that K is closed (not n

Does the theorem still hold?

e

6 The Inverse Function Theorem

In order to simplify the terminology of this and later sections we intro-
duce the notion of difftomorphism, or differentiable homeomorphism,
between two spaces. Of course this concept can have no meaning unless the
spaces are such that differentiability is defined, which at the present moment
means that they must be subsets of Euclidean spaces. Therefore without
prejudice to a more general later treatment, let us suppose that U — R"and
V < R" are open sets. We then shall say that a mapping F: U >V is a
C"-diffeomorphism if: (i) F is a homeomorphism and (ii) both F and F~ ! are
of class C", r > 1 (when r = oo we simply say diffeomorphism). It is perhaps
not obvious why we need to require both F and F~! to be of class C"—it is
because we wish the relation to be symmetric. As the following example
shows, the differentiability of F~' is not a consequence of that of F, even
when F is a homeomorphism. Let U = Rand V = Rand F: t— s = t>; this
is a homeomorphism and F is analyticbut F~!: si—t = s isnot C* on V
since it has no derivative at s = 0.

One might suspect that our definition contains some redundant require-
ments as in fact it does—in two ways. First, as shown in Exercise 6, it would
not be possible to have a difffomorphism between open subspaces of
Euclidean spaces of different dimensions; indeed a famous theorem of alge-
braic topology (Brouwer’s invariance of domain) asserts that even a homeo-
morphism between open subsets of R" and R™ m # n, is impossible.
Secondly, in the example given above the derivative of F vanishes at ¢t = 0,
thus behaving atypically: If it vanished everywhere, then F could not be a
homeomorphism of R to R and if it vanished at no point, then F~! would
indeed be a differentiable map (please argue this through!). We can certainly
see at once that if F: U — V is a homeomorphism and both F and F ™! are of
class C! at least, then DF(x) is nonsingular, that is, has nonvanishing deter-
minant at each x e U;for F~! o F = I, the identity map of U to U and by the
chain rule DI(x) = DF™'(F(x))- DF(x). Since DI(x) is just the identity
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matrix for every xe U, DF(x) is nonsingular and its determinant is never
zero. This includes the assertion that, if F: R — R is a difffomorphism, then
its derivative can never be zero. The main theorem of this section will have
as a consequence Corollary 6.7, which is the converse of this statement.
Before proving it, however, we consider two examples of diffeomorphisms of
R" to R".

(6.1) Exdmpie Let F: R" —» R" be the transiation taking a = (a, ..., a")
tob = (b! b"). Then F is given by

F(xl,...,x")z(x + (' —a'),...,x" + (b”—a))
or F(x) = x + (b — a). The coordinate functions f(x) = x' + (b — a') are
analytic, and hence C*. The translation G(x) = x + (a — ) is F~! which is
then also C* and since F, F~! are defined and continuous, F is 2 homeo-

morphism. Thus F is a diffefomorphism.

(6.2) Example Let F: R" - R" be a linear transformation

F(xl,...,x")=(2a}xj Zax’)

=1 I

or, using matrix notation with x as an n x 1 (column matrix) and 4 = (}),
F(x) = Ax. Computation shows that DF(x) is the constant matrix A,
DF(x) = A. If det A + 0, then A has an inverse B and the homogeneous
linear transformation G(x) = Bx is F~'. On the other hand if det 4 = 0,
then F is not one-to-one, in fact it maps at least a line through the origin
onto the single point 0 = (0,0, ..., 0). Obviously F is analytic and C® in
either case, so that F is a difffomorphism if and only if DF(x) = A4 is
nonsingular.

Diffeomorphism is an equivalence relation among the open subsets of R".
We have the following lemma, whose proof we leave as an exercise, which
gives the transitivity property; symmetry and reflexivity are part of the
definition.

(6.3) Lemma Let U, V, W be open subsets of R", F: U - V,G:V - W
mappings onto, and H = G o F: U — W their composition. If any two of these
maps is a diffeomorphism, then the third is also.

We now state the main theorem of the section.
(6.4) Theorem (Inverse Function Theorem) Let W be an open subset of

R" and F: W — R" a C" mapping, r = 1,2, ..., or 0. If ae W and DF(a) is
nonsingular, then there exists an open neighborhood U of a in W such that
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V = F(U) is open and F: U -V is a C" diffeomorphism. If xe U and
y = F(x), then we have the following formula for the derivatives of F~' at y:

DF™(y) = (DF(x))",

the term on the right denoting the inverse matrix to DF(x).

This is one of the two basic theorems of analysis on which all of the
theory in this book depends; the other is the existence theorem for ordinary
differential equations (Chapter 1V). The proof used here depends on the
following fixed point theorem ; a variety of proofs may be found in advanced
calculus books.

(6.5) Theorem (Contracting Mapping Theorem) Let M be a complete
metric space with metric d(x, y) and let T: M — M be a mapping of M into
itself. Assume that there is a constant 4,0 < A < 1, such that for all x, ye M,

A T(x) ’T(y,) < A d(x v)

A U R & S LAY
Then T has a unique fixed point a in M.

Proof Applying T repeatedly we see that d(T"(x), T"(y)) < A" d(x, y).
In particular, if we choose arbitrarily x, € M and let x, = T"(x,), then we
assert that d(x,, x,,..) < "K, K > 0, a constant independent of n, m. Using
T ™(xo) = TY(T™(xo0)), we write d(x,, X,+n,) < A" d(xo, T™(x,)). By the

triangle inequality
d(xo , T™(x0)) < d(xo, T(xo)) + d(T(xo), T*(x0))
+ 0+ d(T™ Yxo), T™(x0))

1
S (U A 224+ Y d(xo, Txo)) < 1 d(xo Tlxo))

This shows that we may take

1
K = md(xc. , T(XO))
and proves the assertion. Thus {x,} is a Cauchy sequence and has a limit
point a. Since T(x,) = x, ., obviously has the same limit we see that

d(T(a), a) = lim d(T(x,), x,) = lim d(x,,,, x,) = 0

so T(a) = a and a is a fixed point of T. There could not be two fixed points
a, b for then d(a, b) = d(T(a), T (b)) < A d(a, b) contradicting the fact that
A< 1. ]

Proof of Theorem 64 We shall organize the proof of the inverse func-
tion theorem in several steps in order to make it somewhat easier to follow.
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(i) We assume F(0) = 0 and DF(0) = I, the identity matrix.

This may be done without loss of generality by virtue of Lemma 6.3
combined with the use of Examples 6.1 and 6.2. Next we define the mapping
G on the same domain by

G(x) = x — F(x).
Then, obviously, G(0) = 0 and DG(0) = 0. (Note: In the last equation the
right-hand side is the 0 matrix.)

(i) There exists a real number r > 0 such that DF is nonsingular on the
closed ball B, m\ = W and fnr X1, X3 eBr(O) we have

(*) [G(x1) = G(x2)[| < 2llxy — x5
and
(+) l[x; — x2|| < 2[|F(xy) — F(x)||-

To verify these statements we choose r so that B,,(0) = W; further so
that det(DF(x)), which is a continuous function of x and not zero at 0, does
not vanish on B,,(0); and finally so that the derivatives of the coordinate
functions of G, all of which are zero at 0, are bounded in absolute value by
12n on B,(0). With these assumptions, x;,x,€ B,(0) implies
[x; — x,|| < 2r and Theorem 2.2 with m = n gives (x). Inequality (+«) re-
sults from replacing G(x;) by x; — F(x;),i = 1, 2, in (*) and using a standard
property of norms:

Ix1 — F(x1) = x5 + F(x5)]| < 3%, — x|
by (*), but
1 = xa | = [F(x1) = Flxo)| < [l0x2 = x2) + Flxa) = F(x2)]-
Combining these gives (xx). As a consequence of (x) we obtain the following:

(iil) If | x| < r, then ||G(x)| < r/2, that is, G(B,(0)) = B,;,(0). Moreover
for each V€ B,5(0) there exists a unique x € B,(0) such that F(x) = y.

The first statement is immediately obtained from () by setting x, = x
and x, = 0; the second uses Lemma 6.3. If y € B,,(0) and x € B,(0), then

Iy + Gl < Iyl + IGRN < dr + dr =r.

Let a mapping T;: B,(0) — B,(0) be defined for ye B,,(0) by T,(x) =y +
G(x). Then T,(x) = x if and only if y = x — G(x) or, equivalently, F(x) = y.
However, inequality () in the form

| T(x1) = Tx2)ll = [1Gx1) — Glxa)l| < 2fl%1 = xaf,
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valid for x,, x, € B,(0), implies that T,(x) is a contracting mapping of the
compact set B,(0) into itself. Therefore by Theorem 6.5 there is a unique x
such that y = F(x). Since this is valid for any y e B, ,(0), we see that F 1 is

defined on that set. In particular,

2 ke;nn roantinuione I = F— 1’R OV ic
i i llls Wy y W i \Ur/z\\lll ]

an open subset of B,(0). Let V = B, ,(0); since B,(0) =« W we see that:
(iv) F is a homeomorphism of the open set U — W onio the open set V.

It remains only to prove continuity of F~ !, which is a consequence of the
inequality (+x). Whenever x,, x, € U, we have y; = F(x;) and y, = F(x,),
and (xx) becomes

HE= y) = F 1) < 2)y1 — »2
which implies that F~': ¥V — U is continuous.

(v) Letb = F(a)bein V. Then F~ ' is differentiable at b and DF ™' (b) =
[DF(a)]~ !, the matrix inverse to DF(a).

s

Since F is of class C", r > 1, on W it is differentiable on all of U, in
particular, at a = F~'(b). Thus by definition

i\ LN — DAY e oY 0 e 0 sl 2)
r\x)—ra)=vraj (X aj + j|x ajnx, aj

where r(x, a) - 0 as x — a. By (ii), DF(a) is nonsingular and we let A4 be its
inverse matrix. Multiplying the above expression by 4 and using y = F(x),
x = F~!(y), and a = F~!(b), and so on, we obtain

A-(y=b)y=F(y) - F'(b)
+ [[F7Hy) = FTH(b) [ A - r(F™ 1 (y), F™'(b)).
This, in turn, gives
F7'(y)=F7'(b)+ 4 (y — b) + [ly — b7y, b)
if we suppose y # b and define

_IE ) = FHD)|
Iy — bl
Inequality (%) shows that the initial fraction is bounded by 2, 4 is a matrix

of constants, and F~'(y) is continuous so it is clear that lim,_,#(y, b) =0
which proves the differentiability of F~! at any be VV and shows that

#y, b) =

A-r(F~Yy), F (b))

DF~'(b) = A = [DF(a)]!
as claimed. The following statement completes the proof.

(vi) IfFis of class C" on U, then F~! is of class C" on V.
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For ye V we have just seen that
DF~Y(y) = [DF(F™'(»)]™".

Since F~!(y) is continuous as a function of y on V and its range is U, since
DF is of class C"~! and nonsingular on U, and since, finally, the entries in the
inverse of a nonsingular matrix are C* functions of the entries of the matrix.

it follows that DF ~ ! is continuous on V, thus F~1isof class C! at least. In fact

-1 ; £ Al
if F~1is of class k < r, the entries of DF ~* are of class k — 1 at least on V, but

the formula above for them shows these entries to be given by composition of
functions of class C* or greater and hence to be of class C* at least. This
implies F~! is of class C**!; so by induction F~! is of class C". This
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completes the proof. i

The following two corollaries are immediate consequences of
Theorem 6.4. We use the notation of the theorem, that is, W is an open
subset of R" and F: W — R".

(6.6) Corollary If DF is nonsingular at every point of W, then F is an open
mapping of W, that is, it carries W and open subsets of R" contained in W to
open subsets of R".

(6.7) Corollary A necessary and sufficient condition for the C* map F to be
a diffeomorphism from W to F(W) is that it be one-to-one and DF be nonsingu-
lar at every point of W.

Exercises

1. Carry the proof of Theorem 6.4 through in detail for the case r = |,
making any simplifications you can.

2. Prove Lemma 6.3.

Compute the Jacobian matrix for Examples 6.1 and 6.2.

4. Show that for transformations on a compact subset K of R" which
satisfy the conditions of the contracting mapping theorem except that
0 < A < 1 (we allow 4 = 1), there still exists a fixed point. [Hint: Con-
sider mappings T, = ((n — 1)/n)T ]

had

5. Prove Corollary 6.6.
6. Prove Corollary 6.7.
7. Prove that there does not exist a C' difffomorphism from an open

subset of R" to an open subset of R™ if m < n.

7 The Rank of a Mapping

In linear algebra the rank of an m x n matrix A is defined in three
equivalent ways: (i) the dimension of the subspace of ¥ spanned by the
rows, (ii) the dimension of the subspace of ¥ spanned by the columns, and
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(iii) the maximum order of any nonvanishing minor determinant. We see at
once from (i) and (i) that the rank A < m, n. The rank of a linear transfor-
mation is defined to be the dimension of the image, and one proves that
this is the rank of any matrix which represents the transformation. From
this it follows that, if P and (@ are nonsingular matrices, then
rank(PAQ) = rank(A).

When F:U - R™ is a C! mapping of an open set U < R" then
DF(x) has a rank at each xe U. Because the value of a determinant is a
continuous function of its entries, we see from (iii) that if rank DF(a) = k,
then for some open neighborhood V of a, rank DF(x) > k; and, if k=

inf(m, n), then rank DF(x) = k on this V. In general, the inequality is possible:
Fx!, x%) = ()% + (6% 2x1x?)

has Jacobian

2x! 2x?
DF(x!, x?) = (Ax, -x,\,
. ’ \ZX" Zx‘/

whose rank is 2 on all of R? except the lines x2 = + x!. The rank is 1 on
these lines except at (0, 0) where it is zero.

We shall refer to the rank of DF(x) as the rank of F at x. If we compose F
with diffeomorphisms, then the facts cited and the chain rule imply that the
rank of the composition is the rank of F, since diffeomorphisms have nonsin-
gular Jacobians. We say F has rank k on a set A, if it has rank k for each
x € A. We use these definitions in stating the following basic theorem.

(7.1) Theorem (Rank Theorem) Let Ao = R", By = R™ be open sets,
F: Ay = B, be a C" mapping, and suppose the rank of F on A to be equal to k.
If ae Ay and b = F(a), then there exist open sets A — Ay and B — B, with
ae A and be B, and there exist C" diffeomorphisms G: A — U (open) = R”,
H: B — V (open) = R™ suchthat H - F - G~ '(U) = V and such that this map
has the simple form

HoFoG (x!,...,x") = (x!, ..., x50,...,0)

Before proceeding to the proof we make soime general comments. This is
clearly an important theorem for it tells us that a mapping of constant rank k
behaves locally like projection of R* = R* x R" ¥ to R* followed by injec-
tion of R* onto R* x {0} = R* x R™~* = R™. This is an important tool and
we shall use it frequently; later it will be rephrased in terms of local coordin-
ates (cf. Chapter III, Remark 4.2). It implies Theorem 6.4 as a special case.

Proof To begin with, we may suppose a = 0, the origin of R”, and
b = 0, the origin of R™ If the theorem holds for this case, then it may be
seen to hold in general since composition of F with two translations
gives F(u) = F(u + a) — b, which has the property that F(0) = 0. By similar
arguments, using lincar maps which permute the coordinates, we may
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suppose that a k x k minor of nonzero determinant in DF(a) is
ot !
ou' cut

a7

\ dut ou* |

the upper left k x k minor.
We define the C"-mapping G: 4, — R" by

Gu', ...,u") = (fuly o u®), o SR, d) W T ).
Then

Lot e \

out u*
%
DG = ,.‘,. ,.‘Avr s

6]’( o de
du? ou™

I

where I, is the (n — k) x (n — k)identity, the terms in the lower left block
are zero, and those in the upper right do not interest us. This matrix is
nonsingular at u = g, hence there is in Ay an open set 4, containing a on
which G is a difffomorphism onto an open subset U, = G(4,). From the
expression for G and the definition of U, we have Fo-G '(0)=0,
FoG Y(U,) < By, and
FoG Hx, . xk Xkt x) = (x5 (x), L ()

with f¥+J(x) = f¥*4 o G~ !(x). We may verify this by remembering that G
isone-to-oneon U, andforl = 1,..., k the values of x' are f'(u), ue G~ *(U,),
sof's G™1(x) = fYu) = x'. So far we have used only the fact that the rank of
DF at a (hence in a neighborhood of a) is at least k. We have not used the
fact that it is identically k on Ay, but we need this in the next step which
requires that the rank be at most k. We compute D(F - G~ ') from the for-
mula above for F o G™1, giving

I, 0
aj‘k+1 a]‘k+l
D(Fo G_l)(x)= axk+1 axn
g o
oxk+! ox"
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This is valid on U,, where F - G™! is defined. On the other hand, DG~ ' is
nonsingular on U, and G~ '(U,} = A4; © Ao. Therefore,

rank D(F o G™') = rank(DF - DG™') = k

on U,, which implies that all terms in the lower right-hand block of the
matrix are zero on U,, that is, the functions f'*', ....f™ depend on
xt, ..., x* only.

Now we define a function T from a neighborhood ¥, of 0 in R™ into
B, = R™ by the formula

7 A R ) B T Y A I |
D A VR v )}

The domain V, is subject to two restrictions, first it must be small enough so
that for y = (y',..., y")e V, the functions f**/(y', ..., y*) are defined and

second, small enough so that T(V;) < B,. It is clear that T(0) = 0. If we
compute DT, we see that it is nonsingular everywhere on V; since it takes the

form
DT(y) = (Ik 0 )

* Im—k

Therefore T is a C" diffeomorphism of a neighborhood V of 0 in V; onto an
open set B = R™; the origin of R™ is in B and B < B,. Choose a neighbor-
hood U = U, of the origin in R"suchthat F - G }(U) = B;let A = G~ (V)
and let H = T~ . Then

G-! F H
U » A >+ B — ¥V

are C" maps of these open sets and G~ !, H are C' diffeomorphisms onto 4
and V, respectively. Finally we see that

HoFoG Mx!, ..., x" ¥ ., x")=(x},...,x,0,...,0)e R"
since

FoGixt . o xb XkH L xm) = (x!, . xh PR LX),

TG L xR)).

On the other hand, according to its definition above, T must take the value
(xt, o X PRI L ), T L X)) O we set y'=x fori=1,
...,kand y'=0for i =k + 1, ..., m. Because T is one-to-one, it follows
that T7' takes (x',...,x% Ff*"'x',....x"), ..., fr(xt ..., x™) to
(x',....x*0,...,0) as claimed.
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(7.2) Corollary We may choose the neighborhoods U and V in either of the
following ways: (i) U = Bi(0) and V = B(0) or (i) U = C;(0) and
V = C"(0) with the same ¢ > 0 for both U and V. Then if n denotes the
projection of R™ = R* x R" % to R*and i: R* » R* x R"™*is the injection to
the subset R* x {0}, we haven > H o F o G~ " o iis the identity on B;(0) in case
(i) or on C¥(0) in case (ii).

Exercises

1. Let H" = R" be defined by H" = {x | x" > 0} and let 0H" = {x | x" = 0},
x" being the last coordinate of x = (x!, ..., x"). We see that )H" = R"~*
Suppose that U, V are (relatively) open sets of H” and F: U -V,
G:V — U are C" maps and are inverses of one another. Show that if
U = Un¢éH", V' =V n 0H", we must have that F| U’ and G |V’ are
one-to-one onto, inverses of each other, and C" maps.

2. Prove Corollary 7.2.

We say that m functions f*(x), ..., f™(x) of class C* defined on an open subset U = R"are
dependent if there exists a C* function F(y', ..., ") on R” which does not vanish on any open
subset but such that F{f'(x), ..., f™(x)) =0 on U.

3. Show that if f!(x),...,f™(x) are dependent, then the rank of
Af, ..., f™/a(x', ..., x") is less than m. Also as a partial converse show
that if the rank is less than m and constant on U, then the functions are
dependent locally.

Notes

The implicit function theorem, which is proved in many advanced calculus texts, is essen-
tially equivalent to the inverse function theorem proved in the last section. For a proof of this
latter theorem, which is not based on the contracting mapping theorem, see Spivak [1]). We have
used the form of proof above, since this same principle may be applied to give a proof of the
existence of solutions of systems of ordinary differential equations. All of these theorems are
treated in a unified and very elegant way by Dieudonné [1], although there is a disadvantage for
many readers in the fact that Banach space, rather than R" is used throughout. S. Lang [1]also
presents a very good treatment along the same lines. A discussion of the contracting mapping
theorem and a sketch of its use in proving the existence theorem for differential equations may
be found in the work of Kaplansky [1].

Although many of the theorems found here are valid for C” functions and mappings and for
C* also, the latter is too restrictive for most of our needs {theorems like those of Section 5 do
not hold), and C is not strong enough to make Lemma 4.3 hold, which means that the
characterization of T,(R") given in Section 4 would have to be abandoned. For this reason. and
since it is very convenient to know that we do not lose differentiability as a result of taking
derivatives, i.e., the derivatives of a C* function are also C®, C* is the preferred differentiability
class in much of differentiable manifold theory. We shall therefore consider functions and
mappings of class C* almost exclusively hereafter.



In the first section we give a precise definition of a C* manifold of dimension »: a topologi-
cal manifold together with a covering by compatible coordinate neighborhoods, that is, a
covering such that a change of local coordinates is given by C* mappings in R". Several
examples are worked out in detail, the most complicated being the Grassmann manifold of
k-planes through the origin of R",

In Sections 3 and 4 both C® functions and mappings of manifolds are defined in terms of
local coordinates, as is the rank of a mapping, that is, the rank of the Jacobian (in local
coordinates). This enables us to consider certain examples of mappings of maximum rank
(immersions and imbeddings) and leads to the definition of submanifold and regular submani-
fold (Section 5). We require the latter to be subspaces and to be defined locally by the vanishing
of some of the coordinates of suitable Jocal coordinates in the ambient space.

In Section 6 the concept of Lie group is defined. These are groups which are C* manifolds
such that the group operations are C* mappings. It is shown that some standard matrix groups
are Lie groups, for example, the group of orthogonal n x n matrices. In the following section
the action of a Lie group on a manifold is defined and discussed. The group of rigid motions of
E" 1s an example.

The chapter concludes with a discussion of the special case of the properly discontinuous
action of a discrete Lie group on a manifold and a brief introduction to covering manifolds.

51
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1  The Definition of a Differentiable Manifold

As a preliminary to the definition of a differentiable manifold, we recall
the definition of a topological manifold M of dimension n; it is a Hausdorff
space with a countable basis of open sets and with the further property that
each point has a neighborhood homeomorphic to an open subset of R". Each
pair U, @, where U is an open set of M and ¢ is a homeomorphism of U to
an open subset of R”, is called a coordinate neighborhood: to g € U we assign
the n coordinates x'(q), ..., x"(q) of its image ¢(q) in R"—each x'(q) is a
real-valued function on U, the ith coordinate function. If g lies also in a
second coordinate neighborhood V,y, then it has coordinates yiq), ..,
y"(g) in this neighborhood. Since ¢ and y are homeomorphisms, this defines

a homeomorphism

o q)_l ;('/)(Uﬁ V) —%t,b(Uﬂ V),
the domain and range being the two open subsets of R” which correspond to
the points of U n V by the two coordinate maps ¢, W, respectively. In coor-
dinates, i < ¢ ! is given by continuous functions

Y= Ri(x, . x"), i=1,..,n

oiving the
110

-coordinates of each ge U~ V in terms of its x-coordinates.

élVlllb (993 -‘y £1%-2
Similarly @ - ~! gives the inverse mapping which expresses the x-
coordinates as functions of the y-coordinates

R if,,1 "

ng\y,...,y"), i=1,...,”.
The fact that ¢ o~ ! and i - ¢~ ! are homeomorphisms and are inverse to
ecach other is equivalent to the continuity of K(x) and g'(y), i,j = 1,....n
together with the identities

H(g' (), ... g") = Ve i=1..,n
and
gi(h'(x), ..., B"(x)) = x, j=1..,n

Thus every point of a topological manifold M lies in a very large collec-
tion of coordinate neighborhoods, but whenever two neighborhoods overlap
we have the formulas just given for change of coordinates. The basic idea
that leads to differentiable manifolds is to try to select a family or subcollec-
tion of neighborhoods so that the change of coordinates is always given by
differentiable functions.

(1.1) Definition We shall say that U, ¢ and V, W are C*-compatible if
U ~ V nonempty implies that the functions h‘(x) and ¢’(y) giving the change
of coordinates are C* ; this is equivalent to requiring @ « y ~*and Y o ¢~ ' to
be diffeomorphisms of the open subsets (U n V) and Y(U n V)of R". (See
Fig, I11.1.)
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Figure 1111

(1.2) Definition A differentiable or C* (or smooth) structure on a topologi-
cal manifold M is a family % = {U,, ¢,} of coordinate neighborhoods such
that:

(1) the U, cover M,

(2) for any « f the neighborhoods U,,¢@, and Uy, ¢, are
C*-compatible,

(3) any coordinate neighborhood V,y compatible with every
U,, @, €% 1s itself in %.

A C* manifold is a topological manifold together with a C*-differentiable
structure.

It is, of course, conceivable that for some topological manifold no such
family of compatible coordinate neighborhoods can be singled out. It is also
conceivable that, on the contrary, families can be chosen in a multiplicity of
inequivalent ways so that two inequivalent C* manifolds have the same
underlying topological manifold. These are basic but very difficult questions,
and in fact, are matters of recent research (see the notes at the end of this
chapter). What is important from our point of view is that we will be able to
find an abundance of topological manifolds with at least one differentiable
structure, thus an abundance of C* manifolds; so we may ignore these more
difficult questions in what we do hcre.
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Since there is no danger of confusion, we will often say simply “ mani-
fold ” for C* manifold; we may also sometimes say differentiable or smooth
manifold. Moreover, “coordinate neighborhood ” will hereafter refer exclu-
sively to the coordinate neighborhoods belonging to the differentiable struc-
ture. Should we have occasion to consider a manifold without differentiable
structure, we will say topological manifold and topological coordinate
neighborhood.

By requiring only that the change of coordinates be given by C” functions for r < oo, we
could define C"-compatible coordinate neighborhoods and C” manifolds, C° dencting a topolo-
gical manifold. One can also require that the change of coordinates be C?, that is, real-analytic.

We shall restrict ourselves almost exclusively to the C* case.

Before proceeding we will prove the following proposition, which will
make it easier to give examples of differentiable manifolds; it shows that (1)
and (2) of Definition 1.2 are the essential properties defining a C* structure.
Thus in examples we need only check the compatibility of a covering by
neighborhoods.

(1.3) Theorem Let M be a Hausdorff space with a countable basis of open
sets. If {Vy, 4} is a covering of M by C*-compatible coordinate neighborhoods,

then there is a unique C™ structure on M containing these coordinate
neighborhoods.

Proof We shall define the differentiable structure to be the collection %
of all topological coordinate neighborhoods U, ¢ which are C*-compatible
with each and every one of those of the given collection {V;, y,;}. This new
collection naturally includes the V;, Y, and so property (1) of Definition 1.2
is automatically satisfied. As to property (2), suppose U, ¢ and U, ¢, U N
U # @, are in the collection we have defined. Then are they
C*-compatible? Since they are (topological) coordinate neighborhoods, the
functions ¢’ > ¢~ ! and @ o ¢’ ! giving the change of coordinates are well-
defined homeomorphisms on open subsets of R”, and we need only be sure
that they are C*. Let x = @(p) be an arbitrary point of ¢(U n U’). Then
peV, for one of the coordinate neighborhoods Vg, ,. Therefore
W =V, nUn U is an open set containing p, and ¢(W) is an open set
containing x. We have ¢ oo '=¢@ oz o0 ' on (W), but
@y tand Y, @' are C* since U, ¢ and U’, ¢’ are both C*-compatible
with ¥}, ¢ . It follows that their composition ¢’ > ¢~ ' is C* on ¢(W); and
since it is C* on a neighborhood of any point of its domain, it is C*. This
proves everything except property (3), which is automatic: Any U, ¢ that is
compatible with all of the coordinate neighborhoods in our collection cer-
tainly has this property with respect to the subcollection {¥}, 4}, and is thus
in the differentiable structure.
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(14) Remark It is important to note that a coordinate neighborhood
U, ¢ depends on both the neighborhood U and the map ¢ of U to R". If we
change either, then we have a different coordinate neighborhood. For exam-
ple, if V< U is an open subset, then V, |V is a new coordinate
neighborhood—technically at least—although the coordinates of pe V are
the same as its coordinates in the original neighborhood. If pe U, we may
always choose V so that ¢(V) is an open ball B{(a), or cube C!{a}), in R” with
o(p) = a as center. We may further alter ¢ by composing it with a translation

0: R" — R" taking o(p) = a to (0,0,...,0). Then V, y with y = 80|V is a
new coordinate system, pe V<o U, ¢(p) = (0,90,...,0), and (V) = BYQ) or

CH0).

Using the theorem just proved, we give some preliminary examples of
manifolds.

(1.5) Example (The Euclidean plane) (See comments in Section I.2.)
Once a unit of length is chosen, the Euclidean plane E* becomes a metric
space. It is Hausdorff and has a countable basis of open sets ; the choice of an
origin and mutually perpendicular coordinate axes establishes a homeomor-
phism (even an isometry) ¥ : E* —» R*. Thus we cover E* with a single
coordinate neighborhood V', with V = E? and (V') = R It follows not
only that £? is a topological manifold, but by Theorem 1.3, V', i determines
a differentiable struciure, so E? is a C* manifold.

There are many other coordinate neighborhoods on E? which are
C*-compatible with V,, that is, which belong to the differentiable struc-
ture determined by V, . For example, we may choose another rectangular
Cartesian coordinate system V', . Then it is shown in analytic geometry
that the change of coordinates is given by linear, hence C* (even analytic!)
functions

yt=xtcosO — x?sinf + h, y*= x'sinf + x?cos 6 + k.

Note that V = V7, but the coordinate neighborhoods are not the same
since Y’ # ¢, that is, the coordinates of each point are different for the two
mappings.

It is also possible to choose as U the plane minus a ray extending from a
point 0. Using the angle 6(q) measured from this ray to Og and the distance
r(g) of q from 0 as coordinate functions on U we define a homeomorphism

(a) = (r(q), 6(q)) from U to the open set {(r, 8) | r > 0,0 < 0 < 2n} in R~
The equations for change of coordinates to those above, assuming that 0 is
the origin and that the ray is the positive x-axis, are

x! = rcos 0, x* =rsin 0,
which again are analytic, thus C*. If the origin and axes are not chosen in
this special way, then we must compose this mapping on R” with a rotation
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and translation of the type above to obtain the functions giving the change
of coordinates. The various coordinate neighborhoods just enumerated
being C*-compatible with our original V, y are in the differentiable struc-
ture on E? determined by it.

In the same manner Euclidean space of arbitrary dimension n gi‘v'es an
example of a C* manifold, covered by a single coordinate system. Again, this
may be done in a variety of ways. As we have noted it is customary to
identify £" and R”" since the former is difficult to axiomatize; this is equiva-
lent to choosing a fixed rectangular Cartesian coordinate system covering all
of E" Many examples will make it abundantly clear that manifolds in gen-

eral can not be covered by a single coordinate system nor are there preferred

coordinates. Thus it is often better in thinking of Euclidean space as a
manifold to visualize the model E" of classical geometry—without
coordinates—rather than R" Euclidean space with coordinates. (However
we will later follow common practice and identify £” and R".)

A finite-dimensional vector space ¥ over R can be identified with
R" n=dim V, once a basis e;, ..., e, is chosen: v= x'e; + - + x"e, is

identified with (x', ..., x") in R", sxmllarly, the m x n matrices (a;;) with R™
with the matrix 4 = (a;;)} corresponding to

{ - R - \
(alla"'7a1n="'7am17"-aumn"

Using these identification mappings we may define a natural topology and
C> structure on V and on the set .#,,,(R) of m x n matrices over R. We
suppose them to be homeomorphic to Cartesian or Euclidean space of
dimension n in the case of ¥, and mn in the case of .# ,,(R) and covered by a
single coordinate neighborhood, the identification map above being the
coordinate map.

(1.6) Example (Open submanifolds) An open subset U of a C* mani-
fold M is itself a C® manifold with differentiable structure consisting of the
coordinate neighborhoods V', i obtained by restriction of y, on those coor-
dinate neighbohoods V,y which intersect U, to the open set V' =V n U,
that is, ' = ¥|V ~ U. This gives a covering of U by topological coordinate
neighborhoods which are C*-compatible, and hence defines a C* structure
on U. which is said then to be an open submanifold of M.

A particular case of some interest is the following. We consider the subset
U= Gln, R) of M L=",///,,(R), n x n matrices over R, which consists of all
nonsingular n x n matrices. Since an n x n matrix 4 is nonsingular if and
only if its determinant det 4 is not zero, we have

U={Ae#,(R)| det A + 0},

which is the usual definition of the group Gl(n, R). Since det A is a polyno-

mial function of its entries a;;, it is a continuous function of its entries and of
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A in the topology of identification with R". Thus U = Gl(n, R} is an open
set—the complement of the closed set of those 4 such that det 4 = 0, and
we see that Gl(n, R) is an open submanifold of .4 ,(R).

(1.7) Theorem Let M and N be C* manifolds of dimensions m and n. T hen
M x N is a C* manifold of dimensionm + nwith C* structure determined by
coordinate neighborhoods of the form {U x V., @ x Y}, where U, ¢ and V,
are coordinate neighborhoods on M and N, respectively, and (¢ x Y)(p,q) =
(o(p). Ylq)) in R™" = R™ x R".

The proof is left as an exercise. An important example is the torus
T2 = §' x §', the product of two circles (see Fig. 111.2). More generally,
T" = 8! x - x §!, the n-fold product of circles is a C* manifold obtained

as a Cartesian product.

Figure 111.2

(1.8) Example (The Sphere) We give a fairly detailed proof, using
Theorem 1.3, that the unit 2-sphere S? = {xe R’ | |x| = 1} is a C* manifold
(see Fig. II1.3). The idea used is an elaboration of that discussed in
Section 1.3. It extends in an obvious way to "~ !, the unit n — 1 sphere in R".
A somewhat simpler method, using stereographic projection, is left to the
exercises it also extends to S" 1.

We take S? with its topology as a subspace of R?, thatis, U is open in §?
if U = U ~ S for some open set U = R®. This implies that S? is Hausdorff
with a countable basis; we shall show that it is locally Euclidean. For i = 1,
2, or 3, let U7 ={(x*,x%x*)|x' >0} and U] = {(x', x%, x*)| x' < 0};
these U} are two open sets into which the coordinate hyperplane x; = 0
divides R3. The relatively opensets U = UF ~ 8%i= 1.2, 3, cover S*. We
define @i : U¥ — R? by projection:

i (x!, x?, x%) =
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-

Figure 1113

These are homeomorphisms to the open set W = {xe R*| x| < 1}asis
easily checked; thus S? is locally Euclidean and a topological manifold.
However, the formulas for the change of coordinates are C™, and thus these
coordinate neighborhoods are C*-compatible. For example, ¢f © (¢35 ) ' is

given on U] n Uj by composing (@3 )~ ! and ¢

(¢2 )~

(x!, x3 ()( —(1 = (x")2 = (x*)?)2, x3)
(xl, —(1 = (x'p — (x3)2)1'2, x?) o (_(1 _ (xl)Z _ (x3)2)1/2, x3).

Then, by change of notation, using (u*, u?) as U; -coordinates and (v, v*) as
U -coordinates instead of (x!, x*) and (x?, x*), we have

ol = _(1 _ (ux)z _ (u2)2)”2, p? = 2.

The ¢ are C* functions of the u' since the square root term is never
zero on {(u',u?)|(w')® + (w?)* < 1}. Similarly, @; o(@y) ' is C* on
{0, v®)|(v")? + (#*)? < 1}. Thus the coordinate neighborhoods U, ¢ and
U;,p; are C*-compatible. This covering of S* by eight coordinate neigh-
borhoods determines a C* structure.

Thus §? is an example of a manifold which is a subset of another mani-
fold, namely R>. Very many examples will be of this type as will be seen later;
they are called submanifolds (to be defined). A two-dimensional submanifold
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of E or R is often called a surface and a one-dimensional submanifold a
curve; planes and spheres, circles and lines are the simplest examples.
Classical differential geometry dealt extensively with these two cases.
\,UOI(.llIldlC HCIgHOOrHOOUb are OIICH CdllC(l cnarls dﬂ(l da LOllCL[lOH OI
compatible charts which cover a manifold M an atlas, a terminology
suggested by charts or maps of the globe. An atlas thus determines a

AifTaramtiolla gterrntiien A AL A nnsnslasn st] o 10 svavimand efhing 72 AF
QLICTCIItid oiC SIruciure on vi. A Lumnpietc diids 15 1liaallllal, l U bdllbllUb \Jj)ul

Definition 1.2.

Exercises

1. Prove Theorem 1.7.

2. Using stereographic projection from the north pole N(0, 0, + 1) of all of
the standard unit sphere in R except (0, 0, — 1) determine a coordinate
neighborhood Uy, @y . In the same way determine by projection from
the south pole S(0, 0, — 1) a neighborhood Us, ¢ (see the accompany-
ing figure). Show that these two neighborhoods determine a C* struc-
ture on S2. Generalize to §*~ !

3. Let .#,,(R) be the space of all real m x n matrices and .#% (R) be the
subset of all those m x nmatrices whose rank is > k. Show that .#%,(R)
is an open subset of .#,,,(R) and thus a manifold.

4. We say that two (C™) atlases on M are equivalent if their union is an
atlas. Show that this is an equivalence relation and that each equivalence
class contains a unique complete atlas.

5. Let X beaset and {U,, ¢,} a covering by subsets U, each with a bijective
map ¢, U,— V,, an open subset of R,. If these charts are all C*
compatible, ie., all ¢zo¢; ' are C*, does this data define a unique
manifold topology—with ¢, '-images of open subsets of V, for all « as
basis of open sets—and a corresponding C*® structure on X?
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2 Further Examples

In this section we shall discuss two related examples of “ abstract” mani-
folds, that is, manifolds which are not defined as submanifolds of Euclidean
space. The first example is the space of classical (real) projective geometry,
the second—technically more difficult to define than any example we have
met thus far—is the Grassman manifold, consisting of all k-planes through
the origin in R", n > k; it will be treated more fully in Section IV.9. Both
examples—in fact the latter includes the former—arise from equivalence
relations defined on simpler manifolds, the underlying space of the new
manifold being the set of equivalence classes with a suitable topology.

Let X be a topological space and ~ an equivalence reiation on X.
Denote by [x] = {y € X |y ~ x} the equivalence class of x, and for a subset
A < X, denote by [A] the set | J,. ,[a), that is, all x equivalent to some
element of 4. We let X/~ stand for the set of equivalence classes and denote
by m: X — X/~ the natural mapping (projection) taking each x € X to its

equivalence class, n(x) = [x]. With these notations we define the standard

+3 +t ! Y/ . —~
quotient topology on X/~ as follows: U < X/~ is an open subset if z 7 '(U)

is open; the projection n is then continuous.

(2.1) Definition With the above notation and topology we shall call X/~
the quotient space of X relative to the relation ~

As a simple exampie let X = R the real numbers and let Z be the
integers. We define x ~ y if x — ye Z and denote by R/~ the quotient
space. We shall leave as an exercise the proof that this quotient space may be
naturally identified with S' = {ze C| |z| = 1}, the unit circle in the com-
plex plane, and that n: R - R/~ is then identified with the map =(¢) =
exp(2nt,/ —1). Note that X/~ is a space of cosets of a group relative to a
subgroup; this situation occurs frequently.

(2.2) Definition An equivalence relation ~ on a space X is called open if
whenever a subset 4 = X is open, then [A] is also open.

Our examples will usually be open equivalence relations. The following
lemma will show why.

(2.3) Lemma An equivalence relation ~ on X is open if and only if n is an
open mapping. When ~ is open and X has a countable basis of open sets, then
X/~ has a countable basis also.

Proof Let A = X be an open subset. Since [4] = 1~ '(n(4)), we see by
definition of the quotient topology on X/~ that [A4] is open if 7 is open and
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conversely [ 4] open implies n(4) is open. Now suppose ~ is open and X has
a countable basis {U,} of open sets. If W is an open subset of X/~ then
n*1 ={J;es U, for some subfamily of {U;} and W = n(n™'(W)) =

5

UJE It falla OWS thot !m-(’f “ is a basis of open sets f‘nr Y//o\,.

LAV YWD LpaY vasid Ui

"IH\
J N

This lemma is clearly useful in determining those equivalence relations
on a manifold M whose quotient space 1s again a manifold, for a manifold
must be a Hausdorff space with a countable basis of open scts. Unfor-
tunately, there is no simple condition which will assure that the quotient
space is Hausdorff. In fact, as Exercise 2 shows, a quotient space X/~ may
be locally Euclidean with a countable basis of open sets and still fail to be
Hausdorff. Nevertheless we obtain important examples by this method,

sometimes with the assistance of the following lemma.

(24) Lemma Let ~ be an open equivalence relation on a topological space
X. Then R = {(x, y) | x ~ y} is a closed subset of the space X x X if and only
if the quotient space X/~ is Hausdorff.

Proof Suppose X/~ is Hausdorff and suppose (x, y) ¢ R, that is, x & y.
Then there are disjoint neighborhoods U of n(x) and V of n(y). We denote
by U and ¥ the open sets n~*(U) and =~ '(V), which contain x and y,
respectively. If the open set U x ¥ containing (x, y) intersects R, then it
must contain a point (x’, y'} for which x’ ~ y’, so that n(x") = n(y’ )contrary
to the assumption that U n V = . This contradiction shows that U x ¥
does not intersect R and that R is closed.

Conversely, suppose that R is closed, then given any distinct pair of
points 7(x), 7(y) in X/~ there is an open set of the form U x ¥ containing
(x, y) and having no point in R. It follows that U = n(U) and V = n(V)are
disjoint. Lemma 2.3 and the hypothesis imply that U and V are open. Thus
X/~ is Hausdorff. |

(2.5) Example (Real projective space PY(R)) Welet X = R**! — {0}, all
(n + 1)-tuples of real numbers x = (x', ..., x"*!) except 0 = (0, ..., 0), and
define x ~ y if there is a real number ¢ # 0 such that y = tx, that is,

(V1s o oos Y1) = (0x1, oo, X0 1):

The equivalence classes {x] may be visualized as lines through the origin
(Fig.II1.4). We denote the quotient space by P"(R); it is called real projective
space. We prove:

P"(R) is a differentiable manifold of dimension n.

To do so we first note that = : X — P"(R) is an open mapping. If t # Ois a
real number, let ¢,: X - X be the mapping defined by ¢,(x) = tx. It is
clearly a homeomorphism with ¢, ! = ¢,,. If U = X is an open set, then
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Figure 111.4

[U] = { @.(U), the union being over all real ¢ # 0. Since each ¢,(U) is open,
[U] is open and = is open by Lemma 2.3.
Next we apply Lemma 2.4 to prove that P'(R) i

submanifold X x X =« R"*! x R"*' we define
f(x,y) by

(7]
&

L

0

j )

W

f(xl’ xn+l;yl, e, yn+1) — Z (xiyj _ xjyi)Z'
iFj

Then f(x, y) is continuous and vanishes if and only if y = tx for some real
number ¢ # 0, that is, if and only if x ~ y. Thus

R={(x.y)[x~y =10

is a closed subset of X x X and P*(R) is Hausdorff.

We define n + 1 coordinate neighborhoods U,, ¢;,i=1,...,n+ 1, as
follows: Let U; = {xe X |x'# 0} and U, = n(U;). Then ¢,;: U,—> R" is
defined by choosing any x = (x', ..., x"*!) representing [x] € U, and putting

(xl xl—l x1+1 xn+l)

@i(x) =

EIRRRE] ) i',..., i

X X X X

It is seen that if x ~ y, then @;(x) = @,(y); moreover @;(x) = @;(y) implies
x ~ y. Thus @;: U; - R" is properly defined, continuous, one-to-one, and
even onto. For ze R, ¢; !(z) is given by composing a C* map of R"to R"*!
with 7, namely, ¢, '(z%,...,2") = n(z',..., 2"}, + 1,2, ..., 2"); therefore
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@; ' is continuous. Thus P*(R) is a (topological) manifold and is C* if the

coordinate neighborhoods are C*-compatible, that is, ¢, - @; 'is C* (where
defined) for 1 < i, j < n + 1. The verification is simple and explicit and is
left to the reader. This completes the proof that P"(R) is a manifold.

(2.6) Example (Grassman manifolds G(k n)) The Grassman manifold
G(k, n) is the set of all k-planes through the origin of R"™ or k-dimensional
subspaces of }™ = R" (as a vector space)-—endowed with a suitable topology

and differentiable structure. We will realize G(k, n) as a quotient space aris-
ing from an equivalence relation on the manifold F{k, n) of k-frames in R"

Irom 4r valLllee Ieallon on e maniic:a ik, 1) Ol s

where we deﬁne a k-frame in R" to be a linearly independent set x of k
elements of R":

Xl : (X}, ey X';),

Xy = (xksu-sxz,)‘

A k-frame in R" may be identified with the k x n matrix, which we also
denote by x, whose rows are x,, ..., x,. We use the fact that the set M 1n(R)
of all k x n real matrices is a dlfferentlable manifold by virtue of its
identification with R*". The matrices which correspond to k- -frames, that is,
those of rank k, form an open subset and hence F(k, n) is a differentiable
manifold. This is because of the fact that “x is of rank k” means that the
following two equivalent statements hold: (i) the row vectors form a linearly
independent set and (ii) not all k x k minor determinants are zero simultan-
cously. Statement (i) shows that the rank is less than k at the simultaneous
zeros of a set of continuous functions on .#,(R), that is, on a closed subset,
so F(k, n) is open.

Clearly each frame x determines a k-plane or point of G(k, n), namely, the

subspace spanned by x,, ..., x,, so that we have a natural map of F(k, n)
onto G(k, n). Moreover x = (x,,..., x,) and y = (y,, ..., y,) determine the
same k-plane if and only if y, = Z;—l a;;%;, where a = (;;) is a nonsingular

k x k matrix, that is, if and only if y = ax, the product ofthe matrices a and
x. It is natural to define ~ by

y~x if y=ax, aeGlk R)

We then identify G(k, n) with F(k, n)/~, the set of equivalence classes, and
the above mentioned natural map w1th n. We sketch a proof that G(k, n)
with the quotient space topology has the structure of a differentiable mani-
fold of dimension k(n — k). A different proof will be given in Section IV.9.
Note thatif k = I, then ae G(1, R) = R* and G(k, n) becomes P~ '(R). The
proof that n is an open mapping is analogous to Example 2.5 and is left to
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the reader. The proof that G(k, n) is Hausdorffis trickier, but is also left as an
exercise.

It remains to describe a covering by coordinate neighborhoods with
C*-compatible coordinate maps so that Theorem 1.3 may be applied to
complete the proof. We shall use the k x k submatrices of x e .#,(R) to
accomplish this. Let J = (j,, .-, j,) be an ordered subset of (1, ..., n), for
example, J = (1,2,...,k) and J' be the complementary subset [for the
example then, J' = (k + 1,..., n)]. By x, we denote the k x k submatrix
(x¥#), 1 < i, [ <k, of the k x n matrix x, and by x,, we denote the com-
plementary k x (n — k) submatrix obtained by striking out the columns
jis .- i of x. Let U, be the open set in F(k, n), consisting of matrices for
which x, is nonsingular and let U, = n(U,) be the corresponding open set in
G(k, n). Each ye U, is equivalent to exactly one k X »n matrix x in which the
submatrix x; is Lhe k x k identity matrix; for example, if J = (1,2, ..., k),

then x is of the form

X1.k+1 777 Xin

_._R\
S
S <

I AT xkn/

,—r

n fact the x equivalent to a matrix y for which y, is nonsingular is given by
th matrix formula x = y;'y.)

We define ¢, : U, — ./ﬁ/k(n_k)(R), identified with R*"~ %, by deleting the k
columns corresponding to J in this representative x of y, thus ¢,([y]) = x,.
(the matrix comprising the last n — k columns, in the example above). We
leave it as an exercise to show that ¢, is properly defined and maps U onto
R*"~® homeomorphically and that the U,, ¢, for all subsets J of k distinct
clements of (1,2, ..., n), form a covering of G(k, n) by C*-compatible coor-
dinate neighborhoods; a verification of this for G(2, 4), the 2-planes through
the origin of R*, is sufficient to show how to proceed in general. As men-
tioned, a different proof will be given later.

Exercises

1. Prove the statements after Definition 2.1 concerning R/~ §*, and the
mapping 7: R — R/~. Show that = is an open mapping.

2. Let X =R x {+1} with the Cartesian topology and C® structure.
Define an equivalence relation on X by (x,i) ~ (v, j)if either (i) x =y <0
or (ii) x = y and i = j. Show that X/~ is locally Euclidean and has a
countable basis of open sets but is not Hausdorff (cf. Exercise 1.3.1).
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3. Leta: S§" — S" be the map of the unit sphere in R"* ' taking each x to its
antipodal point a(x) = —x. Show that x ~ yif y = x or y = a(x} is an
equivalence relation and that S"/~ is naturally identified with P*(R).
Give a careful definition in terms of equivalence relations of the cutting
and pasting (identification) procedures used to obtain examples of
topological manifolds in Section 1.4.

5. Use the ideas of Exercise 4 to show that P?*(R) can be obtained by
defining a suitable equivalence relation on a square.

6. Let X, Y be topological spaces, ~ an equivalence relation on X and F:
X — Y a continuous mapping. Suppose that x, ~ x, implies F(x,) =
F(x,) and show that F induces a continuous mapping F’: X/~ — Y such
that F'>-m = F.

7. Show that m: F(k, n) — G(k, n) is an open mapping and that G(k, n) is
Hausdorff. [Hint: show that x ~ y if and only if a certain collection of
(k + 1) x (k + 1) minor determinants of the 2k x n matrix whose rows
are Xy, ..., Xu; ¥, ...,  all vanish and apply Lemma 2.4]

8. In the case G(2, 4) complete the proof that this space is a C* manifold.

9. LetJ,,...,Jn, N = (%), be the collection of distinct subsets (1,2, ..., n)
containing k integers and for each x € F(k, n), let |x;| = det x,. Define
a mapping ®: F(k,n) > PY(R) by ®(x) = [(|x,,].--., [x,,])] and
show x ~ y implies ®(x) = ®(y) so that ® defines a mapping of G(k, n)
into PY(R). Show that this mapping is continuous and univalent. Use
this to prove that G{k, n) is Hausdorfl.

»~

3 Differentiable Functions and Mappings

On a topological space the concept of continuity has meaning; in an
analogous way, on a C* manifold we may define the concept of C* function.

Let f be a real-valued function defined on an open set W, of a C*
manifold M, possibly all of M: in brief, f: W, — R. If U, ¢ is a coordinate
neighborhood such that W, ~n U # & and if x', ..., x" denotes the local
coordinates, then corresponds to a functlon flx ( ) on (W, n U)
defined by f= f- ¢!, that is, so that f(p) f(\c (p)) = f((p ))
for all pe W, n U. We will customarily omit the caret and use the same
letter “ [ for f as defined on Wf and for f its expression in local coordin-
ates. Ordinarily this will result in no confusion; if two coordinate neighbor-
hoods U, ¢ and V,y are involved, we will use different letters for the
coordinates, say x!, ..., x"and y?, ..., y". Thus for pe W, n U n V we have,
omitting carets,

p) =f(x'(p),.... x"(p)) = f(¥' (P). ..., y"(P)),

the latter two f’s denoting f’s, or fo @' and fo y ™', respectively, the ex-
pressions in local coordinates.
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(3.1) Definition Using the notation above, f: W, — R is a C* function if
each peW, lies in a coordinate neighborhood U, ¢ such that
feo (X' . x") = f(x",..., x") is C* on o(W, n U). [Clearly, a C* func-
tion is continuous. |

Among the C* functions on M are the n-coordinate functions
(x x"( )) of a coordmate nelghborhood U, . More precisely, if

: R" - R is defined by n'(x', ..., x") = X/, these functions are defined by
xi(q) = 7' > ¢(q), and their expressmn in local coordinates, on ¢(U), by

xt o, x") = x‘(gp"(x', LX) =axt L xT) = X
As mentioned above, the caret is usually omitted so we have the statement
x(x ..., x")y = x' i = 1,..., n,—somewhat confusing since the same letter
is used for a function and its values.

It is a consequence of the definition that if fis C* on Wand V = Wisan
open set, then f |V is C* on V. Moreover, if W is a union of open sets on
each of which a real-valued function fis C*, then fis C* on W. Using the C*
compatibility of coordinate neighborhoods, it is easily verified that if fis C*
on Wand V, { is any coordinate neighborhood intersecting W, then fo ¢y~ !
is C™ on the open set y(V n W) in R".

Just as in the case of R" we proceed from definition of C* function to
definition of C* mapping. Suppose that M and N are C* manifolds,
W <« M is an open subset, and F: W — N is a mapping, then we make the
following definition.

(3.2) Definition F is a C* mapping of W into N if for every pe W there
exist coordinate neighborhoods U, ¢ of p and V, ¢ of F(p) with F(U) = V
such that y o Fo o~ ': o(U) > (V) is C* in the sense of Section I1.2.

More precisely, this means that F |U: U — V may be written in local
coordinates x', ..., x" and y', ..., y™ as a mapping from ¢(U) into (V) by

F(x',...,x") = (fUxY X)L M LX),

[or simply y* —f( ), i=1,...,m] and each f(x) is C* on (U). Note that
C* mapping is a more general notion than C* function, the latter being a
mapping to N = R, which is, of course, the same as R!.

(3.3) Remark It is important to note that C* mappings are continuous;
that their restrictions to open subsets are C* ; and that any mapping from an
open subset W < N into M, whose restriction to each of a collection of
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open sets which cover W is C®, is necessarily C* on W. As with
Definition 3.1, the C® compatibility of local coordinate neighborhoods,
Corollary I1.2.4, and the remarks above show easily that the property does
not depend on any particular choice of coordinates. Similarly it follows from
the same corollary that composition of C* mappings is again a C* mapping.

Many authors refer to C* manifolds, functions, and mappings as smooth.
From now on we shali refer to differentiable manifold, function and mapping
although this is not very logical since we previously (in Chapter I1) used this
word in a much weaker sense than C*®. One reason that C* is a desirable
differentiability class to use is that when we later take derivatives of C*®
functions on manifolds, we obtain C* functions—in the C" case we would
obtain C""! functions. Thus assuming infinite differentiability relieves us of
many irritating concerns about order of differentiability. Of course, the same
would be true for C® (real-analytic), but this is too restrictive for most
purposes since we are unable to obtain important theorems of the following

tvne
type.

(34) Theorem Let F be a closed subset and K a compact subset of a C*
e I AN L rul T . L __ X Tl o ad o L o0 L et LT O T . AL
mangoid vi wilrl r 1Y i = 9. rnen nere 15 d U junciion joaejinead on ivi

with values in [0, 1] which has the value +1 on K and O on F.

Proof The proof of this theorem and that of the following corollary
require a slight modification of Theorem I1.5.1. This is left to the reader as
an exercise. |

(35) Corollary Let U be an open subset of a manifold M, suppose pe U,
and let fbe a C* function on U. Then there is a neighborhood V of pin U and a
C® function f* on M such that f* = fon V and f* = 0 outside of U.

We conclude this section with a definition, an example, and some re-
marks on a basic problem referred to in Section 1.

(3.6) Definition A C* mapping F: M — N between C* manifolds is a
diffeomorphism if it is a homeomorphism and F~' is C*. M and N are
diffeomorphic if there exists a diffeomorphism F: M — N.

This extends the concept of diffeomorphism, previously defined for open
subsets of R" only, to arbitrary C*® manifolds. Diffeomorphism of manifolds
is an equivalence relation since composition of C* maps is C* and composi-
tion of homeomorphisms is a homeomorphism. From this transitivity fol-
lows; reflexivity and symmetry are obvious from the definition. It is
important that F~', as well as F, be C* as the following example shows.
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(37) Example Let F: R — R be defined by F(t) = t>. Then Fis C*” and a
homeomorphism, but it is not a diffeomorphism since F~*(¢) = '/ and this
is not even of class C!-—let alone C*—at t = 0. This same example shows
how it is possible to define two distinct C* structures on R. The first is the
usual one defined by letting U = R and ¢: U — R be the identity map; this
determines a C® structure on R by Theorem 1.3. We may also consider the
structure defined by the coordinate neighborhood V,y with V = R and
W:V - R defined by y(t) = 3. Then ¢ oy~ *(t) = t'/* so that U, ¢ and
V., y are not C*-compatible and hence not in the same differentiable struc-
ture. However, R with its first structure—the usual one—is diffeomorphic to
R, denoting R with its second structure, the diffeomorphism F: R — & being
defined by F(r)=¢'> so that in local coordinates it is given by
YoFoop t(t)=1

We have just seen, then, that two C* manifolds with the same underlying
topological manifold but incompatible C* structures can still be diffeo-

PRSIV V-DREY WY R | 3 ige 1
morphic. A fundamental question is: Can the same manifold M or homeo-

morphic manifolds have C® structures which are not diffeomorphic? This
was an unsolved problem for many years, and it was finally settled by
Milnor [4] who proved the existence of two C* structures on S7 which were
not diffeomorphic. Further details are given in the notes.

We conclude with a remark which is occasionally useful: A necessary
and sufficient condition that an open set U of M, together with a mapping
@: U - R", be a coordinate neighborhood is that ¢ be a diffeomorphism of
U onto an open subset W of R". Conversely, if W is an open subset of R” and
Y: W — M is a diffeomorphism onto an open subset U, then U, Y lisa
coordinate neighborhood. We sometimes call W,y a parametrization,

especially in the case dim M = 1.

Exercises

1. Show that a continuous mapping F: M — N, C* manifolds, is C* ifand
only if for any C* function f on an open set W, < N the functionf- F is
c*.

2. Verify the statements of Remark 3.3.

Prove the statement of the concluding paragraph of this section.

4. Assume that K is a compact subset of a C* manifold M which is
contained in an open subset U. Prove that there is a C* function f
M — [0, 1] which is identically 1 on K and whose support (closure of the
set on which f # 0) is contained in U.

5. Let M, N, and A be C® manifolds and p:M X N — M,
p,: M x N — N be projections to the factors. For (a, b)e M x N, let
i M — M x N be defined by i(p) = (p, b) and j: N - M x Nby j{q) =

w
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(a, ). Show that py, p,, i, and j are C* mappings. Show that a mapping
F:A->M x Nis C* ifandonly iff, = p, o Fand f, = p, o F are C*.

6. Suppose M and N are C* manifolds, U an opensetof M,and F: U - N
is C*. Show that there exists a neighborhood V of any pe U, V < U,
such that F can be extended to a C* mapping F*: M — N with F(q) =
F*(q) for all ge V.

7. Identify the set of k-frames F(k, n) of R” with the set of k x n matrices of
rank k in .#,,(R) and let =: F(k, n) — G(k, n) be the mapping taking
each such matrix to its equivalence class (see Example 2.6). Show that
this map 1s C* relative to the differentiable structure of F(k, n) as an
open submanifold of .#,,(R).

8 Let A B, M, NbeC*®”manifoldsandlet F: 4 > Mand G: B— N be C*®
mappings. Show that FxG:Ax B->Mx N is C*®, where

(F x G){x, y) = (F(x), G(y))

L)
o
[
3
~
Q
py
W
>
=N
[

ino lmmaeorcions
ing. iMmmersions

Let F: N > M be a differentiable mapping of C* manifolds and let
pe N.If U, ¢ and V, y are coordinate neighborhoods of p and F(p), respec-
tively, and F(U) < V/, then we have a corresponding expression for F in local
coordinates, namely,

F=yoFop ':ioU)-yV)

(4.1) Definition The rank of F at p is defined to be the rank of F at ¢(p) (as
in Section IL.8).

Thus the rank at p is the rank at a = ¢(p) of the Jacobian matrix

ot !
oxt ox"
A
ox! ax" /¢

of the mapping F(x',..., x") = (f (x',...,x"), ..., f™(x%, ..., x")) expres-
sing F in the local coordinates. This definition must be validated by showing
that the rank is independent of the choice of coordinates. This is left as an
exercise—a second definitton which is clearly independent of the choice is
given in the next chapter.

(42) Remark As might be conjectured, the important case for us will be
that in which the rank is constant. In fact Theorem II.7.1 (theorem on rank)
and its Corollary I1.7.2 can be restated as follows:
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Let F: N — M be as above and suppose dim N = n,dim M = m and rank
F = k at every point of N. If pe N, then there exist coordinate neighborhoods
U, @ and V,  as above such that o(p) = (0, ..., 0), y(F(p ) = 0) and
= o Foq !isgivenby

assume @(U) = CH0) and Y(V) = C7(0) with the same

An obvious corollary to this remark is: a necessary condition for
F:N-> Mtobea dlffeomorphlsm is that dim M = dim N = rank F. Oth-
erwise k would be either less than n or less than m, in which case the
expression in local coordinates implies that it is not possible for both F and
F~! to be one-to-one, even locally. For example, if kK < n in the expression
above, all points in U with coordinates of the form (0, ..., 0, Xk X

are mapped onto the same point of V.

(4.3) Definition F: N — M is said to be an immersion (submersion) if rank
F = n = dim N(=m = dim M) everywhere. If F is an injective (one-to-one)
immersion, then F establishes a one-to-one correspondence of N and the
subset N = F(N) of M. If we use this correspondence to endow N with a
topology and C* structure, then N will be called a submanifold (or immersed
submanifold) and F: N — N is a difftomorphism.

We note that rank F < max(m, n) at every point. It follows that if F is an
immersion (submersion), then n < m (respectively, n > m). In general the
topology and C* structure of an immersed submanifold N c M depend on F
as well as N, i.e., N is not a subspace of M. The concept of submanifold will be
fully discussed below after considering a number of examples of immersions
F of R or an open interval R into R".

We use the natural coordinates ¢ on R and (x?, x?) on R? to define F. To
verify that F is an immersion it is necessary to check that the Jacobian has
rank 1 at every point, that is, that one of the derivatives with respect to ¢
differs from zero for every value of ¢ for which the mapping F is defined; this is
left to the reader.

(44) Example F:R - R® is given by F(t) = (cos 2nt, sin 27rt t). The
image F(R) is a helix lying on a unit cylinder whose axis is the x>-axis in R?
(Fig. IIL.5a).

(45) Example F:R - R’is glvcn by F(t) = (cos 2nt, sin 2xt). The image
F(R) is the unit circle S* = {(x*, x?)|(x*)* + (x*)* = 1} in R? (Fig. IIL5b).
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(4.6) Example F: (1, c0) — R? is given by
F(t) = ((1/t) cos 2nt, (1/t) sin 2nt).

The image is a curve spiraling to (0, 0) as r — oo and tending to (1, 0) as
t > 1 (Fig. IIL.6a).

(47) Example F: (1, c0) — R? as in the previous example. However, F is
modified so that the image F(R) spirals toward the circle with center at (0, 0)
and radius § as t — oc. The mapping is given by

t+1

t+1
F(t) = | —— :
(r) ( Y cos 2nt, >

sin 2m).

(It is not difficult to check that the Jacobian could have rank 0, that is, both
derivatives dx'/dt and dx?/dt could vanish simultaneously on 1 < t < oo if
and only if cot 2nt = —tan 2nt, which is impossible (Fig. 111.6b).]
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(4.8) Example F:R — R® is given by
F(t) = (2 cos(t — 4x), sin 2(t — 37)).

The image is a “ figure eight ” traversed in the sense shown (Fig. I11.7a) with

{a) (v)

Figure I1L.7

the image point making a complete circuit starting at the origin as t goes

from O to 2x.

(49) Example G:R — R?again and the image is the “figure eight” as in
the previous example, but with an important difference: we pass through
(0, 0) only once, when ¢ = . For t » —co and t — + oo we only approach
(0, 0) as limit—as shown in Fig. IIL.7b. The immersion is given by changing
parameter in the previous example: Let g(¢) be a monotone increasing C*
function on —co <t < oo such that g(0) ==, lim,__, g(t)=0 and
lim,_, ., g(t) = 2n. For example, we may use g(t} = = + 2 tan” ' t. Then
G(t) is given by composition of g(t) with F(t) from the previous example:

G(t) = F(g(z)) = (2 cos (g(t) — g), sin 2(g(t) - 2))
(4.10) Example Again F: R — R’ so that
(l,sinm) for l<t<a,
F(ry=(\!
0,t+ 2) for —oo<t< —1.

This gives a curve with a gap as shown in Fig. IIL8. For —1 <t < +1 we
connect the two pieces together smoothly as shown by the dotted line. This
gives a C* immersion of all of R in R? whose image is as shown. As we shall
see, this is a useful example to keep in mind.
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We may draw some conclusions from these examples about the nature of
immersions. First we note that an immersion need not be univalent, that is,
one-to-one into (injective), in the large, even though it is one-to-one locally
as we see from Remark 4.2. Examples 4.5 and 4.8 show this since, for exam-
ple, in both cases t = 0, 27, +4n, ... all have the same image point: (0, 1)
in the case of the circle and (0, 0) for the figure eight.

The second conclusion we can draw is that even when it is one-to-one, an
immersion is not necessarily a homeomorphism onto its image, that is,
F: N - M a one-to-one immersion does not imply that F ts a homeomor-
phism of N onto N = F(N) considered as a subspace of M. Examples 4.9 and
4.10 show this: in the case of Example 4.9, N is the figure eight whereas N is
the real line R—two spaces which are not homeomorphic. In the case of
Example 4.10, N is again the real line and N = F(N) as a subspace of R? is
not tocally connected at all of its points: there are points on the x2-axis such
as (0, 1), which do not have arbitarily small connected neighborhoods; hence
N and N = R are not homeomorphic. In any case, of course, F: N —» M is
continuous—since it is differentiable. These examples lead to the definition
of a more restrictive concept.

(4.11) Definition An imbedding is a one-to-one immersion F: N -» M
which is a homeomorphism of N into M, that is, F is a homeomorphism of
N onto its image, N = F(N), with its topology as a subspace of M. The
image of an imbedding is called an imbedded submanifold.

We remark that Examples 4.4, 4.6, and 4.7 are imbeddings. The following
theorem, essentially a restatement of the theorem on rank and its corollary
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along the lines of a remark above, show that the distinction between immer-
sions and imbeddings is a global one—it does not depend on the nature of F
locally.

(4.12) Theorem Let F: N — M be an immersion. Then each pe N has a
neighborhood U such that F | U is an imbedding of U in M.

Proof According to Remark 4.2, we may choose cubical coordinate
neighborhoods U, ¢ and V, ¢ of pe N and F(p) e M, respectively, such that
o(p) = (0,...,0) in R", Y(F(p)) = (0, ..., 0) in R™ with ¢(U) = C7(0) and

(V) = C™0) (cubes of the same breadth ¢) and such that F = o F o ¢~ !,
the expression of F in these local coordinates, is given by

F(xt, ..., x) = (x',...,x"0,...,0)

To see that F | U is a homeomorphism of U onto F(U) with the relative
topology, it is enough to see that F is a homeomorphism of C7(0) onto its
image in CJ'(0). This is because F(U) = V, an open subset of M, so the
topology of F(U) as a subspace of M is the same as its topology as a
subspace of V', and because ¢: U — C?(0) and ¢: V — C7(0) are homeomor-
phisms. But it is clear that ' is a homeomorphism of C?(0) onto the subset
x""l = ... = x™ =0 of C"(0); hence the theorem holds. ]

(4.13) Remark It is convenient to call a subset S of a cube C?(a) in R™
an n-slice if it consists of all points for which m — n coordinates are heid
constant. For example, §$ = {xe CJ(0)|x""' =---=x"=0} is a slice
through the center 0 = (0, ..., 0) of C*(0). If ¥, ¢ is a cubical coordinate
neighborhood on a manifold M and §’ is a subset of V' such that /(S’) is a
slice S of the cube (V), then § is called a slice of V. It is an imbedded
submanifold of M with imbedding ¢ ~!; § - M.

We note for future use that in the proof of Theorem 4.12, 8’ = F(U) is a
slice of V. In general this slice is not equal to the set V n F(N) but only
contained in it, even if F is univalent and U is chosen very small. The reader
should verify this using the preceding examples.

Exercises

1. Using Exercise I1.2.4, show that the rank of a mapping of C* manifolds is
independent of the choices of local coordinates made in Definition 4.1.

2. Show that a submersion is an open mapping and that if both manifolds
have the same dimension, it is locally—but not necessarily globally—a
difftomorphism onto its image.

3. On the “figure eight” image N of R in Example 4.9 let the topology and
C™ structure be given by the one-to-one immersion G. Show that the
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reflection H: (x', x?) - (x!, — x?) of R? in the x! axis, although it maps N
onto N, is not a diffeomorphism of N.

4. Let F:N,—» M, i=1, 2 be one-to-one immersions. Define them to be
equivalent if there is a diffeomorphism G: N, » N, such that F, =
F, < G. Show that this is an equivalence relation (see Warner [1, Sectlon
1.33]).

5. Show by example that there exist two inequivalent one-to-one immer-
sions of R into R2 with the same image.

6. Show that composition of immersions is an immersion.

7. Show that the map F:S""! - P""!(R), defined by F(x!,...,x") =
[x!,..., x"], is C® and everywhere of rank n — 1.

8. Let F:M — B be a C* mapping of manifolds and let A be an (im-
mersed) submanifold of M. Show that F | A is a C® mapping into B.

5 Submanifolds

In this section we shall discuss in some detail the various types of

submanifold. This term is used in more than one sense in the literature;
however all agree that a submanifold N of a differentiable manifold M is a
subset which is itself a differentiable manifold. The confusion arises over the
question of whether or not it should be required to be a subspace of M, that
is, to have the relative topology. We have adopted the definition which
is the most general, namely, a submanifold N is the image in M of a
one-to-one immersion F: N'—~ M, N = F(N’), of a manifold N’ into M
together with the topology and C* structure which makes F: N’ —» N a diffeo-
morphism. This definition, particularly convenient for Lie groups, became
widely used following the influential Chevalley [1]. Its disadvantages are
clear from Examples 4.9 and 4.10 and Exercises 4.3-4.5. A more natural
notion—which we shall now develop, is that of a regular submanifold; as its
name implies, it will be a special case of the one above. It is more natural since
its topology and differentiable structure are derived directly and unambig-
uously from that of M. We will first state the characteristic feature of those
subsets of a differentiable manifold M which are regular submanifolds; to do
so we suppose m = dim M and that n is an integer, 0 < n < m.

(5.1) Definition A subset N of a C* manifold M is said to have the
n-submanifold property if each pe N has a coordinate neighborhood U, ¢ on
M with local coordinates x!,..., x™ such that (i) ¢(p) = (0, ..., 0), (ii)
o(U) = C(0), and (iii) (U " N) = {xe CP(0) [ x"*' = --- = x" = O}.If N
has this property, coordinate neighborhoods of this type are called preferred
coordinates (relative to N). Figure II1.9 shows such a subset N in M = R?
(n =2and m = 3).
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Note that immersed submanifolds do not always have this property, for
example, take p = (0,0) in Examples 4.9 and 4.10, and take note of the second

paragraph of Remark 4.13.
Denote by n: R™ — R", n < m, the projection to the first n coordinates,
then we may state the following lemma, using the notation above.

Figure IIL9

(5.2) Lemma Let N = M have the n-submanifoid property. Then N with
the relative topology is a topological n manifold and each preferred coordinate
system U, ¢ of M (relative to N) defines a local coordinate neighborhood V, §
on Nby V=UnNand p =n-¢|V. These local coordinates on N are
C*®-compatible wherever they overlap and determine a C* structure on N
relative to which the inclusion i: N — M is an imbedding.

Proof Assume N has the subspace topology relative to M. Then V, ¢
are topological coordinate neighborhoods covering N;for V = U n Nisan
open set in the relative topology and @ is a homeomorphism onto Cr0) =
n(Cr(0)) in R". Suppose that for two preferred neighborhoods, U, ¢ and
U,p,V=UnN and V' = U n N have nonempty intersection. Since
V, d and V", & are topological coordinate neighborhoods, we know that the
change of coordinates is given by homeomorphisms & - ¢~ ' and @ - ('),
which we must show to be C*. Let §: R" — R™ be given by 8(x', ..., x") =
(x,...,x"0,...,0)so that = o 8 is the identity on R". This map 6 is C* as 1s
its restriction to C*(0), an open subset of R";thus ' = ¢~ ' o 0is C* since
it is a composition of C® maps. On the other hand ¢’ = = o ¢', and because
¢ isa C® map of U’ and its open subset U’ n U to R™ and = is open and C*,
we see that ¢ is C® on V V. Thus ¢ @ ' is C* on its domain,

VAV
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It is even easier to see this if we write the expressions in local coordinates.
If ' = fi(x',...,x™), i = 1,..., m are the functions giving ¢’ - ¢~ !, which

we know to be C®, then it is easily checked that ¢’ - @' is given by
yo=fi(x',...,x"0,...,0), i=1,...,n. Therefore @ -¢ ' is C* by

Definition 3.2.

By Theorem 1.3 of this chapter, the totality of these neighborhoods
determines a differentiable structure on N. In preferred local coordinates
V,®,i: N> M is given on V by (x!, ..., x") = (x',..., x"0,...,0), so it is
obviously an immersion. Because we have taken the relative topology on N,
i N - M is by definition a homeomorphism to its image i(N) = N, with the
subspace topology, that is, i is an imbedding. |

The foregoing completes the proof of Lemma 5.2 and allows us to make
the following important definition.

e AT <sridle tlan crslesannmiFAld e Aty oy 71 oK
space N with the submanifold property and with the C* structure tha

corresponding preferred coordinate neighborhoods determine on it. (Note: N
is trivially a submanifold, as previously defined, since i is an imbedding.)

(5.3) Definition A regular submanifold of a C* manifold M is any sub-

: thao
(88w

As an example we shall see that S = {xe R®||x[ = 1} is really a
submanifold, as was indicated at the end of Section 1.If g = (a*, a?, @) is an
arbitrary point on S, it cannot lie on more than one coordinate axis. For
convenience we suppose that it does not lie on the x3-axis. We introduce the
usual spherical coordinates (r, 6, @); they are defined on R* — {x-axis} and if
(1,8, @) are the coordinates of g we may change the coordinate map
slightly so that r is replaced by # =r— 1, 8 by 8 = 8 — 6,, and ¢ by
® = ¢ — ¢o. Then for sufficiently small ¢, the neighborhood V, ¢ with
coordinate function y: p — (#p), 0(p), @(p)) defined for p such that |7| <,
|6] <& and |p| <& defines a coordinate neighborhood of g, with g
having coordinates (0, 0, 0) and with V' n S? the open subset of S? corre-
sponding to # = 0. The fact that these neighborhoods are compatible with
the ones previously defined for S* (Example 1.8) can be proved by writing
down the standard equations giving rectangular Cartesian coordinates as
functions of the spherical coordinates.

(54) Remark At this point we have apparently defined three classes of
submanifolds in a manifold M —immersed, imbedded, and regular. The first of
these, which we usually call simply a submanifold, includes the last two as
special cases. It was defined (4.3) as the image N = F(N’) of a C* manifold N’
under a univalent immersion F, and was by definition endowed with the C*
manifold structure of N’. This means simply that we use the one-to-one onto
correspondence F: N’ —» N to topologize N, and define the C* structure
on N in terms of coordinate neighborhoods U, ¢, where U = F(U’) and
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@ = (F|N) 'o¢@, using all coordinate neighborhoods U’, ¢" of the C*
structure of N’. A priori there is little relation between the topology and
differentiable structure thus given to the subset N of M and that of M.
However, the fact that F is continuous implies that the topology of N
obtained in this way is in general finer than its relative topology as a subspace
of M, that is, if V is open in M, then V n N is open in N, but there may well be
open sets of N which are not of this form.

An imbedding on the other hand is a particular type of univalent
immersion, one in which U’ is open in N’ if and only if F(U') = V n N for
some open set V of M so that the topology of the submanifold N = F(N’) is
exactly its relative topology as a subspace of M. An imbedded submanifold is
thus a special type of (immersed) submanifold.

Finally, a regular submanifold is an imbedded submanifold with the
inclusion i as imbedding map, and, conversely, as the next theorem shows, the
submanifold structure on N = F(N') given by any imbedding F is that of a
regular submanifold. Hence we have (i) (immersed) submanifolds and (ii)
their subclass imbedded or regular submanifolds, the latter being the most
natural and most important. Perfectly legitimate alternative definitions
would be as follows: let N be a subset of a C* manifold M which is
(somehow) independently given the topology and C® structure of a manifold.
Then N is a submanifold if for this structure the inclusion i: N — M is an
immersion and a regular submanifold if i is an imbedding, i.e., its given
topology is the relative topology as a subspace of M. Moreover,

(5.5) Theorem Let F: N’ — M be an imbedding of a C* manifold N of
dimension n in a C* manifold M of dimension m. Then N = F(N') has the
n-submanifold property and thus N is a regular submanifold. As such it is
diffeomorphic to N' with respect to the mapping F: N’ — N.

Proof Let g = F(p) be any point of N. As in Theorem 4.12, we choose
cubical coordinate neighborhoods U, ¢ of p and V, ¥ of g such that (i)
@(p) =(0,...,0)e C}0) = @(U), (1) ¥(q)=(0,...,0e CT(O) =y(V), and
(iii) the mapping F|U is given in local coordinates by F:(x!,...,x")—
(x!,...,x"0,...,0). If F(U) = V ~n N, then the neighborhood V, y would be
a preferred coordinate neighborhood relative to N. We may show this to hold
for restrictions U’ < U and V' < V. Since F is an imbedding, F(U) is a
relatively open set of N, that is, F(U) = W n N, where W is open in M, and
since V o F(U), it is no loss of generality to suppose W < V. Thus y(W) is an
open subset of C™(0) containing the origin and Y(W) > y«(F(U)), which is a
slice § of C™0), S = {xe C™0)|x"*! =-.- = x™ = 0}. Therefore we may
choose a (smaller) open cube C7(0) = y(W) and let V' = ¢~ (CH(0)), ¥’ =
Y| V. This is a cubical coordinate neighborhood of ¢ for which F(U) n V' =
V' AN; moreover, taking U’ = ¢ (C¥0))=F V'), we see that
U, ¢', with ¢’ = @|U’, is a coordinate neighborhood of p and the pair U’, ¢/,
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and V', ¢ have exactly the properties needed, namely, (i), (ii), (iii) and
F(U') = V' n N. This proves simultaneously that N has the n-submanifold
property and that F is a difffomorphism. The latter is true since the inverse of
F N"— N is given in the local preferred coordinates V', oy’ and U’, ¢’ by

F7YxY o, x™ = (x!,...,x"), which is clearly C*. |

(5.6) Remark The following addendum to Remark 4.13 and to the preced-
ing comments is often useful. Suppose that N = M is an (immersed) sub-
manifold and that ge N. Then there is a cubical neighborhood V,  of ¢ with
Y(q) = (0, ..., 0)e C7(0) = (V) such that the slice S’ = V, consisting of all
points of V whose last m — n coordinates vanish, is an open set and a cubical
coordinate neighborhood U, ¢ of the submanifold structure of N with U = §'
and @(r) = mo Y(r) = x'(r), ..., x(r)). Thus the coordinates on U are just the
restrictions to U of the first n coordinates of V, . The proof is left as an

CXCICise.

We now have a definition of regular submanifold, and we wish to obtain
examples—which are useful for many reasons, among which is that they give
further interesting examples of manifolds. Since it is usually easier to deter-
mine that a map from one C® manifold into another is an immersion than to
see that it is an imbedding, the following theorem is useful. A generalization

is given in Exercise 1.

(5.7) Theorem If F: N — M is a one-to-one immersion and N is compact,
then F is an imbedding and N = F(N) a regular submanifold. Thus a sub-
manifold of M, if compact in M, is regular.

Proof Since F is continuous and both N and N—with the subspace
topology—are Hausdorff, we have a continuous (one-to-one) mapping from
a compact space to a Hausdorfl space. Since a closed subset K of N is
compact, F(K) is compact and therefore closed. Thus F takes closed subsets
of N to closed subsets of N, and being one-to-one onto it takes open subsets
to open subsets also. It follows that F~! is continuous so F: N —» N is a
homeomorphism and therefore an imbedding. The rest of the statement
follows from our remarks above. |

The most useful method of finding examples of submanifolds is given by
the following theorem and its corollary. Since many examples of manifolds,
as we have seen, occur as submanifolds of some other manifold, especially
Euclidean space, the corollary is also very helpful in proving that some of the
objects we have looked at are indeed C* manifolds. Examples are given
below.

(5.8) Theorem Let N be a C* manifold of dimension n, M be a C* manifold
of dimension m, and F: N — M be a C* mapping. Suppose that F has constant
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rank k on N and that g € F(N). Then F~'(q) is a closed, regular submanifold
of N of dimension n — k.

Proof Llet A denote F~1(g); A is a closed subset since the inverse image
of {g}, a closed subset of M, under a continuous map is closed. We shall show
that 4 has the submanifold property for the dimension n — k. Let pe A4;
since F has constant rank k on a neighborhood of p, by the theorem on rank
(Remark 4.2) we may find coordinate neighborhoods U, ¢ and V, y of p and
g, respectively, such that ¢(p) and ¥(q) are the origins in R” and R™, o{U) =
Cr(0), y(V) = C™(0), and in local coordinate (x',..., x") and (y', ..., "),
F[U is given by the mapping

YyoFop Y(x)=F(x',...,x") = (x',..., x5 0,...,0).

This means that the only points of U mapping onto g are those whose first k
coordinates are zero, that is,

AnU =9 Y p=F "=y 1(0))

= o™ (F1(0) = 0~ {xe CHO) [ x' = = x* = O}
Hence A is a regular manifold of dimension n — k since it has the sub-
manifold property. |

(5.9) Corollary If F:N > M is a C* mapping of manifolds, dim M =
m < n=dim N, and if the rank of F = m at every point of A = F~'(a), then
A is a closed, regular submanifold of N.

The corollary holds because at pe A4, F has the maximum rank possible,
namely m. It follows from Section I1.7 and the independence of rank on local
coordinates that, in some neighborhood of p in N, F has this rank also; thus
the rank of F is m on an open subset of N containing A. But such a subset is
itself a manifold of dimension n—an open submanifold-—to which we may
apply the theorem.

The first two applications of Corollary 5.9 are just very simple ways of
demonstrating that $"~! and the torus, described, as in Example 1.3.4, by
rotating a circle around a line in its plane which does not intersect it, are
both manifolds. Other applications will be made in the next section.

(5.10) Example The map F:R"— R defined by F(x',...,x") =
Y7, (x)? has rank 1 on R" — {0}, which contains F~'(+1) = §"~'. Thus
§"~'is an (n — 1)-dimensional submanifold of R" by Corollary 5.9.
(5.11) Example The map F:R* — R given by

F(x*, X%, x%) = (a = (x")? + (B2 + ()
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has rank 1 at each point of F~'(b?), a > b > 0. Thus the locus F~'(b?), the
torus in R3, Fig. 1.2b, is a submanifold.

Exercises

1. Let F: N — M be a one-to-one immersion which is proper, i.e,, the inverse
image of any compact set is compact. Show that F is an imbedding and
that its image is a closed regular submanifold of M and conversely.

2. Show that the mappings i: M - M x N andj: N > M x N defined in
Exercise 3.5 are imbeddings.

3. Let A < M and B c N be submanifolds of M and N. Show that 4 x B
is (by inclusion) a submanifold of M x N. Show that if 4 and B are
regular, so is 4 x B,

4. Prove the statement of Remark 5.6.

5. If N is a submanifold of M and V is an open subset of M, possibly
connected, then show that N ~ V' is the union of a countable collection of
connected open subsets of N (with its submanifold topology).

6. Show by example that there may be functions that are C* on a
submanifold N of M that cannot be obtained by restriction of a C*
function on M.

7. LetS? = {xe R3||x|j = 1} and obtain P*(R) by indentification of antipo-
dal points of §2. Define F:R> — R* by F(x!,x2,x*) = ((x")* — (x*)?,
xix?, x'x3, xZx3). Since F(—x)= F(x), F|S? defines a mapping
F: P(R) —» R*. Show that F is a C* imbedding (cf. Hilbert and Cohn-
Vossen [1]).

6 Lie Groups

The space R" is a C® manifold and at the same time an Abelian group
with group operation given by componentwise addition. Moreover the alge-
braic and differentiable structures are related: (x, y) - x + y is a C* map-
ping of the product manifold R" x R" onto R", that is, the group operation is
differentiable. We also see that the mapping of R" onto R" given by taking
each element x to its inverse — x is differentiable.

Now let G be a group which is at the same time a differentiable manifold.
For x, ye G let xy denote their product and x~! the inverse of x.

(6.1) Definition G is a Lie group provided that the mapping of
G x G — G defined by (x, y) — xy and the mapping of G — G defined by
x — x~ ! are both C* mappings.

(6.2) Example Gl(n, R), the set of nonsingular n x n matrices, is as we
have seen, an open submanifold of .#,(R), the set of n x n real matrices
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identified with R™. Moreover Gl(n, R) is a group with respect to matrix
multiplication. In fact, an n» x n matrix 4 is nonsingular if and only if
det 4 # 0; but det(4AB) = (det 4)(det B) so if 4 and B are nonsingular, AB
is also. An n x nmatrix A is nonsingular that is, det A # 0, if and only if 4

lld.b a 1uulupuuauvc ulVUle, Lllub Ul\fl ll) lb d gluuy BULh th ulapb
(A, B) » AB and A — A~ ! are C®. The product has entries which are poly-
nomials in the entries of 4 and B, and these entries are exactly the expres-

w
sions in local coordinates of the product map, wh:ch is thus C®, hence C

The inverse of A = (a;;) may be written as A~ = (1/det A)(a ,J), where the
a;; are the cofactors of 4 (thus polynomials in the entries of 4 ) and where
det Aisa nnlvnnmml in ﬂ’\PQP entries which does not vanish o l(n R Tt

AAiiiial il ol CRALTIRD LI LV 12U 1> Sy R0

follows that the entries of A~! are rational functions on Gl(n, R) with non-
vanishing denominators, hence C® (and C*). Therefore Gl(n, R) is a Lie
group. A special case is GI(1, R) = R*, the multiplicative group of nonzero
real numbers.

(6.3) Example Let C* be the nonzero complex numbers. Then C* is a
group with respect to multiplication of complex numbers, the inverse being
z~! = 1/z. Moreover C* is a one-dimensional C* manifold covered by a
single coordinate neighborhood U = C* with coordinate map z — ¢(z)
given by o(x + iy) = (x, y) for z = x + iy. Using these coordinates, the
product w = zz’, z = x + iy, and z' = x’ + iy’ is given by

((x, )X, V) = (xx' — yy, xy' + yx')

and the mapping z - z~ ! by

= (e ‘y)

x+y x+y

This means that the two mappings of Definition 6.1 are C™; therefore C* is a
Lie group.

(6.4) Theorem If G, and G, are Lie groups, then the direct product
G, x G, of these groups with the C* structure of the Cartesian product of
manifolds is a Lie group.

The proof is left as an exercise.

(6.5) Example (The toral groups) The circle S' may be identified with
the complex numbers of absolute value + 1. Since |z, z,| = |z, ]|z, ],itis
a group with respect to multiplication of complex numbers—a subgroup of
C*. It is a Lie group as can be checked directly or proved as a consequence
of Example 6.3 and the next theorem. Combining this with Theorem 6.4, we
see that T" = §' x --- x S!, the n-fold Cartesian product, is a Lie group. It
is called the toral group. Since S* is abelian, T" is Abelian also.
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As might be expected, the subgroups—in the sense of algebra—ofa Lie
group which are also submanifolds play a special role.

lmnrpm

Let
gular submanifold. T
is a Lie group.

6.6 group and H a subgroup which is also a

ie
its differentiable structure as a submanifold H

_—
N’

3
:

The proof requires the following lemma, which is important in its own
right.

(6.7) Lemma Let F: A — M be a C* mapping of C* manifolds and sup-
pose F(A) = N, N being a regular submanifold of M. Then F is C* as a
mapping into N.

Proof Since N is a regular submanifold of M, each point is contained in
a preferred coordinate neighborhood. Let pe A, let g = F(p) be its image,
and let U, ¢ be a neighborhood of p which maps into a preferred coordinate
neighborhood V,  of g. We have y/(V) = C7(0) with y(q) = (0, ..., 0), the
origin of R™, m = dim M ; and V n N consists of those points of ¥ whose
last m — n coordinates are zero, n = dim N. Let (x!, ..., x?) be the local
coordinates in U, ¢ on A. Then the expression in local coordinates for F is
Fx', ..., xP) = (f1x), ... f"(x),0,...,0),
that is, /" !(x) = -+~ = f™(x) = 0 since F(4) < N.
However, V.~ N, m o |, . is a coordinate neighborhood of g on N, so
F, considered as a mapping into N, is given in local coordinates by

(x', . x") = (fHx), L (X)),

This is F followed by the projection = to the first n coordinates (projection of
R™ to R™), which is a composition of C* maps and is therefore C*.

(6.8) Remark Lemma 6.7 does not hold for general submanifolds! In
Example 49 if we map the open interval (—1, 1) by a mapping G into
N = F(R), the figure eight, so that it crosses the origin as shown in
FigIII.10, then G is C* as a mapping into R, but not even continuous as a
mapping to N. Thus N is diffeomorphic to the real line by F: R — N, and
identifying N and R, we may think of G as taking part of the open interval
(=1, 1), say (0, 1), onto the real numbers ¢ > 1, 0 onto 0, and (—1, 0), the
remaining part, onto the real numbers ¢ < —1. The image is not even con-
nected, so G is not continuous. But this lemma can be generalized to all
submanifolds by adding a continuity condition: see Exercise 5 (also Exercise
7 for an important consequence).
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3

- M =R?
Figure 11110

Proof of the Theorem 1t follows without difficulty that H x H is a
regular submanifold of G x G. Thus the inclusion map F,: H x H- G x G
is a C* imbedding. If F,: G x G — G is the C* mapping (g, ¢') = gg' and
F = F, - F, the composition, then F is a C* mapping from H x H — G with
image in H. Let F denote this map considered as a map into H; it is not the
same mapping as F since we have changed the range. We must show that Fis
C* and similarly that the map H — G given by taking h — k™' is C* as a map
onto H. These facts both follow from the lemma, which completes the proof.

We may use Theorem 6.6 and Theorem 5.8 to give many further
examples of Lie groups. To do so we make use of the following naturally
defined maps of a Lie group G onto itself: (i) x — x~', (ii) left and right
translations by a fixed element a of G, that is, L,, R,: G — G defined by
L,(x) = ax and R,(x) = xa. These maps are C* by definition of Lie group
and have inverses which are C*, so they are, in fact, difftfomorphisms. The
mapping of (i) is its own inverse and we have (L,)"'=L, . and
(Ra)Al = Ra‘l'

(6.9) Example Si(n, R) ={X e Gl(n,R)| det X = +1}is a subgroup and
regular submanifold of GI(n, R), hence a Lie group. To prove this, we con-
sider the mapping F: Gl(n, R) - R*, F(X) = det X. According to the pro-
duct rule, det(XY) = (det X)(det Y). Thus F is a homomorphism onto
R* = GI(1, R); it is also C* since it is given by polynomials in the entries.
Finally, its rank is constant: Let A€ Gl(n, R); let a = det A;and let Ly, L,
denote left translations in Gl(n, R) and GI(1, R) = R*. Then

F(X)= L, FoL, «(X)

since we have a-det(4”'X)=detX. Applying the chain rule,
Section I11.2.3, using DL, = a + 0, and using the fact that L,_, is a diffeo-
morphism (so that DL, , is nonsingular), we have

rank DF(X) = rank[aDF(A~'X)DL,-(X)] = rank DF(A™'X)
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for all AeGl(n,R). In particular, rank DF(X) = rank DF(X 'X) =
rank DF(I), and thus we see that the rank is constant as claimed. It follows
that Sl(n, R) = F~ (+ 1) is a closed, regular submanifold by Theorem 5.8. It

s also a Subgrgnn —in fact the kernel of a hnmnmnrnhlcm*}‘w virtue of the
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product rule for determinants; therefore it is a Lie group.

“t

(6.10) Example O(n) = {X € Gl(n, R)|'XX = I}, the subgroup of ortho-
gonal n x n matrices is a regular submanifold and thus a Lie group. Let
F(X)='XX, 'X = transpose of X, define a mapping from Gl(n, R) to
Gl(n, R). If A€ Gl(n, R), we will show that rank DF(X) = rank DF(XA™');
and since any Y e Gl(n, R) can be written in the form Y = XA ™', it follows
that rank DF is constant on Gl(n, R). To obtain this equality we note that
F(XA™'y= L., .°R,_° F(X). Therefore

DF(XA™ 'Y= DL,,_, °DR ,_, ° DF(X),
where DR -, and DL.,-, are evaluated at F ( ) and R ,-. (F(X)), respec-

tively. Then the equality of rank DF(XA™') and rank DF(X) follows as
above from the fact that DL,,-, and DR ,_, are everywhere nonsingular.
Since O(n) = F~!(I), where I is the identity matrix, the statement follows
from Theorem 5.8.

(6.11) Definition Let F: G; —» G, be an algebraic homomorphism of Lie
groups G, and G,. We shall call F a homomorphism (of Lie groups) if F is

also a C* mapping.

(6.12) Example Let G, = Gi(n, R) and G, = R* [= GI(1, R)]. Then the
map F given by F(X) = det X is a homomorphism.

(6.13) Example Let G, = R, the additive group of real numbers, and
G, = §', identified with the multiplicative group of complex numbers of
absolute value 1. Then the mapping F(f) = ™ is a homomorphism.
Similarly, letting G, = R", a Lie group with componentwise addition, and
G, =T"=S"x-.-- x §, the mapping F:R" —» T" given by F(t,,...,t,) =
(exp 2mit,,...,exp 2mit,) is a homomorphism. Its kernel is the discrete
additive group Z" consisting of all n-tuples of integers; it is called the integral
lattice of R".

(6.14) Theorem If F: G, — G, is a homomorphism of Lie groups, then the
rank of F is constant ; the kernel is a closed regular submanifold and thus a Lie
group; and dim ker F = dim G, — rank F.

Proof Let ae G, be arbitrarily chosen and let b = F(a) be its image 1n
G, . Denote by e, e, the unit elements of G,, G, , respectively. Then we may

write
F(x) = F(aa™'x) = F(a)F(a™'x) = L, o F(a 'x),



86 Il DIFFERENTIABLE MANIFOLDS AND SUBMANIFOLDS

so that for all x € G,
DF(x) = DL, -DF(a™'x).

Then, since L, is a diffeomorphism, and thus has nonsingular Jacobian
matrix at each point, the rank of F is the same at x and ¢~ 'x, hence constant.
By Theorem 5.8, ker F = F~!(e,) is a closed regular submanifold whose
dimension is dim G, — rank F. From Theorem 6.6, ker F is a Lie group since
it is a regular submanifold (and a group). 1
(6.15) Example A very useful example of a submanifold which is not
regular but is a subgroup of a Lie group is obtained as follows: Let
T2=S8'xS" and let F:R*->T? be given by F(x', x?) =
(exp 2mix®, exp 2nix?) as in Example 6.13. Then F is a C* map of rank 2
everywhere and is a homomorphism of Lie groups; the rank may be easily

computed at (0, 0) and it is constant by Theorem 6.14.

Now let « be an irrational number and define G: R — R? by G(1) =
(t, a1). Thus G is obviously an imbedding; its image is the line through the
origin of slope «. It follows that H = F o G is an immersion of R into T2
since DH = DF - DG has rank 1 for all te R. Moreover H is one-to-one
since H(t;) = H(t,) is equivalent to exp 2mit, = exp 2mit, and exp 2riot, =
exp 2miat, . However, exp 2niu = exp 2niv if and only if u — v is an integer.
Clearly t;, —t, and aft, —t,) are both integers only if t; =t,. Thus
H:R — T? is a one-to-one immersion and H(R) is an immersed submani-
fold. However, the interesting fact is that H(R) is a dense subset of T, s0 it is
about as far from being a regular submanifold as one can imagine: for
example, as a subspace it is not locally connected at any point.

We shall prove that H(R) is dense in T?Z.Since F is continuous and onto,
a dense subset D of R? is mapped to a dense subset of T2. We will show that
D = F~'(H(R)) is dense. D consists not only of the line of slope a through
the origin but of all lines which can be obtained from it by translation by an
integral vector in either direction, that is, any points (x! + m, x* + n), with
m, n integers and with x! = 1, x> = at, must also be in D since F(x', x*) =
F(x' 4+ m, x* + n). These lines are all parallel to the given one H(R). In fact
D consists of the union of all lines t — (¢ + m, at + n), that is, all lines with
equation

x?=ax! + (n — am)
for arbitrary integers n, m (Fig. IIL.11).
Obviously, D is dense on the plane if the y-intercepts (n — am) form a

dense subset of the y-axis. Thus we must show that given «, any real number
b, and any ¢ > 0, there is a pair of integers n, m with |b — (n —om)| <e.
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Assume that there exist integers n’, m' such that 0 < n' — am’ < ¢; since
n — o’ is irrational, it must then in fact be positive. It follows that for some
integer k, k(n' —am’) < b < (k + 1)(n — am’), which implies 0 < b —
k(" —am')< n' — am’ < & Since n — am = kn' — akm’ is a y-intercept of a
line of D, such that |b — (n — am)| < ¢, the following fact from number theory
suffices to complete the proof: Choose n’, m’ so that [m’| > 1/, hence so that

O<n—am <gor0<(—n)—o(—m) <e.

(6.16) If « > O is any irrational number, then there exist arbitrarily large
integers n', m' such that

A proof is given by Auslander and MacKenzie [1], or Hilbert and Cohn-
Vossen [1]. The preceding facts (Example 6.15) are essentially the Kronecker
approximation theorem; several beautiful proofs are given by Bohr [1].

We remark that H: R — T? in addition to being a one-to-one immersion
is a homomorphism of Lie groups so that R = H(R) is a subgroup alge-
braically and an immersed submanifold. It is clearly a Lie group with the
manifold structure of R. However, it is not a regular submanifold nor is it a
closed subset, although it is the image of a closed regular submanifold under a
local diffeomorphism F.



88 Il DIFFERENTIABLE MANIFOLDS AND SUBMANIFOLDS

(6.17) Definition A (Lie) subgroup H of a Lie group G will mean any
algebraic subgroup which is a submanifold and is a Lie group with its C*
structure as an (immersed) submanifold.

We have already discussed subgroups that are regular submanifolds. We
shall prove the following theorem about such subgroups

(6.18) Theorem If H is a regular submanifold and subgroup of a Lie group
G, then H is closed as a subset of G.

Proof LetV,y be a preferred coordinate neighborhood of e, the identity,
ie, y(e)=(0,....,00eC™0)and ge H ifand only if V n H/x" ()= -+ =
x"(g)=0,n=dim H and m =dim G. If 0 <6 < ¢, then V' = ¥~ HCT(0)),
V'and V' n H are in V. Let {h,} < H be a sequence such that lim,_,, h, = g.
We must show that ge H, hence H = H. For 0 <d <¢ choose W a
neighborhood of e sufficiently small so that W ='W = {g] '9,19,,9,€ G}
V' (cf. Exercise 1). Then there exists N > 0 such that L, _,(h,) =g 'h,e W
for n > N, and thus (g~ ‘h,) 'g 'h, = h,'h,e W~ 'W < V'. By continuity
of the group product, limh,'h,=h,'g, but since h,'h,eV’ for n,
m > N, we see that h, 'h,ge V' = V. On the other hand x/(h,'h,) =0 for
j= n+1,...,m and hence x/(h,, 'g) = O for the same j. Since this point is in
V, it follows that h,'ge H, which implies g e H. This completes the proof.
[Example 4.7 shows that this theorem does not hold for submanifolds in

general. | ]

(6.19) Remark A converse statement is also true: A Lie subgroup H of G
that is closed as a subset, i.e., H = H, is necessarily a regular submanifold (see
Lemma 1V.9.7). Thus closed Lie subgroups play a special role in Lie group
theory (cf. also Theorem 6.14)—although Example (6.15) shows that this
property is not preserved by homomorphisms. It is possible, in fact, to prove
a much stronger statement: If H is an algebraic subgroup of G and a closed
subset, then G is a Lie subgroup—and being closed, a regular submanifold.
For a proof of this important theorem (somewhat beyond the scope of this
text), see Helgason [1, Chapter II, Section 2], Chevalley [1], or Adams
[1, 2.27] (after studying Chapter IV!). Nevertheless, it motivates and vali-
dates terminology which we use hereafter: A subgroup H of a Lie group G,
which is a regular submanifold, will be called a closed subgroup of G.

Exercises

1. Show that given any neighborhood U of ¢, the identity of a Lie group G,
there exists a neighborhood ¥ of e such that V¥V ™! = U, and a neigh-
borhood W of e such that W? = WW = {g,4,19,, 9, W} < U.

2. Show that the collection {xU}, over all neighborhoods U of e, is a
base of neighborhoods for x (similarly for {Ux}).
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3. Let A be an arbitrary subset and U an open subset of a Lie group. Show
that AU = {au|ae 4, ue U} is open.
4. Prove Theorem 6 4 and also that the prOJectlons Pis

~f 0 22 (o ) the
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p, and injections i, j
x G, ,are homo-
morphisms of Lie groups.

5. In Lemma 6.7 show that if N is an immersed submanifold and F is
assumed to be continuous as a .‘,nppmo into N, then F is C® as a

mapping into N.

6. Show that if G is a Lie group, a€ G, then the map I,: G — G, defined by
I1,(x) = axa™?, is an automorphism of G.

7. Show that two one-to-one C® immersions F |, F,: N’ - M with the same
image N are equivalent in the sense of Exercise 4.4 if they induce the same
topology on N. [Hint: Use Exercise 5.]

8. Show that if H is an algebraic subgroup of a Lie group G. then its closure
H is also an algebraic subgroup. What does Remark 6.19 then imply?

9. In Example 6.15, assume that a {used in the definition of G) is a rational
number. Show that H(R) is then a regular submanifold of T2 diffeo-
morphic to S*. (In fact, it will be a knotted S*; see Seifert and Threlfall [1,

Section 52].

The definition of a group as a set of objects with a law of composition
satisfying certain axioms is a relatively recent development. Historically,
groups arose as collections of permutations or one-to-one transformations
of a set X onto itself with composition of mappings as the group product; for
if X is any set whatsoever, then the collection S(X) of all of its
“permutations”—in this broad sense—is easily seen to be a group with
respect to composition of permutations as product. The same is true for any
subcollection G which contains, together with each transformation
¢: X — X, its inverse ¢~ !, and which contains the composition ¢ - T of any
two of its elements ¢ and t. In particular, if X contains just n elements, then
S(X) is the symmetric group on » letters and has n! elements, the one-to-one
transformations of X onto itself. This was, for example, the point of view of
Galois [1], who considered groups of permutations of the roots of a polyno-
mial. Much later Klein [1] discovered the central role of groups in all of the
classical geometries: Euclidean, projective, and hyperbolic (non-Euclidean).
In this approach, to each geometry is associated a group of transformations
or permutations of the underlying space of the geometry, and in each case
the geometry with its theorems may be derived from a knowledge of the
underlying group. For example, the group G of Euclidean plane geometry is
the subgroup of S(E?) which leaves distances invariant: If x, ye E* and
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d(x, y) is their distance, then a transformation T: E* — E* is in the group if
and only if d(T'x, Ty) = d(x, y) for all x, y. This is called the group of rigid
motions and it is generated by translations, rotations, and reflections.

Even though the concept of group does not appear in Euclid’s axioms,
that of congruence does. These ideas are intimately related: Two figures are
congruent if and only if there is a rigid motion ¢ in G which carries one
figure onto the other. It is a consequence of the properties mentioned above
for g, € G that congruence is an equivalence relation.

Although the interpretation of groups as transformation groups of a
space has been superseded in algebra, it is still very important in geometry
and we shall need to discuss it in various aspects. We first define a very slight

generalization of the group S(X).

71 1\ T L lal o T nd £ Lan o ,‘4-. im i d V4 “‘l‘" i £
\I l) e 1Lt uUvucd 51U p dlld A S€t. 1 nen U lb bdl(.l lU act on A
(on the left) if there is a mapping 0: G x X — X satisfying two conditions:

Mgy, 0(g2 . x)) = 0(g1 92 » x) forall xe X.
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then the action is called continuous. When G is a Lie group, X is a C*
manifold, and 0 is a C*, we speak of a C* action. C* action is a fortiori
continuous.

As a matter of notation we shall often write gx for (g, x) so that (ii)
reads (g, g,)x = g,(g2 x). We also let §,(x) denote the mapping 6,: X — X
defined by 6,(x) = 0(g, x), g fixed, so that (ii) may also be written
0,04, = 05, 0,,. When we define right action, (i) and (ii) become:

g1
(i) O(x,e)=x and (ii) 0(0(x, g1), 92) = 0(x. g1 92)

Usually we are concerned with left action, but in both cases we usually say G
acts on X, and leave the rest to be determined by the context.

Note that 6,-, = (6,)~" since 6,-,¢ 6, = 6,-,, =0, = iy, the identity
map on X by (i). This means that each mapping 9 1s one-to-one onto, since
it has an inverse. This and (ii) show that the followmg statement holds:

g192

(7.2) If G acts on a set X, then the map g — 0, is a homomorphism of G into
S(X). Conversely, any such homomorphism determines an action with

0(g, x) = O,(x).
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We note that the homomorphism is injective if and only if 6, being the
identity implies that g = e. If this is so, we shall call the action effective.
When the action is effective, G may be identified with a subgroup of S (X ) by

Py a thn
this map g — 6, so that we have precisely the situation discussed in the

beginning of the paragraph. Needless to say, these considerations all refer

only to the set-theoretic aspects, since S(X) has not been topologized.
We also note thatif X is a tnnnlnmr‘ql space (f’ mamfn]d\ Ga fnnn]nol-

Q@15 11U <2 a5 & § S A0 L Lr a4 o

cal group (Lie group), and the action is contmuous (C*), then each 9 isa
homeomorphism (diffeomorphism).

(7.3) Example Let H, G be groups, and y: H = G, a homomorphism. It
is easy to check that 0:H x G — G defined by 0(h, x) = y{h)x is a left
action:
(i) O(e x) = y(e)x = x, since | takes the identity of H to the identity
of G, and
(i) O(hy, O(hy, x)) = 6(
hy

O(hy by, x) = Wlhyhy)x = (Yl )(hs))x.

These aoree by the associative law in G. If H and G are Lie esrouns and

1 UOT Qi Uy b assUs il L0 5i0Bpe A0 ‘P’

homomorphism of Lie groups, then the action is C*. This may be applied to
the case where H is a Lie subgroup of G (or even if H = G); in this case y is
the identity (inclusion) mapping of H into G and we say that H acts on G by
left translations.

O(hy. y(hy)x) = w(h )(¥(h;)x) and

is

)

(7.4) Example A rather simple but important example is known as the
natural action of Gl(n, R) on R": We let G = Gl(n, R) and X = R" and we
.define 0: G x R" = R" by 0(4, x) = Ax, this being multiplication of the
n x n matrix 4 by the n x 1 column vector obtained by writing xe R"
vertically. This satisfies (i) and (ii) rather trivially, (ii) being again associati-
vity (of matrix products):

(AB)x = A(Bx).

Since #: G x R"— R" is given by polynomials in the entries of
AeGl(n, R) and x € R", it is a C*-map:

xl

o] <)) = (F)

n

X

Now suppose that H = Gl(n, R) is a subgroup in the sense of Lie groups,
that is, H has its own Lie group structure such that the inclusion map
i: H — Gl(n, R) is an immersion, or—if H is a closed subgroup—an imbed-
ding. Then 0 restricted to H defines a C* action 0,: H x R" — R". This is
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because 0, = ¢ i, i: H — G is the inclusion map, and both 0 and i are C™.
Using this idea we may give further examples.

(7.5) Example Let H = GI(2, R) be the subgroup of all matrices of the
form (§ &) with a > 0. Then H is seen to be a two-dimensional submanifold
of GI(2, R) and therefore is a closed subgroup. The restriction to H of the
natural action of GI(2, R) on R? is just

6 ( a by [x! ) = ax! + bx?
B0 af \x2)) — ax? ’
which is obviously C*®, as expected.

(7.6) Example Identify E* with R" and let d(x, y) = (37=, (x' — )*)'"?
be the usual metric. The group G of all rigi 101
phisms T: R" — R” such that d(Tx, Ty) =
tions T of the form

Av 1+ h

{.\ vl
\*) nXj= ax -

P R YAt

A mdimnine tlat io  A:fE
U IV LU, tiidl 1, ullievuinul=
(x, y) is given by transforma-

s

where A4 € O(n) and b € R"—a rotation” 4 of R" about the origin followed by
a translation taking the origin to b. The group operation is composition of
rigid motions.

The group of rigid motions is a Lie group. It is in one-to-one correspon-
dence with O(n) x R" and takes its manifold structure from this correspon-
dence, which is given by assigning to each rigid motion () the pair
(4, b)e O(n) x R". [However, G is not a direct product in the group theor-
etic sense (Exercise 6).] Since 0: G x R" — R" defined by 0((4, b), x) =
Ax + b, 0 is a C* mapping. Verification that § defines an action is left to the

exercises.

(7.7) Definition Let a group G act on a set M and suppose that 4 — M is
a subset. Then GA4 denotes the set{ga |g e G and a e 4}. The orbit of xe M is
the set Gx. If Gx = x, then x is a fixed point of G;and if Gx = M for some x,
then G said to be transitive on M. In this case Gx = M for all x.

(7.8) Example Consider the natural action of Gi(n, R) on M = R". The
origin 0 is a fixed point of GI(n, R}and Gl(n, R) is transitive on R" — {0}. For
if x=(x'...,x")+# 0, then there is a basis f, ..., f, with x =f,. If we
express these basis elements in terms of the canonical basis f; = Y _; a;;e;,
i=1,...,n then we see that x = 4 - e;, 4 = (a;)) € Gl(n, R). From this it
follows that every x = 0 is in the orbit of e;. This action is not very inter-
esting from the point of view of its orbits. However, if we consider this action

¥ Including reflections: A is a proper rotation if det A = +1.

vy
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restricted to various subgroups G = Gl(n, R), then the orbits can be quite
complicated. A relatively simple case of this type is obtained by letting
G = O(n), the subgroup of n x n orthogonal matrices in Gl(n, R). This is a
closed subgroup as we have seen, and the natural action of Gl(n, R) res-
tricted to O(n) is a C* action by Example 7.4. The orbits are the concentric
spheres with the origin being a fixed point (sphere of radius zero).

(7.9) Remark The same facts from linear algebra that we used above also
show that Gl(n, R) is transitive on the collection B of all bases of R". Given
any basis {f;, ..., f,}, then there exists A e Gl{n, R) such that 4-e; = f;, in
fact there is exactly one such A. Thus, letting f= {f,,...,f} and
e = {e,, ..., ,} be clements of B, we may define a left action of Gi(n, R) on B,

that is, a mapping 6: Gl(n, R) x B — B by
(A, e)=A-e=1f={de,, ..., Ae,}.

This action is transitive as mentioned, moreover the uniqueness of 4 (such
that 4 - e = f) implies that it is simply transitive, that is, given bases f, T, there
is exactly one 4 € Gl(n, R) such that 4 - f = T. This means that Gi(n, R) is in
one-to-one correspondence with B: 4 € Gl(n, R) corresponds to 4 - e, where
e is the canonical basis. We may use this correspondence to give B the
topology and C* structure which makes it diffeomorphic to Gl(n, R). As a
C* manifold it is called the space of frames of R".

We have already mentioned quotient spaces of an equivalence relation as
a possible source of manifolds and, in fact, we have produced two examples
of such: projective spaces and Grassman manifolds. The most useful and
important source of such spaces is furnished by the action of groups on
manifolds; at the moment we can only consider the topological aspects, and
then only in part, as a preview of things to come.

As a matter of notation we let G denote a Lie group, M a C* manifold,
and we assume a C* action 0: G x M — M. We define a relation ~ on M
by p ~ q if for some g € G we have g = 0,(p) = gp. It is easily seen that ~ is
an equivalence relation and that the equivalence classes coincide with the
orbits of G. In fact, p ~ p since p = ep and p ~ g means g = gp, which
implies p = g~ 'q or g ~ p, so that the relation is reflexive and symmetric.
Finally, given that p ~ gand g ~ p, we must have ¢ = gp and r = hq so that
r = (hg)p and then p ~ r. Obviously, p ~ g implies that p and g are on the
same orbit, so the equivalence class [p] = Gp. Conversely, if g Gp, then
p~ qso Gp < [p]

We denote by M/G the set of equivalence classes; it will always be taken
with the quotient topology (Definition 2.1) and will often be called the orbit
space of the action. With this topology the projection n: M — M/G (taking
each x e M to its orbit) is continuous, and since the action @ is continuous, ©
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is also open: If U = M is an open set, then so is §,(U) for every ge G and
hence GU = [U] = |, 0,(U), being a union of open sets, is open. The
orbit space need not be Hausdorff—but if it is, then the orbits must be closed
subsets of M (each is the inverse image by zofa point of M/G and points are

closed in a Hausdorfl bpd(.c:) We shall be particularly interested in discover-
ing examples in which M/G is a C* manifold and n a C* mapping.

fom a N\

(7.10) Example When M = R" and G = O{n} acting naturally as a sub-
group of Gi(n, R), then the orbits correspond to concentric spheres and thus
are in one-to-one correspondence with the real numbers r > 0 by the map-

B L P P soh omh
pinig wnicn assigns to cach spncre its radius. This is a homecmowhlsm of

R"/0O(n) and the ray 0 < r < oo this is not a manifold, but it is almost one.

smle T oot (Tha o T ia geoisie o
\/ 11) Example Let G be a Lie group and H a subgroup \m theal

sense). Then H acts on G on the right by right translations. If H is a Lie
subgroup, then according to Example 7.3 this is a C* action; the set

1aft t s | ith th Y 1 1 1
left cosets coincides with the orbits of this action and is thus a space with th

quotient topology. We have the following facts concerning G/H {with this
topology).

(7.12) Theorem The natural map n: G — G/H, taking each element of G to
its orbit, that is, to its left coset, is not only continuous but open; G/H is
r’nv{‘{‘ ]f I'l'ld/l n ‘{‘ L" ‘l(' I‘lGl‘nl;

JAMM )uUIJ b Ll l [ a4

Proof Since this space—usually called the (left) coset space—coincides
with the orbit space of H acting on G, n is continuous and open. To prove
the last statement we use the C* mapping F: G x G — G defined by
F(x, y) = y~'x. Since F is continuous and F ~!(H) is the subset R = {(x. ) |
x ~ y} of G x G, we see by Lemma 2.4 that R is closed and G/H is Haus-
dorff if and only if H is a closed subset of G. |

We conclude this section with two definitions, using terminology which
we justify in the exercises.

(7.13) Definition Let G be a group acting on a set X and let xe X. The
stability or isotropy group of x, denoted by Gx, is the subgroup of all cle-
ments of G leaving x fixed, G, = {ge G |gx = x}.

(7.14) Definition Let G, X be as in the previous definition. Then G is said
to act freely on X if gx = x implies g = e, the identity, that is, the identity is
the only element of G having a fixed point.
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Exercises

Show that if G acts on X as in Definition 7.13, then for each x, G, is a
subgroup of G, which in the case of continuous action is a closed subset
of G.

Suppose that G acts transitively on X. Then given x, y€ X, prove that
G, and G, are conjugate subgroups of G.

Let G act transitively on X and tet x, be a point of X. Define F: G — X
by F(g) = gxo. Prove: (i) that there is a unique one-to-one mapping
F:G/G,,—» X such that F = Fom,n: G — G/GxO, the natural projec-

~
~mcmto s 0 oad PP Ao 2

llUll to COdCLS, \ll) inat r ana [' are coiitiituous ll lllU dbllUll lb COftin-
uous and in this case F is a homeomorphism if and only if F is open.
Show that O( ) acts transitively on S"f1 thc unit sphere of R", in a

............

Show that Gi(n, R) acts transmvely on P~ (R) and determine the

isotropy subgroup of [(1.0,...,0)]
T at v I nwnd Adafine nradiiat in (2 ho (A
Lot U - ll\”’ A ¥ alivd UVl a prouvust 11 ur vy \[’i U}\U VV}

(AB, Bv + w). Prove that G is a Lie group and acts on R" by

(A, v)- x = Ax + v. Show that {I} x F* [ being the identity matrix, is
ubmanifold and normal enhorn 1ip and that f)(n\ X fﬂl 1S a

CUiliaiinaUiu ax 3103 S 891-51 “p a

ubmanifold and subgroup of G
Let G be the set of 2 x 2 matrices of the form (O *), where a > Oand b

are real numbers. Show that G 15 a Lie group nd acts on R by

a1 1Ca: nuavva 54 iU avis Ot

(o3

9((8 11’) x) =ax +b.

Let H, a subgroup of G, act on G by left translations. Prove that this is a
free action. Show that if G acts freely and transitively on the left on X,
then G and X are in one-to-one correspondence and if they are
identified, the action is equivalent to left translations.

Let the multiplicative group of nonzero real numbers R* act on
Ri*' =R"*' — {0} by 6:R* x R{™' — Ry*!, defined by 0(t,x) =
Show that R}*!/R* is homeomorphic to P*(R).

Let G be a Lie group and H be a closed subgroup and define a left
action 0: G x G/H — G/H by 0(g, xH} = (gx)H. Show that this action
of G on the coset space G/H 1s continuous and that the isotropy group
of [e] = H is exactly H itself.

As in Example 2.6 identify the k-frames in R", F(k,n), with k x n
matrices of rank k. Show that Gl(k, R) acts on F(k, n) by left multiplica-
tion with G(k, n) as orbit space and that the right action of GI(n, R) on
F(k,n) induces a transitive action on G(k, n).
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8 The Action of a Discrete Group on a Manifold

We will consider in some detail what might seem to be the simplest case
in which we could hope to use group action to obtain new examples of
manifolds via the quotient or orbit space concept discussed in the previous
section. By a discrete group I' we shall mean a group with a countable
number of elements and the discrete topology (every point is an open set).
The countability means that T' falls within our definition of a manifold: it
has a countable basis of open sets each homeomorphic to a zero-
dimensional Euclidean space, that is, a point. Thus I is a zero-dimensional
Lie group. In this case to verify thatan action 0: I' x M — M is C*, we need
only show that for each he I the mapping 0,: M — M is a diffeomorphism.
For convenience of notation, we will let k denote 6, , writing hx for ,(x), and
so on. We suppose then that a C* action is given and consider the set of
orbits M = M/l with the quotient topology discussed before: U < M is
open if and only if 77 !(U) is open in M, where n: M —» M denotes the
natural map taking each x to its orbit I'x; we have seen that z is then
continuous and open.

If M is Hausdorff in this topology, then points are closed sets and the
inverse image of any pe M, that is, the orbit ™' (p), must be closed. Thus an
obvious necessary condition for M to possess some kind of reasonable topo-
logy and manifold structure is that for each xe M the orbit I'x is closed.
However, this condition is not sufficient. A stronger requirement is the

fLFl}UWlle Given a any puun{ X e ]\v'xf and any ""q“”"”” ”’1 l “{"]””"”' elements nf

T, then {h,x} does not converge to any point of M. A group action with thls
property is called discontinuous; it is equivalent to the requirement that each
orbit be a closed, discrete subset of M. In the presence of other conditions
this is sometimes enough to ensure that M/T is Hausdorfl (see Exercise 2),
but in general we need the following condition, which is even stronger:

(8.1) Definition A discrete group I' is said to act properly discontinuously
on a manifold M if the action is C® and satisfies the following two
conditions:

(i) Each xe M has a neighborhood U such that the set {hel|
hU n U # @} is finite;

(ii) 1If x, ye M are not in the same orbit, then there are neighborhoods
U, Vofx,ysuchthat UnTV = 4.

Observe that (ii) implies at once that M = M/T is Hausdorfl: In fact it is
equivalent to the statement that the subset R = {(x, y)|x ~ y} = M x M is
closed (compare Lemma 2.4).

A consequence of proper discontinuity is the following statement whose
proof is left as an exercise (Exercise 3)—it could be used to replace (i) in the
definition, so we denote it by (i').
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(i) The isotropy group T, of each xe M is finite, and each x has a
neighborhood U such that \U U = F if h¢ 'y and hU = U ifhel,.

(82) Example Let M = S"" ', the set {xe R"l x| = 1}and I' = Z,, the
cyclic group of order 2 with generator h, that is, I consists of h and h* = e,
the identity. Then h(x) = —x and e(x) = x defines an action of " on §"~ 1. It
is left as an exercise to see that the action 8: Z, x S" ! — 8" ! is free and
properly discontinuous and that the quotient space S*~1/Z, is none other
than real projective n — 1 space P""*(R).

This and other examples, such as S* identified with R/Z (see Example 8.7

below), lead to the following theorem:

(8.3) Theorem Let I' be a discrete group which acts freely and properly
discontinuously on a manifold M. Then there is a unique C® structure of
differentiable manifold on M = M/T (with the quotient topology) such that
each peM has a connected neighborhood U with the property:
a1} (U) = J U, is a decomposition of n~*(U) into its {open) connected corn-
ponents and n | U, is a diffeomorphism onto U for each component U,.

Proof The manifold M is Hausdorfl since I' acts properly discontin-
uously. By Lemma 2.3 it has a countable basis of open sets. Using both (1)
and the assumption that the action is free, we may find for each xe M a
nelghborhood U such that hU n U = & except when h = e. This ‘mplies
that 7 (= = | U) is one-to-one onto its image U, and therefore 7 U-Uis
a homeomorphlsm of U to the open set U-—the mapping 7 being both
continuous and open. There is no loss of generality in supposing U to be a
connected coordinate neighborhood U, . Then taking ¢ = & ° np', we
have ¢: U — o(U )c R" is a homeomorphism. Since every pe M is the
image of some x e M, we see that M is locally Euclidean. Thus M is a
topological manifold. The coordinate neighborhoods U, ¢ just described
will be called admissible: If they are C* compatible, then they determine a C*
_ structure on M for which 7 is C*, in fact is a local difftomorphism. Suppose
that U = n(0)and V = n(V)are overlapping admissible nelghborhoods with
coordinate maps ¢ = @ong! and ¥ = ¥ oy t. Although U~V may be
empty, there must bean he I’ such that U n hV # Q Since t = n o h, we may
wntexpl—nwl—nohw  hence gpoy ' =Gonglonohoh !
@oho 1// !. These are all C* maps in fact diffeomorphisms, and hence
poyylis C°° The same holds for ¥ - ¢ !, which proves that the admissible
neighborhoods U, ¢ define a C* structure The coordinates of pe U and
F(p)e U being exactly the same, 7|0 is a diffeomorphism, and hence
n=mohis a diffeomorphism of A onto U for any heT. Since {n~'(U)}
covers M, n: M — M is a C* map and a local diffeomorphism. Because of the
requirement that n(0) be a diffeomorphism, no other C* structure is
possible. |
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We remark that x is C® of rank n = dim M = dim M since itis locally a
difffomorphism. Of course, it can be one-to-one only when I' = {e} for
n~!(p) = I'x for some x, and this orbit I'x is in one-to-one correspondence
with T itself by virtue of the assumption that I acts freely.

We shali prove a lemma and then a theorem which will supply some
examples of free, properly discontinuous action.

(84) Lemma Let G bea Lie group and T an algebraic subgroup. Then there
is a neighborhood U of the identity e such thatT n U = {e} ifand only if U is a
discrete subspace, in which case I' = T, i.e,, I is closed and countable.

Proof Clearly, if T is a discrete subspace, then every hel has a
neighborhood V in G such that ¥ AT = {h}. Conversely, if eI has such a
neighborhood, say U, then for any he T, V = hU contains only the element h
of I'. It is even possible to choose then a neighborhood W of e such that
WW ™! ¢ U, in which case h,W n h, W = ¢S unless h, = h,. Forif hyw, =
h,w, is the intersection, then h;'h, = wyw;'e W < U which implies
h;h, = e or h; = h,. Then I must be countable since {hW|heT} is a
nonintersecting family of open sets in one-to-one correspondence with I'. Any
such family is countable since G satisfies the second axiom of countability.
Finally, if T" is not a closed subset, it is easy to see that there must be a
sequence {h,} = I with lim,_, , h, = e. This contradicts the existence of U
with U n T = {e}. |

We remark that a I' with this property is a closed zero-dimensional Lie
subgroup of G in the sense of Definition 6.17; such subgroups are often
called simply discrete subgroups. We give examples below.

(8.5) Theorem Any discrete subgroup T of a Lie group G acts freely and
properly discontinuously on G by left translations.

Proof No other translation than the identity has a fixed point so the
action is free. To see that it is properly discontinuous we must check (i) and
(i) of Definition 8.1. Choosing U, V neighborhoods of e as in the proof of
the preceding lemma so that VV ™' < U and U n T = {e}, we see that the
only he I such that 'V n V # ¢ is h = e. This proves (i). To prove (ii) we
argue as follows. If I'x and 'y are distinct orbits, then x ¢ I'y, and since 'y is
closed, by the regularity of G there is a neighborhood U of x such that
UnTy= . Let V be a neighborhood of e such that xVV ™! < U. If the
open sets I'xV and T'yV intersect, then some element of xV V'~ ! must be in
'y, which is an immediate contradiction. This completes the proof. |

(8.6) Corollary IfT is a discrete subgroup of a Lie group G, then the space
of right (or left) cosets G/T is a C* manifold and n: G — G/T" is a C* mapping.
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This is a combination of Theorems 8.3 and 8.5. It may also be considered
as a generalization of Theorem 7.12 since I is a closed subgroup of G.

) A u 1t example is the following. Let
G = 7, that is, R" considered as a vector space, and let I' = Z”, the n-tuples
of integers—usually called the integral lattice. [More generally one could
take for I the integral linear combinations of any basis f,, ..., f,of V"] Tisa
discrete subgroup; the neighborhood C?(0) of the origin with ¢ < 1 does not
contain any element of I" other than (0, ..., 0). The reader should verify that
VT = V"/Z" is difffomorphic to T" = §' x --- x §!, the n-dimensional
torus, and that # is a Lie group homomorphism of ¥” onto T" with I" as
kernel.

(8.7) Example A particularly important exa
\ r r J r

(8.8) Example Any finite subgroup I' of a Lie group G is a discrete
subgroup. When C is compact, a discrete subgroup must be finite; but even
in this case there are interesting examples. Thus in the case of SO(3), the
group of 3 x 3 orthogonal matrices of determinant + 1, the subgroups of
symmetries of the five regular solids give examples among which 1s the
famous icosahedral group, which contains 60 elements. (See Wolf [I,
Section 2.6].)

(8.9) Example In the case of groups which are not compact we have
many variations of the following theme: Let Gy = Gl(n, R) and
I’y = Sl(n, Z), the n x n matrices with integer coefficients and determinant
+ 1. Since the topology of G, is obtained by considering it as an open subset
of R™, it is clear that 'y, corresponds to the intersection of G, with the
integral lattice Z”* and hence is discrete. Having said this, suppose G to be a
Lie subgroup of G, and let I' = I'y n G. Then I' is discrete in G. An illustra-
tion is the following: Let G be all matrices in Gl(n, R) with + 1 on the main
diagonal and zero below and let I" be its intersection with Si(n, Z).

An interesting question about which one can speculate is the following:
In which, if any, of these cases is G/I" compact? Note that it is compact when
G = V*and I" = Z". A necessary and sufficient condition for compactness is
the existence of a compact subset K = G whose I'-orbit covers G, I'K = G.
In Example 8.7, any cube K of side one or greater has this property.

We terminate by mentioning some examples related to “ tiling ” the plane
and to crystallography. Note that reflection in a line is a rigid motion of the
plane, and in fact any rigid motion is a product of reflections, which thus
generate the group of motions of the plane. For example, the group I’
generated by reflections in the four lines x = 0, x = 4, y = 0, y = 1 relative
to a fixed Cartesian coordinate system contains the group of translations
(x,y) = (x + m, ¥y + n), m, n integers. This latter group may be identified
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with the subgroup Z2 of ¥? discussed above. Moreover the action of I'
leaves unchanged the figure consisting of lines x = k/2, y = /2, k, I integers,
that is, a collection of squares which “tile” the plane.

Similarly, if we tile the plane with other polygons as in Fig. I11.12, we see
that the group I of reflections in ail lines forming edges of these poiygons
leaves the whole configuration or tiling unchanged. The reader can verify
geometrically that the group T in these illustrations acts properly discontin-
uously. Is the action free? This is an important method of obtaining such
group actions. It has an immediate extension to E3, where it is intimately
related to crystal structures. (See, e.g., Grove and Benson [1].)

Exercises

1. Let T be an abstract group acting as diffeomorphisms on a C* manifold
M and assume that I, is finite for every pe M. If the orbits are closed,
discrete subsets of M, then prove that I is necessarily countable and the
action discontinuous.

2. Suppose that a C* manifold M is a metric space and that I is a discrete
group of C* isometries acting discontinuously on M. Show that the
action is necessarily properly discontinuous.

3. (a) Show that (i) may be replaced by (i) in Definition 8.1; and
(b) show that (ii) may be replaced by (ii'): M/I" is Hausdorff.

4. Show that the only closed nontrivial subgroups of R are of the form
[ = {nala # 0, ne Z}. Determine all closed subgroups of R".

5. Verify the statements of Example 8.2.

6. Let G consist of all 3 x 3 matrices which have + 1 along the diagonal
and zero below and I' the matrices in G with integer entries. Show that T’
is a closed discrete subgroup and G/I' is a compact HausdorfT space.

7. Prove that a discrete normal subgroup of a connected Lie group G is in
the center of G.
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9 Covering Manifoids

Some of the examples of the previous section are intimately related to the
notion of covering manifolds. Let M and M be two C* manifolds of the
same dimension and m: M — M a C*® mapping. Using this notation, we
make the following definition:

(9.1) Definition M is said to be a covering (manifold) of M with covering
mapping = if © is onto, M is connected and if each pe M has a connected
neighborhood U such that n~'(U) = | U,, a union of open components
U,, with the property that n;,_, the restriction of = to U, is a diffeomorphism
onto U. The U are called admissible neighborhoods and = is calied the
projection or covering mapping.

Examples abound in the previous section: M = R covers M = S!
realized as complex numbers of absolute value +1 with =(r) = exp 2rit.
(This may be visualized as in Fig. I11.13 with © the projection to the circle S*.)
More generally M = R" covers T”. Example 8.2 shows that S*! covers
P"~'(R) and in a very general way Theorem 8.3 tells us that if " acts freely
and properly discontinuously on M, then M covers M = M/l Here the
map = is the obvious one: it takes each x € M to its orbit ['x which is a point
of M

must be much more extensive than those furnished via Theorem 8.3. We
shall see much later that this is not the case. At present we can only begin to
show how this is demonstrated. Let us assume then that n: M — M is any
covering of a manifold M by a connected manifold M. We indicate how this
may give rise to a group I” acting freely and properly discontinuously on M.

(9.2) Definition A diffeomorphism h: M — M is said to be a covering
transformation, or deck transformation, if n - h = .

Note that this is equivalent to the requirement that each set ™ !(p) is
carried into itself. In case the covering is one arising from free, properly
discontinuous action of a group I' on M, then each heT is a covering
transformation of the covering n: M — M/I". More generally, the set T of all
covering transformations acts as a group of diffeomorphisms on M. It
contains at least the identity so it is not empty.

Given any x € M and p = n(x), let U be an admissible neighborhood of p
son Y(U)y= ) U,, where « = 1, 2,... (the collection of mutually disjoint
neighborhoods {U,} must be countable) Since the U, are connected com-
ponents of 7~ *(U), either (U,) " U, = ¢, or hl(U) = Uy and h: U, - U, is
a diffeomorphism —with k| T, = n5! o mg, . We can conclude that the points
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left fixed by h form an open set. By continuity of h they also form a closed set,
and — M being connected —this set is empty or h is the identity. In particular,
two covering transformations with the same value on a point x must be
identical. Thus covering transformations are completely determined by the
permutation x — o they induce on the set of points {x,} == 1(p) for an
arbitrary (but fixed) point pe M. In partlcular the action of I" on M is free. If
X ET ~1(p), then h — hx, maps [ into =~ *(p). This mapping is an 1n]ect10n SO
" must be countable, and as a discrete group of diffeomorphisms of M, it acts
differentiably on M. This proves, in part, the following theorem:

(9.3) Theorem With the notation above, T acts freely and properly discon-
tinuously on M and the natural map 7, M — M/T is a covering mapping. IfTis
a transitive on 7~ \(p) for every p € M, then there is a natural identification of M
with M/T and of =, with n.
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Proof We have already seen that T" acts on M freely since only the
identity has a fixed point. We must check (using admissible neighborhoods)
that the actlon is properly discontinuous. If xe M and p = n(x), then
xeixl; =7 (p), say x = x;, and if h # e, then h(xl) = X, # X; SO
WU,) = Uﬂ with U,, ~n U, = (&. Thus part (i) of proper discontinuity is
proved.

For part (i) we take x, y e M not in the same orbit of T and con-
sider two cases: either n(x) = n(y) or not. If they are the same, denote
this point by p, as above and note that in permutmg{ X} =n"Y(p),nohel

talag v L vhaneca 17 ot anrriad o I7 ke amo bk~ 10
ldKes X = X, to y = Aﬂ \un +* p;, Wil o/, 1S 1oL Carrica (o Upg VY dlly nei.

This establishes (ii) of Definition 8.1 in this case. When, on the other hand,
n(x) = p and n(y) = q are distinct, it is even easier. Let U, V be disjoint

admissible neighborhoods of n, 4, rpcppphvp]v Then the open sets n_l(Lf)

CRISSIVIL ULV OIR008s VL

and = !(V) are disjoint and carried into themselves by every he T, so they
answer to requirement (ii). Thus the action is properly discontinuous and the
first part of the theorem follows from Theorem 8.3.

To prove the second part of the theorem we define n,: M/T" > M by
m,([x]) = n(x), where x € M and [x] is its [-orbit. Since n(x) = n(h(x)) for
any hel, n, is well-defined and # = 7, n,. We leave it as an exercise to
verify that 7,: M/T" — M is a covering. If T"is transitive on =~ !(p) for each
pe M, then n~'(p) is a T-orbit and n; '(p) is a single point of M/T". In this
case the latter part of the theorem is a consequence of the following easy
lemma applied to x,. ]

(94) Lemma Let n: M — M be a covering and suppose that for some
pe M, n~!(p) is a single point. Then = is a diffeomorphism.

Exercises

1. Prove Lemma 9.4 by using the connectedness of M.

2. Show that m,: M/T" — M as defined above is a covering.

Show that the covering transformations form a group and that if

X, y€ M, a covering manifold of M, then there is at most one covering

transformation taking x to y. Show further that if [" is transitive on

7~ }(p) for some p e M, then it is transitive for every p.

4. Let m: M — M be a covering and X a connected space F: X - M a
continuous mapping. Suppose F,, F,: X — M are continuous, have the
property that mo F; = F, and agree on one point of X. Show that
F,=F,

5. Letm: M — M beacoveringand F: [a, b)] - M a continuous curve from
F(a) = pto F(b) = q.If xoe ™ !(p), show that there is a unique contin-
uous curve F: [a, b] — M such that F(a) = xo and no F = F.

(F%]
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6. Let I = [0, 1] be the closed unit interval and I" = I x -+ x I, the n-fold
Cartesian product. Suppose F:["—>M is continuous with
p=F(0,...,0). If n: M — M is a covering and xen" '(p), then prove
that there is a unique continuous map F: I" — M such that F = n < F
and F(0,...,0) = x.

7. Let M, M be C* manifolds of dimension n and n: M - M a C* map
which is onto and has rank n at each point. Prove or disprove the
statements: (a) 7 is locally a diffeomorphism; (b) 7 is a covering map.

Notes

The concept of differentiable manifold which was presented in this chapteris t
many influences and the work of many great mathematicians beginning with Gauss and Riem-
ann. In its present form it is of fairly recent creation. The early work in differential geometry was
of a local character—hence open subsets of Euclidean space were adequate models. Even the
space of non-Euclidean geometry, as a manifold, is equivalent to Euclidean space—it is only the
metric aspects of the geometry which are different. The same is true of Lie groups, as studied by
Lie, since only group germs or local Lie groups, that is, neighborhoods of the identity, were
considered. Fxcept for Riemann surfaces and projective spaces, there was little to force the

ha racu 1t of
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global aspects of manifolds into prominence. Nevertheless it seems clear that Riemann, and
certainly Poincaré, conceived of manifolds in essentially the same way that we do today although
without the present precise separation between the underlying topological space and the
differentiable structure. In fact the concept was so difficult that even many great mathematicians
—well into this century — were unable to grasp the concept of a topological or differentiable
manifold. This depended on the idea of overlapping coordinate neighborhoods. perhaps first
clearly expressed in the book on Riemann surfaces by Weyl [ 1] published in 1923 and brought to
its present form in the seminal paper of H. Whitney [1] published in 1936. This paper was
particularly important in that it showed that there was no essential distinction between an
abstract manifold (Def. 1.2) and a regular submanifold of Euclidean space (cf. Theorem V.4.7).
Poincaré, whose imprint is everywhere in this subject, studied manifolds from many points
of view: as phase spaces of dynamical systems, as Riemann surfaces (in which covering spaces
and discontinuous groups played an important role), and from the aspect of algebraic topology.
{For discussion of these topics the reader can consult the survey article by Smale [1] and the
books of Siegel [1] or Lehner [1].) All of the work of Cartan on Lie groups and differential
geometry (see Chern and Chevalley [1]) has had an enormous influence on the subject as has the
enormous development of algebraic topology, beginning especially with the work of L. E. J.
Brouwer and H. Hopf. The latter was particularly interested in the interplay between topological
invariants and differential geometric properties, beginning with his paper (Hopf [1]) in 1925.
The work of the past 50 to 60 years is far too extensive to summarize here, however one
recent development is of special relevance to this chapter. One basic question left over from the
foundations of the subject was a better understanding of the relation between the underlying
topological structure of a manifold and its differentiable structure. It was long believed that, up
to diffeomorphism, only one differentiable structure could be defined on a topological manifold.
In a famous paper in 1956 Milnor [4] showed that this was not in fact the case and that S7 was a
counterexample. Soon after Kervaire and Milnor [1] showed that many spheres fail to have a
unique C* structure (see their tabulation below). Then in 1961 Kervaire found an example of
topological manifold of dimension 10 with no differentiable structure at all! Finally, very recently
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it has been shown that every Euclidean manifold R", with the exception of R*, has a unique
differentiable structure but that the exception R* has many (see Freedman [1] and Gompf [1]).

A very readable introduction to some of these questions may be found in Milnor 5], a
book which also contains a discussion of the Poincaré conjecture by R. H. Bing.

THE DIMENSION n AND NUMBER m OF NONDIFFEOMORPHIC
STRUCTURES ON S”"

n|l 2 3 45 6 7 89 10 11 12 13 14 15 16

m{1 1 711 1 28 2 8 6 992 1 3 2 16256 2




IV VECTOR FIELDS ON A MANIFOLD

In this chapter we introduce some of the most basic tools used in the study of differentiable
manifolds. First we define the tangent space T,(M) attached to each pe M, M a C* manifold.
Each element X, of T{M) can be considered as an operator (dircctional derivative) on
C~-functions at p, generalizing one of the definitions in the case of R". We also see thata C*
mapping F: M — N induces a linear map F,: T,(M) — Ty, (N) on the tangent space at each
point. Associated to a coordinate system around p will be a basis of T(M). If F is the expression
for F in local coordinates around p and F(p), then the Jacobian DF is the matrix of F, with
respect to these bases.

Assigning a vector X ,to each pe M we obtain a vector field on M, just as in the special case
R*". Vector fields are intimately associated with the action of the Lie group R on M, that is,
one-parameter transformation groups. The relation between them is a consequence of—and in
some sense equivalent to—the fundamental existence theorem for solutions of systems of ordin-
ary differential equations. Section 2 gives the basic definitions of vector fields, Section 3 the
basic definitions of one-parameter transformation groups acting on a manifold and Section 4
the existence theorem. Systems of ordinary differential equations are shown to coincide with
vector fields on manifolds and their solutions with curves on the manifold which are tangent to
the vectors of the field. These curves are also orbits of the group action. In Section 5 a number
of examples are given, using Lie group action as a starting point.

In Section 6 a study is made of one-parameter (one-dimensional) subgroups of a Lie group
G. These are basic in the study of Lie groups, but we use them primarily as a source of examples
and to illustrate the basic ideas above. They are in one-to-one correspondence with the vectors
X, e T,(G) the tangent space to G at the identity element and, in the case of matrix groups, are
easily obtainable in terms of the “exponential” of a matrix.

106
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Section 7 is concerned with the set ¥ (M) of all C*-vector fields on M. It is a vector space
over R and a module over the C* functions on M. Moreover it has a naturally defined product,
the bracket [X, Y. Using all these ideas one is able to define the Lie derivative Ly Y of the
vector field Y in the direction of the field X ; this gives a new vector field dependent on X and Y.
This derivative resulis from the group action associated with X, which ecnables us to compute
the change in Y as we move along the orbit.

The final two sections give Frobenius’ theorem, a very basic existence theorem in manifold
theory, and some applications. These two sections can be omitted on a first reading; they are
important but we make relatively few applications of them. For a first reading, in fact,
Sections 1-4 are the most crucial.

Let M denote a C* manifold of dimension n. We have defined for M the
concepts of C® function on an open subset U and of C* mapping to another
manifoid. This aliows us to consider C*(U), the collection of ali C* func-
tions on the open subset U (including the special case U = M), and to
verify—as we did for U = R"—that it is a commutative algebra over the real
numbers R. As before, R may be identified in a natural way with the constant
functions and the constant 1 with the unit. Given any point pe M we
may—as for R"—define C*(p) as the algebra of C* functions whose domain

PP e ) . .
of definition includes some open neighborhood of p, with functions

identified if they agree on any neighborhood of p. The objects so obtained
are called “germs” of C* functions (Exercise 1). Choosing an arbitrary
coordinate neighborhood U, ¢ of p it is easily verified that ¢*: C*(¢(p)) —»
C>(p) given by ¢*(f) = f- ¢ is an isomorphism of the algebra of “germs”
of C* functions at ¢(p)e R" onto the algebra C*(p). This is to be expected
since locally M is C*-equivalent to R" by the difffomorphism ¢. Our main
purpose is to attach to each pe M a tangent vector space T (M), as was done
for R" and E". [See Fig. IV.1 for the geometric idea of T,(M).] Although our
first definitions in the latter case giving 7,(R") as directed line segments do
not generalize, the identification (based on Theorem I1.4.1) of T (R") with

directional derivatives does.

(1.1) Definition We define the tangent space T,(M) to M at p to be the set
of all mappings X ,: C*(p) — R satisfying for all, € R and f, ge C*(p) the
two conditions

(i) X, + Bg)=a(X,f)+ B(X,g) (lincarity),
(i) X, (f9) = (X, )glp) +f(pXX,9) (Leibniz rule),
with the vector space operations in T,(M) defined by
(X, + V) =X, [+ Y,/
@X,)f=aX,[)

A tangent vector to M at p is any X e T,(M).
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7, (M)

Figure 1V.1

One should check that this does in fact define a vector space T, (M) at
each point p of M. Although we are now dealing with C* functions on a
manifold, formally the proofs are the same as in Section I1.4 where it was
established that 2(a), the mappings of C*(a) to R having properties (i) and
(i), was a vector space.

We remark that the definition of T,(M) uses only C*(p), not all of M;
thus if U is any open set of M containing p, then T(U) and T,(M) are
naturally identified. Of course, our proof that T,(M) is a vector space in-
cludes the earlier case of R" the difference is that we no longer have the
alternative “geometric” way of defining T,(M) as pairs of points px as we
did in R", because that method used special features of R", namely the
existence of a natural one-to-one correspondence with the vector space V7.
For manifolds in general, any such correspondence entails a choice of a
coordinate neighborhood and depends on the particular neighborhood
selected; so it is not natural in the sense we have used the term. However, for
each choice of coordinate neighborhood U, ¢ containing pe M we obtain an
isomorphism to ¥ as we shall see. It is by this method that we can establish
that dim T (M) = dim M.

(1.2) Theorem Let F: M — N be a C* map of manifolds. Then for pe M
the map F*: C*(F(p)) — C*(p) defined by F*(f) = f o F is a homomorphism
of algebras and induces a dual vector space homomorphism F: T,(M)—
Tr(N), defined by F(X,)f = X, (F*), which gives F,(X,) as a map of
C=(F(p)) to R. When F: M — M is the identity, both F* and F are the
identity isomorphism. If H = G+ F is a composition of C* maps, then
H*=F*cG*and H, = G, o F,.
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Proof The proof consists of routinely checking the statements against
definitions. We omit the verification that F* is a homomorphism and con-
sider F, only. Let X, € T,(M) and f, ge C*(F(p)); we must prove that the

map F /Y \ Foofpln\\ —Rigsa vector at F{n\ that 1 is, a Ilneul map ou{xof_y'

ing the Lelbmz rule We have
FX,)(fg) = X, F*(fg) = X [(f= F){g - F)]
= X, (f< F)g(F(p)) + f(F(P))X,(f > G),
and so we obtain
FX,)(fg) = (Fu(X)f )a(Fp)) + f(F(P))F (X
(hnearlt is even simpler). Thus F,: T,(M) — Ty, (N). Further, F, is a

iy R

homomor priisin

FylaX, + fY,)f = (2X, + YN[ o F) = aX (f o F) + BY,(f < F)

= AP (X,)f + BFL(E)S
= [O‘F* Xp) + BF*(Yp)]f |

(1.3) Remark The homomorphism F,.: T (M) — Tp(M) is often called
the differential of F. One frequently sees other notations for F_, for example,
dF, DF, F', and so on. The = is a subscript since the mapping is in the same
“direction ™ as F, that is, from M to N, whereas F*: C*(F(p)) —» C*(p) goes
opposite to the direction of F. This notational convention can be quite
important and reflects a similar situation in linear algebra related to linear
mappings of vector spaces and their duals.

Although, once definitions are correctly made and rather mechanically
applied, the statements above have trivial proofs, nonetheless they are most
important and useful, even if M and N are Euclidean spaces. We shall
consider some of the consequences now.

(14) Corollary If F: M — N is a diffeomorphism of M onto an open set
Uc Nand peM, then F: T,(M) = Tp,,(N) is an isomorphism onto.

This follows at once from the last statement of the theorem and the
remark after Definition 1.1 if we suppose G is inverse to F. Then both
G,o F: T(M) > T(M) and F, o G,: T, (N) = Ty(,,(N) are the identity
isomorphism on the corresponding vector space.

Remembering that any open subset of a manifold is a (sub)manifold of
the same dimension, we see that if U, ¢ is a coordinate neighborhood on M,
then the coordinate map ¢ induces an isomorphism ¢,: T,(M) — T,,,(R")
of the tangent space at each point pe U onto T(R"),a = ¢(p). The map ¢!,
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on the other hand, maps T,(R") isomorphically onto T,(M). The images
E, = @3 '(¢/éx'). i = 1,...,n, of the natural basis é/éx!, ..., ¢/cx" at each
ae @(U) = R" determine at p = ¢~ '(a)e M a basis E,,,.... E,, of T,(M);
we call these bases the coordinate frames.

(1.5) Corollary To each coordinate neighborhood U on M there corre-
sponds a natural basis E,,, ..., E,, of T,(M) for every pe U, in particular,
dim T,(M) = dim M. Let fbe a C* function defined in a neighborhood of p,
and f=f-¢~ ! its expression in local coordinates relative to U, ¢. Then
E;,f = (€f/eX")p - In particular, if x'(q) is the ith coordinate function, X , x"is

the ith component of X , in this basis, that is. X, = i1 (X, X)E,.
The last statement of the corollary is a restatement of the definition in

E,f= (w;‘(;;,-))f= ;xi(fo o)

If we take f to be the ith coordinate function, f(q) = x(q) and
X, =Y «E;,, then

: . . (0x7 ;
X,x' =Y JE;,x) =) a’(a—xj) o o,
@

x=¢(p)

J J

We may use this to derive a standard formula which gives the matrix of
the linear map F, relative to local coordinate systems. Let F: M —~ N be a
smooth map, and let U, ¢ and V, y be coordinate neighborhoods on M and
N with F(U) = V. Suppose that in these local coordinates F is given by

yi=fi(x1,.-~,x"), i=1,...,m,

and that p is a point with coordinates a = (a', ..., a"). Then F(p) has y
coordinates determined by these functions. Further let dy'/ext denote
ofijox'.

(1.6) Theorem Let E;, = ¢, '(3/0x") and Ejpy = ¥ ' (0/0y)) 1= 1,...om
and j = 1, ..., m, be the basis of T,(M) and Ty,(N), respectively, determined
by the given coordinates neighborhoods. Then

m ayj - )
F*(E,'p) = Z (ng) EjF(p)’ 1= 1, .o, R
ji=1 a

In terms of components, if X , = Y o'E;, maps to F (X ) = S BE p (), then we
have

i=1

NI
B’=fo'(6i:.), j=1,...,m
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The partial derivatives in these formulas are evaluated at the coordinates of
p: a=(da',...,a") = o(p)

Proof We have F_(E,)= F,-¢;'(8/0x"),, and according to
Corollary 1.5, to compute its components relative to E;r,,, we must apply
this vector as an operator on C*(F(p)) to the coordinate functions y’

A

. 1/ a \ ) p ) @n‘
FAE ) = (F, © 03 ( ‘))y’= YIFep 1)x) =25,

ax* oxt

these derivatives being evaluated at the coordinates of p, that is, at (p); they
could also be written (3)//0x'),,)- |

We now obtain two corollaries to Theorem 1.6, in the first, F, M, and N
are as in Theorem 1.6.

(1.7) Corollary The rank of F at p is exactly the dimension of the image of
F,(T,(M)). F, is an isomorphism into if and only if this rank is the dimension
of M, it is onto if and only if the rank equals dim N.

D, ] Lens T H i AN
Proof We obtain this i ra since {0y'/0x’) is

11
exactly the Jacobian of ¥ o F o ¢ ™', which we used to define the rank in
Definition I11.4.1, and is also the matrix of the linear transformation
F -T(M) > T. N in the oiven hageg [ |
F 3 *. Ap\tv‘/ “,(p)L‘ ALl Lidww cn ¥ |
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This corollary gives a characterization of the rank which is independent
of any coordinate systems, a situation toward which we constantly strive in
studying properties of various objects on manifolds.

If we apply the theorem tothemaps F = o 'and F ' = @o ¢!
which give the change of coordinates from U, ¢ to U, $ in U~ U on M,
then we obtain formulas for change of basis in 7,(M) and the corresponding
change of components relative to these bases.

(18) Corollary Let peUnU and let E,=¢@;'(0/ex') and

E;, = ¢, '(0/0%) be the bases of T,(M) corresponding to the two coordinate
systems. Then with indices running from 1 to n, we have

ox* . - ax!
Eip = Zk (5.;[) Ekp al’ld E}p = Zl (5’}'}) Elp .

IfX,=YdE, =Y pE,, then

@(p)

A ox , 0%
t = B — ) = ot R
o E’ﬁai" and B E'aaxi
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The proof is left as an exercise. The second set of formulas is often used to
define tangent vector at a point p of a manifold: a tangent vector X, is an

equivalence class of the collection of all n-tuples (@ ... . pld'eR U, @
a coordinate neighborhood of p}; two such n-tuples (o, ...,a")y , and
(%, ..., B")p.; being equivalent if they are related as in last formula of

Corollary 1.8 (see Exercise 4).

We may apply Corollary 1.7 to the following situation: M is a submani-
fold of N with F: M — N the immersion or inclusion map of M into N.In
cither case, the mapping F from M (with its C* manifold structure) into N
(with its C* structure) is a C* mapping, and rank F = dim M. This means
that F,: T,(M) — T,(N) is an injcctive isomorphism so that T,(M) can be
identified with a subspace of T,(N). This identification being made we can
think of T,(M), the tangent space to M, as a subspace in T,(N) for each
pe M. Applying this principle to our examples of submanifolds of R"
especially when n = 2 or 3, will enable us to recapture some of the intuitive
meaning of tangent vector which was lost in the transition from Euclidean
space to general manifolds. Of course this applies only to those manifolds

Spats 1 poiitial 2gi22 LUILIL S

which can be realized as, that is, are diffeomorphic to, a submanifold of R".

(1.9) Example Consider the case of a C” curve F: M - N in a manifold,
where M = (a, b) is an open interval of R: for the moment we drop the
requirement that F is an immersion. Given toe M, a <o < b, then d/dt
taken at t, is a basis for T,(M). Suppose p = F(to) and fe C*(p), then

to

F,(d/dt) is determined by its value on all such f:

F*(%)f= (70 F))m‘

We shall call this vector the (tangent) velocity vector to the curve at p.
(Fig.IV.2). In this interpretation we use the parameter t € R as time, and we
think of F(t) as a point moving in N.

In particular, if U, ¢ are coordinates around p, then in the local coordin-
ates F is given by £(t) = @ o F(t) = (x'(t), ..., x"(t)). The ith coordinate x'is
a function on U and using somewhat sloppy notation, we write x'(t) =
(x! o F)(t); thus F(d/dt)x" = (dx‘/dt),,, which we denote X'(to),i=1,....n
So by Theorem 1.6 (with E,, = d/dr and E’s replacing E’s),

dy &,
F* (;1;) = iZ}x (tO)Eip .

Now as a special case let N = R". With the usual (canonical) coordinates
of R" this formula means that the image of d/dt is just the velocity vector at
the point p = (x'(to), - - -> x"(to)) of the curve. Its components relative to the
natural basis at the point p are X'(to), ..., ¥"(to); it is the vector of T,(R")
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whose initial point is p = x(t,) and whose terminal point is (x'(¢o) + x*(t0),
., X"(t5) + X"(t,)). If the rank of F at ¢, is 1, then F_ is an isomorphism and
we may identify the ta gent space to the mage curve at p with the subspace

nf 'T' (p"\ cnonnp(‘ bv

p\T* ariivs Uy

thig
point p of the curve. If he rank of F at to 1s 0 th en F,(d/dt) = 0.
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Q
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(1.10) Example We now suppose M to be a two-dimensional submani-
fold of R, that is, a surface. Let W be an open subset, say a rectangle in the
(u, v)-plane R* and 6: W —» R*® a parametrization of a portion of M
(Fig.IV.3). Namely, suppose 0 is an imbedding whose image is an open
subset ¥V of M; V, 0~! is a coordinate neighborhood on M. Suppose
B(uq, vo) = (X0, Yo. Zo), where we now use (x, y, z) as the natural coordin-
ates in R*. We may assume that 0 is given by coordinate functions

x=f(wv), y=g(uv), z=hurov)
Since 6 is an imbedding, the Jacobian matrix d(f, g, h)/d(u, v) has rank 2 at
each point of W. We consider the image of the basis vectors ¢/du and d/dv at
(ug, vo). We denote these by (X,), and (X,),. According to the first formula
of Theorem 1.6, they are given by

0 0x 0 dyd 0z 0

(K)o = (a_) dudxt oudy T amor
x) N _xa ye e
070 *\ov dvdx dvdy viz’
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where we have written 8x/du, dx/dv for &fJdu, 6f/év, and so on, these deriva-
tives being evaluated at ug, vy. Since 6, has rank 2, these are linearly
independent vectors, and they span a two-dimensional subspace of
Tixo. yo. 20)(R’). This subspace is what we have, by our identification, agreed
to call the tangent space of M at the point (Xq, Yo, Zo); it consists of all the
vectors of the form af,(6/du) + p0,(6/0v) = a(X,)o + B(X,)o, & BER;
their initial point, of course, is always at {Xo, yo, zo). It is easily seen that this
subspace is the usual tangent plane to a surface, as we would naturally
expect it to be. We use one of the standard descriptions of the tangent plane
at a point p of a surface M in R?: the collection of all tangent vectors at p to
curves through p which lie on M. In fact let I be an open interval about
t = t, and let us consider a curve on N through {xo, Yo, zo). It is no loss of
generality to suppose the curve givenby F: 1 - W composed with : W — R*;
thus u, v, are functions of t with u(t,) = u, and v(t) = to and the curve is
given by

O(F(1)) = (x(u(t), ve)). y(u(t). v(t)), 2(u(2), v(t})-
The tangent to the curve at (xo, yo, Zo) i given by

00 P (4] = 50 g 300 5+ 200 7

where

() = () = 2xdu, Oxdo
= \dt),, oudt  dvadt
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evaluated at (xq, Vo, Zo) and t = t,. Substituting and collecting terms, we
have

\ dufoxd 0dyod -0z D)
i) = d\ax T ey o)
dv(axé dy & 828\

} —— + =+ =
dt\ovdx dvdy Ovoz)

_du (6) du (6)
=20 Ol 2 Ol

\OH] \CY;
= (o) Xu)o + 0(to)(X,)o-
If we let u = t, v = vy, we obtain just (X,), = 6,(6/0u) and analogously

(X,)o is tangent to the parameter curve u = u,, v = t. The coordinate frame
vectors are tangent to the coordinate curves.

This could also be derived directly from the relation (8o F), =0, F,
of Theorem 1.2. This means that the (tangent) velocity to every curve in M
through p = (x,, Yo, 2o) lies in the subspace T, (M) < T,(R?) spanned by
(X,)o and (X ), . Conversely by suitable choice of the curve every vector of

T,(M) may be so represented.

p

1. Let #, be the family of C* functions f on open sets W, of M which
contain the point p. Define a relation ~ on # by f~giff=gona
neighborhood of p. Show that ~ is an equivalence relation and that the
equivalence classes, called germs of C* functions at p, form an algebra
C(p) with unit over R.

2. Let F:M—>N be a C® mapping of manifolds. Show that
f— F*(f) = F - fdefines a homomorphism F*: C*(F(p)) - C*(p) and
prove the statements of Theorem 1.2 about F*.

3. Prove Corollary 1.8.

4. For pe M let € be the collection of all coordinate neighborhoods con-
taining p. Let (x4, ..., &)y, , and (B, ..., B,)# 7 be objects consisting of
an element of R" together with—or labeled by—a coordinate neighbor-
hood of 4. They will be called equivalent if they correspond by the
formulas of Corollary 1.8. Show that this is an equivalence relation and
that the classes form a vector space naturally isomorphic to T,(M).

5. Using the notation of Example 1.10, show that for any «, f € R thereisa
parametrized curve on M through p whose velocity vector is exactly
X )o + B(Xo)o.

6. If the surface of Example 1.10 is given in the form z = h(x, y) with
2o = h(xy, yo), then show as a special case of our discussion that with
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suitable parametrization the tangent plane T, .. .., (M) consists of all
vectors from (x,, yo, zo) to points (x, y, z) satisfying

(%\ (x—xn)+{€~h\ (y — vo) — (z — 25) =0.

0xJg \dyio

7. Let N ¢ M be aregular submanifold and U, ¢ be a preferred coordinate

neichborhood relative to N with local coordinates {x1 m\ and
WX, ang

LVIgliUVI VUG (viguiye W ¥ ooWWalil aULal VUULIG

frames (E,, ..., ,,,) If Nn U is given by "= = xm =0, show
that E,,, ..., E,, is a basis of T,(N) for every pe N n U. Madify this
statement so as to include immersed submanifoids.

2 Vector Fields

In a previous paragraph (Definition 1.1), we defined the notion of a
tangent vector to a manifold at a point pe M, that is, an element X, of
T,(M). In this section we will define and give examples of a C"-vector field on
M r > 0. A vector field X on M is, first of all, a “function” assigning to each
point p of M an element X, of T( ) (see Fig. IV.4). We place the word

“fiinetion® in anotatian mnrlrn ginee wao ays nant ron Iv defined ite ranoa
AUlivLiINLL 111 quvtauuu 211A 1 [NO OilINVAY YYVW Q1A YV LIVL v a _y \-I\.«llll\-«u 1 1aligh,

only its domain M. The range is, in fact, the set T(M) consisting of all
tangent vectors at all points of M, T(M) = | J, . s T,(M).

Figure IV4
Vector field X on M.
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For future reference we note some properties of T{M). It is a set that is partitioned into
disjoint subsets { T,(M)} which are indexed by the points of M, that is, to pe M corresponds its
tangent space T,(M). It follows that there is a natural projection n: T(M) — M taking the
vector X ,e T(M) to p. The vector field X as a function X: M — T (M), must satisfy the condi-
tion - X =i, , the identity on M. Further details are given in Exercises 5-7.

Second, a vector field X is required to satisfy some condition of regular-
ity, that is. of continuity or differentiability. We impose this as follows: For
pe M let U, ¢ be any coordinate neighborhood of p,and letE, ,, ..., E, be
the corresponding basis (coordinate frames) of T,{M). Then X, the value of
X at p, may be written uniquely as X, = Y 7_, o'E;,. If p is varied in U, the
components «’, ..., «" are well-defined functions of p which must, then, be
given by functions of the local coordinates (denoted by the same letters)

of = oi(xh .. X, i=1,...,n, on (U
We say that X is of class C", r > 0, if these functions are of class C" on U for
every local coordinate system U, . Since the expressions given in
Corollary 1.8 (see also Exercise 4) are linear with C* coefficients, we see that
this definition is independent of the coordinates used. (Note that we include
the case r = 0 of continuous components.) Collecting these requirements
leads to the precise definition:

(2.1) Definition A vector field X of class C"on M is a function assigning to
each point p of M a vector X e T,(M) whose components in the frames of
any local coordinates U, ¢ are functions of class C" on the domain U of the
coordinates. Unless otherwise noted we will use vector field to mean
C*-vector field hereafter.

We remark that this definition is somewhat awkward, especially as re-
gards the regularity condition; our treatment places reliance on local coor-
dinates. One way to avoid this is to define X to be C” if for every C* function
f whose domain W, is an open subset of U, the function Xf, defined by
(Xf)p) = X,/ is of class C". Another very clegant approach is to give T(M)
the structure of a C* manifold and then X becomes a mapping, X: M —
T(M), of one C* manifold to another. In this case we have already defined
the meaning of C" in Definition I11.3.3. We shall develop these important
ideas in the exercises.

(2.2) Example If we consider M = R*® — {0}, then the gravitational field

of an object of unit mass at 0 is a C®-vector field whose components

a!, o2, o relative to the basis 8/0x' = E,, 6/6x* = E,, and §/dx® = E, are
xi

of =%,  i=1,23 with r=((x")?+ (x2)* + (x*)?)2
r
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(2.3) Example Given any coordinate neighborhood U, ¢ on a manifold
M, then U, being an open set of a manifold, is itself a manifold of the same
dimension, say n. The vector fields E; = ¢, '(6/0x),i = 1, ..., n, have com-
ponents o = /. These are constants and hence C* functions on U, so that
each E, is a C*-vector field on U. The set Ey, ..., E, is a basis of T,(M) at
each p e U, the coordinate frames (Fig. IV.5).

..... generally, a set of k vector fields on a manifold M, dim M = n,
which is linearly independent at each point is called a field of k-frames on M.
If k = n, then the frames form a basis at each point. Of course, it would be

convenient if on a manifold one could always find such a field of n-frames,

Fioura IV &
2Y.D

Cigus

Coordinate frames on U ¢ M.

for then the components of any vector field would be globally defined, that
is, functions whose domain is all of M. This would relieve us of the necessity
of using local coordinate neighborhoods and the associated frames
E,, ..., E,. However, it is known that this is not possible in general, for
example, on the sphere $? it is not possible to define even one continuous
vector field X which is linearly independent (nonzero) at each point of 2.
This a classical theorem of algebraic topology discovered by Brouwer; it will
be proved in Section VI.8. We shall give some further related examples for
which we need the following lemma:

(24) Lemma Let N be a submanifold of M and let X be a C*-vector field on
M such that for eachpe N, X ;€ T(N). Then X restricted to N is a C*-vector
field on N (called the restriction of X to N).
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Proof By hypothesis X assigns to each pe N the tangent vector X, in
the subspace T,(N) of T,(M). We must prove that X restricted to N is of class
C*. By choosing suitable cubical coordinate neighborhoods V, ¢ and U, ¢ of
peNin N and in M, respectively (cf. [T11.4.13 and I11.5.6), we may assume that
the immersion (inclusion) is given locally by i:(y',...,y")— oL L)
0,...,0). Thus V is a slice through p of U and ¢ = nc¢|V, n denoting
projection to the first n coordinates. We have ¥ ~!' = ¢ ' ciand hence for
ge Vv, y;(8/3y) = ¢y (8/0x;), so the coordinate frames at g € V are natur-
ally identified with first n vectors E,,, ..., E,, of.the coordinate frames on U,
E,, = ¢y '(8/0x,). Now if on U, the C* vector field X, = Y1 2{@)E,, then
for ge V, the last m — n components vanish, since for ge ¥, X, € T(N) by
hypothesis. Thus, restricted to V, X, = Y I_, a{q)E;,, where a,(g), ..., %,(q)
are the restrictions to the submanifold ¥ of U and therefore C* on V. This
shows that the restriction to N of X is C* in a neighborhood V of any pe N

and is thus C* on N. |
(2.5) Example Although no nonvanishing continuous vector field exists
on the 2-sphere $2, there are three mutually perpendicular unit vector fields
on §3 ¢ R* thatis, a frame field. Let $* = {(x!, x%, x>, x*)| Yo\ (x')* = 1}
and let the vector fields be given by

d 2 9 0
_ 2 - 1_- 4 - 3 v
X=X oat¥gat s o5
8 8 5
V=X e T X e TN e T e
2 2 a 8
— 47 3 7 2_" )
z X ax! + ox? X e X oxt

at the point x = (x!, x2, x3, x*) of $. Since at each point these are mutually
orthogonal unit vectors in R*, they are independent. To see that they are
tangent to S* it is enough to see that they are orthogonal to the radius vector
from the origin 0 to the point x of $; this is easy to check. There remains
only the question of whether they are C*-vector fields. However, this is an
immediate consequence of the preceding lemma with N = S3and M = R*.

It is possible to show that all odd-dimensional spheres have at least one
nonvanishing C®-vector field and that—like S?*—no even-dimensional
sphere has any continuous nonvanishing field of tangent vectors. It has
recently been proved that only the spheres S*, $°, S7 have a C* field of bases
as we have just seen to be the case for S°. Manifolds with this very special
property are called parallelizable. As already mentioned, coordinate neigh-
borhoods are parallelizable.

Having established the concept of vector field on a manifold, we must
now consider what happens when we map a manifold N on which a vector



120 IV VECTOR FIELDS ON A MANIFOLD

field is defined into another manifold M. In Section 1 we saw that if
F: N> M is a C® map, then to each point pe M there is associated a
homomorphism F: T,(N) — Tp,,(M). f X is a vector field on N, then
F (X ,)is a vector at F(p). However, this process does not in general induce a
vector field on M for various reasons: first, F(N) may not be all of M, that 1s,
given g€ M it may well happen that for no pe N is F(p) = q. Second, even if
F~ 1(q) is not empty, it may contain more than one element, say Py, p» With
D1 a= Da, and then it may uappen that F *\Am; a= F *\A p2 )ou that there is no
uniquely determined vector Y, at g which is the image of vectors of the field

X on N. It is easy to construct examples of these mishaps, for instance, let N

1
be the half—spaCD x! > 0in B3 and F: N — M be projection to the coordin-

ate plane x> = 0. If X is the gravitational field of Example 2.2 restricted to
N, we see that the image vectors do not determine a vector field on M.

(2.6) Definition If, using the notation above, we have a vector field Y on
M such that for each ge M and pe F~'(q) = N we have F (X ,) = Y, then
we say that the vector fields X and Y are F-related and we write, briefly,
Y = F(X). [We do not require F to be onto: If F~!(g) is empty, then the
condition is vacuously satisfied.]

(2.7) Theorem If F: N — M is a diffeomorphism, then each vector field X
on N is F-related to a uniquely determined vector field Y on M.

Proof Since F is a diffeomor p 1ism, it has an inverse G: M — N, and at

each point p we have F,: T,(N) = Ti,(M) is an isomorphism onto with G,

as inverse. Thus given a C*-vector field X on N, then at each point g of M,
the vector Y, = F (X ) is uniquely determined. It then remains to check
that Y is a C®-vector field. This is immediate if we introduce local coordin-
ates and apply Theorem 1.6 to the component functions. |

We remark that under the hypotheses of Lemma 2.4 we have a second
example of F-related vector fields: Let F: N — M be the inclusion map and
let X' be X restricted to N. Then X' and X are F-related by the lemma.
Further examples of F-related vector fields arise from the study of Lie
groups.

(2.8) Definition If F: M — M is a diffeomorphism and X is a C* vector
field on M such that F (X) = X, that is, X is F-related to itself, then X is
said to be invariant with respect to F, or F-invariant.

(29) Theorem Let G be a Lie group and T,(G) the tangent space at the
identity. Then each X ,€ T,(G) determines uniquely a C*-vector field X on G~
which is invariant under left translations. In particular, G is parallelizable.
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Proof To each ge G there corresponds exactly one left translation L,
taking e to g. Therefore if it exists, X is uniquely determined by the formula:
X, =L, (X,) Except for differentiability, this formula does define a left

fr

lllVdIldIlI. vEctor llClU bl[lLC 10r aec U we have La*\/\g) = L‘a* o L‘g*‘/‘e) =

L,(X.) = X,,. We must show that X, so determined, is C*. Let U, ¢ be a
coordinate elghborhood of e such that ¢(e) = (0,...,0) and let V be a
naichhar 1-. aod aof -2 qatiefuin VYV =l Let g.heV with coordinates
Invigiivul livusa Ul € DaLlDl_ylllé | 4 — UV. LAl y, fic vy Wllll bUUlUlllalUD
x=(x!...,x")and y = (y', ..., y"), respectively, and let z = (z', ..., z") be
the coordinates of the product gh. Then z* = f(x, y), i =1, ..., n, are C*
functions on m(V\ X m(V\ If we write X, = V"‘ wE S w1 Meeal num-

LSS UL LOI S0 V)8 wWiilt A =i ’ ey , IR Cdii iavszix

bers, then accordmg to Theorem 1.6 the formula above for X, becomes

v o _ T ltr\_\_‘_wi/afi\ o
Ag = LgglAe) = 7 \5);1}( o ig
since in local coordinates L, is given by z' = f'(x, y), i = 1, ..., n, with the

coordinates x of g fixed. It follows that on ¥ the components of X, in the
coordinate frames are C* functions of the local coordinates. However, for
any a € G the open set aV is the diffeomorphic image by L, of V. Moreover
X, as noted above, is L,-invariant so that for every g = ahe aV we have
X, = L, (X)) It follows that X on aV is L,-related to X on V and therefore
X is C* on aV by Theorem 2.7. Since X is C* in a neighborhood of each

Y RN 4700
CICHHCLIL Ul u, ll lb | 2 Oil U .

(2.10) Corollary Let G, and G, be Lie groups and F: G, — G, a homomor-
phism. Then to each lefi-invariant vector field X on G, there is a uniquely
determined lefi-invariant vector field Y on G, which is F-related to X.

Proof By Theorem 2.9, X is determined by X, , its value at the identity
e; of G,. Let e, = F(e,) be the identity of G, and let Y be the uniquely
determined left-invariant vector field on G, such that Y,, = F (X, ). That Y
should have this value at e, is surely a necessary condition for Y to be
F-related to X ; and it remains only to see whether this vector field Y satisfies
F(X,) = Yp, for every ge G,. If so, Y is indeed F-related (and uniquely
determined). We write the mapping F as a composition F = Lg, o Fo L,_,,
using F(x) = F(g)F(¢~'x), and note that since both X and Y are left-
invariant by assumption, this gives

F*(X) LF(g)* o F, LQ'I*(X )
F*(Xg) = LF(g)* o Fo(X,,) = F(y)* Y.,
F*(Xg) = Yrg) -

Therefore Y meets all conditions and the corollary is true. |
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Exercises

Show that a function X assigning to each pe M an element of
T,(M)—as in Definition 2.1—is C* if and only if whenever f isa C*®
function on an open set W, of M, then X, defined by (Xf)(p) = X/, 1s
C* on W;.

Show that a C®-vector field X on M defines a derivation on C*(M) by

f— Y { as defined in Exercise 1.

PeW AR

Show that the derivations of C*(M), M a C* manifold, are in a natural
one-to-one correspondence with ¥ (M) the collection of all C*-vector
fields on M.
Show that the collection ¥ (M) of all C*-vector fields on M, is closed
under addition and multiplication by C* functions [both defined poin-
twise: (X + Y), = X, + Y, and (fX), = f(p)X,]

Define a C* structure of a manifold on T(M) in such a manner that for
each coordinate system U, ¢ on M, with local coordinates (x', ..., x")
and frames E,, ..., E,, the set U = n~'(U) with mapping qo 0-
R?" = R" x R" defined as follows is a coordinate nelghborhood For
peU, X, eU wesupposeX —Z \ «'E;, and define (X ) = (x'(p

N x"(p , o) = (o(p) o).
Using Exerc1se 5 show that 7: T(M ) — M is C®, a submersion, and that
T,(M) = n~'(p) is a submanifold of T(M).

Using Exercise 5, show that the C¥-vector fields on M correspond
precisely to the C* mappings X: M — T(M)satisfying m o X = iy, the
identity map on M [=(X,) = p)].
Suppose F: N —» M is C*. Then, in the notation of Exercise 7, show that
F,: T(N) > T(M)is C* and no F, = For.

Show that if F: N > M is C* and X is a C*-vector field on N, then an
F-related vector field Y on M, if it exists, is uniquely determined if and
only if F(N) is dense in M. Note that this applies in particular to vector
fields on submanifolds, i.e., for F: N — M a one-to-one immersion.
Show that the restriction of

on R2" to $2"~ ! defines a nonvanishing C®-vector field on $?" 1.

Let F: M > M be a C* covering and Y any C*-vector field on M.
Show that there is a unique C*-vector field X on M such that X and ¥
are F-related.

Show that any C*-vector field Y on §"~' < R" is the restriction of a
C>-vector field X on R".
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13. Given a C* mapping F: N - M and C*®-vector fields X on N and Y
on M, show that Y is F-related to X if and only if for any C* function g
on M we have (Yg) o F = X(g o F) on the inverse image F ~'(W,) of the

domain W of g.
g b

3 One-Parameter and Local One-Parameter Groups Acting

on a Manifold

We shall now subject the case of a connected Lie group of dimension 1
acting on a manifold M to the same scrutmy as we did the case of a Lie
group of dimension 0 in Section IIL8, but with very different emphasis. At
that time we were interested in the space of orbits; in the present instance we
are mainly concerned with the relation to vector fields on M. For this reason
we shall limit ourselves to the action of R, by which we denote the additive
(Lie) group of real numbers R, acting on M since this will illustrate all the

relevant facts—it can be shown that R and S! are the only connected Lie

groups of dimension 1. These two cases, discrete Lie groups and the one-

dimensional Lie group R acting on M, will give some idea of the depth and
diversity of the whole subject of group action on manifolds. Later we shall
have something to say about another special case: transitive action ofa Lie
group G on a mamfo]d.

Thus, in the present section, we consider Definition II1.7.1 specialized to
an action # of R on M. Let 8: R x M — M be a C* mapping which satisfies
the two conditions:

(i) B¢(p) =p forall pe M,

(i) 0,°04p) = 0,.4p) = 0,2 0,(p) for all pe M and s, te R.

[We will often write 6(z, p) as 6,(p) or 6,(t), depending on which variable is to
be emphasized.]

(3.1) Example Suppose that M = R* and a = (al a2 a3) is ﬁxed and
assumed different from 0. Then 6,(x) = (x! + a't, x* + %, x* + a’t)
defines a C*® action of R on M. To each te R we have thus assigned the
translation 6,: R® —» R, taking the point x to the point x + ta. This is a free
action and the orbits consist of straight lines parallel to the vector a. A
particularly simple special case is given by a=(1,0,0) so that
0,(x) = (x* + ¢, x%, x%).

Suppose that #: R x M — M is any such C* action. Then it defines on
M a C®-vector field X, which we shall call the infinitesimal generator of 6,
according to the following prescription: For each peM we define
X,:C*(p) > R by

(3.2) X,f= lim— [f (0alp)) — f(P)]

At—‘O



124 IV VECTOR FIELDS ON A MANIFOLD

We may check directly from (3.2) that X, is a vector at p in the sense of
Definition 1.1, and then verify that p » X defines a vector field, or we may
proceed as follows. Let U, ¢ be a coordinate neighborhood of pe M and let
I; xV be an open subset of (0,p) in R x M, where I;= {teR]|
— 3 <t < d},and ¥V and é > 0 are so chosen that 6(i; x V) < U. In particu-
lar, ¥ = 04(V) is contained in U and contains p. Restricted to the open set
I, x V, we may write @ in local coordinates

or y = h{t, x), where x = (x',...,x") are the coordinates of ge V and
y=(y', ..., y") of 8,q), its image. The h' are defined and C* on I; x ¢(V)
and the range of h(t, x) is in @(U). The fact that 6, is the identity and
0,41, = 0, 2 0, is reflected in the conditions:

ll/ v — i and Life 1 ¢ v ify L + 1)
i, Xj X dfiia A\l T iy, Xj) iy, M, X )
fori=1,..., n.Nowiff(x!, ..., x")is the local expression for fe C*(p), then

1
AL Oulp) ~ 500 = . [F(HAL ) ~ T

w
3
[N

X, f= llm—[f(hAtx) flx =Z (aﬁf)
Ar—>0 = x* <P(D)

where we have used a dot to indicate differentiation with respect to . This
formula is valid for every pe V and implies that on ¥, X, = Y k'(0, x)E
with E; = ¢, '(6/0x") and x = ¢(p), which shows that X is a C*-vector field
over V. Since every point of M lies in such a neighborhood, X is C* on M.
Note that definition of X at pe M involves only the values of B on I; x V,
that is, like derivatives in general, it is defined locally and involves only
values of ¢t near ¢t = 0.

(3.3) Definition If6: G x M — M is the action of a group G on a mani-
fold M, then a vector field X on M is said to be invariant under the action of G
or G-invariant if X is invariant under each of the diffeomorphisms 8, of M to
itself, in brief if 8,,(X) = X (as in Definition 2.8).

(34) Theorem If0:R x M - M is a C® action of R on M, then the
infinitesimal generator X is invariant under this action, that is, 0, (X ) = X,
for all te R.
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Proof Letfe C*(0,(p)) for some (t, p)e R x M and compute 0,,(X,)f:

61*(Xp)f: Xp(fj 8) = hm f o (BA: ) fo Br(p)]

At—'O

However, R is Abelian and we have 0, 0,, = 8, ,, = 04, 0, so

0 (X Vf= lim —I(fo 0. MY — £(0.pN = X. f
LE N plJ At L\J ATV I\ S ] JAYINET]) v:(p) J
At— 0
Since this holds for all f, the result follows. |

(3.5) Corollary If X, = 0, then for each q in the orbit of p we have X, = 0,
that is, at the points of an orbit the associated vector field vanishes identically
OF IS never zero.

Proof The orbit of p consists of all g such that g = 0,(p) forsomete R;
thus by the theorem X, = 0,, X,. Since 0, is a diffeomorphism we know
T (A

L e — l"T"/ll\ Y ,..A.L_LV F P |

that 6, is an isomorphism of T,(M) onto T,(M})so that X, = 0 if and only if
X,= 0 |
(3=6) Theorem The rhit nfn Is either a single point or an immersion nfR in
M by the map t — 0,(p), dependmg on whether ornot X, =0.

Proof The orbit of p is the image of R under the C* map t — 6,(p) into
M. Denote this map by F so that F(r) = 6,(p). Let t, € R and d/dr denote the
standard basis of T, (R); F is an immersion if and only if F (d/dt) # O for
every to€ R. Let fe C*(F(t,)) = C*(6,,(p)) and observe that

d d
F*(dt)fzdt(fOF)m

lim K[f F(to + At) — fo F(to)]

Ar— 0

= f(8r0+At )) - f(@to(p))]

At"'O

= Xo.m S
by precisely the same arguments as we used to prove Theorem 3.4. This
formula and Corollary 3.5 show that either X, # 0 and F is an immersion
or else X, = F,(d/dt) =0, in which case F is a constant map with
F(R) = p. For the proof of this last statement see Exercise 1. |

We remark that the formula just obtained, namely,

d
F(dt) Xowiy = Xrgo) s

shows that at each point pe M the vector X, is tangent to its orbit and in
fact is the (tangent) velocity vector of the curve ¢t —» F(t) in M in the sense in
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which we have previously (Example 1.9) defined the velocity vector to a
parametrized curve, that is, to a differentiable map of an open interval J of R
into M, namely F (d/dt). This latter notation is not too precise since it does
not indicate that d/dt e T, (R) and that F, is a homomorphism of this one-
dimensional vector space into Ty, (M). For this reason we often will write
either F(t,) or (dF/dt), to denote the velocity vector. Sometimes it is conven-

ient to let t — p(r) denote the mapping rather than F. Then its velocity vector

is written dp/dt or p(r). For example, in the notation of Theorem 3.6, the

formula above can be written #(t, p) = Xg(. -
If we change parameter by a function ¢ = f (s) so that s = G(s) = F(f(s))

gives the curve, then for 15 = f(sg),

G d d dt d
(&), =) = 7+l = i)

which give the formula

(46\ _ (4} g (¢
\ds}so \ds/SOF*(dt),o'

Thus the velocity vector with respect to s is a scalar multiple by (dt/ds)s, of
the velocity vector with respect to t. This may be conveniently written

LIIC YuiaUhan VOLIULD WiILID 103t 14

(3.7) G = (E:Z\)F(f(s)) or P

This vector equation is, of course, just a special case of the chain rule.

(3.8) Definition Given a vector field X on a manifold M, we shall say that
a curve ¢ — F(t) defined on an open interval J of R is an integral curve of X if
dF/dt = Xg, on J. By definition, an integral curve is connected.

We have just shown that each orbit of the action 8 is an integral curve of
X, the infinitesimal generator of 6, that is, for each fixed pe M,
Q(t, P) = Xou, py-

At this point some natural questions arise concerning vector fields and
one-parameter group actions: Is every C®-vector field the infinitesimal gen-
erator of some group action? Can two different actions of R on M give rise
to the same vector field X as infinitesimal generator ? These questions will be
answered in this and the next section. However, a simple but instructive
example will illustrate the difficulties we face and show the necessity for a
less restrictive concept of one-parameter group action.

(39) Example Let M = R*> and let 6: R x M —» M be defined by
0(z, (x, y)) = (x + t, ¥). Then the infinitesimal generator is X = 0/0x. This
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action is given by translation of each point (x, y) to a point ¢ units to the
right. Suppose now that we remove the origin (0,0) from R?; let
M, = R? - {(0 0)}. For most points 6, is defined as before; however, we

nitmn

cannot UUldlll an dULlUll Ul l\ on lVIO Uy lUbLl lbllUll Uf ll} to l\ X lVIO SLHILC

points of the closed set F = {(#,(x,0))|t + x =0} =07'(0,0) of R x M
are mapped by 8 to the origin. Let W < R x M, be the open set

’

=(U R x {(x, y)})U(U {te R|x(x + 1) > 0} x {(x, 0)}).

y£0 y#0
Then @ = 0| W maps W onto M, and preserves many of the features of 0
which we have used. For example, let p = (x, y) € M, then

(i) (0,p)e W and Oy(p) = p,
(11) QJH(n\uﬁ (n\:ﬁ.oﬂ(p)

if all terms are defined. The infinitesimal generator X is defined by (3.2)
just as before and is again X = ¢/¢x. Finally we have orbits r — 6,(p), which
are the lines y = constant as before when p = (x,y), y # 0, and for
p = (x, 0) the portion of the x-axis minus the origin which contains p. This
curve is not defined for all values of ¢ in the case of the orbit of a point on the

....... Al ca rag a tmmmmartaont ayammla ~Af o Aiffarant tuvne A carafnn

A= a)\m DACI\ADC 1U EJVCD dll nnpui tant Laaillipiv Ur a QInerént L_yyu n \.«cuuu.u

study of these examples will motivate the following complicated definition.

First let M be a C® manifold and W <« R x M be an epen set which
satisfies the following condition:

(3.10) For every pe M there exist real numbers a(p) < 0 < p(p) such that
W (R x {p}) = {(t, p)|alp) < t < B(p)}.

We shall denote by I(p) the interval a(p) < t < f(p) and by I, the inter-
val defined by |t| <é. Condition (3.10) simply states that
W = |, 1(p) x {p}. Note that W is connected. Using this notation and
with W as above we make the following definition:

(3.11) Definition A local one-parameter group action or flow on a manifold
M is a C* map 8: W — M which satisfies the following two conditions:
(i) 8o(p) = pforall pe M.
(i) If (s, p)e W, then o(0,(p)) = «lp) —s. B(O4p)) = B(p) — 5. and
moreover for any ¢ such that a(p) — s <t < fi(p) — s, 0, . (p) is defined and

0, « 05([)) = Br+s(p)'

It is easy to check that the Example 3.9 given above has these properties.
This example also shows that if we are to have any prospect of obtaining a
correspondence between one-parameter group actions and vector fields, we
must abandon the requirement that W is all of R x M, which we shall call a
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global action. Since W is open and contains (0, p) for each pe M, it also
contains I, x U, U a neighborhood of p, for sufficiently small & > 0. There-
fore the definition of the vector field X (infinitesimal generator) associated
with 8 as given by (3.2) is valid in the case of local action also and associates
a C*-vector field to each flow 0.

When R acts on M, as in the case of any group acting on M, for each ¢,
6, M - M is a diffeomorphism with 87 ' = 6_,. Something like this is also
true for the local case of Definition 3.11, except that 8, is not defined on ail of
M in general. Let V,c M be the domain of definition of §,, that s,
V,={peM]|(t,p)e W}; then we have the following consequence of
Definition 3.11:

(3.12) Theorem V, is an open set for everyt€ Rand 0,: V, —> V_, is a diffeo-

S
ithH-1 =@
th U, g_,.

Proof Let pyeV,,, so that (to.po)e W. Since W is open, there is a
8 > 0 and a neighborhood ¥V of p, such that {t| [t — 15| <8} x V c W.
In particular, {t,} x V < W so that V <V, so V,  is open. Next, by
Definition 3.11(ii), if pe V;, then a(p) < t < f(p) and by (3.10) t + (—1) lies
in the same interval. It follows that 8,{p)e V_, and 0 _, - 0,(p) = p. Similarly,

6_(V_,)< V,and 0,- 8_,(q) = q for any ge V_,. Combining these state-
ments with the fact that ,, 8_, are C* on any open subsets of M on which
they are defined completes the proof. |

(3.13) Remark For local one-parameter action we may show as in the
global case that: 0,,(X,) = Xy, if pe V,. As before, F(r) = 0,(p) defined for
a(p) < t < PB(p)is a C*-integral curve of X, which is an immersion of I(p) in
M provided that X, # 0 and is a single point if X, = 0. We shall continue
to refer to these curves as orbits of the local one-parameter group, just as in
the global case. It is a consequence of our definitions that these curves (and
points) partition M into a union of mutually disjoint sets. The proofs are the
same, essentially, as in the global case.

Finally, we wish to prove that in a neighborhood of any p for which
X, # 0, Example 39 is a prototype for every local (or global) one-
parameter group action on a manifold.

(3.14) Theorem Let 0: W — M be as in Definition 3.11 and let X be the
associated infinitesimal generator. If pe M such that X, # 0, then there is.a
coordinate neighborhood V,  around p, a v > 0, and a corresponding neigh-
borhood V' of p, V' = V, such that in local coordinates 8 restricted to I, x V"
is given by

(6, yh . V) = 0+ Ly YY)

In these coordinates X = W '(0/0y") at every point of V.
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Proof We shall use the notation and formula for X, developed in the
discussion of (3.2). In W introduce coordinates U, ¢ around p and express 0
in the local coordinates by x — h(t; x), where x = (xl, o x") and h{t; x)

v and

5[anu> for an n- luplt; of functions satisfying: \l}"\u x}=x, and

() (, 0), that (p( ) CH0), and that X,  (@/oxt) = E,,.
Then the expression for X,, X,=2 k{0;0,... O)EW implies that

J(0;0,...,0)is 1 fori =1 and is O for i > 1.
hoose & >0 small enough so that V"= ¢ (C30))<c U and

8(I; x V") < U. Then map the cube C(0) = I; x R"~ Linto @(U)byamap F
5 ey AN ik ;=7 °r
defined by

F.(yl’“',yn '—P(hl yl.OyZ’N.’yn) hn(yl.oyz’. ,yn))
Since X,=Y h(0; O, =E,, (OK/oy")e = 64; and from (i), y' =
h(0;0, y ,...,y") (éh'/3y?), = &} for j > 1. Thus the Jacobian of F at y =
(0, ..., 0) is the identity matrix; hence there is a u > 0 with u < é such that F
s a d1ﬁeomorphlsm of Ci(0) onto an open set of Ci(0) = o(U). Let
V=¢ 'oF(Cy0)and y = F~ !5 ¢p; this is a coordinate neighborhood of p

with V < U.

The relations satisfied Rt x},i=1,...,n, give
3 _ -1 -1
(i) vlp)=F Yolp ) F710,....0)
and for (y', ..., y")e C,(0) and |t| < v withv = ;/2 they give

(ii) Kt + y';0, 9% .,y = H( A5 0,05 Y) i= 1L n
Formula (ii) may be interprcted as follows: In the coordinate system (V, ¥),
if Y(g) = (', ..., y"), then ¥(0,(q)) = (t + y',.... ¥"), provided only that
|t] <v and qew Y(Cy(0)), so that all functions are defined. In other
words in the y-coordinates of V, ¥, the mapping 6, is expressed by functions

hi(t, y) defined on I, x C}(0) by
Rt v, .. ) =t +
R, v ..., ) =) for i> 1.

From these and the formula

. 0 ¢
Va(X,) = 2 KO, y) 3y
we have X, = ¢, 1(0/0y") on V' = ¢~ }(C3(0)). |

Exercises

1. Let F: M — N be a C* mapping whose rank is everywhere zero (that is,
. = 0 at each pe M). Show that F maps each component of M into a
single point.
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Let F: M — N be a C* mapping and X and Y vector fields on M and N,
respectively, which are F-related. Show that any integral curve of X is
mapped by F into an integral curve of Y.

Give a proof without using local coordinates that the infinitesimal gen-
erator X of 0 as defined in (3.2) is a C*-vector field on M. [Hint: Use
Exercise 2.1].

Verify the statements of Remark 3.13.

Let R act on M = R? according to the formulas

X — XxCcost+ ysint, y— —xsint + ycost,

which give ,(x, y). Show that this is a globally defined group action of R
on M and find X, the infinitesimal generator. What are the orbits?
Show that (x, y) — 0(t; x, y), defined by

2t 3t
b

X — xe y > ye
defines a C® action of R on M = R? Determine the infinitesimal
generator and show that it is f-invariant.

Let M = GI(2, R) and define an action of R on M by the formula

1
9(:,A)=(0 ‘1)-A, AeGl(2, R),

with the dot denoting matrix multiplication. Find the infinitesimal
generator.

Let X = Y7, f{(x)(@/0x") be a C*-vector field on R" which generates
an action 6 on R". Suppose 0 to be given on its domain W by 6(t, x) =
(h'(t, x), ..., h"(z, x)) and suppose a = (a',...,a")e R". Then using
Remark 3.13 show that x' = hi(t,a), i = 1, ..., n, are solutions of the
differential equations

satisfying x' = @', i = 1,..., n, when t = 0. Verify this for Exercises 6-8.
Suppose that a C* action of R on M, M = R? has infinitesimal genera-
tor X = x 3/0x + y 8/dy on M. Determine 6. [Hint: Try to find func-
tions h'(t, x, y) and h(t, x, y} by solving the system of ordinary
differential equations dx/dt = x. dy/dt = y with initial conditions
x(0) = a, y(0) = b as in Exercise 8.]

Let X = x? §/0x define a vector field on M = R. Using the method of
Exercise 8. find 6 and its domain W.
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4 The Existence Theorem for Ordinary Differential Equations

In this section we state a very basic theorem of analysis which we need in
order to answer some of the questions raised in the previous section and
which will be applied in essential ways throughout the remainder of the

book.

heorem for ordinary differential equations)

Cill 1V Uilaia:z (S99 LWl L § COlidatl
aiy Y

1
Let U = R” be an open set and I, £ >0, denote the interval —e <t <eg,
te R. Suppose fi(t, x*, ..., x"), i = 1,...,n, to be functions of class C", r = 1,
an I x I
v “E N~

Then for each x € U there exists & > Oand a neighborhood V of x, V < U,
such that:

(1) Foreacha=(a,...,a") eV there exisis an n-tuple of C"*" functions
t) = (x"(t), ..., x"(t)), defined on 1; and mapping 15 into U, which satisfy the
system of first-order differential equations

dx’ . _
(*) E=f’(l,x), i=1...,n

and the initial conditions
() ¥O)=d, i=l...n

For each a the functions x(t) = (x'(t), ..., x"(t)) are uniquely determined
in the sense that any otherfuncnons X(t ) x"(t) satisfying (x) and () must
agree with x(t) on an open interval around t = 0.

(II) These functions being uniquely determined by a = (a',...,a") for
every a€ V, we write them xi(t,a', ..., a"), i =1,..., n, in which case they are
of class C" in all variables and thus determine a C" map of I; x V- U.

A proof of (I), which uses the contracting mapping lemma is given in an
Appendix to this section (see p.172). The proof of (II) is more difficult and
may be found in the work of Hurewicz [1], Dieudonné [1], or Lang [1].

If the right-hand side of (x) is independent of ¢, then the system of
differential equations is called autonomous. Throughout the remainder of
this chapter we shall deal only with autonomous systems. In this case it is
possible to restate the hypotheses and conclusions of the fundamental exist-
ence theorem in coordinate-free form using the concepts of vector field and
integral curve. This will allow us to derive various global theorems useful in
both geometry and analysis from a purely local existence theorem about
open subsets of R".

We first reinterpret the existence theorem in the autonomous case, in
which the functions f¥ depend on x = (x!, ..., x") alone. For simplicity we
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shall also assume hereafter that all data are C*. Define on U c R" a
C*-vector field X by

1 NN 4
X=f (X)E‘F +f(x)axn'

By Definition 3.8 an integral curve of X is a C* mapping F of an open
interval («, f8) of R into U such that F(t) = X, foralla < t < B.If we write
F in terms of its coordinate functions

F(r) = (x'(t), ..., x"(1)),
then the vector equation F(t) = X, is satisfied if and only if
dx' . .
o =fz(xx(z), xn(t)), i=1,...,n,

which states precisely that the functions x(t) = (x'(t), ..., x"(¢)) are a solu-
tion of (x). Given xe U, (I) of Theorem 4.1 states that for each a in a
neighborhood V of x there is a unique integral curve F(t) (see Fig. IV.6),
satisfying F(0) = a. F(¢) is defined at least for —6 < t < d where d > O s the
same for every ae V. If we use a notation for these integral curves through
points of V' which indicates dependence on the initial point g, say

F(t,a) = (x’(t, aj, ..., x"(t, a)),

and use an overdot for differentiation with respect to r, these equations
become

x'(t,a) = fi(x(t,a)) and  x'(0,a) = 4, i=1..,n

Figure IV.6
Integral curves of a vector field.
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Part (II) of Theorem 4.1 states that these functions x'(¢, a) are C*—in all
variables—on I; x V, an open subset of R x U.
As an aid to intuition we may interpret the mapping F: Is x V > Uasa

£ s nai

flow,” that is, a motion within U of the points of V so that the point at
position a at time t = 0 moves to F(, a) at time ¢ (see Fig. IV.7). The path of
a moving point is the integral curve, and its velocity at any of its positions is

given by the vector X assigned to that point of U.

We now turn to a vector field X on an arbitrary manifold, considering
first a purely local question.

Figure IV.7

(42) Theorem Let X be a C*-vector field on a manifold M. T hen for each
p€ M there exists a neighborhood V and real number 6 > 0 such that there
corresponds a C* mapping

0 I, x V> M,

satisfying

(*) gv(ta q) = XGV(t. q)

and

(#%) 0Y(0,q)=q  forall geV.

If F(t) is an integral curve of X with F(0) = qe V, then F(t) = 6" (t, q) for
|t| < 6. In particular, this mapping is unique in the sense that if Vy, 6, is
another such pair for pe M, then 0¥ = 0" on the common part of their
domains.
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Proof This is basically a restatement of the existence theorem as fol-
lows. For pe M we choose a coordinate neighborhood U, ¢ and map X to
the ¢-related vector field X = ¢ (X)on U = @(U) = R After applying the
local existence theorem to obtain F:l; x V' — U defined by F(t,a) =
(x'(t, ), ..., x"(¢, a)) on a neighborhood ¥ = U of ¢{p), weset V = ¢~ 4
and define 6*: I, x V - U by 0"(t,q) = ¢~ '(F(t, ¢(q)). Since ¢ and ¢~
are diffeomorphisms, we see at once that 0" satisfies () and (xx). The fin

Y (R P

assertion is a consequence of the uniqueness of solutions.

= ——

al
B
[

Finally we consider the global aspects of the theory, that is, given a
vector field X on M, what can be said that goes beyond the description of the
situation in a neighborhood of a point. Our main purpose is to establish the
relation between vector fields on M and local one-parameter groups acting
on M (Theorem 4.6). The first result depends only on (I) of the existence
theorem.

(4.3) Theorem Let X be a C*-vector field on a manifold M and suppose
pe M. Then there is a uniquely determined open interval of R, I(p) = {a(p) <
t < Blp)} containing t = 0 and having the properties:

12 B

(1) there exists a C*-integral curve F(t) defined on I(p) and such that
F(0) = p;

(2) given any other integral curve G(t) with G
definition of G is contained in I(p) and F(t) = G(t

F72%Y ") -1 [IPUST B &
(0) = p, then the interval of
) on this interval.

Proof Let F(t) and G(t) be two integral curves such that F(0) = p =
G(0), and suppose I, I; to be the open intervals on which they are defined,
I* the set on which they agree. I* is not empty since it contains ¢ = 0 and it
is closed in I N I since F(t) and G(t) are continuous. Suppose s € I'*. Since
selpn1; an open set, there is some interval —d <t <8 on which
F(r) = F(t + s) and G(t) = G(t + s) are both defined. They are both integral
curves satisfying the same initial condition: F(0) = F(s) = G(s) = G(0). From
the existence theorem they agree on some open interval [t| < 6 around ¢ = 0.
Thus F(t) = G(t) on an open set around s and [* is open. It follows that
I* = I, n I;. Hence F and G define an integral curve on I U I. Thus, I(p)is
the union of the domains of all integral curves which pass through pat t = 0;
the asserted properties are immediate. Note that it is quite possible for
a(p) = — oo and/or f(p) = + co. If both occur, then I(p) = R. |

We shall use the notation F(t) = 0(t, p) for the unique maximal integral
curve F(r) such that F(0) = p. When we wish to emphasize dependence on i,
or p, we may write 6,(t), or 6,(p), for (¢, D).
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Now let the subset W < R x M be defined by
W ={(t.p)e R x M|a(p) <t < B(p);.

lo ¢l TAS A0 H
both W and § arc uniquely

According to what has been shown thus far
determined by X and W is the domain of 6: W — M. Moreover we have the
following properties of 6 and W':

(i) {0} x M < W and 6(0, p) = p for all pe M.
(ii) For each (fixed) pe M, let 6,(t) = 0(t, p). Then

0 :1(p)>M
P \t'J

is a C*-integral curve, that is, 6,(t) = X, and is maximal.
(iii) For each pe M there is a neighborhood 1 and a 6 > 0 such that
Iy xVcWandO1is C*onl; x V.

Using this notation and the same facts that we used in the proof of
Theorem 4.3, we obtain the following addendum relating I(p) and I(q) for
any two points p and q of the same integral curve.

(4.4) Corollary Let sel(p) and q = 0,(s) = O(s, p) be the corresponding

point of the integral curve determined by p. Then a(q) = a(p) — s and B(q) =
B(p) — s so that

TR Y -

Ig) = 1(0,6) = (x(p) = 5 < £ < flp) = 5}
Thus teI(q) if and only if t + se I(p), and then we have
9([’ 9(3’ p)) = 9([ + 5, P)

Proof Suppose that sel(p) and let F(t) = 0,(s + 7). Then F(t) is
defined on the open interval x(p) < s + t < B(p) and F(0) = 0,(s) = g and is
an integral curve. By maximality and by uniqueness we have F(7) =
0(t,0,(s)) = 0(t, q) so its domain must be /() = {(g) <t < B(q)}. ]

We take note that what has been proved to this point answers any
questions we might have about the existence of integral curves of a vector
field X on a manifold. It does not describe completely the nature of W. We
do that now and at the same time specify the relation between vector fields
and one-parameter group action.

(4.5) Theorem For any C*-vector field X the domain W of 0(t, p) is open in
R x M and 6 is a C* map onto M.

Proof We must show that for each (t, po) € W there is a neighborhood
V of po and & > 0 such that the open set (t — 6, + 6) x Visin W and 0 is
C™ on it. This is already known to be the case for (0, py). If the theorem fails,



136 IV VECTOR FIELDS ON A MANIFOLD

then there must be some (t,, po) € W such that for each 0 <t < ¢, there
exists (t — 0,t + 8) x V with the above properties, but not for (¢4, po).
[We have assumed, without loss of generality, that ¢, > 0).] We shall show
by contradiction that there can be no (tq, po)

Should there be such, then using Theorem 4.2, we find J, > 0 and a
neighborhood V, of g, = 0(t,, po)such that I, x Vo = Wand@is C* onit.
By continuity of 8(t, p,) in t we may find t; < to withboth |t, — t;| < 30,
and 0(t,, po)€ V,. Since t; < to, by our assumption on (z,, po) there is a
8, > 0 and a neighborhood V; of p, such that (t, — &,,¢t, + 6;) x Vy =« W
and such that 8 is C* on this open set. In particular, 6(t,, po) is in V, and
6,,: Vi = M is defined and C®, so we may suppose by continuity (and
restricting ¥, if necessary) that 6, (V,) = V,. We now have 0(s + t,,q)
defined and C*® on the open set |s| < d,and ge V;;and its values fors = 0

~)
s q)

............ f
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) < s < B(6(t,, ¢)) the equation
0(s + t1, q) = 0(s, 0(t1, q))

is valid. Since 6(t,, q) is in V,, by the definition of §, and V,, the interval
1(6(t,, q)) contains all s for which |s| < &,. Thus 6(s + t,, q) is defined and
C* for |s| < d, and any ge V,. However, this is an open set containing
(ta, Po) since |to — t;| < 46,. This shows that our assumption on (to, py)
leads to a contradiction. |

We now note that (4.3)-(4.5) tell us exactly that : W — M defines a local
one-parameter group action on M (Definition 3.11). It arises from X via the
existence theorem and has X as infinitesimal generator. In fact it tells us
somewhat more: Suppose 0, W — M and 0,: W, - M are local one-param-
eter group actions. We will write 8, > 6, on W, n W,. Collecting our results,
we have the following, which is equivalent to the existence theorem in the
autonomous case:

(4.6) Theorem In the notation above, 0, = 8, if and only if they have the
same infinitesimal generator X. Further, every C% vector field X is the
infinitesimal generator of a unique local one-parameter group action 6 on M
whose domain W is maximal among all § = 0.

(4.7) Remark Itisimportant to note that now Theorems (3.12) and (3.14)
hold for the 8(t, p) defined on W by applying the existence theorem. Thus, 6, is
a diffeomorphism of its domain V, = {pe M|te I(p)}, an open set, onto
V_, = {pe M| —teI(p)}. Further, if X, # 0, then there are local coordinates
U, ¢ in which X = E, = ¢, *(8/dx") on U.
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(4.8) Remark A general nth order ordinary differential equation in the
independent variable t and dependent variable x and its derivatives 1s given
by a relation

e’ dr
Wa animmnca that thic 1o o0 Hiineotian afelace 77 Aafinad An some ainlnlnn«lnnnrl
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in R"*? of the point (0, ay, a;, a,, ..., a,) and that in a neighborhood U of

this point we can write it in the form

d"x_G ; dx dix
arm = \" S a A )

(This can be done if the derivative of F with respect to its last variable is not
zero at the point.)
Now let x = x!, dx/dt = x?,...,d" " 'x/dt""! = x" and consider the first-
order system of ordinary differential equations
dx? dx? 3 dx"

(%) —=x% —-=x) ..., S =G(tx,xE ., X",
dt dr dr

with initial conditions
(%) x'(0) = d, i=1,...,n

The original nth order equation has a solution x(t) satisfying initial condi-
tions (at ¢t = 0):

dx alx
x(0)=a', |) =a% ..., [—) =4a

if and only if the first-order system () has a solution satisfying (**). Hence
the existence theorem (Theorem 4.1) gives the existence and uniqueness of
solutions of ordinary differential equations of nth order. This can be ex-
tended also to systems of ordinary differential equations of higher order than
one. The conclusions of Theorem 4.1 concerning uniqueness of solutions
and differentiability of dependence on initial conditions are also valid in this
more general situation.

A second generalization is the case in which the functions f* of system (x)
of Theorem 4.1 depend on parameters z%, ..., z™ so that the system becomes

d
X' = fit, x!,. Lzl 2™, i=1,...,n
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If we assume that the functions f* are of class C” in the z’s also on some open
set U' = R™ that is, f* is a function of class C" on I, x U x U' = R
R" x R™, then the solutions will depend on the z’s as well as on the initial
conditions:

i ___ i 1 n 1 m
x = xi(t, a,...,da"% 2", ..., 2").

It is a further consequence of Theorem 4.1 that these functions are of class C*
in ali variables on an open set I, x ¥ x ¥/ < R x R" x R™ This is very
easily proved by introducing new equations of the formdz//dt = 0,j = 1, ...,

m, so that we are dealing with a system of n + m ordinary equations to

which we apply Theorem

An application will be made of this idea in the following case. Choose a

basis Ey, ..., E, of the tangent space at the identity e of a Lie group G and let
X,(z%, ..., 2"} denote the value at g€ G of the uniquely determined left-
invariant vector field X whose value X, at e has components z', ..., 2", that
is, X, = Y, Z'E;. With the choice of basis fixed, the left-invariant vector

fields on G are thus parametrized by R™. The dependence on g and on the
parameters is C* so that the solutions of the system of equations corre-
sponding to each of the vector fields X (z!,..., 2" is C*inall variables. Thus

we have 0(t; g;z', ..., z"), which gives a C* mapping 0: R x G x R' -G
and, for g, z fixed, determines the integral curve through g.

Exercises

1. Consider a system of n ordinary differential equations of second order in
n unknown functions:

> ( dx! ax"
= e, X k=1...,n
dt2 f (st ) 9X, dt [} s dt)’ ’ ’n

State as precisely as you can an existence theorem for solutions and
derive it from Theorem 4..1.

2. Give a detailed statement and proof of the two generalizations indicated
in Remark 4.8.

3. LetM = R2,the xy-plane, and X = y(3/0x) — x(d/dy). Find the domain
W and the one-parameter group §: W —» M.

4 Let X and Y be vector fields on manifolds M and N, respectively, and
F: M — N a C® mapping. Show that X and Y are F-related if and only
if the local one-parameter groups 8 and ¢ generated by X and Y satisfy
F o 0,(p) = a, F(p) for all (¢, p) for which both sides are defined.

S. Give a precise meaning to the following statement and then prove it: If
the vector field X on M generates the local one-parameter group 0
acting on M, X is invariant under the action.
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6. Show that the orbits of a local one-parameter group may be defined in
terms of an equivalence relation, just as in the case of a group G acting
on a manifold. Show by example that the orbit space may fail to be

nnnnnnn

Hﬂubu\.}lff.
7. Show that the general (nonautonomous) system on R" of Theorem 4.1

can be reduced to the autonomous case on R"* ! by letting t = x"*! and
adding an eguation Jv"+1//~]f = 1 with er—l[n\ = Q.

QUliiing Gii Lljuaunauii L ¥Yiill A

8. Derive Theorem 4.1 from Theorem 4.6.

5 Some Examples of One-Parameter Groups Acting on a Manifold

1~
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as

iow consider
domain W and infinitesimal generator X acting on a manifold M. Forpe M,

we continue to denote by I(p) the set a(p) < ¢t < B(p) of all real numbers ¢
euch that (f n\ is im W, The inte nral

llllllllll ’ iy 11 KA llll.vs Curv\.« AP SNrs ¥ \.AALUUSAI P 10 snvvu UJ
02. I(p ).—> M3 0,(t) = 0(t, p). If X, = O, the curve is a single point p; other-
wise 0, is an immersion as was shown earlier. In this latter case we consider
now the nature of the integral curves on M.

va of Y thronoch n 1¢ oiven hvy

(5.1) Lemma Suppose that f(p) < oo and that {t,} < I{p) is an increasing
sequence converging to (p). Then {6(t,, p)} cannot lie in any compact set. In
particular, the sequence {0(t,, p)} cannot approach a limit on M. A similar
statement holds for a decreasing sequence approaching a(p) if a(p) is finite.

Proof Let K be a compact subset of M and X a C*-vector field on M.
By the existence theorem to each g€ M corresponds a & > 0 and a neighbor-
hood V of g4 such that 0 is defined on I; x V. A finite number of such
neighborhoods cover K and we let &, be the minimum § for these neighbor-
hoods. Then for each ge K, 8(, q) is defined for |¢| < &,. Suppose
{6(t,, p)} K and that N is so large that 8(p) — ty < 46,. Then, by Corollary
4.4, 0(t,0(ty, p)) is defined only for t < B(p) — ty < 8o/3. But this is a
contradiction since 0(ty, p) € K, so 6(t, 6(ty, p)) is defined at least for —§, <
t < 9y. This proves the first statement. The second is an immediate conse-
quence for if lim,_ 0(t,, p) = g, then there is a neighborhood of g whose
closure K is compact and contains all but a finite number of terms of the
sequence {0(t,, p)}. We discard the terms not in K and obtain the same
contradiction. Obviously the same arguments apply to decreasing sequences
approaching a(p)—if «(p) is finite. ]

(5.2) Corollary If I(p) is a bounded interval, then the integral curve is a
closed subset of M.
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(5.3) Corollary If X, =0, then I(p) = R.If X = 0 outside a compact subset
of M, then W = R x M.

We leave the proofs of these two corollaries to the exercises.

(5.4) Remark A point p of M at which X, = 0 is called a singular point of
the vector field and any other point is referred to as regular. We have seen
(Theorem 3.14) that in the neighborhood of a regular point the integral
curves are—to within difftfomorphism—the family of parallel lines
x? = ¢ ..., x" = c" in R" On the other hand the pattern of integral curves
at an isolated singularity can take many forms, even in the two-dimensional
case, and has been extensively studied. At least in the two-dimensional case
singularities can be visualized in terms of the integral curves of the vector
field X near p. Some possibilities are shown in Fig. IV.8a-d. The cases (a)
and (b) correspond to the field
of ¢ oOf 0

X=gradf=$—+

(a) Extremum of £(x, ») (b} Saddle point of 7(x, y)

(c) {d)
Figure 1V.8
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at a point p = (xq, yp) which is a simple extremum or saddle point of the
function f(x, y). The level curves f(x, y) = constant are the dotted lines
orthogonal to the integral curves. If p is a singularity of a general vector field,
the pattern can be more complicated; possibilities are shown in (c) and (d).

Interesting relations between the topological nature of the surface and the
possible types of singularities possessed by a vector field on it were discovered
by Poincaré, Hopf, and others (see Milnor {2} and Amold {1]). These
relations depend on the concept of the index i, of a vector field X at an
isolated singularity p. In the two-dimensional case this is an integer defined as

Fallawro: T at £ Tan cimmla Alacad Anirva cAantaining n intariare nd
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other singular point. As we traverse C counterclockwise, the vector field X,
ge C, rotates, ie., its angle # with a fixed direction changes by an integral
multiple 27i, of 2z. (In Fig. IV8abyc, the index of X i1s +1, —1, 2
respectively.) The results alluded to show that i, does not depend on the C
chosen and amazingly that if X on a compact orientable surface M has only
isolated singularities, then the sum of the indices is the Euler characteristic .
In particular, it is independent of X. A consequence of these relations is the
fact already mentioned that a vector field on S>—in fact on any closed

orientable surface except T2—must have at least one singular point.

Another important question about a vector field X on M is whether or
not it has closed integral curves—diffeomorphic to the circle S' (see
Exercise 3). This can be of importance, for instance, in applications to dyna-
mics. In these applications one considers the points of a manifold as corre-
sponding to, or parametrizing, the states of a dynamical system. For
example, if the system consists of the earth, sun, and moon, then in a fixed
coordinate system the positions of the three objects can be characterized by
nine numbers (three sets of coordinates) and their velocities, or momenta, by
nine more (the components of three vectors). Thus each state or
configuration corresponds to a point on a manifold M of dimension 18. The
laws of motion can be expressed as a system of ordinary differential equa-
tions or vector field X on M, and the integral curves correspond to the
motions beginning from various initial states. A closed integral curve corre-
sponds to a periodic motion, like that of the planets. This approach to
mechanics was extensively studied by Poincaré and Birkhoff, and is still an
active area of research (see Smale [2]). It has led to many interesting
questions about vector fields and curves on manifolds. For example, it was
very recently shown by Schweitzer [1], that there exist everywhere regular
vector fields on S* without any closed integral curves—contrary to a long
standing conjecture. Classical mechanics in the framework of manifold
theory is very clearly set forth by Godbillon {1]. Other excellent books on
differential equations and dynamical systems are Hirsch and Smale [1],
Arnold [2], and Abraham and Marsden [1].
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(5.5) Definition A vector field X on M is said to be complete if it generates
a (global) action of R on M, thatis, if W = R x M.

This is clearly the most desirable case and we find it very convenient to
have sufficient conditions for completeness. One of them is an immediate
corollary of Lemma 5.1.

(5.6) Corollary If M is a compact manifold, then every vector field X on M
is complete.

To see that this is so we take K = M in the lemma and note that in this
case a(p) = —oo and f(p) = + oo, that is, I(p) = R, for every pe M.

This gives one important case in which we may be sure that a vector field
is complete. A second case, which we will study in some detail, is a left-
invariant vector field on a Lie group, as is shown by the corollary to the
theorem which follows.

(5.7) Theorem Ler X be a C*-vector field on a manifold M and F: M - M
a diffeomorphism. Let 0(t, p) denote the C* map 6: W — M defined by X.
Then X is invariant under F if and only if F(6(t, p)) = 0(t, F(p)) whenever

ECTE 4x -
rr77

both sides are defined.

Proof Suppose that X is invariant under F. If 8,: I{p) » M is the inte-
gral curve of X with 6,(0) = p, then the diffeomorphism F takes it to an
integral curve F(0,(t)) of the vector field F,(X). Since F,(X) = X and
F(0,(0)) = F(p), from uniqueness of integral curves we conclude that
F(0,(t)) = 0(t, F(p)). This proves the “only if ” part of the theorem.

Now suppose that F(O(t,p)) = 6(t, F(p)) and prove that
F.(X,) = Xpy- This could be done directly from expression (3.2) for the
infinitesimal generator X, but we shall proceed in a slightly different way.
Let 0,(t) = 6(t, p) and let d/dt be the natural basis of To(R), the tangent space
to R at t = 0. Then, by definition, X, = 6,(0) = 6,,(d/dt) and applying the
isomorphism F,: T,(M) — Tg(,(M) to this definition we have

Fo(X,) = Fy o 0,,(d/de) = (F o 0,),(d/dt) = Oy (d/dt) = X

The second equality is the chain rule for the composition of mappings
applied to 6,: R > M and F: M — M. The third equality uses the hypothesis
that F o 0,(t) = Og,(t)- |

We remark that in the notation of Section 3 this theorem could be
stated: F (X)= X ifand only if 6, F = Fo 6, on V.

(5.8) Corollary A lefi-invariant vector field on a Lie group G is complete.
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Proof Let X be such a vector field. There is a neighborhood V' of e and
a é > 0 such that 0(¢, g)is defined on I; x V. For he G, let L, denote the left
translation by h. If we apply Theorem 5.7 with F = L,, then 6(¢, L,g) =
L, 6(t, g), which shows that @ is defined on I, x L,(V), a neighborhood of
(0,h) in R x G. It follows that for every he G there is a neighborhood
U = L,(V)suchthatl, x U = W, the domain of § with the same d > 0 that
we first obtained for V, that is, d is fixed and independent of h. By the same
argument as in the compact case we obtain a contradiction if we assume for
any g € M that either a(g) or f(g) is finite. Therefore W = R x M and X is
complete. ]

We shall now carry our analysis of the Lie group situation somewhat
further and in this way will obtain a number of examples of actions of R on
manifolds.

(5.9) Definition Let R be the additive group of real numbers, considered
as a Lie group, and let G be an arbitrary Lie group. A one-parameter sub-
group H of G is the homomorphic image H = F(R) of a homomorphism
F:R - G. It is called trivial if H = {e}.

We give here several simple examples of one-parameter subgroups. In
the next section it will be shown how all such subgroups may be determined
for linear Lie groups, that is, subgroups of GI(n, R). Since we are interested in
the action of R on manifolds, we recall at this point a comment and
examples of Section II1.7. Namely, let G be a Lie group which acts on a
manifold M by 0: G x M — M and let F: R - G be a homomorphism.
Then 0: R x M — M defined by 0(t, p) = B(F(t), p) defines an action of R
on M. Now applying Sections 3 and 4 we have an associated infinitesimal
generator X, integral curves as orbits of the action, and so on. Since the same
G may act on different manifolds, or in different ways on the same manifold,
a fixed one-parameter subgroup of G will give many examples of a one-
parameter group of transformations of a manifold.

(5.10) Example Let G be the group GI(3, R). We consider two one-
parameter subgroups, that is, two homomorphisms F;, F, of R into G,
defined as follows (a, b, c € R are constants):

e 0 0 1 at bt + jact®
Fiiy=10 ¢ 0 and F,(r)={0 1 ct
0 0 e 0 0 1

It is left as an exercise to check that these are homomorphisms. Now
GI(3, R) acts naturally on R* (Example I11.7.4) and hence each F; defines an
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action on R>. In the case of F, we have 0(¢, x!, x%, x*) = (e“x", ex?, ”'x?).
Therefore the infinitesimal generator X is given at x e R* by

. 0 é 0
_ — 2 Y
X, =0(0,x) =ax g +axt o I

3

and the integral curves, or orbits, are the lines through the origin (see

Fig. IV.9).
~ Ve 2 of 1Y e ” _1
The group Gl{n, R) also acts on P""'(R), since 1t preserves the equi-

aio ey fad
valence relation (proportionality) of n-tuples which defines it. Therefore
wo-dimensional projective space P?(R). In this case F,
10N

(5.11) Example Let G be the Lie group SO(3) of orthogonal matrices with
eterminant + 1. Define F: R — SO(3) and thus a one-parameter subgroup

mimant .03 94§ L9y AallCl (NS a Ul

cosat sinat 0

F(t)= | —sinat cosat O |.
0 0 1

Again, it is easily checked directly that this is in fact a homomorphism. Thus

N
SO(3) acts on the unit sphere 5% in a standard manner which we previously
discussed (Section II1.7 and Exercises). The action is just the usual rotatlon
01 the sphere, and F defines a one-parameter gro
x* axis fixed:

o(t, x*, x2, x) = (x! cos at + x? sin at, —x* sin at + x* cos at, x°).

xe

Figure IV.9
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o

T—

Figure IV.10

The orbits are the lines of latitude and the generator X is tangent to them
and orthogonal to the x*-axis. X =0 at the north and south poles
(0,0, £1). (See Fig. 1V.10.)

(5.12) Example We recall also that a Lie group G acts on itself (on the
right) by right translations. Thus if we are given a homomorphism
F: R - G, we may define an action 6 of R on M = G by 0(z, g) = Rplg) =
gF(t). We have used R, to denote right translation: R,(g) = ga. As
previously noted in Section IIL.7, this is a composition of C® maps, F, and
right translation. It is an action since F is a homomorphism and multiplica-

tion is associative:

(i) 60.9) = gF(0) = g,
(i) 00 + 5. ) = gF(t + ) = g(F(OF(s))
= (gF(O)F(s) = 0(1, 0. ).

Thus the examples above furnish further examples of one-parameter group
action, namely, on M = GI(3, R) and M = O(3), respectively.

Recalling that a left-invariant vector field on G is uniquely determined by
its value at the identity e, we may use these ideas to characterize one-
parameter subgroups of a Lie group.

(5.13) Theorem Let F:R — G be a one-parameter subgroup of the Lie
group G and X the left-invariant vector field on G defined by X, = F(0). Then
0(t, g) = Rgq)\g) defines an action 0: R x G — G of R on G (as a manifold)
having X as infinitesimal generator. Conversely, let X be a left-invariant vector
field and 0: R x G - G the corresponding action. Then F(t) = 0(t, e) is a
one-parameter subgroup of G and 0{t, g) = Rg(g).
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Proof Given the C* homomorphism F: R — G, then §: R x G - G,
defined by 0(t, g) = Ry (g) = gF(t) is, as we have just seen, an action of R
on G. If aeG, then L,0(t, g) = a(gF(t)) = (ag)F ~9(tL g))- By
Theorem 5.7 it follows that the generator X of 0 is L,-invariant, for any
ae G. However, 0(1, ¢) = F(t), and so X, = 0(0, e} = F(O), which proves the
first half of the theorem.

For the converse X, being left-invariant, is both C* and comple
generates an actlon 6 of R on G. By Theorem 5.7 for any left translati
we have L,0(t, g) = 0(t, Ly(g)) or equivalently, ho(z g) = 6(t, hg).
F(t) = 6(t, €) and h = F(s). Then this relation implies

and it

let
1slat onL

F(s)F(t) = F(s)0(t, ) = 0(t, 0(s, €)) = O(t + s, ¢) = F(s + t).
Thus ¢ — F(t) is a C* homomorphism. But F(0) = 6(0, ¢) = X, and since X
is left-invariant, we see I-m nannPnPQc of the action oenerated by X that
0(t, g) = Rpw9), the act1on defined just previously. |
(5.14) Corollary There is a one-to-one correspondence between the ele-
ments of T,(G) and one-parameter subgroups of G. For ZeT(G) let
t — F(t, Z) denote the (unique) corresponding one-parameter subgroup. Then

F:R x T,(G) — G is C* and satisfies F(t, sZ) = F(st, Z).

Proof According to Theorem 5.13, each Z € T,(G) determines a unique
homomorphlsm t - F(t, Z) of R into G such that F(0, Z) = Z. By our exten-

sion of the existence theorem at the end of Remark 4.7 we see that Fis C*

simultaneously in ¢ and Z [identifying T,(G) with R" by some choice of
basis]. Using the rule for change of parameter in a curve on a manifold, we
have

= sZ.

t=0

[jt F(ts, Z)LO = S{jr F(t, Z)

On the other hand t — F(ts, Z) is a homomorphism. Therefore, by uni-
queness, F(st, Z) = F(t, sZ). |

Exercises

p—t

Prove Corollary 5.2.
Prove Corollary 5.3.
3. Let X be a vector field on M and let F: I(p) — M be the integral curve
determined by F(0) = p. Suppose for some real number ¢ > 0, F(c) =
F(0). Show that this implies I(p) = Rand F(t) = F(¢ + ¢)forallte R.If
X, # 0, then prove that there is a diffeomorphism G: S' - M and a
number ¢, O0<co<c, such that F=Gon, with m:R-
= {zeC| |z| = 1} denoting the mapping =(t) = Q2rileD)
4. leen pe M, show that if I(p) is bounded for a C*-vector field X on M,
then t — 9(:, p) is an imbedding of I(p) in M.

N
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5. Given pe M and a C*-vector field X on M, let {z,} be a monotone
increasing (decreasing) sequence of I(p) which has no limit on I(p). Show
thatiflim,_,  6(t,, p) exists, then a(p) = — oo (B(p) = + o0, respectively).
Let L' (p) [or L (p)] denote the collection of all such limit points
for increasing (decreasing) sequences. Show that L*(6(z, p)) = L (p)
for every t € I(p) and that L (p) is a closed set and a union of integral
curves.

6. Show that a one-parameter subgroup H of a Lie group G which is not
trivial is either an isomorphic image of §* or R; and in the latter case is a
submanifold whose closure is an (algebraic) Abelian subgroup, possibly
larger than H. Give examples of each case.

6 One-Parameter Subgroups of Lie Groups

We have seen that one-parameter subgroups of a Lie group G are in
one-to-one correspondence with the elements of T,(G). We shall use this to
help determine all one-parameter subgroups of various matrix groups. We
first consider G = Gl(n, R). The matrix entries x;;, 1 < i,j < n, for any
X = (x;;) € Gl(n, R) are coordinates on a single neighborhood covering the
group, which is an open subset of .# ,(R), the n x n matrices over R. There-
fore d/0x;;, 1 <i, j<mn, is a field of frames on G and, relative to these
frames as a basis at ¢, there is an isomorphism of .# (R) as a vector space
onto T,(G) given by A = (a;;) =Y ;. ; 4;(0/0x,),- [When G = Gl(n, R), e is the
n x n identity matrix I.]

(6.1) Definition The exponential ¥ of a matrix X € #,(R)is defined to be
the matrix given by

—_ 1 2 1 3
(*) €X—I+X+EX +§X +

if the series converges.

(6.2) Theorem Series (x) converges absolutely for all X € #,(R) and uni-
Jormly on compact subsets. The mapping #,(R) — 4 ,(R) defined by X — ¥
is C* and has nonsingular Jacobian at X = 0. Its image lies in Gl(n, R). If
A, Be #"(R) such that AB = BA, then ¢**% = ¢4e®.

Proof 1f we denote by x{¥’ the entries of the matrix X* with
X'=X = (x;) and X° =1 = (5,;), and we let p = sup; .; ;, | x;;|, then
by induction on k we have the inequality

|x{ | < (np)
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This is true for k = 0, and if it holds for k, then

)k+ 1'

e+ ’zxs,“x,, < ninp)p = (p

From this it follows that the sequence e¥ converges absolutely for every X
and that it converges uniformly on every compact subset of .#,(R); indeed
each compact set is contained in a set K, = {X||xy| < p}. Using absolute
convergence each entry of ¢¥ may be written as a power series in any of the

;jconverging on all of R (or even C). Hence X — eX is analytic in each x;; and

is therefore an analytic mapping (by Hartog’s theorem).

If we denote by f;;(X) the coordinate functions of the mapping, then the
terms of degree less than 2 in the variables x;; are

fillX) = 05 + x5, 1<ij<n

hence the Jacobian matrix at X = 0 reduces to the n* x n? identity matrix.

Finally, using the fact that the convergence is absolute, so that we may

rearrange terms, and an analog of Cauchy’s theorem for multiplication of
series, when AB = BA we obtain the equality

L) ) amrlpoy Lsspp
(k;{}k! ,\; zzl Z (m — p)! p!B %m!( +B)

From this we may deduce e?e® = e4*? (see Exercise 1). In particular, this
implies efe™* = ¢° = I so that e* is nonsingular, that is, ete Gl(n, R) for
any ae #,(R). This completes the proof of the theorem. |

(6.3) Corollary F(t) = "4 is the one-parameter subgroup of Gl(n, R) whose
corresponding left-invariant vector field has the value Y 5 ai(8/0x;; ) All
one-parameter subgroups of Gl(n, R) are of this form. Further, F 0) =

Proof The corollary is an immediate consequence of the theorem For
every te R, t; A and ¢, A commute, thus e®1*/24 = ¢'1424and t » e'“ isa
group homomorphism; it is C® since it is a restriction of a C*-map on
M ,(R) to the submanifold {t4 |t € R}. Finally, writing x;{(¢} for the ijth entry
of ¢'* and letting 4 = (a;;), we have

so that x,{0) = a;, 1 <i, j <n or, equivalently (de'?/dt),-o = 4. This
proves the corollary. |
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(6.4) Example

o O O

) € #3(R)
/

o O R
(== T~

implies
A

[+

Moy

242 ...
tcA4A° 4 .

[S1E

=TJ LA L
T a2

x

However, A* = 0 if k > 2 so that we obtain once again Example 5.10:

/1 e el g 1.2 0\

1 ta to+ 3tac
et=10 1 tc
0 0 1

By virtue of the following theorem, we can use the mapping X — e* to
determine the one-parameter subgroups of other matrix groups, for exam-

wwlm Y CH DY fonn Tarawaion £V amd oom e
piIc, Ur), o, &) (dBLU LACICIL U), allld S0 VIl

(6.5) Theorem If H is a Lie subgroup of G, then the one-parameter sub-
groups of H are exactly those one-parameter subgroups t — F(t) of G such that
F(0)e T,(H) considered as a subspace of T,(G).

Proof Llet F: R — H be any one-parameter subgroup of H. Since
H < G and the inclusion is an immersion, in particular is C®, the map F
followed by inclusion is a one-parameter subgroup of G. Its tangent vector at
any point is tangent to H. In particular, F(0)e T,(H) a subspace of T,(G).
Conversely, if F: R — G is a one-parameter subgroup such that F(0) e T,(H),
then F(0) determines a one-parameter subgroup of H, F,: R — H, with
F,(0) = F(0). As we have just seen, F, can be considered a one-parameter
subgroup of G, but since F and F, have the same tangent vector at e, they
must agree. Therefore the correspondence is one-to-one as claimed, which

completes the proof. |

Suppose that G = Gl(n, R) in the discussion above, then we have the
following application.

(6.6) Corollary The one-parameter subgroups of a subgroup H = Gl(n, R)
are all of the form F(1) = "4, where A = (a;;) are the components of the vector
F(0) = Y. ai{0/0x,). € T(G) which is tangent to H at e, i.e., is in T(H) <
T(G).

This 1s an immediate consequence of the theorem and the fact that every
one-parameter subgroup of G = Gl(n, R) is of the form F(t) = '
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(6.7) Example Let H = O(n), G = Gl(n, R), and determine the one-
parameter subgroups of H. If ¢'4 e H for all ¢, then (&'*)(e'?) = 1, where the
prime indicates the transpose. It is an immediate consequence of
Definition 6.1 that (¢') = ¢'*'; and, by Theorem 6.2, (¢'4)""' = ¢ '%. From
these facts we conclude that ¢’ € H implies ¢4’ = ¢~ "4, Taking derivatives on
both sides at t = 0, we see that A" = — A. Conversely, if A’= — A4, then

‘A(e'A) et = ¢'1e~* = | which means that ¢'¥ is an orthogonal ma-
trix. Let o{n) denote t

A ,(R); it has dimension n(n — 1)/2. Since X — ¢* has nonsingular Jacobian
at 0 €.#,(R), it is a diffeomorphism near O. The same will then be true of its

restriction to o{n): A neishborhood of O ¢ n(n\ mans diffeomorphicallv onto

LLILUIVILE LU DRy, M GRiglhivuiuouva U ey riapes WanLUhinthlpeiaianly LAY

a neighborhood of I € O(n). This proves the following:

A e Latmnnn ~f ooty gusmrateis smanteirag

A liea
i€ 1incar suospacc O1 SKEW SYyMITCIric matrices ux

T he homomorphism t — €' is a one-parameter subgroup of O(n) if and only
if A= — A, which is the necessary and sufficient condition on A = (a;;) in
order that the tangent vector Y, ; a;[(0/0x;;), to Gl(n, R) at the idennty be
tangent to the subgroup O(n). The dimension of O(n) is n{n — 1)/2.

Finally we recall that if G is a Lie group and Z € T,(G), then Z determines
umquely a one-parameter subgroup which we denoted earlier by F(t, Z). We

PRguy ) .. PR, .y e T 3a saemas

use this to define an exponential mappi in g On an ar‘oitxary Li€ group.

(6.8) Definition The exponential mapping, exp: T,(G) — G, is defined by
the formula exp Z = F(1, Z).

“Ay L

According to Theorem 5.13 we have the following properties:

(6.9) Theorem For any Lie group G the mapping exp: T,(G) — G is C* and
F(t) = exp tZ is the unique one-parameter subgroup such that F(0) = Z. The
Jacobian matrix at 0 of exp is the identity, that is, at e, exp, is the identity.*
Finally, if G is a subgroup of Gl(n, R), then for each Z € T,(G) there is an
A = (a;) € M, (R) such that Z =Y a;(0/0x;),, and for this Z, exp tZ = e'*.

Exercises

[. Complete the proof that when A, B are commuting n x n matrices, then
et = e4ef [Hint: first prove this for the exponential function on R,
using multiplication of power series; then try a similar proof.]

2. Check directly that the mapping ¢t — e'* of Example 6.4 is a group
homomorphism.

t This requires that we identify the tangent space to T,(G) at Z = 0 with T,(G) itself, a
common practice when working with vector spaces; exp, is the mapping of tangent spaces
induced by exp.
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3. Let 4 = (a;) beann x nmatrix such that g;; = 0ifj < i. Prove that the
one-parameter subgroup ¢'“ is not a circle group in Gl(n, R).
4. Find the one-parameter subgroups of GI(2, R) corresponding to 4 and B

with
0 1 0 1
ol S A

Find the corresponding actions on R? and their infinitesimal generators,
starting from the natural action of GI(2, R) on R?.

5. Show that for any Lie group G the mapping u:G — G defined by
u(g) = g~ ! takes left invariant vector fields to right invariant vector
fields.

6. Prove that if A4 is a nonsingular n x n matrix and X €.#,(R). then
Ae¥*A™! = ¢4X47' From this deduce that det e¥ = ¢**. Use this to
determine those matrices 4 such that ¢'# is a one-parameter subgroup of
Si(n, R).

7. Using the coordinate frames d/0x,;, i < i, j < n on Gi(n, R), show that
the vector field Z on Gl(n, R) whose matrix of components at the iden-
tity is 4 = (a;;) and X4 at the element X = (x;;) of Gl(n,R) is a left-
invariant vector field.

7 The Lie Algebra of Vector Fields on a Manifold

We denote by X (M) the set of all C*-vector fields defined on the C*
manifold M. It is itself a vector space over R since if X and Y are C*-vector
fields on M so is any linear ¢ombination of them with constant coefficients.
In fact any linear combination with coefficients which are C* functions on
M is again a C*-vector field. For X, Y € ¥(M) and f, g e C*(M) implies that
the vector field Z = fX + gY, with the obvious definition Z, = f(p)X, +
9(p)Y, for each pe M is a C*-vector field. We may express this as follows:

¥(M) is a vector space over R and a module over C*(M).

As a vector space ¥ (M) is not finite-dimensional over R (Exercise 1). In fact
X(M) is something more than just a vector space as we shall see.

(7.1) Definition We shall say that a vector space & over R is a (real) Lie
algebra if in addition to its vector space structure it possesses a product, that
is,a map & x & — %, taking the pair (X, Y) to the element [X, Y] of &£,
which has the following properties:
(1) itis bilinear over R:
[y X, + 2 X5, Y] = oy [ Xy, Y] + ap[X5, Y],
[X,0, Y, + a; Y] = oy[X, V1] + o[ X, V2];
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(2) it is skew commutative:
[X,Y]=—-[X.Y];
(3) it satisfies the Jacobi identity:
[X,[Y.Z]) + [Y.[Z. X]] + [2.[X, Y]] = 0.

(7.2) Example A vector space V>, of dimension 3 over R with the usual
vector product of vector calculus is a Lie algebra.

(7.3) Example Let .#,(R) denote the algebra of n x n matrices over R
with XY denoting the usual matrix product of X and Y. Then [X, Y] =
XY — YX, the “commutator” of X and Y, defines a Lie algebra structure
on .#,(R) as is easily verified.

Now suppose that X and Y denote C*-vector fields on a manifold M,
that is, X, YeI(M ). Then, in general, the operator f — X ,(Yf) defined on
C*(p)—/ being a C* function on a neighborhood of p—does not define a
vector at p. Thus XY, considered as an operator on C* functions on M, does

not in general determine a C%-vector field. However, oddly enough,

vy e ~ ~ 3 rerve e -y
XY — YX does; it defines a vector field Ze 3{(1‘4) according to the
prescription

pr= (XY - YX)pf= Xp(Yf) - Yp(Xf)’ fe Coo(p)

For if fe C*(p), then Xf and Yf are C* on a neighborhood of p, and this
prescription determines a linear map of C*(p) — R. Therefore if the Leibniz
rule holds for Z,, then Z, is an element of T,(M) at each pe M. Consider
1, g€ C*(p). Then f, ge C*(U) for some open set U containing p. Using the
notation (Xf), for X, f, the value of Xf at p, we have the relations:

(XY — YX),(fg) = X,(Yfg) — Y,(Xfg)

= X,(fYg + gYf) — Y(fXg + gXf)

= (X, fNYq), + f(P)X,(Yg) + (X, g)Y[),
+g(P)X (YSf) — (Y, /)Xg), — f(p)Ys(Xg)
— (Y9)Xf), — g(pX Y, X/),

so that
Z,(fg) = (XY — YX),(fg) = f(PUXY — YX),g + g(p)(XY — YX), f
=f(p)Z,9 + 9(p)Z, f.

Finally, if f is C*® on any open set U = M, then so is (XY — YX)f, and
therefore Z is a C®-vector field on M as claimed.
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We may define a product on ¥ (M) using this fact; namely, define the
product of X and Y by [X, Y] = XY - YX.

(7.4) Theorem

X (M) with the product [X, Y] is a Lie algebra.

Proof Ifa, feRand X,, X,, Y are C*-vector fields, then it is straight-
forward to verify that

[xX, + BX, . Yf=ofX, Y]f+ BIX,, Yl

Thus [X, Y] is linear in the first variable. Since the skew commutativity
[X, Y] = —[Y, X] is immediate from the definition, we see that linearity in
the first variable implies linearity in the second. Therefore [X, Y] is bilinear
and skew-commutative. There remains the Jacobi identity which follows

to a C*-function f. Using the definition, we obtain
[x,[Y, Z]1f = X(([Y, Z))f) - [Y. Z[(X))
= X(Y(Zf)) — X(Z(Yf)) — Y(Z(Xf)) + Z(Y (Xf))-
Permuting cyclically and adding establishes the identity.

(7.5) Remark [X,Y] is not C™(M) bilinear. In fact for fe C*(M),
[X.fY]=f[X, Y] + (Xf)Y as is shown in Exercise 2. This may be used to
derive a formula for the components of [X,Y] in local coordinates
(Exercise 3).

We now make use of a vector field X on M to define a method of
differentiation which has many applications in manifold theory. We have
already defined the derivative of a function fe C*(M) at a point p in the
direction of X; it is just X,f. This generalizes from R" to an arbitrary
manifold the notion of directional derivative of a function. However, if we
wish to determine the rate of change of a vector field Y at pe M in some
direction X ,, we have trouble as soon as we leave R", for it is only in R" that
we are able to compare the value of Y at p with its value at nearby points,
which we must do to compute a rate of change. Now, given a vector field X
on M, there is an associated one-parameter group 0: W — M generated by
X. For each te R we know (Theorem 3.12) that 6,: V, — V_, is a diffeomor-
phism (with inverse 0_,) of the open set V,, provided V, is not empty. In
particular for each pe M there is a neighborhood V and a é > 0 such that
V < V,for |t] < é. The isomorphism 6,,: T,(M) = Ty (M) and its inverse
allow us to compare the values of vector fields at these two points.

Indeed, suppose Y is a second C”-vector field on M. We may use this
idea to compute for each p the rate of change of Y in the direction of X, that
is, along the integral curve of the vector field X passing through p. We shall
denote this rate of change by Ly Y; it is itself a C*-vector field.
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(7.6) Definition The vector field Ly Y, called the Lie derivative of Y with
respect to X is defined at each pe M by either of the following limits.

1
(LX Y)n = lim ) [0—1*(Y0(t,,p)) - Y_n]

=01

!
= h_r.rrl‘ I[Yp - 01* Y;i(fr. p)]'

The second definition is obtained from the first by replacing t by —t. We
interpret the first expression as follows: Apply to Yy, € Ty, (M) the iso-
morphism 0_,, , taking Ty, ,(M) to T,(M). Then in T,(M) take the differ-
ence of this vector and Y,, multiply by the scalar 1/t, and pass to the limit as
t —» 0. Equivalently, we may identify Z (1) = 9_,*(}’9(, p)) € T(M) with a
curve of R"; then (LyY), = LP(U) The fact that the vector field so defined is
C* may be verified by writing the formula above in local coordinates
(Exercise 6). We shall give another characterization of Ly Y which requires a

modification of Lemma I1.4.3, following Kobayashi and Nomizu [1, p. 15].

(7.7) Lemma Let X be a C*-vector field on M and 0 be the corresponding
map of W < R x M onto M. Given pe M and fe C*(U), U an open set
containing p, we choose 6 > 0 and a neighborhood V of p in U such that
01, x V) < U. Then there is a C* function ¢(t,q) defined on I, x V such
that for ge V and t € I ; we have

fO@)= fg)+tg(t,q) and  X,f =90, q)

Proof There is a neighborhood V of p and a 6 > 0 such that 0,(p) =
0(t, p) is defined and C* on I; x V and maps I, x V into U according to
Theorem 4.2. The function r{t, q) = f(0,(q)) — f(q) is C* on I; x V and

(0, g) = 0. We denote by #(t, g) its derlvative with respect to t. We define
g(t, g)—for each fixed g—by the formula

g(t, q) = J F(ts, q) ds.

0

This function is also C* on I; x V (verified by use of local coordinates and
properties of the integral). By the fundamental theorem of calculus,

t9(1,q) = | s, e ds = r(t, ) = (0, 4) = r{t. )

Using the definition of r, this becomes

F0L@) = f(q) + tg(t, ).
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On the other hand, by the definition (3.2) of the infinitesimal generator of 0,

o1 o1
9(0, q) = }ifrnl g(t,q) = %lm . rt, q) = lljn n [fO@) — f(@l=X,/. |

i~y t—=0

We use the lemma to prove the following theorem:

(7.8) Theorem IfX and Y are C™-vector fields on M, then
LyY =[X,Y]

Proof Foranype M and any function f which is C* near p, we have for
some ¢ >0

1 1 : -
Y = 0N IS = DS = Yy p(f 60

for 0 < |t < 6. If we can show that as ¢ — 0 the limit of the right-hand side is
[X, Y], f for all such f, then (L,Y), is defined: (L,Y),f = [X, Y], [ for all
f; and thus (L, Y),=[X,Y],. So the conclusion of the theorem follows.
Making use of Lemma 7.7 and setting g(q) = g(t, q), we are led to consider
then

1
lim ? [Ypf - Yo(—t,p)(f + tg)]

t—=0

Collecting the first two terms and replacing ¢ by —t yields

.1 .
lim = [(Y/)(0(p)) — (Y/)P)] — Lim Yy, .
t—0 =0

By formula (3.2) with f replaced by Yf and At by ¢, the first term is X (Yf).
Since 0,(p) - pand g(q) = X, f ast— 0, ¥, ,,9, — Y,(X f) and we obtain in
the limit

X, (Yf) — Y(Xf) = [X, Y], f

This completes the proof of the theorem; it also shows that L, Y is C*. |}

(7.9) Theorem Let F: N — M be a C* mapping and suppose that X {, X,
and Y,, Y, are vector fields on N, M, respectively, which are F-related, that is,
fori= 1,2, F(X;)= Y, Then [X,, X,} and [Y,, Y,] are F-related, that is,
F[X,, X,) = [F (X)), Fu(X2)]

Proof Before proving the theorem we note the following necessary and
sufficient condition for X on N and Y on M to be F-related: for any g which
is C* on some open set V < M,

(*) (Yg)o F = X(g - F)
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on F~ (V). This is essentially a restatement of the definition of F-related, for
if ge F~'(V), then F (X, )9 = X, (g F) = X(g- F)(q); and Y, g is the
value of the C® function Yg at F(q), that is, ((Yg)  F)(g). Thus () holds for
all g if and only if F(X,) = Yz, forall ge M.

Returning to the proof we consider fe C*(V), V = M, so that Y, fand
Y, fe C*(V) also. Apply (x), first with g = Y, fand then with g = f giving
the equalities

[Yl(YZf)] o F

I
D
-~
%
>
]
|
>
o
Sy
\
[+]
=

Interchanging the roles o
(Y, L]f)e F= (X, X,)(fe F),

which by (%) is equivalent to [X |, X,] and [V}, Y,] being F-related. |

(7.10) Corollary If G is a Lie group, then the left-invariant vector fields on
G form a Lie algebra g with the product [X, Y] and dim g = dim G. if
F: G, — G, is a homomorphism of Lie groups, F: g; — @, is a homomorphism

of Lie algebras.

Proof Letae G, andlet X and Y be left-invariant vector fields. L, (left
translation) is a diffeomorphism and L, , X = X, L, Y =Y. Therefore
L, [X, Y] =[X, Y] by the theorem, so [X, Y] is L,-invariant for any a.
Hence the subspace g of left-invariant vector fields is closed with respect to
[X, Y] Since each X € g is uniquely determined by X, the mapping X — X,
is an isomorphism of g and T,(G) as vector spaces. The last statement follows
from Corollary 2.10 and Theorem 7.9. |

(7.11) Remark If H < G is a Lie subgroup, then Corollary 7.10 implies
that i,(h) is a subalgebra of g. It consists of the elements of g tangent to H
and its cosets gH.

(7.12) Theorem Let X and Y be C* vector fields on a manifold M and let 8,
o denote the local one-parameter group actions they generate. Then [X, Y] =0
on M if and only if for each pe M there is a 0, > 0 such that o,°0(p) =
0,0 ay(p) for ltl, sl < 6,.

Proof 1If pe M, then there exists a neighborhood V of p and ¢ > 0 such
that g, - 0,(¢) and 0, - 6(g) are defined for g€ V and |s|, |t| < 6. If g, < 0(g) =
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6,0 a(q) on this set, then by Theorem (5.7), Y is §,-invariant on V for any
fixed small ¢, i€, 0,.(Y,) = Yy, It follows that

1 .1
[X, Y], =(L.Y), =lim 7 [0_(Yoq 5 — Y] =1im . [Y,-Y]=0.

t—0 t—0

Y1=0 on M. Given gV we let Z{t) =
Y O on M. Given ge ¥/, we let £(1)

0_ (Yo, and show Z,(t) = 0. Let ¢' = (¢, g); then

o O PR U . rN Fa V4 Y fa) £Y7 A7l
Zglt) = 1m0, gl Yoear, ) = V-l Egr)]
At—-0

(tim 00, (Yoo — Y00 )
\ /

At — A “6{Ai, q') g
= o—tt((Lx Y)q’) = 0,

since L, Y = [X, Y] = 0. Hence Z(t) is constant for |t] < é and g € V which
means that Y is f,-invariant, and hence, by Theorem 5.7, 6,0 6, = o, 0,0n V.

Exercises
1. Show that ¥ (M) is infinite-dimensional over R but locally finitely gen-
erated over C®(M), that is, each p e M has a neighborhood V on which
there is a finite set of vector fields which generate ¥ (M) as a C*(V)

module.
2. LetX,YeX(M)andf, ge C*(M) and prove that

[fX,gY}=folX, Y] + f(Xg)Y — g(Yf)X.

3. Suppose U, ¢ is a coordinate neighborhood on M, X, Y € ¥(M), and
E,, ..., E, the coordinate frames, and note that [E;, E;] = O on U. If
X =Y,«E;and Y = Y, fE; on U, then show that

[X,Y] = Z( faﬁj—ﬁ"a"‘j)E,. on U.

& i i
=\ ox Ox
4. Given the vector fields in R* (with coordinates x, y, z)

0 0 0 0 0 0 0
X=y——-x—, Y=z——
Yox ~ Yoy 25y
compute the components of the three pairs of products.
5. Show that (LyY), depends on the fact that we use vector fields, that
is, if X, X" agree at p but are not the same as vector fields, then (Ly Y),
may differ from (Ly, Y),.

P Z_i ~
Y3z ox oyt



158 IV VECTOR FIELDS ON A MANIFOLD

6. Write the expressions defining (Ly Y), (Definition 7.6) in local coordin-
ates of a coordinate neighborhood U, ¢ and show that Ly Y is a
C*-vector field on U.

7. Let G = Gl(n, R) with matrix entries as local coordinates. To each
X eg we assign the n x n matrix 4 = (a;) of components of X,,
X, =Y, ;a;(0/3x;).. Denote this mapping of g onto .#,(R) by p.
Show that  is an isomorphism to the algebra of Example 7.3. i.e.,

HEX, Y] = p(X)u(Y) — p(Y)u(X).

8. Show that whenever H is a (Lie) subgroup of the Lie group G, then the
Lie algebra of H may be naturally identified with a subalgebra of g,
thus verifying Remark 7.11.

9. Show that two one-parameter subgroups F(t) and G(t) commute
elementwise if and only if their Lie algebras, in the sense of Exercise 8,
satisfy [X, Y] =0 for each X,Y in the algebra of F(t), G(t).
respectively.

10. If F: M — N is a diffefomorphism of M onto N and X, Y are C” -vector
fields on M, then prove that F (Ly Y) = Ly, F.(Y), thatis, Ly Y is
F-related to Lg, , F(Y)

11. If feC*(M), X, Y e X(M),let Ly f = Xf(cf. (3.2) and (7.6)). Show that
Ly(fY) = (Ly )Y + f(LxY).

8 Frobenius’ Theorem

The concept of vector fields on a manifold can be used to give a
coordinate-free treatment of certain first-order linear partial differential
equations which is useful even for local questions in R" and indispensable in
many global questions. First consider an example.

(8.1) Example We consider the system of partial differential equations

* E—gna o=hand)

defined on some open subset W of R*. Given (g, b, ¢) € W, a solution, if any
exists, determined by (a,b,c) will be a function z= f(x,y) such that
¢ = f(a,b) and f(x,y) = g(x, y, £(x, M) (%, ) = h(x, y, f(x, y)). Geometri-
cally, a solution can be thought of as a surface through (a, b, ¢) whose tangent
plane at any of its points has the vectors

c d d i
X=— ,Z) Y=+ hx, y,z) —
6X+g(x,y z) > ay+ (x, v, z) P
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as a basis—these being orthogonal to the normal vector

0 0 0
N:fxfx-f—fy@—a

to the surface z = f(x, y) above. It becomes clear however that for arbitrary
independent vector fields X and Y, even of the form above, there may fail to

Lin o cnlistimm TR thnwn 10 o onliitina ¢lhonscnle ninvy mmiind ~AF TI7 tlinin V' Y imsa Lo
UG ada dDUULIULLL. 11 LIIVIC 1D a dUlLULivil llllUUgll au_y pUlllL Ul FF, LIILIL A, I Lall UC
written as
0 0
X:i+fo(x9J}ga Y:7+f;,{x,y)*
dax 0z Jy dz
and
o *f \ é
(X, Y] = (52— o) =
oxdy 0dxdy/ oz

This 1s, then, a necessary condition for an everywhere independent pair of
vector fields on W to determine a surface whose tangent plane they define. It
reflects independence of order of differentiation in second derivatives.

(8-2) Some Definitions Let M be a manifold of dimensionm = n + k and
assume that to each peM is assigned an n-dimensional subspace A,
of T,(M). Suppose moreover that in a neighborhood U of each p € M there
are n linearly independent C*-vector fields X, ..., X, which form a basis of
A, for every g€ U. Then we shall say that A is a C* n-plane distribution of
dimension n on M and X,,..., X, is a local basis of A.

We shall say that the distribution A is involutive if there exists a local

basis X,...., X, in a neighborhood of each point such that
(X, X,]= Y X, 1<i j<n
k=1
[The cf; will not in general be constants, but will be C* functions on the
neighborhood.] Exercises 1 and 2 clarify this concept.

Finally, if A is a C* distribution on M and N is a connected C®
submanifold of M such that for each g € N we have Tg(N) = Ag, then we shall
say that N is an integral manifold of A. Note that an integral manifold may be
of lower dimension than A, and need not be a regular submanifold.

An example of an involutive distribution is the following: Let M = R"**
and let A be spanned by X; = 8/dx', i = 1,..., n. Then the distribution is the
subspace of dimension n consisting of all those vectors parallel to R” at each
point g of M. We shall see that this apparently rather special example is
actually typical, locally, of involutive distributions.
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Let A be a C® distribution on M of dimension n, the dimension of M
being m = n + k. We shall say that A is completely integrable if each point
peM has a cubical coordinate neighborhood U, ¢ such that if x*,..., x"
denote the local coordinates, then the n vectors E;= ¢, '(0/0x"),
i=1,...,n are a local basis on U for A. Note that in this case there is an
n-dimensional integral manifold N through each point g of U such that
T(N)= A, ie,dim N = n. In fact, if (@%,...,a™) denote the coordinates of g,
then an integral manifold through g is the n-slice defined by x"th=
@t xm=a" that is, N= ¢ YxepU)|xX=d, j=n+1,...,m}, a
slice of U. Of course, in this case the distribution is involutive for

0 0
[Ei,E}.]=go;‘[a—x-i,$J:O, 1<i, j<n
We shall call U, ¢ flar with respect to A. Thus complete integrability is
equivalent to every point having a flat coordinate neighborhood. Thus any
completely integrable distribution is involutive (for a generalization, see
Exercise 4). However, most distributions are not involutive, for example, on

I, INOsL QLAY

R? the distribution

0 0 0 0
X,=x+-—5, X;= + o
! oxt  ox? 2 ax2 T ax?
is not involutive since [ X |, X,] = — d/dx*, which is not a linear combination

of X, and X,.

An important and instructive example of an involutive distribution is
furnished by the Lie algebra b of a subgroup H of a Lie group G, b consists
of left-invariant vector fields on G which are tangent to H at the identity. As
we have seen (Remark 7.11), this determines a subalgebra, the image of the
Lie algebra of H under the inclusion mapping. These give a (left-invariant)
distribution A on G such that A, = T,(H) for every h € H. The cosets gH are
the integral manifolds of this distribution—which is evidently involutive
since b is a subalgebra of g.

A distribution A of dimension 1 is just a field of line elements, that is,
one-dimensional subspaces. A local basis is given by any nonvanishing
vector field X which belongs to A at each point and, of course, an integral
curve of X is an integral manifold. We know from the existence theorem that
such integral manifolds passing through any given point exist and are
unique. In fact, Theorem 3.14 says precisely that any such distribution is
completely integrable. It is also involutive since [X, X] = 0. In the light of
these remarks, the following theorem may be considered a generalization of
the existence theorem (Theorem 4.1) to certain types of partial differential
equations. In the general case, as we have seen, there is a necessary condition
which is not automatic—as it is in the case of a one-dimensional distribution.
This condition is the involutivity of A.
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(8.3) Theorem (Frobenius) A distribution A on a manifold M is com-
pletely integrable if and only if it is involutive.

Proof We showed above that a completely integrable distribution is
involutive. This is an easy consequence of the definitions. We shall prove
that involutive distributions are completely integrable by first proving what
appears to be a special case. Assume throughout that m = dim M and
n=dmA.

Lemma Let Xl, ..., X, be C® vector fields defined on an open subset U = R™
such that (1) {X,,...,X,,} are linearly independent at each qc U and (ii)
[X,X;1=00nU, 1 <i,j<n Thenthereisa coordinate nelghborhood V, ¢
around any pe U such that X, = E; =y '(0/ox"), i=1,...,n,0n V.

Proof Given pe U, we may assume coordinates (x!,...,x™) in R™ such
that p=(0,..,0) and X, =(d/0x%), for i=1,...,n Let 0i(q) = 0'(t, q)
denote the one-parameter group action generated by X;. Using repeatedly
both the existence theorem and continuity, we may assume that there exists a
neighborhood W = U of p and a é > 0 such that for |t;| < é and for any
permutation ¢ of {I,...,n} the mapping 6, o---° 0 is defined on W.

ta(1)

Sinceall [ X, X;] = 0 on U, Theorem 7.12 implies that 9;"(11’) o0 7 (q) =

0} o.--0°(q) foranyge W and g€ &,, the symmetric group of degree n, i€,
all permutations of {1,...,n}. Let W = W be a neighborhood of the orlgm
such that x = (x*,..., x" x"“ x™) e W’ implies that |x‘| < §,i = 1,

We define a C” mappmg o0:w —»R'" by
O(x*, ..., x" ..., x™) = 0o o 0m(0,...,0,x" "1, ..., X™).

In other words, we project x to the plane of the last m — n coordinates and
then act by the various one-parameter groups, i.., move along the various
integral curves of the X ;. This may be done in any order with the same results.
Note that 8(0,...,0,x"* ..., x™ =(0,...,0,x""*,...,x™),ie, 0 is the iden-
tltyonthe(m—n) llcex—Oz—l nofW’

We now consider 0,(8/0x'],), a€ W’ For given i and a, let F(r) =
Aal,...,ad Y, att, ..., a"); then 6,(8/0x'|,) = F(a). First note that for
i>nand a=(0,...,0,a"*, ..., a™), 0,(0/0x") = 0/0x'. In particular, this
holds at p = (0,...,0). Fori <nand any ae W/,

F(t) = 0L o0l 000(0,...,0,a" 1, a™)],

where the caret denotes that 6! is omitted. We have used the independence of
order. Let g denote the point in brackets then F(r) = 0i(q), so F(a') =
Xipia.q) = Xiowa.q- Lhus 8 «(0/0x'|,) = Xipp» and in particular then
0,(0/0x']0) = X, = 8/0x'|o for i=1,...,n. It follows that 0 is a diffeo-
morphism on a neighborhood V' < W’ of the origin and that V = 0(V"),
= 07! is the desired coordinate neighborhood. i
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We now proceed to the proof of the theorem in two steps. First we show
that in a neighborhood U of any p € M an involutive n-plane distribution A
has a local basis of vector fields Y,,..., ¥, satisfying [, ¥;] = 0. We begin

with an arbitrary local basis X,,..., X, defined, we may suppose, on a

. ehaand T7 o
coordinate 11c15uuu1uuuu Vo, @ Uf D Relative to the coordinate frames

X 1 %4(q)E,, and we may suppose coordinates so numbered that the

ig = a=1
matrix (o;{¢)), 1 < i,j < nis nonsingular on a neighborhood U = U’ of p. Let

n
(B:{(q)) deno tﬂ its inverse and define a new basis of A on U by Y,,, =31

ﬁij(q)th = lq + Zv n+1 'Yw(q)qu, where Yiv = Z] 1 ﬂ;] Jv’ i= ’ SRR
v=n+1,....,m Since A is involutive [Y,Y]=3%i_,ck Y, = Zk .
E, + Z:" w1 Vi E;) on U. On the other hand, [ Y, ¥;]1 = [E, + T VivEys
E;+3Y,7,El=3" s o}E,. Since [E,, E;]=0 for 1 <aq, b<m. It is
possible for these two linear combinations of E, ..., E,, to be equal only if
d=0onUfor1<ijk<nsoY,...,Y,is the desired local basis.

The second step of the proof is to simply put things together. Assuming A
is an involutive n-plane distribution on M and p € M, we choose a coordinate
neighborhood W, o of p on which there is a|l local basis Y, ..., Y, such that
[Y., ¥;1 = 0. In o(W) = R™ the vector fields Y; = o,(Y) have the same prop-
erty so that by the lemma there exists a coordinate neighborhood V, ¢ of
a(p), V = o(W)with coordinates y',...,y™ and with Y; =y, '(3/8y"), for
i=1,...,n Itis no loss of generality to assume (V) = C7(0) and ¥(a(p)) =
©,...,0). We now define the coordinate neighborhood U, ¢ of p on M by
U = o~ !(V) with ¢ = § o 0. Then (p) = (0,..., 0), o(0) = C"0)and E; =

o3 1(8/8y") = 67 (Y;) = Y, for i = 1,...,n. This proves that A is com-
pletely integrable.

»
)
)
L

Theorem 8.3 implies the following corollary which is essentially a local
uniqueness statement for integral manifolds of an involutive n-dimensional
distribution A in a manifold M of dimension m.

(8.4) Corollary Let U, ¢ be a flat coordinate neighborhood relative to the
involutive n-plane distribution A on M. Then any connected integral manifold
C < U must lie on a single n-slice

={qeU|x"*Yg)=a""",...,x"(q) = a"}.

Proof Tt isclearly sufficient to show that this holds for any integral curve

t - F(t) = U, a <t < b, since any two points of C lie on such a curve. By
definition F(t)€Ap, so F(t) = Y7, «'(t)E;p,. Consider (d/dt)y/(F(t)) for
Jj > n. We have

d . d\;, _ « . .

a VEO =Ff )= 3 dOFiy =0
since E;3’ =0 unless i = j. Since the curve is connected, y/(F(r)) =a’, a
constant for j=n + 1,...,m, so F(¢) lies on §,. |
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The following result should be compared with Lemma II1.6.7.

(8 5) Theorem Let N = M be an integral manifold of an involutive distribu-

v Al - ; 20 ;
tion A with dim N = dim A and suppose F: A - M is a C* mapping of a

manifold A into M. If F(A) < N, then F is C* as a mapping into N.

Proof Let F,: A > N denote the mapping of 4 into N defined by F.
Then F =i F,, where i: N - M is the inclusion map—a one-to-one, C*
immersion. We are to prove that F, is C*. If pe A,let ¢ = F (p) = F(p) and
let U, ¢ be a flat coordinate neighborhood of g with respect to A. Since
i:N — M is continuous, N n U is open in N and thus the union of a
countable collection of disjoint connected open sets, each—as connected
integral manifolds—lying on an n-slice of U. Let V be that one which

contains ¢. Since dim N = n, V is an open subset of the n-slice through g and

its image (V) is an open subset of the slice S, = {ye CTO)y**! =-.. =
y" =0} of (p(U) By choosing ¢ < ¢ we may assume that (V) ~ C7(0)

11 ol P, r— A Y m
all of the #n-slice thuu5u the OHgH} Let U = P {F (n\ and

=V A U.Then U, ¢’ = ¢|U'is flat and V' is an open nexghborhood of
which is exactly an n-slice of the flat neighborhood U’. Let n denote the
0_} actinn 77(\7 s ym) —_ (yl’ R }J")_ Then ,V/s IT//’ =T o (Tn’ s a coordinate
g

"sa Z N

cuiivn,

neighborhood of g on N. The inclusion i is given in these local coordinates by
L Y= 08 v 0,...,0).

Now let W, 0 be a connected coordinate neighborhood of p on A4 such that
F(W) < U'. Since F(W) = io F,(W) < N U’ it must lie on a single slice;
but g€ F(W), so this is the slice V. In local coordinates (x',...,x") on W,
FxY, ..., x) = (fYx),..., f(x),0,...,0) with f* being C*. Thus F, in local
coordinates of W, 6 and V', ¢ is given by F,(x!,...,x") = (f'(x),..., f"(x)).
It follows that F, is C* on the neighborhood W of p. Since p was arbitrary
this proves the theorem. |

>

(8.6) Definition A maximal integral manifold N of an involutive distribu-
tion A is a connected integral manifold which contains every connected
integral manifold which has a point in common with it.

It is immediate from Corollary 8.4 that a maximal integral manifold has
the same dimension as A. It is also clear that at most one maximal integral
manifold can pass through a point p of M. It is true but more difficult to
prove that there is a maximal integral manifold through every point of M.
The idea is to piece together local slices using Corollary 8.4 and build up an
immersed submanifold. The difficulty is in showing that there are not too
many such slices, that is, in proving that we have a countable basis of open
sets. We shall not prove this here. Proofs are given by Chevalley [1] and
Warner [1], for example. We shall state one theorem whose proof requires
this fact and show how it is used.
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(8.7) Theorem Let G be a Lie group, g its Lie algebra, and by a subalgebra of
g Then there is a unique connected subgroup H of G whose Lie algebra is b.

Proof Let the left-invariant vector fields Xy, ..., X, on g be a basis of b.
They define an involutive distribution A which is invariant under left
translations; hence each integral manifold N is carried by any left translation.
L, diffeomorphically to an integral manifold L,(N). Let H be the maximal
integral manifold through the identity element e. If h € H, then L, _,(h) = e so
that both H and L, _ ,(H) have e in common. Since H is maximal, L, _(H) =
H. It follows that if hy, h, € H, then h; 'h, € H and H is thus a subgroup as
well as an immersed submanifold. The product mapping H x H - H is a
composition of inclusion i:H x H— G x G and the product mapping
0: G x G - G. Both are C” so that #+iis C® as a mapping into G. Its image
is in H because H is a subgroup; and by Theorem 8.5 we see that the product
mapping H x H — H is also C®. A similar argument shows that the mapping
taking each he H to its inverse h~ ! is also C*. This completes the proof,
subject to the unproved assertion concerning integral manifolds. |

An involutive n-plane distribution A on a manifold M defines what is
known as a foliated structure or foliation on M with the maximal integral

manifolds as leaves. Thus M = UPGM N,, N, the maximal integral manifold

through p and locally the flat neighborhoods determine diffeomorphisms to
R™ =R" x R*, n + k = dim M, with leaves corresponding to submanifolds
R* x {(a"*!,...,a™}. If n = 1, the leaves are just integral curves of a vector
field. Foliations have many interesting properties (see Haefliger {1] and
Lawson [1]) since the existence of a foliation is equivalent to the existence of
a rather special type (involutive) of k-plane distribution. More precisely, if a
foliation is given, tangent spaces to leaves determine an involutive distribu-

tion and conversely.

Exercises

1. Show that if a distribution is involutive with respect to one choice of
local basis on an open set U, the same will be true for any local basis
whose domain is in U.

2. A vector field X is said to belong to a distribution A if for each pe M we
have X € A,. Show that a C* distribution is involutive if and only if for
every pair of C®-vector fields X, Y on M which belong to A the vector
field [X, Y] belongs to A.

3. Let N be a maximal integral manifold of a distribution A on M. Show
that if N is closed (as a subset), then it is a regular submanifold of M.

4, Let N = M be a submanifold, and let X, Y € ¥(M) such that if pe N, then
X,, Y,e T(N). Show that pe N then implies [ X, Y], € T(N).

5. Let F;: M — N be a C*® submersion of M onto N. Show that F~(g) for
all g € N are the leaves of a foliation of M.
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The following problems are crucial steps in the proof of the existence of
maximal integral manifolds of an involutive distribution A on M. Assume

that dim A = n.

6. Let N,, N, be integral manifolds of A with dim N; = n=dim N,. If
N, NN, # ¢, then N = N, u N, is an integral manifold with N, and
N, as open submanifolds.

7. M may be covered by a countable collection of flat coordinate neighbor-
hoods {U,, @;}. If N is a connected integral manifold, dim N = n, then the
set | J{N n U,) is a countable collection of n-slices of the U,.

8. Continuing the notation of Exercise 6, show that ~ is an equivalence
relation on M: p ~ q if there is a finite chain S, ..., S, of n-slices of flat
neighborhoods of the collection {U,, ¢;} such that peS,, g€S§,, and
S;nS;.1 #@,i=1,...,r— 1. [The equivalence classes can be shown
to be maximal integral manifolds. The hard part is second countability. |

9 Homogeneous Spaces

In this section we consider the action of a Lie group on a manifold in a

1 L + >
special but very important case, transitive action. Let 8: G x M - M

denote such an action. Then we recall that it is transitive if for every pair
p, g€ M, there is a ge G such that 0,(p) = q. This means that as far as

prnpprtlpc nreserved bv G are concerned, anv two n OiﬂtS of the manifold are

TS pALSTLI VO Uy LIRS, G (o,

alike.

(9.1) Definition A manifold M is said to be a homogeneous space of the
Lie group G if there is a transitive C* action of G on M.

Many examples of group action have this property: O(n) acts transitively
on §" !, Gl(n, R)acts transitively on R" — (0) and so on; these were discussed
in Section III.7. But one of the most important examples remains to be
treated, since until this moment we have lacked an essential tool: Frobenius’
theorem. This example, viewed first from a purely set theoretic standpoint,
is the following: Let G be a group, H any subgroup, and G/H the set of left
coscts. We define a left action A:G x G/H — G/H by (g, xH) = gxH; it is
a left action since

(i) Ale, xH) = )‘cH, and
(i1) /1(91, (92> XH)) = Mgy, 9, xH) = (9192)xH = Alg. g2, xH).

Moreover, if n: G — G/H is the natural mapping of each ge G to the
coset which contains it, n(g) = gH and if L,: G — G denotes left translation,
then we have the property:

(i) moL,=A,0n (for all g€ G).

The transitivity is apparent: 4,,-(xH) = yH for all x, ye G.
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Of course, we are far from being able to assert that when G is a Lie group,
then G/H is a manifold and the mappings 4 and = defined by G and H are
C®. We did see, however, that if H is closed in G (a Lie group), then the
quotient topology on G/H makes it a Hausdorff space and = an open—as
well as continuous—mapping (Theorem I11.7.12). We left it as an exercise to
the reader to show that with this topology on G/H, 1 is a continuous group
action. In this section we shall go further and show that G/H is a manifold
and 4 is a C® action. Aside from the fact that this will give us many new
examples of manifolds and group action, this is important for another
reason: the manifolds G/H with G acting by left translation form a universal
model for all transitive actions, that is, for all homogeneous spaces.

First, consider this last statement from the set-theoretic viewpoint—
without topology or differentiable structure. Let X be a set on which a group

G acts transitively by the rule #: G x X — X. Choose, arbitrarily, a point
a€ X and let the isotropy subgroup (or stablllty group) of a be H,
= {ge G |0,(a) = a}.

We then define a mapping F: G — X by ( ) = 6,(a). Since # is transitive, F
is onto; moreover for any x € X, F~!(x) = gH, where g is any element of G
such that F(n\ = x. It is then easily verified that F induces a one-to-one onto
mapping F: G/H — X by F(gH) = F(g). For these mappings we have the
relation F o # = F. Finally F carries the natural action of G on G/H, which

we denoted by A above, to the action 0, that is,
Fold,=0,°F

for every g€ G. Thus from the set-theoretic and abstract group viewpoint,
A: G x G/H - G/H is equivalent as an action to 0: G x X — X.

Of course, it is very interesting and important to see to just what extent
this still holds in the case of the transitive action of a Lie group on a
manifold. Recall that by Definition I11.6.17 a Lie subgroup H of a Lie group
G is an immersed submanifold which is a Lie group with respect to the group
operations of G. Since we shall use the quotient topology on G/H, we must
restrict our attention to those Lie subgroups that are closed subsets if G/H 1s
to be a Hausdorff space (Theorem I11.7.12). Therefore H will be assumed to
be a closed Lie subgroup. [We prove later that then H is a regular
submanifold of G (compare Remark I11.6.19).] A section V, ¢ on G/H will
mean a continuous mapping ¢ of an open subset V of G/H into G, 0: V — G,
such that 7 - ¢ is the identity on V. We then have the following basic fact.

(9.2) Theorem Let G be a Lie group and H a closed, Lie subgroup. Then
there exists a unigue C*-manifold structure on the space G/H with the proper-
ties: (1) w is C* and (ii) each g € G isin the image o(V') of a C* section V, o on
G/H. The natural action +: G x G/H — G/H described above is a C* action
of G on G/H with this structure. The dimension of G/H is dim G — dim H.
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Now suppose that a Lie group G acts transitively on a manifold M, the
action being given by the C*-mapping 6: G x M — M. Using the notation
above, with X replaced by M, we suppose ae M and that H is the isotropy
subgroup of a. We then have the following closely related theorem to com-
plete the picture.

(9.3) Theorem The mapping F: G — M, defined by F(g) = (g, a), is C*
and has rank equal to dim M everywhere on G. The isotropy group H is a
closed Lie subgroup so that G/H is a C* manifold. The mapping F: G/H - M
defined by F(gH) = F(g) is a diffeomorphism and F o A, = 0, F for every
geG.

Before proving these theorems we give some examples of their use. First
consider briefly some of the spaces associated with classical geometries:
E"—Euclidean space, P"(R)—the space of real projective geometry, and
H?—the space of plane non-Euclidean geometry. All of these were dis-
covered and studied before Lie groups (or groups of any kind) were in-
vented. However, in each case there is an underlying group, the group of
automorphisms of the geometry; it is the group by which we can bring
congruent figures into congruence. In fact each geometry studies precisely
the objects and properties which are invariant under the transformations of

this group acting on the space. For E", or R", the group consists of all

lcnmpfnpc (ru’nr‘] mnhr\nc\ h‘anclatlnnc rnfahnnc an rPHPr‘tInnc . ’Fr\r D'l{p\
1IOWLlAWLL Iv D ALINS LA Awaes A LA/ F

it is the pI’O_]CCthC transformatlons, and for H? it is the group Wthh leaves
non-Euclidean distances unchanged (“rigid” motions again!) In each case
the group is a Lie group and in each case it is transitive. This means that the
theorems above can be used as a sort of underlying unifying principle of all
these geometries, a fact which was recognized by F. Klein [1] and resulted in
a famous approach to geometry called the “Erlangen Program” (1872).
Thus the study of any of these classical geometries can be reduced to a study
of Lie groups G and their subgroups H. This point of view pervades much of
modern geometry. Consider now what G and H are for the cases above.

(9.4) Example We have seen in Example I11.7.6, that the group of rigid
motions of E" identified with R”, is a group G which is O(n) x ¥" as a
manifold, but whose group product was defined by (A, v)B, w)
= (4B, Bv + w) and whose action on R" is given by (4, v) - x = Ax + ¢
(see Exercise I11.7.6). Another approach is the following: we identify G with
the (n + 1) x (n + 1) matrices of the form

ayy 7 dyy

au n Qyn
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and points x = (x', ..., x") of " with the column vector X = ‘(x',..., x", 1).
Then 0(g, x) = gX, the product of the matrices g and . The subgroup H
leaving the origin x = (0, ..., 0) fixed is the set of all of these matrices for

which v, = '+ = v, = 0; hence it is a closed Lie subgroup isomorphic to
O(n).

(9.5) Example The gro p G = Sl(n + 1, R) acts transitively on P*(R) as
follows: let [x]e PY(R). Then [x] is an cquivalence class of nonzero elements
x=(x'.....x""Y)of R"*'. Givenany g € Sl(n + 1, R), we define (g, [x]) by

0(g, [x]) = lg~],
where gx is the matrix product of g with x written as a column vector
((n + 1) x 1 matrix). This is a C* action and is transitive; the proof is left to
the exercises. The isotropy subgroup H of [(1, 0, ..., 0)] is the set of elements
(a;;) of Sl(n + 1, R) with a;, # 0 and all other entrles of the first column
equal to zero. It is easily seen that H is a closed, Lie subgroup of G.

The non-Euclidean (or hyperbolic) plane H? will be discussed in the last
chapter. It is equivalent to SI(2, R)/SO(2) in the sense of theorem 9.3.

One of the more important uses of these ideas and of Theorem 9.2 is the
relatively simpie way it provides for establishing that certain sets are €™
manifolds in a natural way. The best illustrations are the Grassman mani-
folds G(k,n) of k-planes through the origin in R" It was proved in
Section 111.2 that these were manifolds, but the proof was quite complicated
and only sketched at some points. This same result may be shown as follows.
The group Gl(n, R) acting in the natural manner on R" is transitive on
k-planes through the origin. This is an immediate consequence of the fact
that it is transitive on n-frames: given {v,, ..., v} any linearly independent
set of vectors, then there is a uniquely determined, nonsingular, linear trans-
formation taking it to any second linearly independent set {w,, ..., W,}.
However, if Gl(n, R) is transitive on n-frames, it is necessarily transitive on
k-frames since each set of k linearly independent vectors can be completed to
a basis. It follows that Gi{n, R) acts transitively on the set M = G(k, n) of
k-planes through 0. If the isotropy subgroup H of some point of M, that is, a
k-plane through 0, is a closed Lie subgroup, then Gli(n, R)/H is a C* mani-
fold by Theorem 9.2 and is in natural one-to-one correspondence with M.
Thus we may take on M the topology and C* structure which makes this
correspondence a diffeomorphism. However, H is such a subgroup, for the
k-plane of R" spanned by the vectors e, = (L,0,...,0), ...,
e =(0,...,1,0,...,0) is carried onto itself by the subgroup H = Gl(n, R)
consisting of matrices of the form

(9
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where A€ Gl(k, R), BeGl(n — k., R), and C is an arbitrary k x (n — k)
matrix. Therefore the Grassmann manifold G(k, n) is indeed a C* manifold.
This method is frequently used in practice to show that some rather com-

[)llbdlCU UUJUL[D can UC CUUUWCU Wllll lllU structure Ul a UIIIClClllldUlC mam-
fold (uniquely, according to Theorem 9.3). It may be summarized as follows:

(9.6) IfGisa Lie group and G acts on

a
the isotropy subgroup of some point a of X is a closed Lie subgroup, then there
exists a (unique) C* structure on X such that the action is C*.

cot ¥ tramors s urh 2 wan that
i N l'ull)llll Cl V l’l Dub’l (22 VV“} trict

This principle as well as other results of this section are susceptible to
further refinements and weakening of hypotheses (see, for example. Helga-
son [1, Chapter I1, Sections 3 and 4]). Of course, our treatment above of
G(n, k) depends on Theorem 9.2, which we are now ready to prove.

Proof of Theorem 9.2 The topology on G/H is given: it is uniquely
determined by the requirement that n: G - G/H be open and continuous.
Moreover A: G x G/H — G/H is a continuous action. For let U be an open

set of G/H, then we will show that A~ }(U) is open. Let W be the subset of

I ry unrh tha I ha itg Ay 17\
U X U Sucin l,ua.l CVUI_Y pau \yl’ gz}c ¥ 1idas its },IIUUU\.«L ylyz lu IL \U),

which is an open subset of G. W is open since it is the inverse image of
7~ Y(U) under the continuous mapping (gy, g,) — ¢, g The natural map-

plnn of G xG—-G x f‘/” nn/Pn hy (gl’ :12) — (Ul’ "'(UZ}) 1s open so it car-

ries W onto an open set whlch is exactly A~ (V).

We now need to use Frobenius’ theorem, which we apply to the left-
invariant distribution A determined by A, = T,(H). As a basis A has any
basis of left-invariant vector fields in b, the Lie algebra of H viewed as a
subalgebra of g; and the integral manifolds of A are exactly the left cosets
gH—as remarked in the previous section. It follows that there is a cubical
neighborhood of ¢ whose intersections with the cosets gH are a union of
slices. To complete the proof we need a sharper result given by the following
lemma, which is important in its own right.

(9.7) Lemma If H is a connected Lie subgroup of G which is closed as a
subset, then each coset gH is a closed, regular submanifold, and there is a
cubical neighborhood U, @ of any g€ G such that for each coset xH either
xH n U is empty or a single (connected) slice.

Proof That H and each of its cosets is a regular submanifold is an
immediate consequence of the second part of the statement, which asserts, in
particular, that H and its cosets have the submanifold property (Definition
I11.5.1). Since each coset is a maximal integral manifold of the distribution
A =1, as we saw in the previous section, every g € G has a flat coordinate
neighborhood U, ¢, whose slices—determined by fixing the last m — n
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coordinates (n = dim H, m = dim G)—are integral manifolds, each an open
set of a coset xH of H. We must now verify that U may be taken sufficiently
small that for each x, xH n U is empty or is a single slice. Since A, integral
manifolds, etc., are invariant under left translation by elements of G it is
enough to check this for the special case x = e. If U’, ¢’ is a flat neighborhood
of ¢, and if U’ n H consists of a single slice, then we need only choose U = U’
small enough that U~ *U < U’ and so that U, ¢ = ¢'| U is still a cube in order
to complete the proof. Forif x, ye U are Un distinct slices of U but belong to
the same coset, that is, xH = yH, then y~'x and e are elements of U’ n H but
lie on distinct slices (because L, _ is a diffeomorphism and carries slices into

o) ian mn dlaio A
slices). Since this contradicts our assumption about U’, it cannot happen.

Thus it remains to show the existence of U’, ¢’. We begm with an arbitrary
flat neighborhood V, ¥ of e, ¥(V) = C0), whose slices S(a"**,...,a") =
In.: Vix¥iq) = a j=n+1,... ml are integral manifolds. We saw in the
proof of Theorem 8.5 that the collectlon of dxstmct slices on H, thatis, V n H,
is countable and hence corresponds to a countable set of points
{(a"*', .., a™)} of the cube C7~"(0). Restricting slightly to a closed cube
7' =y Y(CP(0)), d > & > 0, we may suppose this countable set is closed, for
H is closed and V' n H is closed. Since a closed countable subset of R™™"
must contain an isolated point (Exercise 8} it follows that H n V' contains an
isolated slice. By translat1on invariance we may suppose this to be the slice
through e. Then it is possible to choose &, 0 < & < &, so that ¢y~ '(C}(0)) =
U’ and ¢’ = | U’ have exactly the property we have seen is needed: H n U’ is
a single slice and contains the identity e. This U’, ¢’ as we have seen enables
us to complete the proof of the lemma. 1

Resuming the proof of Theorem 9.2, we restrict our discussion entirely to
cubical neighborhoods U, ¢ of the type described above with o(U) = C7'(0)

and suppose that in the local coordinates x', ..., x", x"*1, ..., x™ the slices
obtained by holding x"*?, ..., x™ fixed are the mtersectlons of cosets gH
with U. Let 4 = {qe U |x'(q) = -* = x"(¢) = 0} and

W4 —Cr"0) < R

be defined by ¥'(g) = (x"*(q), ..., x™(q)); 4 is a C* submanifold of G,
contained in U, and ¢’ is a diffeomorphism. By our choice of U, ¢ we see that
A meets each coset of H which intersects U in exactly one point. Therefore, n
maps A homeomorphically onto an open subset V of G/H. We denote the
inverse by ¢; thus o: V — G is a continuous section with ¢(V') = 4. Suppose
that U, ¢ and U, & as just chosen are such that V = n(A 1) and V = n(A)

t As remarked earlier (compare Remark 111.6.19), the conclusion follows from the much
weaker hypothesis: H is an algebraic subgroup and a closed subset of G. Moreover, our
assumption that H is connected is not necessary (see Exercise 9).
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have common points. The set ¥V n ¥ is open and it is not difficult to verify
that the corresponding subsets W = a(V ~ V) and W = &(V n V) are dif-
feomorphic with respect to the natural correspondences § - n: W — W and
gen: W— W (Exercise 4). It follows that the collection of open sets
V' = n(A) over all U, ¢ of the type above together with the homeomor-
phisms ¢ = ¢’ co: V — CI'""0) determine a C*® structure of the type
required by the conclusions of the theorem. The uniqueness follows from
requirements (i) and (ii). For if we have two differentiable structures on G/H,
we see that the identity is a diffeomorphism as follows: factor it locally into a
section ¢: V' — G of the first structure followed by projection n, which is C*
onto the second structure. Thus the identity is a C* mapping of G/H with
structure one to G/H with structure two since this holds on each domain V.
But the converse is also true, so the structures agree. Finally A:G x G/H
— G/H is C* since it may be written on the domain V of a section as
Mg, xH) = n(go(x)). This completes the proof of Theorem 9.2. |

We now prove the second principal result.

Proof of Theorem 93 F: G — M is C* since F(g) = 0(g, @) and 0 is C*
by assumption. From

FoL(x)= F(gx)=0, - F(x),

from the chain rule, and from the fact that both L, and @, are diffeomor-
phisms we see that the rank of F is the same at every g e G. It follows that
F~'(a)= H is a closed submanifold (Theorem II1.5.8) and satisfies the
hypotheses of Theorem 9.2. At e we have F,: T,(G) —» T,(M); but each
X.€ T,(G) is the tangent vector at t = 0 to the curve g(t) = exp tX so that
the vector F (X,) is the tangent vector to F(exp tX) = O(exp tX, a) at a
(which corresponds to ¢ = 0). Since 0 restricted to g(t) = exp tX is an action
of R on M, then by Theorem 3.6 F,(X,) is zero if and only if
f(exp tX, a) = a for all ¢, that is, exp tX < H, or X € T,(H) the subspace of
T,(G) corresponding to the subgroup H. Hence ker F,.= T(H) = ker m,,
and, as noted, dim ker F, is constant on G as is dim ker n,, . Since F is onto,
it follows from Theorem I1.7.1 that dim M = dim G — dim H = dim G/H.

Now consider F': G/H — M. Let ge G/H and V, ¢ a section defined on a
neighborhood V of ¢. Since gis C* and F| V = F o o, we see that Fis C* in
a neighborhood of every point, hence C* on G/H. We know that F is
one-to-one and onto from set-theoretic considerations and if ker F, = {0},
that is, rank F = dim G/H = dim M everywhere, then F must be a diffeo-
morphism. Let ¢ be any point of G/H and suppose q = n(g). Then using
F = Fo n and the chain rule we see that F,: T,(G) » Ty,(M) is given also
by F, o n,. Since dim ker F, = dim ker n,, we must have dim ker F, = 0,
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as we wished to prove. The fact that F o 1, = 0, F was already noted; both
4, and 0, are diffeomorphisms. the formu by Theorem 9.2 and the latter by
hypothe51s This completes the proof of Theorem 9.3. |

Exercises

1. Verify in detail statements (i)-(iii) at the beginning of the section con-
cerning the action of G on G/H and that if G acts transitively on a set X,
then the mapping F: G/H — X defined above is in fact one-to-one. onto,

and satisfies F o )g =0,0 F as claimed.

Check that the =sotropy subgroup H < Gl(n, R) defined in discussing

G(n. k) is, in fact, closed and a Lie subgroup

3. A sequence of n subspaces of R", V,=R">V, ;> >V, with
dmV,=jj=1..,n is called a flag of R". Verify that the natural
action of Gl(n, R) on R" is transitive on the set of flags M and use this to
obtain the structure of a C* manifold on M. What is dim M?

4. Verify that the sets W, W corresponding to the overlapping part V' n v
of the domains of two sections V., ¢ and V, & as defined in the proof of
Theorem 9.2 are diffeomorphic. [Note that translations on G by ele-
ments of H are diffeomorphisms and have the property thatn o R, = 7.
They may be used to bring a pair of corresponding points p, p of W, w
into coincidence.]

5. Let G be a Lie group and H a closed Lie subgroup which is normal in G.
Then show that G/H is a Lie group with the C* structure of
Theorem 9.2 and n: G — G/H is a Lie group homomorphism.

6. Let G, and G, be a Lie group and F: G, — G, a Lie group homomor-
phism. Then show that the kernel of F is a closed Lie subgroup and if F
is onto, then G, = G, /ker F.

7. Show that the subgroup O(n) of Gl(n, R) acts transitively on the Grass-
mann manifold G(k, n) and find the isotropy subgroup of the k-plane in
R" spanned by e, ..., e, the first k vectors of the standard orthonormal
basis (compare the remarks preceding Example 111.7.4).

8. Prove that a closed countable subset of a Euclidean space R* has an
isolated point. [Hint: Use the Baire category theorem.]

9. Let H be a Lie group and let H, denote the component of e. Show that H
has at most a countable number of connected components, all both open
and closed and all diffeomorphic to H,, and show that H, is a Lie
subgroup.

b

Appendix Partial Proof of Theorem 4.1

Proof (Part (I) of the existence theorem (Theorem 4.1) for ordinary
differential equations) We are given n functions f'(z, x) defined and of class
Cronanopensubset I, x U= R x R I, ={—¢ <t <¢¢e> 0} Wemust



APPENDIX 173

show that for each x e U there is a neighborhood V and a ¢ > 0 such that for
each ae V there exist unique functions x'(t), —6 < ¢ < 4 satisfying

dx!

(%) 5T = i xl)
\7"J d[ J oA\ gy
and
(#+) x'(0) = d', i=1..,n
First note that if x'(t), i = 1,..., n, are continuous functions defined for

|t| < & and they satisfy

x'(t) =d + fotf"(r, x(z)) dt,

then by the fundamental theorem of calculus they are of class C* at least and
satisfy both (x) and (x#). From () it then follows that they must be of class
C"*1 at least, since their derivatives are of class C".

We may write this set of integral equations for x'(¢),..., x"(t) as an
equation in n-tuples

x(t)=a + jo f(t, x(t)) dt.

For a given x, € U we choose r,0 < r < 1 such that B,,(x,) = U andan ¢
satisfying ¢ > ¢ > 0, so that I, = I,. Thus f(t, x) are of class C", r > 1, on
the compact set I, x Bj,(x,); therefore both the given functions f* and their
derivatives are bounded on this set. It follows that we may choose M > 1
such that both M > sup || f(t, x)| and M|x — y|| > || f(t, x) — f(¢, y)| for
all te I, and x, y € By,(x,). The last inequality results from the mean value
theorem and the continuity of the derivatives. Choose a positive § such that
§ < r/M?,

We shall prove the theorem with this 6 and with V = B,(x,)—denoted B,
in what follows. Let a € B, and let .# be the collection of all continuous maps
o(t) = (@'(1), ..., @"(1)) of I; into B,,(a) satisfying p(0) = a. By virtue of the
preceding comments it is enough to show that there is a unique member of
this collection satisfying

o=Llp)=a+ f‘:f(t, (1)) dr

in order to finish the proof. This will be done by provingthat L: % — % isa
contracting mapping on a complete metric space and applying
Theorem I1.6.5; we have:

(1) # is a complete metric space with d(g, ) = sup, ., [@(t) — ¥(t)]|
since this is the topology of uniform convergence of continuous functions on
a compact space.
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(2) If pe #, then L(p) € F so that L maps # to #. It is clear that
L(ep) is continuous; in fact, it is at least C ! and when ¢t = 0 the function
L(p) has the value a. It is only necessary to check that if |¢] < 8, then
| L(@)(t) — a]| < 2r. This results from

< jt'\f(t, e(0))| dt < Md < 1\% <r.

0

|L(e)t) — a|| =

lot f(x p(r)) dr

N —

(3) Finally, L is contracting. Let ¢, y € #,

L) ~ L) < | 1/ o) = £ vl d

< 6M sup| o(t) — ¥ (1)

te fa

< 6M d(p, ) = 1 d(o, ¥)

But r < 1 and M > 1 so that we have
IL(@) — L(W)| < kd{p,¥), where 0 <k <L

By the contracting mapping theorem there is a unique o(t) satisfying the
conditions, This completes the proof. i

Notes

For those readers who wish to delve somewhat further into some of the important topics
taken up in this chapter and, especially. to find complete proofs of the basic existence theorem
for systems of ordinary differential equations, the existence of maximal integral manifolds for
involutive distributions. and more details on homogeneous manifolds, a comment on some of
the references may be helpful.

Theorem 4.1 and the material of Sections 3-5 may be found in many places. A concise and
very straightforward treatment of this theorem and related material is to be found in the book
of Hurewicz [1]. 1t is also very elegantly treated (as is Frobenius’ theorem and the inverse
function theorem) in Dieudonné [1, Chapter X]. Although it is well along in the book, the basic
ideas can be followed without reading through all of the previous chapters. For a treatment
which is specially adapted to differentiable manifolds (including local one-parameter group
action) and is beautifully done see Lang [1]; the author found all of these sources very helpful.
Both Dieudonné and Lang treat the subject from a very general point of view, that of Banach
spaces and manifolds modeled on them. Although this may disturb some readers, it will appeal
to others. In any event. it is not difficult to reduce the level of generality—the ideas and proofs
are very clear. Other sources are Hirsch and Smale [1] and Arnold [1].

For Frobenius’ theorem, particularly from the global point of view, as well as other topics
such as Lie groups and the fundamentals of homogeneous spaces, every reader should be
acquainted with the classical book by Chevalley [1]. which greatly influenced all subsequent
treatments. The exposition here was very much influenced by the proof of W. L. Chow. For
references, a very instructive proof, and a useful generalization the reader is urged to consult
Sussman [1]. The book by Warner [1] and the book of Spivak [2] should also be helpful to the



NOTES ‘ 175

reader who wants to fill in gaps or just to read another (and more complete) treatment of the
material of Sections 8 and 9. Finally, the books by Helgason [ 1] and Kobayashi and Nomizu [1]
go much further into the ramifications of subjects treated here (especially Section 9). Many of
these books have rather complete bibliographies from which the reader can search out further
sources. The theorem of Cartan on closed subgroups is proved in Chevalley [1], Heigason [1],
and Hochschild [1], and Adams [1].



V TENSORS AND TENSOR FIELDS ON MANIFOLDS

With some minor exceptions this chapter contains all of the basic material on tensor fields
on manifolds which is used in the succeeding chapters. We limit ourselves to discussing covar-
iant tensors since we will rarely need any other type—except vector fields; any other cases will
be developed as needed.

A covariant tensor on a vector space ¥ is simply a real-valued function Ov,,...,v,) of
several vector variables v,,...,v, of ¥, linear in each separately (that is, multilinear). The
number of variables is called the order of the tensor. A tensor field @ of order r on a manifold M
is an assignment to each point pe M of a tensor @, on the vector space T,(M) which satisfies a
suitable regularity condition (C°, C", or, C*} as p varies on M. Sections 1 and 2 discuss the two
simplest examples: » = 1 corresponding tofunctionals on a vector space and r = 2 correspond-
ing to bilinear forms on a vector space. The latter includes the important case of a Riemannian
metric, which is a covariant tensor field ® of order 2 with the property that @, is an inner
product on T,(M)for every pe M. It is the added structure given by such a tensor which enables
us to measure distances, angles, volumes, and so on, on a manifold M and thus to carry over
large portions of Euclidean geometry to abstract manifolds. This concept was foreshadowed in
the work of Gauss for surfaces, but was discovered and expounded by Riemann for whom the
metric tensor was named. Many of the consequences of Riemann’s discovery are treated in
Chapters VII and VIII; only one or two of them here. In particular, in Section 3 we show thata
Riemannian metric gives rise to a metric d(p, g) on M ; and in Section 7 we show that it defines 2
volume element on M.

In Section 4 the basic notion of partition of unity is introduced. This is an indispensable
tool used to piece together functions, mappings, forms, vector and tensor fields and other

176
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objects, which can be defined locally on a coordinate neighborhood {that is, on an open subset
of R"), to obtain a globally defined objects on M. The first application is to prove the existence
of a Riemannian metric on any C* manifold. Several other applications are given here and in
the remainder of the chapter.

In Section 5 covariant tensor fields are discussed in more generality and in particular we
treat the case of symmetric and alternating tensors—tensors which are unchanged (respectively,
change sign) when two variables are interchanged. Of these two, the alternating are the most
important to us since they correspond to exterior differential forms which we use frequently in
the next chapters. In Section 6 we see that tensors can be added and multiplied (like any
functions to the real numbers) resulting in an algebra of tensors. A slight modification of the
product gives the exterior product of alternating forms. When we add to this the basic notion of
derivatives of such forms, which is defined in the last section, we have all of the basic ingredients
for the calculus of exterior differential forms on M. The exterior forms on M form an algebra
A(M) on which differentiation is a linear operator. As we shall see, this algebra plays a basic role
in the geometry of manifolds.

{Sections 6-8 are used in an essential way in Chapter VI, but much of Chapter VII and

parts of Chapter VIII may be read without knowledge of differential forms.)

1 Tangent Covectors

In this chapter we suppose that ¥V is a finite-dimensional vector space
and let 7* denote its dual space. Then F* is the space whose elements
are linear functions from ¥ to R; we shall call them covectors. If ¢ € ¥*, then
R, and for any ve ¥, we denote the value of ¢ on v by a(v) or by

f

oV
th Aditd nd 144
(v, o). Both notations are useful. Recall that addition and multi

scalars in F* are defined by the equations
(01 + 02)(¥) = 61(v) + 02(v),  (2o)(¥) = a(a(v)),

giving the values of ¢, + ¢, and a0, a € R, on an arbitrary ve ¥, the right-
hand operations taking place in R.

Knowledge of linear algebra is assumed, but by way of review we men-
tion three frequently used facts.

er
eli

/¢===

(i) If F.: ¥ > W 1s a linear map of vector spaces, then it uniquely
determines a dual linear map F*: W* — F* by the prescription

(F*o)(v) = o(F,(v)) or v, FXo)) = (F(v), 6).
When F, is injective (surjective), then F* is surjective (injective). For
composition of linear maps, we have (G, o F)* = F* o G*.

(i) Ifey,...,e,is a basis of V, then there exists a unique dual basis
f“l’ ..., @" of ¥* such that w'(e;)) = ). (The symbol &} is zero if i # jand + 1
ifi=j)

If ve ¥, then w'(v),..., »"(v) are exactly the components of v in the basis

€,...,&,. In other words v = Z;;l @’(v)e;. This is a consequence of the
preceding definitions (see Exercise 1).
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Observe that in property (i), the definition of F* does not require the
choice of a basis: therefore F* is naturally or canonically determined by F .
According to (ii), the vector spaces ¥, F* have the same dimension, thus
they must be isomorphic. There is no natural isomorphism ; however, we do
have the following property:

(i) There is a natural isomorphism of ¥ onto (P*)* given by
v — {v, ., that is, v is mapped to the linear function on F* whose value on
any o€ V* is (v, ). Note that {v, ¢} is linear in each variable separately
(with the other fixed).

f ¥* is ¥ itself, accounts for the name “dual”

This shows that the dual o

space, and validates the use of the symmetric notation <v, ¢ in preference to
the functional notation o(v). We shall see in the next section that when
further structure is assumed, for example, an inner product on V. then there
is an associated natural isomorphism of ¥ and ¥*; thus ¥, V* and F** can
all be identified in this case. This is apt to be more a source of confusion than

1Ny

Jvr.

Covectors on Manifolds

Tk f AN $la

Let M be a C* manifold and assume pe M. We denote by T (M) tie
dual space to T,(M), thus o,€ T5(M) is a linear mapping ¢,: T,(M) > R
and its value on X ,& T,(M) is denoted by (X ,) or (X, 7). Given a basis
Eyp,---s E,, of T,(M), there is a uniquely determined dual basis @,, ..., @}
satisfying, by definition, w’(E;,) = &;. The components of g, relative to this
basis are equal to the values of 6, on the basis vectors Eip, ..., E,p, thus

op = .Zlap(Eip)w;;

this is the dual statement to property (ii) above.

Just as we defined a vector field on M, so may we define a covector field:
It is a (regular) function g, assigning to each pe M an element o, of TH(M).
As with vector fields, we denote such a function by g, 4, ... and we denote by
G,s4p, ... its value at p, that is, the element of T*(M) assigned to p. If o isa
covector field and X is a vector field on an open subset U of M, then a(X)
defines a function on U: to each pe U we assign the number a(X)(p)
= 0,(X,). [Note: We often write a(X ) for 6,(X,) if o is a covector field].
These remarks enable us to state the formal definition.

(11) Definition A C’-covector field ¢ on M, r >0, is a function which
assigns to each pe M a covector g, € TH(M) in such a manner that for any
coordinate neighborhood U, ¢ with coordinate frames E,, ..., E,, the func-
tions o(E;), i = 1,..., n, are of class C" on U. For convenience, “ covector
field ” will mean C®-covector field.
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We remark that the following (apparently stronger) regularity condition
could be used to replace the requirement of the definition—thereby avoiding
the use of local coordinates.

(1.2)  Suppose that o assigns to each pe M an element o, of T*(M). If o is of
class C", then for any C*-vector field X on an open subset W of M the function
o(X) is of class C" on W, and conversely.

To see this we take a covering of W by coordinate neighborhoods of M
{(whose domains are in W); let U, ¢ be auun a neighborhood. Then
X =) o'E; on U, where o are C* on U. Thus o(X) =) o'¢(E;)on Uandis
C"if o(E,), ..., o(E,) are. Hence the condition just given implies o(X) is of
class C" on a collection of open sets covering W and so on W itself. The
converse is obvious.

Note that if E,, ..., E, is a field of (C*) frames on an openset U M,
then the dual basis at each point of U defines a ﬁ Id of dual bases !, ..., &"
on U satisfying w'(E; ) 03. We call this a field of coframes—coordinate
coframes if E,, ..., E, are coordlnate frames. The o', ..., »" are of class C®
by the criterion ILlSt stated, and covector field & is of claqq C" if and only if for
each coordinate neighborhood U, ¢ the components of ¢ relative to the

coordinate coframes are functions of class C" on U.

(1.3) Remark It is important to note that a C"-covector ficld ¢ defines a
map o: ¥(M) — C'"(M) which is not only R-linear but even C"(M)-linear!
More precisely, if f, g€ C"(M) and X and Y are vector fields on M, then

o(fX + g¥) = fo(X) + ga(¥),

for these functions are equal at each pe M (as the reader should verify).

(1.4) Example Iffis a C* function on M, then it defines a C*-covector
field, which we shall denote df, by the formula

{X,.df,y =X, or df(X,)=X,f.

For a vector field X on M this gives df (X) = Xf, a C* function on M. This
covector field df is called the differential of f and df,, its value at p, the
differential of { at p. In the case of an open set U = R", we verlfy that it
coincides with the usual notion of differential of a function in advanced
calculus, and, in fact, makes it more precise. In this case the coordinates x* of
a point of U are functions on U and, by our definition, dx’ assigns to each
vector X at pe U a number X, x/, its ith component in the natural basis of
R". In particular (9/0x, dx*) = 0x'/0x/ = &% so we see that dx!, ..., dx" is
exactly the field of coframes dual to 9/dx!, ..., 3/0x". Now if fis a C®
function on U, then we may express df as a linear combination of
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dx', ..., dx". We know that the coefficients in this combination, that is the
components of df, are given by df(@/éxi) = df/0x". Thus we have
df = gdxl + o+ M dx"
ox! éx"

Suppose ae U and X, € T(R"). Then X, has components, say, ht, ..., W

and geometrically X, is the vector from a to a + h. We have

df(X,) =X, f= (Zh" 6.,\f= Zh‘(%) ;

\ 63‘,/ WX

in particular, dx'(X,) = I, that is, dx' measures the change in the ith coor-
dinate of a point as it moves from the initial to the terminal point of X,,.
The preceding formula may thus be written

AN

dr(Xa) = \ax‘} ax

This gives us a very good definition of the differential of a function f on
U < R": dfis a field of linear functions which at any point a of the domain of
f assigns to each vector X, a number. Interpreting X, as the displacement of
the nindependent variables from g, i.e., a as initial pointand a + h as terminal
point, df (X,) approximates (linearly) the change in f between these points,
[Compare this with our earlier discussion in Section I1.1 of differentiability of
a function; the expression above has meaning even if f is not C*, in fact

exactly when f is differentiable in the (weak) sense of Section 11.1.]

1

(Xa) + -+ (aa){n) dxn(Xa)'

Covector Fields and Mappings

We shall give further examples of covector fields presently. First,
however, we must study what happens when we map one manifold to an-
other. Let F: M — N be a smooth mapping and suppose p € M. Then, as we
know, there is induced a linear map F,: T,(M) — Tp,(N). As we have
pointed out in (i) at the beginning of this section, F, determines a linear map
F*: T¥,,(N) - T¥(M), given by the formula

(1'5) F*(JF(p))(Xp) = GF(p)(F*(Xp))'

In general, F, does not map vector fields on M to vector fields on N. It is
surprising, then, that given any C’-covector field on N, F * determines
(uniquely) a covector field of the same class C" on M by this formula. We
state this as a theorem.

SE—,
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(1.6) Theorem Let F: M — N be C* and let ¢ be a covector field of class
C" on N. Then formula (1.5) defines a C"-covector field on M.

Proof If g is the covector field on N, then for any p € M, there is exactly
one image point F(p) by definition of mapping. It is thus clear that F*(s) is
defined uniquely at each point of M. Now suppose that for a point p, € M we
take coordinate neighborhoods U, ¢ of po and V., of F(p,) so chosen that
F(U) = V. If we denote the coordinate on U by (x!, ..., x™) and those on V
by (»,..., y"), then we may suppose the mapping F to be given in local
coordinates by

yo=fixth o, xm,  i=1...,n
Let the expression for ¢ on V in the local coframes be written at ge ¥V as

where @), . , @} s the basis of T}(N )uuai to the coordinate frames. The

functions « (q) are of class C” on V by hypothesis. Using the formula defining

F*, we see that if p is any point on U and g = F(p) its image, then
(F*(J))p(Efp) = OFp) (F*(Ejp)) = Z ai(F(p))(b;’(p)(F*(Eip))'

However, we have previously in Theorem IV.1.6 obtained the formula

n yk - .
ZaiEkF(p ji=1....m,
the derivatives being evaluated at (x'(p . X™(p)) = @(p). Using

~ 1

&'(E;) = ¢, we obtain

(F*(G'))p(Ejp) = .glai(F(p))(g’);) o(p) '

1

As p varies over U these expressions give the components of F*(s) rela-
tive to w', ..., o™ on U, the coframes dual to E,, ..., E,,. They are clearly of
class C" at least, and this completes the proof. |

The formulas are themselves of some interest and may be used for
computation, so we shall display them in a corollary.

(1.7) Corollary  Using the notation above, let ¢ =) "_; ;&' on V and
Z;" B, on U, where a; and B; are functions on V and U, respec-
twely, and &', o’ are the coordinate coframes. Then
~ m ayl i n ayl .
F*(@&') = Z@w’ and ;= Zwai, i=1,...,n,

i=1 i=1
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The first formulas give the relation of the bases; the second those of the
components. If we apply this directly to a map of an open subset of R™ into
R", these give for F*(dy') the formula

i
dx’, i=1..,n

J

(18) P = 3 2

(1.9) Remark Let U, @ be a coordinate neighborhood on M, dim M = n,
and U’ = o(U) = R". Then dx',...,dx" on U’ are dual to a/ox*, ..., 0/0x",

and we have @ 1(8/0x") = E; so that @, (E) = 8/0x, i =1,...,n. This gives
for *(dx')

<Ei’ (P*(dxi» = <(P*(Ei)a dxj> = 5zj

This shows that the coordinate coframes w!,...,®" dual to E,, ..., E, are
defined by @’ = p*(dx’),j=1,...,n.

There is a potential source of confusion in notation here. The coordin-
ates x', ..., x"can be considered as functions on U and as such have differen-
tials dx' defined by

“e DY

(X, dx'y = Xx,
the ith component of X in the coordinate frames. In particular {E;, dx'y =
E;x' = 6%, so0 that dx!, ..., dx" are dualto E,, ..., E, and therefore dx' = o/,
i =1,...,n Combining this with the formula above gives dx’ = *(dx"),

which is nonsense unless we are careful to distinguish x' as (coordinate)
function on U = M, on the left, from x' as (coordinate) function on ¢(U) =
U’ < R, on the right (cf. Remark I11.3.2).

(1.10) Example We may apply Theorem 1.6 to obtain examples of covec-
tor fields on a submanifold M of a manifold N. Let i: M — N be the inclu-
sion map and suppose o is a covector field on N. Then i*(o) is a covector
field on M called the restriction of o to M. It is often denoted gy, or simply .
Recalling that for each pe M, T,(M) is identified with a subspace of T,(N) by
the isomorphism i, , we have for X e T,(M)

GM(Xp) = (i*a)(Xp) = G(i*(Xp)) = G(Xp)'

The last equality is the identification.

As an example, let M = R", and let ¢ be a covector field on R", for
example take ¢ = dx'. Then ¢ restricts to a covector field 6, on M. Note
that in this example dx* is never zero as a covector field on R", buton M it is
zero at any point p at which the tangent hyperplane T,(M) is orthogonal to
the x!-axis.
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Exercises

Verify properties (i)-(iii) of ¥, ¥*, and V**.

Let G = Gl(n, R) and define n? covector fields 6,1 <i,j<nonGby
Gi; = Yn=y Y dXy;, where Y = (y;;) is the inverse of X = (x;;). Show
that these forms are invariant under L,: G — G, left translation by A.
Further show that {0;;} is a field of frames on G.

Letf,,....f,,r < n,be C* functions on an open set U of a manifold M.
Prove that there are coordinates V, ¢ in a neighborhood of pe U such
that f,,...,f, are among the coordinate functions if and only if
df,, ..., df, are linearly independent at p.

Let F:M — N be a C* mapping such that F,:T(M) - Tp,(N)
has kernel = (0). If ¥, y is a coordinate neighborhood of F(p), show that
after suitable renumbering of coordinates ), the mapping ¢q —
OHF@Q)), ..., Y"(F(q)), the first m coordinates of F(q), m =dim M,
determines a coordinate map on a neighborhood U of p.

Determine the subset of R® on which ¢! = x!dx! + x? dx* and
62 = x2 dx! + x' dx? are linearly independent and find a frame field
dual to ¢!, 62 over this set.

Show that the restriction of ¢ = x! dx® — x? dx* + x* dx* — x* dx? of
R* to the sphere S3 is never zero on S°.

Show that the set 7 (M) of all covector fields on M, like the set X(M) of
ail vector fields on M is a C*(M) module. Prove also that ce 7' (M) if
and only if ¢ is a C®(M)-linear mapping from ¥(M) to C*(M).

Try to determine a C* manifold structure on T*(M) = { J,em Tp(M)in
such a fashion that a covector field ¢ on M is a C* mapping from M into
T*(M) and so that the natural mapping = taking each 6,€ T*(M)to p
is C*®

Bilinear Forms. The Riemannian Metric

In the case of a vector space ¥ over R a bilinear form on V is defined to be

a map ®: ¥ x ¥V - R that is linear in each variable separately, ie., for
o, feRand v, vy, v,, W, W, W, €V,

O(av, + fvy, w) = ad(v,, w) + BB(v, , w),
Oy, aw, + pw,) = a®(v, w,) + BO(v, w,).

A similar definition may be made for a map ® of a pair of vector spaces
V x W over R. We will not pursue this generalization at the moment except
to point out that the map assigning to each pair ve V¥, g€ V* a number
{v, o), as discussed in the preceding section, is an example.



184 V TENSORS AND TENSOR FIELDS ON MANIFOLDS

Bilinear forms on V are completely determined by their n? values on a
basis e;,...,e, of V. If o;=®(e;, e;), 1<ij<n, are given and if
v=1Y Ale;,w =Y ple;are any pair of vectors in ¥, then bilinearity requires
that

O(v,w) = Y o A
i,j=1

Conversely, given the n x n matrix A = (x;;) of real numbers, the for-
mula just given determines a bilinear form @. Thus there is a one-to-one
correspondence between n x n matrices and bilinear forms on V once a
basis ey, ..., e, is chosen. The numbers «;; are called the components of ®
relative to the basis.

We will mention some special cases which will be of interest to us. A
bilinear form, or function, is called symmetric if ®(v, w) = O(w, v), and skew-

symmetric if ®(v, w) = —®(w, v). It is easily seen that regardiess of the basis
chosen, these correspond, respectively, to symmetric, ‘4 = 4, and to skew-

symmetric, ‘4 = — A4, matrices of components.
A symmetric form is called positive definite if ®{v, v) > 0 and if equality
holds if and only if v = 0; in this case we often call ® an inner product on V.

We shall be particularly interested in this case in the succeeding chapters; a

vector space with an inner product is called a Euclidean vector space since ©

allows us to define the length of a vector, ||v| = (®(v, v))!/?, and the angle
between vectors, as was remarked in Section L.1.

(2.1) Definition A field ® of C"-bilinear forms, r > 0, on a manifold M
consists of a function assigning to each point p of M a bilinear form @, on
T, (M), that is, a bilinear mapping @, T (M) x T,(M)— R, such that for
any coordinate neighborhood U, ¢ the functions «;; = ®(E,, E;), defined by
@ and the coordinate frames E,, ..., E,, are of class C". Unless otherwise
stated bilinear forms will be C*. [To simplify notation we usually write
CD(XIH Yp) for (Dp(Xp’ Yp)']

The »? functions a;; = ®(E;, E;) on U are called the components of @ in
the coordinate neighborhood U, ¢. Properties similar to those of covectors
hold in this case also. As in (1.2) if @ is a function assigning to eachpe M a
bilinear form, then @ is of class C” if and only if for every pair of vector fields
X,Y on an open set U of M, the function ®(X, Y)is C" on U. As in
Remark 1.3 we have the fact that @ is C*(U)-bilinear as well as R-bilinear:
fe C=(U) implies ®(fX, Y) = f®(X, Y) = ®(X, fY) (Exercise 2).

Suppose F,: W — ¥ is a linear map of vector spaces and @ is a bilinear
form on V. Then the formula

(22) (F*D)(v, W) = O(F,(v), Fu(W))

defines a bilinear form F*® on W. We have the following properties:



2 BILINEAR FORMS. TH.E RIEMANNIAN METRIC 185

(i) If @ is symmetric (skew-symmetric), then F*® is symmetric
(skew-symmetric).

(i) If @ is symmetric, positive definite, and F, is injective, then F*® is
symmetric, positive definite.

In particular, this latter applies to the identity map i, of a subspace W
into V. In this case i*® is just restriction of & to W:
(*D)(v, w) = @iV, i,w) = D(v, w).

Now let F: M — N be a C* map and suppose that @ is a field of bilinear
forms on N. Then just as in the case of covectors this defines a field of
bilinear forms F*® on M by the formula for (F*®), at every pe M:

(F*(D)(Xp ) Yp) = (D(F*(Xp)7 F*(Yp))'

We state this 1n the form of a theorem.

(2.3) Theorem Let F: M — N be a C* map and ® a bilinear form of class
C" on N. Then F*® is a C'-bilinear form on M. If @ is symmetric (skew-
symmetric), then F*® is symmetric (skew-symmetric).

Proof The proof parallels those of Theorem 1.6 and Corollary 1.7 and
we analogously obtain formulas for the components of F*® in terms of those
of ®. We suppose U, ¢ and V, y are coordinate neighborhoods of p and of
F(p) with F(U) < V. Using the notation of Theorem 1.6 and Corollary 1.7
we may write f;(p) = (F*®),(E;,, E;,) = O(F,(E,,), F.(E;;)). Applying
Theorem IV.1.6 as before, we have

20y 0y o ~
»Bij(P) = s.tZ:l Ox Ox q)(EsF(p) s EtF(P))'

This gives the formula

dy* 0y'
@9 B = T ihere)  1<ijsm

for the matrix of components (f;;) of F*® at p in terms of the matrix (o) of
® at F(p). The functions f,; thus defined are of class C" at least on U which
completes the proof, except for the statements about symmetry and skew-
symmetry which are obvious consequences of (i) above. ]

(2.5) Corollary If F is an immersion and © is a positive definite, symmetric
form, then F*® is a positive definite, symmetric bilinear form.

Proof All that we need to check is that F*® is positive definite at each
peM. Let X, be any vector tangent to M at p. Then F*®(X,, X ) =
O(F,(X,), F,(X,)) = 0 with equality holding only if F (X ) = 0. However,
since F 1s an immersion, F,(X,) = 0 if and only if X, = 0. |
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(2.6) Definition A manifold M on which there is defined a field of sym-
metric, positive definite, bilinear forms @ is called a Riemannian manifold and
® the Riemannian metric. We shall assume always that @ is of class C*.

The simplest example is R" with its natural inner product

1=

. -0 .0
O,(X,.Y)= Yo  where X=D3o—, and Y= Y B
=7 oxt ~" ox

i=1

At each point we have ®(5/0x', §/0x’) = §;; so that the matrix of components

i S
ty
Of q), rnlof;un to the standard basis is COnStaﬂt and equals I; the ldentlty

Ciauive SrazlalGc Uaals,

matrix. It follows that ® is C*.

Corollary 2.5 enables us to give many further examples. Any imbedded
or immersed submanifold M of R" is endowed with a Riemannian metric
from R" by virtue of the imbedding (or immersion) F: M — R". Thus, for
example, a surface M in R3 has a Riemannian metric. The idea of the
corollary in this case is very simple: If i: M — R’ is the identity and X, ¥,
are tangent vectors to M at p, then *®(X,,Y,) = ®(i,X,,i,Y,)=
®(X ,, Y,), that is, we simply take the value of the form on X, Y, considered
as vectors in R?, using our standard identification of T,(M) with a subspace
of T(R?). In particular $?, the unit sphere of R’, has a Riemannian metric
induced by the standard inner product in R3.If X ,, Y, are tangent to S* at p,
then ®(X ,, Y,) is just their inner product in R>.

Classical differential geometry deals with properties of surfaces in
Euclidean space. The inner product ® on the tangent space at each point of
the surface, inherited from Euclidean space, is an essential element in the
study of the geometry of the surface. It is known as the first fundamental form
of the surface.

We terminate with a few remarks about bilinear forms on an n-
dimensional vector space ¥. We continue the numbering from properties (1)
and (i) which precede the discussion of mappings. We define the rank ofa
form ® on ¥ to be the codimension of the subspace W = {ve V| ®(v, w) =
0V we V), that is, rank ® = dim ¥ — dim W. This concept is elaborated in
the exercises. The following facts are often useful:

(iii) If @ is a bilinear form on ¥, then the linear mapping ¢: V — V*
defined by <(w, ¢(v)> = ®(w, v) is an isomorphism onto if and only if
rank ® = dim V.

(iv) Every bilinear form ® may be written uniquely as the sum of a
symmetric and a skew-symmetric bilinear form, namely,

D(v, w) = JD(v, w) + O(w, V)] + FD(v, w) — O(w, v)].

(v) If a skew-symmetric form @ has a rank equal to dim ¥, then dim V
is an even number.
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Exercises

Verify (i}-(v).

Show that in the C™ case Definition 2.1 is equivalent to the following: A

field of C*® bilinear forms on M is a C*(M)-bilinear mapping ®: X(M) x

(M) - C*(M).

3. Show that the rank of the matrix of components (®(e;, e J)) of a bilinear
form ® on V" is independent of the basis e,,...,e, and is equal to the
rank of @.

4. Let ® be a symmetric, positive definite bilinear form on V. Show that (a)
rank ® = dim V, (b) ® determines a natural isomorphism of V' and V*,
and (¢) O(v, w)* > O(v, v)D(w, w). How does (c) allow us to define to
within 7 the angle of two vectors?

5. Show that the set #(V) of all bilinear forms on a vector space V is a
vector space and determine its dimension. Prove that a linear map F,:
V— W of vectors spaces determines a linear map F*: (W) — #(V) with
(G, o F)* = F* - G* for composed mappings.

6. Continuing Excrcisc 5, let GI(V) denote the group of (linear) automorph-

isms of V. Show that GiV) acts on (V). Choosing a basis of V

determine the action explicitly.

Show that the set of all elements of GI(V) leaving ® fixed under the action

of Exercise 6 form a closed subgroup. Is it a regular submanifold of

Gli(v)y?

LJCL @ bc a \_/ Heiu vl U;li

M. Using the one-parameter group act10n 9 on M and the mduced

mapping 0Fon @, define a “Lie derivative” Ly® of ® with respect to X.

9. Show that ®(4, B) = tr ‘AB, the trace of the transpose of 4 times B,
defines a symmetric bilinear form on .#,(R), the n x n matrices over R.
Is it positive definite?

o=

~]

[el¢]

3 Riemannian Manifolds as Metric Spaces

The importance of the Riemannian manifold derives from the fact that it
makes the tangent space at each point into a Euclidean space, with inner
product defined by ®(X,, Y,) (= ®,(X,, Y,}). This enables us to define
angles between curves, that is, the angle between their tangent vectors X,
and Y, at their point of intersection, and lengths of curves on M, as we shall
see. Thus we may study many questions concerning the geometry of these
manifolds ; this is a large part of the classical differential geometry of surfaces
in R3.

As an example we consider the question of defining the length of a curve.
Lett — p(t),a < t < b, be a curve of class C! on a Riemannian manifold M.
Then its length L is defined to be the value of the integral

b dp dp\\"'?
= ] .
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We make several comments here: first, the integrand is a function of ¢
alone, so a more precise notation is to denote its value at each t by @ ,,\(dp/dt,
dp/dt), where dp/dt € T,,(M) denotes the tangent vector to the curve at
p(t). This function is contmuous by the continuity of dp/dt and ®. Secondly,

thhn ol ~Af tha al nda
e vaiuc ¢1 uuvsxal 15 luu\.y\.ud\.u{ of the yaraux\.tﬂzaﬂon In

Equation IV.(3.7), we gave the following formula for change of parameter:
dp/ds = (dp/dt)(dt/ds), where t = f(s), c < s < d is the new parametrization.

Thus
4 (I)@@ 172 dp dp dtz”zdsd
L ds’ ds dt dt ( dt

Within a single coordinate neighborhood U, ¢ with coordinate frames

Ei,,....E,,, we have ®(E,, E;) = g;;(x), where o(p) = x = (x',..., x");
and the curve is given by ¢(p(r)) = (x'(¢), ..., x"(t)), so that L(r) becomes
: dx* dx/\ /2
s=L(t) = L (Z gi; (x(t)) - " dt) dt.

This leads to the frequently used abbreviation

gij(x) dx* dx’/

1

M:

ds? =

'v

~.
1l

for the Riemannian metric in local coordinates. [This formula can be in-
terpreted (later) in terms of multiplication of tensors.]

We note that in the case of a curve in R” (with its standard inner pro-
duct), say p(t) = (x'(t), ..., x*(t)) with a < t < b, then we have the familiar
formula for arc length

_ Lb (él(x"(t))z) e

We have used ®(0/0x’,3/0x’) = &,; and dp/dt = Y-, X'(t) 6/0x" in our
definition to obtain this.
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Of course, it is not necessary to assume the curve of class C!; weaker
assumptions will do. In particular, we may suppose it is piecewise of class
C', which we will denote D!. We will prove the following rather useful
theorem concerning Riemannian manifolds:

(3.1) Theorem A connected Riemannian manifold is a metric space with the
meiric d{p, q) = infimum of the lengths of curves of class D' from p to q. Its
metric space topology and manifold topology agree.

Proof Since M is arcwise connected, d(p, g) is defined; and from the
definition it is immediate that d(p, q) is symmetric and nonnegative. It is also
very easy to check that the triangle inequality is satisfied if we use the fact
that a curve from p, to p, and a curve from p, to p; may be joined to give a
curve from p, to p; whose length is the sum of the lengths of the two curves
which are thus joined. It remains to show that d(p, ¢) = O implies p = g.

In order to complete the proof we obtain some inequalities. In all that
follows let p be an arbitrary point of M, U, ¢ a coordinate neighborhood
which has the property that ¢(p) = (0, ..., 0), and @ > 0 a fixed real number
with the property that ¢(U) > B,(0), the closure of the open ball of radius a
and center at the origin of R". We let x!, ..., x" denote the local coordinates
and g;(x) the components of the metric tensor @ as functions of these
coordinates. Since these n® functions are C® in their dependence on the
coordinates and are the coefficients of a positive definite, symmetric matrix
for each value of x in @(U), then on the compact subset K,, r < a, of R" x R"
defined by K, = {(x,0)|llx|| <r, |la|| = 1}, the expression (} 7 ;- ; g;(x)a'o))!/2
assumes a maximum value M, and a minimum value m, > 0. In fact if m, M
denote the minimum and maximum corresponding to r = a, we have the
inequalities

n 1/2
O<m=<m < ( > gij(x)a‘aj) <M, <M.
2 J=
Moreover, if (8', ..., f") are any n real numbers such that (37, (8')"/? =
b # 0, then replacing each o' above by /b and multiplying the inequalities
by b yields:

i 1

i

1/2
0<mb<mbx< ( gij(x)[)’iﬂj) < M,b < Mb

L
s J=
for every x € B,(0). Now we shall make the assumption that if x, y are any
points of R" with its standard Riemannian metric (as defined above), then
the infimum of the lengths of all D' curves in R" from x to y is exactly the
length of the line segment Xy, in other words, it is ||y — x|| the Euclidean
distance from x to y as defined in Section 1.1 (see Exercises 5 and 6 for the

1
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method of proof). Let p(t). a < t < b,bea D' curve lyingin ¢~ '(B,(0)) = U
which runs from p = p(a) to g = p(b) and let

L=["| L atsopsono|  a

L j=1

denote its length. The last set of inequalities above and the assumption on K"
imply that for p # ¢q

b I n

L<M, [ ‘ ;(a'c")z]h2 dr

i

]
A
2
S
=
A
3
s
-~
n

We first use these inequalities to complete the proof that d(p, q) is a
metric on M. Let ¢ be any point of M distinct from p. Then for some ,
0 < r < a, g lies outside of ¢~ !(B,(0)) = U. Letp(t),0 <t < c beacurve
of class D' which goes from p = p(0) to ¢’ = p(c) and let L be its length.
There is a first point g = p(b) on the curve which is outside (p‘l(B,(O)),

that is, such that p() lies inside the neighborhood ¢~ (B,(0)) for 0 < ¢ < b,

but ¢ = p(b) does not; g is the first point of the curve with lelg)| =r.
If L denotes the length of the curve p(t), 0 <t < b, then L < L. From this

it follows that I, > L > mr and, since the curve was arbitrarily chosen, that
d(p, q) > mr. This means that if g’ # p, then d(p, g') # 0, so that d(p, q) is
a metric as claimed.

In order to show the equivalence of the metric and the manifold topolo-
gies on M, it is enough to compare the neighborhood systems at an arbitrary
point p of M; in fact for the manifold topology we need only consider the
neighborhoods lying inside a single coordinate neighborhood U, ¢ as above.
Thus we must show that each neighborhood V, = ¢~ '(B(0)) = U of the
point p contains an &-ball, S,(p) = {g€ M\d(p, ) < ¢}, of the metric topology,
and conversely. This will follow from the inequalities we have obtained. In the
last set of inequalities, if r <a and ge¢p~ 1(B,(0)), then [@(q)| is the
Euclidean distance d(p, g) of p from g, i.e., the distance in R" of ¢(p) = 0 from
o(q). Thus V, = {ge U|dg(p, @) < r}. The left side of the inequality can be
written as

0< de(pa q) < mrdE(p7 q) < L.

Since d(p, q) is the infimum of such L, we see that V, = 5(p) for r < e¢/m.

On the other hand, given V., r < a, and a D’ curve in ¥, = ¢~ (B (0)), as
described above, the integral on the right-hand side of the inequality is its
Euclidean length Lg, i.e., the length of ¢(p(t)), a <t < b. Thus the right-hand
side of the inequality may be written as

L <MLy <MLg.
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According to Exercises 5 and 6, di(p, q) is the infimum of the lengths of such
curves from p to g, just as d(p, g) is the infimum of L for such curves. Hence,
S(p) < V, if ¢ < Mr. Thus the S,(p) and V, form equivalent neighborhood
systems at p. This completes the proof of the theorem except for the unproved
assertion about R" (essentially this theorem itself in R"), which is left to the
eXercises. |

As we have mentioned, the existence of a Riemannian metric on a mani-
fold provides an important ingredient to the study of manifolds from a

i 1 1 ¥ t introd i o,
geometric point of view, allowing us to introduce on such spaces many

concepts of Euclidean geometry such as distances, angles between curves,
areas, volumes, and—Iless obviously—straight lines, or geodesics. For one
way of characterizing a straight line in Euclidean space is that the length of
any segment pg on it is exactly the distance d(p, q) between its end points—
which implies that it is also the shortest curve between any two of its points
(by Exercises 5 and 6 again). We can, using the metric just introduced, ask
whether there exist curves on a Riemannian manifold which have this
property. The answer, with some qualifications, is yes; and the class of
curves (geodesics) thus isolated has both similarities to and fascinating dif-
ferences from straight lines in Euclidean geometry. For example, if S? is the
unit sphere in R, with the induced Riemannian metric, then great circles are
the geodesics: they indeed realize the distance (and are the shortest curves)
between any two of their points which lie on the same semicircle. Note that
these geodesics are closed curves in marked contrast to straight lines in
Euclidean space.

Two Riemannian manifolds M, and M, (with Riemannian metrics @,
and @,) are said to be isometric if there exists a diffeomorphism
F:M, - M, such that F*®, = ®@,. Clearly such an isometry is also an
isometry of M, and M, as metric spaces, that is, d, (F(p), F(q)) = d,(p, q) in
the metrics defined above. It is true, but not easy to prove, that a converse to
this statement holds (see Kobayashi and Nomizu [1, Theorem 3.10, p. 169]).

The geometry, including geodesics, lengths of curves, areas, and so forth,
depends very much on the Riemannian metric of M. For example, the sphere
S2 as an abstract manifold is diffeomorphic to many surfaces in R?, of which
the unit sphere is only one possibility, another being a standard ellipsoid E
in R®:

(x')?
2 TR c

E:=XER3

Here the geodesics of the induced Riemannian metric, unlike great circles on
the unit sphere S, are not closed curves in general (see Hilbert and Cohn-
Vossen [1, p. 222-4]). Thus E and S? are diffeomorphic but not isometric,
that is, they are equivalent as differentiable manifolds but not as Riemannian
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manifolds. An important question is to decide whether or not two given
Riemannian manifolds are, in fact, isometric; and if so, in how many ways.
One of the questions which led Gauss to some of his great discoveries may
have been a very practical one: Is there any isometry possible between a
portion of the surface of a sphere (the earth) with the metric mentioned above
and a portion of the Euclidean plane with its standard metric? Or equiva-
lently, can we construct a map of some part of the earth’s surface which does

not distort distances and/or angles? We shali come back to this question in a
later chapter.

Exercises

1. Using spherical coordinates (6, ¢) on the unit sphere p = 11in R?, deter-
mine the components (g;;) of the Riemannian metric on the domain of
the coordinates (U = S? minus the north and south poles).

2. Similarly, find g;; for T2 = S' x S' using coordinates (6, ¢) and the
imbedding

(6, @) — ((a + b cos @) cos 6, (a + b cos @) sin 6, b sin o)

in R? given by rotatin
around the x>-axis.

3. Show that to each vector field X on a Riemannian manifold there corre-
sponds a uniquely determined covector field o, by (iii) of the previous
section. Show that this is actually an R-linear map. Is it C*(M)-linear?
Use your arguments to show that if /' € C*(M), then there is a unique C”
vector field, grad f, which corresponds via the metric to ¢ = df.

4. Using the results of Exercise 8 of Section 2, show that 6, is a 1-parameter
group of isometries of a Riemannian manifold M if and only if the Lie
derivative of the Riemannian metric ® with respect to the infinitesimal
generator of 0, is zero, Ly ® = 0.

5. Letx(t),0 <t < 1, be a curve of class D' in R" from x(0) = (0,0, ..., 0)
to x(1) = (a', ..., a"). Assume, for simplicity, that |x(¢)| > 0 for ¢ > 0

g a circle of radius b, center at (a,0,0), a > b,

and write x(¢ ) = A(t)u ( ) where A() = ||x )| and u(t) is a unit vector.
Show that | x(t)]|? = (A(t))* + (A(t))*[a(t)||?, and use this to prove that
the length of the curve is at least ||x(1) — x(O [, the distance from the
origin to a = (d', ..., a").

6. Show that the simplifying assumption that {x(¢)j| > 0 for £ >0 in
Exercise 5 may be removed by considering only the portion of the curve
outside a small sphere around the origin, whose radius we then let tend
to zero. Use these results to establish that in R the infimum of the length
of curves of class D! joining two points x and y is ||x — y| so that the
metric defined on R" by Theorem 3.1 and the standard Riemannian
structure is the usual one.
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7. Use the Riemannian metric to define the cosine of the angle between
intersecting curves. Apply this to the coordinate curves in Exercises 1
and 2.

4 Partitions of Unity

We have mentioned, but not proved, that there is no nonvanishing
C>-vector field on §2. It follows from the exercises at the end of the last
section that the same is true for covector fields on S2. In view of this non-
existence, it might occur to ask whether on an arbitrary manifold M it is
possible to define a C* positive definite, bilinear form, that is, is every
manifold Riemannian? This question and a number of others may be
answered using the notion of a partition of unity. Before discussing this
concept we need some preliminary definitions and lemmas.

A covering {4,} of a manifold M by subsets is said to be locally finite if
each pe M has a neighborhood U which intersects only a finite number of
sets A,. If {4,} and {B,} are coverings of M, then {B,} is called a refinement of
{A,} if each By < A4, for some a. In these definitions we do not suppose the
sets to be open. Any manifold M is locally compact since it is locally
Euclidean; it is also ag-compact, which means that it is the union of a count-
able number of compact sets. This follows from the local compactness and
the existence of a countable basis P, P,, ... such that each P, is compact. A
space with the property that every open covering has a locally finite
refinement is called paracompact; it is a standard result of general topology
that a locally compact Hausdorff space with a countable basis is paracom-
pact. We will prove a version of this adapted to our needs.

(4.1) Lemma Let {A,} be any covering of a manifold M of dimension n by
open sets. Then there exists a countable, locally finite refinement {U,, p;}
consisting of coordinate neighborhoods with ¢ (U, = B%(0) for all i =1,
2, 3,...and such that V; = ¢ Y(B3(0)) = U, also cover M.

Proof Since the lemma is trivial otherwise, we assume that M is not
compact. We begin with the countable basis of open sets {P;}, P; compact,
which we mentioned above. Define a sequence of compact scts K, K5, ... as
follows: K; = P, and, assuming K, ... K; defined, let r be the first integer
such that r > i and K; < ( J;_, P;. Define K, ; by

Ki+1=P1UP2U'”UP'=P1U"'UP,.

Denote by K, , the interior of K, ,p;itcontains K;. Let K_, =Ky, =
and for each i =0,1,2,..., we consider the open set (K,,, — K,_,)n 4,.
Around each p in this set choose a coordinate neighborhood U, ,, ¢, , lying
inside the set and such that ¢, (p) =0 and ¢, (U, ,) = B5(0). Take
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V = ¢, 3(B1(0)) and note that these are also interior to (K4, —
K, 1) N A Moreover allowmg p, o to vary, a finite number of the collection
of ¥, , covers K, — K;, a closed compact set. Denote these by V¥, , with k
labelmg the sets in this finite collection. Foreachi =1, 2,...the 1ndex k takes
on just a finite number of values; thus the collection V; , 1s denumerable. We
renumber them as V,, V,,...,and denote by U,, ¢,, U,, @,,...,the
corresponding coordinate neighborhoods containing them. These satisfy the
requirements of the conclusion; in fact for each pe M there is an index i such
that p e K, but from the definition of U ;, ¥} it is clear that only a finite number

i
of these nelghborhoods meet K;. Therefore {U;} and also {V;} are locally
finite coverings refining the covering Via; H

(4.2) Remark It is clear that it would be possible to replace the spherical
neighborhoods Br(0) by cubical neighborhoods C;(0) in the lemma.

We shall call the refinement U, V;, ¢; obtained in this lemma a regular
covering by spherical (or, when appropriate, cubical) coordinate neighbor-
hoods subordinate to the open covering {4,}.

Recall that the support of a function f on a manifold M is the set
supp(f) = {x € M| f{x) # 0}, the closure of the set on which fdoes not vanish.

(4.3) Definition A C* partition of unity on M is a collection of C* func-
tions {f,} defined on M with the following properties:

{f
(1) f,=0o0nM,
(2) {supp(f/)} form a locally finite covering of M, and
(3) Y, f,(x) = 1forevery xe M.

Note that by virtue of (2) the sum is a well-defined C* function on M
since each point has a neighborhood on which only a finite number of the /s
are different from zero. A partition of unity is said to be subordinate to an
open covering {A4,} of M if for each y, there is an 4, such that supp(f,) < 4,.

(4.4) Theorem Associated to each regular covering {U;, Vi, ¢;} of M there
is a partition of unity { f;} such that f; > 0 on V; = @; }(B(0 )and supp f;

@; '(B,(0)). In particular, every open covering {4,} has a partition of unity
which is subordinate to it.

Proof Exactly as in part (a) of the proof of Theorem IL5.1, we see that
there is, for each i, a nonnegative C* function §(x) on R" which is identically
one on B}(0) and zero outside B}(0). Clearly g,, defined by g, = g - g, on U,
and g; = 0on M — U,, is C* on M. It has its support in ¢; '(B3(0)), is +1

© s
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on V,, and is never negative. From these facts and the fact that {V}} is a
locally finite covering of M we see that

fi=d . i=t2,
Y
are functions with the desired properties. ]

Some Applications of the Partition of Unity

We shall give several applications which illustrate the utility of this

concept. The first answers the question raised at the beginning of the first
paragraph in this section.

manifold.

Proof Let {U,, V,, ¢;} be a regular covering of M and f; an associated
C* partition of unity as defined above. Then ¢;: U; — B3(0) being a diffeo-
morphism, the bilinear form ®; = ¢*¥, ¥ the usual Euclidean inner product
on R", defines a Riemannian metric on U; (Corollary 2.5). Since f; > 0 on
V., f:®,is a Riemannian metric tensor on ¥, is symmetric on U;, and is zero
outside ¢; '(B3(0)). Hence it may be extended to a C*-symmetric bilinear
form on all of M which vanishes outside ¢, !(B3(0)) but is positive definite
at every point of ¥}, It is easy to check that the sum of symmetric forms is
symmetric, therefore ® = ) f,®;, defined precisely by

(Dp(Xp’ Y:u) = Zlﬁ(p)d)l(xp’ )/;7)’ pGM’
is symmetric. We have denoted by f; @, its extension to all of M, and we must
remember that the summation makes sense since in a neighborhood of each
pe M all but a finite number of terms are zero. However, ® is also positive
definite. For every i, f; > 0 and each pe M is contained in at least one V;.
Then fi(p) > 0, and therefore

0=0,X,,X,) =2 flP)PLX,, X))
implies that ®;,(X,, X ) = 0. This means
0=of¥(X, X,)= P(@4(X ) 054(X ).
But since W is positive definite and ¢ is a diffeomorphism, this implies

X, = 0. This completes the proof. |

As a second application we consider the following question. Let M be a
C* manifold. Then is M diffeomorphic to a submanifold of Euclidean space
RY of some sufficiently high dimension N ? This is a rather difficult question,
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particularly if we modify it slightly so as to leave the choice of N less
arbitrary. For example, is every surface, that is, every two-dimensional mani-
fold M, imbeddable as a submanifold of R*? [The answer is no; it is known
that thls is not always possible even if the surface is compact.] We shall give

nswer to the guestion as first anPd

(4.6) Theorem Any compact C® manifold M admits a C* imbedding as a
submanifold of RN for sufficiently large N.

Proof We let {U;, V;, ¢} be a finite regular covering of M ; there exists
such because of the compactness We have defined the associated partition
of unity {f;} using functions {g;}, where g; = 1 on V;, and we shall use here
these C*® functions {g;} on M rather than the (normalized) { f}. Let ¢;: U; -
B7}(0) be the coordinate map. Then the mapping g, ¢;: U; —» B3(0)—mapping

pe U; to gip)odp) = (g:p)x" (p): -, 9i(P)X"(P)) in R —isac” map on Ui,
taking everything outside ¢; '(B3%(0)) onto the origin, but agreeing with ¢;
on ¥,. It may be extended to a C* mapping of M into B3(0) by letting it map

all of M — U, onto the origin. When we write g;¢;, we will mean this

extension; on V it is a difffomorphism to B}(0) so its Jacobian matrix has

rank n = dim M there.
We suppose that i = 1, ..., k is the range of indices in our finite regular

SErEYYT T Lo

covering and let N = (n + l)k. Define
F:M—RY—>R"x - XR"x Rx xR

R —

k k

by
F(p) = (9:(0)01(p); --- s 9ulP)erlp); 91(D), -- - gulP)).

Then F is clearly C* on M, and in any local coordinates on M the N x n
Jacobian of F breaks up into k blocks of size n x n followed by a k x n
matrix so its rank is at most n. However, pe M implies p € V; for some i, and,
on ¥, g; = 1,50 g,¢; = ¢; and the matrix has rank n. Thus F: M —» R¥is a
C* immersion. If it is one-to-one the proof is finished since M is compact
and Theorem IIL.5.7 applies. Suppose F(p)= F(q). Then g,(p)= gi(q).

= 1,..., k. This implies that g,(p)ep) = g:(q)p:(q); but since g,(p) # O for
some i, this means ¢,(p) = ¢;(g) for that i and since ¢, is one-to-one, we see
that p = g. Thus F is one-to-one, completing the proof. |

We remark that it is an obvious disadvantage of this theorem that N may
be much larger than we would like it; in fact we have no way of giving an
effective bound on it from this proof. For example, we know that it takes at
least two coordinate neighborhoods to cover S? (using stereographic projec-
tions from the north and south poles) and hence k = 2,n = 2so that N = 6,
implying that $? may be imbedded in R®. This is obviously not the best
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possible! Since a sphere with handles (compare Section 1.4) may require
more than two coordinate neighborhoods to cover it, the value of N would
increase accordingly.

Another defect of the theorem is that it only applies to a compact mani-
fold and although such manifolds are important, it would be very nice to
know that every manifold may be considered as a submanifold of RY for
some N. Then our intuitive geometric concepts derived from the classical
study of curves and surfaces in R* could be seen to carry over to arbitrary
manifolds; in particular, the concept of tangent space T,(M) is given intui-
tive content just as in Example IV.1.10. Clearly this question has great inter-
est in manifold theory. The following theorem was proved by Whitney [1] in
1936 in a paper which is one of the landmarks in the study of differentiable
manifolds. It is known as the Whitney imbedding theorem.

(4.7) Theorem Any differentiable manifold M of dimension n may be imbed-
ded differentiably as a closed submanifold of R*"* 1.

The proof has since been simplified and appears in many recent texts, for

example, Milnor [2], Sternberg [1], and Auslander and MacKenzie [1] and
Hirsch 171 (Whitnev later. bv more difficult methods rpnlar‘e({ Rz"+1 by

1 RLILOWEL LLJ. \'V ILILAA\’J iy UJ LRIV LAV UIL ALV LA UD e W AL
RZn )

Our final example of the way in which the ideas of this section may be
used will be to prove the following “smoothing ” theorem:

(4.8) Theorem Let M be a C* manifold and A a compact subset of M,
possibly empty. If g is a continuous function on M which is C* on A and ¢ is a
positive continuous function on M, then there exists a C* function h on M such
that g(p) = h(p) for every pe A and |g(p) — h(p)| < e(p) on all of M.

In order to prove this we shall need a similar theorem for the case of a
closed n-ball in R". For convenience we choose the following one (see
Dieudonné [1] for a proof).

(49) Lemma (Weierstrass approximation theorem) Let f be a contin-
uous function on a closed n-ball B" of R" and let ¢ > 0. Then there is a
polynomial function p on R" such that | f(x) — p(x)| < ¢ on B~

Another similar but easier approximation lemma for R" which would
serve equally well here is given in Section VI.8 (Exercise 2). We now proceed
with the proof of the theorem.

Proof By definition “gis C* on A” means that there is a C* extension
g* of g} A which is C* on an open set W’ containing A. Since g — g* = 0 on
A, which is compact, we can find an open set W, A « W < W’ such that
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lg(p) — g*(p)| < &(p) for pe W. To do this, first find a finite covering of A by
neighborhoods W, such that W, « W’ is compact. Then K = W cWis
compact and we let ¢ = inf, . &(p) > 0. Finally, let W be the open subset of
U Wonwhich|g—g |<g

Next take a regular covering {U,, ¢;} which is a refinement of covering
{W,M — A} of M. On each U; we define a C* function h; as follows: If
U, < W, then let h, = g*|U,. Otherw1se we use the Weierstrass approxima-

. el n
tion theorem to ubuam a polynomial function p; on R" which approximates

d=go@; ' on By0) < (U, to within & = inf ¢(p) on pe ¢, L(B%(0)), and
then define h, = p; - ¢,. Thus on each U, we have defined a C* function h;
which satisfies |, — g| < &(p) on @] 1(R"((m Now let { f;} be the C* partition
of unity subordmate to our regular covering. For each i we can interpret f;h,
as a C* function on M by taking it to be O outside supp f;, which lies in

@ Y(B4(0)). Thus & =Y fih, is defined and C* on all of M. Moreover, since
Z =1,
lg —hl =13 fig =X fihl < 1S9 — k).

Now if p ¢ ¢ '(B3(0)), then f{p)(g(p) — hi(p)) = 0 and if pe ¢; '(B3(0)), then
1g(p) — h{p)| < £(p) by our choice of h,. Since ) f{p) over the finite set of i for
which pe ¢, {(B3(0)) is 1 and f; > 0 everywhere, we see that [g(p) — h(p)| <
¢(p) for all pe M. |

(4.10) Remark Techniques of this type are very important in bridging the
gap between the applications to manifolds of topology—where the data are
usually continuous—and of calculus concepts such as rank of a mapping. By
using the fact that a manifold is s-compact, for example. and reverting to the
use of local coordinates, it is possible to prove by methods of this section
such statements as the following (compare Steenrod [1, p. 25]):

Let X be a vector field which is continuous on all of M and C* on the closed
subset A. Then X may be approximated arbitrarily closely by a C*-vector field
Y on M such that X = Y on A.

Exercises

1. Iffis a C* function on a closed regular submanifold N of a manifold M,
then show that fis the restriction of a C* function on M.

2. Show that if N is a closed regular submanifold of M, then a C* -vector
field X on N can be extended toa C*-vector field on M. [Hint: Takea
covering of N by preferred coordinate neighborhoods of M and use a
partition of unity subordinate to this covering and to the open set
M — N: X can be extended easily within a preferred coordinate
neighborhood.]
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3. Show that on a Riemannian manifold every point p lies in an open set
U, over which we may define a C* field of frames which is orthonormal
at each point,

Let M be a manifold of dimension kand F: M — R"a C* imbe
M in R". Further, let G(u, k) be the Grassman manifold of k- lanes
through the origin of R". Show that the map H: M — G(n, k), obt amed

v A H the I i
by mapping p to the k-plane through the origin parallel to F*( (M), is

C*. [This generalizes the Gauss mapping for surfaces in B> ]

5. Show that if F, and F, are disjoint closed subsets of a C* manifold M,
then there exists a C* function fon M thatisOon Fgand +1on F;

(compare Theorem I11.3.4).

6. Prove Theorem 4.8 under the weaker assumption that A is a closed
subset of M.

7. Extend Theorem 4.8 to a mapping into R", arbitrary N, or into another
manifold.

8. Prove that a continuocus vector field can be approximated by a C* vector
field.

9. Prove that on every C* manifold M it is possible to define a proper C*
function f: M — R, i.e,, such that the inverse image of a compact set is
compact,

‘.J:;

(3]

Tensors on a Vector Space

It is our purpose in this section to define and study some properties of
tensor fields on a manifold, especially covariant tensor fields. As in the case
of covectors and bilinear forms, which are examples of such tensors, we
begin with a vector space V over a field, in fact over R.

(5.1) Definition A tensor ® on V is by definition a multilinear map

O:Vx-xV xVx--xV*>R
— T 5
V* denoting the dual space to V. r its covariant order. and s its contravariant
order. (Assume r > 0 or s > 0.)
Thus @ assigns to each r-tuple of elements of ¥ and s-tuple of elements of
V* a real number and if for each k, 1 < k < r + s, we hold every variable
except the kth fixed, then @ satisfies the linearity condition

D(vy, ooy aV + &V, ) = 0@V, o, v, )+ ARV, V)

for all o, o’ € R, and v, vie V (or F*, respectively). (This equation defines
precisely the meaning of multilinearity.) As examples we have: (i) for r = 1,
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s = 0,any g e V*, (ii) for r = 2, s = 0, any bilinear form ® on ¥, and finally
(iii) the natural pairing of ¥ and V*, that is, (v, ¢) — (¢, v) for the case
r = 1, s = 1. We have also noted that ¥ and (¥*)* are naturally isomorphic
and thus may be identified so then each ve ¥ may be considered as a linear
map of V* to R, that is, as a tensor with r = 0 and s = 1.

For a fixed (r, s) we let .7 )(¥) be the collection of all tensors on ¥ of
covariant order r and contravariant order s. We know that as functions from
VXX ¥VxF*x- - x V*to R they may be added and muitiplied by
scalars (elements of R). (Indeed linear combinations of functions from any
set to R are defined and are again functions from that set to R, a circum-
stance that we have used on several occasions.) With this addition and scalar
multiplication Z(¥) is a vector space, so that if @, ®,e FY(V) and
a,, o, € R, then a; @, + a, ®,, defined in the way alluded to above, that is,
by

(0, @y + a, @) (v, Vg ,..) = 2 @ (vy, Vo, ) + 2 @s(vy, v2, -0 0),

is multilinear, and therefore is in 7 5(¥). Thus 7 i(¥) has a natural vector
space structure. In this connection we have the following theorem:

(5.2) Theorem With the natural definitions of addition and multiplication
by elements of R the set T (V) of all tensors of order (r, s)on V forms a vector
space of dimension n" "%,

£~ R [ P o~ 4 nm ANoNrg
Proof We consider the case s = 0 only, that is, covariant tensors of

c G tia
fixed order r, and we let 7 (V rather than 7 (V), denote the collection of
all such tensors. If e, ..., e, is a basis of ¥, then ® e .7 '(F) is completely
determined by its n” values on the basis vectors. Indeed by multilinearity if
we write v; = Z ale 5,1 =1,..., r, then the value of @ is given by the formula

52 O(vy,...,V,) = aftad? - ol (e, ..., ;)
1 ) I J1 Jr
e dr

the sum being over all 1 < jy, ..., j, < n. The n" numbers {®(e;, ..., e; )} are
called the components of ® in the basis ey, . ... e,. We shall justify the termin-
ology by showing that there is in fact a basis of .7 '(F), determined by
e,, ..., e,, with respect to which these are components of @. It is defined as
follows: Let ©/'"J~ be that element of .7 "(¥) whose values on the basis
vectors are given by
o +1 if j,=k for i=1...r

Qe ..., €)= _ )
0 if j, #+ k; forsome i
and whose values on an arbitrary r-tuple v,, ..., v, € ¥ is defined by (5.2');
whence

QI vy, ., y,) = aflad? e g
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This does define a tensor: multilinearity is a consequence of this formula,
which is linear in the components of each v;. It is immediate that the n"
tensors so chosen are linearly independent: If

J1o je —
Z y]l 'th T= 0’
J1s oo Jr

then it follows that
Z Vi "'l}wl ‘..jr(vl’ V) =0

Jis el

for any choice of the variables v,,...,v,. But from the definition of the
QJ1 7" Jr we see, by substituting in turn each combination e, ..., e, of basis
elements as variables, that every coefficient y,, .., = 0.

However, we also find that every @ is a linear combination of these
tensors. Let ¢ .. ; = ®(e;,,...,e;) and consider the element
Y. @, ¥ of FT(V). Applying again the definition of Q/' 7, we see
that this tensor and @ take the same values on every set of basis elements,

hence must be equal. This completes the proof for 7'(V). |
We remark that an easy extension of the argument using bothe,, ..., e,

and its dual basis @', ..., @" of ¥* gives the general case 7 (V). Since we use
covariant tensors in most of what follows, we will leave the more general
treatment to the exercises and to the imagination of the reader.

Tensor Fields

It is easy to extend these ideas to manifolds following the pattern we
established earlier.

(5.3) Definition A C®-covariant tensor field of order r on a C* manifold
M is a function @ which assigns to each pe M an element ®, of 7(T,(M))
and which has the additional property that given any X4, ..., X,, C®-vector
fields on an open subset U of M, then (X ,,..., X)) is a C* function on U,
defined by ®(X,,..., X,) (p) = ®(X,,,..., X,,). We denote by (M) the
set of all C*-covariant tensor fields of order r on M.

We have already considered in some detail the case of covector fields,
r = 1, and that of fields of bilinear forms, » = 2. Just as in these cases, it is an
immediate consequence of the definition that a covariant tensor field of
order r is not only R-linear but also C*(M)-linear in each variable. For
example, if fe C*(M),

QX Sy, X)) =S X, X
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This is true because it holds at each point p by the R-linearity of ®,; the two
sides of the equation are equal since equality holds for each pe M. In the
same way, if fe C*(U), U open in M, the equation holds for @y, the restric-
tion of ® to U. (Compare Remark 1.3 and Exercise 2.2.)

In precisely the same fashion as Section 2 we see that if U, ¢ is a coor din-
ate neighborhood and E, ..., E, are the coordinate frames, then @€ 7 7 "(M)
has components ®(E;,, ..., E;), C* functions on U whose values at each
pe U are the components of @, relative to the basis of T,{M) determined by
E,, ..., E,. Once more, just as before, the dlfferentlabmty of @ is implied by
the dlfferentxabxhty of all the components as functions on the coordinate

o~ e ~ o~ Fa’ Qv n 7T
neighborhoods of some covering of M. Finally, it is easy to see that 7 (M)is

a vector space over R [in fact it is a C*(M) module] since linear comblna-
tions of covariant tensors of order r (even with C* functions as coefficients)

are again covariant tensor fields.

Mappings and Covariant Tensors

A further basic fact which carries over to arbitrary r > 0 from covectors
and forms is that any linear map of vector spaces F,: V' — W induces a
linear map F*: 7'(W) - 7'(V) by the formula

F*O(vy, ..., v,) = D(F(v,), ---, Fo(v)).

In exact analogy with the case r = 2, we find that a C*-map F: M - N
induces a mapping F*: 7'(N) —» 7 '(M), defined for ® on N by

(F*O) (X 10 r Xpp) = Priy(FulX 1) Fa(X,))

As we have seen, this is a special feature of covariant tensor fields; its analog
does not hold for contravariant fields even for 7 (M) = ¥(M) (vector
fields); see Definition IV.2.6. Not only does F* map 7 "(N) to Z (M) but it
maps it linearly; this is an immediate consequence of the definitions (com-

pare Exercise V.2.6).

(5.4) Definition We shall say that ® e 7'(V), ¥ a vector space, is sym-
metric if for each 1 < i, j < r, we have

DV ooy Vig ooy ¥y ) = Ov, o, vy Ve e v,).
Similarly, if interchanging the ith and jth variables, 1 < i, j < r, changes the
sign,

D(Vyy ooy Vis oo ¥y ooy V) = — OV, .o Vi, Vi s V),

then we say ® is skew or antisymmetric or alternating; alternating covariant
tensors are often called exterior forms. A tensor field is symmetric (respec-
tively, alternating) if it has this property at each point.
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The following generalization of Theorems 1.6 and 2.3 summarizes these
remarks:

(55) Theorem Let F: M — N be a C* map of C* manifolds. T hen each
C*-covariant tensor field ® on N determines a C*-covariant tensor field F*®
on M by the formula

(5.5) (FXO)(X 1y s Xpp) = Op (X 1,)s > Fi(X,).

The map F*: 7 "(N) — 7" (M) so defined is linear and takes symmetric (alter-
nating) tensors to symmetric (alternating) tensors.

We leave the proof as an exercise. Note that (5.5') is the same as
formula (2.2). [Warning: under composition we have (F « G)* = G* o F*,]

It is also clear how to extend to the case of arbitrary order r the formula
(2.4) for components of F*® in terms of those of ® and the Jacobian of F in
local coordinates. The same method can aiso be used to derive formuias for
change of components relative to a change of local coordinates (for r = 1
see Corollary 1.7). Basically, these formulas are all consequences of the mul-

PR
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The Symmetrizing and Alternating Transformations

In order to pursue some of these questions somewhat further, we return
to the case of a covariant tensor on a vector space V. First note that if ®, and
®, e 7'(V) are symmetric (respectively, alternating) covariant tensors of
order r on ¥, then a linear combination a®, + ®,, a, f € R, 1s also sym-
metric {respectively, alternating). Thus the symmetric tensors in (V) form
a subspace which we denote by X'(¥) and the alternating tensors (exterior
forms} also form a subspace /\"(¥). These subspaces have only the O-tensor
in common.

Next let ¢ denote a permutation of (1,...,r) with (1,...,r) >
(o(1), ..., o(r)). We know that any such permutation is a product of permu-
tations interchanging just two elements (transpositions). Although this
representation is not unique the parity (evenness or oddness of the number
of factors) is. We let sgn ¢ = +1 if ¢ is representable as the product of an
even number of transpositions and sgn ¢ = — 1 otherwise. Then, ¢ » sgn o
is a well-defined map from the group of permutations of r letters &, to the
multiplicative group of two elements =+ 1. It is even a homomorphism as we
check at once from the definition. The only statement not obvious is the one
concerning the independence of the parity of the particular decomposition of
¢ into a product of transpositions (for a proof see Zassenhaus [1]).

In the light of these facts we see that our original definitions may be
restated in the following equivalent form: ®e 7 "(V) is symmetric if
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D(Voe1)s - - - » Vo) = D(vy, ..., v,) for every v,,...,v, and permutation ¢, and
is alternating if ®(vyy), ..., V) = sgn 0®(vy,...,v,) for every v,,...,v, and
permutation o.

(5.6) Definition We define two linear transformations on the vector space
7(V),

symmetrizing mapping . T (V)= T"(V),
alternating mapping L TWV)-> T(V),
by the formulas
1
(LO)(vy,-.., V) = ] ;tb(vam seeos Vo)
and

1
(ADYvy, ..., ¥,) = 5 Y sgn 6®(Viy, - s Voin):

the summation being over all 6 S,, the group of all permutations of r
letters.

It is immediate that these maps are linear transformations on 7 '(¥), in
fact ® —» ®°, defined by

DV, s %) = P(Vpi1)5 -5 Vo)

is such a linear transformation; and any linear combination of linear trans-
formations of a vector space is again a linear transformation. We have the
following properties.

(5.7) Properties of o and &:

(i) o and & are projections, that is, o> = o and FS* = &;

(i) (7 (V)= N\(V)and S(T'(V)) = Z'(V),

(i) @ is alternating if and only if A © = ®;
@ is symmetric if and only if SO = ©;

(iv) if F,: V> W is a linear map, then of and ¥ commute with
F* 7" (W) > (V).

All of these statements are easy consequences of the definitions. We shall
check them only for «, the verification for & being similar. They are also
interrelated so we will not take them in order. First note that if @ is alter-
nating, then the definition and (sgn ¢)? = 1 imply

B(vy, ..., V,) = sgn 6P(V,(1) 5 -5 Vo)
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Since there are r! elements of S,, summing both sides over all 6 € &, gives
® = .#®. On the other hand if we apply a permutation t to the variables of
A D(vy, ..., v,) for an arbitrary ® e F'(¥), we obtain

1
AOVe1ys vy Vo) = 3 Z 20 0P(Vye(1) s - s Your)-
M [
Now sgn is a homomorphism and sgn t? = 1 so that sgn ¢ = sgn grsgn 7.
From this equation and since o7 runs through &, as ¢ does, we see that the
right side is

1
sent g sgn 0TD®(Varqy» - > Vorrry) = SEN THD(vy, ..., V),

and /® is alternating. This shows that «(77(¥)) = A"(¥). If @ is alter-
nating, every term in the summation defining .o ® is equal, so /® = ®. Thus
o/ is the identity on /\"(V) and «/(77(V)) = /\"(¥). From these facts (i}-(iii)
all follow for «7. Statement (iv) is immediate from the defimtion of £*, for we
have

F*®(vy01y 5 -5 Vo) = O(F (Voey)s - --» F . (Vor))-

Multiplying both sides by sgn ¢ and summing over all ¢ gives—if we use the
linearity of F*—.f (F*®)(vy, ..., v,) on the left and F*(/ ®)(vy, ..., v,) on the
right.

Both of these maps ./ and . can be immediately extended to mappings
of tensor fields on manifolds—with the same properties—by merely apply-
ing them at each point and then verifying that both sides of cach relation
(i>-(iv) give C* functions which agree pointwise on every r-tuple of
C®-vector fields. We summarize (without proof):

(5.8) Theorem The maps o/ and & are defined on 7' (M) (M a C* mani-
fold and T (M) the C®-covariant tensor fields of order r) and they satisfy
properties (5.7), (i)-(iv), there. In the case of (iv), F*: T'(N) » 7 7(M) is the
linear map induced by a C* mapping F: M — N.

Exercises

1. Assume that dim V > 1 and that when r = 2 we have 7"(V)= A'(V) @
>T(V) but'that this is in general false if r > 2.

2. Show that /\"(¥) contains only the tensor O when r > dim V.

3. Let &(¥) denote the space of all linear transformations on ¥. Show that
it is a vector space over R of dimension equal to (dim ¥)? and that it is
naturally isomorphic to the space of all bilinear maps of ¥ x F* to R.
[Hint: To a linear transformation A: ¥ — ¥ we associate the bi-
linear map (v, ¢) — {Av, @) on ¥V x V* to R.]
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4. Give a definition of a C* field of linear transformations on M and check
that its property of being C* can be defined in terms of local coordinates
or in terms of ¥(M).

5. If ¥ is a vector space with an inner product, then there is a natural
isomorphism of V to ¥* (compare (iii) of Section 2). Show that this
determines an isomorphism of 7 ;(¥) and .7 " *5(¥) and extend to tensor
fields on C* manifolds.

6. If @ is a C*-covariant tensor field of order r on a C* manifold M, show
that ®(X,,...,X,) is a C*(M)-linear function from X(M) x ---x
¥(M) to C*(M). Conversely, show that each such function determines
an element of 7 "(M) as we have defined it.

7. LetT:V x -+ x ¥V = V be an R-linear function of r vectors with values
in V, that is, T(vy,...,v,) is in ¥ and linear in each variable. Define
components in this case and extend this object to a field on a manifold in
the manner of Exercises 3 and 4.

8. As in the case of vector fields on manifolds, a tensor field, say

G PLAAN o o il e necigiitag tA man Al a covariant tangor O

be T UVI} is a function abblgulug to each p e ivi & ovariant Wensor %,

on T,(M), that is, a function from M to the set W = { J,.» 7 "(T,(M)).
Try to define the structure of a C* manifold on W such that (1) the

natural mapping n: W — M taking ®, to p for each @, 7'(T, (M)) is
C™ and (2) covariant tensor fields on M are exactly the c” mappmgs
®: M — W satisfying n - ® = identity (on M).

6 Multiplication of Tensors

Except for a few of the exercises, we will continue to restrict our attention
to covariant tensors in the remainder of this chapter and in the next. Thus ¥
will denote a vector space and M a C® manifold, as before. We have seen
that both 7"(¥) and 7 "(M) are vector spaces over R. In the case of tensor
fields, 7 "(M) has also the structure of a C*(M)-module. We agree by
definition that 7 °(¥) = R and 7 °(M) = C*(M). Having made these con-
ventions, recall that our viewpoint is to define tensors as functions to R, a
ﬁeld in the case of 7 "(V) and functions to C*(M), an algebra, in the case of

F"(M). In either case it is appropriate to discuss products of such functions.
Just as functions from a set to an algebra can be multiplied in a natural
way—using the algebra product of their values—to give new functions of the
same type, so can we hope to multiply tensors. As usual we begin with the
vector space case.

Multiplication of Tensors on a Vector Space

Suppose ¥ is a vector space and ¢ € 7 (V) € 7 (V) are tensors. Their
product is easily seen to be linear in each of its r + s variables so we make
the following definition:
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(6.1) Definition The product of ¢ and y, denoted ¢ ®  is a tensor of
order » + s defined by

(P ® W(Vl» R} vr » V,+1, LR vr+s) = (P(vl? MR vr)lp(vr+17 ety vr+5)'

The right-hand side is the product of the values of ¢ and y. The product
defines a mapping (¢, ¥) - @ ® Yy of T (V) x TV) - FT"5(¥).

(6.2) Theorem The product T'(V)x TV)— T (V) just defined is
bilinear and associative. If @*,...,w" is a basis of V* = T V), then
[N ® - ® w"} over all 1 < iy.....i, < nis a basis of 7' (V). Finally, if
F.: W >V is linear, then F*(p ® Y1) = (F*@) ® (F*Y).

Proof Each statement is proved by straightforward computation. To

S ) s
o r
t ® is bilinear means that if &, B, are numbers ¢,, ¢, € .7 (V) and

y R
W T5(V), then (@, + Bir;) ® ¥ = alp, ® ¥) + B> ® ¥). Similarly for
the second variable. This is checked by evaluating each side onr + s vectors
of V; in fact basis vectors suffice because of linearity. Associativity,
(PRY)®O0=0p& ¥ ®80), is similarly verified—the products on both
sides being defined in the natural way. This allows us to drop the paren-
theses. To see that 0 ® -+ ® @™ form a basis it is sufficient to note that if
e,,...,e, is the basis of ¥ dual to w!,..., ", then the tensor Q' "
previously defined is exactly o''® ---® w". This follows from the two

definitions:
P 0 lf (ih""ir)%(jl '“jr)v
PG =N e ) = Gy

and
W @ @ (e, - 8,) = ey JoHey,) - e;) = O O o O
which show that both tensors have the same values on any (ordered) set of r

basis vectors and are thus equal.
Finally, given F: W > V,if w,, ..., w,, e W, then

(FH@ @ YNWis s Wi ) = @ @ Y(Fylwi), ..., Fiy(W, o)
= ‘P(F*(wl)’ ) F*(w,))x//(F*(w,H), oo F*(wr+s))
= (F*0) ® (F*Y)(W1, ..., Wrs)
which proves F*(¢ ® y) = (F*¢) ® (F*}) and completes the proof. |
A more sophisticated but no more general way to state this theorem is
derived from the following observations. First we take the direct sum over R

of all of the tensor spaces, beginning with 7 °(F) = R. We denote it by
7 (V).

N

Wy=7MmMes'He--e7V)e
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We identify each 7"(V) with its (natural) isomorphic image in 7 (V). An
element ¢ of 7 (¥) is said to be of order r if it is in 7 '(¥), and every element
@ of 7 (V) is the sum of a finite number of such @, which we call its
components. Thus (pe Z (V) may be written uniquely qb e+ + ol
where @lie 7 i(V)and i; < iy < <i,. If §, ¥ € 7 (¥), then they may be
added componentwise, that is, by adding in 7 7(V)any terms in 7 "(¥). They
may be multiplied by using ®, extending it to be distributive on all of 7 (V).

RO R 741 +
This makes 7 (V) mu') an associative algebra over R called the tensor alge-

bra. It contains R = ( V), has 1 as its unit, and is infinite-dimensional. The
contents of Theorem 6.2 (even a little more) can be written:

6.2y F (V)= Y2, (V) (direct) is an associative algebra (with unit) over
R = F V). It is generated by T °(V)and 7 (V) = V*, the dual spaceto V.
Any linear mapping F,: W — V of vector spaces induces a homomorphism
F*: 7 (V) - (W) which is (i) the identity on R and (ii) the dual mapping
F*: V* > W* on T (V). Together (i) and (ii) determine F* uniquely on all of
T (V).

Multiplication of Tensor Fields

Now we turn briefly to the case of tensor fields on a manifold M. If
¢ e 7 (M) and y € 7 (M), then we may define ¢ & ¥ on M by defining it at
each point using the definition for tensors on a vector space, that is, (p ® ),
is defined to be the tensor ¢, ® ¥, of order r + s on the vector space T,(M).
Since this defines a covariant tensor of order r + s on the tangent space at
each point of M, it will define a tensor field—if it is C*. Now in local
coordinates the components of ¢ ® v, according to the definition just given,
are the functions of the coordinate frame vectors

@ ® lp(Eil’ T Eir+.s) = (P(Eil’ A Eir)w(Eirﬂ’ e Eir+s)

over the coordinate neighborhood. The right-hand side is the product of two
C* functions, components in local coordinates of ¢ and ¥, and thus the left
side is C® as hoped. We have an appropriate version of Theorem 6.2 for this
case.

(6.3) Theorem The mapping 7"(M) x T (M) — T (M) just defined is
bilinear and associative. If ', ..., " is a basis of 7 ' (M), then every element
of T'(M) is a linear combination with C* coefficients of {'" '
1<iy....,i,<nl. If F:N—>M is a C*® mapping, e J (M) and
Yy e T (M), then F¥(p ® ¥) = (F*¢) ® (F*y), tensor fields on N.

Proof Since two tensor fields are equal if and only if they are equal at
each point, it is only necessary to see that these equations hold at each point,
which follows at once from the definitions and the preceding Theorem 6.2.
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In general we do not have a globally defined basis of 7 (M), that is,
covector fields !, ..., »", which are a basis at each point. However, we do in
R", from which the following corollary is obtained by applying the theorem
to a coordinate neighborhood U, 6 of M. Let E,, ..., E, denote the coordin-
ate frames and o',...,w" their duals, that is, E, =0'(6/0x) and
= 0%{(dx/).

(6.4) Corollary Each ¢ e 7 "(U), including the restriction to U of any cov-
ariant tensor field on M, has a unique expression of the form

P = Z...Zail ...,-ﬂ)“@"'@wi',
i1 iy

where at each point of U, a,, ..., = @(E,,, ..., E,) are the components of ¢ in
the basis {0 ® - ® w"} and are C*® functions on U.

For each r > 0 we have defined the subspace /\"(V) = 7 "(¥) consisting
of alternating covariant tensors of order r; it is the image of 7 "(¥) under the
linear mapping ., the alternating mapping. We define /\°(¥) to be R, the
field. Then A°(V) = 7°(V) = Rand A\'(V) = T '(V) = V* but \'(F)is
properly contained in 7 "(V) for r > 1 (Exercise 5.2). We see, therefore, that
the direct sum A\(¥) of ail the spaces /\"(¥) is contained in 7 (¥) as a
subspace:

AP =NMe NP NMe-
cTWeT Ve T V)@ =TV

Although A(V) is a subspace of 7 (V), it is not a subalgebra. For even if
e /\"(V) and Y € A\%(V), it may be shown by example (Exercise 1) that
® ® Y may very well fail to be an element of /\"**(¥'); thus the tensor
product of alternating tensors on ¥ is not, in general, an alternating tensor
on V. We know, however, that each tensor determines an alternating tensor,
its image under . This fact enables us to define another multiplication for
alternating tensors that is extraordinarily useful.

(6.5) Definition The mapping from A"(V) x AS(V) - A\"*5(¥), defined
by

o) - e u)

is called the exterior product (or wedge product) of ¢ and ¥ and is
denoted ¢ A Y.
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(6.6) Lemma The exterior product is bilinear and associative.

Proof Bilinearity is a consequence of the fact that the product is defined
by composing the tensor product, a bilinear mapping from AN(P) x \*(V)
to 7 *5(¥) with a linear mapping ((r + s)!/r!s!)e/.

To show that the product is associative we first prove a property of the
alternating mapping /. Suppose pe 7 '(V), ye Z3(¥), and 0 7 “w).
Then we show that

AP @Y RO =A(A(o@Y)®I) = A(o® A ®1)).

For this purpose let & = &,,,,, denote the permutations of
(1,2,...,r + 5+ t) and &' the subgroup which leaves the last ¢ integers
fixed. Denote by ¢ — ¢’ the isomorphism of the permutation group &,
of (1,2,...,r + s) onto &. We then have

'd(q) ® l//) ® B(VI""svr+s+!)

1
= (r + S)' ( Z Sgn Gq)(va(l)a R va'(r))w("'a(r+ 1)+ vﬂ(r+s)))

ceSrs
'6(vr+s+15"‘5vr+s+t)
1 ’
= (r + 3)! zy sgn &' P(Y,(1)s - - -)‘//(Va(r+1)9 o)
'0(va(r+s+ 1)""7va(r+s+t))'
Hence,
A(A (@ ® Y) ® 0)(v15"'5vr+s+t)
1 1

Tt s+ 0!+ 9)!
: z 2 sgn 70" P(Vograys - W (Vagrirt 15 - - JO(Veorprsiys )

teS 0’ e

Reversing the order of summation, i.€., summing over T, yields

1
ol o, T@ Y OO V)

- rjj((P ® 'p ® 9)(v17""vr+s+t)

since the sum on the left contains (r + s)! identical summands. Thus, we
obtain

Ao @Y ® 0)=A(A (e @ Y) ® 0).
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The second equality is proved in the same way. If @, i, 8 are in the subspaces
A(V), A(V), N'(V), respectively, then by definition

Corsy
All’:TS!"'W((P@W
and
(r+s+ o)
((PA(//)AQ = (r + S)!iﬁ M((Q?/\W)®9)

From this and a similar expression in the other order of associating terms we
obtain the associativity of the exterior product

(@Ay)rG =@n(Ynb) i

The following relation is an immediate consequence of the proof, which

e ITper vt s )

ucts witnout parentneses.

S
allAaseo 130 +n 1xreidn Avtans e wme
aAlluwsy Uy LU WIILLC CALCHIUL pruu

(6.7) Corollary Let ;e \"(V),i=1,...,k Then

re 4+ r, + 0+ r)!
%A%A“'wk:Llwz——iﬂ((m®<pz®'--®<pk)-

rotryteor!

Lemma 6.6 makes it possible for us to give /\(¥) the structure of an
associative algebra over R; we define the product A(F) x A (V) - A(V)
simply by extending the exterior product to be bilinear, so that the distribu-
tive law holds. This is possible in only one way: Suppose that ¢, ¥ e A (V).
Then

p=¢ + "+, @e/\"(V) Y=y, + -+, Ye AN(V),

and we define

OAY = Z Z(Pi/\wj-

i=1j=1

(6.8) Corollary A(V) = A°(V)@ A'(V)® A\*(V) ® - with the exter-

ior product as defined above is an (associative) algebra over R = /\°(V).

The algebra /\(¥) is called the exterior algebra or Grassman algebra over
V. Unlike the tensor algebra .7 (¥), of which it is a subspace (but not a
subalgebra), it is finite-dimensional. To see this we determine a basis of
/\(¥) as a vector space. For this we need the following lemma, which is
important in its own right.



212 V TENSORS AND TENSOR FIELDS ON MANIFOLDS

(6.9) Lemma If o \"(V)and e \*(V) then
ey = (=1 nro
Proof This is equivalent to showing that
A(e@Y)= (-1 ® o).

To prove this equality we note that

d((p ® lp)("h R vr+s)

[y

= (I" + S)' ; sgn ch(vau; va(r))l.b(vo'(r+l} LR Vg(!+5))
? A ngn Ulﬁ o(r+1) "'ava(r+s))(p(va(1)5 ""va(r))'
\’ LR} o
If 7 is the permutation taking (1,...,r,r+ 1,..., 7 + sfto(r+ 1,...,7+s,
1,...,r), then we may write, using sgn ¢ = sgn 67 sgn 7,
d(({) ® w)(vla e vr+s)
! Y's v
= (r + S)' Ly TOTT naot an 17, (var 1y eva:{s))c.o(vct(s+l).‘ LR ] va!(r+s))

= Sgn Tﬂ('ﬂ ® (P)(vlﬁ Tt vr+s)‘

Since it is easily checked that sgn r = (—1)", this gives the relation p A Y =

(=1¢ o i
(6.10) Theorem If r >n= dim ¥, then A\"(V)=1{0}. For 0 <r<n,
dim A"(V ). Let @', ..., @" be a basis of /\'(V). Then the set

<iy< - <i, < ny

{wil /\.../\wir
is a basis of /\"(V) and dim /\(V) = 2".

Proof Lete,,...,e, be any basis of V. If ¢ is an alternating covariant
tensor of order r >dim ¥, then on any set of basis elements
¢(e;, ..., e;,) = 0. For some variable €, is repeated and interchanging two
equal variables both changes the sign of ¢ on the set and leaves it
unchanged—the same argument one uses to show that a determinant with
two equal rows is zero. Since all components of ¢ are zero, ¢ =0 so
AV = (0.

Suppose that 0 < r < n and that @y, ..., o, is the basis of ¥* = A'(¥)
dual to ey, ..., e,. Since ./ maps Z"(¥) onto /\"(¥), the image of the basis
(0" ® -+ ® "} of F7(¥) spans /\"(V). We have

rod(o"® - ® )= WA AN
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Permuting the order of i, ..., i, leaves the right side unchanged, except for a
possible change of sign according to Lemma 6.9. It follows that the set of (7)
elements of the form w''A---Aw™ with 1 <i, <i, < <i, <n span
/\’(¥). On the other hand, they are independent. For if we suppose that
some linear combination of them is zero, say

Yoo @A AT =0,

i< <0, - ”
then its value on each set of r basis vectors must be zero. In particular, given
ki <--- <k, , we have

0= oy, @' A A O")ey,s - &),

AAAAAA - < S T SRR DI e UGS | TSP
LIC 10I1I11uld Ol \/UlUllaI_y 0./

whial 1 N L wridiia
wWilliLll UCCUILLIOD ukl ok =Vuv Uy vutuc U
1

of ky <-+- < k,, we see that each coefficient must be zero; therefore the
nd a hacig

“ Uddld.

[oR

: YOI o 1 .
given set of elements of A"(¥) is linearly in

To complete the proof we note that

n n
n\
A A FIN N Alen ATIIN A I __ An ]
Ulll/\\V}:LUllll/\\VlzL\}— .
r=0 r=0\F
The following theorem is an immediate consequence of Theorem 6.2, the

(6.11) Theorem Let ¥ and W be finite-dimensional vector spaces and
F,: W >V a linear mapping. Then F*: (V) — 7 (W) takes /\(V) into
N\(W) and is a homomorphism of these (exterior) algebras.

The Exterior Algebra on Manifolds

It is evident from what we have seen above that all of these ideas extend
to alternating tensor fields on a C* manifold M. We introduce the following

terminology:

(6.12) Definition An alternating covariant tensor field of order r on M
will be called an exterior differential form of degree r (or sometimes simply
r-form).

The set /\"(M) of all such forms is a subspace of 77(M). The following
two theorems are immediate consequences of what has been done above and
their proofs will be left to the reader. We let M, N be mantifolds and
F:M — N be a C* mapping.
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(6.13) Theorem Let /\(M) denote the vector space over R of all exterior
differential forms. Then for @e /\'(M) and Ye /\(M) the formula
(pAW), = @,AWY, defines an associative product satisfying @AY =
(— 1YY A @. With this product, /\(M) is an algebra over R. Iffe C*(M), we
also have (fo)ay = floay) =@ A(fp). If o', ..., " is a field of coframes
on M (or an open set U of M), then the set (o' AW
1<i, <iy, <+ <i, <n}isa basis of /\"(M) (or /\"(U), respectively).

(6.14) Theorem If F:M - N is a C* mapping of manifolds, then
F*: \(N) > A\(M) is an algebra homomorphism.

We shall call A\ (M) the algebra of differential forms or exterior algebra
on M.

Exercises

yow that tensor products are not commu-

r e show tensor produc
and that ¢, y symmetric (respectively alternating) does not imply
¢ ® ¥ is symmetric (respectively, alternating).

e subspace of .7 (V) consisting of all ¢ € 7 (V) whose

LLspaltt U

._‘
s
!
@]
o Q
=
. 7]
4
¢
[¢]
-t
c
=
(]
=]

[N
—
D
-
1
—
<
-

o

(4]
"]

Q

=t

[¢]

s

=

constituents are symmetric: Z(F) is the image of Z°(V) @ Z'(V) @
- @Z(V)@ - in F (V) under the natural injection defined by inclu-
sion of Z'(¥) in Z7(¥). Define an associative multiplication in Z(¥) by
analogy with that for /\(¥) and prove analogs of the theorems proved
for A (V) where possible.

3. If @e A'(V)., i=1,...,k, show that @, A - AQ(Vyy. . V) =
det(p(v)), a k x k determinant.

4. Show that the C* exterior forms of order r on M are exactly the func-
tions ®: ¥(M) x - x ¥(M)—> C*(M) which are multilinear, in the
sense of C*(M) modules, and alternating. Find an example of such a
function which is R-linear but not a tensor field. (Hint: Use [X, Y]

5. Let @, ..., @, be elements of ¥* = A!(V). Show that they are linearly
dependent if and only if , A--A @, = 0.

6. Assume ge /\'(V)and ve V. Define an element i(v)p of A" (V) by

(i(V)@) (¥, - Voo 1) = @V, Ve, -, V1)

Show that i(v) thus defined determines a linear mapping of /\'(V) into
AN ~H(V) and that if e A\"(V), € /\*(¥), then i(v)(@ A ¥) = (iv)p) A
¥ + (— 1Y@ A (i(v)¢). Extend this definition and these properties to ex-
terior forms on a manifold (with v replaced by a vector field).

7. A Riemannian metric ® on a manifold is often denoted by ds* in local
coordinates x!, ..., x" on M with ds® = Y7 ._; g,(x) dx’ dx’. Interpret
this by the use of tensor multiplication and Theorem 6.3. Show that
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from this expression for @ and the formulas dx' = ) _, (0x'/d)’) dy’ we
may derive the formula for change of components of @ relative to a
change of local coordinates.

7 Orientation of Manifolds and the Volume Element

We shall make one application 1
others in subsequent chapters. To do this

forms in this

we shall need the concept of an

oriented vector space. Let V be a vector space and {e, ..., e}, {f,
chpc The bagec are caid to have the camo nvve [

n
ASTS. 1 Ul UasUd ail dSaiu WU oalave il Shrnd UFNnilhn

O

s paragraph.

the matrix of coefficients expressing one basis in terms of the other is posi-
tive, that is, if det(x/) > O, where f, = Y7_, o/e;, i = 1,..., n. The reader
should check that this is an equivalence relation on the set of all bases (nr
frames) of ¥ and that there are exactly two equivalence classes. A ch01ce of
one of these is said to orient ¥ so that we have the following definition:

(7.1) Definition An oriented vector space is a vector space plus an equi-
valence class of allowable bases: all those bases with the same orientation as
a chosen one; they will be called oriented or positively oriented bases or
frames.

This concept is related to the choice of a basis Q of /\"(¥). Recall that
dim /\"(¥) = (;) = 1, so that any nonzero element is a basis. The relation-
ship to orxentatlon appears as a corollary to the following lemma:

(7.2) Lemma Let Q # 0 be an alternating covariant tensor on V of order
n=dim ¥V and let e, ..., e, be a basis of V. Then for any set of vectors

Vi,..., V¥, withv; —Zcxlej, we have

Qvy,...,v,) = det(x)e,,...,e,).

Proof This lemma says that up to a nonvanishing scalar multiple Q is
the determinant of the components of its variables. In particular, if ¥ = V" is
the space of n-tuples and ey, ..., e, is the canonical basis, then Q(v,, ..., v,)
is proportional to the determinant whose rows are v,. ..., v,. The proofis a
consequence of the definition of determinant. Given Qand v, ..., v,, we use
the linearity and antisymmetry of Q to write

Qvy,...,v,) = Y oft - afQfe;,....e;)
Jro oo Jn

Since Q(e;,, ..., e; ) = 0 if two indices are equal, we may write
Q(v,,...,v,) = Z sgn oafM - afWQ(e, ..., e,) = det(a)Qe,,. .., e,).

The last equality is the standard definition of determinant (&, is the symme-
tric group on n letters). |
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(7.3) Corollary A nonvanishing Q€ /\"(V) has the same sign (or opposite
sign) on two bases if they have the same (respectwely, opposite) orientation;
thus choice of an Q # 0 determines an orientation of V. Two such forms Q,, €,
determine the same orientation if and only if Q, = AQ,, where A is a positive
real number.

Proof From the formula of the lemma we see that Q has the same sign
equivalent bases and opposite sign on inequivalent bases. If 2 > 0, then

et o §

one
JQ has the same sign on any basis as Q does, whereas the contrary holds if
A<

0. I
(7.4) Remark Note thatif Q # 0,then v, ..., v, are linearly independent
if and only if Q(v,, ..., v,) # 0. Also note that the formula of the lemma can

be construed as a formula for change of component of Q—there is just one
component since dim /\"(¥) = 1—when we change from the basise,, ..., e,
of ¥ 1o the basis vy, ..., v,. These statements are immediate consequences of
the formula in the lemma.

If ¥ is a Euclidean vector space, that is, has a positive definite inner
product @(v, w), then in orienting ¥ we may choose an orthonormal basis
e de tprnnne the orientation and choose an n-form Q whose value

o to
€,...,, 10 ermine the orientialio 1d Choose
, €,

on éy, .. s + L. If f; = Y «]e, is another orthonormal basis, then
Qf,....f)= det(a{) (ef,...,e,) = £1,

depending on whether f, ..., f, is similarly or oppositely oriented. [We have
used the fact that the determinant of an orthogonal matrix is + 1.] Thus the
value of Q on any orthonormal basts is + 1 and Q is uniquely determined up
to its sign by this property. In this case the form Q may be given a geometric
meaning when n = 2 or 3; Q(vy, v,) or Q(vy, v,, v;) is the area or volume,
respectively, of the parallelogram or parallelepiped of which the given vec-
tors are the sides from the origin. This is a standard formula from analytical
geometry and serves as a geometric motivation for some later applications.
(See Exercise 2.)

To extend the concept of orientation to a manifold M one must try to
orient each of the tangent spaces T,(M) in such a way that orientation of
nearby tangent spaces agree. We will do this in two ways and then demon-
strate their equivalence as an application of the ideas of this chapter.

(7.5) Definition We shall say that M is orientable if it is possible to define
a C* n-form Q on M which is not zero at any point—in which case M is said
to be oriented by the choice of Q.

By virtue of Corollary 7.3 any such Q orients each tangent space. Of
course any form €' = AQ, where A > 0 is a C* function, would give M the
same orientation.
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Thus R" with the form Q = dx' A+ A dx" is an example; this is known as
the natural orientation of R™ and corresponds to the orientation of the frames
d/ox!,...,8/ox" If U = R" is an open set, it is orlented by QU = Q|, and we

that a diffan F- UV <R M
uldt a \uuuunuuxyumm r T i 18 le\duauuu preser v1115 il

say
F*Q, = 1Q;, A > 0 a C* function on U. More generally a difftfomorphism
F: M,; - M, of manifolds oriented by Q,, Q,, respectively, is orientation-

nreserving if p*ﬂ_ = A0, where 4 > 01is a C* functionon M

prestiuiig — ALy, i A iuiicnIURl Ull iva.

A second, perhaps more natural deﬁnmon of orientability could be given
as follows: M is orientable if it can be covered with coherently oriented
coordinate neighborhoods {U,_, ¢,}, that is, neighborhoods such that if

U,nU; #+ &, then @, ¢z ' is orientation-preserving. We shall now see
that this second definition is equivalent to Definition 7.5.

(76) Theorem A manifold M is orientable if and only if it has a covering
{U,, @,} of coherently oriented coordinate neighborhoods.

pvnnf First sunpose that M is orientable and let QO be a nowhere vanish-

250 SUPPPUSL wal 15 ViivuitaJit Aniu bl aa UL a aal iT Vaii i=

ing n- form that determines the orientation. We choose any covering {U,, ¢
by coordinate neighborhoods, with local coordinates x}, ..., x” such that for
Q restricted to U, we have the expression in local (‘nnrd nates

;1 FQy, = A(x) dxi A A dXE with 4, > 0.

H,.}

We may easily choose coordinates so that the scalar function 4,, component
of Q, is positive on U,, since replacing coordinates (x!, ..., x") by
(—x',..., x"), that is, changing the sign of one coordinate, changes the sign
of 1. An easy computation, using Lemma 7.2 and Remark 7.4, shows that if
U,n U, # (, then on this set the formula for change of component is

16) det(ng) =,

Since 4, > 0 and 4; > 0, the determinant of the Jacobian is positive, so the
coordinate neighborhoods we have chosen are coherently oriented.

Now suppose that M has a covering by coherently oriented coordinate
neighborhoods {U,, ¢,}. We use a subordinate partition of unity {f;} to
construct an n-form Q on M which does not vanish at any point. For each
i=1,2,... we choose a coordinate neighborhood U, ¢,, of the covering
such that U,, > supp f;; these neighborhoods, which we relabel U;, @,, cover
M. If U;n U; # ¢, then by assumption the determinant of the Jacobian
matrix of ¢, = ¢; ! is positive on U, n U,. Define Qe A\"(M) b

Q =3} figF(dx! A+ ndx),

extending each summand to all of M by defining it to be zero outside the
closed set supp f;. Letting pe M be arbitrary, we will show Q, # 0. By the
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local finiteness of {supp f;} we may choose a coordinate neighborhood V, y
of p which is coherently oriented to the U;, ¢, and intersects only a finite
number of the sets supp f;, say for i = i, ..., Q. Let y',..., y" be the local
coordinates in V and use formula (7.6'), on each summand to change

PaYate o arata-Sa i

VULLTPUTIG LIS .«

k
= Z fpyptdxta--ndxi) =3 filp det( ") Y dyt Ao A dy”).
=1 oV v

Now each f;, > 0 on M and at least one of them is positive at p; moreover,
the Jacoblan determinants are all positive. This implies Q, # 0 and since p

was arbitrary, Q is never zero on M. 1

A Riemannian manifold has the special property that the tangent space
T (M) at every point p has an inner product. Applying our remarks about
n- forms ona Euclldean vector space of dimension n, we have the following
theorem:

(7.7) Theorem Let M be an orientable Riemannian manifold with Rieman-
nian metric ®. Corresponding to an orientation of M there is a uniquely
determined n-form Q which gives the orientation and which has the value +1 on
every oriented orthonormal frame.

Proof It is clear from our earlier discussion that at each point pe M. Q,

........ that on any or nn tad arthonor-

lb UCLCIUUUCU uuu.luc:l_y U_y Luc chuumuClu that on an Y OliCihiCU OO nol
mal basis Fy,, ..., F,, of T,(M)we have Q,(F,, ..., F,,)=+1LetU, pbe
any coordinate neighborhood with coordinate frames E, ..., E,. The func-

tions g;;(p) = ®,(E;,. E;,). pe U, define the components of ® relative to

these local coordinates and are C* by definition. We shall derive an expres-
sion for the component Q(E, ..., E,) on U in terms of the matrix (g;;), from
which it will be apparent that Q is a C* n-form. Choose at pe U any
oriented, orthonormal basis F,,,..., F,, and let the n x n matrix (o¥)
denote the components of E,,, ..., E,, with respect to this basis:

= Zali‘ka, i:l,...,n.
k=1
Then since ®(F,,, F;,) = d;;, we have
gij(p) (D (E;In Ejp) = (I)p(z a{"ka’ Z aj'Flp> = Z afa‘;
k i k=1

for 1 < i j < n. This may be written as a matrix equation:

(glj(p)) = IAA:
the product of the transpose of 4 = (af) with 4 itself.
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On the other hand Q,(E,,,..., E,,) = det(a)Q,(F,,, ..., F,,) by
Lemma 7.2, and Q(F,, ..., F,,) = +1 by our definitions. Since det('44) =
(det 4)* = det(g;;), this gives for the component of Q in local coordinates

Q,(E,,,..., E,,) = (det(g;;(p)) '

which tells us that the component, being the square root of a positive C*

£ focl) is itcell a CF 6
function of pe U, is itself a C* function on the local coordi

hood U. Since U, ¢ is arbitrary, Q is a C* n-form on M.

This form Q is called the (natural) volume element of the oriented

Riemannian manifold. We have just seen that in local coordinates we have
the following expression for Q:

(7.8) o Q= \/5 dxt A adx”

where g(x) = det(g;(x)). [We use the same notation for g,; as functions on U
and on (o(U)] When M = R" with the usual coordinates and metric, this
becomes Q = dx! A+ Adx". In this case, as we remarked earlier, the value
of Q, on a set of vectors is the volume of the parallelepiped whose edges from
p are these vectors. In particular, on the unit cube with vertex at p and sides
¢/ext, ..., ¢/cx", Q has the value + 1. As might be anticipated, the existence
of the form © on a Riemannian manifold will enable us to define the volume
of suitable subsets of the manifold and to extend to these manifolds the
volume integrals defined in R" in integral calculus.

Exercises

1. Using the definition of dx' A--- Adx" on R" from Corollary 6.7, show
that its value on ¢/cx?, ..., &/cx" is indeed +1 so that this is £ for R"
with the standard Riemannian metric, as claimed above.

2. Prove that the volume of the parallelepiped of R® whose vertex is at the
origin and whose sides (from this vertex) are the vectors

= (x}, x2, x}),i= 1,2, 3, is in fact the determinant of the matrix (x/).

3. Show that n x n determinants as functions of the n-rows v, ..., v, are
completely characterized by being alternating n-tensors on F” whose
value on the standard basis is + L.

4. Compute the expression for Q on §? (with the induced metric of R®) in
terms of the coordinates given by: (i) stereographic projection and (ii)
spherical coordinates (p, 6, ¢) with p = 1.

8 Exterior Differentiation

Much of this chapter has been devoted to extending the concepts of
covariant tensors, and of operations on covariant tensors, on a single vector
space ¥ to tensors and tensor operations on manifolds. This was done
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according to a very standardized procedure which consisted in viewing each
tangent space T,(M) as a copy of ¥ and thus extending the tensor or tensor
operation point- by pomt making suitable restrictions to ensure some sort of
smooth variation. By usmg very different ideas we now introduce an impor-
tant operator d mappmg /\UVJ) onto itself. It is defined in terms of differen-
tiation and is known as the exterior derivative; it has no analog on /\(¥), the
exterior algebra of a single vector space
When U is an open subset of M we shall den
an exterior form on M to U; of course 8, = i*0,

sion map. When U, ¢ is a coordmate nelghborhood with x!, as coor-
dinate functions on 77 that is m(n\ — (! (n\ (n‘\ then fhP {‘Ilfff‘rf‘nflﬂk

VLAV 1ULIvuIULS Uil LI 25, q) — (™ 4 .y X LIICEY LAA RLRARR A AR 2 Y

of these functions dx!, ..., dx" are linearly 1ndependent elements of /\'(U
and constitute a C*® ﬁeld of coframes on U. It follows that they, with 1,
generate /\(U\ over (‘w(l/\ or equivalently, CW{U) /\‘O(U) and /\\I(U)

generate the algebra /\(U) over R. Thus locally every k-form 6 on M bas a
unique representation on U of the form

Oy = Y aj .y dxAcoadxt a4, € CP(U),
i< <ig
the summation being over all sets of indices such that 1 <i; <i, <--
< i, < n. If we define b;, .., for all values of the indices so as to change sign
whenever two indices are permuted—in particular to be zero if two indices
are equal—and to equal a;, ..., if i; < --* < iy, then we also have a unique
representation

1 . .
Oy = Zﬁbil g AXTE A A dX,

the summation being over all values of the indices. Both representations are
used in practice. We are using dx',...,dx" to denote the coordinate
coframes, rather than w!, ..., »" as in Section 1, in order to emphasize that
the dx' are differentials of functions on U < M. This is important in what
follows.

(8.1) Theorem Let M be any C* manifold and let /\(M) be the algebra of
exterior differential forms on M. Then there exists a unique R-linear map

dye: \(M) = /\(M) such that:
(1) iffe \*M) = C*(M), then dy f = df, the differential of f;
(2) if BeN\N'(M) and oe/\(M), then dy(@rc)=dyb0ro+
(—1Y0 A dy o
(3) dy =0.

This map will commute with restriction to open sets U c M, ie., (dy0)y =
dy 8y, and map /\"(M) into \"*1(M).
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Proof We give the proof in a series of steps.

(A) We remark that if dy, exists and g, f !, ..., /"€ C®(M), then (1)-(3)
imply that for 6 = gdf' A--- A df" we must have

dy0 = dgadfi A Adf".

Now suppose that M is covered by a single coordinate neighborhood
U, ¢ with coordinate functions x?, ..., x". The above remark and linearity
imply that d,; must be given by the formula

[ FITAY 1. Axll A A dxin —_— Ay A, A dxtl A A dxle
(=) dy(), a;, .., dx dx") = ) da; .., ~Adx" A dx*,
where
n 6,,
da Sk dxd
151 ir ng ax}
and the summation in () is over 1 < i; < i, < - < i, < n. Therefore, if

defined at all, d), is unique in this case.
Conversely, the dy defined by () is linear and trivially satisfies (1) and
(3). To check (2) it is enough to consider forms 6 = a dx"' A+ A dx" and

o6 = bdx' A--- Adx’s, the general statement being then a consequence of
linearity. We have

dul(a dxTT A AdXT)A (B dxI A A dXT)]
= dy(ab)(dx"* A+ Adx"YA (XA A dX)
= [(dua)b + aldyb)] A (dx A AdX™) A {dx?T A A dxP)
= (dyandx " A ndx") A (b dXI A A dxT)
+ (—1y{adx"" - Adx")A(db AdXI A A dxP),
which completes the proof. The (—1)" is due to the fact that
dbadx* A ndx = (= 1) dX A Adx* Adb.

(B) Now suppose that dy,: A(M) > /\(M) with properties (1)-(3) is
defined and that U < M is a coordinate neighborhood on M with coordin-
ate functions x', ..., x". According to (A), dy: A\(U) » A(U) is uniquely
defined by (x). We will show that for any 8 € A\ (M) the restriction of dy, 8 to
U is equal to dy; applied to 6 restricted to U:

(dMg)U = dyby .
We may suppose that 6 /\"(M) and that
Oy =Y ay ..,dxX" An---ndx",  a, ., eC>U).
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Suppose p is an arbitrary point of U. Applying Corollary I11.3.5 to an open
set W, pe W and W e U, we may find a neighborhood V of p with V.= W
and C* functions y',...,y" and b,,.., on M vanishing outside W but are
identical to x,..., x"and q;, ..; respectively, on V. Define 5 € /\"(M) by

O'—Zb”, L YA A dyT

Then ¢ is an r-form on M which vanishes outside W and is identical to 6 on
V. Now let g be a C* function on M which has the value + 1 at pand is zero
outside V. The r-form g(0 — o) vanishes everywhere on M as does

dg A (8 — o). Therefore, using (A),
gdy0 =gdyo=g)da, . A dyit A A dyt.
On V we have
Y db, o AdY A AdyT =) day, L AAXTUA A

so that at the point p, where g(p) = 1, dy 8 = dy, 0y . Since p is arbitrary, this
holds throughout U.

(C) Ifdy: A\(M)— /\(M) satisfying (1)-(3) exists, it is unique. Indeed,
let {U,, ¢,} be any covering of M by coordinate neighborhoods; each dy,
exists by (A); and for any 0 € A\ (M) we have (dy0),, = dy .8, forany U, by
(B). Since every pe M lies in a neighborhood U,, this would determine Ay
completely.

On the other hand, we may use this formula to define dys. To do so we
must verify that if pe U, n Uy, then dy, 0 is uniquely determined at p. This
essentially repeats the argument above: Let U = U, n Uy; applying (A) and
(B) to U, an open subset and coordinate neighborhood with coordinate map
@ cut down to U, we have

(dU:GUI)U = dyfy = (duﬂevﬁ)u .

Therefore (dy 0),, is determined on every U, in such a manner that
(dp 0)y, = (dy 0)y, on points common to U, and U,. This determines d, .

Because (1)-(3) hold on each U, and the other operations of exterior
algebra commute with restriction: (6 + o)y =0y + 6y, (8 A 0)y =0y A
0y, €iC., dy has the required properties as an operator on A(M). This

completes the proof. |

Since d,, is uniquely defined for every C* manifold M, we can drop the
subscript M and use d to denote all of these operators. We know from the
above proof that d commutes with restriction of differential forms to coor-
dinate neighborhoods. It is important to know how it behaves relative to a
C® mapping F: M — N. Any such mapping, as we know, induces a homo-
morphism F*: A\(N) —» /A (M). The following theorem gives the relation of
F* and d.
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(8.2) Theorem F* and d commute, that is F*-d = d - F*.

Proof We know that both F* and d are R-linear and that the equality
F*(dp) = d(F*¢) holds on M if it holds locally. More precisely, by virtue of
the facts concerning d determined above we see that the theorem will hold if
we can establish it for any pairs V. , U, # of coordinate neighborhoods on
M, N, respectively, such that F(V) c U. Let m = dim M and n = dim N
and x', ..., x" and y', ..., y" be the coordinate functions on V, U, respec-
tively, with 3/ = y/(x', ..., x™),j = 1,..., n, giving the map F in local coor-
dinates. Then it is enough to establish F*od = d o F* on forms of the

fAallawing tyna-

IUJIUWIIIS L_y}]\-r.
o =a(y)dy" A ndy™,
any other forms being the sum of such. We proceed by induction on the
degree of the forms. For forms a(y) of degree zero, that is, C* functions, we
have
F*(da) = d(F*a),

since

F*(da)(X,) = da(F, X ,) = (F X, )a = X (a° F) = X ,(F*a) = d(F*a)(X,).

(Note: By definition, F*a = ao F.)

Suppose the theorem to be true for all forms of degree less than k and let
@ be a k-form of the type above. Let ¢, = ady’and @, = dy> A+ Ady™so
that ¢ = @, A @, With both ¢, and ¢, of degree less than k; moreover since
d?* = 0, we have dg, = 0. Thus

d(F*(<P1 ’\q’z)) = d[(F*¢,) A (F*@,)]
= (dF*@,) A (F*@;) — (F*@,) A (dF*¢,)
= F*(do ) A F*@, = F¥do A @y) = Frd(e, A @) |

An Application to Frobenius’ Theorem

The algebra of exterior differential forms A\ (M) on a C* manifold M,
with the operator d just defined, is very important in the application of
calculus to manifolds. Forms are involved in integration on manifolds
(especially in extending Gauss’, Stokes’ and Green’s theorems); in the alge-
braic topology of the manifold via the theorems of de Rham and Hodge; and
in the study of partial differential equations. We will touch on the first two
topics later. As to the differential equations aspect, we will show next that
the essential data and hypothesis of Frobenius’ theorem can be stated in
terms of d and /\(M).

On a vector space ¥ of dimension n, a k-dimensional subspace D may be
determined in either of two equivalent ways: (i) by giving a basis ey, ..., ¢, of
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D or (ii) by giving n — k linearly independent elements of F*, say
©**1, ..., " which are zero on D. In fact we may extend ey, ..., e, to a basis
e, ....e, of Vsothat o**1, ..., @" is part of a dual basis @', ..., ¢" of V*.

Slmllarly, if A is a C™ distribution of dimension k on M, an n-manifold,
then locally, say in a coordinate neighborhood v , qj, we may suppose A is
defined by n — k linearly independent 1-forms ¢**', ..., ¢". We may restate

the condition that A be involutive—hence Frobenius’ theorem—as follows:

(8.3) Theorem Let A be a C* distribution of dimension k on M,
dim M = n. Then A is involutive if and only in a neighborhood V of eachpe M

there exist n — k hnanrlw 1qffonor1n'9nr one- fnrmc mk+17 (,’]k+2, " which

[ 242+

vanish on A and satisfy the condition

n
d({;": Z H"',_I) r=k+1,....,n
k+

T
I=

for suitable 1-forms 6.

Proof This may be considered a sort of dual statement to our earlier
condition on A in terms of the existence of a local basis X, ..., X, at each
point. (Just as in that case, we may state the conditions in a fashion which
does not depend on iocal bases. This will be done below (8.7), with proof left
to the exercises.)

Suppose a distribution A is given. Then in a neighborhood V of each
point a local basis X Xy uf A can be completed to a field of frames
X Xe o0 X I o' ., 08 "', ..., ¢ is the uniquely determined
dual ﬁeld of coframes then @**! ... " vanish on Xy, ..., X, and hence on
A. The distribution A is involutive by Definition 1V.8.2 if and only if in the
expressions [X;, X,;] = Y7_, ¢}, X,, giving [X;, X ;] as linear combinations
of the basis, we have ¢; =0for 1 < i, j<kandk + 1 <! <n

(84) Lemma Let we /\'(M)and X, Y e X(M). Then we have
do(X, Y)= Xo(Y) — Yo(X) — o([X, Y]).
Let us assume the lemma and proceed with the proof. We compute do’,

using the lemma and recalling that (X)) is constant for 1 < i,j < n. We
have then,

d(pr(XivXj)_ _(p([XzaX = _ZCU(P Cj

=1

for 1 < i,j, ¥ < n. On the other hand

n
’=%Z LOtAg,  1<r<mn
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where b, are uniquely determined if we assume b}, = —bj,. Hence
do'(X;, Xj) =3 Z b;r[(Ps(Xi)(Pt(Xj) - <Pt(Xi)<Ps(Xj)]
s, t
= %(b;j - b;’i) = b;j'

From this we have b}; = —¢]; and so the system is involutive if and only

ifforeachr > k

do" = )

n n
I=k+1

k
: Z bl o' + Z %b;l(Pj A,
i=1 j=k+1

that is, the terms involving b}, with 1 < i, j < kand r > k vanish. Taking the
terms in { } as 8 we have completed the proof except for Lemma 8.4. |1

Proof of Lemma 8.4 It is enough to prove that it is true locally, say ina
coordinate neighborhood of each point. In any such neighborhood with
coordinates x!, ..., x" w = Y"_, a; dx' and it is easy to see that the equation

of the lemma holds for all w if it holds for every o of the form f dg, where f, g
are C* functions on the neighborhood. Suppose, then, that w = fdg and let
X, Y be C*-vector fields. Then, evaluating both sides of the equation of the
lemma separately, we obtain

do(X,Y)=dfandg(X,Y) = df (X)dg(Y) — dg(X) df (Y)

= (Xf)(Yg) — (Xg)(Yf)
and
Xa(Y) — Yo(X) — o(X, Y]) = X(fdg(Y)) — Y(fdg(X)) — fdg([X, Y])
= X(f(Yg) — Y(f(Xg)) — f(XYg — YXg)
= (Xf)Yg) — (Xg)(Y/)

after cancellation. This proves the lemma. (See Exercise 3 for a generaliza-
tion.) |

We can state Theorem 8.3 in a more elegant way if we introduce the
concept of an ideal of /\(M).

(8.5) Definition An ideal of /\(M)is a subspace .# which has the property
that whenever ¢ €.# and 6¢ /\(M), then 6 A pe.7.

(8.6) Example Let # be a subspace of /\'(M), that is, a collection of
one-forms closed under addition and multiplication by real numbers. Then
the set A\(M) A # ={0 A @|pe #}is an ideal, the ideal generated by #.
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Now suppose A is a distribution on M and suppose that ¢ is the collec-
tion of l-forms ¢ on M which vanish on A, that is, for each pe M,
@,(X,)=0forall X,€A,. 7isa subspace; in fact, if fe C*(M) and @ € ¢,
then fp € #. We have:

(8.7) A is in involution if and only if d.¢ = {d@| @€ ¢} is in the ideal gen-
erated by #.

The proof is left to the exercises.

Exercises

These exercises involve differential forms on a manifold M. A differential form ¢ on M is
closed if de = 0 and exact if ¢ = df for some form 6 on M.

1. Show that the closed forms are a subalgebra (over R) of /\(M), which
contains the collection of exact forms as an ideal. If F: M —» N is C~,
then show that closed forms are mapped to closed forms and exact forms
to exact forms by F*.

2. Let M = R® and determine which of the following are closed and which
are exact:

(a) ¢ =yzdx + xzdy + xydz;
(b) ¢ = xdx + x*y*dy + yzdz;
(c) 0=2xy*dxndy+ zdynrdz
3. Show that the following generalization of Lemma 8.4 is true for every

e N'(M):

d(p(Xl""’Xr+1) = Z(_l)i_lXi(p(Xh""Xia"'er+1)

i=1

+ Y (=X X1 X X Xy Xpd)

i<j

(where the caret means that the term is omitted).
4. Prove (8.7).

A C* vector field X on a manifold M determines two operators on differential forms, iy:
ANM - ATI(M) and Ly: N'(M)—> N'(M), as follows (recall, A°(M)=C*(M)). If
@e N(M), then

(@)X s, X, V=X, X,,.... X, pifr=1andiy=0o0n N°M); Ly = ixde +

diiyp)ifr = 1,and Ly f = X ffor f e A\%(M).

The following exercises, some of which are difficult, develop some essential properties of these

operators and are excellent exercises in the calculus of differential forms (see Notes below for
references).
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5. Show that i, has the following properties:
@) ix: AMM)—> A(M) is C*(M)-linear (fixed X), and X —»iy¢ is
C*(M)-linear for fixed .

(1}) lix = 0, aud {f P c /\\ \1/‘,), \’I/ c //\s 1V, ), then
o A ) =(ixp) A Y +(—1Do A (ixy)
6. Show that L, has the ollowmg properties:
(i) Ly: A\(M)— A(M)is R-linear (but not C*(M)-linear).

(1) Lyd=dL,.
(iii) If o € \"(M) and y € A\S(M), then

Lylo n ) =(Lxp) ~ ¥ + ¢ N(Lx¥).

(iv) Lyxo=df A ixep+ fLygfor [ e C*(M).
7. Let 8: W — M denote local one-parameter group action generated by X
and pe A\'(M), r > 0, define Ly ¢

1
(LX (p)p = lim ; [Bt*wﬂ(t,p) - (pp]'

Show that the two definitions of Ly ¢ agree.
8. Ifpe /\"(M)and X,,..., X, ¥(M), then verify the following formula
for Ly g:

(LyoX X, ..., X)=X(o(X1,...., X)) — Y o(X,...,LyXs..., X))

i=1

Notes

A translation of Riemann’s famous Inaugural Address, given at Goéttingen on the occasion
of his being named a Privat dozent (an instructor whose fees depended on how many students
came to his lectures) may be found in the book of Spivak [2], which, as mentioned earlier, is
particularly valuable source material for those interested in further reading on Riemannian
geometry. Volume II of this book is built around an explanation of the often obscure meaning of
Riemann’s lecture. This material is also relevant to Chapters VII and VIII below.

The author does not know when partitions of unity were first introduced. They are some-
what out of place in this chapter. but were placed here since this is the first point at which they
were needed. Not all of the applications, as is seen. have to do with tensors. The imbedding
theorem given here is a very weak version of the Whitney imbedding theorem for which proofs
of stronger versions can be found in several of the references, for exampile, Auslander and
Mackenzie [1], Hirsch [1], Guillemin and Pollack [1], and Sternberg [1]. These proofs are
within the reach of the reader at this point (only Exercise 10 of V1.1 is still needed) and would
form a valuable supplement to the text, especially for those interested in differential topology.
The same is true of various approximation theorems (especially those of Munkres [1, Sections 3
and 4}, which will be very useful for readers who wish to pursue further the consequences of
differentiable structure alone (without further geometric structure such as a Riemannian metric.
Lie group structure, and so forth). This is basic to modern differentiable topology (see Milnor [2]
for example and Hirsch [1] or Brocker and Janich [1]).
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Readers who desire a more complete and general approach to tensors and tensor fields will
find it in many of the texts listed in the references. Both Kobayashi and Nomizu [1] and
Sternberg [ 1] begin with this subject and could be studied with profit at this point, as could any
book on multilinear algebra, e.g. Bourbaki.

Exterior differential forms were first used extensively by Elie Cartan whose work has
enormously influenced all modern differential geometry and Lie group theory. The calculus of
/\(M), the exterior algebra on M. is his creation and he made many applications of it, too
numerous to discuss here. Some idea of his contributions may be found in the memorial
article by Chern and Chevalley [1]. Abraham and Marsden [1] and Godbillon [1] develop the
calculus of exterior forms much further than we do here in order to make applications to
dynamical systems and Hamiltonian and Lagrangian mechanics. The latter has an especially
elegant and concise treatment of the operators iy, Ly, and d and their interrelations. Both books
are recommended for readers who wish to master this calculus—which is essential to a deeper

study of the subject.
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The chapter begins with a brief review (without proofs) of properties of multiple integrals
over domains of R". In the next section this theory is extended to C* manifolds. The extension
to manifolds involves two steps: first, we define integrals over the entire manifold M of suitable
exterior n-forms and second, for those M which have a predetermined volume element (for
example, Riemannian manifolds), integrals of functions over domains are defined. All the
standard properties of integrals follow readily from the corresponding facts in the Euclidean
case. As an illustration of the use of integration on manifolds an application is made to compact
Lie groups. It is shown that by averaging a left-invariant Riemannian metric on a compact
group one may obtain a bi-invariant Riemannian metric. With the same techniques—due to
Weyl—it is shown that any representation of a compact group as a matrix group acting on a
vector space leaves invariant some inner product on that vector space, from which it follows
that any invariant subspace has a complementary invariant subspace.

Following this, in Section 4, the concept of manifold with boundary is introduced. This
generalizes the line interval, unit disk, and similar simple manifold-like objects needed if one is
to discuss “pasting™ together of manifolds—as in Chapter I—or differentiable homotopy.
However, our immediate interest is in a statement and proof of Stokes’s theorem, using mani-
folds with boundary as domains of integration. This theorem, a generalization of the fundamen-
tal theorem of calculus, embodies Green's theorem on the plane, the divergence theorem, and
Stokes’s theorem of advanced calculus in a unified form. If M is a manifold with boundary éM
and w ann — 1 form on M, dim M = n, then the theorem asserts the equality of the integral of
w over M (with suitable orienttation) and dw over M. This theorem, proved in Section s,
concludes our development of the basic techniques of integration on manifolds.

229
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The remainder of the chapter is devoted to various applications of the techniques accu-
mulated thus far to the {algebraic) topology of manifolds. In order to introduce these ideas the
concept of homotopy or deformation of mappings is introduced. The simplest case is the
deformation over a manifold M of a loop based at be M, that is, a continuous image of
0 < t < 1 with both endpoints at b. In general, not all loops can be deformed to one another on
M (consider M = T?2, for example). The classes of those which can be deformed to one another,
with a suitable product, form a group—the Poincaré fundamental group of M. Although quite
diverse in general, these groups are isomorphic for two homeomorphic manifolds, furnishing
the simplest example of an algebraic object which measures topological invariants of a space.
Following this, the de Rham groups are defined. They are the groups of closed k- forms
modulo exact k-forms, and are used here, together with integration theory, to prove some
classical theorems of topology (in the spirit of Milnor [2]). In particular, a proof is given of the
Brouwer fixed point theorem and of the noncxistence of nowhere vanishing vector fields on
even-dimensional spheres. Finally these techniques are once more applied to compact Lie
groups to obtain—by way of example only—a few interesting scraps of information about their

topology.

1 Integration in R” Domains of Integration

w

As
carry over to manifolds the basic ideas developed there just as we have done

for d1fferent1 1 calculus in earlier chapters. The basic facts that we will need
nteorals on various subsets of R” will be assumed known. We

1111\/5 LS Yaililwd SuUslly DO ddaulficd

concerning i
shall enumerate them here, and they may be found, proved in detail, in the
references, for example, Apostol[1] or Spivak [1]. We need only the
Riemann integral. However, we must admit domains of integration and
functions which are slightly more complicated than those found in elemen-
tary calculus. This is natural since a diffecomorphism, or change of coordin-
ates, badly distorts even a simple region such as a cube. First, we proceed to
define the domains of integration which we allow.

We shall say that a subset 4 of R" has (n-dimensional) Jordan content
zero, ¢(A) = 0, if for any &> 0, there exists a finite collection of cubes
C,,..., C, which cover 4 and the sum of whose volumes is less than ¢,
Y3-4 vol C; < e, If A satisfies a similar condition with the less rigid require-
ment that for ¢ > 0 there exists a countable set of cubes covering 4 with
Y1 vol C; < ¢, then we say that A has Lebesgue measure zero, m(A4) = 0.
These are not equivalent concepts. It is easy to see, for example, that the
subset of rational numbers in R has measure zero but not content zero.
However, c(4) = 0 implies m(A) = 0 and, if 4 is compact, the converse also
holds. More generally m(4) = 0 if and only if 4 is a countable union of sets
of content zero.

(1.1) Definition A bounded subset D of R" is said to be a domain of
integration if its boundary Bd D has content zero. A function fon R" is said
to be almost continuous if the set of points at which it fails to be continuous
has content zero.
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The most obvious example of a domain of integration is a cube, or an
n-ball. The usual domains of integration in R? or R*, bounded by piecewise
differentiable curves or surfaces, are also examples.

(1.2) Theorem Let D be a domain of integration in R" and let f be a real-
valued function on D. Suppose that f is bounded and almost continuous on D.
Then the Riemann integral [p fdv exists.

We shall refer to a function with these properties as integrable on D. To
say that the integral exists means, of course, that it is a limit of approximat-
ing sums in the usual sense. The proof is essentially the same as that which is
at least outlined in every calculus book. It is a very useful exercise to carry it
out in detail and then to verify the following properties which are relatively
easy consequences of the reasoning used in proving existence.

Basic Properties of the Riemann Integral

Let D, D, and D, denote domains of integration in R" and f, g bounded

almaoct r~nnhnnnnc functions on R" 1t 15 not too difficult to show that D the
aimmost contm uous unclions or L2018 potl oo ginicust 1o snow tnat ), tne

closure of D, and D, the interior of D, are also domains of integration as are
wD,, DynD,, and D, — D,., We have the following standard

m es:

oo

'13

TOoD
r

(1.3) If ¢(D) = 0, then j fdv=0

(1.4) |. fdv—f fdb+f fdu—J fdv.

*DiyuD> D, nD>
(1.5) [(af+ bg)dv=a[fdu+bJ.gdv forall a,beR.
R .
(1.6) Suppose f =0 on D and ¢(D) # 0. Then J fdv > 0. Equality
D

holds if and only if f = 0 at every point at which it is continuous.

Recall that the characteristic function k ; of a subset A of a space X is
defined to be identically equal to +1 on 4 and 0 outside A, that is, on the
complement of A. Therefore k , is bounded and its discontinuities are exactly
the set of boundary points of 4, Bd A. In particular, if D is a domain of
integration, we have ¢(Bd D) = 0 so that k, is integrable. If D’ is a domain of
integration which contains D, then |p, kpfdv = [, fdv. Thus if f on R" is
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bounded, has compact support, and is almost continuous, then we define
{re fdv unambiguously by [g. fdv = |, fdv, using any domain of integra-
tion D such that D = supp f.

(1.7) Definition Let D be any domain of integration. Then we define the
volume of D, vol D, by

vol D =
The following property is an easy consequence of the definitions:

(1.8) ( inf f) vol D < | fdv< (sup f) vol D.
\p D LD
When D is connected and f is continuous, we obtain the mean value property

[

£
| Jdv
D

w1

:f(a) vol D
for some point ae D.

The following theorem, a special case of Fubini’s theorem, is more
difficult to prove than the above properties, although we need only the
simplified version below. It justifies the usual evaluation of multiple integrals

by repeated single integrations of functions of one variable (iterated
integrals).

(1.9) Theorem If f is a continuous function on the domain of integration
D={xeR:d<x <b i=1..,n},then
bt

[ fdl):fb".,.[ f(xl,---,xn)dxl"'dx",

an Yal

the expression on the right denoting repeated single integrations.

We shall need one further theorem from advanced calculus, the principle
which allows us to change the variable, or variables, of integration. In the
case of a function of one variable this is the standard and indispensable
technique of substitution, which allows us to write

v = sty ax

where y = g(x), @ < x < b, with ¢ = g(a) and d = g(b). Unless we assume
dy/dx > 0, we encounter problems in this formula. If this condition is
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satisfied, then y = g(x) may be considered as a change of variable, or as a
difftomorphism of [a, b] onto [c, d]. The general multiple-integral statement
is less familiar in elementary calculus, although it occurs, for example, in the
passage from Cartesian to polar, cylindrical, or spherical coordinates. Tt is
proved in most advanced calculus courses for n = 2 or 3 at least, so we will
assume it without proof. This is the most difficult of the standard theorems
of integral calculus which we will expect of the reader. It will be essential to
us in extending Riemann integration to manifolds, since we clearly must

know the effect of change of coordinates on the value of an integral.
T et us denote ]‘\v G: U= U adiffeomornhismof U c R*onto U/ =« B®

UviiUwWw G Uil ULLUL Paiasid

and by AG the determlnant of its Jacobian. We suppose G to be given by
coordinate functions y' = y'(x), i = 1, ..., n. Then AG = det(dy'/dx’). A
function f" on U’ determines a function f = f'+ G on U and we have the
following relation of their integrals.

(1.10) Theorem (Change of Variables) Suppose Dc U and
D' = G(D) c U’ are domains of integration and that " is integrable on D'. Let
f=f"°G, thatis, f(x', ..., x") = f'(g"(x), ..., g"(x)). Then{is integrable on
D and

| 10)dr = f(6)8G] dv = | f()]AG] du
(1.11) Example Let
D={p0,0)0<a<p<b0<0<n/2n/d<o<n/

and D’ be the first quadrant region of xyz-space between the spheres with
center at the origin and radii ¢ and b, and outside the inverted cone
72 = x* 4 y* (Fig. VL1). Let G be given by the coordinate functions

X = p sin ¢ cos 6, y = psin ¢ sin 6, zZ = pcos .

7]
’ e

R

/;7/2 8

Figure V1.1
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Given f'(x, y,z) = x> + y* + z%, thenf= "= G is
f{p. 0, @) = f'(psin @ cos 6, p sin @ sin 6, p cos @) = p*
and A = p? sin ¢ so that

j (x* + y* + z2) dxdydz = | p?|p*sing| dp dg db.
D *D

If we are to extend these ideas to C® manifolds, we need to know what
happens to domains of integration under difffomorphisms. A cube in R", for
example, is such a domain since its boundary-—the faces—have zero (n-
dimensional) content. Does it remain a domain of integration after a diffeo-
morphism? If we recall that there are continuous images of an interval,
0 <t < 1, which fill a square this question seems less trivial; it is possible

......................

that the 1mage of the DOunUdIy of a cube could become VETY xalg,c unacr a
differentiable mapping. The following lemma will thus be crucial

(1.12) Lemma Let A be a compact subset of R” and let F: A - R™, n < m be
a C' mapping. Then F(A) has content zero if n < m or ifn and A has

content zero.

Proof By definition F must be C* on an open set U > A4 and since 4 is
compact, we may choose an open set ¥ > A4 such that ¥ is a compact subset
of U. Let K = sup,.7|8f/0x’], a bound of the derivatives on ¥ of the
coordinate functions of the map F. Choose §,,0 < é; < 1, so that every cube
of side 8, whose center is in A lies inside V. By the mean value theorem
(Theorem I1.2.2), we have

|F(x) = F(a)|| < (nm)"*K]|x — a]

for any x in a cube of side &, and center ae A.1f 5, > & > 0, thena cube C of
side & and center ae€ A must map into a cube C' of center F(a) and side
length less than or equal to (nm)''2K3. Thus we see that F(C) lies in a cube
C' whose volume satisfies

vol C' < ((nm)2K8y" = (nmy™2Km§™~"6" < k6™ " vol C,

where k = K™(nm)™? is independent of a€ 4 and vol C = 8" Assume m = n
and c¢(A4) = 0. From this it follows at once that given any ¢ > 0, we may cover
F(A) with a finite number of cubes C7, ..., C; whose total volume is less than
¢. We need only cover 4 with cubes C, ..., C; whose total volume is less than
¢/k and whose side is less than J,. This shows that the content of F(4) is zero
in this case. The case n < m is left to the reader. For an extension see Exercise
10. |

Using this lemma it is easy to extend the notions of zero content and zero
measure to subsets of any C* manifold M of dimension x.
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(1.13) Definition A subset A = M is said to have content zero, ¢(4) = 0, if
it is contained in the union of a finite number of compact subsets A,

Ac A, U A, each of which lies in a coordinate neighborhood U;, ¢;
such that f-(m (A W=01in P" i=1 An ]-ntrqry subset B = M is said

1ij) — U 1,...,..) Al arol Yi 10 oAl

to have measure zero, m(B) = 0, if B is the union of a countable collection of
subsets B = | 2, B; such that each B, has content zero.
In the light of thm definition we may state, as a corollary to the lemma,

the followmg facts about sets on a mamfold.

(1.14) Corollary If A = M has content (measure) zero and F: M — N is a
C! map with dim M =< dim N, then F(A) has content (measure) zero. In
particular, this holds if F is a diffeomorphism.

Proof This is an obvious application of Lemma 1.12 to Definition 1.13.

If dim M < dim N, a stronger result holds (Exercise 10).

We define domain of integration in an arbitrary manifold precisely as we
did for R": D = M is a domain of integration if D is relatively compact and
the boundary of D has content zero, ¢(Bd D) = 0. [Note that in R" “rela-
tively compact ™ is equivalent to “bounded.”] We have analogous properties
to those of domains of integration in R".

(1.15) Theorem If D is a domain of integration in M, so are its closure and
its interior. Finite unions and intersections of domains of integration are do-
mains of integration and the image of a domain of integration under a diffeomor-
phism is a domain of integration.

Proof These are all immediate consequences of Definition 1.13 and of
the corresponding statements for subsets of content zero and domains of
integration in R". For the last statement we must note that a diffeomorphism
takes boundary points to boundary points. |

Exercises

1. Prove that a set of measure zero cannot contain any open set.

2. Prove Theorem 1.2 for a general domain of integration in R* assuming
that the integrand f is: (a) continuous on D, and then (b) continuous
except for a set of content zero.

3. Prove that finite unions and intersections of domains of integration are
domains of integration.

4. If D is a domain of integration show that D, its closure, and D, its
interior, are domains of integration and that if fis integrable on D, then

J' fdv=| fdv= | fav.

5. Verify properties (1.3)-(1.6) of the Riemann integral.
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6. Let D be a domain of integration in R"and a < t < b an open interval of
R. Suppose f(x, t) is continuous on D x (a, b) and is of class C' in t.
Then prove that g(t) = {p f(x,t)dv is of class C' on (a,b) and
dg/dt = [, (0f/ot) dv.

7. Suppose f, g are both integrable on a domain of integration D and that
f> g. Then show that {, fdv > |, g dv.

8. Prove the change of variables theorem for a linear mappmg G: R*> - R’

9. If {f,(x)} is a sequence of continuous functions on D (a domain of
integration in R") converging uniformly to g¢g(x), show that

lim, .. fo f(x) dv = 5 g(x) dov

10. Prove that if F: M —» N is a C! mapping and dim N > dim M, then
F(M) = N has measure zero.

2 A Generalization to Manifolds

In this section we carry over to arbitrary oriented manifolds the concept

Af int 1
of integral reviewed in the previous section. We first define the integral of an

n-form w on the oriented manifold M of dimension n, denoting it by [, . It

is only when we specialize to a more restricted class of manifolds, say
Riemannian manifolds, that we are able to give meaning to the integral of a
function on M over a domain D of integration in M and thus obtain a
complete generalization of integrals on R" This is not surprising since
definition of the Riemann integral in R™ makes important use of volume,
a metric concept, which is not defined on a general differentiable manifold.
Suppose that M is an oriented manifold and dim M = n. By
Definition V.7.5 this means that there is a C* n-form Q on M which is not
zero at any point of M. It is called a volume element; any other n-form w is
given by o = fQ, where f is a function on M. Since Q is C*, w will have the
differentiability class of f. We use this to make the following definitions.

(2.1) Definition A function fon M is integrable if it is bounded, has com-
pact support (vanishes outside a compact set), and is almost continuous
(that is, continuous except possibly on a set of content zero). An n-form w on
M, in the very general sense of a function assigning to each p € M an element
w, of \"(T,(M)), is said to be integrable if @ = fQ, where fis an integrable
functlon [Note: We are not requiring w to be C* or even C']

We remark that the definition of integrable n-form does not depend on
the particular Q we use. Any other Q giving the orientation is of the form
Q = gQ, where g is a positive C* function on M ; thus fQ = £/gQ. If f has
compact support, is bounded, and is almost continuous, then the same will
be true of f/g. We will denote by /\5(M) the set of integrable n-forms. Like
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/\"(M), it is a vector space over R; moreover, it is closed under multiplica-
tion by continuous or integrable functions on M.

We shall refer to a subset Q « M as a cube of M if it lies in the domain of
an associated, oriented, coordinate neighborhood U, ¢ and ¢(Q) = C =
{xeR"|0 < x' < 1,i=1,..., n}, the unit cube of R". Thus a cube is a com-
pact set and is coordinatized in a definite way. We first define the integral

AAAAA PO U Y wwhoca qrrmimoant 13 o q
over M of any we / \0\1\/1) WIi108€ SUpport iics interior to some cube Q Let

U, ¢ be the coordinate neighborhood associated with @ and suppose
¢ *(w)=f(x)dx' A ndx”

represents o in the local coordinates. Then fis bounded and almost contin-
uous on C so that [ fdv is defined. We define

J’ w= J' fdv.

We must show that the value of this integral is independent of the partic-
ular cube we have used. Suppose Q' is another cube containing supp w and
let U’, ¢ be the associated coordinate neighborhood. We denote the local
coordinates for this neighborhood by y!, ..., y" and suppose that

@ o) =) dyt A ady

represents w on ¢'(U’). According to the rules for change of components of
an n-form, we have

= J'(G(x)) AG,

where G = ¢’ o o~ ': (U n U’') > ¢'(U n U’) and AG is the determinant of
the Jacobian matrix of this difffomorphism; AG is positive since these are
oriented neighborhoods (see Section V.7). On the other hand, since Q, Q' are
domains of integration, so are Q n Q' and its images D = ¢(Q n Q') and
D' = ¢'(Q n Q') which lie in the unit cube of the x-coordinate space and the
y-coordinate space, respectively. Moreover, suppw c @@, so
suppf < D and supp f* < D'. Therefore

| f&x)dv =] flx)dv  and j ') dv = j () dv'.

C D C D
According to the change of variable theorem 1.10, and since D' = G(D), we
have

| 1) = J'Df'(G(x)) |G| do.

However, AG > 0 so that |AG| = AG and the integral on the right must
then be equal to {, f(x) dv by the above formula for change of components.
This shows that [ w 1s uniquely determined for every integrable w which
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vanishes outside of some cube. We note, in particular, the following linearity
property: If @,, @, vanish outside a cube Q and a,, a, are real numbers, then

l‘alwl""aza)z:al’ w1+a2|-a)2.
l'M -’M UM

Now suppose that o is an arbitrary integrable n-form. We will define
{4 w in this case by representing w as the sum of a finite number of forms of
the special type above and adding their integrals to obtain §M w. More
precisely, let K = supp w and choose a finite covering of K by the interiors
0,....,0, of cubes Q,,..., 0, associated with coordinate neighborhoods
U, @y,- .., U, @, respectively. The open sets M — K, §,..., 0, cover M.
Take a partition of unity { f;} subordinate to this covering. By compactness of
K and the local finiteness of {supp f;}, there is an s such that for i > s,

K ~supp f; = &, so that f; @ = 0. Since ), f; = 1, we have then
w=fio+  +fo

and we define

| w=[ fio+ - +]| fo

‘M M M

Each of the integrals on the right is defined since the integrand has its
support on the interior Q of a cube Q;.

The value of this integral does not depend on the choice of covering or
the functions {f;}. Let @4, ..., Q) be another set of cubes whose interiors
cover K and choose a partition of unity {g,} subordinate to M — K,
0.,...,0,. Again, g, = 0 if k is greater than some r. Then Yir fig =
Y. fi D g, = 1 and for fixed k, 1 <k <r, we have supp f; g, = Q;for some 1.
Therefore

[ Jiw = . flgkw+"'+[ fsg@
M M ‘M

by the linearity of the integral with respect to forms with support in the same
cube. Therefore, if we compute [y w using this second covering by cubes, we
have

[ w = Z . gkCU=Z Z[ figio.
M k=1"'M k=1 i=1"M

However, by a symmetric argument the sum on the right is also equal to
¥3-1 {u fiw, hence both choices assign the same value to fs @. This com-
pletes the definition of the integral over M of integrable n-forms, we now list
some of its properties.
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(2.2) Theorem The process just defined assigns to each integrable n-form w
on an oriented manifold M a real number [y w. We have the following
properties.

(1) If —M denotes the same underlying manifold with opposite orienta-
tion, then [_p 00 = — {3y o,
(i) The mapping  — {y w is an R-linear mapping on N\3(M), that is:

. alwl + azwz = al ' (1)1 + a2 . CUZ N
D | |
a,a€ R and  w,, w,e N\§(M).

(ii1) If Q is a nowhere vanishing n-form giving the orientation of M and
w = ¢gQ with g > 0, then ‘,f‘-,,: gQ > 0 and equality holds if and only if g = 0
wherever it is continuous.

(iv) If F: M, — M, is a diffeomorphism and we N\§(M,), then

Proof Because of the definition of the integral, we need to verify these
properties only for forms w whose support lies in a cube Q associated with
the oriented coordinate neighborhood U, ¢ and coordinates x!, ..., x".
Then by definition, [y w = f¢ f(x)dv, where ¢~ *(w) = f(x)dx' A

- A dx" If orientation of M is reserved, in evaluating [, @ we replace U, ¢
by, say, U = U, ¢’ with ¢ such that the Jacobian of ¢’ - @~ ! has negative
determinant, e.g., ¢ followed by interchange of first and second variables.
This changes the sign of f since f is the component of @ in the local
coordinates, hence it changes the sign of the integral. Property (ii) was
previously noted; it is a consequence of the corresponding property for the
Riemann integral on R". Property (iii) is clear once we note that in (oriented)
local coordinates ¢~ '*Q = p(x) dx' A --- A dx", p(x) >0, so that [,
9Q = [ g(x)p(x) dv. Since g(x)p(x) > 0, and vanishes exactly where g(x)
vanishes, the assertion follows from the corresponding property in R
Finally, suppose F: M|, - M, is a diffeomorphism which preserves orienta-
tion. If w on M, has support in a cube Q associated with the coordinate
neighborhood U, ¢, then Q' = F~Y(Q) is a cube on M, associated with
U'=F~'(U)and ¢ = ¢ o F~* Using this cube, which contains the support
of F*w, we have precisely the same expression f(x) dx! A --- A dx" for
both @ and F*w in local coordinates, hence the same integral | f dv gives the
value of both f,,, w and {m, F*w. If F does not preserve orientation, the
equation {y, F*& = —[,,, © follows from the orientation-preserving case
and property (i). |



240 VI INTEGRATION ON MANIFOLDS

(2.3) Remark We note that a special case of the definition above, namely
M = R", defines

for any bounded function fon R" which has compact support and is almost
continuous. It is left as an exercise to show that if supp f = D, a domain of
integration, then

f(xY, ., x) dX A A dX”
Rn

[ F(0)dx'nndx = [ f(x) do,

" Rn ‘D

the usual Riemann integral.

Integration on Riemannian Manifolds

Thus far we have not defined integrals of functions, but rather integrals of
n-forms. Even a cursory examination of the definition of integrals of func-
tions over domains of R" used in advanced calculus shows that it assumes
that we are able to assign a volume to certain classes of subsets of R", say,
cubes and rectangular parallelepipeds. In fact only this one ingredient is
lacking; if M has a well-determined volume element, then we are able to pass
from the definition above to integrals of functions on an oriented manifold
M. A volume element is, by definition, a nowhere vanishing n-form Q on M
which is in that class which determines the orientation. On an arbitrary
oriented manifold there is such a form € but it is determined only to withina
multiple by a positive C® function. This is not enough to define volumes ; we
must have a unique Q given, say, by the structure of M. One case in which
this occurs, according to Theorem V.7.7, is on an oriented Riemannian man-
ifold M. In this case there is a unique Q whose value on any orthonormal
frame is + 1. We shall always use this Q on the Riemannian manifold and in
the remainder of this section we shall discuss only the Riemannian case.
Then, using Q and the characteristic function kj, of a domain of integration
D we are able to parallel the theory for R".

(2.4) Definition If D is a domain of integration on an oriented Rieman-
nian manifold M and k,, is the characteristic function of D, we define the
volume of D, denoted by vol D, by vol D = f,, kpQ. If f is any bounded,
almost continuous function on M, we define the integral of f over D, denoted
{ofs by [pf = [ufkpQ When M is compact, we may take D= M and
obtain vol M = [,Q and [y f = [, fQ.

These integrals are defined since kj, is continuous except on Bd D, which
has content zero, and k;, has compact support.
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(2.5) Lemma With these definitions the integral of f on a domain of integra-
tion on M satisfies properties (1.3)-(1.6) of the Riemann integral on R". It is
equal to the Riemann integral when M = R" (with its standard metric).

This is a consequence of the definitions and of the corresponding proper-
ties (1.3)-(1.6) of the Riemann integral. One merely needs to demonstrate—
by choosing a covering of D by the interiors of cubes and taking a
corresponding partition of unity as in the definition of [, w—that it is
possible to reduce the proof to verifying each property for the special case in
which w = fQ has its support in a single cube. In this case the properties
coincide with the properties of the integral on R". For the last statement we
use Remark 2.3.

1 Aimatas TT A writhh Anno i ndn Fuoo oo
We recall that in local coordinates U, ¢ with
r

c ate
E,, ..., E, and Riemannian metric tensor ®(X, Y), the matrix components
(E:, E;) on U are customarily denoted by g,;, i, j = 1, ..., n, with the same
symbols g, frequently used to denote gi{p} = YP(E,I,, E;) and
gi(x', ..., x") = gu(cp ) that is, the components considered as functions
on U = M or as the corresponding functions on ( ) — R". In Section V.7

we found that the local expression for Q on an oriented neighborhood was

e~ *Q = \@dx A AdXT g= det(gij).

We use this in the example below,

S

(2.6) Example Let M be a surface in R® with the Riemannian metric
induced by the standard metric of R* and let U, ¢ be a coordinate neighbor-
hood with coordinates (u, v). Suppose @(U) = W an open subset of the
uv-plane. Let F = ¢~ ' so that F: W > M has image U, and let F(u, v) =
(f (1, v), g(u, v), h(u, v)) be the C*-coordinate functions for the mapping (see
Fig. VI.2). As in Example IV.1.10 the coordinate frames E,, E, on U are

() e age ohad
Ei= *(au) oudx " oudy T oudz
2\ ofo ogo ohao

E, = _ A 7
2 *(60) dvdx | dwox ooz’

and hence

= () (3 (3 -

ofof dgdg  ohoh ~
gl2(u U) a v ou 61] aua (Eh EZ) (EZ ’ El) - gzl(u7 U),

ot = () 4 (2 4 ()" - 2.
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ta)

Figure V1.2

1 4 ; 7 macmantiualy, 1
These are denoted E, F, G, respectively, in the |

tial gecometry and we have then
0 1*Q = F*Q = (g,,922 — 912)'* dundv = (EG — F2Y2 du A do.

If D is a domain of integration on M such that D = U, and his an integrable
function on D, then

j h =J hQ =_[ h(u, YWEG — F?)'? dundv
D D @(D)

= [ h(u, o)(EG — F?)"* du dv.
@(D)

Suppose, for example, that ¢ is the (diffeomorphic) projection of an open
set U of M onto an open set W of the xy-plane, which we identify with the
parameter plane. In this case F: W — U is given by F(x, ) = (x, . f(x, ¥)).
The graph of z = f(x, ) lying over W is the subset U of M, Fig. VI1.3. The

Figure V1.3
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coordinate frames are E; = 0/0x + f,d/0z and E, = 3/dy + £, 0/¢z, so
E=1+fLF=/ff,, G=1+f2% Hence

F*Q = (EG — FA)" dxndy = (1 + f2 + f2)12 dx n dy.

If D= U is a domain of integration and 4 = W its projection to the xy-
plane, then for any integrable function h on M we have

i‘ h = i hix, v, z)(L + f2 + f1)'? dx dy.
‘D 4

When h = 1, the value of this integral is the area of D [ = vol D].

If, for example M = §?, the unit sphere, let U be the upper hemisphere
and D=U. Then A=W={xy)|[x>+y* <1} and F(x,y)=
(x, », (1 = x* = y*)¥?). The area of U is

'ﬂ Q= ' (1 —x* —y?) "2 dxady
v ‘4

N e i
= | ‘ (1 —x* =y "dxdy =2n
-1 -yt

(2.7) Remark In practice (or for theoretical purposes) one might hope
that a compact manifold M could be covered by a finite number of domains
of integration Dy, ..., D, with the properties: (i) ¢(D, " D;)=0, i+,
i,j=1,..., s, and (ii) each D, lies in a coordinate neighborhood U;, ¢,.
Then, using the fact that

for=] f++] 1

M “Dy “Ds
it would be possible to evaluate each integral on the right separately as an
integral on ¢,(D;) = R",

| f=]  fegdxiaonde = [ f(/gd

‘D “@i(Di) @i(Di}
where f(x) denotes the expression for f'in local coordinates and g = det(g;;)
as in the remark preceding Example 2.6.

In fact, it can be shown that any differentiable manifold M (compact or
not) can be covered with a collection of domains of integration D, D, , ...,
each the diffeomorphic image of a simplex (for n = 2 a triangle, forn = 3 a
tetrahedron, and so on). Moreover these domains intersect in sets of content
zero. [This is part of a theorem which asserts that any C* manifold is
triangulable. An example is illustrated in Fig. VI.4.] When M is compact the
number of D; is finite. This is not a complete description of a triangulation
for more details see Singer and Thorpe [1]. However, it shows that for both
practical and theoretical purposes a technique of evaluation of f,, for f, Q
is available.
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Figure V1.4

Triangulated manifolds

Exercises

Interpret Q and volume for a curve in R3, that is, a one-dimensional

manifold.

Show that if D is a domain of integration on a manifold, then
[r=]r=]1

Let D be a domain of integration in R" and F: D - M be a continuous
mapping into an n-manifold M. Suppose F is a C! diffeomorphism on D
the interior of D, piecewise C* on 8D, and that w is an integrable n-form
on M. Then show that F(D) is a domain of integration and that
¢y @ = [p F*w. [We do not require F to be one-to-one on the
boundary of D.]

Find Q (for the induced Riemannian metric) on the torus T2 in R®
obtained by rotating a circle of radius a and center at (b, 0.0),
b > a > 0, around the x3-axis. Use this to determine vol(7?). (Use
Exercise 3.)

Using Remark 2.7 integrate on M = S?, the unit sphere of R’ the func-
tion f giving the distance of a point on M from the plane x*= -1
Argue that we may use as D, and D, the upper and lower hemispheres.
[Hint: Use Exercise 2.]

integration on Lie Groups

One striking illustration of the uses to which integration on manifolds

can be put arises when the manifold considered is a Lie group G. Although
the most interesting case is a compact Lie group, for the present we allow G
to be an arbitrary Lie group of dimension n. We shall need some simple
observations concerning left and right translations and inner automor-
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phisms of G. Givena, be G, wedenoteby L,, R,,and I, = L, > R,-, left and
right translation and the inner automorphism, I,(x) = axa™!, of G, respec-
tively. These are C* mappings with inverses L, ! = L, ,, R; ! = R,.,, and
I;' =1,... Hence they are diffecomorphisms and as such induce R-linear
mappings of ¥(G)—the C*-vector fields on G—onto itself which preserve
the bracket operation (Corollary IV.7.10). However, on G our main interest
is in the subspace g of ¥(G) consisting of all ieft-invariant vector fields on G.
As we have seen g is a Lie algebra, the Lie algebra of G, with respect to the
product [X, Y]. Given g, be G, we note the fact that the left and right trans-

; is ig i intive | (b)Y — (2 \b
lations L, and R, commute—this is just the associative law a{xh) = {ax)b.

From this we deduce that if X g, then R,, X € g. Also
Lg*(Rb*X) = Rb*(Lg*X) = Rb* X

Similarly, I,, X = L,  R,-14, X = R,-, X eg; thus I, : g — g. Because 7,
is both a linear mapping and preserves the product, that is, I, [X, Y] =
[1.. X, 1., Y], it is an automorphism of the Lie algebra g. Finally, note that
Iy = 1,01, s0 that I, =1, -1, by the chain rule. Putting these facts
together and adopting the notation Ad g for I, , g any element of G, we have
proved most of the following statement.

(3.1) The mapping of G into the group of all automorphisms of g defined by
g — Ad g is a homomorphism. Let GI(q) denote the group of all nonsingular
linear transformations of g as a vector space. Then Ad: G — Gl(g) is C~.

It is only the last statement which requires proof and interpretation. In
general, if ¥ is a finite-dimensional vector space over R, then the group GI(¥)
of all nonsingular linear transformations of ¥ onto ¥V is isomorphic to
Gl(n, R), n = dim V. The isomorphism depends on the choice of a basis
ey, ..., & of ¥ andis given by letting A € GI(F) correspond to the matrix (x;;)
defined by A(e;) = 7., «;;e;, j = 1,..., n. We take the topology and C*
structure on GI(¥) obtained by identifying it with the Lie group Gi(n, R). It
may be shown (Exercise 3) that this C* structure is independent of the
choice of basis. Therefore, if we choose a basis X4, ..., X, of gand let (2,;(g))
denote the matrix corresponding in this way to Ad g, the last statement
asserts that g~ («;(g)) is a C* mapping. Note that I(e) = e, hence
I, T.(G) > T(G). Because g may be naturally identified with T,(G) by
identifying each X e g with its value X, at e, we may think of Ad g as a linear
transformation on g—the left-invariant vector fields—or on T,(G) where, of
course, it coincides with that induced by I, according to the definition. In
particular, if we use the latter point of view, the matrix (o;;(g)) is a submatrix
of the Jacobian matrix evaluated at (g, ¢) of the C* mapping of G x G —» G
defined by (g, x) > gxg ™' = I (x). Hence g — (a;(g)) is C*. More generally,
we make the following definitions.



246 Vi INTEGRATION ON MANIFOLDS

(32) Definition A representation of a Lie group G on a vector space Fisa
Lie group homomorphism of G into the group GI( ¥) of nonsingular linear
transformations of ¥ onto V. Its degree (dimension) is the dimension of V. A
matrix representation of G of degree n is a Lie group homomorphism of G
into Gl(n, R). The representation g+— Ad g is called the adjoint representa-
tion of G.

We remark again that we interpret Ad g both as a linear mapping on g,
the space of invariant vector fields, and on T.(G), the tangent space at the
identity. This is by virtue of the identification of g with T,(G). In either case

Ad g is induced by the diffeomorphism I (x) = gxg~ ! of G onto G.

Many questions about Lie groups may be reduced to questions about the
adjoint representation of the group. Some examples are given in the exer-
cises; we give another below. First we shall need a definition and a lemma.

(3.3) Definition A covariant tensor field @ of order ron G is left- (right-)
invariant if L¥®,, = ®, (or R¥®,, = ¥, respectively). [t is bi-invariant if it is
both left- and right-invariant.

We remark that any left- (or right-) invariant covariant tensor field
®e 77(G) is necessarily C*. If X,..., X, 1sa basis of C*® left- (or right-)
invariant vector fields, then ®(X;, ..., X ;) is constant—hence C*—on G for
any 1 < iy, ...,i, < n. Therefore the components of ® with respect to a

C*-frame field are C®, and @ is thus C*.

(34) Lemma Let @, be a covariant tensor of order r on the tangent space
T,(G) at the identity. Then there is a unique left-invariant tensor field and a
unique right-invariant tensor field coinciding at e with ®,. These two agree
everywhere on G, that is, ®, determines a bi-invariant tensor field, if and only if

Ad (g)*®, = @, for all geG.

Proof Let @, be given on T,(G). For each ge G we have a unique left
translation L, G — G which takes e to g Define de F"(G) by
(Dg = L;‘-lq)e. Then L:(I)ag = L:(L;‘- 1a‘1d)e) = L: o L:A o L;‘— 1‘~De = L;‘—HI)E.
However, this is just @ , so we see that @ is left-invariant. Similar arguments
show that R¥ ,®, is a right-invariant tensor field. Note that R} =
(Ry° R)* = Ri~ R}

If @ is bi-invariant, then Ad(g)*®, = L* > R¥ , ®, = ®,. Conversely, if
this relation holds, then

L:—lq)e - L;‘-l © L;‘ © R;‘-lq)e = R;ilq)e
so that the left- and right-invariant tensor fields determined by @, agree at

every g € G. It is immediate that an invariant field must be determined by its
value at any one element, say e, of G. |
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(3.5) Corollary Every Lie group has a lefi-invariant Riemannian metric and
a left-invariant volume element. In particular every Lie group is orientable.

Proof We take any inner product @, (a positive definite, symmetric
covariant tensor of order 2) on T,(G) and apply Lemma 3.4 to ®, and to the
volume element Q, that @, , with a choice of orientation of T,(G), determines
in order to obtain a left-invariant Riemannian metric ® and volume element
Q. |

In case G is compact we are able to say even more, as the next theorem
and its corollary show. The corollary will make use of integration; to sim-
plify the treatment we shall suppose G is connected (see Exercise 5).

(3.6) Theorem An oriented, compact, connected Lie group G has a unique
bi-invariant volume element Q such that vol G = 1.

Proof Let Q be a left-invariant volume element on G. We claim that Q
is necessarily right-invariant also. In order to prove this it is enough to show
that Ad(g)*Q, = Q, for all ge G. Let X, ..., X, be a basis of g and X,,

vy

..., n, be the corresponding basis of T,(G). We have seen that

1 =

Ad(g)*Q, = det(a;;(g))Q2, .

However, since G is compact and connected, the same applies to its
image under the C*-homomorphism g — det(a;(g)) of G to R*, the multipli-
cative group of nonzero real numbers. However, the only compact con-
nected subgroup of R* is {+ 1}, the trivial group consisting of the identity,
hence det{x;(g9)) = 1 and Ad(g)*Q, = Q, for all ge G. By the preceding
lemma this proves that Q is bi-invariant,

Any other bi-invariant Q must be of the form AQ, where 1 is a positive
constant; but then vol G = [; AQ = 4 f¢ Q. Hence it is possible to choose
Just one 4 # 0 such that vol G = + 1. For the opposite orientation on G, we
would have —Q as the corresponding unique bi-invariant volume element.

From the existence of such a bi-invariant volume element one is able to
deduce many important properties of Lie groups, of which the next two
corollaries give examples. Further implications will appear later.

(3.7) Corollary On a compact connected Lie group G it is possible to define
a bi-invariant Riemannian metric ©.
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Proof Let ®, be a symmetric, positive definite, bilinear form on T,(G)
and let Q be the bi-invariant volume element. Given X, Y, e T(G), we
define a function on G by

the last equality being just the usual definition of Ad(g)*.
bilinear form ®, on T,(G) by

—~

hen define the

DX, v)=[ fg

G

According to Lemma 3.4, ®, determines a bi-invariant form if for every ae G
Ad{a)*d,(X,, Y,) = DX, Y.).

The left-hand term may be written ®,(Ad(a)X,, Ad(a)Y,). Applying the

definition of @, to this expression, we find that

(Ad(@),(X,, ¥) = | (Ad(g)

[ Ad(a)* Ad(g)@,(X, . Y0

G

= [ Ad(ga)*®.(X., Y.)Q,
since Ad(a)* - Ad(g)* = (Ad(g) - Ad(a))* = Ad(ga)*. This shows that
Ad(@)*d(X, . ¥) = | f(Rdg))2.

'G

On the other hand, R,: G — G is a diffecomorphism and Theorem 2.2 (iv)
asserts that

| r@e=] f(R)R:2

* Ra(G)

Since R,(G) = G and R}Q = Q, we see that

Adpd(X, ., Y) = | fg)Q = d(X.. Y.)
G
It follows that @ is a bi-invariant bilinear form on G. It is obviously sym-
metric and it is easy to check that it is positive definite. Since we do so in a
more general case below, we will omit this verification here. |

(3.8) Remark When we use this Riemannian metric on G, we see that
both right and left translations are isometries, that is, they preserve the
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Riemannian metric (and also its associated distance function). We shall see
later that as Riemannian manifolds compact Lie groups have rather inter-
esting properties.

In r‘lnmnn thig section we shall aive another a
........ 18 on we shail give a

from the above which in fact actually includes it. Let p, ,
be a representation of G on a finite-dimensional real vector space V. As we
have noted, if a basis is chosen in V, this determines a C*® homomorphism of

G into Gl(n, R), n = dim V, a special case is p = Ad with V' = g.

©
i
Q
~

Ve Wi )Y L ) SV Al a 1 , b 1 . oL oy
{3.9) Theorem If G is compact and connected and p is a representation of G
on V, then there is an inner product (u, v) on V such that every p(g) leaves the
inner product invariant :

(p(g)u, p(g)v) = (u, v).

Proof Let ®(u. v) be an arbitrary inner product on ¥ and, given a fixed
u ve ¥, let f(g) = ®(p(g)u, p(g)v), thus defining a C* function on G. Then
we define
P
vy =1 Jgrs
‘G
with Q denoting the bi-invariant volume element. The linearity of the inte-
gral implies at once that (u, v) is bilinear, and it is clearly symmetric in u, v
since the integrand is. Moreover (u,u) > 0, and equality implies u = 0, by
virtue of the fact that f(g) > 0 on G with equality holding if and only if the
integral vanishes. Finally, for a e G we have

(ol p(a)) = | Aplg)olam, p(g)plap)Q

- J.G D(p(ga)u, p(ga)v)Q = ‘[Gf(ga)g-

But by the same argument as in the previous proof, this is equal to
{6 f(g)Q = (u, v). This completes the proof. If we let p = Adand ¥ = g, we
obtain Corollary 3.7 as a special case. |

We could state this result as follows: Each p(g) is an isometry of the
vector space ¥ with the inner product (u, v). Since the matrix of an isometry
of ¥ relative to an orthonormal basis is an orthogonal matrix, we have the
following corollary concerning the representations of a compact group.

(3.10) Corollary Relative to a suitable basis of V, the matrices representing
every plg) are orthogonal.
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Theorem 3.9 is very important in the representation theory of compact
Lie groups. We shall say that W < ¥ is invariant if it is invariant for every
linear transformation p(g). The representation is irreducible if V contains no
nontrivial invariant subspaces; if each invariant subspace W has a com-
plementary invariant subspace W, such that ¥ = W@ W', then the re-
presentation is said to be semisimple. In this case it is easily verified that
V=W @ - ®W, where the W, are invariant irreducible subspaces.

re i

Applying Theorem 3.9 gives an important resuit.

(3.11) Corollary If p is a representation of a compact connected Lie group
G on a finite-dimensional vector space V, then it is semisimple. Moreover
V=W, ® - @®W,, where for i + j the subspaces are mutually orthogonal
and each is a nontrivial irreducible subspace.

Proof If V is irreducible, there is nothing to prove. If ¥ contains a
nontrivial invariant subspace W, then its orthogonal complement W+ is also
invariant: Let we W' and let ve W. Then (p(g)v, p(g)w) = (v, w) = 0. Thus
p(g)w is orthogonal to p(g)v for every ve W. Since p(g) is nonsingular, this
means that p(g)w is orthogonal to every element of W and must then be in
W: Hence ¥V = W@ W*, a direct sum of complementary invariant sub-
spaces. Repeated application of this argument gives the final statement of the
corollary. |

(3.12) Example It is easy to see that there are representations of noncom-
pact connected groups which do not have the property of complete reducibi-
lity, hence cannot leave an inner product invariant. For a simple example
consider p: R — GI(2, R) acting on ¥ defined by

o= (o )

Then p(t) acts on V2, the space of all (§), x, ye R,

o)-(5 )57}

The subspace (§) is invariant but has no complementary invariant subspace.

Exercises

1. Show that a Lie group G has a bi-invariant volume element Q ifand only
if it is possible to choose a basis Xy, ..., X,, of T,(G) such that the matrix
representation g — (x;,(g)) corresponding to Ad(g) lies in Si(n, R), that
is, det(x;{g)) = +1 for all ge G. Give an example of sucha G which is
not compact.
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2. Show that if the adjoint representation of G is irreducible, that is, there is
no nontrivial subspace V < T,(G) which is invariant under Ad(g) for all
g, then any normal subgroup H < G has dimension 0 or n (= dim G).

3. If Vis a finite-dimensional vector space over R and GI(¥) denotes the
group of all nonsingular linear transformations of ¥ onto ¥, then GI(V)
is a group, isomorphic to Gl{n, R), n = dim ¥, with the isomorphism
resulting from a choice of basis. Show that the C* structure on GI(¥)
obtained from such an isomorphism is independent of this choice.

4. In Exercise 3 let V' = g, the Lie algebra of a Lie group. Prove that the
subgroup Aut g, consisting of all elements of Gl/(g) which are isomor-
phisms of g, is closed in Gl(g). Assume that each o € Aut g is given by F
where F: G —» G is an automorphism and show that Ad(G) is a normal
subgroup of Aut g.

5. Show that the connected component of the identity G, in any Lie group
G is an open and closed set and a normal (Lie) subgroup. Show also that
if G4 has a bi-invariant volume element or Riemannian metric, then the
same is true of G if G is compact.

In the following three exercises let G be a connected Lie group and H a

a o an and sdanas ACCA el can TUOQ T
closed (Lxe) subgmup of G and use the notation and ideas of Section IV.9. In

particular, we denote by n: G — G/H the natural projection and by i: G x
G/H — G/H the natural, transitive, left action of G on G/H.

6. Let o denote the coset H as a point of G/H and let A’ denote the action of
H on G/H, obtained by restriction of A to H. Show that for each he H,
4y: G/H — G/H leaves o fixed and that the correspondence h — 1, is a
representation of H on Ty(G/H).

7. Using n,: T,(G) » To(G/H), show that Ty(G/H) is naturally isomorphic
to g/h and that if these spaces are identified by this isomorphism, then
the adjoint representation of G on g, when restricted to H, induces on
a/b the same representation as the one above.

8. Showthat M = G/H has a G-invariant Riemannian metric if H is
compact.

4 Manifolds with Boundary

The problems we wish to consider when we deal with integration make it
useful to introduce the notion of manifold with boundary, which we shall
define presently. Examples are a line segment or ray, a circular disk or
half-plane, a closed n-ball, a surface with an open disk removed, and so on.
Manifolds with boundary are important for other reasons too, for example,
to study differentiable deformations of differentiable maps from a manifold
M to a manifold N, we will need to define C* mappings from M x [ into N.
However, M x [I'is a manifold with boundary, for example, if M = S*, then
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M x I is a cylinder. What we must do, then, is extend our notions of differ-
entiable functions and mappings, of tangent space and tensor field, and so
on, to these slightly more general objects. In the definition of manifold with
boundary the half-planes H" play a role analogous to that of R" for ordinary
manifolds.

Let H" = {x = (x', ..., x")e R"| x" > 0} with the relative topology of R",
and denote by dH" the subspace defined by ¢H" = {xe H"| x" = 0}. Then
JH" is the same space whether considered as a subspace of R* or H"; it is
called the boundary of H". Of course all of these spaces carry the metric
topology derived from the metric of R", and dH" is obviously homeomorphic
to R* ! by the map (x!,...,x* 1) > (x',...,x"" 1, 0}.

Remembering now that differentiability has been defined for functions
and mappings to R™ of arbitrary subsets of R", we see that the notion of
diffeomorphism applies at once to (relatively) open subsets U, ¥V of H”;
namely, U, V are diffeomorphic if there exists a one-to-one map F: U - V
(onto) such that F and F~! are both C* maps. Although this sounds

- 1:1- +h 11 f
precisely like the earlier definition, it is broader since U, ¥ are not neces-

sarily open subsets of R", but are in fact the intersections of such sets with H".
If U,V <« R" — éH", then U and V are actually open in R" so that this

definition of diffeomorphism coincides with our previous one. On the other
hand, if U~ éH" + &, then we claim that ¥V néH" # ¢J and that
F(UNéH") < V ~n8H" Similarly, F~'(V ndH") < Un éH"; in other
words, diffeomorphisms on open sets of H” take boundary points to bound-
ary points and interior points to interior points. This follows at once from
the inverse function theorem: U — ¢H" 1s open in R" and hence £ must map
it diffeomorphically onto an open subset of R", but no open subset of H"
which contains a boundary point, that is, a point of ¢H", can be open in R".
Thus F(U — ¢H") < V — dH"and F~'(V — éH") = U — 0H". Since F and
F~ ! are one-to-one on U and V, the result follows.

We also notice the following two facts: First U n dH" and V n ¢H" are
open subsets of dH", a submanifold of R" diffeomorphic to R"~!;and F, F~!
restricted to these open sets in dH" are diffeomorphisms. Second both F and
F~' can be extended to open sets U’, V' of R” having the property that
U=U nH"and V = V'~ H". These extensions will not be unique nor are
the extensions in general inverses throughout these larger domains.
However, the derivatives of F and F™!' on U and V are independent of the
extensions chosen and we may suppose that even on the extended domains
the Jacobians are of rank n. These statements are immediate consequences
of the definition of differentiability for arbitrary subsets of R” and the fact
that the Jacobian of a C™* mapping has its maximum rank on an open subset
of its domain. Some further amplification of this situation is given in the
problems. The reader will find a complete discussion in Guillemin and
Pollack [1].
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(4.1) Definition A C* manifold with boundary is a Hausdorff space M with
a countable basis of open sets and a differentiable structure % in the follow-
ing (generalized) sense (compare Definition II1.1.2): # = {U,, ¢,} consists
of a family of open subsets U, of M each with a homeomorphism ¢, onto an
open subset of H” (topologized as a subspace of R") such that:

(1) the U, cover M;
(2) fU,, @, and Uy, @, are elements of %, then ¢, o @7 ' and ¢, © 5 *
are diffeomorphisms of @,(U n V) and ¢4(U n V), open subsets of H";

(3) % is maximal with respect to properties (1) and (2).

Examples are shown in Fig. VL.5.

(b)

A
(c)
Figure V1.5

The U, ¢ are coordinate neighborhoods on M. From the remarks above
we see that if g(p)e ¢H" in one coordinate system, then this holds for all
coordinate systems. The collection of such points is called the boundary of
M, denoted ¢M, and M — 0M is a manifold (in the ordinary sense), which
we denote by Int M. If 0M = ¢, then M is a manifold of the familiar type;
we call it a manifold without boundary when it is necessary to make the
distinction. The following theorem follows from the first of the two facts
remarked upon above.

(4.2) Theorem If M is a C* manifold (of dimension n) with boundary, then
the differentiable structure of M determines a C*-differentiable structure of
dimension n — 1 on the subspace 0M of M. The inclusion i: 6M — M is an
imbedding.
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The differentiable structure % on éM is determined by the coordinate
neighborhoods U, &, where U = U n M, p = @ |y s for any coordinate
neighborhood U, ¢ of the atlas % of M which contains points of dM.

Differentiable functions, differentiable mappings, rank, and so on, may
now be defined on M exactly as before by using local coordinates. By virtue
of the C* compatibility of such coordinate systems these concepts are
independent of the choice of coordinates. We leave the verification to the
reader. We also define T,(M) at boundary points of M. This could be dote
using derivations on C*(p) as before, but to avoid some slight complications
we use an alternative definition. First note that in the case of H" = R”, upon
which manifolds with boundary are modeled, we identify T.(H") with T,(R");
we may think of this identification as being given by the inclusion mapping.
For x e CH™, this defines what we mean by T,(H"). In the case of a general
manifold M, for p € M we define a vector X ,€ T,(M) to be an assignment to
each coordinate neighborhood U, ¢ of an n-tuple of numbers (!, ....a"),
the U, ¢ components of X, satisfying the following condition: If (x, ..., x")
and (3%, ..., y") are coordinates around p in neighborhoods U, ¢ and V, ¥,

then the components («', ..., «") and (8, ..., f") relative to U and V are
related by

=y ciy" o, i=1..n
g j; (5xj)¢(p) ’

(as in Corollary IV.1.8). What this does is attach to each pe M a T,(M) such
that each coordinate system U, ¢ determines an isomorphism ¢, taking X »
with components (o, ..., ") to the vector ) a'(é/Cx')e T,,(H"). As
previously E, ..., E, will denote the basis determined by o4 (E;) = ¢/cx,
i =1,...,n Having defined T,(M) on dM [it is already known on Int M,
which is an ordinary manifold], we may extend all of our definitions and
theorems to manifolds with boundary. In particular, exterior differential
forms and the exterior calculus is still valid on manifolds with boundary.
There is no essential change in the definitions or proofs.

For many purposes, in particular for our discussion of Stokes’s theorem
in the next section, we could use an (apparently) weaker, but closely related
notion.

(4.3) Definition A regular domain D on a manifold M is a closed subset of
M with nonempty interior D such that if pe éD = D — D, then p has a
cubical coordinate neighborhood U, ¢ with ¢(p) = (0, ..., 0), o(U) = CZ(0),
and o(U A D) = {x e C*(0)|x" > 0}; thus x" = 0 on 0D.

It follows that 8D is a regular submanifold. We remark that if D is
compact, then it is a domain of integration on M. It is a straightforward
matter to check that D, with the topology and differentiable structure induced
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by M is a manifold with boundary. All of our examples can be seen to be of
this type: H" and the closed unit ball B" are regular domains of M = R",
N x I is a regular domain of N x R, and the set D obtained by removing
from a manifold M a diffeomorphic image of an open ball is a regular
domain. Further examples are given in the exercises.

It is a fact—somewhat too difficult to prove here—that any manifold M
with boundary can be realized as a regular domain of a larger manifold M.
The basic idea is simple enough: one simply takes two copies of M, say M,
and M,, and “glues” them together along their boundaries, identifying
corresponding boundary points. The resulting manifold, called the double of
M, contains M as a regular domain. Figure V1.6 shows the doubles of the
examples of Fig. VL5 (which are shaded in Fig. V1.6). For details the reader

Figure VI.6

should consult Munkres [1, Section 6]. For regular domains it is simpler or
at least more intuitive to define the tangent space at boundary points and to
define the calculus of exterior differential forms, since we may do so by
restriction of the corresponding objects on M. This could be taken as further
evidence that the reader who wishes to carefully check the details of the
extension to manifolds with boundary of the concepts and operations we
have used for manifolds without boundary, will encounter no serious obsta-
cle. In fact, by definition M is locally diffeomorphic to H", which is a regular
domain of R".

We consider next the question of orientability. A manifold M with non-
empty boundary is orientable provided that it has a covering of coordinate
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neighborhoods {U,, @,} which are coherently oriented, that is,
U, n U, # Jimplies ¢, © @, ! has positive Jacobian determinant (or equiv-
alently, preserves the natural orientation of H"). This is equivalent to the
existence of a nowhere vanishing n-form Q on M. The proof is the same
except that when we speak of a partition of unity on M associated to a
regular covering {U;, V;, ;] we limit ourselves to a regular covering by
cubical coordinate neighborhoods concerning which we impose the follow-
ing slight restriction: if U, oM # F, then ¢{U;) = C3(0)mH and
@:(V)) = Ct(0) n H". With thls modified definition of regular covering we
still have a regular covering (by definition locally finite) refining any open

nnnnnnnnn ey «x
covering {4, of M and an associated C* partition of unity {f;} on M. We

remark that those U, ¥}, ¢; of th regular covering that mtersect JM deter-
mine a regular covering U NOM, V,=V,ndM, and §; = @, |p, of
&M and the associated partition of unity restricts to an associated partition
of unity {f; = fi|-u} on M.

(4.4) Theorem Let M be an oriented manifold and suppose 0 M is not empty.
Then &M is orientable and the orientation of M determines an orientation of
oM. In particular, this holds for D if D is a regular domain on M.

Proof Since éM is an (n — 1)-dimensional submanifold of M, its tan-
gent space at each point may be identified with an (n — 1)-dimensional

subspace of T( ); we denote this subspace by T,(@M). We shall show that
there is a distinction between the two half-spaces intG which T,(0M)divides
T,(M) which is independent of coordinates. Suppose that U, ¢ and V,  are
coordinate neighborhoods of p e #M with local coordinates (x' x") and
(', ..., y"), respectively. By our definitions of coordinates of boundary

points, the last coordinate x”, or y" is equal to zero if the point in U or V,

respectlvely, is on 0M, and positive otherwise. Writing y* = y'(x', ..., x"),
=1, ..., n, for the change of coordinate functions, we have
0= y"(x',...,x"1,0) so that (0)"/0x ), ="~ = (@y"/ox"" 1), = 0 for
every ge U ~ M. It follows that the Jacobian matrix then has the form
a 1 a n—1
oWty
ox ox
ayl ayn‘ 1
D o @ 1y — A - 0
(W @ ) axn— 1 6xn— 1
oyt ooy
ax" ox" ox" »(q)

Since the Jacobian is nonsingular, 0y"/0x" # 0 at ¢(q); in fact, it must be
positive. For let ¢(q) = (a', a?, ..., a" ', 0) and consider f(t), defined by
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f(r)=y™a',...,a"" ", 1). Then f'(0) = ()"/0x"),, can certainly not be neg-
ative since f(0) = 0 and f(tr) > 0 in some interval 0 <t < J; therefore
0y"/0x" > O at ¢(q) as claimed.

If U, ¢ and V, s are oriented neighborhoods of M, then D(y - ¢~ ') has
positive determinant so both ¢y"/éx” and the (n — 1) x (n — 1) minor de-
terminant obtained by striking out the last row and column have the same
sign. This minor determinant is exactly the determinant of D(y o '), the
change of coordinates from U= U N édM, ¢ =oplgto V=V noM,§ =y |;
on the submanifold éM. Thus the neighborhoods on dM determined by
oriented neighborhoods on M are coherent and determine an orientation on
M.

(4.5) Remark Using the notation of the proof, let ge U n ¥ be a bound-
ary point of M and let X, € T,(M). Because (0y"/0x™),, > O, it follows that
when we express X, in the coordinate frames of either U, ¢ or V, ,

Xl.' = alEl + -+ an‘lEnwl + anEn = .BIFI + 4+ .Bn_an—l + .BnFn>

then a” and B" have the same sign. (This fact does not depend on the coordin-
ates being oriented.) It follows that the vectors of T,(M) — (6M) fall into
two classes, those whose last component is pGSiuv:fw hich we call inward
pointing vectors at pe cM—and those for which the last component is
negative—which we call outward pointing vectors (see Fig. VI.7). Those for

\xr}'nr‘h ﬂ'\n last component varnchpc are taneent to ﬁ]\/f Thic r‘]qcmﬁr‘qhnn IC
t} IIIIII 6 AT ILLINALINV LS

independent of the orientation of M. The orientation above on dM could be
described as follows: If pe dM and X, is an inward pointing vector, then a
basis E;,..., E, 1y, of T,(0M)is oriented if and only if E, ,, ..., E(,_y),, X,
is an oriented basis of T(M). Whenever M is oriented, 6M will denote this
orientation on the boundary. For Stokes’s Theorem (below) it is convenient

Figure V1.7
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to use the opposite orientation :aM when n is odd. We will denote this
orientation on the boundary by dM. Thus ¢M = (—1)" oM

(4.6) Remark We have noted that there are difficulties in gluing two
manifolds with identical boundaries together along their boundaries. We
can, however, describe a special case which will give some idea of the impor-

tance of such operations. Let M, M, be two manifolds (without boundary)

of dimension n and let U,, g, be coordinate neighborhoods of points p,e M,,
i =1,2. We suppose that ip ( )=10,..., 0) and that ¢,(U,) = B3(0)in each

case and we set V; = ¢; '(B,(0)). Then M; = M, — V,i = 1, 2,is a manifold
with boundary, indeed ¢, (CM;) = §"~ The _m_a_mfold obtamed by gluing
M to M) along the boundarles is called the connected sum of M, and M, ,
denoted M, # M, (see Fig. VI.8). In order to define it without loss of
differentiability, we will actually remove only ¢~ (B, ,(0)) from each M; to
obtain M/, leaving in each U, a “collar,” C;= ¢; ' (B;,(0) — B,,,(0))
parametrized by (pfl{(x D=L, x"0lxl =1, y<t<3}, a diffeo-
morph of §*~1 x (3, 3). We identify pomts of C, corresponding to (x, f) with
those of C, correspondmg to(x,2 —1).

Any closed surface (compact 2-manifold) can be obtained as the con-
nected sum of copies of S? and T2 if orientable, P2(R) and T? if nonorientable
(see Wallace [1], Massey [1], and Hirsch [1]).

This whole procedure and ones similar to it have become very important
in the recent years and are intimately related to the attempt to classify or list
all simply connected n-dimensional compact C* manifoids—a problem
which was solved long ago for closed surfaces but is still unsettled in dimen-
sion three. Oddly enough there has been more success in higher dimensions!
It is not yet known whether there exist simply connected, compact, orient-
able manifolds of dimension three other than S*; that there are none is the
famous Poincaré conjecture. Similar questions in dimension > 35 were

Figure V1.8
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answered by Smale [1]. Milnor [3] has shown that every compact 3-manifold
can be represented uniquely as a connected sum of 3-manifolds which
cannot be further decomposed into connected sums.

——

[

Exercises
Let M be a manifold without boundary and /: M — R a C™ functi ‘1“
Suppose that df # 0 on f '(0) and show that M = {pe M| f(p) = O

is a regular domain of M. What is its boundary?
ILet C be an imbedded image of <l in PR3 Qhaw that the

2ot B all HHNULLULLG Uilagt Ul W 1l v L JuUW Lilat llu.n

such that N = | J, . ¢ B.(x) is a manifold with boundary. Show that it is
diffefomorphic to the solid torus. What can be said about the comple-
ment in R3 of N (the interior of N)?

Show that if M has a Riemannian metric, then there is a uniquely
determined vector field X defined at each point of ¢M such that X, is
inward pointing, is orthogonal to T,(¢M) for each pe ¢M, and has unit
length.

Show that if M is a manifold with boundary, then it is always possible to
choose a vector field X defined at each point of ¢M such that X is
inward pointing. Given such X and an Q on M which is an n-form
determining the orientation, then show that the form w = (—1)"~'(X)Q
determines the orientation of 6M and i(X)Q that of M. [i{(X)Q is defined
as in the Exercise of Section V.8.4].

Let M be a connected, closed, regular 2-manifold in R® such that R® — M
is not connected. Show that it is possible to define a continuous field of
unit normal vectors to M and that R®> — M has two components, each
with M as boundary.

Let U, V be open subsets of H* and F: U > V, G:V - U diffeomor-
phisms which are inverse to each other. Discuss the possibility of finding
extensions F’, G’ to open subsets U’, V' of R" containing U, V, respec-
tively, such that G'= F' = idy;, and F' - G' = id,..

icane >0
loulb/\l

('D

b Stokes’s Theorem for Manifolds with Boundary

We consider an oriented manifold M with possibly nonempty boundary

¢M, oriented by the orientation of M. We shall consider only oriented coor-
dinate neighborhoods U, ¢ in what follows. If U n éM # &, then we denote
by U,  the corresponding neighborhood U = U n M, § = @|c on oM.
All of the concepts used in defining the integral extend to M ; namely the
definitions of content zero, domain of integration, and so on. In particular
¢M has measure zero and, if compact, has content zero. This follows from
corresponding properties of dH" (and Corollary 1.14). A cube Q is associated
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with U, ¢ as in Section 2 unless U n ¢M # ¢, in which case we assume that
O has a “face” on 0M, that is,

QN éM)={xeR"|0<x' <1 and x"=0

3

In this case we note two facts: (a) § = @ n OM is a cube of @M associated

with U, g and (b) @ = ¢ '({xeR"0<x' <, 1 <i<n—1;0<x" < 1}),
that is, the interior of Q has a different image in R" than it has when
U < Int M.

Taking these minor modifications into account, the definition of jM Qis

exactly as in Section 2 and the integral of an integrable n-form has the same
nronertias ag before. Indeed. if M is 2 compact regular domain in a manifold

PLOPULULS ad ULIULT. 1HUOUUA, vi ls a LOolllpall Ieghiial Llligilr Al g8 224l

N, then it is necessarily a domain of integration in N and [, Q = j' ~ Ky Q50
there is nothing new to define in this case! The same comments apply to the
integral over a Riemannian manifold with boundary and to the definition of
vol M when M is compact.

Now suppose M is both oriented and compact and that w is an (n — 1)
form of class C' at least on M. We have an important relation between the
integral of dw over M and i*w, the restriction of w to éM (i: 6M — M is the
inclusion mapping). To simplify the statement of the theorem we let oM
denote #M, the boundary with the orientation induced by M, whenn is even
and — @M, the boundary with the opposite orientation when n is odd; thus
OM = (—1)" oM (cf. Remark 4.5).

(5.1) Theorem (Stokes’s theorem) Let M be an oriented compact mani-
fold of dimension n or a compact regular domain of an oriented manifold and let
&M have the orientation OM described above. Then we have

J do = J *w.
M ‘M

When éM = &, the integral over M vanishes.

Proof According to our definitions it is enough to establish the theorem
for an w whose support is contained in the interior 0 ofa cube Q associated
to a coordinate neighborhood U, ¢. Suppose w has its support in @ and
x!, ..., x" are the local coordinates. We may suppose that in these coordin-

ates w is expressed as

o Mw) = Y (1Y W dxt A ndd T AdT A A X",

i=1

Then we have

o~ *(dw) = dp” "Mw) = ( Y W) dx! A ndx"
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so that
"ogn ! Lo
‘[ da):JC (j;lé-}j) dv:;jo [ @dx d n‘

M

This follows from the definition of integration on M and the iterated integral
theorem. The expression on the right may be rewritten; consider the jth
summand only and integrate first with respect to the variable x’. This gives
an (n — 1)- fold iterated integral

1 1

if 1 j—1 j+ 1 "
(*) [ [P T L LX)
AIO IJO
i(x1, i—1 -1 1 T
_;1( . x/ Ox’ ")]dx -"dx’*"dx",
where we indicate by /]Yf that this differential is to be omitted. The sum of

a
these (n — 1)-fold iterated integrals for j=1,...,n gives [y dw if
supp( ) = . Two cases can occur: either Q n dM.= ¢, in which case
m(()) x[0<x <1, i= 17.,,_ ny; or QoM # ¥, in which case

= x|0<x'<1i—1. — 1,0 < x" < 1}. In the first case, using
supp o < 0, we see that AV = O if any x/ = 0, 1. Hence each of the inte-
grands in () vanish and {, dw = 0. On the other hand  restricted to M is
the zero (n — 1)-form since supp w < Q which has no points on ¢M. Thus
s dov = 0 = .4 i*w and Stokes’s theorem holds for this case.
In the second case we again have all of the integrands in (x) equal to zero
except the one corresponding to j = n; therefore

1 .
f dw = —[ J Afxt o xm T Oydxt e dx T L
M 0 0
On the other hand we may evaluate jaM i*w usmg the fact that i*w has its
support in § = Q N 8M so that its expression in the local coordinates U, ¢
(obtained by restriction of U, ¢) coliapses to

@ ¥ (*w) = (1) I2(x L XL 0)dxt A adX L

[We may obtain this from the expression for o by applying the correspond-
ing inclusion i: (x',...,x" ') > (x',...,x""!,0) in the local coordinates
and noting that i* dx" = 0.] This will give
1 1
{ Fo o= (—1)"""! f [ A, x" T 0)dxt e dxn T L

‘M 0 0

Thus, in the case where supp w = @ and Q N M # , we find that
[ do=(-1y] i*w:j'

‘M “éM TéM

with the right-hand integral over M when n is even and —J0M when n is
odd, that is, over oM. |
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When n =1, M = [a,b] = R and Stokes’s theorem is the fundamental
theorem of calculus. Green’s theorem and Gauss’s theorem are also special
cases, giving some idea of its great importance.

{m - a2

(5.2) Example (Green’s theorem) Let M be a bounded regular domain
of R?, that is, the closure of a bounded open subset of the plane bounded by
simple closed curves of class C*; for example, let M be a circular disk or

________ TLlawm AAL io thn
annulus. Then @M is the union of these curves (in the cases mentioned a

circle or a pair of concentric circles). If @ is a one-form of class C' on M,

then, using the natural Cartesian coordinates, we havew = adx + bdy. We
may supnpose hvy {‘lPﬁnlhnn of (‘hffPrPnflﬂhlth on arbnrarv qet% that a, b are

Ay Supposc, U QUi O LA eV 1 albilial

restrictions of C! functions on some open set containing M. We have
dw = ((8b/éx) — (a/dy)) dx A dy and by Stokes’s theorem

- (0b  Ca)
— — - |dxndy = d b dy.
J (5x ﬁy) xnay LMa X+ bdy
According to Remark 2.3, the left-hand side is the ordinary Riemann integral
over the domain of integration M = R?. On the other hand, if we think of
&M as a one-dimensional manifold and cover it with (oriented) neighbor-
hoods, it is clear that its value is that of the usual line integral along a curve
C (or curves C;) oriented so that as we traverse the curve the region is on the
left. (This is further discussed below.) Thus the equality above may be

written \
H (ﬂ — %) dx dy = Z[ adx + bdy,
y

i “C;
which is the usual statement of Green’s theorem.

(5.3) Example Let M be a regular domain of R*, that is, the closure of a
bounded open set bounded by closed C* surfaces. Examples are the ball of
radius 1, which is bounded by the sphere $?, or the region interior to a torus
T2, obtained by rotating a circle around a line exterior to it. Consider the
twoform w = Pdyadz + Q dzadx + R dxady, where P, Q, R are C'
functions on some open set of R* containing M. We have

P 0Q ©OR
do=|—+ =+ —|dxrndyndz
@ (6x+ dy * éz) x AL

and Stokes’s theorem asserts that
[ QR-I-aQ dX/\dy’/\dz—f Pdyndz + Qdzadx + Rdxndy.
m\ox  ady 5z oM

If we use Remark 2.3 and our definitions to translate this into a Riemann
integral over a domain and a surface integral over the boundary, respec-
tively, then we obtain the usual divergence theorem of advanced calculus.
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(5.4) Example A third example is obtained if we consider M to be a piece
of surface imbedded in R* and bounded by smooth simple closed curves, for
example, a sphere with one or more open circular disks removed, thus
sidered, by restriction, as one-forms on M or on M, any one-form w on M
may be written: w = A dx + Bdy + C dz, where 4, B, and C are C' func-
tions on M. In this case Stokes’s theorem asserts that

oC 0B 04 oC cB ¢4
ooz et T2 dxady
J.M (0y 62) dyndz + (82 Gx) dzndx + (6x 8y) xna)
=| 4dc+Bdy+Cdz
YEM

The integral on the left-hand side may be converted by the procedure used in
defining integrals of forms on manifoids to an ordinary surface integral over
the surface M in R* and that on the right to a line integral. When this is done
one obtains the usual Stokes theorem of advanced calculus.

Often these examples of special cases of the general Stokes theorem are
stated in terms of vector calculus and vector operations such as gradient,
divergence, and curl. To establish the equivalence would require use of the
duality between vectors and covectors and other such relations on R" which
use the fact that R" is a Riemannian manifold. Basically these stem from the
natural isomorphism of a Euclidean vector space and its dual (and its exten-
sion to a duality between covariant and contravariant tensors). We do not
need these operations in what follows so they will not be taken up here;
some indications are given in the exercises.

It is important to note that the version of Stokes’s theorem proved above
is deficient in the following sense: it holds only for smooth manifolds with
smooth boundary. Thus, for example, our proof does not even include the
case of a square in R? or an open set of R® bounded by a polyhedron. The
difficulty in these cases is not so much with the analysis and integration
theory, as with describing the regions of integration to be admitted and with
giving precise definitions of orientability and induced orientation of
the boundary. The search for reasonable domains of integration to validate
Stokes’s theorem usually leads to the concept of a simplicial or polyhedral
complex, that is, a space made up by fastening together along their faces a
number of simplices (line segments, triangles, tetrahedra, and their generali-
zations) (Fig. V1.4) or more general polyhedra (cubes, for example). Since it
can be shown (see Munkres [1]) that any C* manifold M may be “trian-
gulated,” which means that it is homeomorphic (even with considerable
smoothness) to such a complex, the integral over M becomes the sum of the
integrals over the pieces, which are images of simplices, cubes, or other
polyhedra as the case may be (compare Remark 2.7). The strategy is then to
reduce the theory (including Stokes’s theorem) to the case of polyhedral
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domains of R". This approach is particularly important for those interested
in algebraic topology and de Rham’s theorem. It is very clearly set forth, for
example, by Singer and Thorpe [1] or Warner [1].

For many purposes, integration of forms over C! (but not one-to-one or
diffeomorphic) images of simplices and polyhedra in a manifold is very
useful. Some idea of how this works is given in the following example.

(5.5) Example (Line integrals in a manifold) Let [a, b]l=1€R)|
a <t < blandlet F: [a, b] = M be a C! mapping whose image is, then, a C'
curve S on M. If w is a one-form on M, we define ¢ w by

E 3

f' [ P
Q)=l r~w.

JS *la. b}
This is called the line integral of w along S. In general S is not a submanifold
of M ; it can be very complicated. However, the right-hand side is the integral
of a one-form, F*w = f{t)dt, on a one-dimensional manifold with bound-
ary; thus i b

; w= ,f f(e) dr.

~S ‘a
Exactly as for line integrals in R", we may prove that the value of the integral
does not depend on the parameter as long as the orientation of S is preserved
(Exercise 5). Thus the integral of w over an oriented C' curve S of M is

defined. When we reverse the orientation, traversing § in the opposite sense,

it changes the sign of the integral. We write [_gw = —{s w.
More generally, let S be an oriented continuous and piecewise differen-
tiable curve, that is, we consider S to be a union of curves S, S,, ..., S, such

that each S, is C! and the terminal point of S; is the initial point of §;,
(terminal and initial point make sense since we are dealing with oriented
curves). Then we define the integral over S by

thus extending to this case the definition of line integral on a manifold. This
definition reduces to the usual one when M = R”. In fact we could have used
that as a starting point by subdividing the curve S on an arbitrary manifold
into a finite union of C! curves S, each in a single coordinate neighborhood
and evaluated the integral over each S; in local coordinates, that is in R™.

(5.6) Example Consider the special case w = df, where fis a C* function
on M. (This implies that dw = 0.) In this case the value of the line integral
along the piecewise differentiable curve S from p to g is given by

| & =1 =10

In particular, it is independent of the path chosen. The verification is
Exercise 1 at the end of the section. Note that if p is held fixed, then f(g) is
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given at each g by adding f(p) to the value of the line integral along any
piecewise C' curve from p to g. Thus fis determined to within an additive
constant by the line integral (assuming M connected).

e~ Arinmtad mianagrion

l llC ldhl lllal a \uuc) uucglal Uf a ch-fuuu w OVEr an Oricniica }JICMCWIDC
differentiable curve § has been defined enables us to state Stokes’s theorem
for a polygonal region Q of R* bounded, as it is, by an oriented piecewise

urve S = 8Q. We carry this out for the unit square.

(5.7) Theorem Let o be a C' one-form defined on Q = {(x, y): 0 < x < I,
0 <y < 1} and let S be the boundary of Q traversed in the counterclockwise
sense. Then {o dw = s w.

Proof Let w = adx + bdy, where a, b vanish outside Q and are C'
functions on Q. Then dw = ((8b/0x) — (fa/éy))dx Ady on Q and by
Remark 2.3,

11

cb

Ay
¢

C})‘ po8)
R

)dxdy
/

U
g
Il
—
—

-

o) ‘0 0
1

= jo [6(1, y) = b(0, y)] dy — | [a(x. 1) — a(x, 0)] dx

0

The orientation is that given by the standard coordinate system in R%. On
the other hand the integral over the boundary is

.‘w= | adx + bdy
*s i=1"§;
1 1 4] 4]
= [ a(x,0)dx + [ b(1,¥)dy+ | alx, 1)dx + | b, y)dy.
0 Y0 1 1

This is because dy = 0 on the vertical sides and dx = 0 on the horizontal
ones. (See Fig. VI.9.) Comparing the values of the integrals shows that the

theorem is true. 1
y
{0, 1) 53 {1, 1
(0, 0) S, (1,0 x

Figure VI.9
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We remark that this essentially mimics our earlier proof, and from the
procedure used it is clear that we could state and prove this theorem for
rectangles of any dimension and even for triangles, tetrahedra, and other
simplices although in these cases, as we mentioned, some machinery is neces-
sary to describe proper orientations on the faces.

Exercises

1. Prove the formula of Example 5.6 for j s df by first proving it for curves
of class C' which lie in a coordinate neighborhood.

2. Evaluate the line integral of @ = x?y dx + x dy on M = R? along the
radial path from (0, 0) to (1, 1) and along the path consisting of the
segments (0,0) to (1,0) and (1,0) to (1, 1). Determine whether this
integral is independent of the path.

3. Show that all line integrals of @ = Pdx + Qdy + Rdz in R’ are
independent of the path only if the vaiue of the integral over any ciosed
(piecewise C!') path is zero. Use this and Stokes’s theorem to obtain a
condition on P, Q, R which is sufficient to show independence of the
path. [Assume o is defined on all of R*]

4. In Example 5.3 let M be the unit ball and 0M the unit sphere. If P = x2,
0 = y?, and R = z?, compute both sides of the equation giving Stokes’s

5. Suppose that S is an (oriented) C* curve on a manifold M given paramet-
rically by a mapping F: t+— F(t), a <t < b of [a, b] into M. Suppose
t = f(s), ¢ < s < d is a change of parameter on S. Show that the valuc of
the line integral over S of any one-form w is unchanged if /'(s) > 0, that
is, if the orientation of G = F - f'is the same.

6. Prove Stokes’s theorem for a triangle in R? and a cube in R>.

6 Homotopy of Mappings. The Fundamental Group

One of the most basic ideas used in the study of mappings from one
space to another is that of homotopy. Two mappings are said to be homo-
topic if one can be “deformed” into the other through a one-parameter
family of mappings between the same spaces. Sometimes further conditions
are imposed on the family of mappings as we shall see. The basic definition
can be stated as follows.

(6.1) Definition Let F, G be continuous mappings from a topological
space X to a topological space Y and let I = [0, 1], the unit interval. Then F
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is homotopic to G if there is a continuous mapping (the homotopy)

H: X x1->Y
rhu' ch t}'cﬁes thn r'r\nrhfvnnc F(v\ — ”(v n\ anr“ F(x) — !—I(x 1) fo[ au
xeX. IfX and Y are manifolds and F, G are COO we define a C* or smooth
homotopy by requiring that H be C* in addition to the conditions above.

-
<
-

We remark that H,(x) = H(x, t) does indeed define a one-parameter
family of mappings H;: X —» Y,0 <t < I, with F = Hyand G = H,. The
formulation of the definition emphasizes the simultaneous continuity in
both variables ¢ and x.

Some brief comments on the C® case: If X = (#, then X x I is a
regular domain of X x R and is a manifold with boundary. Indeed,
X xI)=X x {0} u X x {1}, so C* is perfectly well defined. If 0X + 7,
then X x I is not a manifold with boundary [consider X = B3(0), the closed
unit disk, for example]. However, it is a reasonably nice domain of X x R
which is a manifold (with nonempty boundary), so only minor technical
problems arise. We remark however, that when both X and Y have non-
empty boundaries, there are cases in which it is natural to require that
H(0X)c dY for 0 <t < 1, which is closely related to the generalization
below.

When the class of continuous maps from a space X to a space Y is
considered in its entirety, then homotopy of maps forms an equivalence
relation, and for many purposes it is the equivalence class of the map that is
important and not the particular representative. We shall illustrate this in
great detail in a special case, namely X = I, the unit interval. Before doing
this we mention a useful generalization of our definition: Suppose (X, A)
and (Y, B) are pairs consisting of spaces X and Y and closed subspaces
A< X and Bc Y. Consider F, G: X - Y continuous maps such that
F(4) = Band G(A) = B; F and G map the pair (X, A4) into the pair (Y, B)
continuously. We say that F and G are relatively homotopic if there exists a
continuous map H: X x I — Y such that H(4 x I) = B, H(x, 0) = F(x),
and H(x, 1) = G(x). We have added to Definition 6.1 the requirement that
H,(A) < Bfor 0 <t < 1. When 4 = (J = B, the definition reduces to the
original one. We will write F ~ G to indicate that F and G are (relatively)
homotopic; we justify this notation as follows.

(6.2) Theorem Relative homotopy is an equivalence relation on the contin-
uous maps of (X, A) into (Y, B) for any topological spaces X and Y and closed
subspaces A and B, respectively.

Proof The relation is reflexive since H(x, t) = F(x) is a homotopy of
F(x) with F(x). It is symmetric as well; given a homotopy H(x, t) of F to G,
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then H(x,t) = H(x,1 —t) is a homotopy of G to F. Finally, suppose
F, ~ F, and F, ~ F; by homotopies H, and H,, respectively. Then we
define H(x, t) a homotopy of F, and F; by

s H(x, 2t), 0<r<i

H(x’ [) =1 ) ' 1 .

|Hy(x,2t = 1), t<r<l
It is easily verified that H(x, t) is continuous, and that all these maps take 4
into B for every t between 0 and 1 inclusive. We leave the C* case to the
exercises. I

Homotopy of Paths and Loops. The Fundamental Group

As a first application of the concept of homotopy we will consider homo-
topy classes of continuous maps of the unit interval [ = [0, 1] into a mani-
fold M. A map f: I - M of this type is called a path, f(0) its initial point, and
f(1) its terminal point. We shall consider homotopy classes of paths under
the additional restriction that the homotopy keep initial and terminal points
fixed, that is, H(t, 0) and H(t, 1) are constant functions.! This is exactly rela-
tive homotopy for (1, {0, 1}) and (X, {b, d}),b = f(0),d = f(1). Given a mani-
fold M, fix a basepoint b on M and consider the paths with b as initial point.
If b is also the terminal point, then the path is called a loop; thus a loop is a
continuous map f: I - M such that f(0) = b = f(1). We denote its homo-
topy class by [ f], meaning always relative homotopy. Among these classes is
that of the constant loop e,(s) = b, 0 < s < 1. If this is the only homotopy
class and M is connected, then we say M is simply connected this means that
every loop at b can be deformed over M to the constant loop. It is rather
easy to see (Exercise 1) that this property does not depend on the choice of b
and is equivalent to the statement that any closed curve (continuous image
of $') may be continuously deformed to a point on M.

Paths, loops, and their homotopy classes are very useful in the study of
spaces from the point of view of algebraic topology, for an important objec-
tive is to assign algebraic objects, such as groups, to spaces in such a way
that they depend only on the topology of the space, that is, are invariant
under homeomorphism, and thus “ measure " topological features. We shall
illustrate this process in this chapter for the case where our spaces are
manifolds. The restriction to manifolds is not essential but is for convenience
only.

If M is a connected manifold and £, g are paths on M with the terminal
point f(1) coinciding with the initial point g(0), we may clearly combine
these to a single path h after readjusting the parametrization; in fact,

1
h(S) — f(ZS), (1) =s5s= 2>
g(zs - 1)’ 2 S S S 1’

" In our notation, here the first variable of H is the deformation parameter &.
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is obviously a continuous map h: I — M traversing the image of f followed
by that of g. We shall call this the product of f and g, denoted f * g. This
product has the following properties with respect to (relative) homotopy:

(i) f+(gxh)~ (f*g)=h

(i) Let f(1)=b=g(0) and suppose f =e,. Then e,*g ~ g. Sim-
ilarly, if g = e,, then f % ¢, ~ f.

(iii) Iff; ~f,and g, ~ g,, thenf; g, ~f, % g>.

(iv) If g(s}=f(1 —3s), and a=f(0), b = f(1), then fxg ~ e, and
gxf~e

vy I F:M-N is continuous and f'=Fof, g = Fog, then
(f*g)y=1"»

The verification of most of these properties is left as an exercise. In each
case a homotopy H(t, s) having the given properties must be constructed ; as
a sample we verify (ii). By definition e, * g(s) = b for [0, 4] and e, * g(s) =
g(2s — 1) for [, 1]. We define H(s, t) in the following way:

b, 0<s<i(l—1) and 0<t<1,
H(t, 5) (25 — 1+ 1

Ve )
It is useful to see how this map H: I x I — M maps various portions of the

nnit canara 1 Fie. VI.10 Tha chade rii ic mannad Anta b —
unii squard in r'ig. viav. 1iad shaded POrtion 1S mappesa oMo ¢ = y\u, and

each horizontal segment in the unshaded part, as for example the dotted line,
is mapped onto the image of g with the parametrization modified propor-
tionately. For property (iv) for f = g we have a diagram as in Fig. VI.11 with
the base mapping according to f = g, the top and two sides mapping onto a
and the top and two sides of each inner square going onto f(3(1 —t)) =
g(3(1 + 1)). In verifying properties (i), (ii), and (iv) (Exercise 7) such diagrams
are useful.

We are now ready to give an example of a group “assigned ” to a mani-
fold M, the fundamental group of M (at the basepoint b). It is an important

o << 1
S = 1.

IA

f1 _ &)
(1-1)

[ ST

11 11
g (a,n a (1,9
\\\ II”
\‘\ /
g 4 o N / a
AY I3
M ’
3, /
s ' !
oo \ ’
Ay ’
: ‘\vll
(0,0) g 1,0y = {0,0) f b g (1,0) s

Figure V1.10 Figure VL11
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algebraic invariant of a topological space or manifold and is often called the
Poincaré group after one of the founders of algebraic topology.

(6.3) Theorem Let n,(M,b) denote the homotopy classes of all loops at
be M. Thenn,(M, b) is a group with product [ f)lg] = [f* g] If F: M - N is
continuous, then F determines a homomorphism F,: (M, b) - 7,(N, F(b))
by F,[f]1=1[F > f] If G is homotopic to F relative to the pairs (M, b) and
(N, F(b)). then F, = G, . Finally, when F is the identity mapping on M, F,
is the identity isomorphism, and (F - G), = F, o G, for compositions of con-
tinuous mappings.

Proof The product is well defined since (iii) above assures us that
[f * g] is independent of the representatives f and g chosen from [ f]and [g].
By (i) it is associative; and (ii) and (iv) give the existence of an identity [e,]
and inverse. Thus n,(M, b) is a group. It follows from (v) that F: M — N
induces a homomorphism F,, and the last statement of the theorem is
immediate from the definitions. Finally if H: M x I — N is a homotopy of F
and G, then H(t, s) = H(f(s), t) is a homotopy of the loops Fo f and G- f;
hence F,[f]=G,.[f]. 1

We have some immediate corollaries, the first of which spells out the
meaning of the statement that the fundamental group is a topological
“invariant.”

(6.4) Corollary If M, and M, are homeomorphic by F:M, > M, and
F(b,) = b,, then F is an isomorphism of the corresponding fundamental groups
my(My,by) = ny(M,, b))

Proof If F: M, - M, is the homeomorphism and G: M, - M, its
inverse, then F, and G, are isomorphisms, since F, - G, and G, » F, are the
identity isomorphisms by the last statement of the theorem. |

If the identity map of M to M is homotopic to the constant map of M
onto one of its points b, then M is said to be contractible (to b). For example,
any open subset of R" which is star-shaped with respect to a point b is
contractible since H(x, t) = (1 — t)x + tb is such a homotopy. For contrac-
tible spaces we have the following:

(6.5) Corollary If M is contractible to b, then n(M, b) = {e}, the identity
element alone. It follows that M is simply connected.

Proof If fis a loop at b, then it is homotopic to the constant loop e, by
H(t,s) = H(f(s),t). This shows that =, (M,b)={1}. To deduce simple
connectedness from this is exactly Exercise 1. It is even simpler to prove it
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directly from the definition using again the mapping H. Of course, there are
simply connected spaces which are not contractible, the sphere $", n > 1,
being the simplest example (see Corollary 7.14 below). |

An interesting application of these ideas arises when we consider line
integrals along piecewise differentiable paths on M. Let w be a one-form on
M and suppose p, ge M. If S|, S, are two such paths of M from p to g it is
natural to ask whether or not

| W= . .

S vS2
One knows that in general they are not equal, even in very simple cases (see
Exercise 10). However, the standard theorems of advanced calculus on
independence of path may be generalized to manifolds with essentially the
same proofs. We shall state the results and sketch the proofs.

(6.6) Theorem Let w be a one-form on a manifold M such that dw = 0
everywhere, and let S,, S, be homotopic piecewise differentiable paths from
peM toge M. Then

Is, ’s,

Proof (in outline) 1If S, and S, are C! curves homotopic by a differ-
entiable mapping H of I x I into M, then this result is a straightforward
application of Theorem 5.7 (Stokes’s theorem for the unit square. In the
general case the (continuous) homotopy H of the piecewise differentiable
curves must be altered as follows. First I x I is subdivided by vertical and
horizontal lines (Fig. V1.12) so that it is differentiable on each boundary
segment and so that H carries each subrectangle Q,; into a single coordinate
neighborhood U. Then the techniques of Theorem V.4.8 are used to alter H
successively to a homotopy H which is differentiable on each Q, ;- From this
point the proof follows the usual one of advanced calculus. The argument
is as follows:

The new homotopy H maps the edges of the square Q = I x I into the
paths S;, g, —S,, p, respectively, as we go around dQ counterclockwise. The
images of the left and right vertical edges are the constant paths p and q. (See
Fig.V1.12.) Since the line integral of w over a constant path is zero, we have

J‘ITI*w:Jw+J a)=[w—fa).
oQ S1 -52 “51 S2

On the other hand, it is easy to check that if we denote the oriented squares
of the subdivision by Q,;, then line integrals over the same path in opposite
directions cancel out, and we have

f A*o =Y, [ H*w.

2Q

i, J *0Qi;
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!
(0, 1) (1N
UJ
G| U O} U 4
N1 Lo,
Oy

Figure V1.12

By Theorem 5.7 and the remarks preceding it,

J‘ H*w =J dA*w.
Since dH*w = H* dw = 0, we see that s, @ — f5, w = 0, which was to be
proved. ]

Just as in the case of domains of R", this theorem has the following
corollary:

(6.7) Corollary Let w be a C* one-form on a simply connected manifold M
and suppose that dw = O everywhere. Then there is a C* function fon M such
that w = df. If f and g are two such functions, then f — g is constant.

Proof We choose a fixed basepoint b e M and define fat any pe M by
choosing a piecewise differentiable curve S from b to p and setting
f(p) = s . Theorem 6.6 assures us that this defines a function on M. The
remainder of the proof deals with purely local properties; we must show that
fis a C* function with the property that df = . If we show the latter fact, it
will follow that fis C* because we have assumed o to be C*. Changing the
basepoint changes f by an additive constant—the integral of @ along the
path between the old and new basepoints—hence does not change df at all;
therefore it is enough to show that df = w at the basepoint. Let U, ¢ be a
coordinate neighborhood of the basepoint b. We suppose that x!, ..., x"are
the local coordinates and that ¢(b) = (0, ..., 0) and ¢(U) = B7(0) and we let
f(x!, ..., x") denote the expression for fin local coordinates. Then denoting
o in local coordinates by » = a;(x)dx" + -+ + a,(x) dx", we have, by
definition

f(x) =J a(x)dx + o + o, (x) dx7,
C

the line integral along any path C from (0, ..., 0) to (x', ..., x"). We must
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show that ¢f/dx’ = a;, j = 1,..., n, at x = (0, ..., 0). However, this is im-
mediate from the definitions:
1
(jf) = tim  (f(0, b, 0) = [0, ., 0)
Xo  n-o
h
=lim | 40,...,x"...0)dx’
h-0Ttvp
= O(J-(O, ey 0)
This completes the proof, except for the last statement, which is obvious:
d(f — g) = ® — o = 0 so that f — g = constant on the (connected) mani-

We remark that in terms of the expression of @ in local coordinates,
dw =0 is equivalent to (fo;/0x’) — (Bo;/0x*) =0, 1 < i, j < n. For one-
forms on R", this is usually stated by saying that the curl of the vector field

o, (6/0x") + -+ + a,(0/0x") associated to w vanishes (see Apostol [1]).

The concept of fundamental group and the techniques of this section are
intimately related to the notion of covering manifold and of properly discon-
tinuous group action on a manifold and will allow us to complete the study
of these phenomena, begun at the end of Chapter II1. We will do this in the

last section of this chapter.

Exercises

Prove that a necessary and sufficient condition that every closed curve
in a connected space M be continuously deformable to a point is that
n,(M, b) = 1 for some be M.

Let a, b be points of a connected manifold M and show that =,(M, a)
and 7;(M, b) are isomorphic.

Show that =n,(M x N,(a,b)) is naturally isomorphic to
n,(M, a) x n,(N,b).

Show that 7,(S!) = Zand n,(S?) = {1}. Use this to show that S* and T*
are not homeomorphic. [To show r;(S?) is trivial one must show as a
first step that any loop at N, the north pole, is homotopic to one
contained in the punctured sphere $% — {x} (where x is a point distinct
from N).]

Show that if G is a connected Lie group, then n,(G) is Abelian. Use e as
basepoint.

If F, G: M — N are continuous maps of C* manifolds, F is homotopic
to G, and F(p) = g = G(p); then F, (n,(M, p)) and G, (n,(M, p)) are
conjugate subgroups of n,(N, q). [Note: We do not assume that the
homotopy H of F and G is constant on p.]
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7. Verify properties (i)-(v) used in the proof of Theorem 6.3.

8. Prove that if we use only piecewise differentiable paths and piecewise
differentiable homotopies to define 7, (M, b), the group obtained is the
same as when continuous paths and homotopies are used.

9. Show that C* homotopy of C* mappings of M to N, manifoids
(without boundary), is an equivalence relation on the set of such
mappings.

10. Show that on R? the following integrals depend on the path chosen:
(a) the line integral of = y dx + dy from p = (0,0) to g = (1, 1),
(b) the line integral of @ = (—y/r?) dx + (x/r?)dy, r* = x* + y* [in

the latter case, we exclude (0, 0}}.

In either case is dw = 07

7 Some Applications of Differential Forms.
The de Rham Groups

It is our purpose in this section to obtain a few results about manifolds
which are traditionally in the domain of algebraic topology. We do not
assume a knowledge of this subject, but we have mentioned briefly in the
Exercises to Section V.8 the following definitions, with some consequences
which follow from the results of that section.

(7.1) Definition A k-form ® on a manifold M (with possibly nonempty
boundary) is said to be closed if dw = 0 everywhere and is said to be exact if
there is a (k — 1)-form # such that dn = .

We recall some facts about the operator d and apply them here. Let
Z*(M) denote the closed k-forms on M; since Z“(M) is the kernel of the
homomorphism d: AYM) — A¥*1(M) it is a linear subspace of /\*(M).
Similarly the exact k-forms B“(M) are the image of d: A\*™'(M) — A\X(M)
and thus a linear subspace. Moreover d = 0 implies that B{(M) = ZX(M)
which allows us to form the quotient H*(M).

(7.2) Definition The quotient space HY(M) = Z*(M)/B*(M) is called the
de Rham group of dimension k of M. 1f n = dim M, we denote by H*(M) the
direct sum

H*(M) = HM) @ - ® H"(M).

Note that H*(M) = Z(M)/B(M), where Z(M) and B(M) are the kernel
and image of d: A\(M) — A\ (M), respectively (and the direct sums of the
Z*(M) and B“(M), k = 0, 1, ..., n). Although called de Rham groups, H"(M),
k=0,...,n=dim M, are actually vector spaces over R and, in fact, it is
easy to verify that H*(M) is an algebra with the multiplication being that
naturally induced by the exterior product of differential forms. This follows
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directly from the basic property of d which asserts that when ¢ e A" (M),
¥ € /\*(M), then
dlory) =dony + (—1fprdy

(from which it follows that Z(M) is an algebra containing B(M) as an ideal).
The great importance of the de Rham groups and the de Rham algebra
H*(M) stems from de Rham’s theorem, which we state in somewhat
abbreviated and imprecise form, for its general interest.

(7.3) Theorem There is a natural isomorphism of H*(M) and the cohomo-
logy ring of M under which H*(M) corresponds to the kth cohomology group.

Since we do not assume any knowledge of algebraic topology the coho-
mology groups will not be defined here, nor will any proof of this important
theorem be attempted. The reader is referred to Warner [1] and the refer-
ences found there. We do remark, however, that among the consequences are
the facts that whenever M is compact the dimension of H*(M) is finite and
that in any case H*(M) together with its structure as an algebra are topolo-
gically invariant, that is, if M, and M, are homeomorphic, then H*(M ) and
H*(M,) are isomorphic as algebras. Finally we mention that the duality
which appears in algebraic topology between homology and cohomology
groups of a space extends to a duality of homology groups and de Rham
groups via integration and Stokes’s theorem—a further motivation for the
earlier sections of this chapter. Of particular interest to us is the fact that we
can use these de Rham groups, without using algebraic topology, to obtain
interesting results about manifolds. Samples are given below and in the
following section.

It is a basic property of differential forms that a C* mapping
F:M, > M, defines a corresponding homomorphism F*: /\(M,) -
A(M;). Since F*d=dF* it follows that F*ZM,)) < ZM,) and
F*(B*(M;)) = B¥M,). Therefore F* induces a homomorphism, which we
also denote by F*, of HY(M,) into H*(M,). Since F* is an algebra homomor-
phism on forms, F*: H*(M,) - H*(M,) is also an algebra homomorphism.
In summary, with the above notation we have the following lemma:

(74) Lemma A C® mapping F: M, - M, induces an algebra homomor-
phism F*: H*(M,) — H*(M,) which carries H"(M) (linearly) into H*(M,)
Jor all k. If F is the identity mapping on M, then F*: H*(M) — H*(M) is the
identity  isomorphism. Under composition of mappings we have
(G o F)* = F*o G*.

Using this lemma, we can obtain a weak version of the invariance of
H*(M) under homeomorphism mentioned above.
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(7.5) Corollary If M, and M, are diffeomorphic manifolds, then H*(M,)
and (H*(M ) are isomorphic as algebras.

Proof Let F: M, —» M, be a diffeomorphism and F~!its inverse. Then
F %o F* — (Fo F !)* and F* o F~'* = (F~! o F)* are both the identity
isomorphism, hence F* is an isomorphism with inverse F~ 1% |

Although the groups H*(M) are difficult to compute using only the tools
which we have available, which do not include algebraic topology, we can
obtain information in special cases—information which we can then use in
some applications.

(7.6) Theorem Let M be a C* manifold with a finite number r of compo-
nents. Then H*(M) = V", a vector space over R of dimension r.

Proof /\°(M) consists of C*-functions on M and Z°(M) of those func-
tions f for which df = 0. There are no forms of dimension less than zero so
B°(M) = {0} and H(M) = Z°(M). We have seen previously that df = 0 if
and only if fis constant on each component M, ..., M,. Thus H°(M) =
{(a1, ..., a): a;€ R}, where (ay, ..., a,) corresponds to the function taking the
constant value g, on M, i=1,... r |
(7.7) Remark For M = {p}, a point, \*(M) = {0} if k # 0 and A°(M) =
R. We define dw = 0 for all forms w. It follows that H°({p}) = R, {p} being a
zero-dimensional manifold; this determines the de Rham groups of a point

space—since A\*({p}) = 0, H*({p}) = 0 for k > 0.

As an immediate consequence of Corollary 6.7 and Theorem 7.6, we have
the following theorem:

(7.8) Theorem If M is a simply connected manifold, then H°(M) = R and
H'(M) = {0},

Proof Suppose o is a closed one-form on M, that is, dw = 0. Then there
exists a function f on M such that df = w, thus o is exact. Since every closed
one-form is exact, H'(M) = {0}. H°(M) =~ R since M is connected. 1

In addition to this information concerning H°(M) and H'(M) we may
also prove the following statement concerning the highest-dimensional
de Rham group H"(M), n = dim M.

(7.9) Theorem Let M be a compact orientable manifold of dimension n with
OM = F. Then there is a natural homomorphism of H"(M) onto R. In
particular, H(M) # {0}
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Proof Since dim M = n, every n-form on M is closed; hence Z"(M) =
/\"(M). Define a homomorphism h: Z"(M)—>R by h(Q) =, Q If
Qe B(M), then Q = dow for some we A"~ '(M). Since oM = ¢, it follows

from Stokes’s theorem that

h(Q)=h(da))=Jv dwzjv w =0,
M oM

Therefore h determines a homomorphism #': H'(M) — R. Let Q, be a volume
element on M. Then h(Qg) = f,, Q, # 0 by Theorem 2.2. Thus, by suitable
choice of a constant ¢, we can make h{c€2)) = ¢ fu &, take any real number as

value. Hence h and K’ are onto. |

The Homotopy Operator

In order to obtain some further results concerning de Rham groups we
will introduce a special operator .#, the homotopy operator. Let A = R" be
such that A4 is the closure of the interior of 4. We have in mind regular
domains, cubes, simplices, or their interiors. Note that I x 4 is the closure of
an open set, its own interior, in R x R* = R**'. When 4 is not open, a C*
k-form w on A is the restriction to 4 of a k-form @ on an open set U > A—by
definition of differentiability of functions (in this instance its components) on
A. Our restrictions on 4 ensure that all derivatives of any C* function f on A4
are defined at every p € 4 independently of the open set U and extension f
which may be needed to define them at boundary points. This is a conse-
quence of the continuity of all derivatives of f on U and of the fact that every
pe A is either an interior point—where the derivatives are already defined
without any f—or the limit of interior points. It follows that for a C* form

on A, dw is defined, even at boundary points.

(7.10) Definition The homotopy operator .# is defined to be an R-linear
operator from A**'(I x 4) - A¥(4). On monomials .# is defined as fol-
lows: If @ =aft, x)dx" An---Adx™', we set .Fo=0; and if
w = aft, x) dt Adx" A+ A dx™ we define .#w by

I = (L

Having been thus defined for monomials, we extend .# to be R-linear on
AT % A) with values in A\¥(4

1

alt, x) dt) dx'UA - A dx

We will denote by i,: A — I x A the natural injection i,(x) = (¢, x) and
then w, will denote ifw; in particular w, = i¥w and w,; = ifw. With these
definitions and notations we find that .# has the following basic properties.
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(7.11) Lemma The homotopy operator .9 : \¥**(I x A) = AM(4) in addi-
tion to being R-linear has the following properties:

(i) it commutes with C* functions which are independent of t;
(ii) for all we \*"'(I x A) it satisfies the relation

Fdo +dfow =w,; — wg .

Proof 1f fis independent of ¢, we may consider it both as a function on
I x A and on 4. Since it is independent of ¢ it can be moved through the
integral sign in the definition of .#, thus .ffw = ffw.

For the second property we must verify the equation directly; it is
enough to do so for monomials since d, .#, if, and if are all R-linear. First
we consider the case where @ does not involve dt, in other words
o = a(t, x) dx' A+ Adx*t. Then fw = 0 so that dfw = 0 and . do is
given by
1

0
Fdw = ([G ﬁ—o;

dt) dxitn- o Adxr = (a1, x) — (0, x)) dx" A A dxet,

But the right side is then exactly ifw — i§w = ©; — wo, which thereby
establishes the equality for this case.

Now suppose that w = aft, x) dt Adx"* A+
see that

I Adxit A A dxi,

4 il

0=

do = —
i

(1
A

0

r\ d
/

‘o
ox’

On the other hand using the Leibniz rule to differentiate under the integral
sign (see Exercise 1.6), we may compute d.#o:
1

dfw = d(j a(t, x) dt) dxit A A dx
0

" 1 Oa . ; ;
= j; (fo @dt) dxi Adxt A A dxt
Adding these expressions we see that .# do + d.#® = 0. On the other hand
since i* dt = 0 = i% dt, we have 0 = ifw — ifw = 0; — w,. Thus in all

cases (ii) holds. |

We continue to denote by A a subset of R” which is either open or is the
closure of an open set, and we use Lemma 7.11 to obtain Poincaré’s lemma.

(7.12) Lemma If A is star-shaped, then HY(A) = {0} for all k > 1. Hence
H*(A) is isomorphic to the cohomology ring of a point. In particular, this holds
for A=R"
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Proof We recall that A is star-shaped if it contains a point O such that
for any pe A4, the segment Op lies entirely in 4. By suitable choice of coordin-
ates we may suppose that O is the origin. We define H: I x 4 - A as

H(t, x, ..., x") = (tx', ..., x").

If wis a k-form on A, then H*w is a k-form on I x A. In the definition of .#
we defined iq: x - (0, x) and i,: x — (1, x); therefore H < iy: 4 - {0} and
Hei: A— Ais the identity. For k > 0, i¥(H*w) = 0 since /\*({0}) =0for a
point space {O}. Thus,

BV S8 8 £ RN VaRrra et PROUNEENN Y@ 8§ RN
af{rn*w) + £ ald™w) = i7{11" W),
so that if dw = 0, then dH*w = 0 and
dlmH*w = (H.i Yo —
_ (Heoi*o =w.

Therefore every closed k-form w on 4 isexact if k > 1. If k = 0, then we may
use the fact that 4 is connected to see that H°(4) =~ R. ]

In fact, the homotopy operator .# can be defined and used under more
general hypotheses. We have supposed that A4 is a particular type of subset of
K", but it is possible to extend the definition to manifoids with or without
boundary. As a sample we shall prove the following theorem.

VR b A N 3 N T s KA 3 AT L 0 2T d ] i o ARA X
\I.IJ} 1neorem et Vi dna (v e © manyoiad dna aS>SUme vivi = .
Suppose that F and G are C* mappings of M into N which are C* homotopic.
Then the corresponding homomorphisms F* and G* of H*(N) into H¥(M) are

equal.

Proof We shall use our previously defined operator .# to construct a
similar operator .#: /\** (I x M) — /A\YM). First we note that M may be
covered by a collection of coordinate neighborhoods, U;, ¢; with ¢,(U,) =
Bi(0), n=dim M and i =1, 2,..., for which we have a subordinate C®
partition of unity { f;}, supp f; = U;. Then any (k + 1)-formw on I x M can
be written as a sum of forms with supportin I x U,

fiow on U,
w=> w w; =
0 on M —supp f.

This sum is, of course, finite on a neighborhood of each pe M. We may
consider f;, or any functions on M, as being also functions on I x M which
are independent of 2. We define .# to be additive so that Fw = Y Fw,, which
leaves only the problem of defining .# on forms with support in one of the
neighborhoods I x U,.

When o has support in a neighborhood I x U, where U, ¢ is a coordin-
ate neighborhood with ¢(U)= B}(0), we proceed as follows. Let
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@: 1 x U— I x B(0) be defined by ¢(t, p) = (¢, ¢(p)). Then define f on
I x U, using our previous definition of .# for I x B}(0), by S|y =
*(#(® '*w)), the # on the right side being the operator defined earlier,
and further, let #w = 0 on M — U. This defines a C* k-form on M, the
image ofa (k + 1)-formon I x M.By Lemma 7.11 for this form « we have the
relation Fdo + dFw = w, — w,. Now since #d + d.f is an additive oper-
ator, then for an arbitrary we \**'(I x M) we may apply the decomposi-
tion w = Y ; to obtain

qfd(,l) + d{ﬁw =¢¢dzw,+ df'za)i
= Z :ﬁ‘{ dﬂ)i + Z dty’{wi = L ((w,)l - (Cl)l')o)
=Wy — Wy
Finally, to compiete the pr
must show that G*«w — F*w i e
topy connecting F and G. Then F(p) = H(0, p) =

Iy M [ P Y P — nY o
Hoi,, wherei{p) ={t p)as

as was to be shown.

We say that a manifold M is C* contractible if there is a C* homotopy
H:I x M — M of the identity and a constant map, ie, for all ge M,
H(0, q) = g and H(1, g) = p, p fixed.

(7.14) Corollary If M is C™ contractible, then it has the cohomology of a
point space: H*(M) = {0} for k > 0 and H°(M) = R. In particular, a compact,
orientable manifold is not C* contractible.

Proof This follows from the theorem with M = N and Remark 7.7. For
the last statement, if M were C® contractible it would contradict Theorem
7.9. |

(7.15) Remark It is not difficult using theorems like Theorem V.4.8 to
extend many of the results here and below to the case of continuous maps and
homotopies.

Exercises

1. Let @ be a closed one-form on a compact manifold M. We define a
mapping F,: n,(M, b) = R by the following method. Let f: [0, 1] = M
be a piecewise C! loop S at b and denote by [ f] the corresponding
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element of n, (M, b). We define F,([f]) = |5 . Show that F, is a homo-

morphism whose kernel contains the commutator subgroup of the fun-

damental group.

Compute H*(S') and H*(M). where M is a Mobius band.

3. Let M be a manifold, N a submanifold of M, and R: M - N a C*
mapping which leaves N pointwise fixed. Show that R*: H*(N) -
H*(M) is an injective homomorphism.

4. Let M =M, x M, and let P;: M - M, be the natural projections.
Show that P¥*: H¥*(M,) - H*(M) is an injective homomorphism.

T~ A — AAINY Adonnte tho ihalgalra of differantial forme o
LCI, /\\1!’1}‘—/\\1!’1} UiV LiIvw ouualéuuxa Ul ulll\tl\lllllﬂl 1wl v

compact support. Show that H¥(M) may be defined analogously to
H*(M) and is naturally isomorphic to a subalgebra. Prove that if M is

connected and not compact, then ”O(M\ !0}

!\)

IS
1

wn

8 Some Further Applications of de Rham Groups

In this section we use the information on de Rham groups accumulated
in the previous section to obtain some very interesting facts which one
customarily demonstrates by use of algebraic topology. In particular, it is
proved here that there is no vector field on 5? which does not vanish at some
point—a fact to which we have frequently alluded. In a very beautiful little
book, Milnor [2] has shown how many purely topological results can be
obtained by differentiable methods. Using this idea and the results of
Section 7, we give a demonstration of the Brouwer fixed point theorem,
following the author’s note (Boothby [1]).

We begin our proof of this last mentioned theorem by establishing a
lemma. Let D" denote B7(0), the closed unit ball in R", Then D" is a manifold
with boundary, 6D" = §"~'. (For another proof, see Milnor [6].)

(8.1) Lemma There is no C* map F: D" — ¢D" which leaves ¢ D" pointwise
fixed.

Proof Suppose that there existed such a map F and let G denote the
identity map of ¢D" — D". Then F = G = I, the identity map of ¢D" — ¢D".
This implies that G* - F* = (F < G)* induces the identity isomorphism on
H*(¢D"). Therefore the homomorphism F*: H"™ Y(¢D") — H"™'(D") must be
injective, that is, ker F* = {0}. Since H"~ !(D") = {0} by Poincar¢’s lemma, it
follows ker F* = H"™'(¢D") and therefore that H*~'(¢D") = {0}. However,
because ¢D" = §"” !, an orientable and compact manifold without bound-
ary, Theorem 7.9 shows that H"~!(¢D") = H" '($"~ ') # {0}. This contra-
diction implies that no such map F exists. ]

Using this lemma we may establish (as in Milnor [2]) a very well-known
theorem of algebraic topology, the Brouwer fixed point theorem.
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(8.2) Theorem (Brouwer) Let X bea topological space homeomorphic to
D". Then any continuous map F: X — X has a fixed point, that is, for each F
there is at least one xo€ X such that F(xo) = xo.

ough to prove the theorem for

¢ a homeomorphism, and let F: X — X be any contin-

uous mapping. If H '« FoH:D"— D" has a fixed point y,, then
xo = H(y,) is fixed by F.

Moreover, even in the case of D", it is enough to establish the property
for C* maps F: D" — D" To see this we suppose every such C* map has a
fixed point and assume there is some continuous map G- D" — D" which has
no fixed point. Then ||G(x) — x| is bounded away from zero on the
(compact) set D", and we may find an & > 0 such that |G(x) — x|| > 3e.
Using the Weierstrass approximation theorem (Lemma V.4.9), or the
approximation theorem given in Exercise 2, we approximate G to within &
by a C* mapping G,; then [[G(x) — G,(x)| < & for all xe D" However,
since the values G,(x) are not necessarily in D" for every x € D", we replace
G, by F(x) = (1 + &)7'G,(x). Clearly F(x) is defined and C* on D" and
F(D")< D". Since [G(x)| <1, it follows that |G (x)] <1+ ¢ and
|F(x)|| <1 for all xe D" Thus F maps D" into D" and is C*. For xe D",

1G(x) — F(x)| = |G(x) = (1 + &)~ 'G1(x)]
(1 + &) 'eG(x) + G(x) — G (x)|
e G(x)| + |G(x) — Gi(x)| = 2.

From these inequalities we obtain a contradiction to the assumption that
every C* map F: D" — D" leaves some point fixed. Namely, for every x € D"
we have

IA

|F(x) = x| = [(G(x) = x) = (G(x) = F)[
IG(x) — x| = [G(x) = Fix)]

> 3¢ —- 2 =¢.

v

This contradiction shows that if every C* map of D" to D" has a fixed point,
then so must every continuous one. The proof of the theorem is then
completed by the following lemma. |

(8.3) Lemma If F:D"— D" isa C* map, then F has a fixed point.

Proof This is again a proof by contradiction. We suppose there exists
an F: D" — D" which is C® and has no fixed point. We shall use F to
construct a C* map from F: D" —» D" which leaves D" pointwise fixed.
Namely, given x € D", let F(x) be the boundary point obtained by extending
the segment F(x)x past x to the boundary of D" (Fig. VI.13). In particular, if
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x € D", then F(x) = x and, in any case, F(D") = éD". To see that F is C* we
express F explicitly using vector notation in R". Namely, F(x) = x + Au,
where x denotes the vector from (0, ...,0) to x = (x!,..., x"), u is the unit
vector directed from F(x) to x and lying on this segment, more precisely,

x — F(x)
[x — F(x)II”

I

and where 2 = —(x, u) + [1 — (x, x) + (x, u)*]'”? denotes the length of the
vector on u with initial point x and terminal point F(x) on ¢D". Since F is
C*, it is easy to check that F is C*. Figure VI.13 represents the intersection
of D" with the 2-plane determined by three points: the origin 0, x, and F(x).
The scalar /2 is the unique nonnegative number such that ||x + Au = 1.
Since F is C*, u is C*, so wherever the expression under the radical is
positive, then F(x) is also C*. However, 1 — (x, x) > 0 with equality only if
xe 8" '; and (x, u)* > 0 with equality only when u is orthogonal to x, that
is, when x — F(x) is orthogonal to x. However, (x, u) = 0 cannot occur
when (x, x) = 1, that is, on a point of $"~ !, since in this case F(x) would be
exterior to D". Thus 1 — (x, x) + (x,u)? > 0 on D" and F is C*. The exist-
ence of F contradicts Lemma 8.1, so F has a fixed point, which completes the
proof of Brouwer’s fixed point theorem. |

As another application of these ideas we prove the following theorem
concerning the antipodal map A(x) = —x on the unit sphere $”~! of R™.

(8.4) Theorem If n is odd, then there is no C* homotopy between the anti-
podal map A: S"~' — 8" ! and the identity map of S" .

Proof The sphere is an orientable manifold, in fact we may define the
oriented orthonormal frames of T,(S"™') at each xe $"~! in the following
fashion. Each x € "~ ! determines a unit vector x = Ox, and the elements
of T,(S"~ ') correspond to the vectors in the orthogonal complement of x. If
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e,. ..., e, , is an orthonormal frame of T,(S"~ ') in the induced metric of R”,
then x, ey, ...,e,_, is an orthonormal frame of R"—we use the natural
parallelism to identify vectors at distinct points of R". Two frames,
e, ...,e,_,ande), ..., €,_y,at x will be said to have the same orientation if
the corresponding frames x. e, ...,e,-, and x, €y, ..., &,_; do. Then from
the canonical orientation of R" we obtain an orientation of S"~ ! by choosing
as oriented that class of frames for which x, e,, ..., e,_, is an oriented frame
of R". This is exactly the orientation dD" introduced in connection with
Stokes’s theorem. Let Q be the unique (n — 1)-form on 5"~ ' which takes the
value +1 on all oriented orthonormal frames e,,...,e,_;. Since 4:S" ! -
S"~ 1 is the restriction to §* ! of a linear, in fact an ortnogonal map of R" its
Jacobian is constant and just the map A itself. Thus under 4 the frame
e,,...,e,_, at x goes to the frame —e,,..., —e,_, at —x. Itis clear that this
will be oriented according to our orientation of $”~ ' if and only if 71 is even s0
that x, e,,...,e,_; and —x, —e,..., —e,_, are coherently oriented frames
of R". Therefore A*Q = (—1)"Q and when n is odd, Q = — A*Q.

TC b L o o £700 P R Pat NAMan
If there were a C® homotopy connecting A4 and the identity, then
1

Q — 4*Q must be exact by Theorem 7.13. Since the integral over §"~
exact form is zero by Stokes’s theorem, this means that when n is odd,

2{ o=| (@-a)=0
v§n—1 vSsn—1
But this is impossible since the integral over $"~! of the volume element is
positive. [For an alternative proof see Exercise 3.] : |

We shall deduce two consequences. First, recall that although we have
discussed orientability of manifolds at some length and have shown that
some manifolds are orientable, for example, S"~! = dD", we have never
presented an example of a manifold which cannot be oriented. We shall
remedy this omission now.

(8.5) Corollary Real projective space P"(R) is not orientable when n is even.

Proof Suppose that it is; we know that $” is a (two-sheeted) covering
manifold of P*(R) which can thus be obtained from S" as the orbit space of
the group of two elements Z, acting on S”. This action is obtained by letting
the generator of Z, correspond to the antipodal map 4 (Example ITL.8.2). If
Q is a nowhere vanishing n-form on P"(R) and F: " — P"(R)is the covering
map, then F*Q = Q* is a nowhere vanishing n-form on §". Moreover since
F-A=F we see that 4*Q* = Q* which is not possible since A reverses
orientation if n + 1 is odd. Thus P*(R) is not orientable when n is even. |}

(8.6) Theorem If n is even, then there does not exist a C*-vector field X on
S™ which is not zero at some point.
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Proof We suppose that such a vector field exists and show that this
implies that the antipodal map 4 and the identity map I on S" are C*
homotopic. Let X be a C*-vector field on S” such that X is never zero. Then
X/HXH is a C”-vector field of unit vectors \wc use the induced metric of

R""') so we may suppose to begin with that | X|| = 1 on $™.If x is a point of
S", let X, be the corresponding vector of the field. Treating R”*! as a vector

snace and fhln](ln(! of x as a radius vector. we have (X Xx) =0 for every x,

et X0 LAk A AS G orQlaius YULLUL,

and we define the homotopy H:§" x1- 8" by
H(x, t) = (cos nt)x + (sin nt)X .

Then H(x, t) is C* and, since |[H(x, t)| = 1, it defines a map of S" — §" for
each t. Thus H(x, 0) = x and H(x, 1) = — x as claimed. However, the exist-
ence of such a homotopy when n is even contradicts the previous proposi-
tion; therefore in this case no such vector field exists. |

(8.7) Remark We have noted previously that when n is odd, then the

vector field X, assigning to x = (x*, x%, ..., X", x"* 1) §" the unit vector
0 0 0 0
X =x2’ _xl +"'+X"+1 _
x axl axz axn axn+l

orthogonal to x defines a nowhere vanishing field of tangent vectors to ", It
follows that in this case 4 is homotopic to the identity.

The de Rham Groups of Lie Groups

We shall briefly touch on a special case of considerable interest in the
theory of de Rham groups; in fact it is the case which may have led to their
discovery. We suppose that G is a compact connected Lie group, for example
SO(n), and that 0: G x M — M is an action of G on a compact manifold M.
As usual 6, denotes the diffeomorphism of M defined by 0,(p) = 6(g, p). A
covariant tensor ¢ on M, in particular an exterior differential form, is said to
be invariant if 0} ¢ = ¢ for each g€ G. Since d{6}¢) = 0}(de) for every form

@ (Theorem V.5.2), we see that if ¢ is invariant, de is also. Let ]\"(M denote
the subspace of AM) which consists of all invariant k-forms. Then
d( \H(M A"* M) as we have just seen; and we may define Z*(M) =
lpe /\" | dp = 0} and BYM) = d(/\H(M)) = ZX(M), the closed invar-
iant forms and “invariantly exact” forms of degree k. We then make the
following definition.

(8.8) Definition The invariant de Rham groups of M, denoted by HYM),
are defined by H*(M) = Z*(M)/B*(M).

We note that the natural inclusion i of /\{(M) in A\¥(M) takes Z“(M) into
Z¥M) and BYM) into B*(M) and hence induces a homomorphism
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i,: (M) — H*M). In order to study this homomorphism we define an
R-linear operator 2: A*(M) — NAK(M). If @ € A\¥(M), then let Q denote the
bi-invariant volume element for which vol(G) = 1 and define Z¢ by

This operator has the following properties:

(89) Lemma_2 takes a k-form to an invariant k-form, that s,
PN\ M)) = N(M). Moreover,

(i) if o e N(M), then 2 = o;
(i) 2 =2d

Proof 1t is easy to check that Z¢e A"(M ) and in fact is G-invariant:

X PO(X1s s Xi) = PO X 1s s 0y Xi) = | 030(0ay X1, - 00y X,)Q
‘G

Py

= | OHOro(X 1. XQ = | O50(X 1o XS
G ‘G

- ; 0*(Xy, ..., X)Q
G

The fact that P¢ is C* and (i) are ¢onsequences of the Leibniz rule for
differentiating under the integral sign. If ¢ is G-invariant, then 0Fp = ¢ for
all g € G, or more precisely at each pe M,

9;('09(9,.0)(‘)(117’ “"ka) = (pp(le’ [REE ka)'

From this it follows that

PO(X 1. Xi) = | OF0(Xy, o X,)Q = o(Xy ... X)) | @
i ‘G

Since | Q = 1, ¢ = ¢ and property (i) are established. 1

The lemma leads to the following result for G, M and H KM ) as described
above:

(8.10) Theorem The homomorphism i,: H*(M)— H'(M) is an isomor-
phism into for eachk =0, 1, ..., dim M.

Proof Suppose that [@] is an element of A*(M) and that  is a closed
invariant form on M belonging to the class [3]. In order to show that i, is
one-to-one we need only see that if = do, o€ /\*"'(M), then ¢ is the
image under d of an element of A“‘ (M), that is, that if @ is exact, then it is
“invariantly exact.” This follows from Lemma 8.9 since
& =Pp =P do = d(Pc) and Poe \H{M). |



8 SOME FURTHER APPLICATIONS 287

(8. 11) Remark It is also true, but somewhat harder to prove directly, that
iy is onto, that is, HX(M) is isomorphic to H*(M) for all k. For details the
reader is referred to Chevalley and Eilenberg [1] or Greub et al. [1].

This theorem, coupled with the remark, enables one to reduce to alge-
braic form many questions about the cohomology of homogeneous spaces.
In particular, computation of the de Rham groups of such a space can be
converted to a problem concerning representations of the isotropy subgroup
of a point. Consideration of these interesting questions would take us too far
afield, however we touch very briefly on one special case.

vLLil iviay

(8.12) Lemma Let @, be a covariant tensor of order r on T,(G), where G is a
connected Lie group. IfAd g*®, = ©,, that is, if ®, determines a bi-invariant
tensor on G, then for any X, ..., X,, Z e g, we have

[Z.X]....X,) =

Z O(X,. ...,
Proof Let ® denote the bi-invariant covariant tensor on G determined
by ®.. Given Zeg, a left-invariant vector field on G, we have seen
(Sections IV.5 and IV.6) that Z is complete and that the one-parameter
group action 6: R x G — G which it determines is given by right transla-
tions by the elements of a uniquely determined one-parameter subgroup
g(t) = exp tZ by the formula §, = R,,,. We have previously (Theorem 1V.7.8)
established the following formula for C*-vector fields on a manifold (in this
case on G):
Xop) =~ X}

— 1%

o1
[Z, X],=1lim [0
t—o f
If we suppose that p = e and that X is a left-invariant vector field, then
[Z. X]is just the product in the Lie algebra g. If we identify g with 1,(G), we
may write

[Z, X] = hm [Rq( g X — Xl

t—0

Since @ is bi-invariant, R* y® — © = 0; thus forany X, ..., X, eq,

g(—t

PRy X1 s Ry X)) — O(X,, ..., X,) = 0.

g( — )k T gl — D%

Adding and subtracting ®(X,,...,X,_;, R,_,,X; Rg(-tx Xp) =1,

,,,,,

, r, then multiplying by 1/t and letting t — 0, we obtain the formula.

(8.13) Corollary Every bi-invariant exterior form on a Lie group G is
closed.
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Proof Let o be an exterior differential r-form. If w is left-invariant and
X, Xgs.. . X,y are left-invariant, then, using a caret to denote missing
terms,

n <~ N - s FRYA X 7T
do(X (..., Xppe )= 2, (=17 X0y, ..., e Xpr1)
i=1

+ .Z (— Do Xp X1 Xes o X X X i):

i<j
We previously established this formula for r — 1 {Lemma V.84). The
method of proof in the general case is the same (compare Exercise V.8.3).
The first term on the right vanishes since @ and X, j = 1,...,r+1 are
left-invariant, the second as a consequence of the lemma. |

Now we suppose that G acts on itself by both left and right translations.
More formally, let G = M and let K = G x G, the direct product of Lie
groups, and define 6: K x M — M foreachxe M = Gandk = (9,,9,)e K
by

Ok, x) = g1xgz ' (=Ryz1< Ly (X))

Then the K-invariant forms @ on G are exactly the bi-invariant forms.

(8.14) Corollary Each bi-invariant r-form on a compact, connected, Lie
group G determines a nonzero element of H'(G).

Proof By Corollary 8.13 each @€ H'(G). that is, each bi-invariant
r-form is closed. We know that if it is exact, then it must be of the form da
with & bi-invariant. But then it is zero, by ihe corollary again, since do = 0.

(8.15) Example Consider any compact, connected, non-Abelian Lie group
G, for example, SO(n), the orthogonal matrix group (with elements of deter-
minant + 1) for n > 3. We claim that H*(G) # {0}. We consider that the
exterior three-form o(X, Y, Z) = ([X, Y], Z) on G; (X, Y) denotes the bi-
invariant inner product. Since X, Y € g implies that [X, Y] is left-invariant
and since Ad(g) is an automorphism of g, it follows readily that ¢ is bi-
invariant. The alternating property of ¢ follows from [X, Y] = —[v, X]
together with the symmetry of (X, Y). By Corollary 8.14, ¢ is closed and if 1t
is not zero, it determines an element of H3(G). Suppose that ¢ = 0. Then for
all X,Y,Zeg, we have o(X,Y,Z)=(X,Y],Z)=0 In particular,
(X, Y],[X, Y]) = Oso that [X, Y] = Oforall X, Yegq. This means, accord-
ing to Section IV.7, that the one-parameter groups of G commute. It follows
that there is a neighborhood U of e which consists of commuting elements.
By the connectedness of G it follows that the elements of U generate G,
which is therefore commutative, contrary to assumption. This means that ¢
determines a nonvanishing element [¢] of H*(G).
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Exercises

1. Let 4 be a closed subset of the metric space R" and /> 4 - R a contin-
uous bounded function. Show that there is a continuous extension of f to

P Y Y P
GH Gf R \1 lbLLC Ul_ybUllll CAlCllblUll llleUlClll’

2. Given 6 > 0, let gs(x) be a nonnegatlve C® function on R" such that
supp g, < B3(0) and {» gs(x) dx! --- dx" = 1. Let fbe a continuous func-
tion defined on an open suuset U and let K be compact with K < U.
Given & > 0, choose 6 > 0 so that: (i) § is less than the distance from K
to R"— U and (ii)for ||y| <é and xe K, | f(y + x) — f(x)] <e.
Show that

lc a f‘x f‘nnphnn 3pd tha‘ lg(

3. Prove Theorem 8.4 by using on form Q obtained by restricting
Yo (=1 T dxt A /\dxf“/\dx’ YA adx"to S" L

4. Show that if n is odd, then P"(R) is orientable.

5. Show that there exists no continuous vector field on S, n even, which is
nowhere zero.

6. Using Remark 8.11, prove that if G is a connected compact Lie group of
dimension n, then H(G) = R.

7. Using Remark 8.11 compute H¥(T"), k = 0, 1, ..., n. Give a formula for
dim H¥T") (as a vector space over R).

8. Define the center ¢ of the Lie algebra g of the compact connected Lie
group G by ¢ = {Zeg|[Z, X] = 0VX € g}. Prove that it is a subalgebra
and that if Z e ¢, then exp ¢Z is in the center of G. Show that if ¢ = {0},

then A4(G) = {0},

76}
:
+':I"

9 Covering Spaces and the Fundamental Group

The 1deas involved in paths, loops, their homotopies, and the fundamen-
tal group of a manifold M, which were discussed in Section 6 have an inti-
mate connection with the covering spaces of M and with properly
discontinuous groups, which were considered much earlier (Sections I11.8
and II1.9). Clarifying this relationship will enable us to complete the discus-
sion of Chapter III in several important respects.

Suppose in what follows that M is a manifold, M a covering manifold,
and F: M — M the (C*) covermg mapping. If X is a topological space and
G: X —» M a continuous mapping, then a continuous mapping G: X — M is
said to cover G if Fo G = G; we also say G is a lift of G. For example, if
fi1—> M is a path or loop, then f: I — M is a path which covers it if
Fof(ty=f(t)for0 < t < 1.Ifa coveringfof a given path fexists at all, then
it is uniquely determined by its value on a single point, say by f(0). More
generally, with the notation above we have the following results.
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(9.1) Lemma If F: M — M is a covering and X is a connected space, then
two (continuous) mappings Gy, G,: X — M covering a continuous mapping
G: X — M agree if they have the same value at a single point x,€ X.

Proof let A = {w: X: G {r\ = GZ(Y“ Then A is closed by continuity
of G, and G,. A is also open, for if xedand if Uis a nelghborhood of
G, (x )= G,(x v) such that F | U is a diffeomorphism of U to M, then it follows
that G, and G, must agree on the openset V = G '(U) ~ G5 }(U). In fact if
yeV, then F - G 1(y) = F = G,(v) by hypothesis; but since G 1y )andG (v)
are in U; on which F is one-to-one, they must be equal. Finally since A4 is not

empty and X is connected, 4 = X. |

(9.2) Theorem Let f:1— M be a path in M with initial point b = f(0). If
F: M — M is a covering and b € F~'(b), then there is a unique path f in M with

initial point f(0) = b which covers f(t).

Proof Uniqueness is a consequence of the previous proposition. To

........................... - & 1 P T

prove existence we siippose 0 =t < t;, << ¢, =1 is any partition of I
such that for each i, f([t;, t,, ;]) lies in an admissible neighborhood V; with

respect to the covering. The existence of such a partition follows from the
compactness of I and the continuity of f We let f'fﬂ\ = b and let hc M

LULLpabLiIves V£ Gau uiav VUL uILy

denote a point over b, that is, F(b) = b If Uy is the unique connected
component of F~ Y(V,) containing b, then we define f(t), 0 <t < t,, by
(&) = (FlU ) (f(r)). Thenf(t;)e U ~ U,, where U, is the unique com-
ponent of F- (Vz) contammg f ). This allows us to define f(t) =

(FI|U,) Y(f(t))forr; <1< t, and thus determine fon [t,, t,]. Clearly we
can continue in this fashion to define f on all of I. (See Fig. V1.14.) |

It is important to realize that not only a path but even a homotopy of
paths can be lifted to a covering M of M by this procedure.

Suppose that f,g: I - M are paths and H: I x I — M is a homotopy of f
and g, i.e., H(0,s) = f(s), H(1,s) = g(s), and F: M — M is a covering of M as
above.

(9.3) Theorem Given be M such that F(b)y=b = f(0) (=H(0,0), then
there is a uniquely determined homotopy H(t, s) with H(0,0) = b which covers
H(t,5), i.e., suchthat F - H = H. If H leaves fixed the endpoints of f and g, then
H leaves fixed the endpoints of the paths H, covering H(s) at each stage of the
homotopy.

Proof First suppose that H(I x I) < V, an admissible neighborhood on
M relative to the covering. Let U = M be the unique neighborhood in
F~ (V) which contains b. Then F|U:U — V is a diffeomorphism and
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Figure VI.14

Lifting a path from T2 to its covering R

= (F|U)~ ! H is the unique lift of H such that f(,0) = b. In the general
case we choose ¢ = 1/k sufficiently small so that by partitioning I x [ into k?
squares of side ¢, i.e., partitioning by lines t = i/k, s = j/k,i,j=0,1..... k, we
ensure that each square Q;; = {(t, 9)|i/k <t < (i + D/k, jlk <s < (j + 1)k},
0 <i,j <k — 1, lies in an admissible neighborhood V;;. This is possible since
H(I x I) is compact. We then proceed as follows: Deﬁne Hyo: Qoo = M so
that H,o(0,0) = b and F o Hy, = H|Qo0, using the method above. This lift is
umque and defines H,0(0,1/k) so we may define Hy:Q0, — M so that
Hy (0, 1/ky = Hyo(0,1/k) and F o « Ay, = H|Qy,. By uniqueness, Ho, = Hy,
on their common boundary Qq, N Qo,. Continuing in this way we define
Hoo» Hou ey Ho o

This deﬁnes a unique continuous lift A, of H restricted to the strip
{(t,)|0 <t < 1/k, 0<s <1}, with H,0,0) = 5. We now continue this
process on the next row of squares: @, . .., @1, €tC. (see Fig. VI.15). After
a finite number of steps, a continuous mappmg H:I x I - M is defined such
that 4(0,0y = b and Fo H = H.

If the endpoints remain fixed at all stages of the homotopy H, then we
must have H(t,0) = b and H(t, 1) = ¢, common initial and terminal points of
1, g. Since F o H(t,0) = b, it follows that the continuous path ¢ — H(t, 0) lies
in the discrete set F~*(b). Hence it must be a singte point—in this case b.
Similarly, H(z, 1) is a single point lying over c.
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Figure VI.15
The next step extends the lift 7 of H from shaded squares to Q, ,.

(9.4) Corollary If be M lies over be M, then F: n,(M, b) - =, (M, b) is
an injective isomorphism.

Proof We know F_ is a homomorphism and, using the previous
theorem with f, g loops at b, we see that F = f ~ F o § implies / ~ §. This is
equivalent to F, being injective. |

We conclude this section by proving two theorems which give a much
more precise picture of the relation between coverings of a manifold M and
the fundamental group. They will also enable us to complete our discussion
of the relation between covering spaces and orbit spaces of a properly
discontinuous action of a grcup I' on a manifold, which was considered in
Section IT1.9. If M, and M, are coverings of a manifold M with covering
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maps F, and F,, then a homeomorphism G: M, - M, such that
F,=F,-Gand F, = F, - G ! is called an isomorphism of the coverings. In
particular, an automorphism, that is, isomorphism, G: M — M is exactly a
covering transformation, as given in Definition I11.9.2. Using admissibie
neighborhoods, it is apparent that the differentiability of F, and F, implies
that of G and G™'. We now show that in a sense isomorphism classes of
wvcrmgs of M are in one-to-onc COrrespoi ndence with Sngroups of the
fundamental group.

(9.5) Theorem Let F.:M, > M and F,: M, > M be coverings of the
same manifold M. Suppose that for be M, b1 e M, and bZEM2 such that
F\(by) = b = F,(b,) we have F, n,(M,, b)) = F,,n,(M,,b,) las sub-
groups of m,(M, b)]. Then there is exactly one isomorphism G: M1 - M,
taking b, to b,. Conversely, if such a G exists, then F, (n,(M,, b,)=
Fpu(my(My, by).

Proof Given pe M we define G(p) as follows: Let f; be a path such
that f; (0 ) = b and fl( ) = p. Then the path f= F, « f, on M has a unique
lifting to a path f» on M, covering fand with initial point f,(0) = b,. We
define G(p) = f5(1). Of course we must show that the definition is indepen-
dent of the pathf1 chosen, and that G is continuous. On the other hand, once
these facts are proved, then we see that F, = F,< G and that G(b,) = b,
are immediate consequences of the definition. Uniqueness of G will follow as
well since any G with the properties required in the theorem must take f; to a
path f, on M, which covers f = F, - f; and runs from 5, to G(p). This
applies to loops as well, which proves the converse.
Now suppose thatf, and §, are distinct paths on M, from b, to p. Let
f=F,<f, and g = F, o §, and consider the loop f* g~ ! with g~ '(s) =
gl —s), 0<s<1 ThlS loop determines an element [f*g™'] of
F,,m.(M,, b,) and hence also the (same) element of Fppumy (M,, b,). In view
of the preceding corollary, if we lift this to a path from b,, its terminal pomt
will necessarily be #,; and so the lifted paths f, and §, on M, beginning at 5,
both end at the same point, that is, f5(1) = §,(1). It follows that by using
either f; or §, we obtain the same value for G(p). We also see from this line of
argument that there is a one-to-one correspondence between points of M,
i = 1,2, and equivalence classes of paths f on M issuing from b relative to the
subgroup A4 = F (rn,(M,, b;) = n (M, b), where equivalence (%) relative to 4
is defined for paths f,g with f(0)=b = g(0) by f =~ g if f(1) = g(1) and
[f*g 'Je A Infact, let pe M, { f} an equivalence class of paths from b to p;
{/} determines a point p,;, of M, which lies over p. Indeed, the class
{f} lifts to a class { f}, all curves of which issue from the point 5,; and we
have just seen that they all have as terminal point p. Conversely, when
F:M - M is a covering, fixing b, b€ F~!(b) defines a correspondence of
points j e M and equivalence classes as follows: Let f be a path from 5 to p;
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then p— {F o f}. The classes of loops at b are then in one-to-one correspon-
dence with the points over b. These remarks should clarify the intuitive
situation and are useful later. The reader might find it helpful to think of the
example M = R>, M = T2,

To continue the proof, it is clear that G is onto and has an inverse G~ *
which is described in a completely symmetrical way to G. Now let
p» = G(p,)e M, and let V, y be an admissible coordinate neighborhood of
p=F{p) on M, i=12 We also suppose y(V)= Bj(0)= R” and
Y(p) = 0. If fis a path from b to p on M which lifts to paths f; joining b; to p;
on M;, i = 1, 2, then we see that this path may be used in the definition of G
as GCSCI'IDCG above. For any pOlH[ q m vV we have a I'd(lldl pdlﬂ \lll the lULdl
coordinates), say g, fromptogq andfq [ gq lifts to paths from b, to g, in
the component U, of F7 (V) containing b,, i = 1, 2; thus G(§,) = §, . This

da h
acscer xpuuu ueing umque, and valid for e CYCIy g e V, we see that G: Ul - U;

1S one- to one and onto and in fact may be described as follows: G | U1 =
(F3)U3) ' - (F,|U,). Thus G| U1 is a difffomorphism and since M, i

covered h n sets of this type, G is differentiable. which nnmnletec h

ne
UVISILU Uy UpRir suws LikLS LY L VAT V0, WILICH QUINPELIRs

proof. |

(9.6) Corollary If F: M — M is a covering and M is simply connected, then
the covering transformations are simply transitive on each set F~'(p). If we fix
be M and be M with F(E) = b, then these choices determine a natural isomor-
phism ®: 7,(M, b) > T of the fundamental group of M onto the group of
covering transformations.

Proof Suppose that q,,q,€ F~*(p). We apply Theorem 9.5 with
M, = M, M, = M to obtain a covering transformation G: M — M such
that G(q,) = g, . To see that the hypotheses are satisfied it is only necessary
to note that because M is simply connected, 7, (M, q) = {1},i=1,2; hence
Fo(n(M, q,))={1}=F « (7 (! (M, q,)). We remark that by Theorem I11.9.3,
it now follows that the group I" of covering transformations must therefore
be simply transitive on F~ ( ) for each pe M.

Having fixed be M and be n™!(b), we may establish an isomorphism of
7 (M, b) and T as follows. Let [g] e n,(M, b) and § the lift of ge[g] to M
determined by §(0) = b. We have seen earlier that any two curves §,, §, which
are lifts of homotopic curves are homotopic. In particular two loops of [g]
with §,(0) = b = §,(0), must have the same terminal point b, and must be
homotopic (with endpoints fixed). Since g is a loop, F(b) = b = F(b,). We
let ®[g]eT be the covering transformation taking & to A, = g(1). This
defines @: 7, (M, b) — T. It is easily checked that @ is a homomorphism
using the arguments of the preceding theorem. If ®[g] = 1, then
§(0) = b = 3(1) so that j determines an element of n,(M, b). Since this
group contains only the identity, we have § ~ ¢; by a homotopy H. Then
H = F - H is a homotopy of g to ¢, so [g] = 1 and hence @ is one-to-one.
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We also see that @ is onto: if G, e I, then let b, = G,(b). There is a path §
from b to b, and since F(b) = F[G,(b)] by definition of covering transforma-
tion, g= Fogisa loop at b. It determines [g]en,(M, b) and smce the
(.ovcrmg transformation G = ‘-P“_J j; agrees with G, on b, G, = b, =
G(b), we must have G = G, by the results of Chapter H1I (or by Lemma 9.1).
]

(9.7) Theorem Let M be a connected manifold and b a fixed point of M.
Then corresponding to each subqroup H < n,(M, b) there is a covering
F: M — M such that for some b e F~'(b) we have F, n,(M,b) = H. F and M

PP R SR NS
are urugque o witnin 1yormor prisi.

Proof The uniqueness is just the previous theorem, and the proof of
that theorem also indicates how the space must be constructed. The points
of M will consist of equivalence classes of paths from b, two such paths f, g
being equivalent if and only if f(1) = g(1) and [f* g~ ']e H, g~ ' denoting
the path g~ '(s) = g(1 —s), 0 < s < 1. It follows from the fact that H is a
subgroup that this is an equivalence; we denote it by f & g and denote by { f}
the equivalence class of f (or point of M). The projection map F: M- Mis
defined by F({f}) = f(1) for anyfe{f} Gwenany{f}e M,letp = f(1)and
V. be a coordinate neighborhood of p on M with ¥(p) = 0 and lj/('y') =
B7(0), the open n-ball. For each g€ V there is a unique path g, from p to g
corresponding to a radial line in u,//(V) Then q - {f* gq} defines a map
Uf‘ V — M with F o Uf\q; = rU *gq; =f *gq\l; = g for all g in V. Suppose
h is a path from b to p also and that h % f, thatis, [ho f~']¢ H. Then it is
easy to see that 6,(V)n 6,(V) = &. Indeed, if for some ge V, we have
{f* g5} = {h * g,}; this would require [f* g, * (h* g, N =[f«h""]tobe
an element of H, contrary to assumption. We leave it to the reader to check
that the sets (V) with coordinate maps i  F define a manifold" structure
on M which makes F: M — M a covering with {V,y} as admissible
neighborhoods.

Finally, we must establish that F , (1 (M, b)) = H, where b = {e,}, the
point of M determined by the constant path at b. Suppose that f(1),
0<t<l,isaloopathwith[f]e H. Then f(0) = f(1) = b and we define a
one-parameter family f, of paths from b by f(s) = f(st), 0 < s, t < L. Let
F(t) = {£(s))- Then f(t), 0 <t < 1, is a path on M with F(f (1)) = f(1) =
f(o), hence]'coversfand isaloopath. Itis stralghtforward to check that this
actually determines an isomorphism F_ of n;(M , b) onto H; we may apply
methods similar to those already used above ThlS completes the proof. |

If we take H = {1} we have a very important corollary.
' It is not easy to show that M has a countable basis of open sets. A direct proof may be

avoided; lift a Riemannian metric from M to M (Exercise 1) and use Kobayashi and Nomizu
[1, Vol. I, App. 2].
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(9.8) Corollary Every connected manifold M has a simply connected cover-
mg4called its inverse covering—which is unique to within isomorphism. Choice
of be F~Y(b) for be M determines an isomorphism of n,(M,b) onto T the
group of covering transformations. Then M/T is diffeomorphic to M, that is, M
is the orbit space of its fundamental group acting properly discontinuously on its
universal covering M.

Exercises

1. Show thatif F: M —» M isa covering and M is Riemannian, there is a
unique Riemannian metric on M such that F is a local isometry.

2. Suppose that the assumptions of Exercise 1 are satisfied and that M is
compact. Determine the relation of the volumes of M and M in terms of
their fundamental groups.

3. Determine the meaning, in terms of F: M — M (a covering), of
F, (m,(M, b)) being a normal subgroup of n, (M, F(b (5)).

4. The universal covering G of a connected Lie group G has a Lie group
structure such that the covering map F: G — G is a homomorphism.

Notes

Integration on manifolds has two very important applications both of which are in-
troduced briefly in this chapter. First, integration on Lie groups with respect to an invariant or
bi-invariant volume element has been crucial in many areas of research on Lie groups and their
homogeneous spaces. Weyl used it to prove the complete reducibility of representations of
semisimple Lie groups, a central fact of representation theory (see, for example, Weyl [2]). We
have seen how this was done for the coimnpact casc, the 5\.uualu_quvu t¢ noncompact, semi-
simple groups was accomplished by Weyl's “unitary trick.” But the integral is also used cten-
sively to study function spaces on Lie groups and to prove such basic theorems us the
Peter-Weyl theorem. The reader wishing to go further into these ideas should read relevant
portions of Chevalley [1] and look at the last chapter of Helgason [1]. Many ideas used in the
study of Lie groups can be exploited in studying the spaces on which they act, especially
homogeneous spaces—which are essentially coset spaces of Lie groups. In this case, too,
the invariant volume element and related theory of integration is crucial in many problems of
current interest in analysis. Again the reader is referred to Helgason [1] for samples of these
applications.

The other important application of integration on manifolds is to algebraic topology via
de Rham’s theore and Hodge's theorem (see Warner [1]). This approach to topology was
particularly useful in the study of the topology of Lie groups and homogeneous spaces. for
which purpose de Rham's theorem was presumably first conjectured. A survey article by
Samelson [1] should give the reader some idea of just how crucial this was in the early theory. A
well-known theorem, the Gauss-Bonnet theorem (O’Neill [1]; Stoker {1]), is a beautifu
example of how integration may be used to obtain relations between the topology of a manifold
and some of its local geometric invariants: in this case the curvature. A recent treatise by Greub
et al. [1] gives a comprehensive treatment of the many relations of differential geometry to
algebraic topology. including. of course, the generalized Gauss-Bonnet theorem.

Both Milnor [2] and Guillemin and Pollack [1] have many elegant applications of
differentiable methods to algebraic topology which are within the grasp of the reader at this
point: determination of H*(S"), proof of the fundamental theorem of algebra by use of the notion
of index of a vector field, and the Poincaré-Hopf theorem on the sum of indices of singularities of

a vector field.



We begin this chapter by showing very briefly how differential calculus can be applied to
study the geometry of curves in Euclidean space E" (or R"), especially plane curves (n = 2) and
space curves (n = 3). The geometric concepts which are discussed—arclength, curvature, and
torsion—will be familiar to many readers as will the basic tool used, namely differentiation of a
vector field along a curve. In the second section differentiation of vector fields along curves is
used again to define and study differentiation of vector fields on a special class of Riemannian
manifolds—those which are imbedded (or immersed) in E" and carry the induced Riemannian
metric. These same ideas can be used to investigate the geometry of surfaces in E3, which is the
subject matter of much of classical differential geometry. However, our main objective is to use
this situation as a model in order to define differentiation of vector fields on an arbitrary
Riemannian manifold M. This is done in Section 3 where the Riemannian connection V is
defined and its existence and uniqueness (depending only on the Riemannian metric) is
demonstrated. We define in essence, a sort of directional derivative of vector fields Y on M,
Vi, Y giving the rate of change of Y at pe M in the direction of X ,. It generalizes X ,f the
derivative of a function, which was defined at the beginning of Chapter IV. As might be
expected, it is more complicated than differentiation in Euclidean space, where we can take
advantage of the natural parallelism. Conversely, it can itself be used to introduce a more
restricted type of parallelism on arbitrary Riemannian manifolds. Once the basic properties of
Vy Y are established, we are ready to apply differential calculus to the study of Riemannian
manifolds.

We very briefly and formally introduce the Riemannian curvature tensor—an important
geometric object which we study in the next chapter. The remainder of this chapter is spent on

297
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the study of geodesics, which generalize to Riemannian manifolds the straight lines of Euclidean
geometry. They have important similarities to straight lines as well as important differences.
For example, like straight lines of Euclidean space, the unit tangent vector is constant (has
derivative zero) as we move along the curve. Although geodesics in general are not the curves of
shortest length between any two of their points, they wilk have this property for nearby points,
and so on. Only the most basic properties can be proved in such a brief treatment, but enough is
established to reveal the interesting variety of phenomena which occur for geodesics in general
manifolds.

In the final section some important examples are considered, namely the Riemannian
symmetric spaces, which have even more similarities with Euclidean space than the usual
Riemannian manifold. In particular, the space of non-Euclidean geometry is a symmetric space.
The examples considered here also have important curvature properties which are discussed (in
part) in Chapter VIIL

The presentation of Sections 7 and 8 was very much influenced by Milnor [1], especially his
Sections 10, 20, and 21.

1 Differentiation of Vector Fields along Curves in R"

In order to clarify the definition of differentiation given later for general
oriented Riemannian manifold R" (with the standard orientation and inner
product). In doing so we will make full use of the natural parallelism in R",
that is, the natural identification of the tangent spaces at distinct points.

Let C be a curve in R" given by x(t) = (x'(¢), ..., x"(t)) witha <t < b.
We suppose that Z(t) = Z,, is a vector field defined along C; thus to each
t € (a, b) is assigned a vector (Fig. VIL.1):

-

AGEDY ai(z)(a(;i) xme T(R")-

“ d/dx

Figure VIIL.1

We will suppose Z to be of class C', at least, which means that the compon-
ents a'(t) are continuously differentiable functions of z on the interval (a, b).
The velocity vector of the (parametrized) curve itself is an example—in this
case a'(t) = x'(t).
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Our purpose is to define a derivative or rate of change of Z(t) with
respect to t; it will be denoted Z(t) or dZ/dt and will again be a vector field
along the curve. Of course, in general, neither Z(¢) nor its derivative need be

tangent to the curve. Now since in B" we have a natural “alull\.lloul (or

natural isomorphism) of 7,(R") and T,(R") for any distinct p, g€ R", we are

able to give meaning to Z(t0 + At) — Z(t,), the difference of a vector in
T 0+A_,.(R ) and a vector in Tx(m’(l\?" For definiteness we suppose

Z(t, + Ar) moved to or identified with the corresponding vector in Tye(R™)
and that the subtraction is performed there (Fig. VII.2). This allows us to
define the differential quotient

1 1oa'(t, + At) — di(t %)
[Z(to + At) Z (to o) ( 2

At i< At ip of SR

Z(ro+A/
Z (#,)
Zlty+ &)

x{fo+ 01
Z(/°+Af)—2(r0)

/Jx(lo)

Figure VII.2

The equality is due to the fact that if we write vectors in terms of the basis
0/0x*, ..., 8/0x" which is a field of parallel frames on R", then vectors at
distinct points, say Z(t, + At) and Z(t,), are parallel if and only if they have
the same components. Passing to the limit as At — 0 gives the definition

) 2= () -3 a"(ro)(%)me T (R7).

(1.2) Remark A consequence of this formula is that if we introduce a new
parameter on the curve, say s, by r = f(s) with ¢, = f(s,), then

az) _ (d) (dz
ds),, \ds), \dt},

(dt/ds),, is a scalar; the other terms are vectors.
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As a simple example consider the curve x(t) = (cos ¢, sin t), a unit circle
in R2. Suppose Z(t) = —sin t(0/0x) + cos t(3/0y); this is the velocity vector
of the point which traces out the circle. Then dZ/dt = —cos t{3/0x) —

sin t(8/dy) is a vector at x(t) = (cos t, sin t) which has constant length +1
and points toward the origin (Fig. VIL.3).

Z(t)\y

/ x(#)=(cos ?, sin /)
/ dz /dt \
f +- x

~_ | 7

Figure VIL3

(1.3) Definition A vector field Z(t) is constant or parallel along the curve
x(t) if and only if dZ/dt = O for ail .

Suppose that Z,(t) and Z,(z) are vector fields of the above type defined
along the same curve C and that f() is a differentiable function of t on
a <t < b Then f(t)Z(t)and Z(t) + Z,(t) are vector fields along C and we
have the following easy consequences of formula (1.1).

(L) % (2,00 + Za) = “
(140 Lrozay =Yz + 10
49 GE@0.20 - (5 20) + (20.5)

where (Z,, Z,) is the standard inner product in R".

The formula we have given for dZ/dt is in terms of the components of
Z(r) relative to the natural field of frames ¢/dx', ..., d/0x" in R", which are
constant along x(t). However, we sometimes find it convenient to use some
other field of frames, say F,(),..., F,(f), defined and of class C' at least
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along x(t). Then Z(t) has a unique expression as a linear combination of
these vectors at each x(t):

Z(t) = b (0)F (1) + -+ + b"(t)F,(r).
Differentiating this expression we obtain, with the aid of (1.4a,b),
iz _ ‘ldbjF (1) + b(1) aF;)
TR VAT &

However, since dF ;/dt are vectors along x(t), they too are linear combina-
tions of Fi(t),

1=

dF,

o LR

This gives the formula

(15)

PR

k

+ 000 Ful)

J

This includes (1.1) as a special case since a(t) =0 when the frames
F(2), ..., F,(t) are parallel.

Although we have used a particular coordinate system, the natural one in

R”" in fact

-

dZ 1

— =1 t At) — Z(t

dt A:ﬂmOA[(O+ ) (0)]

is an object which depends only on the geometry of the space; it is indepen-
dent of coordinates, so it is defined equally well for parametrized curves

in E".

The Geometry of Space Curves

As an illustration of these ideas we derive the Frenet-Serret formulas for
a curve of class C? in R>. We first note that length of the curve from a fixed
point x, = x(to) is given by s = fi ((x(¢), x(t))"/* dt so that ds/dt =
(%(t), X(1))}/*. If s is used as parameter, then ds/dt = ds/ds = 1 so that x(s) is
a unit vector tangent to the curve. We let T(s) = x(s) denote this unit tangent
vector. Because arclength, the parameter s (to within an additive constant),
and T (s) are determined by the (induced) Riemannian metric on x(s), not by
the particular rectangular Cartesian coordinates or origin used, they and the
derivatives of T(s) are geometric invariants of the curve, that is, they will be
the same at corresponding points for congruent curves. Differentiating the
identity (T(s), T(s)) = 1 and using (1.4c), we obtain 2(T(s), dT/ds) = 0.
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Therefore dT/ds is zero, or 1s a nonzero vector orthogonal to T(s) at each
point of the curve. We define the curvature k(s) by k(s) = |dT/ds||;and when
k(s) # 0, we let N(s) be the unique unit vector defined by dT/ds = k(s)N(s).
When k(s) # 0, let B(s) be the uniquely determined unit vector such that
T(s), N(s),.B(s) define an orthonormal frame with the orientation of 8/0x",
8/0x?%, 8/0x> (see Fig. VIL4). This determines a field of orthonormal frames

N
N

N
rf
.

7

Figure VIL4

/

along the curve, defined whenever k(s)=# 0, which we shall henceforth
assume is the case at all points of the curve under consideration. This
assumption is justified since it is the generic or typical situation for a space
curve. In fact, we have the following fact concerning a curve for which k(s)
vanishes identically.

(1.6) Theorem If k(s) = 0 on the interval of definition, then x(s) is a
straight line segment on that interval, and conversely, for a straight line,
k(s) = 0.

Proof 1f the curve is a straight line, then it is given in terms of arclength
by xi(s) = @' + b's, i = 1, 2,3, where Y ., (b*)* = 1. Thus

T = Zi3=l bi a/axl

and dT/ds = 0. Conversely, if k(s) = 0, then dT/ds = 0. Since T = Y. dx'/ds
0/0x', s being arclength, this implies d’x/ds* =0, i=1, 2, 3. Thus
xi(s) = a + b's, i = 1,2,3, with a' and b’ constants, and the curve is a
straight line. Note that T(s) and k(s) are defined for a curve in R, any n (not
just n = 3), and the proposition just proved is still valid. |

Now, returning to the study of a curve in three-space, for convenience of
notation we let F(s), F5(s), F3(s) denote T(s), N(s), B(s), respectively. Since
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this is a field of orthonormal frames we have (F(s), F(s)} = é,;. Differentia-
tion of these equations gives the relations

(4F: g o)+ /p k) _

Vas - W)+ 15494

As we pointed out in the derlvatlon, dF ;/ds must be a linear combination of

the F, (c\ for every s, so we may write

the | s, SO we ma
ds
This combines with the previous equations to give

(Za?Fk,Fj) + (F,»,Zangk) =0
P p

=12

i
J It

3.

]
) |2

-

¢

=Y dF(s), j=123
k

or
al(s) + aj(s) = 0, 1<i,j<3

This means that the matrix (ai(s)) is skew-symmetric. By definition dT/ds =

k(s)N, that is, ai(s) = k(s), and so ai(s) = 0 = aj(s). Let ai(s) = t(s) as a

matter of notation. Then rewriting in terms of T', N, B, we have the Frenet-

Serret formulas:

(1.7) ‘z = Ks)N,

ds
dB
= 7(s)N,

expressing the derivatives with respect to s of T, N, and B which are called
the tangent, normal, and binormal vectors, respectively, of x(s), in terms of
these vectors themselves. Formula (1.7) defines the functions k(s) and t(s)
along the curve.

(1.8) Definition k(s)is called the curvature and 1(s) the torsion of the curve
C at x(s).

The curvature measures deviation of C from a straight line and the
torsion measures “ twisting” or deviation of C from being a plane curve. Of
course, T, N, and B as well as curvature and torsion are independent of the
coordinates used in the Euclidean space containing C.

(1.9) Theorem A curve in E? lies in a plane if and only if 1(s) = 0.
Proof 1If the curve lies in a plane, then from the definition of T(s) and

dT/ds we see that these vectors lie in the plane of the curve for each point
x(s) of the curve. Thus the unit vector B(s) has a fixed direction, orthogonal
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to the plane, and so is always parallel to a fixed unit vector orthogonal to the
plane. Therefore dB/ds = 0 and 7(s) = 0.

Suppose that 7(s) = 0. Then dB/ds = 0 and B is a constant vector along
the curve. We choose the coordinate axes so that the curve passes through
the origin 0 at s = 0 and so that B(s) is parauel to U/Ux” the unit vector in
the direction of the x3-axis. Then x(s) = (x'(s (s)) determines the
vector x(s) from the origin 0 to the point x(s) on the curve Differentiating
(x(s), B(s)), we have

so that (x(s), B(s)) is constant. Since x(so) = 0, that is, x(so) = 0, the vector
x{s) [or line nvmt is always perpendicular to B = d/0x>. Thus the curve lies

in the x! -p]ane |

The advamage of using arclength s as parameter on the curve C and the
frames T(s), N(s), B(s) is that they all have intrinsic geometric meaning,
depending as they do only on the Riemannian structure of the ambient space
E? and the nature of the curve itself and not on any coordinates that we
might use in E3. Although the formulas for the derivative of a vector field Z
along the curve are more complicated, since they involve the second terms as
in (1.5) which vanish when we use parallel frames along C, nevertheless the
advantage of being geometrically determined is quite crucial. Even the
coefficients af, which here are +k( s) and *1(s) or zero, have geometric
meaning as we have seen. In fact it is not difficult to show (see, for example,
O’Neill [1]) that k(s) and t(s) determine C up to congruence.

As an illustration of the utility of the Frenet frames T, N, B we consider
brieﬂy the dynamics of a moving particle in space whose position p(t) 1s
given as a function of time t. Let s(t) be the length of path traversed from
time t=0 to time ¢, = {4 ((dpydr, dp/dt))'** dt. Then ds/dt =
((dp/de, dp/dr))'’? = Hdp/dt” is the speed with which the particle moves along
the curve, while its velocity vector is given by

dp dpds ds
0= %= qa Ta
where T is the unit tangent vector. Differentiating we obtain the acceleration
) =02 -G (E) + T
dt ds \dt dt
Since dT/ds = kN this becomes

(110)  at) = Zzz T + k(‘fis) N.
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Thus the acceleration decomposes into the sum of two vectors, one in the
direction of the curve, whose magnitude is the time rate of change of the
speed d*s/dr?, and the other normal to the curve and directly proportional to
both the square of the speed and to the curvature, this latter depending only
on the curve. If the motion is a straight line motion, then k = 0 so that a has
the direction of the line. If the particle moves at constant speed, so that
d*s/dt* = 0, then the acceleration depends only on the shape of the path.
The same remarks also apply to the force F acting on the particle, which by
Newton’s second law, F = ma, is proportional to a with the mass m as

constant of proportionality.

Curvature of Plane Curves

Some special comment is required for the case of a curve C lying on an
oriented plane. Let s — (x(s), y(s)) define the curve, parametrized by
arclength. Then T = x(s) 0/0x + y(s) 6/6y is the unit tangent vector. If
dT/ds #+ 0, then we may as before define k(s) = |dT/ds|, that is, we may
consider the curve as a space curve (x(s), y(s) 0) whose z-coordinate
z(s) = 0, and use the same definitions. However, for plane curves a more
refined definition of curvature is possible: At each point of C choose N so
that T, N have the same orientation as d/dx, 6/0y (this uniquely determines

~

T, N). (See Fig. VILS5.) Then define the curvature k(s) so that k(s)N = dT /ds.

~

This allows k(s) to be negative, zero, or positive. The curvature thus defined

for a plane curve has the previously defined curvature of C {considered as a
space curve) as its absolute value, k(s) = | k(s) |. To carry our interpretation

somewhat further let 6(s) be the angle of T with the positive x-axis
(Fig.VILS). Then

T(s) = cos O(s) % + sin 9(3)3,

ay
and

) : d

‘f; = —0(s) sin 9(5)% + 6(s) cos 9(5)@-
IN=dTrds
c
a/dy
) 7(s)
di

9 -
x(s) a/0x

X

Figure VILS
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The unit vector N(s) chosen so that T(s), N(s) is an oriented orthonormal
basis is N(s) = —sin 0(8/0x) + cos 0(¢/@y), since the determinant of the
coefficients of T, N as combinations of é/0x, ¢/Cy is

{ cos0 sin9\_

det( _sinf cos) ~ T

Thus k(s) = O(s) or df/ds, the rate of turning of the tangent vector T with
respect to arclength. Moving along C in the direction of increasing s the
curvature is positive when the tangent is turning counterclockwise and nega-
tive otherwise. Its sign depends on the sense of the curve (direction of in-
creasing s) and the orientation of the plane, but not on the coordinates.

Suppose C is a circle of radius . Then s — (r cos(s/r), r sin(s/r)) gives the
curve parametrized by arclength:

[ e
J1NCe

is the unique unit vector such that T, N has the orientation of ¢/¢x, ¢/dy, we
see that &(s) = 1/r. Thus the curvature is a constant. If, as we have assumed
by our parametrization, the circle is traversed in the counterclockwise sense,
it is a positive number; in any case its magnitude is inversely proportional to
the radius.

Returning momentarily to the dynamics of a moving particle we see that
if a particle moves on a circle in such a way that its speed is constant v, then
the force F acting on the particle is

mvg

F=ma=—N.
r

Since N is the unit normal vector, F is directed toward the center of the
circle and its magnitude is mv3/r which gives the usual formula for the
centripetal force necessary to keep the particle in a circular orbit.

Exercises

1. Prove that a curve in R® for which t(s) = 0 and k(s) is a constant, k # 0,
1s a circle.
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2. A helix is defined by parametric equations of the form x! = acos ¢,
x? = asin t and x* = bt, where a, b are positive constants. Determine k
and 7 for a helix. [Hint: First change to arclength as parameter.]

7
Let Z, and Z, be two vector fields alongacurve in R¥and let Z, x Z,

be thelr Cross product (as defined in a three-dimensional vector space).
Show that

IS

d dzZ dz
a(zl X Zz) = Il’ X 22 + Zl X ’*C*l*l‘z‘

4. Show that the plane which closest approximates a curve C at p is
spanned by T and N. This plane is the limiting position of the plane
through p', p, p” on C as p’, p” approach p.

5. Using the technique of Exercise 4, find the center of the best approximat-
ing circle and of the best approximating sphere to each point p of C.
[They should be located relative to the moving coordinate frame
T,N,B]

6. Show that if the plane of T and N goes through some fixed point 0 of E?

for every point on C, then C lies in a plane.

2 Differentiation of Vector Fields on Submanifolds of R"

In the previous section we studied differentiation of vector fields along
curves, which includes, of course, one-dimensional submanifolds of
Euclidean space. In this section we do the same for vector fields “along”
other submanifolds M = R", for example a surface in R>. This is somewhat
more complicated and certainly not the most direct way of approaching the
subject of differentiation on manifolds; but it should help our geometric
understanding, Just as in the case of a curve, we are concerned with a vector
field Z defined at each point of M but not necessarily tangent to M (see
Fig.VIL6), that is, to each pe M, we assign Z, € T,(R"). When Z is such that

Figure VIL6
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Z,is tangent to M, Z € T,(M) = T,(R"), then we shall say that Z is a vector
ﬁeld on Mora tangent vector field. Only in this case has Z meanming for M as
an abstract manifold, independent of any imbedding or immersiont in R". In
any case differentiability of Z may be given meaning since its components
relative to the canonical frames of R” at points of M will be functions on M,
Z,=>n_,d(p )(6/6x ),» and by definition we shall say that Z is of class C”

4

if a*(p),a = 1,..., n, are of class C" on M. In particular, the vector fields
&/0x1, ..., 8)0x™ of R" restricted to M, are C™-vector fields along M (but

rarely on M).
If pe M, then T(R") and its subspace T,(M) carry the standard inner

p

'I.-.,. 2 em
product of R" so M has the induced Riemannian metric. This allows us to

decompose any vector Z,, pe M, in a unique way into Z, = Z, + Z, with
Z,e T,(M) and Z,e T,(M), the orthogonal ¢ omplement of T( ) This

P
oo th direct sum decomposition of T(R”\ into mutually orthogonal

1\411\.\40 Lll\r v sy aw [CS VP QR VWL UL 5§ Sivays

subspaces: T,(R") = T,(M)® j(M) called the tangent space and the
normal space to M at p. Let 7', n” denote the corresponding projections:
w(Z,) = Z, and n'(Z,)=Z; thev are linear mappings of T,(R") onto the

subspaces tangent and normal to M. Figures VIL.7 and VIIL § illustrate this
decomposition for a curve and surface in R3.

o

~
7, (M)

.

Figure VIL.7

Suppose that Z is a vector field along M of class C". Then #’(Z) and n"(Z)
are also vector fields, which are tangent and normal to M, provided that they
are differentiable. We leave the proof of the following lemma (including the
assertion of C" differentiability) to the exercises.

(2.1) Lemma With Z as above n'(Z) and n"(Z) define mutually orthogonal
Cr-vector fields Z', Z" along M such that Z = Z' + Z" that is, at each pe M,

+ Since we consider only local questions in this section, we may restrict ourselves to
imbedded (regular) submanifolds by Theorem I11.4.12.
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Figure VILS

Z,e T,(M)and (Z,, Z;) = 0. If fis a function of class C" on M, then w'(fZ) =
fm'(Z) and 7" (fZ) = fn'(Z). Further, given two such vector fields Z,, Z, , then
m(Z, + Z,) = 7(Z, ) + W(Zy) and (2, + Z5) = n'(Z,) + 7'(Z3),

As examples we note that a vector field Z along a curve decomposes

............

Luuqucl_y lllLU lllU Suim Uf a LallBClll VULLU[ llClU dllU a vector UCIU lIl I.llC
normal plane: #'(Z)=(Z, T)T and =n"(Z)= (Z, N)N + (Z, B)B (sce
Fig. VIL7). For the case of an arbitrary C* imbedded manifold M, we see
that '(0/0x*) applied at each pe M gives a C* tangent vector field to M for
eachou=1,...,n

Now let Y be a tangent vector field to M < R" that is, for each
pe M, Y,e T,(M), or equivalently n'(Y) = Y. If p(t) is a curve on M of class
C?' or higher, defined for some interval of values of 7, then Y(r) = Y, is a
vector field along the curve. As such we can ignore M and differentiate Y(t)
as a vector field along a curve in R" obtaining dY/dt, another vector field
along the curve. In general, of course, dY/dt will not be tangent to M;
however, at each point p(t) we may project dY/dt to a tangent vector
n'(dY /dt).

(2.2) Definition The projection n'(dY/dt) will be denoted DY /dt and will
be called the covariant derivative of the tangent vector field Y on M along the
curve p(t) (see Fig. VIL9).

Both Y and DY/dt are tangent vector fields, and thus have meaning for
the abstract manifold M. However, the process by which DY /dt is obtained
from Y and p(t) makes use of the imbedding of M in R". Our ultimate aim is
to obtain for an abstract Riemannian manifold M a definition of derivative
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Yoir)

Pl T
S

<

Figure VIL9

of a vector field along a curve which does not make use of an imbedding but
is intrinsic to the Riemannian and differentiable structure of M itself. In the
meantime we shall study in more detail the properties of DY /dr and will see
that it has properties similar to the derivative discussed in Section 1.

It is important to note that Y(t) need not be the restriction to a curve p(t)
of a vector field Y on M—as above—in order for DY/dt to be defined. We
need only suppose that Y(t) is a vector field along p(t), so defined that it is
always tangent to M, that is, such that Y(t)e T,,(M). Then, as above,
DY/dt = m'(dY /dt), where dY/dt is the derivative of the vector field along a
curve as defined in the previous section. Now suppose as in (1.4a—c) that we
have vector fields Y,(t) and Y,(¢) along p(t) on M and tangent to M. Then we
have corresponding properties.

(2.3) Theorem With Y(t), Y,(t), Ys(t) as above and f(t) a C* function of t

we have

(2.3a) %(Y1 + Y2)=DT?+DT}:2,
(2.30) Puwroy =2y + 107,

d 1 2
(2.3¢) a’z(Yx, Y;) = (Dd):, Yz) + (YnD—d?)-

The last equation concerns the induced Riemannian metric on M, that is,
the inner product on T,(M), at each pe M, induced by the inner product in
T,(R"). These properties are immediate consequences of the definitions, the
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properties of 7', and of the corresponding statements of (1.4a-c). Applying o’
to both sides of (1.4a) and using linearity gives (2.3a). Similarly using (1.4b),
we see that (2.3b) holds:

and that n”(dY/dt s or
(DY: | (4% v) (v 2B () 2 (PR )« (v )

Vae "%V )2 P )T e ) U a )

(24) Remark If we change to a new parameter, say s, by t = f (s), then
DY/ds = (DY/dt)(di/ds), di/ds = f'(s) being a scalar. This also follows from
applying 7' to the similar relation dY/ds = (dY/dt)(dt/ds) of the previous
section.

rthogonal to T, (M) so that

(25) Definition Given M = R" as above, let Y, be a vector field defined
at each point of a curve p(t ) on M and which at each point is tangent to M

14
that is, a vector field along p(¢) tangent to M. Then we shall say that ¥, isa

constant or parallel vector field if DY /dt = 0. More generally if Y is a tangent
vector field on all of M, then it is constant or parallel if it has this property
along every curve on M.

It is very important to note that DY/dt may be identically zero even
though dY/dt is not, thus a vector field along a curve may be constant
considered as a vector field on a submanifold M of R™ even though it is not
constant considered as a vector field along the same curve in R". This obser-
vation is a crucial point in some of our subsequent discussions, so we give a
simple example. Let M = S', the unit circle in R*. Then t — (cos ¢, sin t) is
the parametric representation and it may be considered as defining a curve
on M. Let Y(t) be the unit tangent vector to this curve. As we have seen
dY/dt is orthogonal to Y(t), that is, normal to M; hence DY/dr =
7' (dY/dt) = 0, although dY/dt is never zero and in fact has constant length
+ 1. Since any great circle on the unit sphere S"~' < R is congruent to the
great circle t = p(t) = (cos t, sin t, 0, ..., 0) on the intersection of $"~ land
the 2-plane x> = -~ = x" = 0 of R", we see that the unit tangent vector to
any great circle arc p(t), parametrized by arclength, has the same property:

i = ala)

dt  dt\dt 0.
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This s admittedly a special case; in general the derivative of a tangent
vector field to M along a curve p(t) in M has both normal and tangential
components different from zero. If a curve on M is such that (D/dr)-
(dp/dt) = 0, that is, the (covariant)derivative of the unit tangent vector to the
curve is zero along the curve, then we shall say the curve is a geodesic of M.
We have just seen that the great circles on the unit sphere in R" are
geodesics. In the case in which M is an open subset of R" or all of R", then
dY /dr = DY /dt, that is, in R” itself, as might be expected, covariant differen-
tiation is just the usual differentiation. In this special case, according to

Theorem 1.6, the only curves p(t) for which

D(dp\ _d{dp
di\dr] — dit\dt

R P Tismne tunentan mdsima A oyt

vanishes 1dcuubauy are st ra'g 1IES palalucumcu U_y arcler j$:48 h—or with ¢
proportional to arclength. Thus geodesics on an imbedded manifold M are
those curves which in some sense generalize the concept of straight line—

aven thanoh thay mav nat lank “ctraicht > when viewed fram the amhient
CYLIL U R ULy llidy UL 1UUR Suiligliit WL LD VIUW O 11U LU alniigiviiy

space R". We shall study these questions in some detail later in this chapter.

In order to further study the covariant derivative DY /dt of a tangent
vector field Y on M along a curve we will need more detailed computations

nc1nn lnr‘q] r‘nnrﬂlnafoc annnco dim A/f =m qnd fhuf I o 1c a lnral cOOr-
uppo (6338143 TE o WA

dmate system on M with p(U) = W, an open subset of R"'. We denote the
local coordinates by u', ..., u™ and remark that ¢ ~': W — R" is an imbed-
ding of W whose image is, of course, U—an open subset of M. We have
previously referred to ¢! as a parametrization of M. Let u = (u', ..., u™),
then

Yu)=(g'(u), ..., g"(n)), ue W,

gives ¢ ' in terms of its coordinate mappings g*(u). [We let a, f, v, and so
on, denote indices that range from 1 to n and i, j, k, and so on, indices
ranging from 1 to m.] The coordinate frames will be denoted F4, ..., F,,; they
span the tangent space to M at each point. Since this tangent space T (M) at
peM is a subspace of T(R"), these vectors are linear combinations of
0/0x!, ..., 0/0x". In fact, generalizing earlier formulas for m = 2 and n = 3
(Example 1V.1.10) we have:

¢ 5 (0g* 0
2.6 F = -1 -~ = o ~ .
(26) v = Px (au') ,;1 (Eu')‘p(m Ox*
Now suppose that p(t) is a curve on M of class C' and that Y(r) = Y, is
a vector field along the curve which is always tangent to M. Then Y(t) may
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be written as a linear combination of F,,...,F,, so that Y(/)=
Y BYt)F,. Although

dY . (dbF A
dt =L{d Ford dt}

is not tangent to M in general, projecting we obtain

DY dY m o db* dF,
dr (dr) kz(szk b'r (dz))

or
db" DF X
27) Y ( )
k; dt
We know, however, that DF,/dt, i = 1, ..., m, are vectors tangent to M
and may be expressed as linear combmatrons of Fy,..., F, Suppose that
the curve n{f\ 1s g“.’en in local coordinates b_y @(y(f)) = (u ‘1}’ .. um([))

then in (2 6) the components are (composite) functions {0g®/cu’ )q,(p(,,, of 1
through u'(), ..., u™(t), and at each p(t)

DF, (dE; Lo gt dw ¢
T (dt) B ,Z Zl cuidu di © (F,_‘)

= X
by the ordinary chain rule of differentiation applied to (2.6), and the proper-
ties of = The derrvatlves 2 ’/auf u' are functions of u!, ..., u™ and are

evaluated at u(r) = (u'(s (t)) in this formula.

We have prevrously remarked that when M is imbedded in R” by a C®
imbedding—which we shall always assume—then &/¢x* restricted to M is a
C* vector field along M. By Lemma 2.1, n'(¢/¢x*) defines a C* tangent
vector field on M, which must have then a unique expression of the form
w'(C/ex*) = Y i a¥u)F, on U. The aX(u) are C* functions on M which we
do not compute. Using them and the coordinate functions g*(u) of the par-
ametrization ¢~ ! we define the C* functions I'*(u) as

re =y 0 s 1<ijk<m
Y ﬁuﬁuf" " o T
Symmetry in i, j is a consequence of interchangeability of the order of differ-
entiation. We do not explicitly compute these functions now, but we use
them to write new formulas for DF,/dr:

(2.8) D Fi_ kf

at each p = p(t), the T being evaluated at (u ™(t)). A particular
case, the curve given by u’ = constant for i # j and u’ =1, grves the formula

I« i=1,....m,
Y lz
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for the covariant derivative of the vector field F; along the jth coordinate
curve, conveniently denoted DF i/@uf :

=2 TiFy

ow %

This gives an interpretation of the meaning of I¥,(u); it is the kth component

{rnlats t
(rclative to the coordinate frames) of the covariant derivative of F; along

that curve in which only the jth coordinate is allowed to vary, that is, along a
coordinate curve. Using these formulas we may finally write (2.7) in the form
in which we want it (after appropriate change of indices):

db* n du’
29 2. z(f-+ PRTCORE )

This formula gives us the analog to formula (1.5) in that DY/dt 1s ex-
pressed in terms of the field of frames Fy, ..., Fyon U < M, frames defined
independently of cither p(t) or Y. The components of the covariant deriva-
tive are the terms in brackets. The functions I'%{(u) are defined over all of U
and in (2.9) are evaluated at points of the curve. Indeed for every coordinate
neighborhood on M we have frames F;, i =1,...,m, and functions I"ifj,
which give DF,;/0uw’. From these data DY /dt can then be computed according

to (2.9) by ordinary differentiation of the components of ¥ and coordinates

~F sl
).

Vx, Y and Differentiation of Vector Fields

We will now change our point of view slightly in deriving some con-
sequences of formula (2.9). Let Y be a tangent vector field on M which is
defined everywhere—not just along some curve. On the coordinate neigh-
borhood U we write ¥ = >, b*(u)F,. Let p be a point of U such that

@(p) = (#b....,ul). and let X, be a tangent vector at p, X =Y aF,,, o

constant for j =1,....,m Now choose any differentiable curve p(t) what-
soever with p(to) = p and (dp/dr)m = X, so that in local coordinates it is
defined by u(t) = (u'(r (£)) with u'(to) = upand (dui/dt) = a'. Then

we may compute (DY/dr), ., as above with a surprising result. First we
observe that Y(r) = 3 b*(u(r))F, implies that

db* vty .
(d) (au,) = Xb

Taking this into consideration, ( .9) may be written in modified form as

HME

(2.10) (D Y

i), =2 (x4 + iZjF@(uo)b"(uo)af)F,( .
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A careful examination of this formula discloses the remarkable fact that
the right-hand side does not depend on p(t) but only on its tangent vector X,
at p. Since (DY/dt), is a vector in T,(M), this formula defines a mapping of
T,(M) to itsell X, — (DY/di),,. We introduce the notation Vy Y for the
image of X, that is, we define Vy Y = (DY/dt),, along any curve p(t) with
p(ty) = p and (dp/dt) = X,. We have defined previously a “directional
derivative” X J of aJunCiLOuJ with respect to a vector Ap ; what we havejust
now done is deﬁne in similar fashion a rate of change of the vector field Y at
p in the direction X ,. It is measured by a vector Vy Y.

It is worth r‘nmrnenung that along the curve p({) we have atea h pn‘ nt

Vi Y = DY/dt as a consequence of our notation. We summarize the essen-
tial properties of Vy Y in a theorem.

(2.11) Theorem Let M < R" be a submanifold. For any tangent vector field
Y of class C",r > 1, on M we have at each point pe M a linear mapping
X, Vy,Y of T(M)— T,(M). Then Vy Y, being defined as above, has the
Jollowing properties:

(1) If X, Y are vector fields of class C” (of cluss C*) on M, then Vy Y
defined by {Vv Y\ = V., YisaC™! (resngctwelv Cc® \ vector field on M.,
(2) The map T(M) x ¥(M) —> T(M) given by (X ,, Y) >V Y is R-

linear in X , and Y. For a function f, differentiable on a nezghborhood of p,

f s

Ve (/Y] = (X, f)Y, + f(p)Vx, Y.
(3) IfX,YeX(M), then[X, Y] =V,Y — V, X.
(4) If Y, and Y, are vector fields and (Y,, Y,) their inner product, then
X (Ylv YZ) (VX,, Ylv },211) (Ylp’ VXp YZ)

Proof LletY =) b*Fyand X =) a"Fk in the notation just used. The
b* are functions of the local coordinates (u' u™) and so are the a* when X
is a vector field. Since X, b* = Y 7 ( b"/CuJ)aJ the definition Vy, Y= DY/dt
and (2.10) imply that
a k
VY=Y ¥ (aJ +3 I""baf) F,.
kooJ
From this formula, valid for each p € U, it is clear that properties (1) and (2)
hold, whereas (4) is just the earlier property (2.3¢) of DY /dt. [Again note that
X, f = dfid1, the derivative of f(p(t)), when we assume X, = dp/dr; in parti-
cular this holds for f = (Y;, Y,;).] Only property (3) requires more careful
verification. We will verify (3) by direct computation in a coordinate neigh-
borhood U, ¢ using our previous notation. With X and Y given on U as
above we compute [X, Y]:
ob* 6(1
X, Y
[x. ¥] = Z (é‘uJ b )
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Using the formula for (DY /dt),, we compute Vy Y — Vy X. We have

ob* . (3a o o
Vi, ¥ = Vi, X =A% (L@ - L5 b )+ ETh0 - ab)Fy
A

However, since T'f; = I'§; this reduces to the first term in parentheses, the
second sum being zero. Thus (3) follows. |

We conclude with several remarks. First, a careful reexamination of what
we have done will show that V, Y depends for its definition only on the
Euclidean structure of R”, that is, on £" and on the imbedding of M in E". It
is independent of local coordinates, although we use them in its definition
and in the proof above. However, dY/dt and DY/dt = n'(dY/dt) are geomet-
ric in nature and so is Vy Y.

Secondly, if Vy Y is axiomatized and defined
introduced by DY/dt Vapa Y and we could reverse ou deﬁnmons and
steps above.

Finally wa nata that althanoh thara ic o nartial duality Af raloc Af and
L lllall_y ¥Yu LWL Liiat ﬂlllluusll (9§ Lw) Wy 5\ e }Jﬂl Lidl WUdlity Vi1 1VIVS Ul 7 ALl
Y in the symbol V; Y, which in fact defines an R-bilinear mapping of

X(M) x ¥(M)—> ¥(M — V, Y, actually there is an important
difference in the roles of X and Y. Namely this mapping is C*(M)-linear in
the first variable (Exercise 3) but not the second [by 2) of Theorem 2.11].
In this connection we observe that when X and Y are vector fields on M,
then the Lie derivative L, ¥ = [X, Y] gives a rate of change or derivative of
Y in the direction of X. However, this derivative requires a vector field X,
not just a vector X, at a single point as does Vy, Y. Thus the two concepts of
differentiation are essentially different. Property (3) of Theorem 2.11 gives

their precise relationship.

Exercises

1. Prove Lemma 2.1. [Hint: The ideas in the next exercise may help.]
Let U, ¢ be a coordinate neighborhood on M < R"and let Fy, ..., F,,
be the coordinate frames on U—as in (2.6). If pe U, then show that we
may complete these frames to C* frames Fy, ..., F,, ..., F, of R" on
some neighborhood V' < U of p. (This means that the components of
these vectors relative to the frames of R” are C* functions of the local
coordinates of M.) Using the Gram-Schmidt orthogonalization process,
show that there is a C* orthonormal frame field F, ..., F; on this
neighborhood V such that for each k = 1, ..., n, the vectors F, ..., F;
and F,..., F, span the same subspace. Use the new frames to give
expressions for ', 7" on V.

3. Prove thatif X, Y e ¥(M)and fe C*(M),thenV, 3 Y = fVy Y. Find the
correct formula for V,(fY).
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4. Let M be a hypersurface of R" (submanifold with dim M = n — 1).
Show that if p(r) is a curve on M = R" and Z(t) = Z,,, is a vector field
along p(t) such that | Z(t)| = 1 and Z(t) is always normal to M [that is,
orthogonal to T,,(M)], then DZ/dr is tangent to M.

5. Let M be the right circular cylinder x* + y* = a? in R>. Find all curves
p(t) = (x(t), y(t), z(¢)) on R> which are geodesics, that is, for which
(D/dr)(dp/dt) = 0.

6. Lety=f(x),a< x<b, beacurve in the xy plane and let M < R> be
the surface obtained by revolving the curve around the x-axis. Assume
f{x)is C* at least and that f(x) > 0 on the interval. Show that the curve
y = f(x), z = 0, and each curve into which it rotates is a geodesic. Deter-
mine conditions for the intersection of M and a plane x = constant to be

a geodesic.

3 Differentiation on Riemannian Manifolds

We now pass to consideration of abstract Riemannian manifolds—
manifolds which are not submanifolds of Euclidean space. Our purpose is to
develop a satisfactory theory of differentiation on such manifolds, having
properties like those discussed above but intrinsically defined, that is, with-
out imbedding M in Euclidean space. We will reverse the order of ideas in
the last section and begin by an attempt to define for M a derivative V4 Y of
a vector field Y in the direction of a tangent vector X, to M at p. Of course,
we use the properties discovered in the previous section as our model. In all
that follows we shall suppose all vector fields and functions on M to be C*.

(3.1) Definition A C® connection V on a manifold M is a mapping
V: ¥(M) x ¥(M) —> ¥(M) denoted by V: (X, Y) - V, Y which has the lin-
earity properties: For all f, ge C*(M) and X, X', Y, Y' € ¥(M), we have

(1) Vixege Y =f(VxY)+ g(Vx Y),
(2) VilfY +gY) =fVyY + gV, V' + (Xf)Y + (Xg)Y".

One should not attempt to read anything into the word “connection ”—
it is just an operator like the directional derivative. Note the asymmetry in
the roles of the first and second vector fields X and Y;V is C*(M) linear in
X but not in Y. However, if fis a constant function, then Xf = 0; thus V is
R-linear in both variables. Of course, we do not know that connections of
this type exist, although by Theorem 2.11 they do for M imbedded in
Euclidean space. In addition, according to that theorem we have in this
special case two further properties:

(3) [X,Y]=V,Y — V; X (symmetry), and
4) X(Y,Y)= (V4 V, V) + (Y,V Y.



318 VIl DIFFERENTIATION ON RIEMANNIAN MANIFOLDS

(32) Definition A C* connection which also has properties (3) and {4) is
called a Riemannian connection.

Note that in these definitions it is only property (4) that involves the
Riemannian metric; thus on arbitrary differentiable manifolds one may
study C® connections [properties (1) and (2)] or symmetric C* connections
[properties (1)-(3)]. However, only the Riemannian case will be of interest to
us.

(3.3) Theorem (Fundamental Theorem of Riemannian Geometry) Let

Af ho o Rioweannian manifald Thown thovo oy cts

ivi o€ d Riemannian manijoia. 1« nen there exis “”"’ ””f”"m’"”fl Rieman-

uniquely determined |

nian connection on M.

We prove this theorem in several steps in a manner somewhat similar to
that of the existence proof for the operator d on /\ (M). Before doing so we
deduce a consequence of the definition of connection which will resolve a
minor discrepancy with the last section. In the discussion of differentiation
on manifolds imbedded in R" we defined the map X ,— V, Y from
T (M) — T,(M) using the vector field Y but without any assumption that X,
was the value at p of a vector field X. However, given vector fields X and Y
a vector field Vy Y was then defined by (VyY), = Vx, Y for pe M, thus
obtaining a map V of pairs (X, Y) of vector fields to a vector field Vy Y, as in
our present definition. We have now taken this map on pairs of vector fields
as the primary notion, and we wish to see that conversely, Y defines a linear
map of T,(M) — T,(M) for each pe M, that is, to see that (Vy Y), depends
not on the vector field X but only on its value X , at p. The same is not true of
the dependence on Y as will appear in the corollary below.

(34) Lemma Let X, Y e ¥(M) and suppose that either X = 0orY = 0on
an open set U = M. IfV is a connection [satisfying properties (1) and (2) of
Definition 3.1], then the vector field Vy Y = 0 on U.

Proof Suppose that Y = 0on U and g€ U. There is a C* function f on
M with supp(f) = U and f =1 on a neighborhood V of g (cf. proof of
Theorem V.4.4). Note that ¥ < supp(f) = U. Then since Y =0 on U,
/Y =0 on M. However, property (2) implies that Vy takes the 0-vector field
to 0: therefore V(£ Y) = 0 on M. But then, using property (2) again we have

0 = (Vx(JY)), = (X 1), + f(@)(Vx ¥), = (VxY),.
Since g is an arbitrary point of U, this completes the proof when Y = 0 on

U. A parallel proof using property (1) applies when X = 0 on U. |

In fact, since V4 Y is C*(M)-linear in X, essentially the same arguments
imply a stronger property.
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(3.5) Corollary Let p be any point of M. If X, X' € X¥(M) such that
X, =X, then for every vector field Y,(VyY), = (Vx Y),. Denote this
uniquely determined vector by Vy Y. Then the mapping from T,(M) — T,(M)

Proof Let U, ¢ be a coordinate neighborhood of the point p. As in the
proof of the lemma, there is a C* function on M withsupp(f) = Uand f = 1
on a neighborhood V of p (so ¥V < U). If X € (M), then on U we have

with ¢;e C*(U) and E,, ..., E, the vectors of the coordinate frames. We
define X, E,,...,E,e ¥(M) and 4,,...,d,e C*(M) by X = f2X, E, = fE,
and & = fa;, i = 1,...,n, on U, and all to be zero (vectors and functions
respectively) on the open set M — supp(f). Then we have

<F

X' = &li?l + -+ ﬁ,,l—::,,

on all of M; but on V¥ this reduces to the equation above since X = X,
E; = E; and a; = g, on this set. Applying Lemma 3.4 and property (1) of V
gives

VXY=VXY= Za,VElY on V-

Hence
(VX Y)p = Z ai(p)(in Y)p = Z ai(p)(VE.' Y)p k4

where the right-hand side depends only on the value X, of the vector field X
at p. This proves the first statement and the formula itself shows that the
mapping X, - Vy Y = (V4 Y), is a linear mapping of T,(M) into itself. For
its value depends linearly on the components a,(p), ..., a,(p) of X, relative
to the basis E,,, ..., E,, of T,(M). ]

An important consequence of Lemma 3.4 is that it allows us to define
(unambiguously) the restriction VV of a connection V defined on M to any
open subset U < M. This is done as follows. Let X, Y be C®-vector fields on
U and let pe U. As in the proof of the corollary we define X, ¥ to be
C*-vector fields on M such that ¥ = X and ¥ = Y on a neighborhood V of
p. Then define (V¥ Y), = (VzY),, ge V. A different choice of X, ¥ gives a
different ¥, but by the lemma the value of V3Y will be the same on the
intersection of the two V’s. Since p is arbitrary, this defines a unique C®
vector field V, Y on U. It is easily verified as an exercise that VY is a
connection and is Riemannian if V is—using the induced Riemannian metric
on U. The importance of this follows from the next lemma.
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(3.6) Lemma Suppose that a Riemannian connection V exists for every
Riemannian manifold. If it is unique for manifolds covered by a single coordin-
ate neighborhood U, then it is unique for all manifolds. Conversely, if there
exists a uniquely determined (Riemannian) connection VY for every Rieman-
nian manifold covered by a single coordinate neighborhood U, then there exists
a uniquely determined Riemannian connection V on every Riemannian
manifold.

Proof We suppose that V is a Riemannian connection on M. By
hypothesis there is a uniquely determined Riemannian connection VY on
each coordinate neighborhood U, ¢ of M (with the induced Riemannian
metric). Let X, Y be vector fields on M and denote by X, Yy, their restric-
tions to U. It is an easy consequence of the definition of VY, the restriction of
V to U, that VY, ¥, = (V4 Y)y. Then on each coordinate neighborhood we
have (Vg Y)y = VY, Yy for, by the uniqueness assumption, V¥ = V. Since
M is covered by coordinate neighborhoods, this proves the first statement.

Now suppose that VY is uniquely determined on every coordinate neigh-
borhood U, ¢ of M. If there is defined on M a V with properties (1}-(4) it
must be unique by the above. We shall define V on M as follows: Let
X, Ye ¥(M) and let pe M. Choose a coordinate neighborhood U, ¢ con-
taining p and define (V4 Y}y = V¥, ¥y . This defines Vy Y not only at p but
on the neighborhood U. It is easy to verify properties (1)-(4) since they hold
for VU. Suppose V,y is a coordinate neighborhood overlapping U; let
W = U n V. Then W is a coordinate neighborhood using either coordinate

map ¢ or Y and, V¥ being thus uniquely defined, we have at every point g of
w

(VE\I’U YU)q = (V;(Vw YW)q = (ng YV)q -
This completes the proof of the lemma. |

Proof of Theorem 33 The proof of the existence and uniqueness of a
Riemannian symmetric connection, Theorem 3.3, is now reduced to the case
of a manifold covered by a single coordinate neighborhood. Let U, ¢ cover
the manifold M and let x!,..., x" denote the local coordinates and
E,, ..., E, the coordinate frames. Denoting the inner product by (X, Y) we
have as components of the metric tensor the C* functions g;(q) = (Ei, Ej,)
on U = M. The matrix (g,;(g)) is symmetric, positive definite, hence it has a
uniquely determined inverse (¢%/(q)) whose entries are C* functions on U
also. We shall show that there exists a unique Riemannian connection V on
M. First we note that if V can be defined at all, then by properties (1) and (2)
it is determined by the C* functions T'Y; on U, 1 < i, j, k < n, defined by
Ve E; =i TSE,. In fact, if X =} b(x)E; and Y =} @/(x)E; on U,
then from (1) and (2) and our definition of T'};,

VyY =3 (Xa" + > F{fjafbi)Ek.
k i j
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Conversely, given functions F’,Fj on U, this formula defines a C* connection
satisfying (1) and (2).

However, the I'}; are not arbitrary C* functions since a Riemannian
onnection satisfies the further properties (3) and (4). Because [E;, E;] = 0
for the coordinate frames, property (3) is equivalent to

]

n-—_Ir rl_—_v
v LL’I Lz_] Y

s bj E;

; k k
(3) T =T5
Finally, property {4} is equivalent to

%
&
|
Iy
=
™
%
I

(Ve Ei. Ej) + (Ei, VR,E))

4) Eyg;; = Zs (Fiigsj + rfcjgsi), 1 <ijk<n

Finally, using the matrix (g”) inverse to (g;;), we define I = > T¥; g
which implies that I'; = ) T g°*. Thus the n* C* functions I'f; determine
the n* C* functions 'y, and conversely. Properties (3') and (4') become

(3") rijk = rji.k
and
(4") agij/axk =T + Fyis

respectively, if we write E, g,; = dg,;/0x", that is, if we consider g;; as func-
tions of the local coordinates.

In summary, given a Riemannian connection on M, covered by a single
coordinate neighborhood, then if a Riemannian connection V exists, it deter-
mines »n’® functions I';; of class C* which have the two properties just
mentioned. Conversely, it is easy to check by reversing these steps that any
such functions determine a C* Riemannian connection on M. Thus the
theorem is completely established by the following lemma.

(37) Lemma Let W be an open subset of R" and let (g;;) be a symmetric,
positive definite matrix whose entries are C™ functions on W. Then there exists
a unique family of C* functions T3 (x), 1 < 1, j, k < non W satisfying the two
sets of equations (3") and (4").
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Proof Write Eq. (4”) twice more, each time permuting i, j, k cyclically.
Then subtract the second of these equations from the sum of the first and
third. Using (3"), Ty = i, gives the unique solutions

This com

letes the last step in the proof of the fundamental theorem 3.3.

Suppose that U, is a local coordinate system with coordinates
x', .., x" Let E,, ..., E, be the coordinate frames and ¥ = a“E, be the
expression on U of the vector field Y. If pe U and X, = Y b*E,,, then we
have the following formula for V4 Y on U.

(3.8) Corollary For each pe U, using the above notation, we have

Ca" A
(VX Y)p = VXPY = % (Z b] ‘6; + IZJ r?jale)Ek

J

with

Tk = % Y g’“(ags? _ oy, %)

Y ox)  oxt ox! y

Proof As we have seen in the proof (Vy Y)y is the same as V§, Yy, that
is, VY on X, Y restricted to U. For this reason we use the same symbol V for
all cases. The formula of the corollary follows at once from applying proper-
ties (1) and (2) defining a connection to Vy (3. a“Ey). 1

Of course, this is the same formula we obtained earlier in the proof of
Theorem 2.11 for a manifold M in Euclidean space. In fact we have an
obvious corollary of the uniqueness of V:

(3.9) Corollary In the case of an imbedded (or immersed) manifold in
Euclidean space, the differentiation defined in Theorem 2.11 depends only on
the Riemannian metric induced by the imbedding (but is otherwise independent
of the imbedding).

(3.10) Remark In Sections 1 and 2 we used the concept of differentiation
of vector fields along curves dY/dt to define DY /dt and then VY on sub-
manifolds of R". In this section we showed quite independently of the earlier
discussion that there is a uniquely determined Riemannian connection V on
every Riemannian manifold M. Using this result we come full circle and
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define—for a vector field Y and curve p(t) on M—the covariant derivative
DY/dt of Y(1) = Y, by
DY

L= Vdp/dt
at

Let Y be givenlocally by Y = ) b*(x)E, a ( )b x(t) = (xl(z), ey XM(1))
Then from Corollary 3.8, with X ,, = Z = dp/dt, it is easy to rede-
rive formula (2.9) (renumbered here)

DY "o (db* I
A o I Ve e 1
d S \dit = dt |
Since db*/dt depend only on the values of b1, ..., b", components of Y

along the curve, the formula is valid when Y is defined only at points of the
curve. Of course on any interval of the curve ¥ may be extended to a vector
field on M, but DY/dt is independent of the extension by (3.11).

Constant Vector Fields and Parallel Displacement

A vector field Y on M is said to be constant if Vy Y = Ofor all pe M and

Y c 'T'ff\/f\ In oeneral fhora do not evict enich vectar fieldg even on cmq"
ILp 5\411\41;1‘ wiw WV L WALOL SUWIL YW LUL LIWIMD, WYL i1

open subsets of M. However, given a differentiable curve p(t), 0 <t < T,
there will be a vector field X(t) = X, constant or parallel along p(z) (by
which we mean DX/dt = 0).

(3.12) Theorem Let p = p(0), the initial point of the curve p(t),0 <t < T,
and let X € T, (M) be given arbitrarily. Then there exists a unique constant
vectorﬁeld X ) along p(t) such that X ,, has the given value. If F,,, ..., F,,
is an orthonormal frame at p(0), then there is a unique, parallel field of ortho-
normal frames on p(t) which coincide with the given one at p = p(0).

Proof The proof depends on the existence theorem (Theorem TV.4.1).
We shall first demonstrate that if ¢, is any point of the interval [0, T], and
X, 18 an arbitrary tangent vector to M at p(t,), then there exists an
e-interval around ¢, such that there is a unique constant vector field X,
taking the value X ,, ), at p(t,) and defined at each p(r) on the intersection of
(to — &ty +¢) and [0, T]. To see this, we first choose > 0 such that for
to— 0 <t <ty+ 0, p(t) lies in a single coordinate neighborhood V, ¢. By
(3.11), Xy = Y4 a*(t)Eyy Will have the desired properties on some interval
(1o — & to + &) if and only if a¥(r) satisfy

da Codx!
F a'(t) — k=1,...
; () dt, 2 7n’

and the initial conditions Z @ (t0)Espioy = X pitoy» a8 given. In this system of
first order equations, the I'§; depend on ¢ through p(t), and x'(£) = @(p()) are
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the local equations of the curve p(t). By Theorem IV .4.1, functions a*(t) with
these properties exist and are unique on some interval around t,. Moreover,
their differentiability class is at worst one less than that of p(t) (since this is
true of the derivatives dx/dr).

We further note that if an orthonormal frame F ), - - - » Fapo) 18 gIven at
p(to), it can be extended on p(t) as n individual constant vector fields over
some é-interval around t,. But then for each i, j

D DF; DF;
_ F F = - F . ! = .
dt( i ]) ( dt s j) + (Fl7 dt ) 0

Hence (F, . F;ys) is constant along p(t) on t, — & <t <fo+ & But since
(Fipoys Fipioy) = 045> this holds on the interval, i.e., Fy ), - -, Fpp 1S @ constant
orthonormal frame field on (t, — &, to + €).

It follows that beginning at r, = 0, the conclusions of the theorem follow
for all t <t,, for some t, < T If t, < T, this leads to a contradiction: We
have, for example, X ), a constant vector field defined for all 0 <t < t,. Let
Flipws---» Fupw be a constant orthonormal frame field defined on t; — ¢ <
t < t, + ¢ for some & > 0 and let Xp0=2ux b¥(t)F  ,, for the overlapping set
(ty — & ty). Since X, and the frame field are both constant, the components
b¥(1) are constant; hence X ,,) may be extended to the entire interval (t; — &,
t, + &) by simply letting its components relative to the orthonormal frame
field be these same constant values. Thus ¢, = T and the result is proved. |

(3.13) Remark We remark that it is sufficient
wise differentiable, for then we can move X, along each piece separately.
Therefore it follows from this theorem that given a piecewise differentiable
curve p(t), there exists an isomorphism, in fact isometry, 7,: T,)(M) —
T,(M) determined by the condition that 7,(X o) be a parallel (constant)
vector field along p(t). It is clear from our initial discussion of dX/dt along a
curve p(t) in Euclidean space that this would enable us to define the deriva-
tive of vector fields along curves on a Riemannian manifold M by comparing
vectors at different points of the curve. The notion of parallel displacement
along curves is sometimes taken as the starting point in studying differentia-

tion on manifolds.

or the curve to be piece-

Exercises

1. Show that if E,, ..., E, is a parallel frame field along a differentiable
curve p(t) in M and X(t) = X, is a vector field along the curve defined
by X(t) = Y-, a'(t)E,q . then

DX " da
o =L g B

2. Using spherical coordinates we may cover the 2-sphere S of fixed radius
a minus a single meridian from north to south pole by a single coordin-
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ate system U, ¢. The parameter mapping ¢~ ' takes W = {(u', u”}]
0 < u' < 2m, 0 < u? < n} onto the sphere as imbedded in R> by ¢:

o Yu', u?) = (acos u' sinu?, asinu' sinu? acos u?).

Find g;;(u', »?) and compute Tf(u’, u?).

3. Let the upper half plane be considered as a manifold M covered by a
singlc coordinate system M = {(x', x?}| x? > 0} with U = M and coor-

dinates (x*, x?). If g;;(x) = (x*)~ 2(3,J,ﬁndl“"

4. Show that isometries of Riemannian manifolds preserve the Riemannian
connection, that is, if F: M, - M, i< a d1ff9nmnrnhlem anQPrVInO the

CULILINA LIV R, ivagy 1y d QILLCOIIIOINPIAsId Pl

Riemannian metrlc, then F (VYY) = V& F (Y)

5. Let M be a Riemannian manifold, W an open neighborhood of (ug, vg)
on the uv plane, and F: W — M a C* mapping. Let éF/0u and 0F/ov
denote the vectors tangent to the curves v = constant and u = constant,
respectively, and let D/du, D/0v denote the covariant derivatives of any
vector field along these respective curves. Using (3.11), show by direct
computation that

DJ¢F  DCF
dvou uodv’

To which property of the Riemannian connection does this correspond?

4 Addenda to the Theory of Differentiation on a Manifold

In this section we insert a brief treatment of two topics which are closely
related to the previous section, but which we do not need or use until the
next chapter. First, we introduce the Riemann curvature tensor, and second,
we briefly treat connections from the point of view of exterior differential
forms.

The Curvature Tensor

It is a standard theorem of advanced calculus that second-order partial
derivatives are independent of the order of differentiation:

oxt (ai{f) - aij(i{)

For functions on manifolds the analogous property X(Yf) = Y(Xf) does
not hold in general. Indeed [X, Y] measures the extent by which it fails:

X(Yf) - Y(Xf) = [X, Y}/

[Tt still holds if X = E;and Y = E, since E, f may be identified with afjoxk,
k=1,...,n, if we a lowfto denote the expression for the function on M in
local coordmates xt oo, x]
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Since interchangeability of order of differentiation is measured by an
interesting object [X, Y] in the case of functions, it is natural to study the
same question for Vy and V, derivatives of a vector field Z on M with
respect to vector fields X, Y. A relatively simple example (Exercise 1) shows
that in general V(Vy Z) — V4(Vy Z) # 0; hence it determines a vector field
on M which may be thought of as analogous to [X, Y]. In fact, however, a
more important expression, which involves also the measure of noninter-
changeability of derivatives of functions [X, Y], is the following related
vector field, denoted by R(X, Y)Z or R(X, Y)- Z:

— =

(4.1) RIX,Y) Z =Vy(VyZ) = Vy(VxZ) = Vix n Z.

It is readily verified that this formula defines a multilinear mapping of
X(M) x X(M) x X(M)— X(M), that is, R(X,Y) - Z is R-linear in each
variable. However, from another point of view, in this expression R(X, Y) is
an operator, determined by the vector fields X and Y, and assigning to each

vector field Z a new C®-vector field R(Y, Y) - Z. Note that if [X’ Y} = O3 as

AAAS L, @ TV yoLiLs ad EAN B

is the case when X = E;, Y = E; are vectors of a coordinate frame, then
R(X,Y) Z =Vx(VyZ) — Vy(Vx 2Z),

so that if R(X, Y) = 0 on M, then V., and V,, are interchangeable for all Z.
A purely formal reason for the added term —Vx  Z in the definition is so
that the following important theorem holds.

(4.2) Theorem At any point p, the vector (R(X, Y)- Z), depends only on
X,.Y,, Z,, the values of the three vector fields at p, and not their values in a
neighborhood or on M thus formula (4.1) assigns to each pair of vectors
X,, Y,e T,(M) a linear transformation R(X,, Y,): T,(M) — T,(M). In fact,
(X,.Y,) > R(X,, Y,)is a linear mapping of T(M) x T,(M) into the space of
operators on T,(M).

Proof From the definition of R(X, Y)  Z we see that it depends R-
linearly on each of the three arguments X, Y, Z. Moreover if fis a C*
function on M (not necessarily constant), we have

R(fX,Y) Z = R(X,fY) Z = R(X, Y)JZ = fR(X, ¥) - Z

as we may easily check by direct computation.

Now suppose that U, ¢ is a coordinate neighborhood. Let (x?, ..., x")
denote the local coordinates and E,, ..., E, the coordinate frames. We sup-
pose that X = Y o'E;, Y =Y PE;, Z=Y y*E,. Then by the remarks
above,

R(X,Y)-Z= ) o'f¥*R(E; . E)) E,

ik
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and we see that at a given point p of U the right-hand side involves first
R(E;, E}) - E;, which is independent of the vector fields, and second the
values of the functions o' ﬁ y only at the point J2 itself, not at nearby points.

nnnnnnnnnnn

1ms provcs LHC lﬂCOICIIl We uacu Uuly plUpUl uc: \1’ auu \z.} of the connec-

tion V, but the next fact uses the Riemannian metric. |
(43} Corollary The formula R(X, Y, Z, W) = (R(X, Y)  Z, W) defines a

C*®-covariant tensor of order 4. This tensor depends only on the Riemannian

metric on M: If M, M2 are Riemannian manifolds and F: M, - M, is an
1cnwzar'r\7 than F*p — R.

(104 Vs AT

Proof Since R(X,, Y,) Z, is defined as an element of T (M) for any
pe M, its inner product (R(X ,, Y,) - Z,, W, ) with any W, e T,(M) is a well-
defined real number. Thus for each p, R,(X, Y, Z, W)=

(R( Y,)- Z,, W,) defines a multilinear function of four variables on
T(M ) that is, an ¢lement of 7 4( T,(M)). This clearly defines a C*-tensor
ld since both inner product and R(X,Y)-Z are C* for

fieid
X, Y, Z We¥(M).
We have defined an isometry of Riemannian manifolds to be a

difffomorphism which preserves the Riemannian metric, that is,
F,: T,(M,) > Ty,(M,) preserves inner products (and is an isomorphism

onto). [If we do not suppose that the C* mapping F is one-to-one onto, but

only that F, is onto and preserves inner products, then it is called a local

isometry. It is an isometry on some nelghborhood of each point (for exam-
ple, covering spaces). The last statement of Corollary 4.3 is valid for local
isometries also.] Now since V is uniquely determined by the Riemannian
metric, F, preserves the connection, more precisely F (VyY)=
VZ o F,(Y). From this we deduce that R,(F,X.F,Y) F,Z=
F.(R,(X,Y)- Z). Since inner products are preserved, this implies F*R, = R;.

|

(4.4) Definition The operator R(X, Y)is called the curvature operator and
the tensor R(X, Y, Z, W) is called the Riemann curvature tensor. [It is not
difficult to see that each one determines the other (Exercise 2).]

(45) Remark LetE,, ..., E, be afield of frames on U, an open set of M.
Then the Riemann curvature tensor is uniquely determined on U by either of
the n* sets of functions R}, or R, defined by the equations

R(Ek ) El)Ei = Z R{k.lEj
J

and

R(Ek E L E Ej) = Rijkl = Z gst?kl > 9is = (E, , E )
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The Riemannian Connection and Exterior Differential Forms

There is another way of formulating the properties of covariant deriva-
tives, connections, curvature tensor, and so on, which we shall now touch
upon—it will be more fully treated later. We suppose that U is an open
subset of a manifold M which has defined over it a field of C* frames
E,, ..., E,. The most usual case is when these are the coordinate frames of a
coordinate neighborhood U, ¢. However, in the case of a Riemannian mani-
fold, which is our present interest, we might find it convenient to consider a
neighborhood with orthonormal frames (Exercise 4). Corresponding to
E,, ..., E,, we have at each pe U the dual basis 8, ..., 6" of T#*(M), charac-
terized by 6°(E;) = &;. It is a field of dual coframes on U and is clearly C*. If
6, ..., 6" are given, then conversely E,, ..., E, are determined (Section V.1).

Now in defining Vy Y on a manifold so as to satisfy properties (1) and
(2), we saw that it is enough to know Vg, E;; for Vyx Y may then be computed.
In fact, V E; = > T}, E, and we determined the I'f; above. If a connection
is given so that I'f; are known on U, then we may define n? one-forms 6% by
0% = >, I[;0". Conversely, given these one-forms, then I'f; = 6%(E;), and
hence Vi, E;, and the connection is determined. Indeed one checks at once
that Vy, E; = 3, 0% X)E,, that is, the values of the forms 6}, ..., 67 on X are
the components of Vy E; relative to the given trames. Theretore, given U and
01, ..., 0" a field of coframes on U, then the connection is determined on U
by the n? forms 6%. They are called the connection forms.

Of course, the n* connection forms 6 are not arbitrary, they must satisfy
certain conditions corresponding to properties (1)-(4) of Definition 3.1 if
they are to determine a connection on U, especially in the case of a Rieman-
nian connection—the one we are interested in. We have the following
restatement of the fundamental theorem of Riemannian geometry in terms
of forms—although we restrict ourselves only to the case in which the mani-
fold is covered by a single coordinate neighborhood or more precisely a
neighborhood on which is defined a frame field.

(4.6) Theorem Let M be a Riemannian manifold such that it has a covering
by a C™ field of coframes 0, ..., 0". Then there exists a uniquely determined
set of n”* C* one-forms 6, 1 < j, k < n, on M satisfying the two equations

(i) do' =), 8/A0i=0,

(i) dgy = Y (Ofgi; + 039u),
where g;; = (E;, E;), with E,, ..., E, the uniquely determined field of frames
dual to 8, ..., 8,. The forms 0% so determined define the Riemannian connec-
tion satisfying properties (1)-(4) of the fundamental theorem by the formulas:

(iii) VxE; =) 64X)E,, and

(iv) Yx(fY) = (Xf)Y + fVy Y, fe C*(M).
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Conversely, the Riemannian connection determines 0% as explained above
and these 6% satisfy (i) and (ii).

The proof is basically a duplication of that of the fundamental theorem
[Theorem 3.3] in the case of manifolds covered by a single coordinate neigh-
borhood (see Exercises 6-8). It can then be extended to general M in similar
fashion.

If we recall that a Riemannian manifold M of the type described may be
covered by an orthonormal frame field E,, ..., E, with g;; = (E;, E;) = ¢,
then we have a nicer version of the above. In this case we denote 6 by w' and
6% by w!. Using the fact that g;; = é;; (and hence dg;; = 0), we obtain the
following corollary:

(4.7) Corollary Let M be a Riemannian manifold which has a covering by a
field @', ..., " of coframes whose dual frames E,, ..., E, are orthonormal.
Then there exists a unique set of n* one-forms w*, 1 < j, k < non M satisfying

(i) do' =3} ;/rnw)=0,

(i) ot + ol =0.
These w§ determine the Riemannian connection (as above) and conversely.

Finally, we note that since 8% are uniquely determined by ', ..., 8" and

the Riemannian metric—the coframe field and the metric—then the
exterior derivatives df% are also uniquely determined, as are their expres-
sions as linear combinations of the basis ' A 8/, 1 < i < j < n, of two-forms
on the domain U of 6, ..., 0". As we shall see in the next chapter, the
cocfficients in these linear combinations determine the components of
the curvature tensor.

Exercises

1. Using Vg E; =), T5E, and Exercise 3.3, show that for the metric
gi; = (x*)72 6;; on {(x*, x2)|x% > 0},

VEk(VEiEf) - VEI(VEI( EJ) 7& 0.

2. Show that R(X, Y, Z, W) determines R(X, Y) - Z, that is, if the values of
the former on all vector fields are known, the same holds for the latter.

3. For a local coordinate system, compute R}, and Ry, in terms of T}
and g;;.

4. Show that w', ..., w"e /\'(M) satisfy the hypotheses of Corollary 4.7 if
and only if the Riemannian metric is defined by the tensor Y ; o' ® w'.

5. Suppose that F: X¥(M) x -+ x ¥(M) —» ¥(M) is a C*(M)-multilinear
mapping of k vector fields (X, ..., X,) on M to a vector field
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F(X,, ..., X)) [C*(M) linear in each vector field separately], M a
Riemannian manifold. Show that

(I)(Xla"'anan+1): (F(Xb""Xk)a Xk+1)

defines a covariant (k + 1) tensor.

6. Use Lemma V.8.4 to show that [X, Y] = Vx Y — V, X is equivalent to
property (i) of Theorem 4.6. Prove that property (ii) is equivalent to
X(Y,7Z) = (Vy Y, Z) + (Y, Vx Z) if we use X[ = df (X).

7. Prove directly, using differential forms, that there exists one and only
one set of forms 6% satisfying (i) and (ii) as asserted in Theorem 4.6.

8. Complete the proof of Theorem 4.6 using the results of Exercise 7 by
showing that (iii) and (iv) define a Riemannian connection on M as
claimed.

5 Geodesic Curves on Riemannian Manifolds

As a first example of the use of covariant differentiation on a Riemannian
manifold—we shall define and study the class of curves called geodesics. Let
p(t) be a curve on M and dp/dt its velocity vector, defined for some open

interval a < ¢ < b of R; we suppose it to be of class C* at least.

(5.1) Definition The (parametrized) curve p(t) is said to be a geodesic if its

velocity vector is constant (parallel), that is, if it satisfies the condition
(D/dt)(dp/dt) = O, the equation of a geodesic, for a <t < b.

As we saw previously, when M = R" with its usual metric this implies
that the curve is a straight line. But in Section 2 it was seen that for a
submanifold of R" this can mean something quite different, an example being
the great circles on $"7! < R".

The parameter on a geodesic is not arbitrary; the fact that a curve isa
geodesic depends both on its shape and its parametrization as we may see
from the example of a (geometric) straight line in R? given parametrically by
x! =3, x? = 3. We write p(t) = (£, *); then
P _ 32 ﬂal + 32 6—2
dt 0x cx

Since D/dt = d/dr in R?, we have

-~

D(dp\ D{.,D ., ¢ e g
DAy _ D32 D g S 6 C e l, 40,
dt(dt) dz(3t o T axZ) FriublF Sl

Therefore this curve is not a geodesic although the path traversed is the line
x! = x2.1If p(t), 0 < t < b, is a nontrivial geodesic (not a single point), then
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the permissible parametrizations—those with respect to which it remains a
geodesic—are given by the following lemma.

(5.2) Lemma Let p(t), a <t < b, be a nontrivial geodesic and let t be a
arameter. With respect to t' the curve will be a geodesic if and only if
ct' +d, ¢ # 0 and d constant. In particular, the arclength is always such a

=
]
s
=

Proof 1If we introduce a new parameter t' by t = ct' + d, ¢ #+ 0, then
dp/dt' = c dp/dt and (D/dt')(dp/dt’) = c*(D/dt)(dp/dt) = O; so the curve re-
mains a geodesic relative to t'. Now let s be arclength measured from plto).a
point of the curve. Then ds/dt = ||dp/dt|. Since dp/dt is constant along the
curve, by (2.3c} its length ||dp/dt| is constant. Either ||dp/dt] is identically
zero with p(t) a single point and s = 0 or else ds/dt = |dp/dt| = c,a nonzero
constant, and s = ¢t + d. This means that the curve is a geodesic when
parametrized by arclength. Since any other permissible parameter is related
to arclength by a similar (linear) relation, any two parameters are linearly

related. |

In order to make general statements about geodesics on manifolds we
shall need to study the defining equation in some detail using the existence
theorem (IV.4.1). We can, however, give a few further examples by virtue of
the following two observations. First, the equation of a geodesic imposes
only a local condition on the curve. More precisely, if each point of a curve C
has a neighborhood in which it may be written in the form p(t),a < t < b,
with (D/dt)(dp/dt) = 0, then it is a geodesic; for then, using arclength from
some fixed point as parameter on all of C, it must satisfy the equation
(D/ds)(dp/ds) = O over its entire length. Second, the property of being a
geodesic is preserved by isometries because covariant differentiation is
preserved and therefore so is parallelism of a vector field (for example, dp/dr)
along a curve.

Now we let n: R*> > T? be the standard covering discussed in
Example I11.6.15 and in Section II1.9. We take R? with its usual Riemannian
metric. Since the covering transformations are translations, they are isome-
tries of R It follows that we may define on T2 a Riemannian metric which
makes the projection = a local isometry, meaning that 7, is an isometry of
each tangent space T,(R?) onto T,,,(T?). With this metric the geometry of
T? is locally equivalent to that of Euclidean space. [This Riemannian metric
should not be confused with the metric induced on a torus imbedded in R>
by the standard Riemannian metric of R®.] Combining our two observa-
tions, it follows that even a local isometry, as for example this map =, carries
geodesics onto geodesics. This means that the images of straight lines of R2
on T? are geodesics of 72 (Fig. VIL10). In particular, lines of rational slope
map to closed geodesics on T2, lines of irrational slope do not—they are
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Y L
R? //

/ —
/ T

dense on T?2. Nothing like this occurs in R?, where geodesics can be neither
closed curves nor dense. Thus “straight lines ” even on spaces locally isome-
tric to Euclidean space present some fascinating variations from what we
might expect.

A similar even simpler example is a right circular cylinder

={(x. 2 e R*|x? + y* = 1}. The Riemannian metric induced by that
of R* is the same as that given by the covering n: R*> — M (of Exercise 1) In
this case the covering map is given by rolling up the plane into an infinite
cylinder each strip of width 2n covering M once. Details are given in the
€Xercises.

In order to study properues of geodesics on a Riemannian manifo
we pass to local coordinates (x', ..., x") on a connected coordinate 1gh-
borhood U, ¢. Then by (3.11}) the equation of a geodesic (D/dt)(dp/dt) = Qs
equivalent to the system of second-order differential equations:

All

d?x* " dx' dx’
53 — s — =0 k=1,...,n
A solution is a curve given in local coordinates by n functions
(x'(t x"(t)) which satisfy (5.3). As usual let Ey, ..., E, denote the coor-

dmate frames We may apply our existence theorem IV41 to prove the
existence and uniqueness of a geodesic through each pe U with prescribed
tangent direction at p and study its dependence on p and the tangent
direction.

(54) Lemma Given any g€ U, we can find a neighborhood V of q with
V < U and positive numbers r, & such that for each pe V and each tangent
vector X, =Y b'E; with ”XPH <7r, there exists a unique solution
(x'(1), ..., x"(t)) of(5 3), deﬁnedfor —6 <t <9, whlch satzsﬁes x(0) = x'(p)
and Xi(O) =b i=1,...,n Let p(t) = ¢~ "{(x'(¢ (1)) as just defined.
Then p(t)e U for |t| <.
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Proof We consider the following system of 2n first-order ordinary dif-
ferential equations defined on the open subset W = ¢(U) x R"< R" x R"
— R2n

dxk

55 - = k=1 ...,n
69 op
uy "
= Z HEIN i k=1 ... n
The rwht hand sides are functions of (X y} — (x y ey X ,)/1, Y ) on

W. Therefore according to the existence theorem for ordinary differential
equations cited above, for each point in W there exists a & > 0 and a neigh-
borhood ¥ of the point with the property that given (a;b) =
(a ,a";bl, ..., b")e V, there are 2n unique functions x* — = fXt, a; b) and
V=g (t a; b) k =1,...,nand [t| < 9, satisfying the system of equations
(5.5) and the 1n1tlal conditions 40, a: by = a* and g0, a; b) = bY,
k =1,..., n. These functions are C® m all varlables and have values inw. If
pe U, we consider the point (¢(p);0) = (x'(r x"(p);0,...,0)e W.
Then thereisa d > 0 and a nelghborhood 7 of (qo(p) 0) as descrlbed This
neighborhood may be chosen to be of the form (V) x B.(0) for some V
with ¥ = U compact and ' > 0. Smce V is compact, we may find a number
r>0 such that if () gy(x)bb;})'* = |X,|<r and peV, then
(> (6)*)'"2 < r'. This follows from the inequalities used in the proof of
Theorem V 3.1. We see at once from the special nature of system (5.5) that
df*/dt = g* and hence

e B Z df df
drr ~ Yidr dt
In other words x*(t) = f*(z, a; b) are solutions of the system of equations
(5.3), and therefore the equations in local coordinates of geodesics satisfying

x0) = a* and (dx*/dt),_, = b*, k = 1,..., n. Finally, according to the exist-
ence theorem cited, the image of I; x V under the map

(ta,b) = (St a;b), ..., f"(t, a; b); g*(t, a; b), > g'(t, a; b))
is in W which proves that p(t) = ¢~ '(f(t, a; b))e U. |

The lemma has the following corollary, which guarantees the existence
of a unique open geodesic arc through any given point with prescribed
direction.

(5.6) Corollary If M is a Riemannian manifold, pe M, and Y, is a nonzero
tangent vector at p, then there is a A > 0 and a geodesic curve p(t) on M
defined on some interval -6 <t <8, 6>0, such that p(0) = p,
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(dp/dt),—o = AY,. Any two geodesic curves satisfying these two initial condi-
tions coincide in a neighborhood of p.

To see that this is so we take a neighborhood U, ¢ of p and choose 4 > 0
so that [|AY,]| < r as in Lemma 5.4; then we apply the lemma.

(5.7) Remark Since “being a geodesic” is a purely local property of

__________ A Avrewrn > 1 i 1 1 1 1t 1
parametrized curves—meaning that they satisfy a differential equation—it is

clear that if two geodesic curves C, and C, coincide (as sets) over some
interval, then their union—suitably parametrized—is a geodesic. Further, we
now see that if two geodesics have a single point in common and are tangent
at that point, then their union is a geodesic. This implies that each geodesic is
contained in a unique maximal geodesic. A maximal geodesic is one that is not
a proper subset of any geodesic: If it is parametrized by a parameter ¢ with
a <t < b, then a and b (which can be — oo and/or + o) are determined by
the curve and the choice of parameter. It is not possible to extend the
definition of p(r) (with the given parameter) so as to include either of these
values and so that it will still be a geodesic. We shall be interested in
determining conditions on M which ensure that a= —oo and b= +c0 for
every geodesic, or that every geodesic can be extended indefinitely in either
direction. By Lemma 5.2 this property would be independent of parameter. It
is easy to see that this is not always possible: let M be R* with the origin
removed. Then radial straight lines cannot be extended to the origin.
However, given a geodesic through a point p, clearly we can always
reparametrize it so that p = p(0) and p(z) is defined for |t| < 2, say. Making
use of this fact, we modify Lemma 5.4 slightly to obtain our basic existence
and uniqueness theorem for geodesics.

(5.8) Theorem Let M be a Riemannian manifold and U, ¢ a coordinate
neighborhood of M. If qe U, then there exists a neighborhood V of q and an
¢ > 0 such that if pe V and X ;€ T,(M) with | X || < &, then there is a unique
geodesic p(t) = p(t, p, X,) defined for —2 <t < +2 and with p(0) = p,
(dp/dt),—o = X,. The mapping into M defined by (¢, p, X,) - plt,p, X,) is
C® on the open set |t} <2,peV, ||X,| < ¢ and has its values in U.

Proof According to Lemma 5.4, we may find a neighborhood V of ¢
and numbers r, 5 > 0 such that given any pe V and vector X, € T,(M) with
|X,|| < r, then there is a geodesic p(t) defined for || < d and satisfying the
initial conditions p(0) = p, (dp/dt), = X,. We know that if we change toa
parameter ¢ = ct’, ¢ # 0 a constant, then p(t') = p(cr') is again a geodesic
with p(0) = p and dp/dt’ = (dp/dt)(dt/dt’) = c dp/dt; thus (dp/dt')o = cX,.
Now if 6 > 2, we may use ¢ = r and we have no more to prove; butiféd < 2,
we let & = or/2. Then, if pe V and X , is a tangent vector at p with [ X, || <&,
we know from the choice of ¢ that |2X /8| < . Thus there is a geodesic p(1)
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with p(0) = p and (dp/dt), = 2X /6 defined for |t| < & at least. The curve
p(t') = p(6t'/2) is again a geodesic and satisfies p(0) = p, (dp/dt')y = (6/2) x

(dp/dt)o = X,. Moreover it is defined for [0r/2| <, that is, for
—2 <t < +2. This completes the proof; the last statement is already con-
tained in Lemma 5.4.

Exercises

1. Show that the mapping n: (u, v) — (cos u, sin u, v) carrying R? onto the
cylinder M = {(x, y,z)| x> + y> = 1} = R*® is a covering and a local
isometry onto M with the induced metric of R?, from R? with the usual
metric.

2. Use Exercise 1 to show that the geodesics on M are the helices, that is,

curves which cut each generator at the same angle (or have a constant

angle with the z-axis), the generators themselves, and the circles of inter-
section with planes z = constant. Find how many geodesics connect two

given points p, g.

Show that two isometries F,, F,: M — M of a Riemannian manifold

which agree on a point p and induce the same linear mapping on T,(M)

agree on a neighborhood of p. Can you improve this statement?

Using the notation and Riemannian metric of Exercise 3.3, show that if

suitably parametrized, the curves x* = constant are geodesics on M.
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Normal Cooardinates

Although it may not have been apparent, the process by which we passed
from a second-order system of equations (5.3) to a first-order system (5.5)
when we first studied geodesics was to introduce new variables which corre-
sponded to the components of tangent vectors at points of a coordinate
neighborhood U, ¢. These vectors X ,, pe U, are in one-to-one correspon-
dence with points (x; y) of the open set W = ¢(U) x R" = R" x R". The
correspondence, which we denote by @, is given by §(X,)=
(e(p); ¥, ..., y"), where ¢(p) = (x',...,x") are the coordinates of p,
X,=YyE,, and E,,..., E, are the coordinate frames. The differential
equations of geodesics (5.3) were interpreted as a system of first-order differ-
ential equations (5.5) on W. Like all such systems, they correspond to a
vector field on W (which we discuss in Section 7).

In order to free ourselves from working exclusively with local coordin-
ates, it is natural to try to think of W being the image under § of a coordin-
ate neighborhood U, » on a manifold. This is possible. It requires that we
define a manifold structure on the set of all tangent vectors at all points of
M, which we shall denote T(M) (compare Section IV.2). When this is done,

T(M) ={X,e T(M)|pe M} = |J T,(M)

peM
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will become a space, in fact a C* manifold, whose points are tangent vectors
to M (compare Section I.5). In view of the introductory remarks, it is clear
that we shall want the subset U consisting of all X, such that pe U to be a
coordinate neighborhood with @ as coordinate map and W as 1mage
Q: U — W. This virtuaily dictates the choice of topology and differentiable
structure. Let n: T(M) — M be the natural mapping taking each vector to
its initial point (X ,) = p; then n~'(p) = T,(M).

(6.1) Lemma Let M be a C*-manifold of dimension n. There is a unique
topology on T(M) such that for each coordinate nelghborhood U, o of M, the
set U =n"'(U) is an open set of T(M) and §: U - @(U) x R", defined as
above, is a homeomorphism. With this topology T(M) is a topological manifold
of dimension 2n and the neighborhoods U, & determine a C*-structure relative
to which = is an (open) C*-mapping of T(M) onto M.

Proof Let U, ¢ and U, ¢’ be coordinate neighborhood on M such that
UnU # &;then U U +# . Comparing the coordinates of pe U n U’
and the components of any X ,e T,(M) relative to the two coordinate
systems, we obtain the formulas for change of coordinates in UnU:

. o L 0 n n n 61 n ian
o b l(x,...,x;yl,...,Y)Z(f( e S L AN f)

where x'' = fi(x!, ..., x"), i = 1, ..., n, are the formulas for change of coor-
dinates @ 2 @~! on Un U’ and the change of components is as in
Corollary TV.1.8. These are easily seen to be diffeomorphisms of(p(U ~ 0
onto ¢'(U n U"). The remainder of the verification is left as an exercise. Note
that in local coordinates m corresponds to projection of R” x R” onto its first
factor. We should also note that locally, on the domain U of each coordinate
neighborhood of the type above, T(M) is a product manifold, that is, as an
open submanifold of T(M), U is diffeomorphic to ¢(U) x R". In the case of
Euclidean space, U, ¢ may be taken to be all of M = R” so that T(R") is
diffeomorphic to R" x R" It is clear that for every manifold M,
dim T(M) = 2 dim M. 1

(6.2) Definition T(M) with the topology and C* structure just defined is
called the tangent bundle of M, n: T(M) — M the natural projection.

Using Theorem 5.8, we may define Exp, the exponential mapping; its
domain 2 is some subset of T(M). It is a nontrivial matter to characterize
exactly what this subset is. However, the range of Exp is M itself, thus
Exp: 2 — M maps a vector X, to a point of M. The name derives from the
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exponential mapping of matrices (Section IV.6) for reasons which will be
discussed later. Now let U, ¢ be a coordinate neighborhood of M and
suppgse ge U. If a neighborhood V of g and an ¢ > 0 are chosen as in
Theorem S. 8 then for each X Wlth pe IV and ” p < g Or Pqnlvalpnﬂu in
the open subset {X,|peV,|X,| <& of T(M), the geodesic p(r) with
p(0) = p and (dp/dt), = X, is deﬁned for [¢] < 2. On this open set of T(M)

we define Exp as foilows.

(6.3) Definition Exp X, = p(1), that is, the i image of X, under the expon-
! mapping is defined to be that point on the unique geoaesw determined
by X, at which the parameter takes the value + 1.

Thus each ge M 1 such that Expisd
open subset {X |pe V, | <¢} = n7'(V). (Note that ¢ de p
and its neighborhoo V'.) This information on 2 may be restated a
Let M, be the submanifold of T(M) consisting of all zero vectors () ,pE ‘;\”
Then p -0, maps M onto M0 dlffeomorphlcally and n: M, — M is its
inverse. The appllcatlon of Theorem 5.8 then guarantees that the domain &
of Exp contains an open neighborhood of M, in T(M).

We also note that since |dp/dt|| is constant along a geodesic p(t), its
length L from p(0) to p(1) is

e

Thus Exp X, is the point on the unique geodesic p(t) determined by X,
whose dlstance from p along the geodesic is the length of X, (see
Fig. VIL11).

"Ci
7]

o= [ 1= 1)

Figure VIL11
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We shall use the following lemma to obtain identities (6.5):

(6.4) Lemma Assume that g€ M and that X & T, (M) for which EXp X, is
defined. Then ExptX, is defined at least for each t with 0 <t <1 and
q(t) = Exp tX, is the geodesic through q at t = 0 with (dg/dt), = X,.

Proof Let g(t) be the unique geodesic with ¢(0) = ¢ and (dg/dt)o = X,
so that Exp X, = g(1). Given¢,0 < ¢ <1, consider the geodesic g(t) = g(ct).
We have §(Q) = g and (dg/dt),_, = cX, which means that Exp cX,=q(1) =

g(c). Replacing ¢ by ¢ in this equality gives the statement above. |

We now revert once more to local coordinates U, ¢ around ge M and let
V < U and e > 0 be as in Theorem 5.8 againso that forpe Vand | X,| <e
Exp X , is defined. As in the proof ot Lemma 5.4, the geodesic determined by
p, X, is given in local coordinates by

z—>(f‘(t,a;b),...,f”(t,a;b))

with ¢(p)=a= (a'....,a") and X, =b'E;, +  + D'E,,. This means
that

o(Exp X,) = (f*(L a;b),....f"(1,a; b))

and further that for || <1
1e meaning of the functions f'(t, a; b) then
i

(6.5) i, a', ..., a% tht, ..., th") = fi(t,a’,...,a% b, ..., b").

From these remarks we can draw some conclusions concerning the ex-
ponential map. First note that the f* are C™ on their domain, hence
X, Exp X,isC*on{X,|peV, |X,|| < ¢}. Second, we may compute the
Jacobian of Exp, at X, =0, the O vector at ¢, g€ V. We denote by
Exp, the restriction of Exp to T,(M) ~ Z. Now ¢ is fixed, (a', ..., a") are
constants, and the Jacobian matrix at this point has as entries df iobl eva-
luated at (1,4d',...,4"0,...,0):

of 1
- = llm -
b ok

Using the identities (6.5), with b’ = 1 and b* = O for k # j, first with ¢ = h,
then with r = 0, this becomes

(fi(1,a;0,...,h,...,0) —fi{1,a;0,...,0)

off .. 1, ., ,
.= lim - (f* 00,0, 1, ... -/ ;0,...,1,...,0
ﬁbj hl_llr(])lh(f(h’a’o’ 919 90) f(O;aaOs s Lo s ))

= fi(0,a,...,a";0,...,1,...,0).
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Since x' = f(t,a',...,a%0,...,1,...,0), i=1,...,n (with b = 1 and
b* =0 if k # j), considered as functions of ¢, are the equations of the
geodesic through g with E, as initial vector, we see that the Jacobian matrix
reduces to the identity at X, = 0, that is; 3f /ob’ = §i. It follows that for g
fixed and for some ¢ < ¢ the mapping X, — Exp X is a diffeomorphism of
the open set N = {X,| | X,|| < &} of T,(M) onto an open set N containing
g = Exp 0,. Retaining the notation Exp, for Exp restricted to that part of its

domain in T,(M), we summarize these results as follows.

(6.6) Normal Neighborhood Theorem Every point g of a Riemannian mani-
Jold M has a neighborhood N which is the diffeomorphic image under Exp, of a
star-shaped neighborhood N of the zero vector 0, of the vector space T(M).

We have defined N by | X,|| < ¢ Since the norm in T,(M) is given by the
Riemannian metric, we may choose an orthonormal basis Fi, ..., F, of
T,(M), and then, writing X, = 7, ¥'F,, we have | X,|? = Y-, (,/)2. With
these choices, the mapping

VK Equ( Y y"Fi) A
i=1

takes the open neighborhood N = Exp,(N) of g diffeomorphically onto

Bi(0) < R".

(6.7) Definition The coordinate neighborhood N, y of g defined in this
way is called a normal coordinate neighborhood.

(6.8) Remark Normal coordinates have special features that make them
useful in the study of the geometry of the manifold. Of these the most
important are the following:
(i) g,(0) = 0y . )
(i) The equations of the geodesics through g take the form y' = a't,
i=1,...,n a' constants.
(iif) The coefficients of the connection vanish at g:

r“0)=0, ijk=1..n
The first and second statements are immediate consequences of the
definition and Lemma 6.4. The third follows from the second since for all

a', ..., a" close to zero, substitution of the solutions y' = a't in the equations
of the geodesics yields

Tr0kd =0, k=1, ,n
ij

which implies (iii).
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In fact the same computations used in the proof of the existence of
normal neighborhoods give us a stronger result which we shall also find
useful. We again let U, @ be a coordinate neighborhood of ge M, let
E,, ..., E, denote the coordinate frames, X , = Y b'E;, the tangent vectors
to pe U, and ¢(p) = (x', ..., x") the local coordinates. We have shown that
there exists a relatively compact neighborhood V of ¢, V = U,andane > 0
such that Exp X, is defined and in U for each X, with pe V and with

|X,|| <& Then in local coordinates
@(Exp X,) = (fl(l,xl,...,x";bl,...,b"),...,f”(l;x‘,...,x",bl,...,b"))

with fi(t, x, b) being C® in all variables. We held p fixed at g to study the
map Exp, from T,(M) to M. Now, however, we consider the mapping F of
the open set G({ X, lpe V. | X,| <&}) = R" x R" to

e(U) x p(U)= R" x R"

Fo(xb, .., xmbt o b (xS xm YL x, b), ., (L, X, b))

This map corresponds to the map X, = 3 b'E;, = (p, Exp X ), with domain

in T(M). We have already seen that df'/ob’ = 6; when b' = - =b"=0.
Therefore the Jacobian matrix of F is nonsingular at any point (x!, ..., x";

0,...,0) of R* x {0} for which (x',...,x") = @(p) with pe V. Thus by the
inverse function theorem for each 0, T(M), 0, the zero vector at pe 1, there
is a neighborhood which is mapped diffeomorphically onto an open subset of
U x U @ M x M by this mapping, which takes the tangent vector X ,at p to
a pair of points of U, X ,~>(p, Exp X ). Now V' was originally chosen as a
relatively compact neighborhood of g lying in a coordinate neighborhood
U, ¢. It was used to obtain an ¢ > 0 for which the open set {X,|peV and
| X, Il <&} of T(M) was in the domain £ of Exp. This is also a set on which
the mapping X, - (p, Exp X ) is given in local coordinates by F. From what
we have just said we may restrict V and e further (without changing notation)
so that the resulting neighborhood N(V, &) = {X,|pe V and | X,| <¢} of g,
0, is mapped diffeomorphically onto an openset W < U x U. Although W is
not of the form B x B, it does contain the diagonal set {(p, p)|p € V}. We now
let B < V be a neighborhood of ¢ such that B x B < W. Then B x B is the
diffeomorphic image of some open subset of N(V, ¢) which can be described
by Ny = {X,lpe B, Exp X, eB}. Putting these facts together gives the
following result.

(69) Theorem Let U, be a coordinate neighborhood of M and qe U.
Then there exists a neighborhood B < U of q and an &€ > O such that any two
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points p, p' of B can be joined by a unique geodesic of length less than . This
geodesic is of the form Exp tX,,0 <t <1, and lies entirely in U. It follows
that for each pe B, Exp, maps {X | | X,|| < &} diffeomorphically into an open
— N -~ T7

le N U

set N, such that B =

We remark that our choice of the neighborhood N, does not allow us to
conclude that whenever X,eNg, then Exp tX,eB for all 0 <t<1,
Thus in general B does not necessarily have the property that p, p’e B are
Joined by a geodesic lying entirely in B. We have made our choices so that
for each pe V, Exp, maps the & ball {X,||X,| <&} into U diffeomor-
phically and clearly has B in its image, thus each p e B has a normal neigh-
borhood N, with B = N, < U.

With somewhat more effort one can show that it is, in fact, possible to
select a neighborhood B of each point g on a Riemannian manifold with the

mizing) geodesic segment lying entirely in B. Such neighborhoods are called
geodesically convex and the proof of their existence is due to Whitehead (1]
It may be found in several of the references, for example, Helgason (1],

Kobayashi and Nomizu [1], or Bishop and Crittenden [1].

Exercises

1. A section of T(M) is a C* mapping F: M — T(M) such that 7o F =
identity on M. Prove that the sections of T(M) correspond precisely to
C*-vector fields on M.

2. Show that in a manner quite analogous to the definition of T (M), a
manifold structure can be defined on .7"(M) for any fixed » and that
covariant tensor fields of order r correspond exactly to sections of M
into J"(M). (A “section” is defined as in Exercise 1.)

3. Show that the set of all unit tangent vectors at all points of M form a
submanifold of T(M). Discuss the existence of sections with image in
this submanifold.

4. Let M be imbedded in R™ as a submanifold and for each PeEM let
N, < T,(R™) be the subspace of vectors orthogonal to T,(M). Show that
N(M) = | J,.u N, can be given a structure of a C* manifold such that
the natural mapping n: N(M) — M given by mapping N, (M) - pis C=.
Proceed by analogy with T(M).

5. Show that if G is a Lie group, then T(G) is diffeomorphic to G x R",
n =dim G.

6. Let F:M — N be a C* mapping of manifolds. Show that F,: T(M) —
T(N), defined by the usual mapping F,: T,(M) — T,(N), is a C* map-
ping of manifolds and commutes with the projection mappings.
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7 Some Further Properties of Geodesics

Until now we have considered Exp only locally, restricted to a neighbor-
hood of the zero vector at each point of the manifold. Our main purpose in
this section is to prove, following Milnor [1], a theorem due to Hopf and
Rinow [1] which gives conditions that the domain & of Exp be the entire
tangent bundle T(M). Equivalently, this means that Exp X, is defined for
every pe M and X , € T,(M). First, however, we wish to show that in all cases
the domain € is an open set.

(7.1) Theorem < is an open subset of T(M) and Exp: ¥ — M is a c*

mapping.
Proof We adopt the notation of the previous section and recall that to
cach coordinate neighborhood U, ¢ of M corresponds a coordinate neigh-

porhood U, ® of T(M). We have U =z '(U) and §(U) = o(U) x
" In fact, if o(p)= (x',...,x") and E,,...,E, are the

éb(Xp) = ¢(Z yiEi) = (xl, MR x”;y19 .”’y")‘

The natural mapping n: T(M)— M is given in local coordinates by
o(n(X,)) = (x',..., x"); it is an open C* mapping and has rank » at every
point. Suppose that p(t) is a geodesic on M. Then X ,, = dpy/dL, its velocity
vector, defines a curve t —» X, on T(M) with n(X ) = p(t). An examina-
tion of the method by which we passed from the equations of geodesics (5.3)
to first-order equations (5.5) reveals that on @(U) (denoted by W in
Lemma 5.4) we considered the first-order system corresponding to the

vector field

aif —2 (ZJ r Z‘(X)y"y") %.

Now we define a vector field Z on U = T(M) so that §,(Z) = Z'. If, as in
Lemma 5.4, the solutions of (5.5) are given by x'(t) = f(t, a, b) and y'(t) =
dx/di,i = 1,...,n, then on U the integral curves (solutions) of the system of
equations defined by Z are of the form

Z,=Zyi

dx! dx"
~—1 1 n .
) (x (t),...,x(t),—dt ""’Tit)’

where @~ '(x(t), ..., x"(t)) = p(t) is a geodesic in U = n(T). In brief
Xy = dp/dt is a solution curve of Z onn~ '(U) « T(M)if and only if p(t) is
a geodesic on U. From its geometric meaning, or by a tedious computation
for change of coordinates, we see that Z is a vector field defined intrinsically
on all of T(M), independent of the particular expression in a coordinate
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system, that is, the components (x!, ... = Doy, =3 Ty
transform as they should for a vector ﬁeld when we pass to other coordinates
so that Z is globally defined and depends only on the Riemannian connec-

1 f, tha nr oty
tion and metric. The geodesics on M are therefore exactly the projections by

n: T(M) > M of the integral curves of Z. Thus the conclusion of the

theorem follows from Theorem IV 4.5, [Note that IV (4.3)-(4.6) ali hold!]
[ |
.

We have seen that geodesics on Riemannian manifolds generalize
straight lines in R” in the following sense: Their unit tangent vector as we
move along the curve is constant. But another basic property which charac-
terizes straight lines in R" 1s the famous minimizing property of being the
shortest curve joining any two of its points. We now examine in some detail
the exient to which this property generalizes. A few examples wili show that
there are some difficulties.

One of the more interesting is the right circular cylinder M with the
Riemannian metric obtained by considering the planc R? with its usual
metric as universal covering (see Exercise 5.1). Then the geodesics on the
cylinder are exactly those curves which go into straight lines if we roll

the cylinder along the plane: vertical generators and helices. Thus two points

P LY R0 Al VAL phralill Vil LAl gralllatOls alil IICHCls. WU B

not on a circle whose plane is orthogonal to the axis will be joined by an
infinite number of distinct geodesics of different lengths (Fig. VII.12).

On $? the larger of the two arcs of a great circle which join two points p
and ¢ (which are not at opposite ends of at diameter) is not of mmlmal
length, even among nearby circular arcs. Finally, for the plane with the

RZ
Ly /
Ly (L)
Ly
/ M
(a) (b)

Figure VIL12
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origin removed, the points (— 1, 0) and (+ 1, 0) cannot be joined by a shor-
test curve at all. In view of all this it is remarkable that we are able to salvage
something, in fact almost everything, if we limit ourselves to points close
together and short geodesics. Let us recall that we have defined the length of
a piecewise differentiable curve p(t) (of class D*) over a<t<b by L=
{5 ||dp/dt]| dt;this is the Riemann integral of a piecewise continuous function.
It is, by definition, equal to the sum of the integrals over the intervals of
continuity [on each of which p(¢) is of class C']. Then we may e
Theorem 6.9 as follows.

1x la n
lavulalv

(7.2) Theorem For each qe M, a Riemannian manifold, there exists a
neighborhood B and an ¢ > 0 such that each pair of points of B can be joined by
a unique geodesic of length L < ¢. The length L' of any piecewise C' curve
joining these two points is > L. Moreover L = L if and only if these paths
coincide as point sets, or equivalently, when parametrized by arclength, are
identical.

This theorem is established using Theorem 6.9 and the following two
lemmas. According to Theorem 6.9, given ge M, there exists B and ¢ > 0
such that each pair of points p, p’ of B can be joined by a unique geodesic of
length L < e In fact, the equation p(t) of the geodesic is given by p{t) =
ExptX,, 0<t< 1, and |X,| = L. The open set B lies in a coordinate
neighborhood U, ¢ which contains this geodesic, and Exp, is a diffeomor-
phism of the open ball of vectors X, of T,(M) of length | X,| < ¢ onto an
openset N, of U containing B. This means that any sphere {X | | X | = r < ¢}
maps diffeomorphically to a submanifold of U, denoted by S, (and called
a geodesic sphere). The following lemma goes back to the work of Gauss.

(7.3) Lemma Let pe B and suppose Exp, maps the open e-ball of T (M)
diffeomorphically onto N, > B. Then the geodesics through p are orthogonal
to the geodesic spheres S, defined by S, = {Exp, X || X || =r},r <&

Proof Let X(t) be a curve in T,(M) with | X(¢)| =1, a <t < b. Any
geodesic from the point p may be written r — Exp,rX, 0 <r < ¢, with
|X| =1 and any curve on S, in the form t — Exp, rX(t). The mapping
(r, t) = p(r, t) = Exp, rX(r) maps the rectangle [0, £] x [a, b] differentiably
into M, and we will show that the inner product (ép/dr, dp/it) =0 for
each ry, t,. These are the tangent vectors to p(r, t,), the geodesic curve,
and to p(ro, t) a curve on the geodesic sphere S, , respectively, intersecting at
p(ro, to). If this inner product vanishes for every (ro, t,), this will establish
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the lemma. We first show that (ép/dr, ép/dt) is independent of r. By a basic
property of differentiation,

D /ép op\ (D dp op\ (dép D dp\

or\or o) \arora) " \orara)

Of these the (D/dr)(ép/dr) = 0 since holding ¢ fixed and allowing r to vary
gives a geodesic through g with dp/dr as its units tangent vecto. In the second
term, if we interchange the order of differentiation (see Exercise 3.5), we
obtain (8p/dr, (D/dt)dp/dr)) = X(D/dt)(dp/dr, Jp/dr). Since |dpjor| =
I X(H)) =1, we see that this is aiso zero and therefore (p/dr, dp/dt) is
independent of r. But p(0,t)=p, so dp/dt =0 at r=0 and thus
(ap/ar 0p/at)—0 for all r Hence for each (ry,t,) the inner product

\OP/UF Up/UL) = U WIllLIl com p tes e pIUUI

Now we consider a (piecewise) differentiable curve ﬁ(t) a<t<b, in
AT Inl. it hac a nniqlla aynra ccinn of the farm B(f) — (YY) whoara
i¥ p 1}/)(, lL 114940 A uuu.luv VAPLUDOIUAI ACJERSSLVANLV IR I y\b} LA}I }Il \L}, YYliwilw

| X(t)| = 1. Using this notation, we state the following lemma

(7.4) Lemma [} |dp/dt)| dr = |r(b) — r(a)|. Equality holds if and only if r(t)

is monotone and X (t) is constant.

Proof Again we consider the map (r,t) - p(r,t) = Exp,rX(t) from
[0, ] x [a,b] — U. The curve p(t) connects the spherical shells S, of radius
r=r(a) and r = r(b) in U,. We have p(t) = p(r(t), t) and, using »’ for dr/dt,

dp

dt

Since [ @p/dr = | X(0)| = 1 and (3p/dr, dp/dt) = O (Lemma 7.3), we have

(dp/dt)|* = |r'(t)|*> + ||op/ot]|* = |r'(t)|>. Equality holds if and only if
dp/dt = 0, that is, X(¢) = constant. Hence,

b b
f n L vty dt

In the last inequality, we have equality only if r(¢) is monotone; thus
{2 \|dp/dr|| dt = |r(b) — r(a)] if and only if #(z) is monotone and X(1) =
constant. This proves the lemma.

_9p 0P
=3 r(t)+at.

b
dt>J |r(t)| dt > = |r(b) — r(a)!.

Proof of Theorem 7.2 We continue the notation of the lemmas. Suppose
p(t), 0 <t < 1, is a piecewise smooth curve joining p = p(0) to p' = p(1) =
Exp,rX,e N,,0 <r <eand || X,| = 1. Let § satisfy 0 < é < r, and consider
the segment of the curve joining the shell of radius é around p to that of
radius r. According to Lemma 7.4, the length of this segmentis > r — § with
equality holding only if the curve coincides as a point set with segment of the
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radial geodesic from p cut off by these shells, its length being r — 6. Thus the
portion of the curve between these shells has strictly greater length than
r — & unless it coincides as a point set with a radial geodesic. Letting o
approach zero gives the result of the theorem. |

It is probably quite obvious that the statement of Theorem 7.2 is bound
up with the notion of distance on M, that is, the metric d(p, p') which we
considered in Section V.3. Recall that d(p, p'} is the infimum of the lengths of
all piecewise differentiable curves from p to p’ and that we showed that the
metric topology and the usual topology coincided. The theorem just proved
guarantees that for each point g€ M thereisane > Oanda neighborhood B
of diameter less than & (in terms of d) such that for every pair of points
p, p' € B there is a unique geodesic segment from p to p’ whose length is the

Tawg

distance d(p, p’). More generally, we have the corollary which follows.

(7.5) Corollary If a piecewise differentiable path (of class D'} fromptoqon
M has length equal to d(p, q), then it is a geodesic when parametrized by

arclength,

Note that it follows that the pathis C*! Of course the hypothesis and the
definition of d(p, q) imply that the path has minimum length among all such
curves. The proof is immediate: any segment of the path lying in a
sufficiently small neighborhood (as above) must also have as length the
distance between its endpoints (or it could be replaced by a shorter path)
and thus it must be a geodesic. Since the curve is a geodesic locally, it is a

geodesic.

(7.6) Definition A geodesic segment whose length is the distance between
its endpoints is called a minimal (or minimizing) geodesic.

Unlike the local situation in Theorem 7.2, we have seen that on an
arbitrary manifold there may be points p, ¢ which are not connected by a
geodesic at all, for example, R? with the origin removed. Moreover, even if
there exist such minimal geodesics joining p, ¢ as there do on the sphere,
they need not be unique—for example, there are an infinite number of
minimal geodesics joining the north and south poles. The question of uni-
queness is not simple and we will not go into it here. For details, as well as
many additional theorems on geodesics, the reader should consult
Milnor [1].

However, the existence question as well as some other questions we have
raised are answered in a beautiful theorem of Hopf and Rinow [1]. Before
stating this theorem we remember that each geodesic and geodesic segment
is contained in a maximal geodesic, that is, a geodesic p(r) such that p(t) is
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defined for a < t < b and not for any larger interval of values. If a = — ¢
and b = + oo, we say that the geodesic can be extended indefinitely. This is
always true of a closed geodesic (a geodesic which is the image of a circle, for
example, a great circle on S?). If every geodesic from p e M can be extended
indefinitely, then the domain & of Exp contains all of T,(M)and conversely.

(7.7) Theorem (Hopf and Rinow) Let M be a connected Riemannian

AR A VLAV Gala 14

mamfold Then the following two properties are equivalent :

(i) Any geodesic segment can be extended indefinitely.
(ii) With the metric d(p, q), M is a complete metric space.

The proof will be based on a lemma. Assume any geodesic segment
t = p(t}, a <1 < b, can be extended to a maximal geodesic curve 1 — p(t),
defined for —o0 <t < +oc. In order to see that M is complete (every
Cauchy sequence converges), it is sufficient to show that every closed and

hanndad ant ocommn nA ne~vn thi smand tha FAll Aol
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which is of interest in itself. The proof is modeled on that of Milnor [1].

{78) Lemma ,f M has the property that every aeodesic frnm some point
(/.0) Lemma I(j M nas the property tnat eve; geodaest 12 poii

pe M can be extended mdeﬁmtely, then any point q of M ca bejomed to p by
a minimal geodesic [whose length is necessarily d(p, q)].

Proof Let g be an arbitrary point of M and let a = d(p, ). Any geodesic
from p may be written p(s) = Exp sX , with X, a unit tangent vector at p and
s arclength measured from p = p(0). We must show that for some X, with
1 X,ll = 1, pla) = Exp aX, = ¢, so that s—Exp sX, 0 < s < a, is the mini-
mal geodesic segment. We will use the following fact, which is also of some
interest.

(7.9) Suppose that py, py, ..., p, are points of M and that
(*) d(po , p1) + d(py, p2) + ~ + d(pu-1, pu) = d(po . P,).

If a piecewise differentiable curve contains p;, p;i. ..., Pi+, and has length
equal to d(p;, p;+1) + - + d(p;+,— 1, is,), then it is a geodesic segment from
p; to p;.,. Conversely, if p,, ..., p, lie on a minimal geodesic segment, in that
order, then () holds for them.

It is easily seen that it is enough to verify this for r = 2. The curve C from
p; 10 p; .y 1O p;. , has length L = d(p;. p;, ) + d(p;. 1, i+ »). By the triangle
inequality L > d(p,, p;+,). If equality holds, C is a (minimizing) geodesic
segment from p; to p;,, as required (Corollary 7.5). But this must be the
case; otherwise we have

(i, pist) + dPic1, Piv2) > dpi, pisy)
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by the triangle inequality and then substituting in (x) we have

dpo,p1) + -+ dpi, piv2) + 0 + d(p,—1, Pa) < d(po , Pu)s

which contradicts the triangle inequality. Finally, the last statement follows
immediately from the fact that any subsegment of a minimal geodesic seg-
ment is also minimal.

To return to the proof of Lemma 7.8, using Theorem 6.9 we suppose
& > 0 to be chosen so that S; = {p’|d(p, p’) = d} is a geodesic sphere in
some normal neighborhood of p, sufficiently small to ensure that each radial
geodesic from p to S; is minimal. Then since S, is compact, there is a po € S;
satisfying

dpo , q) = inf d(p, q).

PesSs
Let X, be the unit vector at p such that p, = Exp 6X,. We must have

d(p7 pO) + d(Po » q) = d(p5 Q),

otherwise there is a piecewise differentiable curve joining p to g whose length
is less than d(p, po) + d(po. q) = 6 + d(po, q). Since it must intersect S, at
some point p’ and its length from p to p’ can be no less than é, we have
d(p’, q) < d(po, q) contrary to our choice of p,. We now consider all s/,
0 < §'< a, such that the geodesic segment s— Exp sX, 0 < s </, is mini-
mizing and such that

d(p, Exp s'X ) + d(Exp s'X, , q) =d(p. 9)

By the continuity of the conditions the collection of all such s forms a closed
interval 0 < s' < b. If b = a, then Exp aX , = ¢, which proves the lemma.
Suppose b < a;let p, = Exp bX ,, then d(p, p,) + d{py, q) = d(p, q) and we
may obtain a contradiction by repeating the arguments above as follows. Let
S,,n > 0, be a small geodesic sphere (with radial geodesics minimizing) ina
normal neighborhood of p; = Exp bX, and choose a point p, on S, such
that

d(p,,q) = inf d(p", q).
P eSy

Then, as before d(p,, p,) + d(p2. q) = d(p1, q) and therefore

d(p> pl) + d(pl’ pZ) + d(pZ s q) = d(p’ pl) + d(plﬂ q) = d(p’ q)

By (7.9) the geodesic p(s) = Exp sX, from p to p; together with the (radial)
geodesic in S, from p, to p, is a single (minimizing) geodesic segment from p
to p, of length d(p, p,) > b, which contradicts the definition of b. Therefore
b = a and the lemma follows. ]
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Proof of Theorem 7.7 We now turn to the proof of the theorem. We
show first that (i) implies (i1). Let K be a closed and bounded subset of M.
We will show that K is compact. Suppose pe K and a = sup,_x d(p, g);ais
finite since K is bounded. By Lemma 7.8, for any g € K there is a minimizing
geodesic from p to g; its length is d(p, q) which must be no greater than a. It
follows that K < Exp, B,, where B, = {Y | IY,}| < a}, the closed ball of
radius a in T,. Since B, is compact and Exp is coniinuous, Exp, B, 1s
compact. K is a closed subset of Exp, B,, so it must be compact. Thls
completes the proof that M is a complete metric space according to

Exercise 6.

(7.10) Remark Any manifold M having property (i) has the property that
the domain & of the exponential function is all of T( ), that is, that the
vector field Z of Theorem 7.1 is complete. Actually, in proving that (i) im-
plies (ii), we used only the weaker hypothesis of the lemma: every geodesic
from some point p € M can be extended indefinitely, that is, Z > T, (M) for
some p e M. It was not necessary to assume p € K, for if K is bounded then
for any pe M the distances d(p, ¢) are bounded for all g€ K.

Next we show that (ii) implies (i), that is, we suppose that every Cauchy
sequence on M converges and show that this implies the extendability of
geodesics. Suppose to the contrary that there is a geodesic ray, p(t),
0 <t <ty which cannot be extended to t = z,; we may assume, changing
parameter if necessary, that ¢ is arclength. Let {z,} be an increasing sequence
of parameter values with lim, ., t, = t,. Denoting by p, the points p(t,), we
have d(p,, pn) < |t, — t,,| since the right-hand side is the length of a curve
(the geodesic) from p, to p,,. Thus {p,} is a Cauchy sequence and we denote
its limit by ¢, g = lim,_, , p, = lim, _,,, p(z,). Now we let B be a neighbor-
hood of ¢, and & > 0 be so chosen that each pair of points p, p’ of B are
joined by a unique geodesic of length less than e. Of course this geodesic is
minimizing, or equivalently its length is d(p, p'). We let N be an integer
which is large enough so that for n,m > N we have d(p,, p,,) < ¢ and
d(p,. q) < ¢ and p,, p, € B.

Consider n > N fixed and suppose m > n; then we have

APy s Pm) + AP - q) = (tw — 1) + d(p,, , q).

Since t,, — t, is the length of our geodesic from p, to p,, and is less than ¢, this
segment of the geodesic is minimal. Now let m — oo and by continuity we
have d(p,.q) = to — t, for n > N. Applying this to m > n, we have for all
m>n> N,

d(p,,,p,,,)+d(pm,q)=t,,,—t,,+t0—t,,,=t0—t,,=d(p,,,q).
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Now choosing a fixed m > n, we see that the unique geodesic segment from
p, to p,, of length d(p,, p.,) together with the unique geodesic segment from
p, to g of length d(p,, q) has length equal to the distance d(p,, q) and there-
fore is a single (unbroken) geodesic from p, to g. However, it coincides with
the given geodesic p(t) for t, <t < t,,, that is, from p, to p,; thus it is an
extension of this to a geodesic segment from p to g. This shows that p(¢) can
be extended to t = ¢;.

We note that it is immediate that a geodesic segment p{z), 0 < ¢ < iy,
can be extended beyond its endpoints; this follows at once from the fun-
damental existence theorems. Thus any geodcsic on a complete manifold can

be extended indefinitely, Exp, is defined on all of T,(M) for cvery p, and Exp

has the entire tangent bundle T(M) as its domain, that is, 2 = T(M). |

The followin
is complete.

corollary depends on the fact that a compact metric space

(7.11) Corollary If a connected Riemannian manifold M is compact, then
any pair of points p, g€ M may be joined by a geodesic whose length is d(p, q)

T,(M} for some pe M. Then F, = F,.

Proof Let ge M and let p(s), 0 < s <, be a geodesic from p to g,
p = p(0) and g = p(l). Then F;(p(s)) is a geodesic from Fy(p) to Fi(q).
i=12 Since F(p)= F,(p) and F,,(p(0)) = F,(p(0)).these geodesics
coincide and

q) = F1(P(1)) = Fz(P(l)) = F,(q). |

Exercises

1. Let M be a complete Riemannian manifold and let g€ M. Identify T,(M)
with R", n = dim M, as a manifold by choosing an orthonormal basis at
q. Then Exp,: T,(M) —» M is a C* mapping of R" onto M with 0 map-
ping to g. Suppose M = S", the unit sphere with the usual metric. Prove
that rank Exp, < n for X if | X,| = kn, k= £1, £2,....

2. Show that on a Riemannian manifold M which has R" as a Riemannian
covering (n is a local isometry), the rank of Exp, is n for all ge M.

3. Let M be a complete Riemannian manifold and m: M — M a covering,
Show that there is a unique Riemannian metric on M such that mis a
local isometry and show that with this metric M is complete.

4. Give a simple example of a Riemannian manifold diffeomorphic to R
but such that no geodesic can be extended indefinitely.



8 SYMMETRIC RIEMANNIAN MANIFOLDS 351

5. Show by example that there is a Riemannian manifold on which dist-
ance between points is bounded, that is, d(p, q) < a, a > 0 fixed, but on
which there is a geodesic of infinite length which does not intersect itself.
Show that if M is a metric space in which every bounded set is relatively
compact (has compact closure), then M is complete.

.O'\

8 Symmetric Riemannian Manifolds

(8.1) Definition A connected Riemannian manifold M is said to be sym-
metric if to each p e M there is associated an isometry ¢,: M — M which is
(i) involutive (o3 is the identity), and (ii) has p as an 1solated fixed point, that

is, there is a neighborhood U of p in which p is the only fixed point of Gp.

As examples we cite Euclidean n-space, in which case o, is reflection in p;
and S”, the unit sphere in R"*!, with the metric induced by R"*! In the case
of the %r)here g is agam reﬂf_-cnon n n¥f()r each 4.0 (q) = n” where ga and

q are equldlstant from p on a geodesic (great 01rcle) through p (Fig. VIL.13).

/gp.(xp);-xp
e
)

Figure VIL13

In the case of S” we note that ¢ ,(p) = p and o,(p*) = p*, p* denoting the
point antipodal to p. Thus, in general, ¢, may have other fixed points than p.
Note also that the first example is a noncompact manifold and that the
second is compact. A symmetric space, as we shall see, is always complete.

(82) Lemma If pe M, a Riemannian manifold, and 6, is an involutive
isometry with p as isolated fixed point, then o,,(X,) = —X, and
o ,(Exp X,) = Exp(—X ) for all X, € T(M) for which both sides are defined.
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Proof Since o2 is the identity, the same holds for (s,,)* on 7(M). This
means that the eigenvalues of ¢,, on T,(M) are + 1. However, if +1is an
eigenvalue, then there exists a vector X, # 0 such that ¢, (X ) = X,. For
any isometry F: M — M, F - Exp = Exp - F since geodesics are preserved.
This means that o ,(Exp tX) = Exp tX so the geodesic through p with initial
direction X, is pointwise fixed. This means that p is not an isolated fixed
point of o,. Thus +1 is not an eigenvalue and o, = —I, I being the
identity. Since ¢ is an isometry, ¢,(Exp X} = Exp 0,,(X,) = Exp(—X )
This means that ¢, takes each geodesic through p onto itself with direction
reversed, exactly as in the two examples we have cited. |

The following corollary i1s an immediate consequence of Corollary 7.12
and the lemma:

(8.3) Corollary Given any complete Riemannian manifold M and point
pe M, there can be at most one involutive isometry ¢, with p as isolated fixed

(8.4) Theorem A symmetric Riemannian manifold M is necessarily
complete, and if p, g€ M, then there is an isometry o,—corresponding to some
re M—such that o,(p) = q.

Proof First we show that M is complete by proving that every geodesic

oy h vt
can be extended to infinite length. Suppose p(s) is a geodesic ray with s as

arclength, which 1s defined for 0 < s < b. We w1ll show that it can be ex-
tended to a length [ > b. Let s, = 3b, and let o, be the symmetry in p(so).
It takes the geodesic p(s) to another geodesic through p(s,) whose tangent
vector at p(sq) is —(dp/ds),, and whose length is the same as that of p(s).
Since it has a common tangent with p(s) at p(s,), it coincides with p(s) on the
interval b < s < b and thus extends it to a length > 3b, which proves the
statement (Fig. VIL.14).

Using this it follows easily that given any p, g € M there is an isometry of
M taking p to g. In fact, let r be the midpoint of a geodesic from p to g. Then

the isometry o, takes this geodesic onto itself and carries p to g. |
o (sp) 73
o,(p(0)
apl(r)
»(0)

Figure VIL14
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We remark here that it is easy to verify that the isometries of a Rieman-
nian manifold M form a group I(M); it is a subgroup of the group of all
diffeomorphisms of M. A classical theorem due to Myers and Steenrod [1]
asserts that it is a Lie group and acts differentiably on M. According to the
theorem just proved it is also transitive when M is a symmetric space.

Before devcloping further the properties of symmetric spaces we prove a

ha —1/\1\ .-.nll..nf T A n‘lnw\ﬂ]r\n

il a
neorcemi WlllLll EIVCS a ricn CoucClion oI €Xa TIPS,

-

(8.5) Theorem Every compact connected Lie group G is a symmetric space
with respect to the bi-invariant metric.

Proof Lety:G -G denote the diffeomorphism which takes each ele-

ment to its inverse, ¥(x) = x~!. This map is clearly involutive and in fact it is
Nnmotry /'\Pf: with o th

t 1de
“ll lDVlll\/lly YYiiil C L1l l.u
we recall that to each X Te( ) corresponds a uniquely determined one-
parameter subgroup t+— ith §(0) = X, (Section IV.6). Since y/(g(t)) =
n

wit
nl—-f\ by the chain rule w‘ ob.az

T egtablich 11
9 .ltlt_y, as isolated fixed p yuuu 10 cstabiisn this

(DH

Am

ha(X) = 0 60) = f0tato) = —a00) = - x..

This means that ,, = —1I, which is an orthogonal linear transformation (or
isometry) of any inner product on T,(G). Let a € G be arbitrary and denote
left and right translations by any ge G by L, and R, respectively. We may
write

Y(x) = x""=(a"'x)"ta7t = Ryy oo LX),
Hence ,,: T,(G) - T,-:(G) may be written

lp*a:( a- 1*) ll’:keo( a- 1*)a7

which is a composition of three linear mappings each of which is an isometry
of the inner product determined by the bi-invariant metric (R,-; and L,-,
induce isometries on every tangent space and ¥, is an isometry as shown
above). It follows that : G — G is an isometry. If we consider a normal
neighborhood of ¢ (as in Definition 6.7 with g = ¢), then by Lemma 8.2 v
is given in local coordinates by reflection in the origin, and hence ¢ is an
isolated fixed point.

Now let ge G. We define the isometry o,: G - G which has g as an
isolated fixed point by o, = L, > R, y, that is, o,(x) = gx~'g. It is an
isometry since R, L,, and { are isometries, and it is easy to check that it is
involutive and has g as isolated fixed point. ]

(8.6) Example Let G = SO(n) be the group of n x n orthogonal matrices
of determinant + 1. According to Example IV.6.7, the tangent space T,(G),
e = I, the n x n identity matrix, may be identified with the skew symmetric
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matrices A = (a;;) = — A" in the sense that X, = ), ; a,/(0/¢x,;) is tangent at
I to SO(n) considered as a submanifold of Gl(n, R) R"2 The one-
parameter subgroups are of the form Z(¢) = ¢'“. Identify g with T(G) and
compute Ad B: T(G) — T,(G) as follows. First one verifies from the definition
of ¢ that

Be'AB~! — ptBAB~!
(compare Exercise 1V.6.6). Since Ad(B) acting on T,(G) isjust the linear map
of the tangent space induced by the mapping Z - BZB™ ! on SO(n), we see
that Ad(B) takes the component matrix 4 = (g;;) of X, to BAB_1 Now

P Y JR s s N FalY e o mam dma oA s {V V\ £ V U e N1 2;.
aenne on i,uj an Inner pluuuu (A, I,) 101 Lu A\C/CX J),
-
Y, = Z Cij(O/axij) by
n
(v VY o 4w A N .
\Ae, le} — 1 awv — L‘ u,-juij.

i, j=1

It is clearly bilinear and symmetric; moreover, since

(X.. X,)=tr 44 =) a,a;= Y ai;,
ij

This means that this inner product determines a bi-invariant Riemannian
metric on G (Lemma VI.3.4). By Theorem 8.5, G is a symmetric space with
this Riemannian metric. A similar procedure may be employed to obtain the
bi-invariant Riemannian metric for other compact matrix groups.

We now develop the general properties of symmetric spaces somewhat
further. Let M be any symmetric Riemannian manifold and p(z),
—oo <t < oo, be any geodesic on M. The symmetry o, associated with
any point of this geodesic maps the geodesic onto itself and reverses its sense.
If ¢ is a fixed real number, then we denote by 7, the following composition of
two such isometries, 7, = 6, ° 0,2 . Since 7, maps the geodesic onto itself
and preserves its sense, its restriction to the geodesic must be of the form
7.(p(t)) = p(t + constant). In fact, since 7,(p(0)) = 6, ° T2y (P(0)) =
0, P(c) = plc), we see that the constant is ¢ and 7. {p(t)) = p(t + ¢).

Now we consider how 7, acts on the tangent space at a point of p(t).
Suppose in fact that X o, € T,,,(M), and define a vector field X ,,, along p(t)
by the formula X, = 1,, X 40). Let X}, be the unique vector field satisfy-
ing X, ) = X 0, which is constant along the geodesic p(t). We wish to show
that these two vector fields coincide. Now for any real number ¢y, 6 04 X per)
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is a parallel vector field along p(z) since o, is an isometry. On the other
hand, @, X;,(,.O, = — X', since p(t,} is the fixed point of the symmetry.
Because — X', is also a constant vector field along p(t) and agrees with the
field 7,4 X, at one point, it must agree everywhere. Applying this argu-
ment twice we see that ¢, X, = X, for all r and each constant c.

Lettingt =0andc¢ = ¢ proves our assertion. We have proved the following

thpnrpm

RV UICRI,

(8.7) Theorem Let p(t), —oc <t < oc, be a geodesic of a symmetric mani-
fold M and <, the associated isometry (defined above) for each real number c.
Then t(p(t)) = p(t + ¢). If X,0, is any element of T,o(M). then
Xy = Tw X0y Is the associated parallel (constant) vector field along p(t),
that is, as t varies 1, T, 0, (M) - T, (M) is the parallel translation along the
geodesic.

(8.8) Remark Note that if p, = p(c,) and p, = p(c,) are any two points
of a geodesic p‘({), —% <t <o, then by the same argument
0y, ¢ 0, (p(t)) = p(t + 2(c, — ¢y)) and (0, © 6,,), maps any parallel vector
field along p(z) to a parallel vector field.

Theorem 8.7 will be used to prove a fact about compact Lie groups
which is not at all obvious; it is given as a corollary to the following theor-
em. [It is because of this theorem that the notation Exp tX is used for
geodesics in Riemannian manifolds.]

(8.9) Theorem Let M = G, a compact, connected Lie group with the bi-
invariant metric and let X,e T,(G). Then the unique geodesic p(t) with
p(0) = e and p(0) = X, is precisely the one-parameter subgroup determined by
X,. All other geodesics are left (or right) cosets of these one-parameter
subgroups.

Proof Given a geodesic p(r) with p(0) = ¢, we consider the isometry
C ps) Op(0) Of G. By the remark above we see that this maps the geodesic onto
itself with p(t) being mapped to p(¢ + 2s). But using our formula for c,onG
together with p(0) = e, we have

Oy Ty P) = p(s)p(t)p(s)
[The right-hand side is the group product of p(s), p(t), and p(s).] Thus for all
L s,
p(s)p(t)p(s) = p(t + 2s).
Using various ¢ and mathematical induction, this gives for arbitrary s and
any integer »n

(p(s))" = plns).
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In particular, if a, b, ¢, d are integers with bd # 0, we have

159 2) ™= ) )

Thus for any rational numbers we have

p(ri + r2) = plrop(r2)

Since p(t) depends continuously on t we see that this holds for all real
numbers, and thus any geodesic with p(0) = e is a one-parameter subgroup.
However, since there is exactly one geodesic and one such subgroup with
given p(0) = X,, we see that the first sentence of the theorem is true. The
second follows at once if we use the fact that either left or right translations
are isometries, and hence preserve geodesics together with the fact that a

gUUUUbe uuuug,u au_y gc U lb uuiqumy uClCluuucu \Wuh its yaraulvulba'
tion) by its tangent vector at g. |

(8.10) Corollary If G is a compact, connected Lie group, then any ge G lies
on a one-parameter subgroup.

Proof With the bi-invariant Riemannian metric G 1S a symmetric
Riemannian manifold. Moreover it is complete and hence any pair of points
can be joined by a geodesic. If g € G, then the geodesic segment from e to g is
on a one-parameter subgroup according to the theorem. i

(8.11) Example If G = SO(n), then the geodesics, relative to the bi-
invariant metric of Example 8.6 are the curves p(t) = ¢'# (4 any skew sym-
metric matrix) and their cosets.

In the case of a group G with bi-invariant metric we can now establish
a relation between the Lie derivative and the Riemannian differentiation V
of vector fields, which we shall need in the next chapter.

(8.12) Theorem If X and Y are left-invariant vector fields on G and V is as
above, then we have

ViV =3X, Y] =1L,Y.

Proof Suppose that Z is any left-invariant vector field. Then we will
compute V Z.If g(¢) is the uniquely determined one-parameter group with
g0)=e and g(0)=Z,, then for any vector field Y we have
V.. Y = (DY,,/dt),—,. However, Z,,, = dg/dt, and g(t) is a geodesic. Thus
DZ,,/dt = (D/dt)(dg/dt) = 0 and V, Z = 0. Since Z and the metric are
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left-invariant, it follows that V,Z =0 everywhere on G. Thus
Vy+y(X + Y) =0, from which we conclude that

V,Y + V,X = 0.

On the other hand, we know that for any pair of vector fields a Riemannian
connection satisfies the identity V, Y — V, X = [X, Y]. Combining these

A ity tha 1l o =
two identitics g €5 inc icimima. []

Exercises

1. LetT:V — V bea linear transformation on a vector space over R which
is involutive, that ts, T? is the identity. Show that there is a basis of V
such that the matrix of T is diagonal with diagonal elements equal to
+ 1.

2. The unitary group U(n) consists of all complex matrices 4 which satisfy
the relation 4 A4¥% = I A* = ‘A the transnose coningate. Show that Ulx)

the relation . 1€ transpose conju snow that Un
v Jupa \"tJ

can be considered as a compact subgroup of GI(2n, R) and determine a
bi-invariant Riemannian metric by giving it explicitly on T,(U(n)) as in
Example 8.6.

3. Let G be a compact Lie group with a bi-invariant Riemannian metric
and let X, Y,, Z, be vectors at the identity. Compute R(X, Y}  Z by
extending them to left-invariant vector fields on G and using
Theorem 8.12.

9 Some Examples

Except for Euclidean space itself, the examples we have given of symme-
tric spaces have been compact manifolds. We will consider a further exam-
ple, which is not compact. To do so we must begin, in a rudimentary way at
least, to develop some additional theory which will show the path toward
further examples—in fact toward all examples of symmetric spaces.

As we have noted, symmetric spaces are acted upon transitively by their
group of isometries. It is natural, therefore, to ask under what circumstances
can one be sure that a manifold M, acted on transitively by a Lie group G,
can be endowed with a Riemannian metric relative to which the transforma-
tions of M by elements of G are isometries. A sufficient condition is given by
the following theorem.

(9.1) Theorem Let G be a Lie group acting transitively on a manifold M.
Then M has a Riemannian metric such that the transformation determined by
each element of G is an isometry if the isotropy group H of a point pe M is a
connected compact (Lie) subgroup of G.
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Proof We let 8: G x M — M denote the action, and for each ge G.
6, M > M denotes the diffeomorphic transformation of M onto itself
determined by g, 6,(q) = 6(g, q). If g€ H, then 6,(p) = p so that it induces a
linear mapping 6,,: T,(M) - T,(M). Since 6,06, =0,,,, we have
0,5 ° 0y, = 0,,4,4 50 that g — 6, is a homomorphism of H into the group
of linear transformations on T,(M). From the fact that 6 is C™ it is easily
verified that this is a C* homomorphism, that is, a representation of H on
T,(M). Referring to Section V1.3 and, in particular, Theorem V1.3.9, we see
that since H is compact and connected, there must be an invariant inner
product, which we shall denote by @ (X ,, ¥,) on T,(M). Now if ge M, there

fe — PR IS TS Y - Y B { .
is a g € G such that 6,(¢q) = p. We define (X, ¥,) by

(Dq(Xq ) Y;) = G;Qp(xq ’ Yq) = (Dp(aq* Xg. 69* Y;)
If 6, (q) = p also, then gg; ' € H. Hence 0}, -, @, = @, and
B;q)p = 65,05, 1’1(1)17 = 0;‘1 ° 6;1’1 ° egq)p = B;q)l? :

g1 99
It follows that @, is well defined; it is positive definite since 0, is a
diffeomorphism; and it is easily verified that ® is C* and G-invariant on M.
Thus @ defines a Riemannian metric on M with respect to which each 6, is
an isometry of M. This completes the proof. |

In the following theorem we will continue this notation, and suppose as
above that H is compact and connected and moreover that the action of G
on M is effective. Then we are able to impose an additional condition which
will be sufficient to ensure that M, with a metric which makes G a group of
isometries, is a symmetric space. This will open the way to further examples;
of which we give only one in detail.

(9.2) Theorem With G, H, p and M as above suppose that «: G — G is an
involutive automorphism of G whose fixed set is H. Then the correspondence
a(0(g, p)) = 0(xlg), p) defines an involutive isometry of M onto M with p as an
isolated fixed point.

Proof First we check that & actually defines a mapping of M onto itself.
Let g be an arbitrary point of M. By transitivity there is at least one ge G
such that 6(g, p) = g. If g’ is a second such element, then g’ = ghand a(g’) =
a(g)a(h) = a(g)h. Hence

#(0(g’, p)) = 6(x(g'), p) = O(x(g)h, p) = 0(x(g), 8(h, p)) = O((9), p)

as required. Therefore & is defined independently of any choices. Since & is
the identity, & is onto. Let us assume for the moment that we have proved
that & is C*®, has p as an isolated fixed point, and that &,: T,(M) - T,(M) is
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—1I, thatis, a,(X,) = — X . Then, clearly, &, preserves the inner product o,
on T(M). If ge M, q # p, then choose g€ G such that §,(p) = ¢. Then

%(q) = 0(a(g). ) = Ouey(0,-1(q))
Hence &,,: T(M) > T,,(M) is given by &,, = 0, ° 0, 1, both of which

are isometries on the tangent spaces. Thus, subject to checking the other
properties, & is an isometry.

In order to verify the remaining properties we need to use the fact that
the natural identification of M with G/H given by the mapping F:G/H
— M, F(gH) = 0(g, p). is C* and commutes with left translation on G/H.
Thus we use Section IV.9, which was an application of Frobenius’ Theorem
[although, in fact, in the examples given below the facts we need here can be
checked directly without relying on this general procedure]. First we recall
that if gH € G/H, then there is a C* section S defined on a neighborhood V
of gH, S: V —» G with n o § = id (n: G —» G/H is the natural projection and
id the identity on V). Using the difftomorphism F, obtain a C* section
S=S.-F'onV-= F(V) into G which means a C* mapping such that
8(5(q), p) = q for allg e V. Every point of M is contained in the domain ¥ of
such a section, and & | V' is given by

i(q) = (0(3(q), p)) = 0((5(9)). p)

which is a composition of C* mappings. It follows that & is C*.

Finally we wish to show that & has p as an isolated fixed point and that
%, = —1. We use facts demonstrated in Section IV.6 concerning the expon-
ential mapping (Definition IV.6.8)

exp: T,(G) - G

(not to be confused with Exp, the exponential mapping of Riemannian
manifolds). Given any X ,€ T(G), then exp tX, = g(t) is the one-parameter
subgroup of G with §(0) = X; and exp X, = g(1). By Theorem 1V.6.10,
there is an & > 0 such that an ¢-ball Bf(0) = T,(M) is mapped diffeomor-
phically onto a neighborhood U of e, the identity of G. Since «: G — G is a
Lie group automorphism with & the identity, a,: T,(G) - T,(G) splits T,(G)
into the direct sum of two subspaces V'* of characteristic vectors belonging
to the characteristic values +1 of «,. Since afexp tX,) = exp o, (X.,),
2 (X.)=X, if and only if X,eT,(H). Thus T (G)=V* @V,
V' =T(H). n:G—-G/H defines n,: T(G)— T, (G/H) with kern, =
T,(H) and =, |V~ an isomorphism onto. It follows that 7 - exp maps a
neighborhood W of V™ n B}(0) = T,(G) diffeomorphically onto a neighbor-
hood of H in G/H. Composing with F: G/H — M gives a diffeomorphism
onto an open set around p. Thus for X e W, the mapping X, — 6(exp X., p)
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is a diffeomorphism. Moreover &(f(exp X, p)) = 6(x(exp X,), p) =
B(exp(— X ), p). It follows that p is the only fixed point of & in this neighbor-
hood and that &, : T,(M) — T,(M)is —I; each vector is taken to its negative.
Combining this with what we have already established, the proof is
complete. |

The following corollary is immediate, since each 6,: M — M is an
isometry.

(9.3) Corollary Under the assumptions of the theorem M is a symmetric
space with involutive isometries ¢, = & and o, = 0,° &< 0,-, for ¢ = 6(g, p).

Much of the above is to enable us to consider somewhat more com-

N LA R Toc A0 D o iinlmin dam o aa £13e  Af alalal dha FAllaciims 10 o
pllC'dtCU CXAllpICy Ul NiCIlldlllllall Hdallioiay, O wililll tllU I0HUWILIE 1> a

sample.

(9.4) Example Let M be the collection of all n x n, symmetric, positive
definite, real matrices of determinant + 1, and let G = Sl(n, R} be the n x n

matrices of determinant + 1. Then G acts on M as follows:
0(g, s) = gsg'
where g’ denotes the transpose of g € Si(n, R). We will let p, the base point of

the theorems above be I, the n x n identity. We then note that H = SO(n)
since

H = {gesi(n. R)|6(g. 1) = 1)

is given by the equivalent condition gg’ = I, that is, g € SO(n), the group of
orthogonal n x n matrices. Hence M is canonically identified with
Si(n, R)/SO(n).

The automorphism « which we consider is defined by a(g) = (¢~ '), the
transpose of the inverse of ge Si(n, R). Note that a(g) = g if and only if
g€ SO(n). Thus all of the conditions of the theorem are met if Sl(n, R) is
transitive on M. However, any positive definite, symmetric matrix ¢ may be
written in the form g = gg’ = glg’ where g € Si(n, R) by standard theorems
of linear algebra. From the corollary above M is a symmetric space relative
to an Sl(n, R) invariant metric. [Note that &: M — M can be seen, quite
directly, to be C* and to have the identity p = I as its only fixed point on M.
In fact, using g = sIs’, we see that

a(g)=a0(s, 1) =0(s" L I)=5"1s"'=(s5)" ' =q "

Thus &@: M — M simply takes each positive definite symmetric matrix to its
inverse. The only such matrix which is equal to its own inverse is the
identity I.]
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(9.5) Example A variant on the above, which is a particularly important
case, is the following. Let M = {(x, y)e R*|y > 0}, the upper half-plane.
[Note that it is covered by a single coordinate neighborhood.] We define an
action of SI(2 R) on M as follows. We identify R? with C C, the \,umpch
numbers, in the usual way. Let z=x +iyand let w=u+iv, i = ./ —
When ¢ € SI(2, R), that is,

g=(a b>, ad — bec = +1,
¢ d
P EN A n

we then define w = (g, z) = (az + b)/(cz + d). It is not difficuit to verify
directly that if y = Im(z) > 0, then v = Im(w) > 0 and that 0(g,, 6(g,, z)) =
(g9, z). Moreover the Riemannian metric defined (in the local coordinates

— AL A~ e an AM¢,.
(,Y ”\—f‘" z X + ’y—“v’hwh cover 1‘u/ oy the m matrix 01 Components

el

is in\ ariant under the action of SI(2, R); thus this group acts on M as a group
of isometries of this metric (Exercise 4).

If we let the complex number i which corresponds to (0, 1) in R?, play the
roie of p in the general discussion above (Theorems 9.1 and 9.2), we note the
following two facts. First, the action is transitive. Given any z, = u + ip with
v > 0, then an element of G = SI(2, R) taking i to z,, is

giving, in general,

0(g, z) = —_Z * (u/\/;) =1z + u;
| 0z + (1/3/v)

Hg, 1) = u + iv.

and, when z = i,

Second, the isotropy group of i consists of all g = (¢ %) e Sl(n, R) such
that i = (ai + b)/(ci + d). However, this means that ai + b= —c¢ + di or
a=dand b = —c. Since in addition ad — bc = + 1, we have also a? + b2 =

1; hence
_ cosf@ sinf
9= —sinf@ cos 8
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and H = SO(2). It follows from our general theory in Section I'V.9. that the
upper half-plane with this geometry and the 2 x 2 positive definite matrices
of Example 9.4 are equivalent both as manifolds and as homogeneous spaces
with SI(2, R)/SO(2). This shows that the identification of a homogencous
space with a coset space of a Lie group as a prototype is a deeper and more
interesting result than it might appear to be. In many cases rather concretely
given geometric spaces can best be studied in the context of coset spaces of
Lie groups.

The example we have been considering, the upper half-plane, is a realiza-
tion (due to Poincaré) of the space of non-Euclidean geometry discovered by
Bolyai, Lobachevskii, and Gauss. Its geometry can be studied using results
of this chapter. For example, we have earlier asked the reader (Exercise 5.4)
to check that the lines x = constant are geodesics in this geometry. Now we

propose another yl’Oblwu Show that the upper | halves of circles with centers

on the x-axis are—when suitably parametrized—also geodesics. This is done

by showing that each such circle is an image by one of the isometries of G of
a vertical line. Moreover, since through a point z there is such a circle
tangent to any direction, these must be all of the geodesics. Using this fact it
is easy to see that Euclid’s postulate of parallels does not hold in this
geometry: There are more than one, in fact an infinite number of lines
through a point z not on the line L which are parallel to L. that is. do not
intersect L at any point of the upper half-plane M. The possibilities are
shown in Fig. VIL.15, where L, and L) indicate parallel lines (geodesics)
which bound the infinite collection (faint lines) of lines L parallel to L

through :.

y oxis

X Ous

[
i

Figure VILES

(9.6) Example As a last example of a symmetric space, we mention the
Grassmann manifold G(k. n) of k-planes through the origin of £”. We have
noted in Section IV.9 that this is a homogeneous manifold acted on in a
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natural way by Gl(n, R). It is easy to see that the subgroup SO(n, R)also acts
transitively on the k-planes in R". In fact, a k-plane contains an orthonormal
basis f,, ..., f, which can be completed to an orthonormal, oriented basis

fia . f nf R" Then there exists an nrthngnnal transformation of determin-
ant + 1 takmg the standard basis e, ..., e, to this one. Hence the k-plane P,
spanned by ey, ..., e, is carried onto any k-plane P by at least one element of
SO(n, R\ acting in the natural way. The isotropy group H of P is S((){k\ x

O(n —k )), the matrices in SO(n) ‘of the form

A 0
{_ ,\, AeO(k), BeO(n—k), det Adet B= +1.
\0 B, s AY ’
We shall not pursue this example further except to mention that in this
case o is the automorphism o: x— gxg~ L determined by the element

7= 0 In—k
of Gl(n, R); then a(x) = x if and only if xe H.

Many further details on this and other symmetric spaces may be found in

Helgason [1].

Exercises

1. Prove that any positive definite, symmetric # x n matrix P is of the form
P = AA’, where 4 is a nonsingular matrix of determinant + 1. Find all
possible 4 such that P = 44’ for a given P. Show that conversely 44’, A
an n x n matrix, 1s positive definite if 4 is nonsingular.

2. Show that if P is a positive definite symmetric matrix and P = P~ 1 then
P=1

3. Ifa, b, c dare real, compute the imaginary part of (az + b)/(cz + d)and
show that it has the same sign as Im(z).

4. Prove that SI(2, R), acting as in Example 9.5, leaves the Riemannian
metric given there invariant, that is, each transformation of this type is
an isometry of the upper half-plane. Show that under these isometries
circles with center on the x-axis go into circles of the same type, or
vertical lines.

5. Show that the mapping A — e maps the symmetric n x n matrices onto
the positive definite symmetric matrices and is one-to-one and onto. Use
this to show that curves through I given by P(t) = ¢'4, 4 symmetric,
n x n, allow us to identify T;(M), the tangent space at I to the manifold
M of positive definite symmetric matrices of determinant + 1 with the
symmetric n X n matrices of trace zero. (See Example 9.4.)
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6. Show that (4, B) = tr(AB) defines an inner product on the space of
symmetric n x n matrices. Using Exercise 5, show how this may be used
to define a Riemannian metric on M which is invariant under the action
8: Sl(n, R) x M — M of Example 9.4.

Verify that « defined in Example 9.6 is an ir

SO(n) leaving fixed the subgroup H.

|

8. Show that in Example 9.5 there is a unique geodesic segment joining any
pair of points p, g and that its length is the distance d{p, g) as defined in
Section V.3.

9. Show that the mapping 4 — e* of .#,(R) — SI(2, R) is not onto.

Notes

The proper g tion of differentiation from Euclidean manifolds to Riemannian
manifolds was difficult to discover and came long after the work of Gauss and Riemann. The
notion of parallel displacement of vector fields along curves generally attributed to Levi-
Civita [1] furnished the basic idea from which the theory developed. The use of the operator Vy
and its axiomatization are much more recent and are due to Koszul {1]. Many of the references
contain a more complete theory of connections and of differentiation on manifolds which does
not depend on a Riemannian metric—and hence is not unique.

The curvature, which is introduced so briefly here, is in some sense the obstacle to differen-
tiating exactly as in Euclidean space, for there parallel displacement of a vector field along a
curve from p to g is independent of the path chosen. In the Riemannian case, however, it is not
the same along every curve. Thus parallel displacement of T,(M) along a closed curve (loop) at
p vields the identity transformation of T,(M) if we are in Euclidean space, and a linear transfor-
mation related to the curvature operator otherwise.

Once differentiation is successfully generalized, one can begin the study of Riemannian
geometry itself. We began this with the study of geodesics and, in the next chapter we shall go
on to a brief study of curvature. Of course, we do not dig very deeply; both geodesics and
curvature as well as their interrelations are the basis for an enormous amount of interesting
research. Indeed, geodesics and curvature are the basic objects of study in Riemannian
Geometry. The reader should consult Bishop and Crittenden [1], Kobayashi and Nomizu [1],
Milnor [1], and other books listed in the references for further work and extensive bibliographies
of these topics.

Symmetric spaces are among the most important examples of Riemannian manifolds. In
particular, they include as special cases all of the classical geometries: Euclidean, non-Euclidean,
projective (real and complex); they were first studied by Elie Cartan in several important papers
and were completely classified by him. They are all homogeneous spaces of Lie groups and
indeed their classification is closely related to the classification of real, semisimple Lie algebras,
also carried out by Cartan. The reader should consult Chern and Chevalley [1] and Helgason
[1] for more details. Some further examples are discussed in Chapter VIIL
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This chapter continues our brief introduction to Riemannian geometry by defining and
interpreting the concept of curvature. This is the most important invariant of a Riemannian
metric on a manifold and completely determines the local geometry. Its definition requires the
operation of differentiation developed in Chapter VII.

We begin with a brief exposition of the geometry of surfaces in E?, that is, two-dimensional
submanifolds imbedded in ordinary Euclidean space; E* comes equipped with a Riemannian
metric and thus induces one on the surface. Using differentiation of vector fields along curves on
the surface M we are able to define a symmetric bilinear form (covariant tensor of order 2)on M
which is related to the shape of the surface, and a corresponding symmetric (self-adjoint)
operator on the tangent spaces to M whose trace and determinant are the mean and Gaussian
curvatures. The latter, denoted by K, is of fundamental importance because of the profound
discovery of Gauss that it is unaltered by modifications of the manner in which M is imbedded
so long as lengths of curves (and hence the Riemannian metric) are unaltered. This is not proved
until Section 4; but in Section 3 we deduce the basic symmetry properties of the Riemannian
curvature R(X, Y, Z, W), a covariant tensor of order 4 which was defined in Section VIL4.
These properties are then used in Section 4 to prove Gauss’s theorem and to determine the
relation of the Gaussian curvature and the Riemannian curvature. This involves the important
idea of sectional curvature in an arbitrary Riemannian manifold, which is defined and discussed
in Section 4, using the various symmetries of R(X, Y, Z, W),

In Section 5 we extend the differentiation process previously defined for vector fields to
arbitrary covariant tensor fields and use it to define the notion of parallel vector ficlds. We state
(without proof) the local characterization of symmetric spaces as Riemannian manifolds whose

365
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curvature tensor is parallel. This includes, in particular, the manifolds whose curvature is
constant on all sections, called manifolds of constant curvature. The last section is devoted toa
discussion of these Riemannian manifolds; they include all of the classical geometries:
Euclidean, hyperbolic or non-Euclidean, and elliptic (real projective space).

1 The Geometry of Surfaces in E3

In this section we use our earlier definitions of curvature for curves in
Euclidean three-dimensional space io obtain various quantities which mea-
sure the shape of a surface M near each of its points. All of these will depend
for their definition on the fact that the surface M lies in Euclidean space;

howavar thay will ha indanandant aftha canrdinatac nnead hath an M and An
LIV YY N VA ‘-l‘\l! YY 1Ll UN ‘llu\t}l\(llu\tllt VL LIS VUL UILLIA LV UOVA UULLL VL UYE Al ULl

E’, as will be seen from their definition. Since all properties are local in
character, we suppose that M is an imbedded surface of which we consider
only a portion covered by a single coordinate neighborhood U, ¢ with
W = ¢(U) a connected open subset of R?, the uv-plane. Thus pe U = M
has coordinates (u(p), v(p)) = ¢(p); and, taking the Euclidean three-
dimensional space with a fixed Cartesian coordinate system, that is, identify-
ing E* with R?, the imbedding or parameter mapping ¢ ': W - U < R?is
given by x' = fi(u,v), i = 1,2,3. Let E; = ¢, '(0/0u) and E, = ¢ *(6/0v)
denote the coordinate frames and suppose further that M is orientable and
oriented with U, ¢ giving the orientation. This is an important condition on
M since we are then able to define, without ambiguity, the unit normal vector
field N to M; it is the unique unit vector at each pe M which is orthogonal
to T,(M) = T,(R*)and so chosen that E, E;, N form a frame at p with the
same orientation as 0/0x!, /0x?, 8/0x> the standard orthonormal frame of
R*. Length and orthogonality are defined in terms of the inner product
(X, Y) of Euclidean space which, of course, induces a Riemannian metric on
M by restriction. We shall study the shape of M at pe M by means of the
derivative of N in vartous directions tangent to M at p.

In fact, using the ideas developed in Sections VII.1 and VII.2, let p(t) be
any differentiable curve on M with p(0) = p and p(0) = X, € T,(M). Re-
stricting N to p(t) gives a vector field N(t) = N, along p(t) which may be
differentiated in R? as a vector field along a space curve, giving a derivative
dN/dt which is itself a vector field along p(t). Applying (VII.1.4c) and using
(N, N) = 1, we have

d dN
0= dt(N’N) = 2(dt ,N).
This means that dN/dt is orthogonal to N(¢) at each point p(t) and hence is
tangent to M, that is, dN/dt € T,,,(M) (see Fig. VIIL1).

If we restrict our attention to a fixed point p e M, and consider various
curves through it with p(0) = p and tangent vector X, = p(0), then we have
the following result.
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Figure VIIL1

(Ll) Theorem The vector (dN/df\ — o dpnpnrlc nnlv on X and not on the

hY
curve p(t) chosen. Let S(X,) = (dN/dt), o- Then X - S(X ) is a linear
map of T,(M) > T,(M).

Proof Llet X, = aE,, + bE,, be an arbitrary element of T,(M) written

as a linear combmatlon of the coordinate frame E, ,, E,, of the coordinate
neighborhood U, ¢ containing p. Let

= (/1 (u(0), (). £ 2(u(2). o(0), S (u(2), ©(2)))
be any differentiable curve with p(0) = p, p(0) = X, and suppose p(0) has

coordinates u; = um\ and v, = nm\ Sinc (O) Xp, we have p(O) =

ak,, + bE,,, that is, 4(0) = a and v( ) = b. We denote by n'(u, v) the com-
ponents of N on U relative to the standard frames in R?

0 0
N =n'(y, U)W + n*(u, U)W + n*(u, v)%

Then, along the curve

and

G, 0 (3) 05

on 0 3 (ont 0
e + b I P -
(éu),,,(m@x’) (i; (a”)mm axl)

This shows that S(X,) depends linearly on the components of X ,, and since
(dN/dt),_ lies in T,(M), we have S: T,(M)— T,(M) is a linear map. More-
over only the values (u 0), v(0)), the coordinates of p, and #(0), 9(0), the
components of p(0) = X ,, appear in the formula. Thus (dN/dt), depends on
p and X, and not on the curve used in the calculation.

I
IIMu

dN
dtO i

I
Q
A
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(1.2) Remark The linear map S: T,(M) — T,(M)given at each pe M does
not depend on the choice of coordinate system U, ¢ on M nor on the
Cartesian coordinate system used in Euclidean space. This is because N is
defined using only the orientations of M and Euclidean space and the inner
nnnnnnn

existence of parallel orthonormal frames in Euclidean space. Thus N, dN/dt,
and S are independent of coordinates and involve only the geometry of M as

an imbedded surface in Fuclidean snace. The operator S has been appro-

HIUTEUTL Suliavas 1A BvauLaGll Sp L OpRiats 1288 UL

priately called the shape operator, see O’Neill [1], in whose work the reader
may find a detailed discussion.

By way of examples, suppose M is the xy-plane. Then N = E;, a con-
stant vector, so that S{(X,) = 0. On the other hand if M is a sphere of radius
R, the unit normal N at (x', x%, x*)e M is given by

o xta  x* o x3 0

N=X S X 0 X 9
R@x‘+Rc'3x2+Rébc3

If we move in any direction tangent to the sphere along a great circle curve,
parametrized by arclength so that ||X,| =1, then S(X,)= —dN/ds
= —(1/R)X . Further examples will be considered presently.

We may use the linear map S: T,(M)— T,(M)—more accurately
denoted S,—which we have determined at each p e M to define a C* covar-
iant tensor field on M, assuming (as we shall henceforth) that M is a C*
submanifold. We follow a standard procedure from linear algebra: Let
S: ¥V — ¥V be a linear operator on a vector space ¥ with inner product
(X, Y). Then the formula

¥(X, Y) = (S(X), Y)

defines a bilinear form, or covariant tensor of order 2, on V. The form V¥ is
symmetric if and only if

(S(X), ¥) = (X, 5(Y))

holds for all X, Ye ¥V; S is then called symmetric or self-adjoint. For the
linear algebra involved the reader is referred to Exercise 9 and to Hoffman
and Kunze [1].

(1.3) Theorem S(X) is a symmetric operator on the tangent space T, (M) for
each pe M and W(X,Y) is a symmetric covariant tensor of order 2. The
components of S and ¥ are C* if M is a C® submanifold.

Proof 1In order to prove these statements we compute the components
of W(X,Y). As above U, ¢ is a coordinate neighborhood and
¢ 1! W— U c M is the corresponding parametrization. The components
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of W(X,Y) relative to the coordinate frames E, = ¢x '(é/0u) and E, =
@* '(0/0v) are given by the standard formulas below, in which we use dN/du

and ON/dv to denote the derivatives of N along the coordinate curves on M
obtained by hn]dlna one corrdinate fixed and allowing the other to vary (as

oN
lP(Exs Ez) = (S(E1), Ez) = 15 Ez\,
\ ou

Y(E,, E)) =(S(E,), E) = —(\g, El),

oON
W(E,, E,) = (S(Ey), Ey) = —(5, E )

If we denote by X = X(u, v) the position vector from O to ¢ ' (u, v)

X = i 0) =2+ 12 )=
ox* ox~

then X, = E, and X, = E, are just the vectors whose components are the
corresponding derivatives of the components of X with respect to u and v,
that is, X, =0X/0u =E, and X,=0X/0v = E,. Remembering that
(N, X,) =0 = (N, X,) and differentiating, we obtain

ON Zf:
(G %) X = TG,
N a2 ON
_(E’Xu) _(NaXvu)_Z Ja ou (N’Xuv)— _(E’XV)’
ON
_(av,X) N va Zrl

These computations show that the components of ¥, and hence of S, are C®
if M is. The second of these relations shows that ¥(X, Y) = ¥(Y, X) so the
tensor ‘¥ is symmetric. The 2 x 2 matrix (I;)) = (¥(E;, E;)) of its compo-
nents will often be written
I m
(o )

Where I = (N, qu) = 111, m = (N, Xuv) = 112 = 121, and
n= (N7 va) = 122 .
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The bilinear form W(X, Y) is called the second fundamental form of the
surface M, and the inner product (X, Y) the first fundamental form. Although
the components of the Riemannian metric (X, Y) are denoted by g;; for the
general Riemannian case, one often uses E, F, G in the classical case of a
surface M in Euclidean space. Thus

g1 = E = (X, X.),
g1z = F = (XusXv) = (Xv’ Xu) =F = g215
g2 = G = (X, X,). I

(14) Remark It is a classical theorem of differential geometry (which we
shall not prove) that two surfaces M, and M; in R? are congruent if and only
if they correspond in such fashion that at corresponding points both fun-
damental forms agree (O’Neill [1, p. 297; Stoker [1, p. 138]). Of course the
“only if” part is immediate from the definitions. This fact shows the impor-
tance of these two forms in the geometry of the surface.

The Principal Curvatures at a Point of a Surface

Having once proved that S(X) is a self-adjoint linear operator on T(M)
at each pe M, we can use standard theorems of linear algebra, together with
what we have learned of curves in space, to study the geometry of M.

(1.5) Theorem At each pe M the characteristic values of the linear trans-
formation S are real numbers ky and k, , ky > ky . Ifk; # k, , then the charac-
teristic vectors belonging to them are orthogonal; if k; = ky = k at p, then
S(X,) = kX, for every vector X, in T,(M). The numbers k; and k, are the
maximum and minimum values of ¥(X ,, X ,) = (S(X,), X, ) over all unit vec-
tors X, € T,(M).

Proof These statements are taken directly from theorems of linear alge-
bra, but we shall sketch a proof for the case k, # k,, leaving the case
k, = k, to Exercises 7 and 8. All vectors are elements of T,(M), p fixed, in the
following proof. We suppose k; > k, are the characteristic values, which are
real since S is self-adjoint (Exercise 7), and we let F,, F, be characteristic
vectors of unit length corresponding to k,, k, . We have

kl(Fl’ Fz) = (S(F1)7 Fz) = (Fls S(Fz)) = kz(Fu Fz)a

which implies (F,, F,) = 0 when k; # k,, as assumed. Replacing F, by
— F, if necessary, we may suppose F,, F is an orthonormal basis with the
same orientation as T,(M).

Next we show that k, and k, are the maximum and minimum values of
(S(X,), X,) for unit vectors X ,. Any unit vector X ,€ T,(M) may be written
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X,=cos 0 F, +sin0 F,. Let k() denote (S(X,), X ) = ¥(X,., X,). Since
F,, F, is an oriented, orthonormal frame, we have

(*) k(@) = k, cos®* 0 + k, sin?@  (Euler’s formula).

Differentiating gives

Q

ther words,

nd minimum

Hence the extrema of k(9) occur when § = 0, ix, 7, or 37; in
when X = +F. or +F2 so that k. and | m a

¥ aiwix Am 1 L [SAC RS S o3 8 ,\11 LIS ’\12 a
values of (S(X,), X,) as claimed. ]

We remark that k; and k; are the maximum and minimum of the expres-
sion W(X,, X )/(X,, X,) over all X, # 0 in T,(M). The points p at which
ki = k, are called umbilical points of M if k, # 0 and planar points other-
wise. Note that a sphere of radjus R consists entirely of umbilical points with
k, = I/R = k,. Similarly, if M is a plane, every point is planar with
ky =0=k,.

We shall now interpret k(0) = W(X ,, X,) geometrically. Let p be a point
of M and X, a unir tangent vector at p; X » and N, determine a plane on
which we may take p as origin and X ,, N, as unit vectors along the axes (in
that order), thus giving a coordinate system and orientation on the plane

(see Fig. VIIL.2). The plane intersects M along a curve which, of course, lies

Figure VIIL2

on M and on the plane, and passes through p. It is called the normal section
at p determined by X ,; there is clearly such a curve for each X »- The vector
N, 1s the normal to the curve at p and X, is its unit tangent vector. Writing
this curve as p(t) with p(0) = p and with arclength as parameter, we have
p(t) = dp/dt a unit vector for every ¢ so that p(0) = X,. Differentiating
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(N, dp/dt)=0 along the curve, we find that (dN/dt, dp/dt) =
— (N, d®p/d*) = —k, the curvature of the plane curve p(t) as defined at
the end of Section VIL1. In particular, at p=p(0), (dN/dt, X )=
—(S(X,), X,). Thus with X, =cos § F, + sin § F, as above, we find that
k(f) = k is the curvature of the normal section determined by X ,. For this
reason k(f) is called the normal curvature (of the section determined by
X,); and k, and k,, the maximum and minimum of k(8), are called principal
curvatures at p and the corresponding unit vectors F, ,, F;, (chosen to con-
form to the orientation) are called principal directions at p.

To study the surface at p we will now choose an xyz-coordinate system in
Euclidean space so that the origin is at p, T,(M) is the xy-plane, and the
principal directions F,,, F,, and unit normal N, at p are d/0x, 8/0y, 0/0z,
unit vectors on the x-, y-, z-axes, respectively. Let x =u, y = v, and
z = [ (u, v) be the (parametric) equation of the surface. Then we may identify
the xy- and uv-planes and assume that the parameter mapping o~ ! takes
some open set W on the xy-plane onto an open set U on M. The conditions

+1 4
then imply

f0,0)=0 and  £.(0,0) =0 = £(0,0).

11 Lo At sz

If we compute the components of the first fundamental form at p, we
obtain E = 1 = G and F = 0. For the second fundamental form, recall that
@ ' (x,y) = (x, y, f(x, )} is the parametric representation of M and thus
at p, | = (0/0z, fox 0/02) = frx, m = (8/0z, f,, 8/0z) = £, and

n = (0/0z, f,, 0/0z) = f,, .

Now the fact that we have chosen coordinate axes so that §/0x and 6/0y
are principal directions tells us that m = Oand [ = ky,n = k;. Thus we have

k(f) = fox cos* 6 + f,, sin?§ at x=0, y=0
Let f(x, y) be expanded in Taylor series at (0, 0). Then
z =f(x,¥) = £l O)x* + £,,(0,0)* + R;,

where R, contains terms of higher order. Let £, (0, 0) = a and £,,(0, 0) = b.
Then we see that the normal sections of z = ax? + by? have the same sec-
tional curvatures at p as does the given surface. Therefore the quadric sur-
faces must give typical examples.

(1.6) Example z = ax® + by?, ab > 0 (see Fig. VIIL3a). This is an elliptic
paraboloid; the principal curvatures are a and b. If both are positive, it lies
above the xy-plane; if both are negative, it lies below. In either case when k,
and k, have the same sign, the surface is (locally) on one side of T,(M).
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ab >0(ag>0,6>0) ab=0(g >0, 6=0)

(@) (b

[ 7/

b <0(g >0, H<0)
{c}

Figure VIIL3

(1.7) Example z = ax® + by? ab = 0 (see Fig. VIIL.3b). If both are zero,
we have the xy-plane as our surface; if one, say b = 0, then we have a
parabolic cylinder which is above the xy-plane if ¢ > 0.

(1.8) Example z = ax® + by% ab < 0 (see Fig. VIIL3c). In this case we
have a hyperbolic paraboloid or saddle surface with the xy-plane tangent at
the saddle. Suppose, for example, a = 1 and b = — 1. Then by Euler’s for-
mula (x) k(6) = cos? 0 — sin? § and hence k(9) varies from +1 to —1 and is
zero at £ n/4, +3n/4. When k; > 0 and k, < 0, then the surface must have
points (locally) on both sides of T,(M).

In these exercises we follow the notation of the text.

Exercises

1. Show that if pe M is not an umbilical or planar point, then there exist
coordinates U, ¢ on a neighborhood of p such that the curves
u = constant and v = constant are tangent at each point to the princi-
pal directions. [These curves are called lines of curvatures.)

2. Let M be the surface obtained by revolving a curve z = f(x) around the
z-axis. Show that the lines of curvature (Exercise 1) are the circles
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z = constant on M and the curves obtained by intersection of M with
planes containing the z-axis. Determine the umbilical points.

Let U, ¢ be coordinates such that u = constant and v = constant are
lines of curvature. Show that in the first fundamental form the compo-
nent F is zero in these coordinates and that the principal curvatures are
I/E and n/G.

A direction X, at pe M such that ¥(X, =(S(X,), X ) 0 is
called an asymptonc direction. Show by example that mere mdy be two,
one, or no asymptotic directions at a point of M. Find the asymptotic

directions at each point of a hyperboloid of one sheet,
2 2y 212\ {272\

(x*/a*) + (y*/b%) — {7/c7) = L.
Show that if there are two distinct asymptotic directions at pe M, then
there exist coordinates U, ¢ around p such that u = constant and

U= constant are e"erywhere tongent to asymnfnhr‘ derr‘han lfth are

asymptotic lines). Find the asymptotic lines for a hyperb0101d of one

sheet.
Far a surface of the form z = fi{x. v} find the components of the first

10Ul a Sulialx U wial il 4 J 11 LHI1E

SIS
and second fundamental forms and the directions of the lines of curva-
ture and asymptotic lines.

In the following exercises assume ¥ is a Euclidean vector space with

inner product (v, w) and that S: ¥ — ¥V is a linear operator.

7.

10.

2

Suppose that S is self-adjoint. Show that its matrix relative to an
orthonormal basis is symmetric. Ifdim ¥ = 2, use this to show that the
discriminant of its characteristic polynomial is not negative, so that the
characteristic roots are real.

When § is self-adjoint and dim ¥ = 2, show that if u # O is a character-
istic vector of S, then so is any v orthogonal to u. Prove, using
Exercise 7, that if the discriminant is zero, then S is a scalar multiple of
the identity transformation.

Show that the correspondence S« (S(v),w) is an isomorphism
between the space of linear operators on ¥ and the space of bilinear
forms on V.

Give a precise definition of what would be meant by a C* field of linear
operators on a manifold M. If M is Riemannian, show that the collec-
tion of such fields is isomorphic in a natural way to 7 2(M).

The Gaussian and Mean Curvatures of a Surface

The negative of the trace and determinant of any matrix of the linear

transformation S defined in Section 1 are the coefficients of the characteristic
polynomial of S and are important invariants. The determinant is
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K = k, k,, the product of the characteristic values; it is called the Gaussian
curvature of the surface. The trace is k; + k,, the sum of the characteristic
values; and H = 4(k; + k;)is called the mean curvature of the surface. These

quantities may be computed directly from the components of the fundamen-

tal forms, using any parametrlzatlon of the surface. This we now proceed to
do.

(2.1) Theorem

- m? 1Gl - 2F E
kol gy g G2
EG - F* 2 EG-—F*

Proof Together,
S(X,) = aX, + bX,, S(X,) =cX, + dX,

give the components of the operator S in terms of the coordinate frames

E, = X,and E, = X, naturally given by the parametrization of M near p,
that is, on the coordmate neighborhood U, ¢. Thus we may write
K:’a b‘ and 2H=a+ 4
e d|

In terms of X,. X, we have
K (X, x X,) = S(X,) x S(X,)
and
2H(X, x X,) = S(X,} x X, + X, x $(X,),

where x denotes the cross product of vectors in three-dimensional

Euclidean space.
Now note that (X, x X,, X, x X,) = | X, x X,||* = EG — F*and use
the fact that for any vectors X, Y, U, V of R® we have the Lagrange identities

(X, U) (X,V)

(X x Y), (U x V) = ’(Y, vy (r.v)|

Then we obtain the formulas for K and H by taking the scalar product on
both sides with X, x X, in each of the equations above. |

Since the Gaussian curvature K is the product of the principal curvatures
k, and k,, we see that K > 0 at p if both k, and k, are different from zero
and have the same sign. This means that either k; > 0 and k, > 0 and the
curve of each normal section curves toward the normal so that the surface
lies entirely on the same side of the tangent plane as the normal N,
sufficiently near the point p, or k; < Oand k, < 0 and each curve goes away
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from the normal so that the surface (near p) lies entirely on the opposite side
to N,. Equivalently, introducing local coordinates in R? as in Examples
1.6-1.8, K > 0 if and only if the function z = f{x, y) has a strict relative
extremum at the point,

On the other hand, if K < 0, then k, and k, are different from zero and
have opposite signs. This means that the surface is like a saddle surface:
some normal sections are concave toward the normal N and some concave
away from it.

When k = 0 one of the principal curvatures must be zero and then little
can be said. Two examples, in addition to the plane, are z = (x> + y?)?,
which is obtained by revolving z = x* around the :z-axis, and
z = x(x? — 3y?), the so-called monkey saddle, which is similar to the usual
saddle surface except that there are three valleys running down from the
pass: two for the monkey’s legs and one for its tail (Fig. VIIL4).

The mean curvature will be of less concern to us than the Gaussian
curvature for reasons that will appear later. Surfaces for which the mean
curvature. vanishes are of special interest, however. They are minimal sur-
faces; they are like the surfaces formed by a soap film stretched over a wire

frame (Fig. VIIL5). They have the defining property of being surfaces of

Figure VIIL4 Figure VIILS
Monkey saddle. Minimal surface.

minimal area among all surfaces with a given boundary (the wire frame).
Thus, in a sense, they generalize the geodesics—curves of minimal length
joining two fixed points. Like the equation of geodesics, the vanishing of the
mean curvature guarantees the property of minimality only in a local sense.

(2.2) Example We consider a torus; then intuitively we can see that the
two circles running around the torus which are the points of contact with the
two parallel tangent planes orthogonal to its axis divide the torus into an
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inner portion on which K < 0 and an outer portion at which K > 0. Along
the two circles K = 0, since along these circles the normal vector remains
parallel to the z-axis (Fig. VIIL6).

/

(2.3) Example Let (4, v)— (u,

vy an - v INEYEN
z=xy Then X, = ((//(/.}L ) + ndjox

which

o
o

,uv) parametrize the saddle surface

n (/22 0 . (2/A 3 Fos
) and Xv = \U/ax ) T ll\U//UX'} 1Irom

Moreover AN = (—v, —u, 1) with
X,.=0=X,,X,, = 8/0x> It follows that

o 1!
(lm)_ y
m nl |1

- 0

A

From this we obtain

1 —uv
K = —(24), H = 13 .

The Theorema Egregium of Gauss

The entire subject of differential geometry was influenced by a very
profound discovery of Gauss which may be stated as follows:

(2.4) Theorem (Gauss) Ler M, and M, be two surfaces in Euclidean
space and suppose that F: M, — M, is a diffeomorphism between them which
is also an isometry. Then the Gaussian curvature K is the same at correspond-
ing points.

To see the meaning of this theorem we shall consider some examples.
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(2.5) Example Let M, be a plane and M, a right circular cylinder of
radius R in Euclidean space R?. If we roll the cylinder over the plane, we
obtain a correspondence which does not change the length of curves or the
angle between intersecting curves, hence it is an isometry. Since K = 0 for
the plane, according to the theorem the same must be true of the cylinder.
Note that they do not have the same second fundamental form, that is, /, m,
and n do not vanish identically for the cylinder. In fact curvatures of the
normal sections vary from zero to 1/R. This depends on the imbedded shape
of the surface, but K does not; it depends only on the Riemannian metric
induced on M.

(2.6) Example As a second example, let M, be any open subset of the
sphere of radius R and let M, be a plane. Since K; = 1/R*> # 0and K, =0,
the theorem implies that there exists no diffeomorphism of M into M, that
is an isometry. For example, any plane map of a portion of the globe must
distort some metric properties (distance or length of curves, angles, areas,

e ) tneants + tn t
and so on). [Tt is interesting to note that Gauss was engaged on a surveying

commission at the time he discovered his Theorema Egregium (a “most

excellent theorem”). The reader is referred to the annotated translation,
Gauss [1], of Gauss’s famous paper for some historical comments.}

Tauss |1, UVl RJauss 5 1GIVRs papild UL SURUD SN ILAL WRIRRAIAEe

However, there do exist surfaces isometric to, but not congruent to, say,
the upper hemisphere. Suppose this hemisphere to be made of a thin sheet of
brass. It is intuitively clear that we may bend it by squeezing at the edge
without introducing any creases (see Fig. VIIL.7). This will give a surface
isometric to the original since length of curves is unchanged. It follows that
K is the same at corresponding points; however, the surfaces are not
congruent: The circular edge has now become an oval.

Figure VIIL7

Surface M, isometric to hemisphere M.

(2.7) Example Among the more interesting examples of (locally) isomet-
ric surfaces are the helicoid and the catenoid (Fig. VIIL8). The first surface is
given parametrically by

(u, v) — {u cos v, u sin v, v), u>0 —ow<ov<o.
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Figure VIIL8
(a) Catenoid; (b) helicoid.

It is similar in shape to a spiral staircase. On the other hand, the catenoid is
obtained by revolving the catenary x = cosh z around the z-axis. We may
parametrize it as

{z, 8) — (cos 8 cosh z, sin 6 cosh z, z), —wo<z<ow, 0<60<2m
The isometry between these surfaces is given by
v=20, i = sinh z.

The verification is left as an exercise (Exercise 8).

We emphasize what by now may be obvious, namely, that Theorem 2.4
implies that the Gaussian curvature K of a two-dimensional Riemannian
manifold M is determined by its structure as an abstract Riemannian mani-
fold, not by its particular embedding into R*. Of course, in our presentation
of K in the preceding paragraph, the Riemannian metric on the surface is
given by the imbedding in R?; it is induced by the standard Riemannian
metric of R*. However, according to Gauss’s theorem, two very different
(noncongruent) imbeddings of the same surface, say F,: M — M, < R?and
F,: M — M, = R® have the same Gaussian curvature at each point if each
imbedding induces the same Riemannian structure on M or equivalently, if
F=F,cF{': M, » M, is an isometry. This leads to the conclusion that
were the theorem true, K should be computable (on the coordinate neigh-
borhood U, ¢) from the components E, F, G of the first fundamental form
alone. This is the classical proof. (See, for example, Stoker, p. 139 [1].) The
present proof takes advantage of the subsequent work of Riemann and uses
the Riemann curvature tensor, introduced briefly in Section VII.4, together
with consequences of the fundamental theorem of Riemannian geometry
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both offspring of the work of Gauss and Riemann. At the same time we shall
make some first steps toward investing the curvature tensor with geometric
meaning.

Proof of Theorem 2.4 We remember that at a point pe M the value of
the Gaussian curvature K is given by

2

In—m
EG — F%’

where E, F, G and I, m, n are the components of the first and second fun-
damental forms, respectively, relative to a system of local coordinates u, v in
a neighborhood U of p. The value of the ratio K is independent of the
coordinates chosen although E, F, G and I, m, n are not. Let E; = X, and
E, = X,, where X = X(u, v) gives the surface in R®. Then we have seen that

= () () - () (2

A
J v ,

K

and, SlnCC E = (El’ El)’ F = (El, Ez), al’ld G = (Ez, Ez),

EG - F2 = (E19 E1)(E2 5 EZ) - (El? 112)2.
Since E, F, G are the coefficients of the Riemannian metric, it is enough

to show that In — m?> = K(EG — F?) depends only on the Riemannian
metric. We shall show that

ln - m2 = R(El, Ez . E2 » El)’
where R(X,Y,Z, W) is the covariant tensor of order 4 defined in
Section VIIL.4, in which case K is given by
(2-8) K =(EG — F?)"'R(E,E, ,E, ,E))

R(El’ EZ s EZ 3 El)
(Els El)(EZ P EZ) - (El’ E2)2

The left side is independent of local coordinates; thus, the right side is also.
In fact it is easily shown that replacing E,, E, at a point by any pair of
vectors F,, F,, spanning the same plane, leaves unchanged the expression
on the right-hand side of formula (2.8), which we shall prove gives K. This
expression, defined at each point of an imbedded surface M, is thus indepen-
dent of local coordinates on M, and moreover it depends only on the
Riemannian metric. Clearly this is true of the denominator and we recall
that by definition

(R(Eu Ez) “E,, E1) = (VElszEZ - VEZVElEz - V[El,Ez]EZ > E1),
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which depends only on the Riemannian metric by the fundamental theorem
of Riemannian geometry (Theorem VIIL.3.3). In fact in our present case, since
E, and E2 denote coordinate frames of local coordinates u, v, we know that

B E1—0 and g mneat chaw anly that
Iaq, iv = U, and s¢ wC must siow Oy tnat
L&=1s 2] ) Yy

In — m? = (Vg, Vg, E; ~ Ve, Ve E; L E))

in order to prove the theorem.
We may compute the right-hand side using the definition of Vi, Z,
i = 1,2 (for any tangent vector field Z) given originally in Section VII.2;

melv we take A7/81 and A7 /8n nraiee tham ta the tansent nlane at aach
namely, we take 0Z/0u and 0Z/0v, project them to the tangent plane at each

pomt of the surface, and obtain DZ/0u = Vy Z and DZ/0v =V, Z. If N
denotes the unit normal, and E, = X, and E, = X, then this procedure

olves
gives

VElElquu—(N9 qu)N7 Vi, E; = X, — (N, Xuv)N-
Differentiating again and projecting onto the tangent plane {by subtracting
the normal component of the derivative) gives

Ve (Ve Es) = X — (N, X ))N, — ¢, N
VEl(VEzEZ) = Xy — (N, X,,)N, — 2 N.

We need not compute the scalars ¢, and ¢, multiplying N since (N, E;) = 0
so that these terms vanish in the final computation, in which we take an
inner product of each term above with E,. This yields for R(E,, E,, E,, E,)
(VE1VE2E2 - VEZVEIEZ’EI) (quv’X ) (N’ va)(NuaXu)
- (Xvuv b Xu) + (N’ Xuv)(Nv s Xu)

This must be seen to be equal to the earlier evaluation of In — m? above,
namely,

n = mt = (N, X,)J(N,, X,) = (N, X)(N, , X,)

Since X, = X,,,, applying the identities developed in the proof of
Theorem 1.3, we have (N, X,,) = —(N,, X,) and (N, X,,) = —(N,, X,).
This completes the proof. [ ]

This proof provides an interpretation of the Riemann curvature tensor
for a two-dimensionat Riemannian manifold. Indeed, when F,, F, are
chosen at pe M so that they are mutually perpendicular unit vectors, then
expression (2.8), which we have found for the Gauss curvature K, becomes

K:R(F13F27F2’F1)'
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Exercises

1. Prove the Lagrange identity for the inner product of the cross product of
vectors of R*:

(X x Y, U x

2. Show that k, and k, are given by H + (H> — K)'".

3. Show that if K > 0 at p, then there are no asymptotic directions, and if
K < 0 at p, then there are two asymptotic directions and the principal
directions bisect the angles made by the asymptotic directions.

4. Show that a surface M is minimal if and only if there are two asymptotic
directions at each point and they are mutually orthogonal.

5. For a surface of revolution formed by revolving z = f(x) around the
x-axis determine when K > 0, when K = 0, and when K < 0. Give a
sufficient condition that the surface be minimal.

6. Verify that a difffomorphism of two Riemannian manifolds which
preserves lengths of all C* curves is an isometry, that is, it preserves the
inner product in the tangent spaces at corresponding points.

7. Verify that (2.8) is unchanged if E;, E, is replaced at p by Fy,, F,,
another basis of T,(M).

XF 0 it Donsmasala V7 30 a lanal 1o .
Verily that cxampi¢ <./ 1S a local isomet

-

)= (X, U)(Y, V) — (X, V)(Y. U).

o0

w
X

asic Properties of the Riemann Curvature Tensor

We have previously (Section VIL.4) defined the curvature tensor
R(X.Y, Z, W) of a Riemannian manifold M. Recall that it is a covariant
tensor field of order 4 whose value at any point pe M is determined as
follows: Let X, Y, Z, W be vector fields whose values at p are given, say
X, Y.Z, W, Then

R(Xp . },p 5 Zp N m) = (VX,,VYZ - VYPVXZ - V[X Y]pZ’ Wp)'

We have shown that this is independent of the vector fields chosen and
defines a C* covariant tensor field.

In the same way the vector fields X, Y define at each pe M a linear
operator, the curvature operator, R(X,, Y,) on T,(M) by the prescription

R(Xp . Yp) N Zp = VX,,VYZ - VypVXZ - V[X Y]pZ’

which is—like the curvature tensor—linear in X, Y, Z in the sense of a
C*(M) module, that is, if fe C*(M), then

fR(X,Y) Z=R(fX,Y)-Z=R(X.fY)-Z=R(X,Y) fZ.
Obviously these objects are related by the equality
R(X,Y,Z, W)= (RX,Y) Z, W)
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As we now prove, the curvature tensor satisfies a number of important
symmetry relations.

(3.1) Theorem The following symmetry relations hold for the curvature
tensor and curvature operator at each point, and hence for all vector fields.

(i) R(X,Y) Z+ R(Y.X) Z=0,
(i) RX,Y)- Z+ R(Y,Z)- X + R(Z,X)- Y =0,
(ii1) (RIX,Y) Z, W)+ (R(X,Y) W,Z) =0,

(iv) (RIX,Y)- Z,W)=(R(Z, W) X, Y)

Proof Relation (i) follows immediately from the formula above which
defines the operator R(X, Y). The fact that R(X, Y, Z, W) is a tensor, in
particular, the linearity with respect to C® functions, has the following
important consequence: It suffices to prove any of these statements for the
vectors of a field of coordinate frames, say E, ..., E,. However, for these
vector fields the Lie products [E;, E;] = 0; so if X, Y, Z are chosen from
among E,, ..., E,, then proving (ii) reduces to showing that

Vi(Vy Z) = Vi(Vx Z) + Vy(V2X) = V5(Vy X) + V,(Vy Y) — Vy(V,Y) = 0.

By definition of Riemannian connection, Vy Y — Vy X = [X, Y] = 0. Using
this, we find that the terms on the left cancel two by two; this proves (ii). To
prove (iii) we may show that the equivalent statement, (R(X, Y)-Z, Z) =0
forall X, Y, Z, is true. Again it is enough to do so for X, Y, Z chosen from
among the vectors of the coordinate frames so that [ X, Y] = 0. Applying the
definitions, we see that

(RX,Y) Z,Z) = (Vy(VyZ) — Vy(Vx Z), Z) = 0

if and only if (Vyx(Vy Z), Z) is symmetric in X, Y. Now differentiating the
inner product (Z, Z) with respect to X and Y, we find that

Y(X(Z,Z)) = 2Y(VxZ, Z) = 2(V4(Vx Z), Z) + 2(Vx Z, V, Z),
from which it follows that
(Vy(VxZ), Z) = $YX(Z, Z) — (V4 Z, Vy Z).
Since [X, Y] =0, (XY — YX)f = 0 for any function £, and in particular,

taking f = (Z, Z), we see that the right side is symmetric in X, Y and so also
the left.
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Property (iv) is derived from the first three as follows. We take the inner
product of (ii) with W and obtain from this three more equations by circular
permutation of X, Y, Z, W, namely,

(RX,Y)-Z, W)+ (R(Y, 2)- X, W) + (R(Z, X)- Y, W) =0,
(R(Y,Z)- W, X) + (R(Z,W)- Y, X) + (RW, Y)- Z, X) =0,
(R(Z,W)- X, Y) + (RW, X)-Z,Y) + (R(X, Z)- W, Y) =0,
(RW,X)-Y,Z)+ (R(X,Y)- W, Z) + (R(Y, W)- X, Z) = 0,

Adding the first two and subtracting the second two of these and using (i) and
{iii) yields.

2R(X,Y)-Z,W)—2R(Z,W)- X, Y)=0,
which proves (iv). |

In any coordinate neighborhood U, ¢ we have coordinate frames
Ey ..., E, and we may introduce (as in Remark VII1.4.5) n* functions of the
coordinates R/,;, 1 < i, j, k, | < n by the equations

R(Ek B Ez) “E; = 2 RijklEj .
i

Similarly we may define the components R;;, of the Riemannian curvature
tensor by the equations

where of course g;; = (E;, E;) are the components of the Riemannian metric.
By linearity both R(X, Y)- Z and (R(X, Y) - Z, W) are determined on U by
these locally defined functions. The preceding theorem may be written in
terms of components as follows.

(3.2) Corollary Forall 1 < i, j, k, 1 < n we have

(i) Rijkl + Rr'jlk =0,
(i) Riy+ Ry + leik =0,
(iii) Rij + Rjuy = 0,
(iv) R = Ry,

(v) R+ Rygj + Ry = 0.

We remark that (v) is an immediate consequence of R, = ) Rugh;
and (i)-(1v).

The Riemann curvature tensor (R(X, Y)- Z, W) is used to define the
sectional curvature, which plays an important role in the geometry of
Riemannian manifolds. At any pe M we denote by 7 a plane section, that is,
a two-dimensional subspace of T,(M). Such a section is determined by any
pair of mutually orthogonal unit vectors X, Y at p.
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(3.3) Definition The sectional curvature K(m) of the section = with
orthonormal basis X, Y is defined as

K(r) = —R(X.Y,X,Y)= —(R(X, ¥)- X, Y).

From the symmetry and linearity properties it is easy to see that replac-
ing X,Y by any pair of vectors X', Y, where X =oaX + fY’ and

v L\ V4 S, PR
I '))A 'f‘ o1 glVCb lllC I1C1dL1Iull
(1/A%) NR(X", Y')- X', Y)=(R(X,Y) X, Y),
where A = ad — fBy, the determinant of coefficients. If X', Y’ is also an

orthonormal pair, then A = + 1 so that the definition of K(n) is independent
of the pair used. If it is just any arbitrary linearly independent pair, then
nelno A = (Y' Y’)(Y'7 Y’) — (_X/3 Y')zi we have

(34 K(n) = —

YY)
X’

(R(X'Y)- X
(X, X'NY, YY) —(
\ ’ 7 <=

Y')?
7

E

In local coordinates, using (E;, E;) = g;; and the notation above,

O o ini kol
2. Ry plop

Kin) = - ¢ .
_ iRik Rl
Z (gikgjl gilgjk)aﬁ xp
where summation is over L,J, rl\, land X' = v' IE,, V= v RJ

Although it is not obvious, the symmetry properties of the Rxemann
curvature tensor imply that both (R(X, Y) - Z, W)and R(X, Y) - Z are com-
pletely determined for arbitrary X,7Y, Z, w if K(n) is known for all
sections 7.

(3.5) Theorem Ifdim M > 3 and the sectional curvature is known on all
sections of T,(M), then the Riemann curvature tensor is uniquely determined
at p.

Proof Let R(X,Y,Z W)and R(X, Y, Z, W) be two tensors with the
symmetry properties of Theorem 3.1 and let A(X, Y, Z, W) be their differ-
ence. It will also be a tensor with these symmetry properties. Qur assump-
tion is that for all X, ¥, R(X, Y, X, Y) = R(X, Y, X, Y), or equivalently,
A(X, Y, X, Y) = 0. We must show that this implies that A(X, Y, Z, W)=0
forall X, Y, Z, W, that is, that A = 0. Let pe M and let X, Y, Z, W, etc.,denote
arbitrary vectors in T,(M). Then

0=AX+Y,ZX+Y,2)=AX,Z,Y,2)+ AY, Z, X, Z),
so, by (3.1)(iv),
AX,Z,Y,Z)=0
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From this, by replacing Z by Z + W, we obtain
0=AX,Z+ W, Y, Z+W)=AX,Z, Y, W)+ AX, W, Y, Z)
to which we apply (3.1)(iv) and then (i) to obtain
O=AY, W, X, Z)+ AX, W, Y, Z)=AY, W, X, Z) - AW, X, Y, Z).

Renaming the variables so that Y, W, X, Z becomes X, Y, Z, W, this may be
written as

This says that a cyclic permutation of X, Y, Z does not change the value of 4.
Thus (3.1)(iii) reduces to

3AX, Y, Z, W) =0,
which completes the proof. |

This theorem does much to establish the importance of the sectional
curvature in the study of Riemannian geometry. We can also use sectional
curvature to give a geometric interpretation of curvature in terms of the
Gaussian curvature K of surfaces. However, to do this we will first need to
complete our treatment of the equations of structure, which will be done in a
later section.

We shall say that a Riemannian manifold M is isotropic at a point pe M
if the curvature is the same constant K, on every section at p and isotropic if
it is isotropic at every point. Of course a two-dimensional Riemannian
manifold is (trivially) isotropic.

(3.6) Corollary If p is an isotropic point of M and U, ¢ is a coordinate
neighborhood with coordinate frames E,, ..., E, and Riemannian metric
gij = (E;, Ej), then

R = _Kp(gikgjl - gilgjk) at p.

Proof It is easy to check that the right side defines a tensor of order 4
on T,(M) with the same symmetry properties as R(X, Y, Z, W) and with
constant value on all sections. The corollary then follows from the unique-
ness theorem (Theorem 3.5). |

(3.7} Definition An isotropic Riemannian manifold is called a manifold of
constant curvature if K is the same at every point.

An example is Euclidean space where K, = 0. This concept will be dis-
cussed more fully in a later section.
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We saw in Chapter V that there exist algebraic operations on tensors on
a vector space V which yield new tensors on V. Addition and multiplication
of tensors as well as the operators s and % are examples. The systematic

study of these operations is a branch of linear (or multilinear) algebra. It is

important to differential geometry because each such operation has an im-

mediate counterpart in tensor fields on a manifold. This is treated system-
atically in many of the references, at the very beginning, for example, in the
books of Sternberg [1] and Kobayashi and Nomizu [1]. We will content
ourselves with examples showing how the curvature tensor yields other
related tensors.

Let R(X, Y, Z, W) denote the curvature tensor on a Riemannian mani-
fold M. We shall use this curvature tensor to define a (covariant) tensor field
S(X,Y) of order 2 and a (scalar) function on M. Let pe M and let
Fipoooos Fyp be an orthonormal basis at p. Then it is left as an exercise to

verify that

S ZRF,,,,X Y,,F,)= Z(R(F,.p,Xp)'Yp,Fjp)
i=1 i=1
ndependent of the hoxce of orthonormal basis and defines a symmetric,

S(X, ¥) = c(X, Y),

that is, S(X, Y) is a constant multiple of the Riemannian metric on M, then
M is called an Einstein manifold. The function r on M, defined by

n n

r(p)= > R(F,,F;,,F;,,F,)= Y S(F;,,F;,)

ij=1 j=

is called the scalar curvarure of M.

Spaces of constant curvature are examples of Einstein manifolds
(Exercise 6). A further example is given by the corollary to the following
theorem.

(39) Theorem On a compact Lie group G with a bi-invariant Riemannian
metric, the sectional curvatures at e (hence everywhere) are given by the
Sformula

K(rm)= -R(X,.Y,. X, Y)= +i(X. Y] [X Y]),
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where X, Y are an orthonormal pair of left-invariant vector fields spanning the
section m, at e. The curvature operator is similarly given at e, hence at all
points by

RIX V)-Z— —
R(X,Y) Z
with X, Y, Z left-invariant vector fields.

Proof We proved in Theorem VII.8.12, that for left-invariant vector
fields X, Y, the connection of a bi-invariant metric on G is given by
Vx Y = 3[X, Y]. Applying first the definition and then the Jacobi identity,
we obtain

R(X, Y) ° Z = Vx(v Z) - Vy(VXz - V[X,Y]Z

y )
__lrv v Z17__ 1rv Iy 717 _ 1My vl 71
—4[A,|_I,LJJ 4[1,[A,LJJ ZLA,IJ,LJ
— 1 . 1
=3[Z.[X. Y]] = —4[[X. Y] Z]
We also know that for left-invariant vector flelds U, V, W on G the follow-
ing identity holds, according to Lemma VI.8.12,

(U, v], W)= (U, [V, W]).

Thus, if X, Y are left-invariant and are an orthonormal basis at e of &, a
plane section, the sectional curvature is

> -

Y], X} Y)=3i(X, YL{X,Y]). 1§

K(m) = —R(X,Y, X, Y) = z([[X,

If gis a Lie algebra and X € g, then ad(X) denotes the linear mapping of
g defined by ad X(Y) = [X, Y] By Exercise VL.8.8, ad X = 0 if and only if
X e ¢, the center of g. We shall say that a compact Lie group G is semisimple
if the center of its Lie algebra is {0} or, equivalently (Exercise 5), if the center
of G is discrete.

(3.10) Corollary Let G be as above and X, Y, Z be left-invariant vector
fields. Then the Ricci tensor S(X, Y) is given by the formula
S(X,Y)= —ftr(ad X - ad Y)

and is positive semi-definite and bi-invariant on G. Each compact semisimple G
is an Einstein manifold relative to any bi-invariant Riemannian metric.

Proof Using the formula above we see that the linear operator
Z - R(Z,Y) X on G is defined at e for the left-invariant vector field by

R(Z,Y) X = —%ad X){ad Y)- Z

According to Exercise 3, an alternative definition of S(X, Y) is that it is the
trace of the linear mapping Z — R(Z, X)- Y on the tangent space at each
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point. Then, since S(X, Y) = S(Y, X), the formula of the theorem holds. On
the other hand, if F,, ..., F, 1s an orthonormal basis of left-invariant vector
fields, then the formula used in the proof above

(ad X - F, F)=(X,F], F)= —(F,[X, F;]) = —(F;,ad X - F)

shows that the matrix (q;;) of ad X, relative to this basis, is skew symmetric.

Hence
2
ij ]l - = Z aij'
i

Therefore, 45(X, X) = —trad X ad X =) aj; > 0 with equality holding
only when ad X = 0. Hence S(X, Y) is posmve semidefinite. Moreover,
if G is semisimple, it is positive definite. It is clearly left-invariant: when
YVOY ooV ot D7 W Voo d OV XY s TLS
A, I, L ATC ICIL-111VAlldIll SO IS K‘L, I } A dina D\A » I ), IS LIACC. 1 1S HICAIS
that S(X, Y) is a bi-invariant Riemannian metric on a semisimple G. How-
ever two bi-invariant metrics can differ only by a scalar multiple. It follows

that sth i + + 7 1q Hingt N
that with a bi-invariant metric, G is Einstein. Note that this corresponds,

trad X ad X = Za

except for a constant factor, to the metric on SO(n) of Example VIL.8.6. |

Exercises

1. Prove that expression (3.4) depends only on the plane n determined by
the vectors X', Y.

2. Show that for any orthonormal basis F,, ..., F, at pe M, the values of
S(X,,Y,) =i R(F,,, X,,, Y,, F;,) is independent of the choice of
the orthonormal basis and that thls formula defines a C*-tensor field
S(X, Y) as claimed in Definition 3.8. Verify that S(X, Y) = S(Y, X).

3. Show that (X, Y,) is the trace of the linear operator taking Z € T,(M)
to R(Z,, X,) Y,e R, (M) and use this to show that S(X, Y)is C* for all
C>-vector fields X, Y.

4. Show that on a compact Lie group G with a bi-invariant Riemannian
metric, the curvature is identically zero if and only if G is Abelian.

5. Show that if g is the Lie algebra of a Lie group G (compact or not), then
the center of G is discrete if and only if the center of g,
c={Xeg|[X,Y]=0VYeq} is {0}.

6. Show that a Riemannian manifold of constant curvature is Einstein.

4 The Curvature Forms and the Equations of Structure

We now return to the viewpoint of Section VIL.4. Let U be a neighbor-
hood on the Riemannian manifold M such that on U is defined a C* family
of coframes 8, ..., 8" and thus, automatically, a dual C* family of frames
E,, ..., E,. They may or may not be coordinate frames of a coordinate
neighborhood U, ¢. The components of the Riemann metric on U are still
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denoted by g,; = (E;, E;) however, and according to Theorem VII1.4.6, there
exist uniquely determlned one-forms & on U satisfying

(i) d(')‘-zjé)j/\ej, 1<i<n,

G A ok Y . ok ;
{1} dg;; = Yk Yidi; T 2k Ga Y <1 n.

H
b J

,_
IA

[We remark that by defining 6,; = Y, 6fg,;, the equations (ii) assume the
simpler form dg;; = 6;; + 0);.] In the spec1al case where the frames are
orthonormal, that is, g;; = 511, we will use ', wf instead of 8" %/, Then (ii)
becomes 0 = w! + wj, 1 < i,j < n

The forms 0/ determine, and are determined by the Riemannian connec-
tion. Thus if VEi E;=Y,T§E,, then 6] =3%,T{ 0" equivalently,
VxE; =),6 . The one-forms 6%, 1 < j, k < n, are called the connec-
tion forms. (A word of caution: F" =TI% only if E,,..., E, satisfy
[E;, E;] = 0, as is the case for coordinate frames. This symmetry was derived

from Vy E; — Vg, E; = [E,, E;], which we have made part of the definition of
Rlemanman connectlon it is equlvalent to (i) above.)
Now suppose that R/, 1 <i j, k, | < n are the components of the
curvature (as an endomorph1sm) relative to the given frames, that is,
R(E, E)- E; = ¥ ; R/, E;. Then we define n* two-forms Q/, 1 < i,j < nby

o= ¥ R0 =4 Y R 05 A 0.

kl=1

Z Q{(Ek s El)Ej = Z RijklEj = R(Ek» El) " E;

i=1 i=1

and by linearity this extends to any vector fields X, Y so that
R(X,Y) E; =Y Q{X, Y)Ej;
j

thus (Q{(X, Y)) is the matrix of the curvature operator relative to the basis
E,. ..., E,. Note that the properties of R(X, Y)- Z imply that Q)(X, Y) at p
depend only on the values of X and Y at p, not on the vector fields; ob-
viously Q¥(X,Y) = —QJ(Y, X). These n? forms O/ on U; are called the
curvature forms; they depend on the Riemannian metric and on the particu-
lar frame-field we use on U. The following result shows the relation between
these forms and the connection forms.

(4.1) Theorem Using the notation above, the forms Qf on U are defined by
the equations

4.2) Qi =d6l —Yi_6n0], 1<ij<n
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Proof It is sufficient to verify that on any vector fields X, Y on U the
value of the two-forms on each side of the equation is the same. This is
equivalent to showing that

R(X,Y) E; =2 ((dﬂ{ ~};6?A9{;)(X, Y))Ej, i=1..,n

J
By definition,
R(X, Y) k= VX(VYEi) - VY(VXEi) - V[x, Y]Ei >

which may be rewritten
R(X. V) B, = Vo T 0UE)) — W L0E) - X 04X YDE.

Since 0/(Y) and 6/(X) are functions, the right-hand side is equal to

which shows that, as claimed,

J

R(X,Y) E,= (dH{ — Ze’;AH{;)(X, Y) E;.
k
This completes the proof. |

(43) Remark In summary, we have the following facts. Let U be any
open subset of a Riemannian manifold M on which is defined a field of
coframes 6, ..., 0" Let E,, ..., E, denote the uniquely determined dual
frame-field and let g, = (E,, E;) on U. Then there exist n® uniquely
determined one-forms @/ on U satisfying conditions (i) and (ii) of the first
paragraph of this section. They determine the two-forms Q/, and hence the
curvature on U, by (4.2). Equations (i), (ii), and (4.2) are known as the
equations of structure; they are due to Elie Cartan, who made extensive use
of them. As noted above, it is often convenient to write 8,; = Y 65 g,; so that
(ii) takes a simpler form. We may define, similarly, Q;; = Y Qig,;; then
Q; =33 Rub0r0" since we have previously seen that
Riju = Y,9;sR’y, where Ry = R(E,, E;, E;, E;) by Definition VIL45.
The symmetry properties of Corollary 3.2 imply that Q;; = —Q;.
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In the event that the frame-field is orthonormal, that is, consists of vec-
tors Ey, ..., E, with (E;, E;) = J;;, then as noted above, (i) and (ii) simplify;

, Sijs . , ;
moreover, Q,; = Q!, R;;; = R/}, and ! = w;;. Recapitulating the remarks

above we have the following corollary.

(4.4) Corollary The forms w', ..., @" dual to a field of orthonormal frames
determine uniquely a set of one-forms wl, 1 < i, j < n, satisfying

() do'=Y,o* A o

(l‘li\ flln-l' -_— v. rn",‘ A nj e v. < P.j_fnk A nl = 0-’ =
Ay Luk YU TR s N =t

Relative to these frames the matrix (Q;;(X, Y)) of the curvature operator
R(X, Y) is a skew-symmetric matrix.

(4.5) Corollary Let I't; denote the coefficients of the connection forms rela-

tive to coordinate frames E{, ..., E, of a coordinate neighborhood U, ¢, that is,
nk e ol with 91 " bein al to E E  Then Tk = Tk and
L’llu Wil U g gy UV Hy uuut LU Lafy cueyg Lupo L FICTE L g L il
ory oIy, A
, L Y
Riy=—F— rary — i)
1= he = 4l )
! ax* ox! ; ( '

Proof According to the theorem
=dol — Y 0" A6},
h

hence
0f = T (dTjin 0' + T dof) — T ¥ THTH64n 6"
!
Now I'}; = I'§; since [E;, E;] = 0 for coordinate frames, and it follows that
do' =3 a8 =3, TH0IA0' =0 (since 6/A0' = —6°A6). Therefore
the second equation above may be written as
1{oTy, eri,

}; R0 A 6! = 22(5xk'—5 )ak NG

N[ —

- = ZZ (rer )6k A 6
k.1 h
Since we have made the coefficients on both left and right skew-symmetric in
the indices k, I, these equations imply equality of coefficients. We use the
symmetry of I', in i, j, the fact that 6* A 8' = — 6" A 6% and change of index of
summation where necessary to obtain the (standard) formula of the corol-

lary. |
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Consider the special case in which dim M = 2 and assume, moreover,
that only orthonormal frames are used.

(4.6) Corollary Ifdim M = 2, then dw} = Q} = — Ko' A w?, where K is
the Gaussian curvature of M.

Proof In proving Gauss’s Theorema Egregium we saw that if £, E, are

orthonormal unit vectors, then
= _R(Eb Ez,EpEz = _(R E,E )'Eh E2)= ~Ri32-
On the other hand, since g;; = (E;, E;) = J;; we have

=

Q% = le = +R12120)1/\(02.

Since w! + 0} =0, 0 =0 =w}. Thus Y 7_ 0} rw = 0 and dwf = Qf by
Corollary 4.4. This completes the proof. |

Note that these equations are independent of the particular orthonormal
frame field on U = M. We shall now use this to give a geometric interpreta-
tion of sectional curvature. Let 7 be a plane section at a point p of M, a
Riemannian manifold, and let N, be an open two-dimensional submanifold

cmimcictiime F sendacic aree tlhiaaa nemA 4nu~n“o 4 . 4 tlan cants e

Ul iVl LUllblbllllg Ul EUUUUDIU dity Llll ngll p and wangenvat p i tne seclion .

(4.7) Theorem Ifwe use on N, the Riemannian metric induced by that of M,

P
hen the sectional curvature K(n) is equal to the Gaussian curvature of N, at p
Proof Let U = exp, B, be a normal nelghborhood of p, that is, we
choose & > 0 such that B, = {X e T,(M)| | X,| < ¢} is mapped diffeemor-

phically onto an open set U = M. The plane section 7 corresponds to a
two-dimensional subspace V, = T,(M) and we may suppose that N, is the
image of ¥V, n B, . Since U is a normal neighborhood, it is covered simply by
the geodesics of length ¢ issuing from p; they are given by exp,tX,,
0 <t < g for each X, with | X,| = 1. Now choose an orthonormal basis
E,,....,E,, of T(M ), with E,,, E,, a basis of V,. Then (x',..., x"} -
exp,(). x'E;,) establishes a system of normal coordinates on U, the coordi-
nate map ¢ being the inverse of the above. Thus N, is descrlbed by
x*=-+=x"=0,and U N, ¢ is a coordinate system on N, with x', x?
as coordinates. Let E, ..., E, denote the coordinate frames; they agree at 4
with the given frame and E,, E, are tangent to N, everywhere on N,. We
denote the dual coframes by 6%, ..., 8", with 6% =) T§6' as connectlon
forms. Note that I't;(0) = 0, that is, 6% =0 at pe U. Thls was proved in
Remark VIIL.6.8.

From those frames, by the Gram-Schmidt process’ we obtain a family of
orthonormal frames F,, ..., F, in U with the property that F, F, are a

! See, e.g., Hoffman and Kunze [1].
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linear combination of E,, E; and thus tangent to N, at each of its points. We
denote by w', ..., »" the dual coframes to F, ..., F, and by w] the corre-
sponding connection forms; they satisfy the equations w/ + w; =0 and
do' =Y, o* A w;. We shall see that for j > 2, cul = aﬂz =0 at p Flrst recall
that at p, Vy E; = Y, 0{X,)E; =0 and Vy F L wi(X,)F;. Now for
i=12 F, =alE, +a’E, and so

Vy,Fi= (X,a;)E, + (X,a})E, + alVy E, + aiVy E;.

Since F%(0) = 0, the last two terms vanish so that for i = 1,2, Vy F;is a
linear combination of E, and E,, and hence of F, and F2 Thus
VXPF'—WI{XP)FI‘}‘WZ\X )sz{}rl=1,23 {(Y):Ofnr'_l 2 and

j > 2 as claimed.

Now we denote by I:N,— M the imbedding and let o' = I*o
"d — I*ml Since I*1sa hnmnmgrphmm of /\ (M\ — /\(N \and Commutes
with d, we know that d@' = Y , @* A @ and &+ @ = —0, Moreover =0
fori > 2, since F,, F, spans the tangent space to N, and & Fy) = (I* )(F )
=o', F\—m{F)—O if j=1or j=2 and z>1 Thus &', @&* are
dual to Fl, F restrlcted to N, and together with &7 = — @ satisfy equatlons
(1) and (i1) (of Remark 4.3), Wthh determine the connection forms uniquely.
It follows from Corollary 4.6 that d&? = —K®* A &*. On the other hand.
we have on M

2 _
doi = Zwl/\wk + Y Ryo*rw
k<l

and applying I* to both sides and evaluating at p yields the equality (at p):
dd)% - Rlled)l /\(bz.

It follows that the sectional curvature K(m) = Ry3;, = K,, the Gaussian
curvature at p of the surface N,. This completes the proof. |

(4.8) Corollary Let M be an n-sphere of radius a in R""' with the Rieman-
nian metric induced from R**'. Then M has constant sectional curvature 1/a>

Proof 1If p is a point of M, then the geodesics through p tangent to a
plane = in T,(M) are great circles and form a 2-sphere of radius a. We have
seen that the Gaussian curvature of such a 2-sphere is 1/a” so the corollary
follows from the theorem. |

We have made a distinction between isotropic manifolds and manifolds
of constant curvature. A theorem of Schur [1] shows that this distinction is
artificial.

(4.9) Theorem If M is a connected, isotropic Riemannian manifold and
dim M = 3, then M has constant curvature.
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Proof 1f welet K, be the value of the sectional curvature at p—the same
on all sections by hypothesis—then we must show that this function on M is
constant, that is, dK = 0. Let U be a neighborhood of p € M with an ortho-

normal frame field and let (i}l, ceny w" be the dual coframe field. U"lﬂg the
expressmn for R,y in Corollary 3.6, which now becomes
Ry = —K(6,6; — 6,05), we have Q) =Q,;; = —Kw' A o, in which K
depe ds only on p not on the (orfhonormﬂ“ frames used. Taking the exte-

rior derxvatw of the structure equation
dol =Y ofro} + @,
we obtain
0 =) ([dwtrw] — ot ndo]) —dK Ao A’ — K do' Ao/ + Koo' Ada.
Substituting for dw¥, dw', and so on, from Corollary 4.4 and simplifying gives
dK nw' A’ =0,

which holds for every i,j=1,...,n Since dK = K,»' + - + K,0" a
linear combination of w?, ..., ®" and since @' Aw' A’ # 0if L, i, j are dis-
tinct, this can only hold if dK = 0 on U, a neighborhood of p. Because p is
arbitrary, dK = 0 and K is constant. |

According to Corollary 4.8, the sphere of radius a with the Riemannian
metric induced by the Euclidean space with contains it has constant positive
curvature, Euclidean space itself with its standard Riemannian metric has
curvature identically zero, since with the usual coordinates I'¥; = 0 and
R, = 0. It remains to give an example of a manifold of constant negative
curvature of arbitrary dimension. This will be done in Section 6, which is
devoted to spaces of constant curvature. In the meantime, the reader should
try Exercise 1.

Exercises

1. Show that the two-dimensional manifold M = {(x, y) |y > 0}, the upper
half-plane, with Riemannian metric in the xy-coordinates which cover
M given by g,; = 1/y* = ¢,, and g,, = 0 = g,,, has Gaussian curva-
ture K = —1.

2. Let 6',...,0" be n linearly independent one-forms defined on an open
subset U = R" and let (g,(x)) be a symmetric positive definite matrix
whose entries are C* functions on U. Show by direct computation that
there exist uniquely determined functions I';;, 1 < i, j, k < n such that
the n? forms 0, = > 7, I 6" satisfy the two systems of equations:

(i) do*=>%;,6'~60;g" and
(ii) dg;=0;+0,.
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5 Differentiation of Covariant Tensor Fields

Until this point we have used covariant differentiation D/dt on Rieman-
nian manifolds and the associated Riemannian connection V only to differ-
entiate vector fields—either along curves or in various directions X, at a
point p of the manifold M. However, once this has been done, it is a rela-
tively simple matter to extend the procedure to tensor fields; for the basic
difficulty—lack of a method to compare vectors, tensors, and so on, on
tangent spaces at nearby points g to a given p € M—has been surmounted. In
Euclidean space we compare T,(M) and T,(M) by parallel translation; we
have also used the local one-parameter group of transformations generated
by a vector field X to define the Lie derivative Ly. Neither procedure is
available in the general Riemannian case; but there we do have parallel
transport along a curve from p to g and that is what we now apply. For
convenience, and since it is all that we need, we restrict our consideration to
covariant tensor fields. Just as in our earlier treatment of differentiation of
vector fields on a Riemannian manifold, we first differentiate a covariant

AAAAAAAAAAAAAAAAAAAAAAAA

tensor field dlong a curve and then, later, determine its derivative in various
directions X, at a point p of the manifoid.
We consider, then, a covariant tensor field ® of order on the Rieman-

........ AA o~ G TriAL tErA OTlsmsmnan 2 7,
nian manifold M, & 7 (M), and we suppose given a curve p y\b’, a<t<hbh,

on M of differentiability class C* at least. Let @ o0 denote the restriction of @

to p(t). Then @, € 7"(T,,(M)), that is, @, is a tensor field along p(1).
7]c1nn Thnnrpm ‘/II 312 anr‘ Pqurl{ VII3. 12 we denote h\] T, narn”Pl

Ui Tiil AiAllCt

translatlon along p(t) from a fixed point p(t,) of the curve:

1! Thu(M) = Tpy(M).

p

This is an isomorphism of these tangent spaces and is uniquely determined
by the curve p(t) and the Riemannian structure. It is exactly what is needed
to define the derivative of @ at p(t,).

(5.1) Definition With the preceding notation, the derivative D®/dt of the
tensor @ along the curve is defined at the point p(t,) by

DO . 1
dr to = lim f—t, (T @) — L)

As thus defined (D®/dt), is a covariant tensor of order r on the vector
space T, (M). In fact, given any set of r vectors X ;g5 -+ Xp40)€ Tpuo(M),
then Dd/dt at p(t,) is the limit as t — t, of the expression

(Xl X’;,(,o)) - (Dp(lo)(X}l)(Io)’ XTp(ro>))

t—tg ( (Dp(l)
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which for each value of ¢ near r, is a multiple [by 1/(t — t,)] of the difference
« . .

of two tensors t}®,, and @, on T, (M). Since bo'th are covariant r

tensors on the same vector space, it follows that the limit is also such a

tensor. l\cpcauug this pu}ucduxc at each ¢ ip On the interval { (8 u) 5x‘v’€S a

covariant tensor field Dd/dr along p(t), provided that suitable differentiabil-

ity conditions are satlsﬁed We mean by this that for any C* family of vector
fialde  Yi — Vi 1 r the f-' curve nft\ the value of

LIV IS 111 — “p(l)’ I = Ly ooy s (O2E S G A w) viiC Vi

D®/dt on them,

D(D(X,‘, , X7, a<t<b,
dt
should be a function of class C*~! (C* when k = o) of the variable 1. In
particular, this should be true in the most frequent situation: X', ..., X" are
C*®-vector fields on M and X}, ..., X! are their restrictions to the curve
t 14

In order to see that this is indeed a consequence of our definition and to

Anmsss 1 f 1 1
derive computational formulas, we prove the following lemma. For

convenience—and since it is the most important case—we suppose @ is C*.

n M and let
., X{e T, (M)
or each t, on the interval

p(t), a <t < b, be a curve of class C*, k > 1, on

are vector fields of class C* along the curve, the
{a, b) we have

=

T
=
2

DD d
(53) ( - ) (XL, .. X7) = (dt [@,0(XL ... X{)])tzt

c DX’
—-Z(I)P(to) thos"*’ . ""’X:O .
i=1 dr

Proof Before beginning the proof we note that it will indeed establish
the fact that D®/dt evaluated on C*-vector fields along the curve is differen-
tiable of class C¥~! at least. If k = oo, as will often be the case, then D®/dt
will be a C*-tensor field along the curve, that is, its value on C*-vector fields
will be a C* function of t. Although @ itself has been assumed C®, in fact it is
sometimes convenient to consider curves of lower differentiability class,
which in turn lowers the class of D®/dt. The assertion of the lemma is easy to
prove. By definition we have

po, . 1 , )
() = lim (X s XEo) = (X, XT)

dt t—10 L= 1
1 ,
= lim PR ((Dp(t)(‘ct(tho)’ aeey ) (Dp(lo) tho s ey Xio))'
110 t [O
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Then for each i = 1, ..., r in turn we subtract and add
(I)p(,,(th, X2, ..., X, r,(Xf(')”), ey r,(X:O)).

Rearranging and collecting terms and using both linearity at p(t) and the
continuity of the tensor @, we may rewrite the defining equation

29, = St - 0

T o i=1 110 /

, 1
+11m7(¢)p(,)(X e XD = @0 (X py s XTL))-
0

t—tg

We now use the fact that for any C*-vector field X, along p(t),

limII(XrO)—Xt: —limt (T—z( ) — } — _To(Di(t\' — _(th\l

t~ro L lo =10\ L ) \ 4 i \dl i
Therefore passing to the limit in the expression for (D®/dt),, completes the
proof of formula (5.3) of the lemma. |

We can verify from the formula itself that (Dd/dt), depends R-linearly on
the values of the vector fields X/, ..., X} at p(t,) so that the formula does
define an R-linear function, that is, a covariant tensor of order » on the
vector space T, ,,(M). This is made even clearer, however, by the following
corollary—which uses the notation above.

(54) Corollary Let X§,..., X,€ T, (M) be given and suppose that
XL, ..., X, are the uniquely determined parallel vector fields along p(t),
a <t < b, which take these values at p(ty). Then formula (5.3) becomes

DD d
X, X)=[-® )Xl,...,X’)
(dt) ( to ro) (dt p(t,( t t)t

Proof This follows from (5.3) since by definition of X; we have
DXidt=0,i=1,...,r |

=to

This corollary makes it clear that (D®/dt),, depends only on the tensor
field @ and on the curve p(t), a < ¢ < b. In fact, it is easy to verily from the
formulas above that it depends on the tangent vector Y, = p(t,) to the
curve, but not on the curve itself, more precisely, two curves through p(t,)
with the same tangent vector at that point will define the same element
(D®/dt),, of T "(T,,,(M)). We shall state this in the form of a lemma.

(55) Lemma Let ® be as above and let pe M. We suppose that X', ..., X"
are C*-vector fields on some neighborhood U of p and let X :,, ..., X, denote
their value at p. Let F(t), —e < t < ¢,and G(s), —0 < s < 6, be two C" curves
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on M such that F(0) = p = G(0) and F(0) = Y, = G(0) is their common tan-
gent vector at p. Then
DO DO
(»f\ (X}, ..., X}) = (?\ (X5, ..., X7),
\dt ], \ds /o i
that is, the two tensors on T(M) defined by differentiating ® along each of the
curves is the same.

Proof Suppose that f is a C® function on U. Then f(¥(1)) is its
restriction to the curve F(t) and

d » 'd’
(3 7FO) _ =F(G)r =

Similarly restricting fto G(s), differentiating with respect to s, and evaluating
at s = 0 gives Y, f. Applying this to the function

flg) = (XL X7,

we see that in formula (5.3) the first term in case of either curve (and
derivative of ®) is the same, namely Y, (®(X'. ..., X")). On the other hand,
by our original definition of V, X for a vector field X in Chapter VII we
have V, X = (D/dr(X}))o = (D/ds(X))o: hence the other terms in
formula (5.3) agree also, which establishes the lemma. |

We denote the covariant tensor of order » on T,(M) which we have thus
defined from differentiation of ® along curves through p with Y as tangent
at pby V, .

(5.6) Definition The covariant r tensor on T/(M) just defined
vy, 0T "(T(M)), is called the covariant derivative of @ at p in the direction
Y,

P

According to the facts in the proof above. the covariant derivative is
given by the formula

(5.7) Vy (X1, X)) = V(O(X",..., X")
- ';mp(xl,...,vypxi,...,x;,),

where X', ..., X" are vector fields on a neighborhood of p. Only their values
at p affect the value of Vy, ® on T,(M).

(5.8) Theorem Given ®€ .7 '(M) as above, then we may define on M a
C®-covariant tensor field ¥ of order r + 1 by the formula

WXL, X7 Y,) = (Vy, OXXL,... X7).
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Proof 1n view of all that has been shown above it is only necessary to
prove two more facts: first that for each pe M, ¥, is linear in the last variable
—with the others fixed. Second, that for any C®-vector fields X',..., X", Y,
the formula above defines a C® function of p.

The first fact is a consequence of the linearity in ¥, of each term of (5.7)
as a real-valued function on T,(M). Thus, if we fix the vector fields X', ..., X",

then the mapping T,(M)— R defined by (5.7)
Y, - (Vy @)X, . ... X})

is linear. On the other hand, it is clear that for C*-vector fields X', ..., X";

w1l e, sy 7 AN

Y the function ¥(X', ..., X" Y) = (Vy®}X,, ..., X,)is C*

It is not difficult to give formulas in terms of the components of @ in local

coordinates for the components of ¥. We shall give the formulas and leave
their verification as an exercise. We suppose that U, ¢ is a local coordinate

system with local coordinates x!, ..., x", coordinate frames E,, ..., E,, and
with Vg, E; = >, THE,. Let @ be as above and let @, , = ®(E,..... E)
be its components
(5.9) Corollary With the notation above, the components
l},jl. R P = lI”(E’jl’ et Ejr+1)
of ¥ on U are given by the formulas
0
lel..--.J}H - ox Z Jr+lJ'| ke o k=1,...,m
jr+1 N i
i=1,....r

(5.10) Definition A tensor field ®e 7 "(M) is said to be parallel along a
curve p(t) if D®/dt = 0 along the curve. It is said to be parallel if D®/dt = 0
along every curve on M.

We remark that if Vy @ = 0 forevery X ,e T,(M)and all pe M, then it is
parallel; so in fact if it is parallel along geodesws for example, then it will be
parallel. This follows from Lemma 5.5 and the fact that there is a geodesic
tangent to any given vector X .

We also note that if p(t), a < t < b, is a curve of class C', say, then & is
parallel along p(t) if and only if it satisfies

d
C(@(XL .., X)) =0

for every set X!, ..., X7 of parallel vector fields along the curve p(z).
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(5.11) Example Let M be a Riemannian manifold of constant curvature
K. Then, by definition, for any orthonormal pair of vectors X, Y, the

sectional curvature R(X,,Y,, X, Y,) = —K. Suppose p(?) is any curve
through p with, say, p{0) = p. Let X, Y, be the uniquely determined

parallel fields such that X, = X, and Y, = Y. Then X, Y,y is

prthonormal at each p(t) and R(X ), Y, X ps Y,n) = —K, a constant
independent of ¢. It follows that for any parallel vector fields along plt) say
X i=1,2,3,4, that

d 1 3 4

CRIXF X2 X3 XM=0

dt “*t [ s <17 ~-
Indeed the values of all of the sectional curvatures uniquely determine the
curvature; thus the curvature is parallel if it is constant on parallel sections

= am\

(5.12) Theorem (Cartan) If M is a Riemannian symme
curvature tensor is parallel.

Proof We know that any isometry of a Riemannian manifold preserves
parallelism; it carries parallel vector fields, sections, and so on, alonga curve
to parallel vector fields, sections, and so on, along the image. Moreover
isometries preserve the curvature,

Rp(Xp : Yp 4 Zp s Wp) = RF(p)(XF(p) > YF(p) ’ ZF(p) ) WF(p))'

Finally isometries carry geodesics to geodesics. This is because each of these:
parallelism, curvature, and geodesics is defined in terms of the Riemannian
metric. Now to show that the curvature is parallel, it is enough to show that
it is constant on parallel vector fields along geodesics. However, if p(t) is a
geodesic, then the vectors X, Yy, Z o, Wy of the parallel vector field
determined by X o). Yy, ... are given by isometries t. of M according to
Theorem VII.8.7. Therefore the curvature is constant on parallel fields along
the geodesic p(t), which proves the result. |

It is important to realize that this is more general than constant curva-
ture. We have seen an example of a symmetric space—a compact semisimple
Lie group G with bi-invariant metric—in which the curvatures on various
sections 7, at the identity vary between O (if there is an Abelian subgroup of
dimension two) and a positive maximum value (see Theorem 3.9). Thus G is
not isotropic, hence not of constant curvature in this metric, but it does have
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parallel curvature. This raises the interesting question of how those Rieman-
nian manifolds with parallel curvature may be otherwise characterized or
described. The answer to this is given by the following two theorems which
will not be proved in this text but are quoted for use in the next section and
for their general interest. Proofs are given by Wolf [1, pp. 30, 42].

(5.13) Theorem (Cartan) Let M be a Riemannian manifold with parallel
curvature. Then M is locally symmetric, that is, each point pe M has a neigh-
borhood U such that there is an involutive isometry ¢,: U — U with p as its
only fixed point.

Of course, a manifold may be locally symmetric without being globally
symmetric, that is, symmetric in the sense of our original definition of sym-
metric space. For example, Euclidean space or a sphere-—with its usual
Riemannian metric—is no longer a symmetric space if a single point is
removed, since we have seen that a symmetric space is necessarily complete;
but it is still locally symmetric. Even if completeness is assumed, together
with parallel curvature, we still cannot be quite sure that the space is
symmetric—some restrictions on the fundamental group may be involved.
However, if the Riemannian manifold is complete and has parallel curva-
ture, then we may be sure that its universal covering (with the naturally
induced Riemannian metric) is a symmetric space. This is a consequence of
the theorem which follows. A proof of a more general version due to Hicks is

given by Wolf [1].

(5.14) Theorem (Cartan-Ambrose) Let M and N be complete, connected
Riemannian manifolds of the same dimension, each with parallel curvature, and
suppose further that M is simply connected. If pe M and qe N and
¢: T,(M) = T,(N) is any linear mapping which preserves the inner product
and the curvature; ie., for arbitrary X,, Y,, Z,, W,e T(M), we have
(e(X,). o(Y,)), = (X,. Y,), and
Rq((p(Xp)v (p(Yp)7 (p(Zp)’ (P(Wp) = RP(XP k4 Yp k4 ZP ? WP))’

then there is a unique C® mapping F: M — N which has the properties:
(1) F(p) = g, (ii) F,: T,(M) — T,(N) is the same as ¢, and (iii) F is a Rieman-
nian covering (that is, it is a covering such that F is an isometry on each
tangent space—thus a local isometry).

Exercises

1. Verify the formula of Corollary 5.9.
2. Let ®(X, Y) be the Riemannian metric on M. Prove that V,; ® = 0 for
every vector Z, at every point pe M.
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3. Let ¢ be a field of linear operators on M, that is, an element of 7 {(M),
so that at each p, g,: T,(M) - T,(M) is a linear mapping. Suppose for
any X € ¥(M) that o-( ) € ¥(M) also. Define a derivative Vy o for o ata
point p in the direction Y,. Show that it will define a tensor ﬁ 1d of type

n
f 2(M )-

4. Using Exercise 2 and the special expression in local coordinates which
was given in Corollary 3.6 for R,;; on a manifold of constant curvature
K, show that the curvature tensor is parallel on any such manifold.

5. Show that if an alternating covariant tensor @ is parallel, then the exte-
rior differential form to which it corresponds is closed. Is the converse
true?

6. Let X be a C*-vector field on a Riemannian manifold and @ be a tensor;
for definiteness let @ be the Riemannian metric tensor. Make a suitable
definition of the Lie derivative L, ® and interpret L, ® = 0.

»

The manifolds of constant curvature, which we have introduced briefly in
previous sections, are on the one hand the simplest Riemannian manifolds
and yet on the other hand are sufficiently complicated to present a fascinat-
ing object of study. Classically they are the oldest known examples in the
sense that they include Euclidean space, the non-Euclidean spaces dis-
covered by Bolyai and Lobachevskii, and the spherical and elliptic spaces,
whose geometry was studied by Riemann (as examples of spaces in which no
parallel geodesics existed). In fact locally, the geometry of any space of
constant curvature is equivalent to one of these classical geometries as we
shall see. What makes these spaces particularly intriguing is that questions
about them can often be reduced to purely algebraic problems of an inter-
esting nature. In the short scope of this paragraph we can only give an
indication of the special flavor of this subject, but the books of Kobayashi
and Nomizu [1] and Wolf[1] contain many details for the reader who
wishes to go further.

We recall that a Riemannian manifold M is said to have constant curva-
ture if all sectional curvatures at all points have the same constant value K.
This implies that the curvature tensor is parallel and hence that the manifold
is locally symmetric according to Theorem 5.13, but the converse does not
hold since there are many symmetric spaces, for example any non-Abelian
compact Lie group with the bi-invariant metric, which are not spaces of
constant curvature. According to Corollary 3.6 and to Theorem 4.9, or at
least to its proof, it should be possible to give a characterization of Rieman-
nian manifolds of constant curvature in terms of differential forms. To this
end we suppose M to be a Riemannian manifold and let ', 1 < i< n,
denote the field of coframes dual to an orthonormal frame field E,, ..., E, on
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an open set U = M, with w!, 1 < i,j < n, denoting the corresponding con-
nection forms. We then state the following lemma, whose proof is contained
in Theorem 4.9 and Exercise 1.

(671) Lemma If M has constant curvature K, then the curvature forms
Q = dwi — Y wf A wf are given by

0 — b j
g = —Kw' A o

Conversely, if on a neighborhood U of each point of M there is an orthonormal
frame field E, ..., E, for which the uniquely determined ', w! satisfy this
equation, then M has constant curvature K.

We shall use this presently to give an example of a manifold of constant
negative curvature. Before doing so we recall that Euclidean space with its
standard Riemannian metric is a space of zero curvature and that the n-
sphere of radius a in R"*! with the induced Riemannian metric has constant
curvature K = 1/a*. Thus for every nonnegatiive real number K, we have
already found an example of Riemannian manifold of arbitrary dimension n
with constant curvature K. We shall next give an example of an n-
dimensional Riemannian manifold of constant curvature K = —1. Ashi
variation (Exercise 2) will produce an example for any K < 0.

(6.2) Example (Hyperbolic space) Let M be the open upper half-space
of R" defined by M = {xe R"| x" > 0} with the Riemannian metric given by
the line element (see Section V.3)

More precisely, we note that, as a manifold, M is covered by a single coor-
dinate system with local coordinates x!, ..., x" and coordinate frames
8/6x", ..., 8/6x". This is because, as a manifold, M corresponds to an open
subset of R". In these local coordinates, the components of the Riemannian
metric ¢ are given by

0 0 0.
(x) =0 =, —| =~ i
94(x) (ax‘ 6xf) (x")?"
We use Lemma 6.1 to see that this manifold has constant curvature K = —1

as claimed. (When n =2, this is the Riemannian manifold of
Example VII.9.5.)

Let E, = x"(8/0x'), i = 1,..., n; these define an orthonormal frame field
on all of M. We denote by ', ..., w" the dual coframes which are given by
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o' = (1/x")dx, i=1,...,n. It is easy to verify that the forms
wl = d,;0' — 4, satisfy the equations
n
;i Al : i 1 i i Y
dw' = ) o’ Awj and w! + o) = 0;
i=1
hence they must be the connection forms since these are uniquely
determined by these conditions. Finally, taking the exterior derivative of wf
we obtain
Q = do! = Y o*rof = +o' Ao

Then from Lemma 6.1 it follows that M has constant curvature K = —1.
We call this hyperbolic space and denote it by H" (for its underlying space,
tlan “1a nna’

uic ua}f—plau\. )

Thus we have examples of spaces of positive, zero, and negative constant
curvature. Note that all three examples are simply connected: when K > 0,
our example was the compact manifold S" and, when K = 0 or K = —1, the
corresponding manifolds E* and H" are diffeomorphic to R". For conve-
nience, in what follows we suppose that S" has radius + 1 and hence K = + 1.
Since S" is compact, it is complete; we also know E" to be a complete
Riemannian manifold; and we shall prove later that H" is complete. The
importance of these facts stem from the following theorem (which goes back
to much earlier work of Killing and Hopf).

(6.3) Theorem Every complete, simply connected Riemannian manifold M
of constant curvature K = +1,0, or —1 is isometric to one of the three
examples above, in fact to S"if K = + 1, to E"if K = 0,andto H" if K = —1.
More precisely, given pe M, and q in either 8", E", or H" according to whether
K= +1,0, or —1, and given a prescribed linear map of T,(M) onto the
tangent space at q which preserves the inner product, then there is exactly one
isometry F of M to the corresponding space of constant curvature taking p to q
and such that F, corresponds to the given linear mapping on T,(M).

This is an immediate consequence of Theorem 5.14 once we know that
H" is complete—which is proved later. We remark that using Exercise 2 and
spheres S" of arbitrary radius, we may extend this theorem without difficulty
to spaces of any constant curvature. Although Theorem 5.14 is not proved in
this text, this consequence of it will be used. We have the following obvious
corollary of Theorem 6.3.

(6.4) Corollary Let M be S", E", or H" and let E,,, ..., E,,, Ey,, ..., E,,
be orthonormal frames at two arbitrary points p, q of M. Then there is a unique
isometry of M taking p to q and E;, to Eyy, i=1,...,n
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This shows that the group of isometries is transitive on M and makes it
plausible that in each of these cases it is a Lie group. We already know this
however for S”, whose group of isometries is O(n + 1) and for E", whose
group of isometries consists of rotations and translations and their products
(Example II1.7.6). The group of all isometries of H" will be studied only in
the special case n = 2, although some indication will be given of the general
situation.

In order to carry our study of these spaces somewhat further we make
some comments concerning covering spaces. If M is a Riemannian manifold
and M a covering manifold with covenng mapping F: M — M, then there is
a unique Riemannian metric on M such that F is a local isometry. When M
has this metric, the covering will be called a Riemannian covering. The fol-
Iowing facts are quite easily verified from the deﬁnitions- (i) F carries
geodes1c on M ; (n) If M is complete, then M is also complete (convergence
of Cauchy sequences is a local phenomenon); and (iii) the covering transfor-
mations are isometries of M. With the aid of these facts one may reduce the
determination of manifolds of constant curvature to a group theoretic
problem—or at least make the first step in that direction.

(6.5) Theorem Let M be a complete manifold of constant curvature
K = +1,0, 0r —1. Then the universal covering manifold M is isometric to S",
E", or H", respectively, and M is the orbit space of a subgroup " of the group of
isometries of M which acts freely and properly discontinuously on M.

The theorem follows from the fact that M is complete, simply connected,
and (since the covering mapping is a local isometry) has the same constant
curvature as M. We know from the theory of covering spaces that M = M,T
and that the covering transformations [ act freely and properly discontin-
uously (as a group of isometries). We give some indication of how this may
be used by considering some examples.

Spaces of Positive Curvature

In order to find Riemannian manifolds of constant positive curvature
K = +1, it is necessary to find subgroups I' of the group of isometries of $7,
the unit sphere, which act freely and properly discontinuously on S". The
isometries of S" are contained in O(n + 1) which acts in the usual way on the
unit sphere in R"*?, hence I' = O(n + 1). The assumption that I" acts freely
means that no element of I, except the identity, leaves a point of S” fixed.
Thus if AeI” and 4 # I, 4 cannot have +1 as a characteristic value.
Moreover, I’ must be a group of finite order, since otherwise there must be
an x € S" such that I'x = {Ax | 4 € I'} has a limit point, which would contra-
dict the proper discontinuity. Thus we must find finite subgroups of
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O(n + 1) no element of which (except the identity) leaves a vector x fixed.
This is clearly a necessary condition for I, it is also sufficient (Exercise 3).
The simplest example of a subgroup I of O(n + 1) of the type described

f— n 1
is the group consisting of two elements, I = {1-I}. The orbit space S"T is

the collection of all antipodal pairs of pomts on §" and is, as we have
mentioned earlier, just the projective space P*(R) (Example II1.2.5 and
Exercise 111.2.3). Thus for every n we have at least two inequivalent spaces of

constant curvature—-real projective space and its universal (Rlemanman)
covering space S". When n is even, we have the following fact.

(6.6) If n is even, then S* and P"(R) are the only complete manifolds of
constant curvature K = +1.

Proof This is seen as follows. Let I" be a properly discontinuous group
of isometries acting freely on S". Then I' = O(n + 1) and each AeT is an
(n + 1) x (n + 1) orthogonal matrix. Therefore A must have a real charac-
teristic value since the degree of its characteristic polynomial is an odd
number n + 1. Since the characteristic values of an orthogonal matrix are of
absolute value one, 4 has + 1 as a characteristic value. We have seen that
only the identity on I can have + 1 as a characteristic value, hence —1 is a
characteristic value of A. This implies that 4% has + 1 as characteristic value,
s0 A% = I. This means that each of the characteristic values of 4 is either + 1

or —1, and hence, either allare +1and A = I,orallare —1and 4 = —1I.
This completes the proof when combined with the example mentioned
above. |

(6.7) Example When n is odd, other possibilities can occur. As an indica-
tion we will show that in the case of S* there exist many examples of finite
subgroups I' = 0(4) which act freely on S* and thus give manifolds S3/T" of
constant positive curvature. The examples are based on the algebra K of
quaternions, that is, on the real linear combinations

q=x+ yi +zj + wk

of the four symbols 1, i, j, k with the usual rules of multiplication and with
componentwise addition (see Chevalley [1]). We denote by §, the conjugate
of g,
q=x—yi—zj—wk

and by |q|| the usual norm ||q]| = (qq)'/>. Then K is in obvious one-to-one
linear correspondence with R“ and this corresponds to the standard norm in
R*. Hence K, = {q| |q|| = 1}, the quaternions of norm one, correspond to
$% = R* As usual we 1dent1fy K and R* as vector spaces and as manifolds
and we identify K| and S> as manifolds. The important thing for us is that K,
is a group with respect to quaternion multiplication, since |g,q,| =
lgslllgz]l- Thus, if g€ K;, then left translation L,: K— K defined by
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L,(x) = gqx is an R-linear mapping of K onto K and preserves the norm of x,
that is, ||L4(x)| = [[x|. This means that as a linear transformation of
K = R*, L, is an orthogonal transformation. In brief, $* = K, is a group
space and left translations are orthogonal transformations, in fact isome-
tries, of S* with its usual Riemannian structure. Since no left translation
except the identity can have a fixed point, we need only find examples of
finite subgroups I' of K,—each such example determines a three-

dimensional manifold of constant positive curvature and they are all
determined this way.

To find finite subgroups of K, one uses the following fact (Exercise 4).
re is a natural homorphism n: K, — SO(3} which is onto and has kernel
(+1 is the unit quaternion). This homomorphism is given as follows:
R? be identified with the subspace of K of all quaternions of the form
vi + zj + wk, with real part x = 0. Then to each q'€ K, we let corre-
spond the rotation n(q') of R* given by ¢ — q'q(q')” ! Now given any finite
subgroup I', = SO(3), then I = =~ *(',) is a finite subgroup of K. Such
subgroups of SO(3) are easy to find—the group of symmetries of any regular
solid (omitting those of determinant — 1) give examples. The problem of
classifying all complete spaces of constant positive curvature has recently
been completed by Wolf [1]; classification of the finite subgroups of K, and

of SO(3) is carried out as an example on p. 83ff of his book.

ow!
=
(<]

H+

€

[l
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Now consider the Riemannian manifolds which have Euclidean space of
the same dimension as their universal Riemannian covering space; they are
the (complete) spaces of zero curvature. Thus they are of the form
M = E"/T, the orbit space of a subgroup I of the group of isometries (rigid
motions) of E™. If we identify E” with R" and use vector space notation, then
each isometry is of the form x — Ax + b, where Ae O(n) and
b = (b',..., b"), and determine, respectively, a rotation and translation of
the space (Examples 111.7.6 and 1V.9.4). Since, locally at least, the geometry
of any such M is just that of Euclidean space, these spaces might seem to
lack interest. This is not the case however; in particular, the global behavior
of geodesics is very different from that of geodesics in E". We have already
noted this in the case of two examples: the cylinder, which is just E?/I" with
I'={x—>x+ne|e, =(l, 0), neZ), and the torus T* obtained as the
orbit space of the group of translations {x — x + ne; + me,|n, meZ,
e = (1’ 0)’ € = (0’ 1)}

Historically the study of these spaces is closely linked to that of the study
of crystal structures on the plane £2 and in Euclidean space E°, that is, to
uniform coverings of the plane by congruent polygons and of E 3 by congru-
ent polyhedra. It is fairly easy to convince ourselves that the symmetries of
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Figure VIIL9

such crystalline structures—rigid motions carrying the structures onto
themselves—form a subgroup I" of the group of rigid motions which acts
properly discontinuously (Fig. VIIL.9). Elements of such groups may well
have fixed points however, so these groups are somewhat more general than
those which generate examples of manifolds of zero curvature. It was proved
in the 19th century by several mathematicians independently (by
classification of all possibilities) that there were only a finite number of
crystal structures on E°. This gave rise to the question posed by Hilbert [2]
in his famous address of 1900 as to whether the number of possible isomor-
phism classes of properly discontinuous groups of motions I" of E™ for which
the orbit space E/T is compact is finite for every n. These are called crystal-
lographic groups, and Hilbert’s question was answered affirmatively by
Bieberbach [1]in 1911. This implies, in particular, that for every dimension »
there exist at most a finite number of compact Riemannian manifolds of
curvature zero. Among these, of course, is the torus T", and it is a con-
sequence of Bieberbach’s work that every such manifold has the torus as
covering space. The proof of these theorems involves very interesting group
theoretic arguments; it may be found in the books of Kobayashi and
Nomizu [1] and Wolf [1]. In the latter book a complete classification of the
manifolds of zero curvature in dimensions 2 and 3 is given; no general
classification for all n is known. (See also Grove and Benson [1].)

Spaces of Constant Negative Curvature

First we consider H? as given in Example 6.2, except that we shall write
(x, y) for (x!, x2) and identify H? with the upper half-plane of the complex
numbers C by the correspondence (x, y) <> z = x + iy. Then H? is the open
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subset of C, consisting of all complex numbers z with positive imaginary part
Imz>0 We may then write the Riemannian metric, or line element
ds* = Y?,_, g;;dx' dx’, in the complex or real form

s dzdz  dx* + dy*

ds® = = 3

(Im z)* ¥

We have already considered this Riemannian manifoid and its isometries
(Example VII.9.5). The reason for passing to complex coordinates is that it
makes it much simpler to define and work with the group of isometries. Of
course, other representations of H? and its group of isometries are often

Thinh tand t IR fae all 2 hatt tha tanh 1 AfR~veles
used—some of which extend to H" for all F, oUtl uic technical difficulties

would be greater for us at this stage (see Wolf[1, Section 2.4]). Recall that
mappings on C of the form zi—»w = (az + b)/(cz + d), a, b, ¢, de C such
that ad — bc # 0, are isometries of H?; in analytic function theory they are

called linear fractional transformations (see Ahlfors [1] for example). The
following theorem restates Example VI1.9.5 and adds a little to it.

(6.8) Theorem The group G of linear fractional transformations such that
a, b, c,d are real numbers and ad — bc = +1 is exactly the group of isome-
tries of H? identified with the upper half-plane of C. The mapping
F:SI(2, R) > G defined by letting the matrix (°3) correspond to the linear
fractional transformation z+—w = (az + b)/(cz + d) is a homomorphism of
SI(2, R) onto G with kernel + 1.

Proof Except for the assertion that this group contains all of the isome-
tries, these statements were all proved, or given as problems, in
Example VI1.9.5. To review briefly the arguments, which the reader should
check in detail, we note that the last statement is verified by a straightfor-
ward computation. Whereas to see that the first statement is correct, we note
that if w is the image of ze H? by a transformation of G, then

so that the upper half-plane maps onto itself. If we compute dw, we find that

dz
dw = ——
Y ez + d)?
from which it follows that
dw dw dz dz

(Imw)? ~ (Im z)?

so that ds? is preserved—a shorthand way of seeing that the components of
g;; transform as they should for an isometry. [Of course, this mapping could
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be given in terms of real and imaginary parts, that is, the functions, u(x, y)
and v(x, y), such that w = u(x, y) + iv(x, y) could be computed and the
mapping written without use of complex variables; but the computations
become much more difficult.] In order to see that this group G contains all
isometries, we recall first that it acts transitively on the upper half-plane and
second that it is transitive on directions. Indeed, in the example cited it was
shown that the orbit of i = ./ —1 is all of H?, which implies transitivity and
that the isotropy subgroup of i consists of elements of G corresponding to
matrices in SI(2, R) of the form

This subgroup of G is transitive on directions at i; in fact it acts as SO(2) on
the tangent space to H? at i. These facts together with Corollary 6.4 prove
the assertion. |

We note that angles on H? in terms of the given Riemannian metric are
the same as angles on R?, moreover—as is well known—linear fractional
transformations are analytic mappings on the complex plane and as such are
conformal, that is, they preserve angles between curves. We will also use
from complex function theory the fact that linear fractional transformations
carry circles and straight lines of C into circles and straight lines (see
Ahifors [ i]). Thus any circle which is orthogonal to the real axis wili be
carried by any element of G into a circle orthogonal to the real axis or a
vertical straight line. We have left it as an exercise to prove that vertical
straight lines are geodesics of H2. Then it follows rather easily that any circle
orthogonal to the real axis is also a geodesic. In fact a little simple Euclidean
geometry (Fig. VIIL.10) shows that through a given z, € H? there is exactly
one circle (or vertical line) tangent to each direction at z5 and orthogonal to

20

Figure VIIL10
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the real axis. Since isometries take geodesics to geodesics, this gives every
geodesic through z,. One important consequence is that every geodesic can
be extended to infinite length so that H? is seen to be a complete metric
space. It is sufficient to check this for just one geodesic, namely, x =0,y = ¢,
0 < t < oo. The length of this geodesic from t = atot = bis 5 dt/t so it is
unbounded in both directions, that is as a — 0 or b — oo, which shows it is
indefinitely extendable. We also saw in Section VIL.9 that H? is an example

of [+ summatrip nnco T 1 1 m m
OCi & Symineiric  spacde, which means that 1t must be CO.‘.plete

(Theorem VIL.8.4). We have previously noted that H? is the space of non-
Euclidean geometry and that it is easy to see from this description of
geodesics that Euclid’s postulate of parallels is not satisfied (although all the
other postulates of Euclid are!). This is illustrated in Fig. VII.15. This behav-
ior of geodesics should be contrasted with that on S and P*(R), spaces of
constant positive curvature on which every pair of geodesics intersect—twice
on S$? and once P*(R).

We turn now to consideration of H”, n > 2 as described in Example 6.2
and use this information to verify that H" is complete. First we note that any
translation of H" in a direction parallel to the plane x* = 0 is an isometry.
The same holds for a rotation of the underlying R” which leaves x" fixed, in
other words, a linear transformation of the variables x!,..., x"~! with
orthogonal matrix is an isometry. Thus any 2-plane determined by a point
xe H" and unit vector X, at x can be carried to the submanifold
H? = {xe H"|x' = -+ x"~! = 0} by an isometry of H" If we then verify
that geodesics of H? are geodesics of H" (Exercise 10), it will follow from the
above facts concerning H? and known properties of geodesics that every
geodesic of H" can be extended to infinite length. This means that H" is
complete; it also means that the geodesics of H" are exactly the semicircles
whose center lies on the (n — 1)-plane x” = 0 and whose plane is perpendic-
ular to it.

The geometry of H? is extremely useful in analytic function theory and
the subgroups I' of G which operate properly discontinuously on H? are
extensively studied in automorphic function theory (see Lehner[1] and
Siegel [1]). In fact automorphic functions are precisely those complex analyt-
ic functions on H? whose value is the same at each point of the orbit of some
such I'. Thus they define functions on H?/T, the space of orbits. This is
analogous to doubly periodic functions on € which take the same value at
each point of the orbit of a group [ of the form I' = {z - z + mw, + nw,}
for (independent) w,, w, € C and thus define functions on C/I' = T*. The
best known automorphic function is the one associated with the subgroup of
G for which a, b, ¢, d are integers in each linear fractional transformation,
that is, the image of SI(2, Z) — SI(2, R) under the homomorphism of
Theorem 6.8. This group is known as the elliptic modular group. It acts
discontinuously on H? but some elements have fixed points; however, it
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contains subgroups which act freely and thus determine a manifold H?/T of
curvature K = — 1. Using analytic function theory or the geometry of H? it
is possible to show that there exist subgroups I' of G acting freely and
properly discontinuously so that H?/T" is a compact manifold; in fact every
surface of genus g > 1 can be obtained in this manner and hence every such
surface has a Riemannian metric for which the Gaussian curvature is con-
stant and equal to — 1. For n > 2. it is much more difficult to find subgroups
T of the group of isometries of H" such that H"/T is a compact manifold; in
fact this is an area of active research at present and has many interesting

unsolved problems.

Exercises

1. Prove Lemma 6.1 in detail, using the known facts about curvature
forms and equations of structure.

2. Let a be any positive real number and let M be the subspace of R" such
that x" > 0. Then the Riemannian metric on M given by g;;(x) =
(a*/(x")?) 3,; has constant curvature K = —1/a*.

3. Show that if " is a finite subgroup of O(n + 1), which has the property
that no A eT except I, the identity, has +1 as a characteristic value,
then I acts freely and properly discontinuously on $".

fold is necessarily properly discontinuous.

5. Show that the homomorphism n: K; — SO(3) of Example 6.7 is indeed
a homomorphism onto SO(3) with kernel + 1 as claimed.

6. Let G be a connected Lie group and K a compact subgroup, and
suppose that G acts on G/K by left translation (in the usual way). Show
that a subgroup I" of G acts properly discontinuously on G/K if and
only if it is discrete. Show that if I' has no elements of finite order, then
it acts freely. Apply this to G, the group of motions of E" [with
K = 0(n)].

7. Does a rigid motion x —» Ax + b, Ac O(3)and b = (b, b2, b?), of the
space E? identified with R* have a fixed point?

8. Show that the subgroup I' of rigid motions of R’ generated by transla-
tions x — me, + ne, + pe;, m,n,pe Z and e, e,, e;, the standard
basis, together with the motion x — Ax + je;, where A(e,) = ey,
Afe,) = —e,, and A(e;) = —es, acts freely and properly discontin-
uously on R*® and that R*/I is compact.

9. Show that vertical lines x = constant on the space H” are geodesics.

10. Compute I'*, for H" [using the natural coordinates (x', ..., x")] and
show that a geodesic of the submanifold H? = {xeH"|
x!'=-=x""2=0}is a geodesic of H".
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11. Show that the group I' of linear fractional transformations of the form
w = (az + b)/(cz + d), a, b, ¢, d, integers such that ad — bc = 1, acts
properly discontinuously on H? but that it does not act freely.

12. Let K be a real number and let p = 1 + (K/4) Y7_, (x)?. Prove that if
a Riemannian metric is given on a coordinate neighborhood U, ¢ ofan
n-dimensional manifold M, ¢(U) = BZ(0), (for some ¢ > 0) by

1

L) . T8
gi\X) = 30,

p
then on U this metric-has constant sectional curvature K.

Notes

The ideas touched upon in this chapter and the previous one span the entire history of
differential geometry, from the early work of Gauss{1] and Riemann [1] through that of
Cartan [1] right down to the present. Given the scope of the subject, its treatment here was
necessarily both selective and brief. However, for readers who wish to go further into some of
the topics we have touched upon in Chapters VII and VIII, there are many excellent books
available, of which we shall mention several. For surface theory Stoker [1], O’Neill [1], do
Carmo [1], and Millman and Parker [1] are very helpful. These books are geometric and
intuitive in approach yet lead directly toward the current work in manifolds of arbitrary
dimension, whereas many other books on “classical” differential geometry do not. For the reader
who wishes to delve more deeply into the subject of spaces of constant curvature, the book by
Wolf [1] is an excellent source, especially for the zero and positive curvature cases. It also
contains a very complete bibliography. A good introduction to the sort of problems one will
encounter in spaces of negative curvature may be found in such books as those by Lehner [1]
and Siegel [1], which deal exhaustively with the two dimensional case and its relations to
Riemann surfaces and automorphic function theory. For Riemannian Geometry in general, the
encyclopedic two volume work of Kobayashi and Nomizu [1] contains a wealth of information
and a very complete bibliography. For questions concerning symmetric spaces, the reader is
referred to Helgason [ 17, which also has an extensive bibliography. These, together with Milnor
[1], Klingenberg [1], and Cheeger and Ebin [1] will give some idea of the current thrust of the
theory and of its richness and diversity.

Most of the current interest in Riemannian geometry is in what are known as global
problems, which in very many cases are concerned with the relation of (often purely local)
properties of the curvature of the Riemannian metric of the manifold to its global geometric
structure, for example, to its topology, Euler characteristic, and so on. As an epilogue to this
chapter we shall mention several famous results along these lines which we did not have the
time or space to take up although they are easily accessible to the reader at this point. There are
a number of results which draw conclusions about the manifold from the assumption that it has
a Riemannian metric whose sectional curvatures are all of the same sign—but not necessarily
constant. For example, if they are all greater than a positive constant ¢, then the manifold is
compact. Since its universal Riemannian covering manifold necessarily has the same property,
it must also be compact, from which we can conclude that the fundamental group of the original
manifold is finite. On the other hand, it has been shown that if the sectional curvatures of a
Riemannian manifold are all negative, then the universal covering manifold must be diffeomor-
phic to R", a fact which has strong implications for the deRham groups of the manifold. Many
beautiful results of this type may be found in Milnor’s book [1], which is highly recommended
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for further reading. It is not evident from the two examples cited, but it is a fact that the
influence of the curvature on the structure of the geodesics is crucial to many such results. In
addition to Milnor’s book, the reader will find many interesting results of this sort—and with
less emphasis on topology—given by Bishop and Crittenden [1].

As a final example we mention the famous classical theorem of Gauss and Bonnet which
gives the following relation between the Gaussian curvature K and Euler characteristic y of a
compact orientable surface M:

dny = | KdA (d4 = area element on M).
M

This has many interesting consequences. For example, if M has a Riemannian metric such that
K > 0 everywhere, then it is homeomorphic to $2, and if the metric is such that K < 0 every-
where, then it must have genus g > 1, that is, it must be homeomorphic toa sphere with two or
more handles attached. A proof of this theorem is given in the books on surface theory
referred to above. The generalization of the theorem to higher dimensions is not easy and
requires some use of algebraic topology. In fact, this theorem resisted generalization for many
decades and its extension to higher dimensional Riemannian manifolds by Allendoerfer-Weil
and by Chern (3, 4]—especially Chern’s method of proof—Iled to many new problems in differ-
ential geometry and to the discovery of further important relations between the Riemannian
geometry and the topology of manifolds.
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effective, 91
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(properly) discontinuous, 96
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Bilinear form, 183-187 Coordinate coframes, 179
induced mapping of, 185 Coordinate frames, 110
skew symmetric, 184 Coordinate neighborhcods, 52-56
symmetric, positive definite, 184 open balls and cubes, 55

Binormal to space curve, 303 Coordinates

Brouwer fixed point theorem, 282 local, 10

Bundle, see Tangent bundle oriented, 215

Coordinate function, 52

A mrnnd meanrm

L 0sC1 s5pace, 24

C group action on, 165
Covariant derivative, see Differentiation of

C*, multiplicative group of complex vector fields

numbers, 82 Covariant tensor fieid, 201-205
C’, C= differentiability class, 21-22, 66 induced mapping of, 202
C®-compatibility, 52 Covector, tangent, 178-179
C* function, 22, 66 field, 178
C*® mapping, 66 Covering
C>=(a), C*(p), germs of C*-functions at locally finite, 11, 193

a, p, etc., 32, 107 refinement of, 11, 193
C®, real analytic functions, 24 regular, by spherical (cubical)
C'(U), C=(U), C=(M) differentiable neighborhoods, 194

functions on U or M, 22, 107 Covering manifolds, 101, 289-296
C(x), C(x), open cube of R", 2 isomorphism of, 293
c(A), Jordan content of a set, 230 Covering map, 101
Canonical basis of R", 2 Covering transformation, 101
Center of a Lie algebra, 289, 388 Cube, on a manifold, 237
Chain rule, 23 Curvature

for mappings, 27 of plane curve, 305

Change of variables in integration, 233 Riemannian, 325-327
Characteristic function of a set, 231 forms, 389
Chart, 59 sectional curvature, 385, 393
x(M), Euler characteristic, 14, 415 symmetries of, 383
Closed differential form, 274 of space curve, 302
Coframes, 179 of surface, 18, 374
Complete integrability, 160 Curve
Complete vector field, 142 differentiable (C7), 22
Components Cutting and pasting of manifolds, 11-14, 258

of a bilinear form, 184
of a covector, 179

Connected sum of manifolds, 258 D
Connection, 317-323
connection forms, 328, 390 ¥, connection on a manifold, 317
restriction of, 319 VY, restriction of a connection, 319
Riemannian, 318 Y Y, covariant derivative, 314-316
Constant curvature, manifold of, 386, &H*, @M, boundary of H", M, 253-254
406-413 a(f', ..., fmfext, ..., x"), Jacobian
Constant vector field, 323 matrix, 26
Content zero 3/éx*, natural frames of R, 36
in R", 230 D, interior of D, 231
on a manifold, 235 D(a), 2(U), algebra of derivations, 33, 40.
Contractible space, 270 108

Contracting mapping theorem, 43 DF, DF(x), Jacobian matrix, 27
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d, dy;, exterior derivative, 220
dp/dt, tangent vector to curve p(1), 126
(D/dr) (dp/dt) = 0, equation of geodesic,
330-331
DX[d:, DY[dt, covariant derivative, 309
dZ|dr, derivative of vector field, 300
d(p, ¢) metric on Riemannian manifold,
o189
ds?, metric tensor, 188
df, differential of function, 180
dx', coordinate coframes, 182
Deck transformation, 101
Dependent functions, 50
A, distribution, 159
8{, Kronecker delta, 179
de Rham group, 274
de Rham’s Theorem, 275
Derivation(s)
on C*(U), 39
into R, 33
Derivative
exterior, 220-227
properties of, 220
of vector fieid, 314
Diffeomorphism, 67
on open sets of R", 41
Differentiable functions
in weak sense, 21
on Euclidean space, 21-25
on manifolds, 65-66
Differentiable manifold, see Manifolds
Differentiable mappings
composition of, 28, 67
on Euclidean space, 25-28
on manifalds, 65-67
Differentiable mapping, weak sense, 26, 67
Differentiable submanifold, see
Submanifold
Differentiable structure, 53
Differential equations, systems of, 131-137
existence theorem, proof, 174
Differential forms, 213
closed, 226, 274
exact, 226, 274
exterior, 213
Differential of function, 180
Differential of mapping, 109
Differentiation of vector fields
along curves in R", 298
covariant differentiation, 309, 314-316
Lie derivative, 154
on submanifolds of R*, 307-316

Directional derivative as tangent vector,
32
Discrete group, action of, 96-100
Distribution, on a manifold, 159
involutive, 159-224
local basis of, 159
Divergence theorem, 262
Domain of integration
in R", 230
on a manifold, 235
Double of manifold with boundary, 255
Dual basis, 177
Dual vector space, 177
Dynamics of moving particle, 304

E

E, F, G coefficients of first fundamental
farm 2472 171

10T10, 454, 5/35

E,, E,,, E;, coordinate frames, 30, 110,
118

E", Euclidean space, 4
e'* , one-parameter group of matrices, 148
e*, exponential of a matrix, 147
EfTective action of a group, 91
Einstein manifold, 387
Equivalence relation, open, 60
Equations of structure, 391
Euclidean space, 4-6
Euclidean vector space, 2
Euler characteristic, 14, 415
Euler’s formula for surfaces, 371
Exact differential form, 274
Exponential of matrix, 147
Exponential mapping

on Lie groups, 150

on Riemannian manifolds, 337
Exp X,, exponential mapping, 337
Exterior algebra, 211

of ¥V, A(V), 211

induced mapping of, 213
Exterior differential form, 213
Exterior differentiation, 219-223

F

F(¢), tangent vector to curve, 126

F,, F*, linear mappings induced by F,
109, 121, 180, 184, 202

F, (d/dt), tangent vector to curve, 112
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/, f expressed in local coordinates, 65
£, g, lift of a mapping, 289
f*g, product of paths, 268-269
F(k, n), k-frames in V" 63
Fixed point
of group action, 92
of mapping, 282
Flags, space of, 172
Flat coordinate neighborhood, 160
Flow, 127
Foliation, 164
Forms
hilinoaar 193,1

bilinear, 183-187
connection, 328-329, 390
curvature, 390
exterior differential, 213-214

Frames
coordinate, 118
field of, 38
orthonormal, 329
parallel, 299, 323
space of, 93

Free action of group, %4

Frenet-Serret formulas, 303

Frobenius’ theorem, 161, 233-236

Fundamental forms of a surface, 370

Fundamental group, 269-270

G

G/H, homogeneous space, coset space, 94,
165
G(k, n), Grassmann manifold of k-planes
in R", 63, 168, 362
Gl(n, R), general linear group, 56
g1,, coefficients of metric tensor, 188, 320
T, discrete group, 97
T, T, Christoffel symbols, 313,
321-322
Gauss-Bonnet theorem, 415
Gaussian curvature, 18, 375
Genus (of surface), 14
Geodesics, 191, 312, 330-335
as one-parameter subgroups, 355
minimal, 346
Geodesic sphere, 344
Germs of C* functions
in R", 36
on manifold, 115
G-invariance, 124
Grassman algebra, see Exterior algebra

Grassman manifolds, 63, 168, 362-363

Green'’s theorem, 262

Groups, see Action of group on manifold;
discrete groups; Lie groups

H

H, mean curvature of surface, 374-375
H?, half-plane as hyperbolic space, 167,
361, 409-412

HYM), H*(M), de Rham groups, 274
H*M), invariant de Rham groups, 285
H’l

half space of R", 11, 252

hyperbolic space, 404
Hoinogeneous space, 165-172
Homomorphism, see Lie group
Homotopy, 266-267

of mapping, 266

of paths and loops, 268

relative, 267
Homotopy operator, 277
Hopf-Rinow theorem, 347
Hyperbolic space, 168, 404

I

#, homotopy operator on A(I x 4), 277
I, inner automorphism, 245
I(p), 134
Is, I, 131
ix, 226
Ideal, of an exterior algebra, 225
Imbedding, of manifolds, 69-74
in R"
compact case, 196
general case, 197
Immersion of manifolds, 69-74
Index of vector field, 140
Infinitesimal generator, see One-parameter
group action
Initial conditions for differential equations,
131
Inner product, seealso Riemannian manifold
on vector space, 2, 184
Integrable functions, 231, 236
Integrable n-form, 236
Integral curve, 126
Integral manifold of distribution, 159
maximal, 163
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Integral of function on Riemannian
manifold, 240
Integral of n-form on manifold, 239
on R", 240
Integration on manifolds
Lie groups, 244-250
manifolds with boundary, 251-255

M M T AN
Riemannian manifolds, 240

surfaces, 241
Int M, 253
Invariance of domain (Brouwer), 10, 28
Invariance of 1-parameter subgroup (under
diffeomorphism), 142
Invariant forms on Lie groups, 246, 285
Invariant forms on M, A\(M), 285
Invariant metric on Lie group, 247, 353
Invariant vector field, 120
G-invariant, 124
Inverse function theorem, 41-46
Irreducible representation, 250
Isometric surfaces, 377-379
Isometries, group of, 353
of Euclidean space (rigid motions), 92
167, 408
of H?, 361-362, 409-413
of S, 406
Isometry of Euclidean vector spaces, 3
Isometry of Riemannian manifolds, 191,
327
local isometry, 402
Isotropic Riemannian manifold, 386
Isotropy subgroup, 94
Iterated integral theorem, 232

J

Jacobi identity of Lie algebras, 152
Jacobian of a mapping, 25-26
Jordan content, 230

K

K, Gaussian curvature of surface, 375
K, quaternions, 407

K, interior of K, 193

K(mr), sectional curvature, 385

ki, ka1, principal curvatures to surface, 370
k 4, characteristic function of 4, 231

k(s), curvature of space curve, 302

427

k(s), curvature of plane curve, 305
k-frame of R", 63
Klein bottle, 13

L

L., Ra, L, left and right translations on
Lie group, 84, 121
Ly on A(M), 226
Lx Y, Lie derivative of vector field, 154
I, m, n, coefficients of second fundamental
form, 369
Lattice, integral, 85, 99
Leibniz rule, 33
Length of curve, see Arc length
Lie algebra, 151
homomorphism of, 156
group of automorphisms of, 245
of Lie group, 156
of subgroup, 156
of vector fields on manifold, 151-157
Lie derivative, 154, 226
Lie group, 81-89
compact
bi-invariant metric, 247
bi-invariant volume, 247
integration on, 244-250
de Rham groups of, 285
homomorphism of, 85
left invariant metric, 247
representation of, 246
subgroup of, 87-88, 142
Lift of mapping, 289
Line integral, 264
independence of path, 271
Linear fractional transformations, 410
Linear mapping, dual of, 177
Linear transformations, field of, 206
Local one-parameter group action, 127
Loops, product of, 268-269

M

A (R), n X n real matrices, 56, 59

M ,(R), m x n real matrices, 27, 56, 59

M, covering manifold of M, 101, 289295

m(A4), Lebesgue measure of set, 230

Manifold with boundary, 11, 253
double of, 255
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Manifolds
abstract, 14
differentiable, 52-59
imbedding in R", 196-197
orientable, 13, 215-219
topological, 6-11
two-dimensional, classification of, 14
Mappings
of Class C7, 26, 65
differentiable (C*) on manifolds, 65
on R, 25
smooth, 26, 67
Mean value theorem, 23
for mappings, 26
Measure zero, set of, in R", 230
on a manifold, 235
Metric, Riemannian, 186
Minimal surface, 376
Mobius band, 13

Mankev saddle., 376

VIONIKYY S5aluic,
Motions, rigid
(isometries) on hyperbolic plane, 410
(isometries) on R", 92, 167, 408

N

N, unit normal to surface, 366
Natural basis of T,(R"), 2, 30
Natural isomorphism, tangent spaces to
R, 29
Neighborhood, see also Coordinate
neighborhoods
admissible neighborhood, 101
Norm, of vector, 3
Normal coordinates, 339
Normal section of surface, 371
Normal space to submanifold, 308
Normal vector to curve, 303
Normal vector to surface, 366
O(n), orthogonal group, 85

o

Q, volume element, 215-219
;;, curvature forms, 390
w', coframes, dual basis, 178

INDEX

w', w], connection forms, 329, 390-392
One-parameter group action
basic theorem, 136
examples of, 139-146
global, 123, 128
infinitesimal generator of, 123
local, 127
One parameter subgroups of Lie groups,
147-150, 355
Orbit of group action, 92
of one-parameter group, 125, 128
Orbit space of group action, 93
Order of differentiation, interchange of,
24, 325
Ordinary differential equations, 131-138
172-174
Orientation of manifold, 216
of vector space, 215
Oriented basis, 215

P

P"(R), real projective space, 15, 61
Paracompact space, 11, 193
Parallel curvature tensor, 401

Parallel displacement of vector field, 311,

Parallelizable manifold, 119
Parametrization
of manifolds, 68
of submanifold, 312
of surface, 113
Partial derivatives, 21
differentiability and, 21-22
independence of order, 24
Partition of unity, 193-198
applications of, 195-198
Path, 268
7, 204
m (M, b), fundamental group, 270
Planar point, 371
Poincaré Lemma, 278
Positive curvature, spaces of, 406
Principal curvatures, of surface, 370-373
Principal directions, 372
Projective space, real, 15, 61
Proper function, 199
Proper mapping, 81
Properly discontinuous action of a group,
96, 104
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Quaternions, 407
Quotient space, 60
Quotient topology, 60

R

R, real numbers, 1

R, real numbers as additive group, 123
R* multiplicative group of real numbersg

....... plicative group of real numbers,
63, 82
R, n-tuples of real numbers, 1-3
R(X, Y), R(X, Y) -Z, curvature operator,
326
R(X, Y, Z, W), curvature tensor, 327
Rlui, Rip, coefficients of curvature tensor,
327,384
Rank of differentiable mapping, 47, 69, 111
Rank of linear transformation, 47
Rank of matrix, 46
Rank theorem, 4749
Real analytic function, 24
Regular covering, by spherical (cubical)
neighborhoods, 194
Regular domain, 254
Representation, of Lie group, 249-250
orthogonal, 249
semisimple, 250
Restriction of a differential form, 260
of covector, 182
Riemann integral, properties of, 231
Riemannian geometry, fundamental
theorem of, 318
Riemannian manifold, 186-192
as metric space, 189
differentiation on, 317
volume element of, 219
Riemannian metric, existence of, 195
Rigid motions, group of, 89, 92, see
also Isometries

S

&, symmetric group, 166,203, 215

&, symmetrizing mapping, 204

S, §2, S, circle, 2-sphere, n-sphere, 7, 57,
80

Si2, R), acting on H?, 361

Sl(n, R), special linear group, 84

SO(n), special orthogonal group, 353
S(X,), shape operator, 367-368
Section
of tangent bundle, 341
on coset space, 166
Sectional curvature, 385-386
geometric interpretation, 393
Semisimple Lie group, 388
sgn o, sign of a permutation, 203
Shape operator, 367-368
co-compact space, 193

o inunlutive icametruv 251
Ty, IVCIULIVE ISOMETY, 331

Simple connectedness, 268
Slice
of coordinate neighborhood, 74, 160
of cubicai neighborhood, 74
Smooth mapping, 26
Smooth structure, 54
Sphere as manifold, 57, 80
Starlike set, 23
Stokes’s theorem, 257
Subgroup
discrete, 98
isotropy, 94, 166
Subgroup of Lie group, 87-89
closed, 88
one-parameter, 143
Submanifold, 73-78
imbedded, 73
immersed, 70
open, 56
regular, 77
Submanifold property, 75
Submersion, 70, 74, 122
Support of function, 194
Surface in Euclidean space, 14
geometry of, 366-374
Symmetric Riemannian manifold, 351-357
examples of, 357-363
Symmetries of curvature tensor, 382-384
Symmetrizing mapping, 204
System of differential equations, 131-139
autonomous, 131
existence of solutions, 131, 174
general case, 137
with parameters, 137

T

TUP), T(V), T(M), 200, 202, 208
T2, 7™, torus, 7, 57, 80, 82
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T(M), T(S%), T(R"), 16, 116-117, 335-336
T, (M), T,(R"), tangent space at poiat, 8,
29, 32, 107-108
T, N, B, tangent, normal, binormal, 303
Tangent bundle, 16, 116-117, 335-336
sphere bundie, 18
Tangent covectors, 177-183
Tangent space
as derivations into R, 35
at point of M, 107-108
at point of R, 29, 32
to surface, 114
Tangent vector
to curve, 112
to manifold, 107-116
to R*, 29-36
7., translation along geodesic, 354
7(s), torsion of space curve, 303
Tensors, 199-205
alternating mapping, 204
alternating (skew symmetric), 202
components of, 200
exterior product of alternating, 209-214
linear space of, 200
multiplication of, 208-209
symmetric, 202
symmetrizing mapping, 204
Tensor algebra, 208
Tensor field, 201-202
covariant derivative of, 396-401
invariant, 246
parallel, 400
Theorema Egregium (Gauss), 18, 377
Tietze-Urysohn extension theorem, 289
@', 84 connection forms, 328
0., p), 8.(p), 8,(t), action of R on M, 123
Topological manifold, 6-10
Toral group, 82
Torsion, of space curve, 303
Torus, 7, 57, 80, 92
Transitive action of group, 92-93, 165
Triangulable manifold, 243

8]

U, ¢, coordinate neighborhood, 10, 52
Umbilical point of surface, 371
Universal covering space, 296

V*, dual space, 177
¥, vector space of n-tuples, 2
Vector, 1-2
norm of, 3
tangent to manifold, 107
Vector fields, 116-122
along submanifold, 307
complete, 142
constant, 311
F-related, 120, 121
invariant, 120
left invariant on Lie group, 142,156
Lie algebra of, 151
on submanifold, 308

narallal 211
pardnds, 531

restriction to submanifold, 118

singular points of, 140

on subsets of R", 37-39
Velocity vector of moving particie, 112, 304
Vol D, volume of D, domain of

integration, 230

Volume element, 219
Volume, Riemannian, 240

w

Wedge product, 209-214
Weierstrass approximation theorem, 197
Whitney imbedding theorem, 197

X

X(U), ¥(M), C* vector fields on U or M,
40, 122, 151

X ¥, directional derivative, 32

[X, Y], (Lie) bracket of vector fields, 151

X, Y, Z, vector fields, 116-122

z

ZH(M), closed forms, 274



