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To Deborah



Preface

When I started graduate school at Harvard in 1960, I knew essentially no abstract
algebra. I had seen the definition of a group when I was an undergraduate, but I
doubt that I had ever seen a factor group, and I am sure that I had never even heard
of modules. Despite my ignorance of algebra (or perhaps because of it), I decided to
register for the first half of the graduate algebra sequence, which was being taught
that year by Professor Lynn Loomis. I found the course exciting and beautiful, and
by the end of the semester I had decided that I wanted to be an algebraist. This
decision was reinforced by an equally spectacular second semester.

I have now been teaching mathematics for more than a quarter-century, and I
have taught the two-semester first-year graduate algebra course many times. (This
bas been mostly at the University of Wisconsin, Madison, but 1 also taught parts
of the corresponding courses at Chicago and at Berkeley.) I have never forgotten
Professor Loomis’s course at Harvard, and in many ways, I try to imitate it. Loomis,
for example, used the first semester mostly for noncommutative algebra, and he
discussed commutative algebra in the second half of the course. 1 too divide the year
this way, which is reflected in the organization of this book: Part 1 covers group
theory and noncommutative rings, and Part 2 deals with field theory and commutative
rings.

The course that I took at Harvard “sold” me on algebra, and when I teach it, I
likewise try to “sell” the subject. This affects my choice of topics, since I seldom
teach a definition, for example, unless it leads 10 some exciting (or at least interesting)
theorem. This philosophy carries over from my teaching into this book, in which I
have tried to capture as well as I can the “feel” of my lectures. I would like to make
my students and my readers as excited about algebra as I became during my first
year of graduate school.

Students in my class are expected to have had an undergraduate algebra course
in which they have seen the most basic ideas of group theory, ring theory, and field
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theory, and they are also assumed to know elementary linear algebra and matrix
theory. Most important, they should be comfortable with mathematical proofs; they
should know how to read them, invent them, and write them. [ do not require,
however, that my students actually remember the theorems or even the definitions
from their undergraduate algebra courses. Given my own lack of preparation as
a first-year graduate student, 1 am well aware that a few in my audience may be
completely innocent of algebra, and I want to conduct the course so that a student
such as I was can enjoy it. But this is a graduate course, and it would not be fair to
the majority 10 go on endlessly with “review”™ material, I resolve this contradiction
by making my presentation complete: giving all definitions and basic results, but I
do this quickly, and I intersperse the review material with ideas that very few of my
audience have seen before. I have attempted to do the same in this book.

By the end of a year-long graduate algebra course, a good student is ready to
go more deeply into one or more of the many branches of algebra. She or he might
enroll in a course in finite groups, algebraic number theory, ring theory, algebraic
geometry, or any of a number of other specialized topics. While I do not pretend
that this book would be suitable as a text for any of these second-year courses, I have
attempted to include some of the important material from many of them. I hope that
this provides a convenient way for interested readers to sample a number of these
topics without having to cope with the somewhat inconsistent notations and different
assumptions about readers’ backgrounds that are found in the various specialized
books. No attempt has been made, however, to designate in the text which chapters
and sections are first-year material and which are second; this is simply not well
defined. Lecturers who teach from this bock undoubtedly do not agree on what,
precisely, should be the content of a first-year course. In addition to providing
opportunities for students to sample advanced topics, the additional material here
should provide some flexibility for instructors to construct a course compatible with
their own tastes. Also, those with very well-prepared and capable students might
elect to leave out much of the “easy stuff”” and build a course consisting largely of
what I think of as “second-year” topics.

Since it is impossible, in my opinion, to cover all of the material in this book in a
two-semester course, some topics must be skipped, and others might be assigned to
the students for independent reading. Perhaps it would be useful for me to describe
the content of the course as I teach it at Madison.

Icover just about all of the first four chapters on basic group theory, and I do most
of Chapter 5 on the Sylow theorems and p-groups, although 1 omit Theorem 5.27
and Section 5D on Brodkey s theorem. I do Chapter 6 on symmetric and altemating
groups except for Section 6D. In Chapter 7, I cover direct products, but I omit
Theorem 7.16 and Section 7C on semidirect products. In Chapter 8 on solvable and
nilpotent groups, I omit most of Sections 8C and 8D and all of 8F. I do present
the Frattini argument (8.10) and the most basic definitions and facts about nilpotent
groups. Chapter 9 on transfer theory I skip entirely.,

Chapters 10 and 11 on operator groups are a transition between group theqry
and module theory. I cover Sections i0A and 10B on the Jordan-Hdlder theorem
for operator groups, but I omit Section 10C on the Krull-Schmidt theorem. 1 cover
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Sections 11 A and 11B on chain conditions, but I touch 11C only lightly. I discuss
Zorn’s lemma (11.17), but I do not present a proof.

Chapter 12 begins the discussion of ring theory, and some readers may feel
that there is a downward “jump discontinuity™ in the level of sophistication at this
point, As in Chapters 1 and 2, where the definitions and most basic properties of
groups are presented (reviewed), it seems that here too it is important to give clear
definitions and discussions of elementary properties for the sake of those few readers
who may not be comfortable with this material. Section 12A could be assigned as
independent reading, but I usually go over it quickly in class. I cover all of Chapter
12 in my course. Ido Sections 13A and 13B on the Jacobson radical completely, but
sometimes I skip Section 13C on the Jacobson density theorem. (I often find that 1
am running short of time when I get here.) I do Sections 13D and 14A and as much
of 14B on the Wedderburn-Artin theorems as I have time for, and 1 omit the rest of
Chapter 14 and all of Chapter 15,

In the second semester, I start with Chapter 16, and I cover almost all of that,
except that I go lightly over Section 16D. I construct fraction fields for domains,
but I do not discuss localization more generally. Chapters 17 and 18 discuss basic
field extension theory and Galois theory; I cover them in their entirety. I discuss
Section 19A on separability, but usually I do only a small amount of 19B on purely
inseparable extensions, and I skip 19C. I cover Sections 20A and 20B on cyclotomic
extensions, but I skip 20C and go very quickly over 20D on compass and straightedge
constructions. In Chapter 21 on finite fields, I cover only Sections 21A and 21D: the
basic material and the Wedderburn theorem on finite division rings. In Chapter 22,
I omit Sections 22C and 22E, but, of course, I cover 22A and 22B on the solvability
of polynomials thoroughly, and I present the fundamental theorem of algebra in
22D. In Chapter 23, I do only Sections 23A, 23B, and 23C, discussing norms and
traces, Hilbert’s Theorem 90, and a very rudimentary introduction to cohomology.
I generally skip Chapter 24 on transcendental extensions completely, and I almost
completely skip Chapter 25. (I may mention the Artin-Schreier theorem, but I never
discuss formally real fields.)

Chapter 26 begins the discussion of the ideal theory of commutative rings. I
cover the first two sections, but [ skip Section 26C on localization. In Chapter 27
on noetherian rings, I usually cover only the first two sections and seldom get as
far as 27C on the uniqueness of primes in the Lasker-Noether theorem. (I wish that
I could discuss Krull’s resuits on the heights of prime ideals in Section 27E, but it
seems impossible to find the time to do that.) In Chapter 28 on integrality, I cover
only the first three sections. I try to cover at least Section 29A, giving the basic
properties of Dedekind domains, but often I find that I must skip Chapter 29 entirely
because of time pressure. I always leave enough time, however, to prove Hilbert's
Nullstellensatz in Section 30A, and that completes the course.

‘The user of this book will choose what to read (or teach) and what to skip, but
I, as the author, was forced to make other choices. For most of these, there were
arguments in both directions, and I am certain that very few will agree with all of
my decisions, and perhaps I cannot even hope for a majority agreement on each
of them separately. I elected not to include tensor products, for example, because
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there just didn’t seem to be much interesting that one could say about them without
going deeply either into the theory of simple algebras or into homological algebra.
Somewhat similarly, I decided not to discuss injective modules. It would have taken
considerable effort just to prove that they exist in most cases, and there did not
seem much that one could do with them without going into areas of ring theory
beyond what I wished to discuss. Also, I did not discuss fully the characterization
of finitely generated modules over FIDs, but I did include what seem to be the two
most important special cases: the fundamental theorem for finite abelian groups and
the fact that torsion-free, finitely generated modules over PIDs are free.

Some of my inclusions (for example, the Berlekamp factorization algorithm
and character theory) may seem too specialized for a book of this sort. I discussed
the factorization algorithm for polynomials over finite fields, for instance, mostly
because I think it is a really slick idea, but also because computer algebra software
has become widely available recently, and it seemed that students of “theoretical”
algebra ought to receive at least a glimpse of the sort of algorithms that underlie
these programs. I included some character theory (Chapter 15 and part of Chapter
28) partly because it provides nice applications of some of the theory, but also, I
must admit, because that is my own primary research interest,

I also had to make decisions about notation. I suspect that the most controversial
are those concerning functions and function composition. To me (and I think to most
group theorists) it seems more natural to write “ f g” rather than “g f*’ to denote the
result of doing first function f and then function g. It did not seem wise to use
left-to-right composition in the group theory chapters and then to switch and use
right-to-left notation in the rest of the book, and so I decided to make consistency a
high priority. Since I am a group theorist (and group theory is the first topic in the
book), I elected to use left-to-right composition everywhere.

Customarily, when functions are composed left-to-right, the name of the function
is written to the right of the argument. A critic of my left-to-right composition chal-
lenged my claim to consistency by betting that I did not write (x}sin and (y){(d/dx)
to denote the sine of x or the derivative of y with respect to x. He was right, of course,
Like most mathematicians, I write most functions on the ieft. Nevertheless, I always
(in this book at least) compose lefi-to-right. By my notational scheme, therefore, the
following silty lcoking equation is technically correct: f(g(x)) = (gf)(x). Inorder
to avoid such strange looking formulas, I take the view that the function name may be
written on either side of its argument, whichever is most convenient at the moment.
In contexis where function composition is important, I nearly always choose to put
the function name on the right, but I am perfectly comfortable in writing sin(x),
since we are not generally interested in compositions of trigonometric functions.
No information is lost by allowing the same function to appear sometimes on the
left and sometimes on the right because the composition rule is always left-to-right
and is independent of how the function is written.

Another of my decisions that will not meet with universal approval is that by
my definition, rings have unity elements. There are a few places where this is not
a good idea: one cannot conveniently state the theorem, for example, that a right
artinian “ring”’ with ng nonzero nilpotent ideals must have a unity. Most of the time,
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however, assuming the existence of a unity is a convenience, and so we have built
it into the definition. We have also required in the definition of a module that the
unity of the ring act as an identity on the module.

Whatever notational scheme one adopts, it is important that students learn of
the existence of common alternatives; how else could they read the literature or
attend courses from other lecturers? For this reason, I have attempted to mention
competing notations and definitions whenever appropriate in the text.

At the end of each chapter, there is a fairly extensive list of problems. Few of
these are routine exercises, and some of them 1 consider to be quite difficult. The
purpose of these problems is not just to give practice with the definitions and with
understanding the theorems. My hope is that by working these problems, students
will get a feeling of what it is actually like to do algebra, and not just to leam it.
{I should mention that when I tcach my algebra course, I assign five problems per

week.)
This is not a “scholarly” book; I have not attempted to trace back to their sources

the various definitions, lemmas, theorems, and ideas presented here. I have credited
items to individuals in cases such as the “Sylow theorems,” the “Jacobson radical,”
and the “Hilbert basis theorem” where such attribution is standard and well known
and in other situations where it seemed appropriate. Even in these cases, however,
1 have not given bibliographic references to the original sources.

I am grateful to the following reviewers for their helpful comments: Michael
Aschbacher, California Institute of Technology; Carl Widland, Indiana University;
Edward Green, Virginia Polytechnic Institute and State University; Seth Warner,
Duke University; E. Graham Evans, Ir., University of IHlinois, Urbana-Champaign;
Robert L. Griess, Jr., University of Michigan, Ann Arbor; Ancel Mewborn, Univer-
sity of North Carolina at Chapel Hill; Peter Norman, University of Massachusetts,
Ambherst; and Gerald Janusz, University of Illinois, Urbana-Champaign.

Let me close this preface by expressing my hope that this book will engender,
in some readers at least, the same excitement and love for algebra that I received
from Professor Loomis in my first year of graduate school.

I. Martin Isaacs
Madison, Wi
1992
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CHAPTER ONE

Definitions and Fxamples
of Groups

1A

From the abstract, axiomatic point of view that prevails today, one can argue that
group theory 1s, in some sense, more primitive than most other parts of algebra
and, indeed, the group axioms constitute a subset of the axiom systems that define
the other algebraic objects considered in this book. Things we learn about groups,
thereforz, will often be relevant to our study of modules, rings, and fields. In addition,
group theory has considerable indirect connection to these other areas. (The most
striking example of this is probably the use of Galois groups to study fields.) It is
largely for these reasons that we begin this book on algebra with an extensive study
of group theory. (If the whole truth were told, the fact that the author’s primary
research interest and activity are in group theory would be seen as relevant, too.)

The subject we call “algebra” was not born abstract. In its youth, algebra was
the study of concrete objects such as polynomials, rather than of things defined by
axiom systems. In particular, early group theory was concemed with groups of
mappings, known as “transformation groups.” (In the early literature, for instance,
the elements of a group were referred to as its “operations.”)

For at least two reasons, we begin our study of group theory by (temporarily)
adopting this nineteenth-century point of view. First, mappings of one kind or
another are ubiquitous throughout algebra (and most of the rest of mathematics, too)
and so it makes sense to begin with them. Furthermore, some of the most interesting
examples of groups are best constructed and visualized as transformation groups.

We begin our study of mappings with some notation and definitions. (It is
this author’s belief that mathematics at its best consists of theorems and ¢xamples.
Definitions are often dull, although they are a necessary evil, especially near the
beginning of an expository work. We pledge that the balance of theorems and
examples versus definitions will become more favorable as the reader progresses
through the book.)
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The notation f : A — B means that f is a mapping (that is, a function) from
the set A to the set B. (If either A or B is empty, there are no mappings, and so the
existence of f implies that A and B are both nonempty.) The set A is the domain
of f and B is the targer. The image or range of f is denoted f(A). It is the subset

{flalae A} C B.

The map f is onto or surjective if its image is all of the target B. It is one-to-one
or injective if distinct elements of A map to distinct elements of 8. If f is both
injective and surjective, we say that it is a bijection.

Note that we have not specified whether our functions “act on” the right or the
left, although in writing “ f (a)” above, we seem to be implying an action on the left.
Our point of view on this question is perhaps slightly unconventional, but it will, we
hope, be quite comfortable for the student.

We maintain that functions do not “act” on any particular side, and so it is
permissible to write f{(a) or (a) f, whichever is more intelligible in a given context.
Both notations mean precisely the same thing: namely, the result of applying f to
a. What is the cost of this freedom of notation? Confusion could enter when two
mappings are composed. For instance, if

fJtA—> B and g:B - A4,

does fg mean “ f then g" or does it mean “g then f? Proponents of “action on the
right” would say the former and “leftists” would choose the latter, Qur convention
throughout this book is that fg always means “ f then g.” This does not, however,
constrain us to write the mappings on the right, but in a setting in which function
composition is important, it will usually enhance clarity to do so, and so we shalt.
According to our notation, therefore, we have

(aX(fg) = {a)f)g,
but it would be equally correct (though more confusing) to write

(fg)la) = g(f(a)).

For any nonempty set A, we write i, (or sometimes just i) to denote the identity
map. Thus is{a) = a for all @ € A, and it is clear that
iaf =f and gis =g

for arbitrary maps f : A — B and g : B — A. Note that the associative law for
maps is a triviality. If f : 4 — B, g : B — C,and h : C — D, then f(gh) and
(f &)k are equal, since both are the map obtained by doing first £, then g, and then &.

(L1.1) LEMMA., [etf: A B.

a. f isinjective iff there exists h : B — A such that fh = i,.
b. f is surjective iff there exists g : B — A such that gf = ip.
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c. If f is a bijection, then the maps g and h above are uniquely determined and
equal.

Proof. Suppose f is injective. Fix an elementa € A and define 4 : B — A by

a ifbé&(A)f

x if (x)f = b for some x € A.

Note that by the injectivity of f, there is at most one element x € A such that
(x)f = b. Also, the mapping 4 is unambiguously defined, since the two cases
are mutually exclusive and exhaust the possibilities.

Conversely,if# : B — Aand fh = i,, we wish to show that f is injective.
Suppose (x) f = (») f. Thenx = (x)} fh = (¥) fh = y, as required.

Now suppose f is sutjective. Foreachb € B, choosea € A with (a) f = b,
and once this choice is made, define g : B — A by (b)g = a. Clearly gf = ip.
Conversely, suppose gf = iz. Then

B = (B)ig=(B)gf C(AFf.

since (B)g < A. It follows that (A) f = B, as required.
Finally, assume f is a bijection so that maps 4 and g as in parts (a) and (b)
exist. Then
g§=8ia=g(fh) = (g Hh =igh=h.

In particular, g is uniquely determined, since it must equal any valid choice for
f. Similarly, 2 is uniquely determined. |

In our proof that g exists when f is assumed to be surjective, we needed to
make some choices; the definition of g was not forced. In fact, if B is an infinite set,
we would need to make infinitely many choices. Some mathematicians feel that a
definition that requires infinitely many choices is somewhat suspect, and they have
created an additional axiom of set theory, called the “axiom of choice,” to deal with
this situation. (It is precisely this axiom to which we implicitly appealed in the pre-
ceding proof.) It has been proved that the axiom of choice is nota consequence of the
rest of set theory, but that it can be assumed without introducing any contradictions
into mathernatics. Most mathematicians (except those working in set theory itself)
freely assume and use the axiom of choice whenever it is convenient to do so, and
we will follow that policy here. We shall have a little more to say about the axiom
of choice in Chapter 11, when we prove Zorn’s lemma.

In Lemma 1.1(a) we say that A is a right inverse of f and in (b), that g is aleft
inverse. In the case that f is a bijection, the unique left and right inverse of f is
simply called the inverse of f and it is denoted f~!. It is interesting to observe the
striking symmetry in the statement (though not in the proof) of Lemma 1.1. The
conditions that f has right and left inverses are essentially mirror images, although
there is no such relationship apparent between the equivalent conditions that f be
injective or surjective, respectively. We shall see more of this “duality” later.
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1B

Let X be an arbitrary nonempty set. We denote by Sym(X) the set of all bijections
from X to itself. (These bijections on X are also calied permutations, and if X is
finite, this Is, in fact, the more common term.) The object Sym(X) is called the
symmetric group on X. {Note that if X is finite, containing » clements, say, then
Sym(X) consists of precisely n! permutations.)

(1.2) COROLLARY. LetG = Sym{X).

a. iy € G.
b. g~ ! exists and lies in G for each g € G.

c. ghe Gforeachg, h€G.

Proof. Part (a) is immediate, and (b) follows from Lemma 1.1. It is not hard to
prove (¢) directly, but we prefer the following argument. Given g, & € G, we

see that
(ghyh g™ ) =i=(n""g " )gh,

and thus g/ has a left and right inverse. It follows by Lemma 1.1 that gh €
Sym{X). ]

(1.3) DEFINITION. LetX beanyset. A permutation group on X is any nonempty
subset G € Sym(X) such that

i. g'eGforeachg e G and
ii. & is closed under function composition.

Note that for g € G, there is no question that the mapping g~ exists and lies
in Sym(X). The point of condition (i) is that g~! actually lies in the subset G.
Conditions (i) and (ii), together with the assumption that G # &, imply thatiy € G,
and so this need not be assumed,

Given a nonempty set G of mappings on some set X, perhaps the best strategy
for showing that G is a permutation group is first to verify that each element g € G
has both a left and a nght inverse in . From this it follows that G € Sym(X) and
this condition need not be verified separately. All that remains, then, is to check the
closure condition.

Some obvious examples of permutation groups are Sym(X) and the singleton
set {ix] for arbitrary nonempty X. We devote the next few pages to descriptions of
several more intéresting examples.

Considerasquare ABC D andlet X = {A, B, C, D} be its vertex set (see Figure
1.1). Within Sym(X), let G denote the set of permutations of X that ¢can be realized
by a physical motion of the square through 3-space. For instance, imagine the square
being rotated 90° counterclockwise about its center. This brings A to the position
formerly occupied by D, and so on, and the associated element of G is the map
g:A— D C = B A. Similarly, a “flip” about the vertical axis v yields
themaps: Ar> B> A, C+— D C. If we first do the rotation and then the
flip, the result is the same as a flip about the diagonal axis d, and the corresponding
element of G is precisely the compositiongh : A~ Cr— A, B+— B; D— D.
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The reader should be warned of a possible source of confusion here. One might
be tempted to say that the effect of the 90° counterclockwise rotation is that position
A is now occupied by vertex B and so the associated map ought to take A to B. With
this scheme, this rotation would yield the permutationg’: A +— B — C + D > A,
The flip about axis v still yields A, but the combined operation, the flip about 4, does
not yield the composition g’#. (In fact, it yields #g’.) We conclude that if we want
function composition, which is the group operation, to correspond to “composition
of rotations,” we should use the convention given earlier: The mapping g associated
with a physical motion satisfies (x)g = y if x goes to the position where y was.

A few moments of reflection should convince the reader that &G is a group and
that it contains exactly eight elements. One way to obtain the count is to focus on a
particular edge, say A B. After arotation, A B will coincide with the original position
of one of the four sides, and in that position it can be in either of two orientations.
This yields a total of eight alternatives for how to place AB, and each of these
uniquely determines the locations of all four corners.

The eight elements of & are the permutations induced by the four “flips” (about
axes h, v, ¢, and d}) and the four “‘planar rotations” of 0°, 90°, 180°, and 270°. The
standard name for our group G is the dikedral group of order 8 and it is denoted Djg.
The word “dihedral,” meaning two-sided, refers to the front and back sides of the
square, which are interchanged by half the elements of the group.

In general, the order of a group G is its cardinality (number of elements), and
we write |G| to denote this number. (We also write | X | to denote the cardinality of
any set X, although the word “order” is generally reserved for groups.)

If, instead of a square, we had started with a regular n-gon (n = 3), the resulting
dihedral group would be D,, of order 2n. As with Dg, half the elements of D,
correspond to flips and half (counting the identity) correspond to plane rotations.
We should mention that many users of group theory write D, to refer 1o the dibedral
group of order 2r, whereas most group theorists use the notation we have presented
here.

As a further source of interesting examples of groups, let us move up o three
dimensions. Consider the vertex set X of a regular polyhedron, The permutations of
X induced by physical rotations of the object form a group called the roration group
of the object. A usually larger group is the full group of symmetries, which consists
of all permutations of X realizable by geometric congruences of the polyhedron.
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Consider the case of a cube. The full group of the symmetries includes the
“antipodal map’” t, which reflects each vertex through the center of the cube. (Thus
(A)r = F and (C)r = H in Figure 1.2, forinstance.) The reader should check that
7 does not correspond to any rotation. Note that there is no antipodal map for the
regular tetrahedron, although it is true for that figure too that there are symmetries
that are not rotations. In fact, in this case, the full group of symmetries is the full
symmetric group on the vertex set, of order 4! = 24.

B C
|
!
A 7 D
i
i
1
i
Ghmmme ——T
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H E
Figure 1.2

Let us compute the order of the rotation group R of a cube. After a rotation,
face ABC D can coincide with any of the six faces of the original cube, and in
each location, it can have any of the four rotational orientations. It follows that
|R| = 6 -4 = 24. The full group of symmetries S, on the other hand, has order 48.
(We leave this as an exercise.) What are the 24 symmetries-that are not rotations?
Among these are the reflections in the nine planes of symmetry of the cube. These
planes of symmetry are of two types: six that contain four vertices (for instance,
the planes determined by B, D, G, E or by A, E, B, F) and three that are parallel
to faces of the cube. A tenth nonrotational symmetry is the antipodal map 1. The
remaining 14 nonrotational symmetries are rather hard to visualize and we shall not
discuss them further now. The product (composition) of each of the nine reflections
with 7 yields a rotation of order 2, (The order of an element g of a group, denoted
0(g). is the least positive integer », if it exists, such that g” is the identity, If there is
o such nz, we say that g has infinite order and write 0(g) = co. Elements of order
2 are usually called invelutions.) A good exercise is to count how many elements
of each order there are in the rotation group of a cube.

We shail briefly mention three more examples before proceeding with our study
of groups in general. The first example is the “general linear” group GL(V), where
V is a vector space. This is the group of all nonsingular (invertible) linear transfor-
mations of V. It should be obvious that GL(V) € Sym(V) is, in fact, a group.

Next we consider the “affine group” of the line. This is the set of all mappings
on the real numbers R that are of the form x > ax + b, where g, b € R and a # 0.
The reader should check that this really is a group.

Our final example is the group associated with the Rubik cube puzzle. (We
assume that the reader has some familiarity with this object.) Of the 54 colored
squares on the surface of the cube, six may be viewed as never moving from their
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initial positions (although they do rotate}. In other words, if we start with the red
face on top and the green face m front, then all interesting cube moves can be made
while keeping the red center square on top and the green center square in front. (Of
course, this prohibits rotations of the entire cube, but such rotations are not strictly
necessary for solving the puzzle.) Now let G be the group of those permutations
on the 34 — 6 = 438 colored squares that can be realized by some sequence of cube
twists. How does one compute |G|?

As a first approximation, consider disassembling the cube. When this is done,
one obtains eight small “corner” cubes having three colored faces each, and 12 small
“edge” cubes having two colored faces each. The six face-centers remain attached
to one another, and we view them as being fixed in space. To reassemble the cube,
we can permute the corner cubes in 8! ways and the edge cubes in 12!. In addition,
each corner cube can occur in three different orientations and each edge cube in two
different orientations, This yields a total of 8! - 12! - 3% . 212 ways to reassemble the
cube. It turns out (although it is not trivial to prove) that only one-twelfth of these
are attainable via legal moves without doing violence to the puzzle. The order of
the Rubik cube group, then, is given by

|Gt = (55) 8!+ 121 - 38 . 212 = 43,252,003,274,489,856,000.

1C

Throughout most of the nineteenth century, the word “group” meant “permutation
group.” We are now ready to give the modem definition, attributed to the English
mathematician Arthur Cayley. Recall that a binary operation on a set G is a rule
that assigns to each ordered pair of elements x, y € G another element of G. If o
is a binary operation, we write x o y to denote the result of applying this rule to x
and y, and we say that o is associative if x o (y 0 2) = (x o y) o z for all elements
x,y,2€G.

(1.4) DEFINITION. A group is aset G together with an associative binary oper-
ation o defined on & such that there exists ¢ € G with the following properties:

i. ForeachxeG,xce=x=eonx.
ii. Foreachx € G,thereexists y € Gsuchthatxocy=e=yox.

Note that the “closure” condition that x c y € G whenever x, y € G need not be
stated explicitly, since it is subsumed in the assumption that ¢ is a binary operation on
G. Observe also that any permutation group is a group with respect to the operation
of function composition. In addition to permutation groups, Definition 1.4 allows
such objects as the additive group of the integers, the multiplicative group of the
positive rationals, and the groups of » x n nonsingular matrices over fields (with
respect to matrix multiplication).

We shall usually follow the custom of suppressing the symbol “o’* and writing
xy in place of x o y. The operation is usually called “multiplication,” and xy is
referred to as the “product” of x and y.
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(1.85) LEMMA., LetG beagroup. Then, fora, b € G, there exist unique elements
x.y € G such thar
ax =»b and va=b.
In particular, the element e is unique, and for each x € G, the element y of
Definition 1.41i) is unigue.

Proof. Choose z such that az = ¢ = za. Now

and so we can take x = zb.
For uniqueness, if ax = ax’, we have

X =ex = zax = zax' = ex' = x’,

as required. The existence and uniqueness of y are proved similarly. u

In a permutation group, the unique element satisfying condition (ii) of Definition
1.4 is, of course, the identity map i. By analogy, this special element in an abstract
group is called the identity element of the group and it is customarily denoted 1.
The reader should note that the identity of a permutation group is defined by what
it is (a particular mapping), whereas the identity of an abstract group is defined by
how it behaves with respect to the group operation. Similarly, the element y of a
permutation group that satisfies condition (ii) with respect to x is the inverse map,
x~1, and by analogy, in an abstract group, v is said to be the inverse element of x
and the notation x ! is used in this case, t00.

In fact, the conditions of Definition 1.4 are more stringent than they really need
to be.

(1.6) THEOREM. Let G be a set with an associative multiplication and SUpPOSE
there exists e € G with the following properties:

1. xe=uxforallx € G and
ii. foreachx € G, there exists y € G withxy = e.

Then G is a group.

Proof. Letx € G and choose y according to property (ii). It suffices to show that
ex = x and yx = e,
Use property (ii) to find z € G with yz = ¢. We have

x =xe=x(yz) = (xy)z = ez,
and so
yx =ylez) =(ye)z=yz =¢e,

as required. Now
ex = (x¥)x = x(yx) = xe = x,

and the proof is complete. ]
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We should mention that the “elementwise” calculations in the preceding proof
are not typical of most of algebra. The proof of Theorem 1.6, in fact, could almost
serve as a model of what aigebra is not, or at least should not be, in the opinion of
the author.

One way to describe the operation (multiplication) in an abstract group G is via
a multiplication table. This is a square array, with rows and columns labeled by the
elements of G and where the position in row x and column y is occupied by the
element xy. Generally, it is neither useful nor practical to actually write down a
maltiplication table for G, but we can think of G as being defined by such a table.

One of the advantages of thinking about groups abstractly, as.in Definition 1.4,
is that it allows us to see that certain groups, perhaps defined very differently, are
essentially “the same.”’ Suppose, for example, that we rename all the elements of
some group G, and that we use these new names to relabel the rows and columns
of the multiplication table of G and also to replace the entries in the table. The
result will be the multiplication table of a group that is not, in any essential respect,
different from G. We can make this notion of “essential sameness” more precise, as
tollows.

(1.7) DEFINITION. Let G and H be two groups and suppose 8 : G — H isa
bijection. We say that 8 is an isomorphism if

8{xy) = 0(x)8(y)

forall x, y € G. We say that G and H are isomorphic, and we write G = H if
an isomorphismn between them exists.

If @ is an isomorphism from G to H, then 8 induces a maich-up of the elements
of G with the elements of H that causes their multiplication tables to coincide. To
the extent that we view groups as being defined by their multiplication tables, we see
that isomorphic groups are essentially “the same.” All “group theoretic” questions
will have the same answers in G and H. For example, each of G and H will have
equal numbers of elements of any given order, and G will be abelian iff H is abelian.
(A group is said to be abelian if all of its elements commute, if xy = yx for all
elements x, y.)

As a concrete example, consider the group R of rotations of a cube and § =
Sym(4). (We write Sym(n) as a shorthand for Sym({1, 2, ..., n}).) We have seen
that |R| = 24 and, of course, | S| = 4! = 24. In fact, we will see that R & S, and
so these differently constructed objects are group theoretically identical, (Note that
R permutes eight objects, the vertices of a cube, and § permutes {1, 2, 3,4}, As
permutation groups, therefore, R and § are quite different.)

In the cube of Figure 1.2, there are four “major diagonals”” AF, BE, CH, and-
DG. Each element of R corresponds to a rotation of the cube and each such rotation
induces a permutation of these four diagonals. If we fix an assignment of the numbers
1,2, 3, and 4 to the four diagonals, then cach element of R determines a particular
element of § = Sym(4). To see that the corresponding mapping 8 : R — S is
an isomorphism, we need to establish that g is a bijection. It is not very hard to
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see (although we will not write a formal proof) that & is injective. In other words,
two different rotations cannot induce the same permutation of the diagonals. Since

IR| =

24 = | 5], it follows that & maps onto S. Because the multiplications in both

R and § come about by simply following one operation by another, it should now
be fairly clear that £ is an isomorphism.

Note that if 8 : G — H is an isomorphism, then 8! : H — G is an isomor-
phism also. Furthermore, if ¢ : H — K is another isomorphism, it is routine to
checkthatf¢ : G — K is an isomorphism. It follows from all this that isomorphism
of groups is an equivalence relation.

Problems

1.1

1.2

1‘3

1.4

1.5

1.6

1.7

A permutation group G on a set X is said to be rransitive if for every two
elements x, y € X, there exists g € & with (x)g = y. Also, G is regular if it
is transitive and there is a unique element that carries x to y forall x, y € X.
Show that a transitive abelian permutation group is necessarily regular.

Let G be any group. Forx € G, let r, and I, be the mappings G — G defined
by

(g)yr: =gx and (@)l = xg,
or in other words, by right and left multiplication by x on G, Let R = {r_ |

x € G}and L = {/, | x € G}. Show that R and L are permutation groups on
Gandthat R= G = L.

NOTE: The fact that every group is isomorphic to a permutation group is
known as Cayley’s theorem.

Let &, R and L be as in Problem 1.2. Show that

L={feSym(G)| fr =rf forall r € R}.

Let G be a group of mappings on a set X with respect to function composition.
a. Find an example where G € Sym(X) and |G| > 2.
b. Show that if G contains some injective function, then G € Sym(X).

Let G be the dihedral group D;,. Lett € G correspond to a “flip” and let
r € G correspond to a “plane rotation.” Show that trt = r~!, Conclude that
if n is odd, then only the identity of G commutes with all elements of G.

Decide whether or not D4 is isomorphic to the group of rotations of a cube.
Prove your answer.

Let V be an n-dimensional vector space over a field F with (a finite number)
q elements. One writes G L(n, g) to denote GL (V). Show that

IGL(n, )| = (" - 1g" —q)@" — gD ---(g" —q"").



1.8

1.9

DEFINITIONS AND EXAMPLES OF GROUPS 13

Let G be a group in which every nonidentity element is an involution. Show
that G is abelian.

NOTE: An abelian group in which every nonidentity element has the same
prime order p is called an elementary abelian p-group.

Consider the eight objects 1, +i, & j and £k with multiplication rules:
ij =k jk=1i ki = j
Jji =~k ki = —i ik=—j
f2=j2=k2="1,
where the minus signs behave as expected and 1 and ~ 1 multiply as expected.

(For example, (—1)j = —j and (—i)(—~jf) = ij = k) Show that these
objects form a group containing exactly one involution.

NOTE: This is called the quaternion group and is denoted Q5.



CHAPTER TWO

Subgroups and Cosets

2A

What sorts of questions should we ask about a group G? What can we hope to
answer? What do we need to know to claim that we “understand” G? In most
cases, it would not be very practical (or interesting) to write down the multiplication
table for the group, but we can get considerable insight into the “structure” of G by
investigating its subgroups.

(2.1) DEFINITION. Let G be a group. A subset H < G is a subgroup if H is
closed under multiplication in G and forms a group with respect to this multi-
plication.

For instance, the permutation groups G € Sym(X') are precisely the subgroups
of the full symmetric group Sym(X). For another example, view the integers Z as a
group with respect to addition. Then, for each n € Z, the set nZ of all multiples of n
is a subgroup of Z. (In fact, these are all of the subgroups of Z.) Of course, obvious
examples of subgroups for any group G are G itself and the singleton subgroup {1}.
We shall (in the hope that this will not cause confusion) write 1 in place of {1} to
denote this trivial subgroup of any group. Also, if G is a group and we write H C G,
we generally intend this to mean that /4 is a subgroup of G unless we explicitly allow
the possibility that & is merely a subset.

If H € G is a subgroup, then H must contain some element e that acts as an
identity element for H. In particular, ee = e. Since el = ¢ also (where 1 is the
identity of G), we conclude that 1 = ¢ by Lemma 1.5, and thus 1 € AH. Now if
h € H, then there must exist A" € H with hh' = 1, and it follows that 4’ = h~!
(where B! is the inverse of A in G). We have now shown that subgroups of a group
G are closed under taking inverses (in G) as well as under multiplication.

Conversely, we have the following lemma.

4
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(2.2) LEMMA. LetG beagroupandlet H C G be a nonempty subset. Suppose
xv~! € Hforall x,y € H, Then H is a subgroup of G. In particular, any
nonempty subset of G closed under multiplication and taking inversesin G is a
subgroup.

Proof. Choose 4 € H. Then I = hh~' € H by hypothesis. For y € H, we have
y =1y ' e H,and ifalso x € H, then xy = x(y~')"' € H. Therefore, the
G-multiplication does define an operation on & and the associative property is
inherited from G. Since 1 € H and y~! € H forall y € H, we see that H has
an identity and inverses and so is a group. |

(2.3) COROLLARY. Suppose that H is a collection of subgroups of some group
G and let
D=()H.

HeH

Then D is a subgroup of G.

Proof. Since each H ¢ H contains 1, we have 1| € D and, in particular, D # &.
Now if x,y € D,thenx, y € H forall H € H and so xy~! € H for all such
H. Thus, xy™! € D and D is a subgroup. n

As a convenient notational shorthand, we will often write

m‘H in place of ﬂ H.

HeH

How can we construct subgroups for a group? Much of group theory is con-
cerned with variations on this question, but we will discuss a few such constructions
now. Given any subset X C G, we can consider the family H of all subgroups
H < Gsuchthat X € H. (Note that G € H.) The subgroup [T) H is called the
subgroup generated by X and is denoted {X). This subgroup is characterized by
two properties:

1. X € (X).
2. If X € H and H is a subgroup of G, then (X) C H.

In other words, the group generated by X is the smallest subgroup of G that contains
X (where the word “smallest” should be understood in the sense of containment).
Note that if X < G is itself a subgroup, then (X) = X.

There is a more explicit {though somewhat less “cleant’™) alternative construction
of {X).

(2.4) LEMMA. LetG be a group and suppose that X € G is an arbitrary subset.
Then {X) is the set of all finite products

Moz - Uy
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of elements u; € G such that either u; or u;' € X. (The “empty product” with
n = 0 is understood to equal 1.)

Proof. Let S be the set of all finite products as in the statement of the lemma. Note
that 1 € Sand so § # @ (even if X = @). Now § is clearly closed under
multiplication, and since

~1 S — -1
(s tdgtiy -+~ Up) =, U,y """ H; £S5,

it follows that § 15 a subgroup.
Since X € S, we have (X} € §. On the other hand, since X € (X} and
(X} is closed under multiplication and inverses, it follows from the definition

of § that § € (X). The proof is complete. [

If X is given as an explicitly listed set, for instance, X = (a, b, ¢}, then it is
customary to omit the braces and write {a, &, ¢} instead of {{a, b, ¢, }}. An important
case of this is when |X| = 1. A group G is said to be ¢yclic if there exists some
£ € G with {g) = G. In general, for any element g of any group, the subgroup
(g} is cyclic. The following result is immediate from Lemma 2.4. (Note that for
negative integers n, the power g" is defined as (g=')™".)

(2.5) COROLLARY. lLetge G.Then{g)={g"|ncZ). L

Cyclic groups are ubiquitous, since they occur as subgroups in every group. We
shall therefore take the time to study them in some detail.

(2.6) LEMMA. Let G = (g), sothat G is cyclic. Let H € G be a subgroup and
suppose that g" € H, where n is the smallest positive integer that makes this

true. Then

a. form € Z, we have g™ € H iff n divides m and
b. H = {(g").

Note that if g has infinite order and H = 1, then there is no positive integer n
such that ¢g” € H. (Recall that o(g) = oo means that no positive power of g is 1.)
In all other cases, if either H# > 1 or o(g) < oo, then there does exist a positive
integer m with g™ € H, and so the integer n of the lemma does exist. To see this,
observe that if o(g) < oo, wecantakem = o(g), andif # > 1,thenifl £ h € H,
it follows that either % or A~ will be of the form g™ for m > 0.

Proof of Lemma 2.6, If nlm (n divides m), we write m = ngq, with ¢ € Z. Then
g™ = (g") € H. Conversely, suppose g” € H. Write m = gn + r with
0 <r < n. Then
g =g" ")y 'eH,
and by the minimality of #, it follows that r = 0 and » divides m, as required.
Statement (b) follows, since certainly (g") € H and if h is any element of H,
then 2 = g” for some m, and so by part (a), m = gnand A = (g")¥ € {(g"). W
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(2.7) COROLLARY. Everysubgroup of a cyclic group is cyclic. |
(2.8) LEMMA. letpg € Gwitho(g) =n < oo, Then

a. g™ = {ﬁ"n‘m
b. g =g’ iffm =1 modn and
c. (g} =n.
Proof. Apply Lemma 2.6(a) to the group (g} with # = 1. This yields part (a).

Part (b) follows from (a) since g™ = g! iff g”~' = 1. Finally, by part (b), the
clements of (g) are in one-to-one correspondence with the residue classes of
integers mod #n, and there are exactly n of these, |

oo, then all powers of g are distinct, since if
1 and g has finite order. We can thus write

Note that if g € G and o(g)
g” = g' withm > [, then g”~!
t{g)| = o(g) in all cases.

(2.9) THEOREM. Let G be a finite cyclic group of order n. Then G has exactly
one subgroup of order d for each divisor d of n, and G has no other subgroups.

Proof. Write G = {(g) so that o(g) = n by Lemma 2.8(c). For each divisor d of
n, we write e = n/d and put H; = (g°). It is easy to see that 0(g°) = 4 and
thus |H,4| == d by Lemma 2.8(c). What remains is to show that every subgroup
H < G is one of the H;.

If H € G, then by Lemma 2.6, H = {g°} for some integer ¢ that divides
every integer m such that g™ € H. Since g" = 1 € H, we conclude that ¢
divides n, and thus H = H;, where d = n/e. |

We mention that the additive groups of the integers and of the integers mod n
are examples of cyclic groups. In fact, it is easy to prove {(and we shall do so later)
that every cyclic group is isomorphic to one of these,

To state our final results about cyclic groups in this chapter, we remind the reader
that if @ and b are integers that are not both zero, then their greatest common divisor,
denoted gcd(a, b) is the largest integer that divides both a and b. Also, Euler’s
totient function ¢(#n) is defined for positive integers n by ¢(n) = |U,|, where

Uy, ={reZi0<r <n and ged(r,n) = 1}.

(2.10) THEOREM. Ler G be cyclic of finite order n. Then G contains precisely
@(n) elements of order n, and these are the elements g* for r € U,, where g is
any element of order n in G.

Proof. By Lemma 2.8(c), the elements x ¢ G of order » are just those elements

for which {x} = G. Let g be any such element, so that the powers g” for

O < r < n are the n distinct elements of G. We need to show that o(g") = n iff
ged(r,n) = 1.

Suppose first that gcd(r, n) > 1. Thend = n/gcd(r, n) < n and n divides

rd. It follows that 1 = (g")¢ and so o(g") < d < n, as required. Now suppose

ged(r, n) = 1 and let e be the least positive integer such that g¢ ¢ (g"). By
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Lemma 2.6(a), we see that ¢ divides r and also (since g" = 1 € {g"}) e divides
n. Thus, e = 1 and g € {g"). Therefore, (g") = & and v(g") = n. |

(2.11) THEOREM. Let B and C be cyclic of order n < oo. Then B = C and
there are exactly @(r) different isomorphisms that map B 1o C.

Proof., Fix b € Bsuchthat B = (b). If 6 : B — C is any isomorphism, write
8(b) = c. Then 8(b™) = ™ forall m ¢ Z, and thus 8 is completely determined
on all of B once we are given ¢ = #(b). Also, since 8 is surjective, every
element of C must have the form ¢™ for some m € Z, and thus c is a generating
element of C.

We have now constructed an injective map from the set of all isomorphisms
6 : B -» C nto the set of all generating elements ¢ of C; this map carries 8 to
the generator ¢ = 8(b) of C. Since the total number of gencrating elements of
C is @(n) by Theorem 2,10, it suffices to show that for every choice of generator
¢, there exists an isomorphism & : 8 — C such that (&} = c.

The isomorphism we seek will necessarily map b™ to ¢™, and so we will
define & by 8(b™) = ¢™ form ¢ Z. The problem with this is that the element »™
of B might also be called b' for some other integer /. We need to show that the
value of 6 at this element is unambiguously defined. We need, in other words,
to show that ¢” = ¢/. Since o{b) = |B| = n by Lemma 2.8(c), the equation
b™ = b' yields that m = I (mod n) by Lemma 2.8(b). Thus, ¢ = ¢/ by Lemma
2.8(b) and (c). We now know that & is well defined, and what remains is to show
that 6 is an isomorphism.

Since every element of C has the form ¢™ = 8(b™), we see that € is
surjective. It is thus necessarily injective, since |B| = |C| < oo. Finally,

g(bmbl) — e(bm-H) = c_m-H' = Cm(.'l — g(brn)g(cm) ,

and so @ really is an isomorphism. u

2B

Recall that a group G is abelian if xy = yx forall x, ¥y € . (Note that cyclic
groups are automatically abelian.) If ¢ is nonabelian, we might wish to consider
for some g € G, the set

Colg) ={x € G | xg = gx}
of all elements that commute with g. This set is the centralizer of g in GG, and what
makes it especially useful is that it is a subgroup of G.
(2.12) LEMMA. Letg € G. Then Cg(g) is a subgroup of G.

Proof. Since 1 € Cg(g), the centralizer is nonempty and it is easy to see that it
is closed under multiplication. If x € Cg(g), then xg = gx, and multiplying
by x~! from both the left and right yields x '(xg)x~! = x~'(gx)x~!. Thus,
gx ' =x"gand x~! € Cyz(g), as required. |



SUBGROUPS AND COSETS 19

We can define the centralizer of an arbitrary subset X € G by
Ce(X)={yeG|xy=yx forall x € X}.

Thus,
Co(X) =[] Cox),
xeX
and so the centralizer of any subset of a group is a subgroup, by Corollary 2.3. In
particular, taking X = G, we get the center of G, denoted Z(G). Thus

L(G) =Co(G)={ye G| xy=yx forall x € G}

1s a subgroup.

Note that Z{G) is an abelian group and that G is abelian iff G = Z{G). Of
course, it can happen (and often does) that the center of a group is trivial. For
instance, for the dihedral groups,

if 1 18 odd
if 1 is even,

1Z(D2)| = | ]

The rotation groups of the five regular polyhedra all have trivial centers, but the full
groups of symmetries of four of these objects have centers of order 2. (Which one
is the exception, and why?}

The following is an example that shows how one can use the fact that centralizers
are not merely sets of elements but are subgroups.

(2.13) LEMMA. Let X € G be a subset such that xy = yx forall x,v € X.
Then (X) is abelian.

Proof. This follows fairly easily from Lemma 2.4, but we prefer this argument.
By hypothesis, X € Cg(X). Since Cg(X) is a subgroup, we conclude that
(X} S Cg(X)andso X € Cg((X)). As above, this yields (X} C Cg{{(X)) and
so {X} 15 abelian. u

H & : Gy — G, is an isomorphism, it should be clear that 8 (Z(Gy)) = Z{G,).
Although this can be proved by a routine computation, we hope the reader will
see that this has to be true because the center is a “group theoretic” object, and
1somorphisms capture all group theoretic information.

An important special case is where G, = (. An isomorphism from a group
G to utself 1s called an automorphism of G. (Note that the identity map on G
is an automorphism, but most groups have many other automorphisms, 100.) Since
isomorphisms carry centers to centers, it follows that every automorphism of G maps
Z.(G) to itself. A subgroup H C G with the property that 8(H) = H for every
automorphism @ of G is said to be characteristic in G, and we write H char G.

Not only is the center of a group characteristic, but generally any subgroup
uniquely defined by group theoretic properties and not dependent on arbitrary choices
or on the names of elements is also characteristic. A good rule of thumb is that any
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subgroup described by the definite article “the” is characteristic. In Problem 2.7, for
example, we shall define the “Frattini subgroup” of a group. Without referring to
the definition, the reader should understand that the Frattini subgroup of any group
is characteristic.,

An important example of an automorphism of G is the inner automorphism 6,
induced by an element g € G. This is the map

0.(x) = g 'xg.

(The reader should check that 8, is really an automorphism.) A fairly standard
notation that we shall adopt is
x¢ =g 'xg

forx, g € G. The element x¥ is said to be the conjugate of x with respect to g. In this
language, the inner automorphism induced by g is the corresponding conjugation
map. Observe that if x and g commute, then x# = x, and thus in an abelian group,
inner automorphisms are trivial. (As if to compensate for this, another type of
automotphism exists only in abelian groups: this is the map #(x) = x~! forx € G.)

The set Aut{G) of all automorphisms of G is a subgroup of Sym{(G), and the
set Inn(G) of inner antomorphisms is a subgroup of Aut{G). (The reader should
check these assertions.)

Let us go back to the situation of an isomorphism 6 : G| — G3. It should be
clear that if H € G, is a subgroup, then 8(H) is a subgroup of G,. In particular,
automotrphisms map subgroups to subgroups. The subgroup

Hf = {h® | h € H)

is a subgroup conjugate to H. It is, of course, the image of H under the inner
automorphism induced by g.

Since characteristic subgroups are fixed by ail automorphisms, they are surely
fixed by inner automorphisms, and so if C char (;, then C = C8 forall ¢ € G.
(Note that this is completely obvious in the case C = Z({), since then 18 = x for
all x € C. In general, the equation C¥ = C does not imply that x* = x for all

x e ()
This leads us to the definition of what is certainly one of the most important

concepts in group theory.

(2.14) DEFINITION. A subgroup N < G is normal if N¥ = N forallg € G.
We write N a G in this situation.

In other words, the normal subgroups of a group are precisely those subgroups
fixed by all inner automorphisms, All characteristic subgroups are normat and all
subgroups of abelian groups are normal. Of course, the subgroups 1 and G are
always normal in any group G.

(2.15) LEMMA. Let H C G be a subgroup. Then, H « G if H® C H for all
ge€G.
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The reader shouid be warned that this lemma does not state that H® = H
whenever H¢ C H, Since the inner automorphism induced by the element g is a
bijection, it is certainly true that |H¥#| = |H|. and if H is finite, this equality of
orders together with the containment A% C H certainly does imply that Hf = H,
For infinite subgroups, however, this dces not follow and is not generally true. (An
example is given in the problems at the end of this chapter.)

Proof of Lemuna 2.15. We must show that H£ = H forallg € G. Since H2 € H
for all elements g, it follows that

H = (Hg)g“ C H¥
forall g € G. Applying this result with the element g~! in place of g, we obtain
HC H@ Y — gs
and thus H = H¢, |

For example, consider the case G = D,,, the dihedral group, and let H be the
set of plane rotations in G. Since H is closed under multiplication, we have Hf € H
if ¢ € H. On the other hand, if g ¢ H, then g is a “fip” that interchanges the front
and back of the #-gon. In this case g~! = g, and for » € H we have h®f = ghg,
which does not interchange front and back. Thus, 22 € H forall k € H, and it
follows that i « G.

Now H is cyclic of order » and it follows that each subgroup C of H is char-
acteristic in /. This is so since if # € Aut(H), then 8(C) is a subgroup of H such
that |C] = |6(C)|. It follows by Theorem 2.9 that C = #(C), as required. Thus, C
char H and H « G. The next result shows that C « G.

(2.16) LEMMA. Let N < G and suppose that C char N. Then C a4 G.

Proof. Let g € G. Since N a G, the conjugation map (inner automorphism)
induced by g maps N to itself and, in fact, defines an automorphism of N,
(Caution: It may not be an inner automorphism of N.) Since C is characteristic
in N, this automorphism of N maps C to itself, and so C# = C, as required. m

In contrast with Lemma 2.16, it does not follow that C « G if all that is known
is that C <« N and N « G (or even that N char G).
We give one more example of a normal subgroup now.

(2.17) THEOREM. Let G be any group. Then Inn(G) « Aut(G).

Proof. Let6 € Inn(G) and o € Aut{G). By Lemma 2.15, it suffices to show that
89 € Inn(G) for any choice of 8 and o.
We can write & = 6, (the conjugation map induced by g € G). To compute
07, weapplyittox € G.

(x)8° = (x)o"'8,0 = (g7 (xo " )g)o = (g™V)o - x - (g)o,
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where the last equality follows since o is an automorphism. We have
(x)8° = (go)~" - x - (g,

and s0 87 = 6., the inner automorphism induced by (g)o € G. [

2C
Let X, ¥ € G be any two subsets. We write
XY={xy|lxeX,yel}.
Even if X and Y are both subgroups, it does not follow that XY is a subgroup.

(2.18) LEMMA. Let H, K < G be subgroups. Then HK is a subgroup iff
HK = KH.

Proof. Assume that HX is a subgroup. Since 1 € H, we have K € HK and
similarly H € HK. It follows that KH C HK since HK is closed under
multiplication. Also, if x € HK,then x~! ¢ HK, and we can write x~! = hk
forsome s € H and & € K. It follows that

x=ky =k 'h e KH

and thus # K € K H. This provesthat HK = K H.
Conversely, assume H K = K H. To prove that this set is a subgroup, let x
and y be any two elements and write

X = h1k1 and ¥y = kzhz
forh,,h, € Hand k., %k, € K. Then
xy_l = hlklh;lkgl .

However, kih,' € KH = HK, and we can write ki, = hzk; withhy € H
and k3 € K. We now have

xy~! = (hih3)ksk;') e HK
and thus A X is a subgroup. |
In the case where X = {x}, we write x¥ or Y x instead of {x}¥ or ¥ {x}.
(2.19) DEFINITION. Let H C G be a subgroup. If ¢ € G, then the sets
Hg =(hg | h € H}

and
gH ={gh | h e H)

are, respectively, the right coset and the left coset of H determined by g.



SUBGROUPS AND COSETS 23

Note thatif g ¢ H,thenalso g~! ¢ H,and it follows that1 ¢ Hgand 1 & gH.
In particular, the cosets Hg and g H are not subgroups in this case. If ¢ € H, on the
other hand, then Hg = H = gH, and thus the subgroup ¥ is one of its own right
cosets and left cosets. Also note that for any element g € GG, we have g € gH and
g € Hg. This shows that G is the union of all the right cosets and also of all the left

cosets of any subgroup.

(2.20) LEMMA. Let H € G be a subgroup.

a. I[f Hx N Hy #£ @, then Hx = Hy.
b. fxHNyH # @, thenxH = yH.

Proof. First note that Hh = H for h € H. (This is really part of Lemma 1.5
applied to H.) Thus
Hhx) =(Hh)x = Hx,

and so if g € Hx N Hy, we have
Hg=Hx and Hg=Hy,
so that Hx = Hy, as desired. Part (b) is proved similarly. ]

(2.21) COROLLARY. Let H € G be a subgroup. Then G is the disjoint union
of the distinct right cosets of H. The analogous result also holds for left
cosels. |

(2.22) LEMMA. Let H C G be g subgroup. For every g € G, we have
lgH| = |H| = |Hg|.

Proof. The map 6: H — Hg defined by (h)6 = hg certainly maps onto Hg and
it is injective by Lemma 1.5. It follows that |H | = | Hg), and the other equality
is proved similarly. =

If H € G is a subgroup, then the index of H in G, denoted |G : HY{, is the
number of distinct right cosets of & in G. As we shall see, the cardinality of the
set of left cosets of A in & 1s equal to that of the right cosets, and so the index of a
subgroup is, in fact, left-right symmetric.

In Theorem 2.9, we showed that if & is a finite cyclic groupand H € G isa
subgroup, then | # | divides | &|. We are now ready 1o prove this much more generally.

(2.23) THEOREM (Lagrange). Suppose H C G is a subgroup. Then |G| =
|H|IG : H{. In particular, if G is finite, then |H| divides |G| and |(G|/|H| =

|G : H|.
Proof. The group G is the disjoint union of |G : H| right cosets, each of cardinality
equal to | H|. m

Note that we could as well have worked with left cosets and concluded that if &
is finite, then the “left index™ equals |G| /| # | and therefore the left and right indices
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are equal for subgroups of finite groups. The proof of this fact for arbitrary groups

is left to the problems at the end of the chapter.
An important consequence of Lagrange's theorem is the following corollary.

(2.24) COROLLARY., LetG befiniteandlet g € G. Then o(g) divides |G| and
IGI —
g = 1.

Proof. We have o(g) = |(g)| by Lemma 2.8(c), and this divides |G| by Theorem
2.23. The last assertion is immediate from Lemma 2.8(a). [ |

As an application of Corollary 2.24 we mention the number theoretic result of
Euler that a*™ = | mod »n for positive integers a and » such that gcd(a, n) = 1.
The trick here is to observe that

Up={reZ|0=<r <n and gcd(r,n) =1}

becomes a group under multiplication if we identify each element » with its residue
class mod n. (A few things need to be checked, but we will not do so here.)

Observe that Euler’s theorem is immediate by applying Coroliary 2.24 to the
group U/,,.

2D

There is an important connection between the normality of a subgroup and the
properties of its cosets.

(2.25) THEOREM. LetH < G beasubgroup. Thenthe following are equivalent:

i. HadG

. Hg=gHforallg €G.

iii. Every left coset of H in G is a right coset.

iv. The set of right cosets of H in G is closed under set muitiplication.

Proof. First assume (i). Then g~'Hg = H forall g € G, and multiplication by g
on the left yields Hg = gH, proving (ii). That (ii) implies (iii) is obvious, so
we assume (iii) and prove (iv).
If x, y € G, we must show that #xHy is a right coset. By (iii), however,
xfl = Hg for some g € G, and we have

HxHy = H(Hg)y = Hgy,

which is a right coset, as required.
Finally, assume (iv). Then Hg ' Hpg is a right coset containing g g = 1.
Thus
§'Hg CHg 'Hg= Hl =H,

and H is normal by Lemma 2.15. [ ]
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Note that item (ii) of Theorem 2.25 is lefi-right symmetric. It follows that we
can get two additional conditions equivalent to ¥/ being normal by exchanging the
words “left” and “right” in (iii) and (iv).

(2.26) COROLLARY. Let H € G be a subgroup. Then the following are
equivalent:

i. HaG.
ii. Everyright coset of H in G is a left coset.
tit. The set of left cosets of H in G is closed under set multiplication. |

If H « GG, we use the notation G/ H (read “G mod H”) to denote {Hg | g € G}.
By Theorem 2.25, we know that G/ H is closed under set multiplication.

(2.27) THEOREM. If H « G, then G/H is a group. The identity element of
G/ H is the coset H, and the inverse of the coset (Hx) in G/H is Hx™}. Also

(Hx)(Hy) = H(xy)
forallx,y € G.

Proof. We have H(Hx) = Hx and (Hx)H = HxH = HHx = Hx since
xH = Hx. Also, xy € (Hx)(Hy) and thus (Hx){Hy) = H(xy) by Lemma
2.20. In particular, (Hx)(Hx™') = H = (Hx"\)(Hx). u

The group G/ H is called the quotient group or factor group of G by H. For
example, if G = Z (with respect to addition) and H = nZ (the multiples of n), then
the (additive) coset H 4 m is the residue class of m mod n and the factor group G/ H
is the additive group of residues mod n.

Note that if G is finite and H « G, then |G/H| = |G : H| = |G|/|H] by
Lagrange’s theorem.

The following is another consequence of Theorem 2.25.

(2.28) COROLLARY. LetN < Gandlet H C G be any subgroup. Then HN =
NH is a subgroup and it is normal if H « G.

Proof. We have
HN =|JrN=|JNh=NH
heH heH
by Theorem 2,25. 1t follows that HN is a subgroup by Lemma 2.18,
Ifg < G, then since conjugation by g defines an automorphism of G, we
have (HN)® = HIN® = HEN. If H « G, then H¢¥ = H and the proof is
complete. |

2E

Even if the subgroup H € G is not normal, we may still be able to use some of our
results about normality. The idea is to find some subgroup K € G such that H« K.
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In fact, we shall see that for any subgroup H <€ G, there is a unique subgroup
K 2 H maximal with the property that i « K.

It 1s convenient 10 work more generally and consider subsets that may not be
subgroups. If X € G is any subset, then we define the normalizer of X in G to be

the set
No(X)={g e G| X2 = X}.

(2.29) LEMMA. The normalizer Ng(X) is a subgroup of G for every subset
X CG. If X is a subgroup, then X € Ng(X).

Proof. First, notethat X! = X and (X%)* = X** forelements g, & € G. Itfollows
that N (X) is nonempty and that it is closed under multiplication. To see that
it contains the inverse of each of its elements, suppose that g € Ng(X). Then

Y& — (X5

and thus g~} € Ng(X), as desired.

If X is a subgroup, then conjugation by any element x € X defines an
automorphism of X and, in particular, the conjugation map is surjective. Thus
X* = X for x € X, and it follows that X ¢ Ns(X), as required. =

i 3

=X¥ =X'=X

(2.30) COROLLARY. Suppose H C G is a subgroup and write N = Ng(H).
Then H « N, and if K € G is any subgroup containing H, then H « K iff
K CN. =

We saw in Coroliary 2.28 that if N « G, then AN = NH,andso VH is a
subgroup of . This can be generalized as follows.

(2.31) COROLLARY. Let H K S G be subgroups. If K © Ng(H), then
HK = KH and HK is a subgroup of G.
Proof, Since H o Ng(H), we can apply Corollary 2.28 in the group Ng(H). =

The reader should note that although the condition x4 = Hx implies that
x € Ng (i), it does not follow from the eguation H K = K H that K € Ng{(H ).

Problems
2.1 Suppose G = HUK, where H and X are subgroups. Show thateither H = G
or K =G.

2.2 Let G be a group with the property that there do not exist three elements
x, ¥, 2 € G, notwo of which commute. Prove that & is abelian.

2.3 Suppose o € Aut{).

a. If x° = x~! for all x € G, show that G is abelian.
b. If 62 = 1l and x° # x for 1 # x &€ G, show that if G is finite, it must be

abelian.
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HINT: For part (b), show that the set {x~!x” | x € G} is the whole group G.
To do this, consider the map x — x~'x? forx € G.

Suppose G has precisely two subgroups. Show that G has prime order.

A proper subgroup M < G is maximal if whenever M € H € G, we have
H = M or H = (. Suppose that G is finite and has only one maximal
subgroup. Show that |G| is a power of a prime.

Let H € G with |G : H| = 2. Show that H < G.

The Frattini subgroup ©(G) is the intersection of all maximal subgroups of
G. (If there are none, then ©{(G) = G.) We say that an element g € G is
a nongenerator if whenever (X U {g}} = G, we have {X) = G for subsets
X € G. If G 1s finite, show that ®{G) is the set of nongenerators of G.

If H C G, aright transversal for H in G is a subset T C G such that each

right coset of H in G contains exactly one elementof 7. Now let H, K C G

and let S be aright transversal for H N K in XK.

a. Show that there exists a right transversal T for H in G with T 2 S.

b. If T is asin part (a), showthat T = Siff HK = G.

c. If |G : H| < o0, show that |[K : H N K| = |G : H} with equality iff
HK = G.

d. f|G| < ccand H K = G, show that |G} = |H||K|/|H N K|.

(Dedekind’s lemma) Let H C K C Gand L C G. Showthat K N HL =
H(K NL).

Suppose G is finite and G = H U K U L for proper subgroups H, X and L.
Showthat (G : H|j= |G K|=|G:L|=2.

HINT: First get (say) |G : H| = 2 and then use Problem 2.8 to complete the
proof.

Let & be finite and assume H, KX € G with ged(|1G : H|, |G : K|) = 1.
Show that HK = (5.

HINT: If U €V € G, then |G : U| = |G : V||V : U|. Compute
|G : H N K| and use Problem 2.8.

If x,y € G, then the commutator of x and y, denoted (x, y], is equal to
x'y~lxy. Ifalso z € G, then [x, y, z] means [[x, y], z]. Note that [x, y] = 1
iff x and y commute. Prove the following commutator identities.

a. [x,ylly,x]1=1

b. {xy, gl =[x, gV[¥. g]

c. [x.y LaPly. 27 xFlz, x7 Ly =1

NOTE: Par (c) was discovered by P. Hall.

Let H, K € G be subgroups. Write [H, K] t0o denote the subgroup of G
generated by all commutators [k, k]l withh e Hand k € K.
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a. Show that H C Co(K)iff [H, K] = .
b. Show that H € Ng(K) iff [H, K] € XK.
¢c. T H, KaGand HN K = 1, show that # C C;(X).

Let H, K € G be subgroups, and let [A, K] be the subgroup defined in
Problem 2.13.

a. Showthat [H, K] = [K, H].

b. Show that H € Ng([H, K1]).

HINT: For part (b), use Problem 2.12(b).

Let H € G be a subgroup. Let R and £ denote the sets of all right and left
cosets of H in G, respectively.
a. Show that there is a bijection # : R — £ such that 8(Hx) = x~' H for all

xeG.
b. If there exists a bijection ¢ : R — L such that ¢(Hx) = xH for all

x € &,show that H « G.
NOTE: Part (a) tells us that the “right index” and the “left index” of a sub-
group are always equal.
Suppose Z € Z(G) and G/Z is cyclic. Show that G is abelian.

Let Qg be the group of Problem 1.9. Show that every subgroup of Qg is
normnal.

NOTE: It is a theorem that if |G| is odd and every subgroup is normal, then
(s is abehan.

Let 7 be a set of prime numbers. A finite group is said to be a 7 -group if
every prime that divides its order lies in . If & is finite, show that G has a
unique largest normal 77 -subgroup (which may be trivial and may be all of 3).

NOTE: The largest normal -subgroup of G is denoted O, (G).

Let C be cyclic of order n. Show that Aut(C) is an abelian group of order
p{n).

HINT: Take B = € in Theorem 2.11.

NOTE: In fact, Aut(C) = U,. If n is an odd prime power this is cyclic but
observe that Uy is not cyclic.

Given a positive integer n1, show that

n=> o).

d|n
HINT: Let C be cyclic of order n. How many elements of order 4 are in C?

Suppose A < G is abelian and AH = G for some subgroup H. Show that
ANHaG.
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HINT: Show that A € Ng((AN H)) and H € Ng((A N H)).
NOTE: The computation of the normalizer of a subgroup is often a good way
to prove normality.

Let G be the affine group of the line. (Recall that this is the set of all maps
R — Roftheformx +— ax+ bwithg, b€ Randa # 0. Show that G has a
subgroup H such that A% is a proper subgroup of H forsome element g € G.

HINT: Let H be the set of maps wherea = 1 and b € Z.



CHAPTER THREE

Homomorphisms

3A

When considering mappings from one mathematical object to another of the same
type, we usually give special attention to those maps that, in some sense, respect
the structure of the objects. In particular, a map ¢ : G —» H (where G and H are
groups) is called a homomorphism if ¢(xy) = ¢(x)p(y) forall x, y € G. Itis these
homomeorphisms that are the “good” maps between groups.

Note that group isomorphisms are precisely those homomorphisms that happen
to be bijections. Atthe other extreme, if G and H are any two groups, we can always
define the trivial homomorphism ¢ : G — H by setting ¢(¢) = 1 forallg € G,
We’ll mention a few more examples. Consider the group GL(V) of nonsingular
linear transformations on the finite-dimensional vector space V over a field F. (We
can, of course, identify GL (V) with the group of nonsingular n x n matrices over
F,where n = dimy V.) Foreach: € G, its determinant det(t) € F — {0}. The set,
denoted F*, of nonzero elements of F forms a group with respect to multiplication,
and the fact that det(st) = det(s) det(s) tells us that det : GL(V) - F* isa
homomorphisii.

We can map the additive group of the integers onto that of the integers mod
n by sending each integer 10 iis residue class. It should be clear that this defines
a homomorphism. In fact, since residue classes are cosets, this is a special case
of something more general, and we come to what is perhaps the most important
example of a homomeorphism.

Let N« G and consider the factor group G/N. Definenr : G — G/Nbyn(g) =
Ng. Since NxNy = Nxy forall x, y € G, we see that 7 is a homomorphism. This
map is called the canonical homomorphism of G onto G/N, and we note that it
does map onto G/N; it is surjective.,

30
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(3.1) LEMMA. Let¢:G — H be a homomorphism. Then:

a. p(N)=landp(x™) =ex) ' forallx € G.

b. N ={g € G| (g) = 1} is a normal subgroup of G.
c. @(x) = () iff Nx = Ny.

d. @ is injective iff N = 1.

Proof. Wehave (1) = ¢(1:1) = @(1)ep{(1), and canceling ¢(1) yields 1 = ¢(1).
Now 1 = ¢(1) = ¢(x - x7') = p(x)@(x™"). Thus ¢(x') = ¢(x)~", and part
(a) is proved.

Since 1 € N by part (a), we see that N # &, If x € N, then ¢(x ') =
e(x) ' =1""'=1landx™ ! € N. Also, if x, y € N, then p(xy) = p(x)g(y) =
1-1 = 1and xy € N, This proves that NV is a subgroup. For normality,
compute that g(x 'ax) = px Neex) =ex) ' 1-ex)=1forne N
and x € G. Thus N* C N forall x € G,and so N « G.

For part (¢), observe that if o (x) = ¢@(¥),then 1 = p(X)p(y)~! = @(xy ™),
andsoxy~' € Nandx € Ny. Therefore, Nx = Ny. Conversely, if Nx = Ny,
then x = ny for some n € N, and we have ¢(x) = @(ny) = ¢()p(y) = @(y),
since ¢(n) = 1.

Finally, if ¢ is injective, then for n € N we have ¢g(n) = 1 = (1) and so
n = 1 and thus N = 1. Conversely, if N = 1 and ¢(x) = ¢(y), we must have
x = y by part {c). [

The normal subgroup N = {g € G | ¢(g) = 1} is called the kernel of the
homomorphism ¢ and is denoted ker(y). For example, if we consider the deter-
minant map det : GL(V) — F*, we see that ker{det) is the group of all linear
transformations of V with determinant t. This subgroup of the general linear group
is called the special linear group and is denoted SL{V).

If # : G — G/N is the canonical homomorphism, where G is arbitrary and
N «a G, then ker(;w) = N. To see this, observe that 7(g) = 1 iff Ng = N, and
this happens iff g € N. (Recall that ¥ is the “1” element in G/N.) This gives an
interesting characterization of the set of all normal subgroups of a group.

(3.2) COROLLARY. Let G be an arbitrary group. Then the normal subgroups
of & are precisely the kernels of all homomorphisms defined on G.

Proot. This is immediate from Lemma 3.1(b) and the fact that every N a G is the
kernel of the associated canonical homomorphism G — G/N. |

In some sense, the canonical homomorphisms = : G -» G/N for normal
subgroups N <« G are the only surjective homomorphisms, More precisely, we have
the following Isomorphism theorem.

(3.3) THEOREM (Isomorphism). Ler ¢ : G — H be a surjective homomor-
phism and let N = ker(g). Then H = G/N. In fact, there exists a unique
isomorphism 8 : G/N — H such that 7@ = ¢, where 1 is the canonical
homomorphism G — G/N.



32 CHAFTER3

Before giving the proof, some discussion is appropriate. Figure 3.1 is a diagram
showing the relevant groups and maps. The arrow representing & is dashed rather
than solid, since it is the existence of this map that is the assertion of the theorem.
The equation w8 = @ states that starting with an element of & and following either
of the two routes to A, either direct or via G/ N, we reach the same element of H.
In general, one says that a diagram of groups and homomorphisms is a commutative
diagram if, whenever there are alternative routes between groups, the composite

maps along the two routes are equal.

G L4 H
F g
)
\ /’B
’.f
G/N
Figure 3.1

Note that what the commutativity of the diagram in Figure 3.1 really says is that
if we were to identify G/N with H, using the map 6 1o make this identification,
then ¢ and 7 would turn out to be the same map. In other words, every surjective
homomorphism is “essentially” just a canonical homomorphism.

Proof of Theorem 3.3. Since we require that 8 = @, we are forced to define
(Ng)o = gy, and hence € is certainly unique. We need to check, however, that
8 is well defined. Specifically, if Nx = Ny, we require that x¢ = yg. (If this
were not the case, the definition of the image of this coset under ¢ would be
ambiguous.) In fact, we have the desired equality by Lemma 3,1(c).
Since

(NN = (Nxy)f = (xy)e = (xp)(yp) = (Nx)8(Ny)8 ,

we see that & is a homomorphism. We certainly have 7@ = ¢, and since ¢ is
surjective, it follows that 8 must be surjective too.

Finally, we check that & is injective by showing that ker(8) is trivial (and
using Lemma 3.1(d)). If Ng € ker(f), then 1 = (Ng)8 = gy, andso g €
ker{(p) = N. Thus, Ng = N (the identity of G/N) and ker(#) is trivial, as
required. ]

The following application of the Isomorphism theorem (3.3) is a slight variation
on Theorem 2.11.

(3.4) COROLLARY. Up to isomorphism, the only cyclic groups are the groups
Z and Z/nZ for positive integers n.

Proof. Let C be cyclic and write C = {¢). Map ¢ : Z — C by ¢(k) = c*,
Observe that p(k + 1) = c** = ck¢!, and so ¢ is a homomorphism from the
group Z (with respect to addition) to C. Clearly, p maps onto C, and so by
Theorem 3.3, we have C = Z/ K, where K = ker(p).
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The proof is completed by observing that the subgroup X < Z is cyclic (by
Corollary 2.7), and thus X = (n) for some integer n. Since {n} = (—n}, we
can take n > 0if X is nontrivial. [

Next, we explore the connections between homomorphisms and the subgroup
structures of the domain and target. Suppose ¢ : G —> H is a homomorphism. If
U <€ G, we write

eU) = {p) |u e U}.

We say that (U} is the image of U under . Similarly, if V € H we define the
inverse image of V under ¢ by the formula

e ' WV)={ueGiel eV},

The inverse image is always defined, even though there may not be a map ¢~!. If
¢ is an isomorphism, so that ¢~! does exist, then the notation ¢~ !(V) may scem
ambiguous since it might also mean the image of V under ¢~'. Because this is equal
to the inverse image of V under ¢ in this case, no confusion shoulid arise.

3.5) LEMMA. Lety:G — H be a homomorphism.

a. IfU € G is a subgroup, then o(U) € H is a subgroup.
b. If V € H is a subgroup, then ¢ (V) C G is a subgroup that contains

ker{g).
Proof. This is completely routine using Lemma 3.1. |
An important example of the Lemma 3.5is where V<« Gandx : G — G/N is
the canonical homomorphism. If # € G, then NH isa groupand N « NH. The

quotient group NH /N is a subgroup of G/N, and, in fact, NH/N is the image of
H under 7. To see this, note that

NH/N ={NnhineN,he H ={Nhihe H}) = n(H).

(3.6) THEOREM (Diamond). Let N a Gand H C G. Then HNN <« H and
H/(HNN)=NH/N.

Proof. Letw : G — G/N be the canonical homomorphism and let ¢ be the
restriction of & to the subgroup H. Thus, ¢ is a homomeorphism of H onto
7 (H) = NH/N, and since ¢ is equal to 7t on the elements of H, we have

ker(p) = HNker(m) = HNN .
Thus f NN « H and
H/(HNN)= Hfker{p) = NH/N

by Theorem 3.3, the Isomorphism theorem. [ ]
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/!

Figure 3.2

The diagram in Figure 3.2 is known as a “lattice diagram” and is entirely different
from the mapping diagram in Figure 3.1. These lattice diagrams can be extremely
useful, since with them it is possible to represent graphically some quite complicated
interrelationships among subgroups. Indeed, it is occasionally possible to read an
entire proof directly from a carefully drawn lattice diagram. We digress briefly to
discuss these objects.

In a lattice diagram, the nodes represent a few of the subgroups of some group,
and the line segments indicate containment: the lower node is a subgroup of the
upper.

According to the standard conventions, Figure 3.3(a) indicates not only that
X C U and X < V (allowing the possibility of equality) butalsothat X = U NV,
We would draw diagram (b) if we did not know that X was the intersection, and the
unlabeled node in (b) represents I/ N V. We do not intend diagram (b) to preclude
the possibility that I/ N V = X, however.

v Y Y
U 4 U v U vV
X X
(a) (b (c) (d}
Figure 3.3

In Figure 3.3(c), the assertion is that ¥ is generated by U and V, and not merely
that U € Y and V < ¥. An important special case is where ¥ = UV is the
product, and not just the group generated. In that case, we say that the four nodes

U V.Y =UVand X = U NV form a diamond, and it is customary io draw the
figure as a parallelogram, as in Figure 3.3(d). Note that Figure 3.2, representing
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the situation in Theorem 3.6, contains a diamond. The conclusion of Theorem 3.6,
the Diamond theorem, can be paraphrased as “opposite sides of a parallelogram are
isomorphic.” This requires some normality, of course.

In the case that we have a diamond as in Figure 3.3(d), there is further information
available. By Problem 2.8(c), we have |¥ ; V| = |U : X|and |¥ : /| = |V : X]|,
and so if we imagine that the lengths of the line segments in a lattice diagram
represent indices of subgroups, this is consistent with the fact that opposite sides of
a parallelogram are equal.

We now end our digression and return to the study of homomorphisms. The point
of the next theorem is that the subgroup structure of the image of a homomorphism
from G is captured by that part of & containing the kernel.

(3.7) THEOREM (Correspondence)., Let ¢ : G — H be a surjective homo-
morphism and let N = ker(p). Define the following sets of subgroups:

S={U|NCUCG}

and
T={(V|VCH).

Then ¢( ) and ¢~ 1( ) are inverse bijections between S and T . Furthermore,
these maps respect containment, indices, normality and factor groups.

The meaning of the last sentence is as follows: Suppose U, U, € S and V|, V;
are the corresponding elements of T. (Thus V; = @(U;) and U; = ¢~ 1(V;).) Then,
Uy, € U ift Vi € Va, and in this case, IUz Uy = |V V1| Also, Uy« Uy iff
Vi < Vo, and in this case, U /U = Vy/ V.

Proof of Theorem 3.7. By Lemma 3.5, ¢( ) and ¢ '{ ) do define maps between
S and T and we need to show that they are inverses of each other. For U/ € &,
it is immediate from the definitions that U € ¢~ (@(U)). If g € ¢~V (p(U)),
then p{g) € ¢(U/) and thus Ng = Nu for some 4 € I/ by Lemma 3.1(c). Thus,
g € Nu CUsince N C U, and we have ¢ g (U)) = U.

Now let V € T. Clearly, (¢ '(V)) € V. Ifv € V, then since ¢
is surjective, there exists g € G with ¢(g) = v. Thus, g € ¢ (V) and
v = p(g) € ¢(p 1 (V)). We have now established that ¢(¢~'(V)) = V, and so
@( )and ¢~ '( ) are indeed inverse bijections.

It is clear that these maps respect containment, and nothing further need be
said about that, Now suppose U, <« U, with U; € 5. Then for all x € U/;, we
have x~'U;x = Uy, and applying ¢, we get ¢(x) " '@(U1)e(x) = ¢(U,). This
says that g (U)) « @(1l/y), as required.

Next, assume Uy © U with U; € &, and suppose (U} « ¢{(U/,). Weneed
to show that U « /; and so we let x € {/5 and observe that

e(x 7 Uyx) = @(x) ' o(Une(x) = o))

by the normality assumption. Since x~!'U/ix € S and ¢( ) is injective (because
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it has an inverse), we conclude that x 11, x = U; and U, a Us, as required. The
maps, therefore, do respect normality.

Next, we consider factor groups. Let Uy « U; with U; € & and write
Vi = @(U;). To show that I, /U, = V,/ V), we construct a homomorphism 6
of {/> onto V»/V, and show that ker(¢) = U/,. What we want then will follow
from the Isomorphism theorem.

Let m 1 Vo — V5/ V) be the canonical homomorphism, and let ¢’ be the
restriction of ¢ to U,. Write @ = ¢'w,sothat 6 : U/ — Vo/V,. Then @ is a
homomorphism, and since 8(U;) = w(p(lh)) = rr(V3) = Va/ Vi, we see that &
is surjective. Now ker(8) = ¢~ (V}) = U, and it follows that U,/ U, = Va/ Vi
by the Isomorphism theorem.

Suppose I/ © U, with U; € & and V; = ¢(U;). We must show that
|Uy 2 Us| = |V, : Vi], and so we construct a bijection from {Ux | x € )
onto {Viz | z € Va}. Note that ¢(U x) = Voe(x) and so ¢( ) maps cosets to
cosets. To show that this map is surjective, let z € V,. Then z = p(x) for some
x € U,, and we have ¢(U,x) = V)z, as required. Finally, if (L1 x) = @(U;y)
for x,y € Uz we have Vip(x) = Vip(y), and so ¢(x)¢(¥)~! € V,. Thus
plxy™ e Viand xy™' € ¢~ (V|) = U,. Therefore, x € Uyyand Uyjx = Uy,
This shows that our map is injective, and the proof is complete. [

The following corollary is very useful.

(3.8) COROLLARY. Let N <« G. Then every subgroup of G/N has the form
H/N for some (unique) subgroup H C G with H > N.

Proof. Apply Theorem 3.7 to the situation 7 : G — G/N, where 7 is the
canonical homomorphism. Note that if /¥ C & with N € H, then we have

#{H)={Nh|he H)=H/N. n
Another consequence of our theorem is this corollary.

(3.9) COROLLARY. LetN S MaGwithN<G. ThenG/M = (G/N)Y/(M/N).

Proof. Again, apply the Correspondence theorem to the canonical homomorphism
G — G/N. Since G corresponds to & /N and M corresponds to M/N, the
desired isomorphism is just the statement that the maps in Theorem 3.7 respect
factor groups. |

We comment briefly on the interpretation of the Correspondence theorem in
tertns of lattice diagrams, at least in the case where ¢ is the canonical homomorphism
G — G/N. If we have a lattice diagram for some of the subgroups of G, including
N, then the part of the diagram above N is a valid lattice diagram for G/N. In fact,
diamonds go over to diamonds, since if N T U and N € Vand UV isa group,
then in G/N we have (U/NHV/N) = (UV)/N.

The Isomorphism theorem, the Diamond theorem, the Correspondence theorem
and Corollary 3.9 are often referred to collectively as the “homomorphism theorems.”
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The three results we have named must surely be the most used theorems in algebra (if
one includes their module and ring theoretic analogs). They are so basic, however,
that they are seldom gquoted explicitly in the professional literature. They are simply
used without comment.

3B

In Problem 2.12 we defined the commutator [x, y] of x, y € G by the formula
[x, y] = x~'y~!xy, and we pointed out that x and y commute iff [x, y] = 1. The
subgroup generated by all commutators in G is called the commutator subgroup
or the derived subgroup of & and is denoted ’. (Note that, using the notation of
Problemn 2.13, we could write G’ = [G, G1.) Since an isomorphism of ene group
to another clearly maps the commutator subgroup of the first group onto that of the
second, it follows that automorphisms of G map G’ to itself. In short, G’ char G,
and in particular G’ « G. Note that G’ = 1 iff G is abelian.

(3.10) THEOREM. Let N a G. Then G/N isabelianiff G' C N,

Proof. Letm : G — G/N be the canonical homomorphism. If x, y € G, then
[z{x), m(¥)] = m([x, ¥]), and so =(x) and 7 (y) commute iff 7 ([x, y]) = 1.
Since this happens iff [x, y] € N, it follows that G/N is abelian iff {x, y] € N
forallx, y € G. ]

(3.11) COROLLARY. [letg: G — A be a homomorphism, where A is abelian.
Then ' C ker{g).

Proof. We have G/ker(p) = ¢(G) € A by the Isomorphism theorem (3.3).
Therefore, G /ker(e) is abelian and G’ C ker(y). B

(3.12) COROLLARY. lLetG'C HC G. Then H« G,

Proof. Since G/G’is abelian, we have H/ G’ « G/G’. By the Correspondence
theorem (3.7) applied to the canonical homomorphism n : G — G/G’, we
conclude that H « . B

We shall have more to say about derived subgroups later, when we consider
“solvable” groups.

3C.

This is perhaps a good place to introduce simple groups. We say that a noniden-
tity group is simple if it has just two normal subgroups, the identity and the group
itself. For example, groups of prime order are automatically simple since their only
subgroups, normal or otherwise, are the identity and the whole group. By Problem
2.4, these groups of prime order (which are necessarily cyclic) are the only abelian
simple groups.
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Since the normal subgroups of a group are precisely the kemels of homomor-
phisms, it follows that a group G is simple iff G > 1 and every nontrivial homo-
morphism defined on G is injective.

It turns out that nonabelian simple groups are really quite rare. For instance,
there are just five (isomorphism classes of) nonabelian simple groups of order less
than 1000; they have orders 60, 168, 360, 504, and 660. It is a good project for a
student of group theory to try to prove this result. In other words, the task is to find
some reason why each of the other numbers less than 1000 cannot be the order of a
nonabelian simple group. In the next few chapters, we will prove a number of results
that, when applied with enough perseverance and cleverness, should be sufficient to
accomplish this goal. The reader is urged to attempt this project, but be warned that
the number 720 is perhaps an order of magnitude more difficult to eliminate than
are any of the others.

Various aspects of the problem of finding all finite nonabelian simple groups
have been undergoing active research for the better part of a century, and recently
the complete solution of this problem was announced. The so-called Classification
theorem gives a list of a number of infinite families of simple groups and 26 excep-
tional “sporadic’ groups, and it asserts that every nonabelian finite simple group lies
on this list. The complete proof of this theorem runs to many thousands of pages
written by dozens of authors. (We mention that the smallest of the sporadic groups
has order 7920 and was discovered by E. Mathieu in 1861. The largest of these
groups was discovered by B. Fischer and R. Greiss and was actually constructed by
Greiss in 1982. Its order is 808, 017, 424, 794, 512, 875, 886, 459, 904, 961, 710,
757, 003, 754, 268, 000, 000, 000.)

Why have simple groups evoked so much interest and effort? Presumably, it
is their comparative rarity among finite groups in general that has inspired most of
this, but another reason is that in some sense, simple groups are the “bricks” from
which all finite groups are constructed.

To make this precise, let G be any finite group and assume G > 1, Let N be
a maximal normal subgroup of G. (In other words, N <« G is a proper subgroup
and there exists no subgroup M « G with N < M < G.) It follows by the
Correspondence theorem (3.7) that G/N is simple. If N > 1, repeat this process
by choosing some maximal normal subgroup of N (which, of course, may not be
normal in G). Continuing in this way, we obtain a series of subgroups

§:1=G64<«Gia-aGyr,a4G,=0C,

where each group is maximal normal in the next. Such a series is called a composi-
tion series for G. The factor groups G;/G;_, for 1 < i < n are all simple (possibly
of prime order), and the group G may be viewed as being built from these simple
compaosition factors. In Chapter 10, we prove the Jordan-Hélder theorem, which as-
serts that the composition factors of G are uniquely determined (up to isomorphism)
and they are independent of the particular series S. Different composition series
for G will yield composition factors that are isomorphic to those from S, although
perhaps they occur in a different sequence.
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We close this discussion of simple groups with the observation that there is a
practical consequence of the fact that all finite groups are built from simple groups.
Often, a theorem about general finite groups can be proved by an appeal to the simple
group classification. As an example of this technique, let us consider groups of order
relatively prime to 15. From the classification, the following is true:

(*) If § is a finite simple group and } 5| is not divisible by 3 or 5, then [§] 1s
prime.

(3.13) THEOREM. Assume fact (*). Let G > 1 be a finite group with order
relatively prime to 15. Then G has a nonidentity abelian normal subgroup.

Proof. Let M be minimal normal in ¢. In other words, 1 < M «a G, and there
does not exist K « &G with 1 < K < M. (Note that the existence of M is
assured by the finiteness of G.) Next, let ¥ be maximal normal in M. By the
Correspondence theorem (3.7), the group M /N is simple. Since |M/N| divides

|G|, it is relative prime to 15, and so by fact (), M/N has prime order. In

particular, M /N 1s abelian and hence M' © N by Theorem 3.10, and it follows
that M’ < M.

Problems

31

3.2

33

34

Now M’ char M « G and thus M’ « G. I follows from the minimality of

M that M’ = 1, and thus M is abelian, as desired. i

Let G be any group. Show that G/Z(G) = Inn(G). Conclude that Inn(G)
cannot be a nontrivial cyclic group.

Let O3 be the group described in Problem 1.9. Show that G/Z(G) can never
be tsomorphic to Qg.

HINT: If G/Z(G) = (g, show that G has two abelian subgroups of index 2.

Let ¢ be a homomorphism defined on a finite group G, and let H € G.

a. Show that |¢(G) : ¢ (H)] divides |G : H]
b. Show that l¢(H)| divides | H|.

Let = be any set of prime numbers. A finite group H is a w-group if all
primes that divide |H| lie in x. If [G| < oo, then a Hall m-subgroup of G is
a w-subgroup A such that |G : H] is divisible by no prime in 7. Let ¢ be a
homomorphism defined on G.

a. If H C G is a Hall m-subgroup, show that ¢(H) is a Hall & -subgroup of

@(G).
b. Show that ¢(G) is a w-group iff HN = G, where N = ker(p).

NOTE: It is not true for every finite group G and every prime set 7 that
G necessarily contains a Hall w-subgroup. The symmetric group Sym(5),
for example, has no subgroup of order 15 and hence does not have a Hall
{3, 5}-subgroup.
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3.5 Let G be a finite group and suppose i is a set of primes.
a. Show that G has a unique normal subgroup N, minimal with the property

that G/N is a w-group.
b. Lett : G — G/N be the canonical homomorphism. Show that every
homomorphism ¢ of G to a w-group “factors through™ r. (This means that

¢ = 6 for some homomorphism 8.)
NOTE: The subgroup N of Problem 3.5 is usnally denoted O™ (G).

3.6 In the lattice diagram in Figure 3.4(a), UV = ¥ so that we have a diamond.
Also, U S AC Y. Let B = ANYV. Show that diagram (b) is a valid lattice
diagram and that {A, ¥, V, B} and (U, A, B, X} are both diamonds.

N\
/ /\/
\/

HINT: Use Dedekind’s tlemma (Problem 2.9).

3.7 In the lattice diagram in Figure 3.5(a), {U, Y, V, X} is adiamondand N « Y.
Let A = NU and show that diagram (b) is valid.

AN N
U N
NN, NN

Figure 3.5

3.8 Let N < G and suppose ¢ : G — H is a surjective homomorphism such that
N Nker(p) = 1. Let x € N. Show that ¢(Cgs(x}) = Cx{e(x)).
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3.13
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HINT: Consider commutators.

Let H € G. Show that N;(H)/Cg(H) is isomorphic to a subgroup of
Aut(H).

NOTE: The result of Problem 3.9 is sometimes called the “N/C theorem.”
We shall have occasion to refer to it often,

A group G is called metabelian if there exists some abelian normal subgroup
A of G such that G/ A is also abelian.

a. Show that G ts metabelian iff G” = 1. (We write G” to denote (G'Y’, the
commutator subgroup of the commutator subgroup of G.)

b. Show that homomorphic images of metabelian groups are metabelian.

¢. Show that subgroups of metabelian groups are metabelian.

a. Suppose G" is cyclic. Show that G” € Z(G)'.
b. Suppose in addition that G’/ G” is cyclic. Show that G" = I,

HINT: For part (a), consider G/Cgz(G"”) and Aut(G"”). Problem 2.19 is
relevant.

Let ¢ : G — H be a surjective homomorphism with G finite. Supposek ¢ H
has an order that is a power of the prime p. Show that G has an element g of
p-power order with ¢(g) = h.

HINT: Choose x with ¢(x) = k and take g € {x).
Let G be finite and abelian and suppose p is a prime divisor of [G}. Show that
G has an element of order p.

HINT: Work by induction on |G|. If 1 « H < G, apply the inductive
hypothesis to H and to G/ H,

Let G be finite and abelian and let m divide |G|. Show that G has a subgroup
of order m,

HINT: Use Problem 3.13 and induction.
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Group Actions

4A

Although there are many advantages in moving from the older definition of groups
as permutation groups to the modern abstract axiomatic definition, there is also one
significant potential disadvantage. With a permutation group one has the set being
permuted, and this provides a tool for the study of the group. For instance, if the set
has exactly n elements, then by Lagrange's theoremn, we can conclude that the order
of the group divides |Sym(n)| = n!.

The idea behind the theory of group actions is to regain the advantages of work-
ing with permutation groups while continuing to deal with abstract groups. Actions
provide techniques for producing subgroups and (especially important) normal sub-
groups. They can be used as an efficient counting tool to prove theorems about
groups and to solve certain combinatorial problems involving symmetry,

(4.1) DEFINITION. Let G bea group and 2 any nonempty set. Assume that for
each g € G and & € £, there is defined a unique element @ - g € 2. Suppose
the following conditions hold:

a ¢l =«aforalla € Q and
b (¢-g)-h=a -(ghyforala € Qandg, k € G.

Then we say that G acts on 2 or that - is an action of G on .

The prototype examples of a group action are permutation groups. Let 2 # &
and suppose G < Sym(f2). Then, for¢ € Q and g € G, we can simply take
@ - g = (o)g. (In other words, we simply evaluate the function g at .) Condition
(1) of Definition 4.1 is satisfied by the definition of the identity element of Sym(£2),
and condition (ii) is satisfied by the definition of multiplication in this group.

If G is any group and Q # & is arbitrary, we can define the trivial action of
GonQbyw- -g=aforalla € Qand g € G. This rather uninteresting example

42
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demonstrates that an action need not be “faithful.” (An action is fairhful if the identity
is the only element g € G such that o - g = o for all @ € £2.) In general, the kernel
of an action is the set of group elements that act like 1 and “fix” all ¢ € £2. (We say
gfixesaifa g =a.)

The most useful actions of finite groups are usually internal (in some sense) to
the group. There are, for instance, two important ways in which a group G can act
on itself, (In other words, we take £2 = (.) The first of these is the regular action
defined by x - g = xg forall x € G and g € . (Note that in this case, condition
(ii) of Definition 4.1 is just the associative law.) The other important action of G on
itself is the conjugation action, where we define x - g = x# = g~'xg. (The reader
should check that this really is an action, that conditions (i) and (ii) of Definition 4.1
are satisfied.) Observe that the regular action is faithful and that Z{G) is the kernel
of the conjugation action of G.

If X € G is any subset and g € G, then as usual we define the product
Xg = {xg | x € X]. This can be used to define an action of G on the set of all
subsets of & by setting X - g = Xg. (Again, the reader should check that this really
is an action. Usually, the verification that something is an action is utterly routine
and will be omitted.) If H € G is a subgroup, take €2 to be the set {Hx | x € G} of
all right cosets of H in G. If X € Q, then also Xg € Q since (Hx)g = H(xg), and
thus right multiplication defines an action of G on Q. (Note that, in general, neither
of the following will work to define an action of G on the set of left cosets of H
in G:

1. (xH) -g=xHg
2. (xH)-g=(xg)H.

We leave it to the reader to discover what goes wrong in each case.)

(4.2.) LEMMA. Let G acton Q. For each g € G, definenr, : Q@ — by
(), = - g. Then n, € Sym(§2) and the map 6 : G — Sym(2) defined by
B(g) = m, is a homomorphism whose kernel is equal to the kernel of the action.

Proof. Ifg,.h € Gand a € £, then
(@)memy = (- g)my = (- 8) - h = a - (gh) = (),

and so 7, T, = 7, forall g, A € G. (Note that we have used condition (ii) from
Definition 4.1.) Also, by condition (i),

(oM =a-1=e,

and so m; is the identity function ig on £2.
Now for g € GG, we have

JTS-J'TE—I = 3"!'1 = Irg—ixg,

and thus ., is an element of Sym(£2) by Lemma 1.1(a) and (b).
We have
(g0 (h} = memy = mep, = B8(gh)
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and 6 is a homomorphism. An element g & & lies in ker(9) iff 7, = ig, and
this is equivalent to saying that o« - g = & forall o € £2; that is, g is in the kernel
of the action. -

(4.3) COROLLARY. Let G acionS2andlet K be the kernel of the action. Then
K a G and G/ K is isomorphic to a subgroup of Sym(2).

Proof. Let? : & — Sym(§2) be as in Lemma 4.2. Then K = ker(#) « ¢ and
G/ K = 6((G) by the Isomorphism theorem (3.3). ]

In the search for simple groups, it is convenient to have nonsimplicity criteria
in order to eliminate potential candidates and narrow the field. For this reason,
we feel that any result that can be used to produce a nonidentity proper normal
subgroup where one was not previously known to exist must be considered jo be a
good theorem. By this standard, the following is surely one of the most accessible
good theorems,

(4.4) THEOREM. Let H C Gwith|G : Hl =n < oo. Then there exists N « G
such that

a. N C Hand
b. |G : N|divides n!.

In particular, if n > 1 and |G| does not divide n!, then (G is not simple.

Proof. Let G act by right multiplication onthe set 2 = {Hx | x € G}, and let N
be the kernel of this action. By Corollary 4.3, N « G and G/N is isomorphically
embedded in Sym(£2). Since |$2| = n, we have |Sym($2)| = n!, and Lagrange’s
theorem yields that |G : N| = G /N| divides n!,

To see that N € H, observe that if x € N, then since H € §2, we have

xeHx=H x=H,

where the last equality holds by the definition of the kernel of an action.

For the [ast statement, it suffices to show that 1 < N < (. Sincen > 1
we have fI < G and so N < G by property (a). Finally, if N = 1, then
|G| = |G : M| divides n!, and this contradiction proves N > 1, -

To use Theorem 4.4 as a nonsimplicity criterion, we need some way to find
subgroups A < G with relatively small index. So far, we have not seen much
that can be used for this purpose, but in the next chapter we shall obtain the Sylow
theorems; these provide some very powerful techniques for finding subgroups of
finite groups and keeping control over their indices.

The next result is an application of Theorem 4.4 that may be viewed as a gen-
eralization of Problem 2.6,

(4.5) COROLLARY. Let H C G, where G is finite and |G : H| = p is the
smallest prime divisor of |G|. Then H « G,
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Proof. Let N <« GbeasinTheorem4.4. Wehave N € Handwe wnte |H : N| =
m. Then |G : N| = |G : H||H : N| = pm, and by Theorem 4.4(b), this must
divide p! = p(p — 1)!. It follows that m divides (p — 1)!, and so every prime
divisor ¢ of m satisfies ¢ < p — 1. By Lagrange’s theorem, however, g divides
|G| and this contradicts the assumption on p.

We conclude that ¢ cannot exist and so m=1. This yields H=N < G. B

Theorem 4.4 remains valid even if G is infinite, provided that |G : H| < oc.

(4.6) COROLLARY. Let H C G have finite index. Then there exists a normal
subgroup N of finite index with N € H. [

Corollary 4.6 can sometimes be used to convert problems about infinite groups
into the corresponding finite group problem. If  is finite, for instance, and U C
V < G, then it is immediate by Lagrange’s theorem that |G : U} = |G : V||V : U].
Suppose now that G 1s infinite but that |G : U| < oo, with U/ € V € G as before.
It is still true that |G : U} = |G : V||V : U|. To see this, apply Corollary 4.6 to
obtain N < G of finite index with N < UJ. Write G = G/N andlet I and V denote
the images of U_and V under the canonical homomorphism G — G. Since G is
finite, we have |G : U| = |G : V||V : U| However, |G : U| = |G : Ul by the
Correspondence theorem (3.7); similarly, |G :V|=|G:V]|and|V : U] = |V : U].
This proves the desired equality.

Before we leave Theorem 4.4 and its consequences, we present a result that
gives some more precise information about the normal subgroup N.

(4.7) THEOREM. Let H € G and let N be the kernel of the action of G on the
right cosets of H (by right multiplication). Then
a. N={) H* and

xeG

b. ifMaGwithM C H, then M C N.

Proof. letx,g € G. Then (Hx):- g = Hx iff Hxg = Hx, and this happens iff
xg € Hx. Thus, g fixes Hx iff g € xVHx = H*. It follows that the kemnel of
the action is precisely the set of elements that lie in every one of the conjugates
of H, and this proves property (a).

Now let M be as 1in (b). Forx € G, we have M = M* C H* and thus

M< (VH* =N,

xeld

as claimed. [

In the situation of Theorem 4.7, the normal subgroup N is the largest normal
subgroup of G contained in H. It is called the core of H in G, and we write
N = coreg(H).
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Group actions can also be used to produce subgroups that are not necessarily
normal. If G acts on Q and o € 2, we write

Gyo={geCGla-g=a}.

This is called the stabilizer of « in G, and it is routine to check that G, is always a
subgroup of &. We consider some examples.

Let G act on itself via conjugation. If x ¢ ¢, then G, = {g € G | x¥ = x}, and
since x8 = x iff xg = gx, we see that the stabilizer in G of x € G under conjugation
is just Cgs(x).

Next, let & act via conjugation on the set of all subsets of G. If X is one of
these subsets, then Gy = Ng(X), the normalizer of X, (In this case, some authors
call G x the setwise stabilizer of X to distinguish it from C;(X), which they call the
pointwise stabilizer of X )

For our final example, let G act by right multiplication on the set of right cosets
of H € G in G. Then, as we saw in the proof of Theorem 4.7, the stabilizer of the
coset Hx is the conjugate H™. In particular, H is its own stabilizer in this action.

4B

We retum now to the general case of a group G acting on a set 2. We say that the
action is fransitive if for every two elements o, f € £2, there exists anelement g € G
with o - g = B. For instance, the regular action of G and the usual action on the
right cosets of a subgroup are transitive. In general, the conjugation action of G on
itself is not transitive, since if x, y € G have different orders, then there can exist
no g € & with x® = y. (Recall that conjugation by g defines an autemorphism, and
50 it preserves the orders of elements.)

In general, if G acts on £2, then the orbits of this action are the sets of the form

fe-glgeG)cCQ,

(4.8) LEMMA. Let G act on Q. Then the orbits partition 2. This means

a. 2 is the union of the orbits and
b. any two different orbits are disjoint.

Proof. Write O, ={o-g} g € G). Sincew - 1 = o, we have ¢ € (7, and thus

Q= U@a,

aell

proving part (a). :
We show now that if y» € O,, then O, = 0,. We have y = « - x for some
x € (, and thus
yrg=-x)-g=a-xge,.

This yields O, € O,. Also,a = y - x~!, s0 that @ € (), and hence the above
argument yields O, € O,. We have shown that O, = ©,, as claimed.



GROUP ACTIONS 47

Finally, if O, N Og # &, choose y € O, NOy. Then O, = O, = g, and
part (b) is proved. [

The partition of 2 by the orbits of an action is analogous to the partition of a
group by the cosets of a subgroup. This is not entirely accidental, since if H C G,
we can let A act on G by right multiplication. In this case, the orbit containing
g € ( is exacUy the left coset g H. (The reader should try to find an action of H on
(> whose orbits are the right cosets of H.)

An important example of the partition of a set into orbits with respect to an
action occurs in the conjugation action of a group on itself. Inthat case the orbits are
called conjugacy classes. Note that the class (i.e., conjugacy class) of an element
x € G consists of the element x alone iff x € Z((). As an example, the reader
should check that the classes of Dy, the group of symmetries of a square, are the
following. Each of the identity and the 180° rotation constitutes an entire class. The
+90° rotations form a class, the two diagonal flips form a class and the horizontal
and vertical flips form a class. This gives a total of five classes for Ds.

The phrase “conjugacy class” is also sometimes applied to an orbii of the con-
Jjugacy action of G on its set of subgroups, and so one must examine the context to
be certain of the meaning. Usually, if a class of subgroups is intended, this is stated
explicitly.

4C

One of the major applications of actions is for counting. The key to this is the
following theorem,

(4.9) THEOREM. LetG acton$2andlet O be an orbit of this action. Leta € O
and write H = G, the stabilizer. Then there exists a bijection O « {Hx |

x € G}

Proof. We construciamap f: O — {Hx | x € G} as follows. If 8 € (2, choose
x € G with f = & - x, and set f(8) = Hx. We need to check that this is well
defined. In other words, if also § = « - ¥, we must establish that Hx = Hy.

Wehaveo x = a-y,sothata-xy™! = (@-x)y ' = (a-y) y ' =a-1 =a,
and hence xy~' € H. Therefore, x € Hy and so Hx = Hy, as required.

It is clear that f maps onto {Hx | x € G}, since for any x, we have
Hx = f{(a«-x). Finally, to show that f is injective, suppose that £(8) = f(y).
Then 8 =« -x and ¥y = « - y with Hx = Hy. This yields y = hx for some
h € H, and hence

yv=a-y=(a-h)y - x=a-x=4,
where the third equality holds since h € H = G,,. n

The following is a restatement of Theorem 4.9 into a useful form that we have
dubbed the “fundamental counting principle,” or FCP.
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(4.10) COROLLARY (FCP). Suppose G acts on Q, and let O be an orbit. Then

10| = {G : Gal,
where « is any element of O. If G is finite. we have
O] = 1G1/1Gal,
and in particular, |O| divides |G|, a

As our first application, we apply the FCP to get information about conjugacy
classes.

(4.11) COROLLARY. Let g € G and let cl(g) denote the conjugacy class con-
taining g. Then |cl(g)| = |G : Cg(g)|. In particular, for a finite group, all
class sizes divide the order of the group.

Proof. The class cl(g) is an orbit under the conjugation action of G on itself,
and Cg(g) is the stabilizer of g. The resuit is thus just a special case of
the FCP. [ |

(4.12) COROLLARY. Let G be finite and suppose that every two nonidentity
elements of G are conjugate. Then |G| < 2.

Proof. Write n = |G| and assume n > 1. Then G has a class of size n — 1, and
hence n — 1 divides n. This yields #n = 2(n — 1) and son < 2. ]

In view of Corollary 4.12 it seems rather surprising that in fact there do exist
infinite groups in which all nonidentity elements are conjugate. Qur next result may
be viewed as a generalization of Corollary 4.12 where we do not attempt to construct
a precise bound.

(4.13) THEOREM (Landau). For each positive integer k there exists a bound
B(k) such that a finite group G having exactly k conjugacy classes satisfies
G| < B(k).

We need a lemma.

(4.14) LEMMA. Given a positive integer k and a number A, there exist at most
finitely many solutions in positive integers x; for the equation
1 1 1
— 4 — ek — =4,
X X3 Xi
Proof. We may assume that A > 0 or else there are no solutions at al}. Also, it is
no loss to assume that x; is the smallest of the x;, so that
k 1 1

_z—u_—l_-.-+——=
Xk X3 Xk
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and wehave 1 < x; < k/A. There are, therefore, only finitely many possibilities

for x;.
If k = 1, the proof is complete, so we assume £ > 1 and work by induction

on k. For each possible value of x¢, the inductive hypothesis guarantees that
there exist only finitely many solutions to

1 1 1 1
-~ =4+ —=A—-—,
X1 Xy Xi—1 Xk
and there are thus only finitely many solutions in all. =

Proof of Theorem 4.13. Suppose G has exactly k conjugacy classes and their sizes
are ¢y, ¢3, . .., €. We then have the so-called class equation,

IGl=c1+cp+- +ck.

Since each class size divides |G|, we can write |G| = c¢;x; for positive integers
x;. (In fact, x; = |Cg(g:)|, where g; is any element of the ith class.) This yields

and so by Lemma 4.14, there is a number B(k), depending only on &, such that

a“ xX; = B(k).
Since the identity is in a class by itself, we have (say) ¢, = 1 andsox; = |G|.
Therefore |G| < B(k). [ ]

We can obtain further useful information by applying the FCP to the conjugation
action of G on its set of subsets.

(4.15) COROLLARY. Let X C G be a subset. Then the number of distinct
G-conjugates of X (counting X itself} is |G : Ng(X)|. [ |

As an application of Corollary 4.15, we give the following corollary.

(4.16) COROLLARY. Let H C G, where G is finite. If

UH‘g:G,

g€

then H = G.

Proof. Let N = Ng{H). By Corollary 4.15, there are exactly |G : N| distinct
subgroups H¥, and so

Gl—1 =16 ~ ()i = || Joa#t — p| =16 : NiGHI - 1)
£

since |H#| = |H| foreach g € G. Also, N 2 Handso |G : N| < |G : H|,
and this yields (G| — | < |G : H|(1H]| - 1) = |G| — |G : H|. We conclude
that |G : H] < 1, as desired. [
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The following application of the FCP generalizes Problem 2.8(d).

(4.17) COROLLARY. Let H, K C G be finite subgroups. Then
|HK| =H||K|/|HNK]|.
Proof. Let Q = {Hx | x € G} and let K act on 2 by right multiplication. Now

HK = UHk,

kek

and since Hk = H - k, we see that H K is the union of those cosets that are
elements of the orbit  containing H. Therefore, since the cosets in @ are
disjoint and each contains exactly | H| elements, we have |H K| = |H||O].
Finally, the stabilizer in & of H is the subgroup H itself, and hence the
stabilizer in K of H is H N K. By the FCP, we have |0 = {K|/|H N K|, and
the result follows. .

Note that we need not assume that A X is a group in Corollary 4.17.

4D

Now we wish to apply the FCP in a different way. Instead of computing the size
of a single orbit, we will count the total number of orbits. Te de this, we make a

definition.
Let G act on a finite set 2. The associated permutation character is the integer-

valued function x defined on G by the formula
x@=lael|a-g=a}i.

For instance, the permutation character associated with the regular action of a finite
group G is the function

_fo  ifg#1
X(g)*{im if g = 1,

and for the conjugation action of G on G we get
x(g) =1Cs(g)|.-

Our key result is the following theorem.

(4.18) THEOREM (Cauchy-Frobenius). Let G act on ., with both G and
finite. Then the total number n of orbits is given by



GROUP ACTIONS 51

Proof. We define
S:{(a,g)iaeﬂ, gEGs o:-g:a}.

The cardinality of & can be computed in two different ways. First, we see that
for cach a € Q, there are exactly |G| elements g such that («, g) lies in &, and

this gives
81 =D 1G.].

D

Also, for each g € G, the number of clements « €  paired with g is x (g), and

50 we have
S =Y x(g).
el
We deduce that
1 1 1
— X( ) = = tGal = s
G| Z; 8= 1G] Zﬂ ZQ 1O,

where O, is the orbit containing «, and the second equality follows by the
FCP. Since the sum of 1/|Q|, taken as many times as the orbit ? has ele-
ments, is equal to 1, we see that the sum on the right is equal to the number »
of orbits. m

A convenient paraphrase of the Cauchy-Frobenius formula is that the number
of orbits is equal to the average value of the permutation character x.

(4.19) COROLLARY. Suppose that the finite group G acts transitively on the
set §2 and that |Q| > 1. Then there exists g € G fixing no point of 2.

Proof. Since G is transitive, there is just one orbit and the average value of the
permutation characteri1s 1. Since x (1) = |2| > 1, there mustexistsome g € G
at which x has a below-average value. For some g € G, therefore, x(g) < 1
and so x(g) = 0. [

Note that Corollary 4.19 provides an altemative proof of Corollary 4.16. If
H < G, then setting 2 = {Hx | x = G}, we have |Qf > 1 and G acts transitively
on £2. By Corollary 4,19, therefore, there exists g € G fixing no coset Hx. Since
the stabilizer of Hx is H*, it follows that g lies in no conjugate of H, and Corollary
4.16 follows.

In many books, the Cauchy-Frobenius theorem is incorrectly attributed to
W, Burnside and is referred to as Burnside’s orbit-counting formula. It is also
sometimes associated with G. Pélya, who showed how to use it in certain problems
of enumerative combinatorics. We close this chapter with an example of Polya’s
method.
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Consider the following problem. Suppose that we are in the business of man-
ufacturing colored squares out of bits of wire. We have a supply of 1-inch pieces
of wire in n different colors, and we make 1-inch squares by soldering four of these
together at a time. We wish to keep in stock a supply of every possible colored square
that a customer might request. We store our completed squares in bins, and we ask:
What is the smallest number of bins we need such that every request for a colored
square can be filled simply by reaching into the appropriate bin? At first glance, it
appears that the answer should be n*, since there are » different colors possible for
each of the four sides. (We say that there are a* different color configurations for
the squares.)

We can manage with fewer than n* bins. The squares with a red top and the
three remaining sides blue, for example, need not be segregated from the squares
with a red bottom and the three remaining sides blue. (In fact, the bin containing
these two color configurations also contains two others.) Squares with one blue side
and three red sides, however, must be stored in a different bin. We need to count the
number of “fundamentally different” squares and not just the number of different
color configurations. A bit of experimentation shows that when n = 2, six bins are
required. Figure 4.1 shows the six fundamentally different squares in this case.
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Figure 4.1

To put the above discussion into somewhat more precise language, we see that
the group Dy of symmetries of a square acts on the set  of n* color configurations
of the square. What we are asked to count is the number of orbits of this action,

To solve the problem, we compute the value of the permutation character on
each of the eight elements of Dg. The identity fixes everything, of course, and so
x{(1) = || = n*. A 180" rotation fixes a color configuration iff the top and bottom
have the same color and the two sides have the same color (which need not be
the same as that assigned to the top and bottom). It follows that the character value
for this element is #°. The reader should have little difficulty in verifying the data

in Table 4.1.
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TABLE 4.1
Type of Element Number of This Type | Value of x
Identity 1 n*
180° rotation I n?
90° rotation 2 n
Diagonal axis flip 2 n?
Horizontal or vertical flip 2 n’

By the Cauchy-Frobenius formula (4,18), therefore, the number of fundamen-
tally different colored squares we can make with n colors is

st + 20 + 3n% + 2n).

Note that when n = 2, this is equal to 6, as we expected.

Problems

4.1

4.2

4.3

4.4

4.5

4.6

Let G act transitively on §2 and assume G is finite. Define an action of G on
the set §2 x 2 by putting (@, 8) - g = (¢ - g, B - g). Leta € 2. Show that G
has the same number of orbits on £2 x £2 that ¢, has on .

An acton of & on §2 is doubly transitive if G is transitive on the set of those
ordered pairs (o, 8) with o % 8 (with the action as in Problem 4.1). Show
that G is doubly transitive on £2 if

1
— Y x(gi=2,
Gl 2

where x is the associated permutation character, Do not assume G is transitive.

Let H, K C G be finite subgroups. Show that |HgK| = |H||K|/|K N HE|.
NOTE: A setof the form HgKX is called a double coset.

Lety : G -—» H be a surjective homomorphism with |G| finite and let g € G.
Show that
ICa(@)] = ICu(p(g))].

HINT: Show that the conjugacy class of g in the inverse image in G of
Cu(@(g)) has size < |ker(g)|.

Let G be finite. Show that the probability that two elements of G chosen at
random cornmute with each other is equal to k/) G|, where k is the number of
conjugacy classes of ;. (The two elements are allowed to be equal; they are
chosen randomly with replacement.)

Find a formula for the number of fundamentally different ways to color the six
faces of a cube if there are n colors available. (Two colorings are considered
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4.7

4.8

4.9

CHAPTER 4

to be the same if the corresponding colored cubes are indistinguishable after
being shaken up in a box. Note that a colored cube may be distinguishable

from its mirror image.)

How many different necklaces can be made by stringing » symmetrical beads
on a cord and closing the cord into a loop? Assume that there are »n different

colors of beads available.

Let G act on €2, where G and §2 are finite, For g € G, write a{g) to denote
the number of orbits of (g} on 2. Let f; g be the polynomial defined by the

formula 1
foal) = —= ) " x7@®,
Gl o

Show that f; o(x) is an integer whenever x is a positive integer.

NOTE: The assertion remains true if the word *positive” is dropped. Also,
observe what happens if we take 2 = G to be a cyclic group of prime order
p. Inthat case, f.a(x) = (1/p)((p — 1)x + x”), and the problem yields that
xP — x is divisible by p for integers x.

(Cauchy). Let G be finite and let p be a prime divisor of |G|. Show that G
has an element of order p.
HINT: Suppose the assertion is false and that G is a counterexample of

minimum possible order. Show that p divides the size of each nontrivial
conjugacy class of G. Use the class equation and Problem 3.13.
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The Sylow Theorems and p-groups

SA

So far, we have studied properties of subgroups, but we have not developed especially
powerful techniques for finding or constructing subgroups. If G is finite, for instance,
Lagrange'’s theorem tells us that for any subgroup H C &, we have that | H| divides
G |. On the other hand, if we are given a divisor m of |G|, we have not discussed the
question of whether there must exist a subgroup of order m. (In the comparatively
casy case where G is abelian, this was done in Problem 3.14.) The main point of
Sylow’s theorem is the partial converse of Lagrange’s theorem, which asserts that if
m is a power of a prime number and is a divisor of |G|, then G does have a subgroup
of order m, This result might well be called the “fundamental theorem of finite
group theory.” {We mention that the full converse of Lagrange’s theorem is not, in
general, true. There exists a group of order 12, for instance, that has no subgroup of
order 6.)
We begin with a number theoretic lemma about binomial coefficients.

(5.1) LEMMA. Letn = p°m, where p is a prime. Then

(H)Em mod p.
pa

Proof. If f(x) and g(x) are two polynomials with integer coefficients, we use the
notation f(x) = g(x) mod p to mean that for every j > 0, the coefficients of
x/ in f(x) and g(x) are congruent mod p. For instance, we have

x+1)Y=x"+1 mod p,
since (f) =0modpforl <j<p—1,
We now have
(x+ D = {(x? + 1P =x" +1 mod P,
55
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and continuing like this, we obtain
x+1D"=x"4+1 modp

and .
GH+1D)"=x+D""=x" +1)" mod p.

Comparison of the coefficients of x”* on both sides yields

()= mar

as required. u
We are now ready to prove the Sylow existence theorem, or E-theorem.

(5.2) THEOREM (Sylow E). Let G be a finite group of order p°m, where p is
prime and pfm. Then G has a subgroup H of order p®.

Proof (Wielandt). Let €2 be the collection of all subsets X € G with | X| = p°.
Then

IQl:('ﬁi‘)—:*m;éO mod p,

where we have used Lemma 5.1 and the hypothesis that p does not divide m.
Let & act on £2 by right multiplication. (Since [Xg| = | X|, this does define
an action.) Because p/)|2|, there must be some orbit @ with p})©|, and we
choose X € (0. By the FCP (Corollary 4.10), we have {O| = |G|/|H|, where
H = Gy is the stabilizer of X in . Since p*® divides |G| but p does not divide

|}, we must have p?|| H|, and in particular, p® < |H|.
Now fix x € X. For k ¢ H, we have

xheXh=X-h=X,

since Ff is the stabilizer of X. It follows that the left coset xH € X and thus
|H| = |xH| < |[X| = p°.

Combining this with our previous inequality yields |H| = p°. [

As we shall see [ater, the condition that p,{’m is not really necessary, and in fact
G has a subgroup of order p? whenever p is a prime and p? divides |G].

(5.3) DEFINITION. Let G be afinite group and p aprime, A Sylow p-subgroup
of & is a subgroup P & G such that | P| = p? is the full power of p dividing
|G|. The set of all Sylow p-subgroups of G is denoted Syl (G).

The content of Sylow’s E-theorem (5.2) is that 3ylL,(G) is nonempty for every

finite group. (If p,{’ {G|, then the trivial subgroup is 2 Sylow p-subgroup, and so even
in this case, Syl,(G) % @.)
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In Problem 4.9, the reader was asked to prove Cauchy’s theorem concerning the
existence of elements of prime order in finite groups. Cauchy’s result can also be
obtained as an immediate corollary of Sylow’s E-theorem.,

(5.4) COROLLARY (Cauchy). Ler G be finite with p|]Gi, where p is a prime.
Then G has an element of order p.

Proof., Let P € Syl (G). Since p|IG|, we have P > 1 and we can choose
x € P —{1}. Then o(x) = p° for some ¢ > 0, and thus x* ' hasorder p. =

A (not necessarily finite) group P 1s said to be a p-group (where p is a prime)
if every elermnent has (finite) order a power of p.

(5.5) COROLLARY. A finite group is a p-group iff its order is a power of p.

Proof. This is immediate by Cauchy’s theorem (5.4) and Corollary 2.24 to La-
grange’s theorem. |

We see that a Sylow p-subgroup of a finite group G is indeed a p-subgroup,
and in fact by Lagrange’s theorem, it has the largest order any p-subgroup of G
couid have. It does not follow (but it is true) that a subgroup of G maximal with the
property that it is a p-group is necessarily Sylow. It is conceivable that one could
have a p-subgroup not contained in any larger p-subgroup and yet with order too
small to qualify as a Sylow p-subgroup. That this cannot actually happen is the
essential content of the Sylow “development” or D-theorem.

{5.6) THEOREM (Sylow D). Let G be finite and let P &, G be a p-subgroup.
Then there exists § € Syl (G) with P C .

We shall soon prove Theorem 5.6, but first we wish to consider the relationship
among the various Sylow p-subgroups of G for a fixed prime p.

The condition that a subgroup of ¢ be a Sylow p-subgroup is just a condition
on the order of the subgroup, and therefore any conjugate of a Sylow p-subgroup
of (& is again a Sylow p-subgroup. What is less trivial is that every two Sylow p-
subgroups of G are conjugate. This is the essential content of the Sylow conjugacy
or C-theorem.

(5.7) THEOREM (Sylow C). Let G be a finite group. Then the set Syl (G) is a
single conjugacy class of subgroups of G.

We can combine the Sylow D- and C-theorems into a single result.

(5.8) THEOREM. Ler G be finite and suppose P € G is a p-subgroup and
§ € Syl ,(G). Then P C §* for some x € G.

Proof. LetQ = {Sx | x € G} and let P act on £2 by right multiplication. We have
|$2] = |G @ S|, and this is not divisible by p since § is a Sylow p-subgroup.
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It follows that some orbit of the action of P on {2 must have size not di-
visible by p.

Since P is a p-group, however, all of these orbits have p-power size by the
FCP. Since the only p-power not divisible by p is the number 1, there must exist
some orpit containing only a single element. It follows that P stabilizes Sx for

somex € G.
If y € P, then
Sx = (8§x) -y = Sxy,
and hence
$* = x718x = x ' Sxy = §*y
and y € $*. Thus P C §%, as required. [

Note that since §* is a Sylow p-subgroup of G containing 2 in Theorem 5.8,
the Sylow D-theorem (5.6) is an immediate consequence. The Sylow C-theorem
(5.7) also follows, since all we need to show is that if P, § ¢ Sylp(G), then P = §*
for some x € . By Theorem 5.8, we have P € §%, and since | P| = |§| = |$*|,
equality follows. The Sylow D- and C-theorems (5.6 and 5.7) have now been proved.

Since Syl ,(G) is a single conjugacy class of subgroups, the following is imme-
diate by Corollary 4.15,

(5.9) COROLLARY. Let G be finite andlet P € Syl,(G). Then
1Syl (G)l = |G : Ng(P)],

and in particular, this divides |G . Pj. |

(5.10) COROLLARY. Let S € Syl,(G). The following are then equivalent:

. S« G.

ii. S is the unique Sylow p-subgroup of G.
iitv. Every p-subgroup of G is contained in S.
v. S ischaracteristic in G,

Proof. Assuming (i), we have G = Ng(5), and hence ISyL(G)| = |G : Ng(S)| =
1 by Corollary 5.9, proving (1i). That (ii) implies (iii) is immediate from the
Sylow D-theorem. Now assume (iii), If o € Aut(G), then ¢ (S) is a subgroup
of G satisfying |o (S)| = | S|, and in particular, o (S) is a p-subgroup. By (iii),
therefore, we have o(S) € § and hence o (S} = §, proving (iv). Finally, the
fact that (iv) implies (i) is obvious. |

We shall generally write n,(G) to denote the number [Syl,(G)| of Sylow p-
subgroups of G. By Corollary 5.9, if |G| = pm, then n p(G) must divide m. For
instance, if |G| = 360 = 2° - 32. 5, then n3(G), which is the number of subgroups
of order 9 in G, is necessarily one of the numbers 1, 2, 4, 8, 5, 10, 20 or 40.

There is a further result that usually significantly shortens the list of possibilities
for n,(G).
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(5.11) THEOREM (Sylow counting). Let G be afinite group andwriten,(G) =
1SyL,(G)|. Then
n,(G) =1 mod p.

In fact,
n,(G) =1 mod p*

ifpe<|S:SNT|forall S, T € Syl,(G) with S # T.

For instance, if |G| = 360 as before, then the only possibilities for n1(G) are 1,
4, 10, and 40. Furthermore, since 4 and 40 are not congruent to 1 mod 9, the second
assertion of the theorem tells us that if #:(G) € {4, 40}, then there exist distinct
S, T € Syly,(G) suchthat 9 > |S : SN T|. In particular, in this case SN 7 > 1 and
the distinct Sylow 3-subgroups of  do not intersect trivially,

It is the first assertion of the theorem that is by far the most important, although
we shall see later how the additional information about Sylow intersections contained
in the second statement can be used. We have included this somewhat complicated
refinement of the usual Sylow counting theorem in Theorem 5.11, since in fact, there
is very little extra effort involved in its proof.

We begin with a lemma for which we offer two different proofs.

(5.12) LEMMA. Let G befiniteandlet § € Syl ,(G). Suppose P isa p-subgroup
of Ne(S). Then P C S.

Proof. Since P C Ng(S5), we conclude that PS is a subgroup. (See Corollary
2.31.) Also, |PS| = |P||S|/IP N S} by Corollary 4.17, and it follows that P S
is a p-group. However, PS 2 § and yet, since § is Sylow in G, it is maximal
among p-subgroups. We conclude that PS = §, and it followsthat P C 5. &

Alternative proof. Since § is Sylow in G and § € Ng(S§), we have that §
Syip (Ng(8)) (by Lagrange’s theorem). However, § a Ng(8), and 5o by Corol-
lary 5.10 applied to the group Ns(S5), we conclude that P € §. =

Proof of Theorem 5.11. Let P € Syl,(G) and let P act by conjugation on the
set Syl,(G). (Note that conjugates of Sylow subgroups are certainly Sylow
subgroups; this follows from the definition and does not require the Sylow C-
theorem.)

Since P stabilizes itself under conjugation, it follows that { P} is one of the
orbits of this action. To prove that n,(G) = 1 mod p*, it suffices to show that
every other orbit has size divisible by p®. (If there are no other orbits, then
n,(G) = 1, and there is nothing to prove.)

Suppose, then, that § € Sylp(G) with § % P, and let & be the orbit
containinng §. Thus, |O| = |P : Np{(§}| by the FCP. Also, Np(S) C S by
Lemma 5.12, and it follows that Nx(S) = P S. Thus |O} = |P : P M 5.

If p* is as in the statement of the theorem, then p¢ < |P : PN §|, and since
this index is a p-power, we conclude that p¢ divides | P : P M §|, as required.
In particular, since P # §, wehave P € Sandso |P : PN S| > 1 and hence
|P PN S| > p, and we can take e = 1, proving the first statement. o
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5B

To demonstrate the power of the Sylow theorems, we will give a number of ap-
plications that show how they can be used to analyze groups of specific orders.

(5.13) THEOREM. Llet |G| = pq, where p > q are primes. Then G has a
normal Sylow p-subgroup. Also, if G is nonabelian, then g |( p — 1)and G has
exactly p Sylow g-subgroups.

Proof. By Corollary 5.9, we have n,(G) = 1 or g, and by the Sylow counting
theorem, n,(G) = 1 mod p, Since 1 < g < p, we have ¢ # 1 mod p, and we
conclude that n,(G) = 1 and G has a normal Sylow p-subgroup, P.

Since G/ P is a group of prime order ¢, it is abelian and we have G’ C P by
Theorem 3.10. Similarly, if G had a normal Sylow ¢ -subgroup O, then G’ < Q,
and we would have G’ € P N Q = 1 and G would be abelian. It follows that if
G is not abelian, then n,(G) = 1 and thus n,(G) = p. This implies that p = 1
mod g, and the proof is complete. ]

We remark that for any choice of the primes p > g, there always exists a cyclic
group of order pq, and in fact (up to isomorphism), this is the only abelian group
of this order. To see this, suppose G is abelian and |G| = pg. Then G has normal
(hence unique) Sylow subgroups P and Q of orders p and g4, respectively. If x € G
with o(x) = p, then |(x}| = p and so (x) = P and x € P. Similarly, if o(x) = g,
thenx € ¢. Since PUQ < G,wecanfindx € G withx € P and x ¢ 0, and the
only possibility 1s that o(x) = pgq, and so G = (x).

Theorem 5.13 allows the possibility (but does not prove the existence) of a
nonabelian group of order pg whenever g i (p — 1). In fact, for every choice of such
primes p and g, it is possible to construct a nonabelian group of order pg, and in
fact, there is a unique such group up to isomorphism. We address this situation in
Problem 5.13.

(5.14) THEQOREM. Ler |G| = p’q, where p and g are primes. Then G has a
normal Sylow p-subgroup or a normal Sylow g-subgroup.

Proof. If n,(G) = 1, we are done by Corollary 5.10, and so we may assume
n,(G) > 1 and hence p # ¢ and n,(G) € {p, p*} by Corollary 5.9. We
consider the two possibilities.

First, suppose n,(G) = p. Then p = 1 mod ¢, and in particular p > gq.
Therefore ¢ # 1 mod p and we cannot have n,(G) = g. We conclude that
n,(G) = 1, and we are done in this case.

In the case where nq(G) = p?, we count elements. If 0, U, € Syl (G)
with O, # (., then since each of these subgroups has prime order ¢, we
have ¢, M Q> = 1, and s0 no two distinct Sylow g-subgroups of G have any
nonidentity elements in common. Since there are p* Sylow g-subgroups, each
containing g - 1 nonidentity elemenits, this accounts for p%(g — 1) elements of G.

The elements we have counted so far all have order g (and in fact, these
are all the elements of G of order g, although we do not need to know that).
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Let X be the set of as yet uncounted elements (including the identity). Then
|1X1 = |G| - p*(g — 1) = p*’q — p*(g — 1) = p?, and every element of G with
order unequal to g lies in X.

Now let § € Syl,(G). Then no element of § has order ¢ and therefore
§ € X. Since |5| = p? = |X{, we conclude that § = X, and therefore S is
unique and hence normai. m

We give one further result of this type.

(5.15) THEOREM. Let |G| = p’q, where p and g are primes. Then either G
has a normal Sylow p- or g-subgroup or p =2,q = 3 and |G| = 24.

Proof. We may assume that p # g and n,(G) > 1, and so we need to consider
the three possible values p, p? and p? for n (G).

We may also assume that r,(G) > 1 and thus n,(G) = g and g = 1 mod
p. Therefore, ¢ > p and we cannot have p = 1 mod 4. This eliminates the
possibility that n,(G) = p.

Now suppose n,(G) = p>. Counting elements as in the previcus proof,
we find p?(g — 1) elements of order ¢, and so there is a set X containing all
elements of order different from g, with | X| = |G| — p?(g —1) = p3. Itfollows
that an arbitrary Sylow p-subgroup of G must equat X and thus is unique and
hence normal. This contradicts n,(G) > 1.

Finally, suppose n,(G) = p*. Then p? = 1 mod ¢ and thus q|(p2 ~ 1).
Thus g{(p + 1){p — 1) and since g is prime, either gl(p + 1y or ql(p — 1).
Since g > p, the latter is impossible and thus ql(p-{- Dandsop <« g < p+ 1.
This forces g = p 4+ |.

Since 2 and 3 are the only pair of consecutive primes, wehave p = 2, g = 3
and |GI = 24, |

The obvious question at this point is whether there actually exists an exceptional
group of order 24 for which neither a Sylow 2- nor 3-subgroup is normal. Theorem
5.135, of course, does not answer this question.

It often happens in finite group theory that one can prove a general result and
obtain a small list of exceptional cases where the proof breaks down. It seems
remarkable how often it occurs that the exceptions really exist; they are not merely
gaps in the proof. In particular, it turns out that the symmetric group Sym(4) of
order 24 is an example (and is the only one up to isomorphism) that shows that the
exceptional case in Theorem 5.15 actually can occur.

Suppose we wish 10 show that no group of some specific order can be simple.
As we shall see shortly, the only simple p-groups are those of prime order and so
we consider only groups whose order is not a prime power.

(5.16) LEMMA. Suppose |G| = pm, wherea > 0, m > 1. and pfm. If G is
simple, then n = n,(G) satisfies all of the following.
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a. n dividesm.
b. n=1mod p.
c. |G| dividesn!.

Proof. Conclusions (a) and (b) hold by Corollary 5.9 and Theorem 5.11, respec-
tively.

Now let H = N;(5), where § € Syl (G). Thus |G : H} = n by Corollary

5.9. Since G is simple and 1 < § < G, we know that S is not normal, and

so n > 1, By the simplicity of & and Theorem 4.4, we deduce that |(7|

divides n!. ]

We now use a variety of techniques to work some nonsimplicity examples with
varying degrees of difficulty.

(5.17) EXAMPLE. If|G| = 1,000,000 = 2%.55 then G is not simple.

Proof. Apply Lemma5.16 with p = 5. The only divisors n of 2° that are congruent
to 1 mod 5 are 1 and 16, and neither is large enough so that |G| divides n!, since
even 16! is divisible by 5 only to the third power. [

Our next example is quite a bit more difficult and constitutes a review of almost
everything we have done so far. It also uses results given in the problem sections of

previous chapters.

(5.18) EXAMPLE. If|G) = 2376 =2.3%.11, then G is not simple.

Proof. We assume that G is simple and derive a contradiction. Applying Lemma
5.16 with p = 11, we systematically check the divisors 27 - 3/ of 2% . 33, and we
find that the only possibility for n1(G)is 2% - 3 = 12.

Our strategy now will be to find a subgroup H such that n = |G : H|
satisfies 1 < n < 11, Since in that case |G| will not divide n!, we will be done
according to Theorem 4.4. Among the techniques we have accumulated for
producing subgroups are taking normalizers, centralizers and Sylow subgroups,
and we shall use all of these.

Let S € Syl;,(G) and put N = Ng($5). Thus |G : N| = n;(G) = 22 .3
and {N| = 2-3%2-11. Now let C = Cg(S). By Problem 3.9, which is the “N/C
theorem,” we know that N /C is isomorphic to a subgroup of Aut{S$), and by
Theorem 2.11, we know that |Aut(S)| = ¢(11) = 10. It follows that |N : C|
divides 10, and therefore 3° divides |C|.

Let P € Syl;(C) sothat |P| = 32, and let H = Ng(P). Since G is simple,
we have H < G, and we will be done if we can show that {G : H| < 11. We
need to show that | H] is large, and we do this by finding subgroups that we can
prove lie inside H.

Now P C C = Cg(S)and thus S € C5(P)} T Ng(P) = H,and so {H] is
divisible by 11.

Next, by the Sylow D-theorem, there exists O € Syl,(G) with P C 3, and
we have |Q : P| = 3. By Corollary 4.5 (since Q is a 3-group), we have P « Q,
and so @ € Ng(P) = |H|. It follows that 3° = | Q| divides {H]|.
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At this point we know that 3* - 11 divides |H|. and thus |G : H| = 2* < 11,
as required. L

Our final example uses the second staternent of the Sylow counting theorem
(5.11), which we have not yet exploited.

(5.19) EXAMPLE. [f|G| = 8000 = 26 - 53 then G is not simple.

Proof. Assume G is simple and apply Lemma 5.16 with p = 5 to obtain n5(G) =
16. Since 16 $ 1 mod 5%, we conclude by Theorem 5.11 that there exist
S, T € Syl;(G)with S # T and 5 > |§: SNT|. Itfollowsthat|S : SNT| = 5.

Now by Corollary 4.5, we have SN T « § and similarly, SN 7T a 7. Let
H =Ng(S§NT)and observethat H <« Gsincel < SN T and G is simple.

We have S € H and T € H, and it follows by Lagrange’s theorem that
S, T € Syl;(H). Therefore, ns(H) = 1. However, ns(H) divides |H|, and
thus it must divide 2°. It follows that ns(H) = 2* (since it must be congruent
to 1 mod 5), and therefore 24 divides |H|.

We now know that 2% - 5 divides |H| and hence |G : H| < 22. This is a
contradiction by the “a! theorem™ (4.4). -

S5C

Since the Sylow E-theorem guarantees the existence of an assortment of p-subgroups
in finite groups, it is reasonable to develop some of the properties of these groups,
There is a tremendous amount known about finite p-groups, and we shall consider
only a few of the most important facts.

(5.20) LEMMA. Let the finite p-group P act on the finite set 2, and let
Q={aeQ|a-x =aforall x € P}.
Then |S2| = |82 mod p.

Proof. The elements of the “fixed-point”set 2, are precisely those elements of 2
that lie in “trivial” (size 1) orbits. It follows that £ — €, is a union of nontrivial
orbits. Each orbit has p-power size by the FCP, since P is a p-group, and thus
each of the orbits that constitute £2 — €2, has size divisible by p. The result
foliows. [

(5.21) THEOREM. Supposethatl < N < P, where P is a finite p-group. Then
NNZ(P) = 1. Inparticular, a nontrivial finite p-group has a nontrivial center.

Proof. Since N « P, we see that P acts by conjugation on N. The set of fiked
points in this action is precisely NNZ(P), and hence (N NZ{P)! = | N| mod p.
Since N is a nontrivial p-group, we have |N| = Omod p, andso (NNZ(P)| = 0
mod p and N N Z(P) # 1. Therefore N NZ(P) > 1, as claimed. The iast
statement is immediate when we take N = P, [ ]
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(5.22) COROLLARY. [f P isa finite simple p-group, then |P| = p.

Proof. Wehave | <« Z{(P)a P,and thus Z(P) = P and P is abelian, Since P is
simple, this forces |P| = p. =

(5.23) COROLLARY. Let P be a finite nontrivial p-group. Then P has a sub-
group af index p, and every such subgroup is normal.

Proof. Since P > 1, we can choose a “maximal normal subgroup” N. In other
words, N « P, N < P and there does not exist any subgroup M « 2 such that
N « M <« P. By the Correspondence theorem (3.7), it follows that P/N is
simple, and so by Corollary 5.22, |P : N| = p. The last assertion follows by

Corollary 4.5. u

Given a finite p-group P, we can apply Corollary 5.23 repeatedly to find a
subgroup of index p in a subgroup of index p in a subgroup of index p, and so on.
It follows that P has subgroups of every possible p-power order < | P|. Combining
this with the Sylow E-theorem, we obtain the following corollary.

(5.24) COROLLARY. Let |G| be finite and suppose p® divides |G|, where p is
prime. Then G has a subgroup of order p°. |

As we have seen, the fact that finite nontrivial p-groups have nontrivial centers
is quite powertful. Another useful fact is that “normalizers grow” in p-groups.

{5.25) THEOREM. LetH < P,where P isafinite p-group. ThenNp(H) > H.

Proof. Certainly, Z(£) € Np(H), and so if Z(P) € H, we have N.(H) > H,
as required. We suppose then that Z(P) € H. Now H/Z(P) < P/Z(P), and
since Z(P) > 1, we see that P/Z(P) is a p-group strictly smaller than P.

If we work by induction on | 2|, the inductive hypothesis yields that

Npam(H/Z(P)) > H/Z(P).

By the Correspondence theorem (or, more precisely, Corollary 3.8), we can
write
Npapy (H/Z(P)) = M/Z{P)

for some subgroup M with Z(P) C M C P.

We have H/Z(P)< M/Z(P)and thus H a M. Also, H/Z(P) <« M/Z{P)
and this gives H < M. Combining these facts, we get H <« M € Np(H), as
required. m

(5.26) COROLLARY. Ler P be a finite p-group. Then every maximal subgroup
of P is normal and has index p.

Proof. Let H < P be a maximal subgroup. By Theorem 5.25, Np(H) > H
and thus Np(#) = P and H <« P. Since H is a maximal subgroup of P, the
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Correspondence theorem tells us that £/ H has no nontrivial proper subgroups.
It therefore has prime order. |

We mention that infinite p-groups do not, in general, enjoy the properties we
have been discussing here. In particular, they can have trivial centers and proper
self-normalizing subgroups.

We close our discussion of p-groups with an application of the theory to another
nonsimplicity theorem.

(5.27) THEOREM. Let |G| = p°q, where p and g are primes and a > 0. Then
G 15 not simple.

Proof. We may assume that g # p and that n,(G) = g. We consider first the
situation where every pair of Sylow p-subgroups has a trivial intersection. In
that case, we can count elements and conclude that there are exactly g{p* — 1)
nonidentity elements in the union of all of the Sylow p-subgroups of G. The set
X of as yet uncounted elements contains every Sylow g-subgroup and satisfies
IX| = |Gl —gq(p® — 1) = q. It follows that n,(G) = 1 and & is not simple.

We can now suppose that there exist §, 7 € Syl (G) with § # T and
SNT > 1, Choose such Sand T so that SN T is as large as possible, and let
N =Ng(SNT) Since SNT < Sand SNT <« T, Theorem 5.25 yields that
SNN>SNTandTNN>SNT,

If N is a p-group, then by the Sylow D-theorem, N < P for some choice
of P e Syl,(G), and we have

SNP2SNN=8SNT,

By the choice of § and T, the Sylow subgroups § and P are not distinct and so
8 = P. Also, T = P by exactly similar reasoning, and this contradicts the fact
that S # 7.

We conclude that N is not a p-group and hence g | |IN]. Let Q@ € Syl (N),
so that |0} = ¢g. Now SQ = G by Problem 2.11 or Corollary 4.17, and thus if
ge G, wecanwrite g = xy withx € Sand y € Q. It follows that

=85 =(§VY=828NTY=85NT,
where the last equality holds since y € @ € N = Ng(SN T). We now have

1< 8SNT )8 = coreg(5) a G,

rel

and G 1s not simple. ]

Much more is true than is stated in Theorem 5.27. A celebrated result of W,
Burnside asserts that if (7| = p®g®, where p and g are primes, then G cannot be
simple uniess it has prime order. There is no known proof of this “p q°-theorem”
along the lines we have been discussing in this chapter. Burnside's proof was one of
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the early triumphs of character theory, a powerful tool for the study of finite groups
involving certain functions (called “characters”) from a group into the complex
numnibers. It was only relatively recently that a character-free proof of Bumside’s
theorem was found. In Chapter 15 we present some of the basic theorems of character
theory, and we give Burnside’s proof of the p“g°-theorem in Chapter 29,

5D

In the previous proof, we were able to get information about coreg (S) (for § &
Syl,(G)) by considering a maximal Sylow intersection. We close this chapter with
some results about minimal Sylow intersections and their connection with coreg ().
We know that coreg(§), which is the largest normal subgroup of G contained in S,
is the intersection of all of the conjugates of S, that is, of all Sylow p-subgroups.
The question is whether coreg (S) is already the intersection of just two Sylow p-
subgroups of . We shall see that this is true if S is abelian, although it does not
hold in general. We mention that the standard notation for the intersection of all of
the Sylow subgroups of & is O,(G). It is easy to see that this is the unique largest
p-subgroup normal in tbe finite group G.

(5.28) THEOREM (Brodkey). Ler G be finite and assume S & Syl (G) is
abelian. Then there exists T € Syl,(G) with SN T = coreg(S).

There 15 a result along the lines of Theorem 5.28 that does work in general, and
we state and prove that first.

(5.29) THEOREM. Ler G be finite and let 5 & Syl,(G). Choose T € Syl (G)
such that T N S is minimal, and suppose N € TN Ssatisfies N<o Sand N« T.

Then N C coreg(S).

Proof. Since

coreg(S) = {] $* = (] Syl,(G),

gey
we need to show that N € Pforall P € Syl,(G). Fix some P € Syl (G).
Let M = Ng{N)andnotethat T C M,andso T < Syl, (M) and we bave
(PN MY C T for some m ¢ M by Theorem 5.8. Thus P" N M < T, and
since § € M, we conclude that

PPOS=P"NMNSCTNS.

By the choice of T, we know that SN 7 is minimal among intersections of two
Sylow p-subgroups of G, and thus we cannot have P" N S « T N §. Ii follows
that PPN S=TNS 2D N,andso N € P™. Finally, since m € M = Ng(N),
this vields

H

N=N" CP,

as required. »
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Proof of Theorem 5.28. Choose 7' € Syl,(G) sothat § N T is minimal and let
N =5S5NT.NowS = T since Sand T are conjugate by the Sylow C-theorem,
and so both Sand 7T are abelianand N <« Sand N «a T.
By Theorem 3.29, N C coreg(S). However, since T is one of the conjugates
of §, we have coreg(S) € SNT = N. It follows that N = coreg(S) <« G. B

Problems

3.1 LetS € Syl,(G)and N o G. Show that SN N € Syl,(N). In particular, if ¥
1S a p-group, then N < §.

NOTE: By Problem 5.1, every normal p-subgroup of G is contained in
coreg(§), which is therefore the unique largest normal p-subgroup of G.
As we mentioned earlier, it is denoted O,(G).

5.2 Let G be finite and suppose ¢ : G — H is a surjective homomorphism.
a. If P € Syl (G), show that (P) € Syl (H).

b. If @ € Syl,(H), show that Q = ¢(F) forsome P € SyL,(G).
c. Show that n,(H) < n,(G).

3.3 Let H € G with G finite. Show that n,,(H) < n,{(G).

5.4 Let G be finite and suppose H & (G satisfies the condition that Cs(x) & H
for all x € H — {1}. Show that gcd(|H|, |G : H|) = 1.

HINT: Choose P € Sy}, (H) and show that P SylL,(G).

NOTE: A subgroup of G with relatively prime order and index is called a
Hall subgroup of GG.

5.5 Let H € G with G finite, and suppose P € Syl, (). If No(P) € H, show
that P € Syl (G).

5.6 Let G be finite with G > 1, and suppose P € Aut(G) is a p-subgroup. Show
that there exists some nontrivial Sylow g-subgroup Q of G (for some prime
g)suchthat o (Q) = @ forall o € P.

HINT: Consider separately the cases p“Gl and p,{’ |G

5.7 Let |G| = p3g? where p > ¢ are primes. If |G} 5= 36, show that G has a
normal Sylow p-subgroup.

58 Let P e Syl,(G). Show that
Ng(Ns(P)) = Ng(P).

3.9 If |G| = pgr where p, g and r are primes, show that G is not simple.

5.10 If [G) =< 100 and G is nonabelian and simple, show that |G| = 60.
NOTE: There really does exist a simple group of order 60.
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5.11

5.12
5.13

5.14

5.15

5.16

5.17

S5.18
5.19

5.20

If G is simple of order 60, show that & is isomorphic to a subgroup of Sym(5).
Conclude that if G, and G, are both simple of order 60, then G, = Go.

HINT: Show that G has a subgroup of index 5. If n,((G) = §, this is easy, so
assume that 7,{((G) = 15. Show that there exists an intersection D = SN T
of two Sylow 2-subgroups with | D} = 2. Consider Ng (D).

If |G| = 280, show that (G is not simple.

Given primes p and g with g dividing p — 1, construct a nonabelian group of
order pg as follows. Let P have order p and iet @ C Aut(P) have order g.
Let G € Sym(P) be the set of all maps ¢, , defined by

()¢ = (xa)o
fora € P and o € Q. Show that G is a nonabelian group of order pgq.

Let |G| = p(p + 1), where p is prime. Show that G has either a normal
subgroup of order p or one of order p + 1.

HINT: If np,(G) > 1, let x € G with o{x) # 1, p. Show that |Cs(x)| =
p + 1. Count elements.

A subgroup X C G is said to be a trivial intersection set, or T -set, if for
each g € G, either X# = X or XM X = 1. Let P € Syl (G) and suppose P
isaTl-setinG. Let H T Gand Q € Sylp(H). Show that Q is a T.L.-set in
H.

Let G be finite. Write £,(G) = |{x € G | x" = 1}] for positive integers n. A
theorem of Frobenius asserts that if nHGl, then n( f-(G). Prove this theorem
in the case that » is prime.

HINT: Let § € Syl (G)and Q@ = {x € G | x" = 1}. Let §acton 2 by
conjugation and note that Q N Cz(S) is a subgroup of S.

Let |G| = p°(kp+1), where pisprimeandC < k < p+1. LetS € Sy1,(G).
Show that either § is a maximal subgroup of G or S« G.

HINT: Ifr=1=smodpandr > 1,5 > 1,thenrs > (p + 1)°.

Let | P| = p?, where p is prime. Prove that P is abelian.

Let (7 be a finite group in which every Sylow subgroup is normal.

a. fP e Sylp(G), show that Z(P) € Z{G).
b. If1 < N < G, show that N N Z(G) > 1.

NOTE: A group satisfying the hypothesis of Problem 5.19 is said to be nilpo-
tent. It is also possible to define infinite nilpotent groups, and we do so in
Chapter 8. Part (b) of this problem remains true even in the infinite case.

Let P be a finite p-group, and suppose A @ P is maximal among abelian
normal subgroups of P. Show that A = Cp{A).
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HINT: Write C = Cp(A) and assume that C > A. Show that C/A contains
a subgroup B/A normal in P/A and of order p. Prove that B is abelian.



PERMUTATION GROUPS 71

(6.1) LEMMA. Lerg € Sym(X) andlet Y € X be an orbit for the action of {g)
on X. Leta € Y gnd write |Y| = m. Then

a. o, ag, ..., ag" ! are all distinct,
b. wg™ =« and
c. Y=1{ag'|0=<i<m)] ]

In the situation of Lemma 6.1, we write gy to denote the permutation that fixes
each element of X — ¥ and acts on the set Y exactly as g does. It follows that g,
is the m-cycle (&, og, ..., ag™ ). Note that the cycles gy are disjoint for distinct
orbiis ¥ for {g).

(6.2) THEOREM. Let g € Sym(X) and let Y be the set of nontrivial {g)-orbits

on X. Then
g = n £y,
Yel¥
and this is the only way that g can be written as a product of disjoint nontrivial
cycles.

Note that since the gy commute with each other, their product is well defined.
Also, as is usual, an empty product is defined to be the identity.

Proof of Theorem 6.2. Write 7 = [ gy and let ¢ € X. If g fixes g, then « lies
inno ¥ € J, and therefore every gy fixes & and o = a = ag. If g moves a,
however, then o € Y for some ¥ € ). Then agy = ag, and both « and og are
fixed by all other factors of . In this case, too, @7 = ag and thus 7 = g.

Now suppose g = [] ¢, where ¢ runs over some set C of disjoint nontrivial
cycles. If Y € Y, choose a € ¥. Since g moves a, s0 too must some ¢ € C. All
the other members of C therefore act trivially on the entire {c)-orbit containing
o, and thus g acts on this orbit exactly as ¢ does. It foliows that the {c)-orbit
containing « is ¥ and that ¢ = g,. This showsthat {gy | ¥ € YV} € C.

If ¢ € C, then ¢ moves some & € X and so g moves o also, and o € ¥
for some ¥ € V. Since ¢ and gy both lie in € and move a, we conclude that
= gy. |

Note that there is no uniqueness asserted if a permutation is written as a product of
cyclesthat are not disjoint. Forinstance, letuscompute g = (2, 3, 1)(3, 5)(2, 1, 7, 4)
(3.4} in $3. Remembering to work from left to right, we have the following:

1 2 3 4 5 6 7 8
g:(¢¢¢¢¢¢¢,¢).
1 5 7 2 4 6 3 8

We can use the idea of the proof of Theorem 6.2 to write g as a product of
disjoint cycles. The first moved point is 2 and g carries 2 > 5 +> 4 — 2. The next
unused moved point is 3 and g takes 3 — 7 ++ 3. All remaining points are fixed,
andsog = (2,5, 4)(3, 7).
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By the cycle structure of an element g, we mean the data giving the lengths of
disjoint cycles whose product is g and the number of cycles of each length. More
precisely, if g € Sym{X}, the cycle structure function of g is the function s, defined
on positive integers, such that s(m) is the number of orbits of {g) on X that have
size m. Thus, s(1) is the number of fixed points of g, and for m > 2, s(m) is
the number of m-cycles that appear in the disjoint cycle decomposition for g. A
common shorthand 1s to wnte, for instance, that g has cycle structure 1*-.32.510
mean that s(1) = 3, s(3) = 2, 5(5) = 1 and all other values of 5 are zero. In this
case, [X| = 3(1)+2(3}+ 5 = 14, and g can be written as a product of three disjoint
cycles. As we shall see, a great deal of information about an element of Sym(X)
can be recovered from its cycle structure.

(6.3) LEMMA. Letg € Sym(X), Ther o(g) is the least common multiple of the
sizes of the cycles that appear in its disjoint cycle decomposition.

Proof. Write g = []c, where ¢ runs over C, a set of disjoint cycles. Since the
elements of €' commute pairwise, we have g" = [] " forintegers n. If g" = 1
and ¢ € C, we claim that ¢ = 1. To see this, let « € X. If ¢ fixes o, then
certainly c” also fixes . If C moves a, however, then all b € C with b £ ¢
fix ¢, and thus b" fixes o for all such b. It follows that @ = ag" = ac”, and
therefore ¢” fixes every @ € X. Thus ¢" = 1, as claimed.

Since an m-cycle clearly has order m, we see that g” = 1 iff n is a multiple
of the sizes of every cycle in C. The result follows. |

Although what we have done with symmetric groups so far is relatively trivial,
there are interesting applications. In Example 5.18, for instance, we showed that
there is no simple group of order 2376 = 2* . 3* . 11. We can now simplify that
proof considerably. If G is simple of this order, we showed that n;, (G) = 12 and
that 9{(Cg(S$)|, where S € Syl,,(G). It follows from the latter that G contains
elements of order 3 and 11 that commute, and so G contains an element of order
33. On the other hand, since |G : Ng(5)| = 12, the action of G on the right cosets
of Ng(8) induces a nontrivial homomorphism of & into the symmetric group S,;.
Since G is simple, this homomorphism has a trivial kernel, and so G is isomorphic
to a subgroup of §;;, which therefore must contain some element g of order 33.
What can the cycle structure of g be? Since the least common multiple of the cycle
sizes is 33, there must be either a 33-cycle or both a 3-cycle and an 11-cycle. Since
only 12 points are being permuted, neither possibility ¢an occur, This contradiction
shows that G cannot be simple.

Next, we discuss the conjugacy of elements in Sym(X).

(6.4) LEMMA, Ler g = (w),@3,...,a,) be an m-cycle in Sym(X). If h ¢
Sym(X), then g" is an m-cycle. We have

gt = (1h, ..., anh).

Proof. Notethatthe a;h are all distinct, and so (e, A, .. ., a,,h) really is an m-cycle.
We need to show that (o;h)g* = ;1A for | < i < m, that (@,h)g” = ah and



PERMUTATION GROUPS 73

that Bg* = B if B is not of the form a, A for any . Since kg® — gh, the first two
conditions are immediate, and if £ is not of the form «, 4, then SA~' is fixed by

g,and so Bg* = Bh~'gh = Bh~'h = B, as required. |

(6.5) THEOREM. Two elementsof Sym(X) are conjugate iff they have the same
cyvcle structure.

Proof. Given g € Sym(X), write g = [] ¢, where ¢ runs over a set of disjoint

nontrivial cycles. If # € Sym(X), then g" = []c", and it follows by Lemma

6.4 that the ¢* are disjoint nontrivial cycles and that ¢ has the same size as c.
Therefore, g and g* have the same cycle structure,

Conversely, suppose u#, v € Sym{X) have the same cycle structure. We can

then write ; r
H = ]_[C,' and v = Hd; )

i=1 I=1

where the ¢; are disjoint nontrivial cycles as are the 4;, and they are numbered
so that ¢; and d; have equal size m;. For each ¢; and d;, choose a particular
starting point of the cycle so that for each j with 1 < j < m;, we can speak
unambiguously of the jth eniry in ¢; and in d;. Also, u and v each have exactly
| X| — 3" m; fixed points, and we choose a numbering for these so that we can
refer to the jth fixed point of w or v when | < j < |X| — > m;.

We now construct a map 2 on X as follows. For o € X, either « is the jth
entry in some ¢; for some j, or a is the jth fixed point of u for some j. Define
aeh 10 be either the jth entry in d; or the jth fixed point of v, respectively. It
should now be clear that & € Sym(X) and &* = v. |

For example, if u = (1 3){(2456)and v = (3 7)(1 8 2 4) in 83, then there are
16 possible choices for # following the recipe in the preceding proof. One of these
ish =(13752)(48 6). The reader should check that u* = v.

We can now compute the conjugacy classes of S, fairly easily. If n = 5, for
instance, we see that there are two classes of involutions, with cycle structures 1% .2
and 1 - 22; there is one class of elements of order 3, with cycle structure 12 - 3; one
class each of elements of orders 4, 5 and 6, with c¢ycle structures 1 -4, 5and 2 - 3,
respectively; and of course, the identity, which has cycle structure 1°. |

In general, the number of classes of §, is exactly p(n), the number of “partitions”
of n. This is the number of ways n can be written as a sum of positive integers (not
counting order).

(6.6) COROLLARY. Ifn = 3,thenZ(S,) =1.
Proof. Letz € Z(S,),sothatz = z% forall g € §,. If z # 1, then by renumbering

the points if necessary, we can write z = (1,2,...)..., and we have z>¥ =
(1,3,...)....Since 7 carries 1to 2 but 2?3 carries 1 to 3, we see that z 3% 723,
This contradiction proves that 7 = 1. |

As we shall see in Section 6C, not only does S, have a trivial center, but it has
hardly any nontrivial normal subgroups at all,
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6B

The 2-cycles in Sym(X) are of special importance, as we shall see. These ele-
ments (which constitute a conjugacy class) are called transpositions. Of course,
the nonempty products of disjoint transpositions are precisely the involutions of
Sym(X), but in fact, every element of Sym(X) can be written as a product of trans-

positions.

(6.7) LEMMA. Every element of Sym(X) is a product of transpositions, and an
m-cycle is a product of m — 1 transpositions.

Proof, Since every element of Sym(X) is a product of cycles, it suffices to prove
the last statement. For that, it is enough to observe that

(oo, @2, ..., ) = (o), 2) {1, s) oy, ) - - - (g, Oty ) |

We say that a permutation g € Sym(X} is even if it can be written as a product
of an even number of transpositions, and g is odd if it is a product of some odd
number of transpositions. By Lemma 6.7, an m-cycle is even if m is odd and it is
odd if i is even. Also, Lemma 6.7 tells us that every element g € Sym(X) is either
even or odd. It is far from obvious, however, that no permutation can be both even
and odd.

(6.8) THEOREM. No element of Sym(X) can be written both as a product of an
even number of transpositions and as a product of an odd number of transposi-
tions.

To prove this crucial result, we define an invariant c(g) for g € Sym(X) by
setting ¢(g) to be the number of (g)-orbits into which X is decomposed. Thus
c(1) = | X|, and in general, ¢(g) = }_ s(m), where s is the cycle structure function
for g, and we sum over all positive integers m.

(6.9) LEMMA. Letrg € Sym(X) and lett = (, B), a transposition in Sym(X).
Then

a. c(gt) = c(g) + 1 if a and B lie in the same {g)-orbit and
b. c{gt) = c(g) — 1 if a and B lie in different {g)-orbits.

Proof. Suppose « and 8 lie in the same (g)-orbit A. We can then write
gA = (alsaz'l ---,C!m)

with @), = a and a;, = B for some & such that 2 < k < m. We compute

gA! = (ah ety am)(al! ak) = (ali e !ak—l)(aks £ ) 9am) .

Since g and gt act identically on every {g)-orbit other than A, all of these
are also (gr)-orbits. On A, however, gt and gt act identically, and we see that
A decomposes into two (gt)-orbits. It follows that c(gt) = c(g) + 1.
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Now suppose that A # A are {g)-orbits (possibly of size 1) and thato € A
and A € A. We can write

Ba = (ali"'wam) and’ ga = (ﬂh"‘!ﬁﬂ)
with ¢y = « and g, = 8. Then
EABal = (al! ""am)(ﬁlv : '-Dﬁn)(al! ﬁl) = (Cﬁl,...,ﬂm. ﬁls -":ﬁﬂ)'

The actions of g and gf are identical on all {g}-orbits other than A and A.
On A U A, the action of gz is the same as that of gagat, and it follows that
AU A IiIsa (gt)-orbit and c(gr) = g(g) — 1. [ |

Proof of Theorem 6.8. By Lemma 6.9, we have c(g¢) = c(g) + 1 mod 2 for
transpositions ¢. By repeated application of this, we have

clhta--tp)=c(D+m=|X|+m mod?2,

where all ¢; are transpositions. It follows that a permutation g € Sym(X) is
even iff ¢(g) = |X| mod 2 and g is odd iff c(g) = |X{+ ! mod 2. It is not
possible for both of these congruences to hold simultaneously. ]

(6.10) COROLLARY. Let|X| > 1. Thenthe set of evenpermutations in Sym(X)
forms a normal subgroup of index 2.

Proof. Itis clear that a product of two even permutations is even, and so the set A of
even permutations of X is closed under muitiplication and is certainly nonempty.
The inverse of g = 111+ - - t,, iS futm—y - - - 1 if the 2; are transpositions, and so
g and g~! have the same party, It follows that A is closed under inverses and
under conjugation by arbitrary elements g € Sym(X). Thus, A is a normal
subgroup of Sym(X).

Let t € Sym(X) be any transposition. If g € Sym(X) is odd, then gz € A
and so g € Ar. It follows that Sym{(X) = AU At, and since 1 € A, we have

ISym(X) : A| = 2. [ ]

The subgroup of Sym(X) consisting of even permutations is called the alter-
nating group on X and is denoted Alt(X). If X = {1,2, ..., n}, we usually write
Alt(X) = A,.

As an application of Corollary 6.10, we have the following nonsimplicity
criterion.

(6.11) COROLLARY. Ler G acron a finite set 2, and assume that some ele-
ment g € G induces an odd permutation on Q. Then there exists A <« G with

|G :A|l=2and g & A.

Proof. By Lemma 4.2, we have a homomorphism 8 : G -» Sym(§2) for
which 6(g) ¢ Alt(£2). Composition of & with the canonical homomorphism
Sym(£2) — Sym{£2)/Alt(2) yields a homomorphism from G onto a group of
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order 2. The element g is not in the kernel A of this homomorphism, and the
result follows. |

This gives us a useful result concerning groups of specific orders.

(6.12) COROLLARY. Let |G| = 2m, where m is odd. Then G has a normal
subgroup of order m. In particular, if m > 1, then G is not simple.

Proof. Let g € G have order 2. (Such an element necessarily exists by Cauchy’s
theorem.) Let G act on itself by right multiplication and note that since g # 1,
the element g has no fixed points in this action. Since g? = 1, the cycle structure
of the permutation induced by g consists of only 2-cycles and I -cycles, but since
there are no fixed points, we have only 2-cycles. It follows that this permutation
is a product of m disjoint transpositions and hence is odd. The result now follows
by Corollary 6.11. ]

To obtain other consequences of Corollary 6.11, we need an efficient method of
establishing the parity of a permutation.

(6.13) LEMMA. Apermutation g € Sym(X) is even iff the number of even length

cycles in its cycle structure is even.

Proof. Write g = [] ¢, a product of nontrivial disjoint cycles. Let m(c) denote
the length of the cycle ¢, and recall that by Lemma 6.7, ¢ can be written as a
product of m(c) - 1 transpositions. It follows that g is even iff there are an even
number of cycles ¢ for which m(c) — 1 is odd. This happens iff the number of
even m{c) is even. [

(6.14) EXAMPLE. If|G| =120 =23.3.35, then G is not simple.

Proof. If G is simple, then necessarily ns(G) = 6 and G acts on the six right
cosets of a Sylow 5-normalizer. This induces a homomorphism from G into Sg,
and by Corollary 6.11, the image actually lies in the alternating subgroup As.

The usual arguments (as in Chapter 5} yield that #3(G) = 10, and so
INg(T)| = 12, where T € Syl,{G). Since JAut(T)}| = 2, Problem 3.9 gives
INg(T) : Co(T)| < 2, and hence |[Ce(T)| is even. It follows that G contains
an element of order 6,

By the assumed simplicity of G, our homomorphism of G into Ag is an
1somorphism (into) and hence A4 contains an element g of order 6, The cycle
structure of g must include either a 6-cycle or a 2-cycle and a 3-cycle. Since we
have only six points to work with, the only possible cycle structures are 6 and
2 - 3. In each of these, there is just one even cycle, and so g is odd by Lemma
6.13. This is a contradiction. ]

As another application of Lemma 6.9, we can show that an m-cycle cannot be
written as a product of fewer than m — 1 transpositions. More precisely, we have
the following corollary.
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(6.15) COROLLARY. Let g € Sym(X) be an m-cycle, and suppose g =
ti1z - - - &, where the t; are transpositions. Then k > m — 1.

Proof. By Lemma 6.9, we have
c(g) =clhty ) =c(l) —k = |X| —k.

Since g is an m-cycle, we see that ¢(g) = |[X| — m + 1, and this yields
k>m— 1. [ |

As we shall see in Problem 6.9, Corollary 6.15 can be strengthened. In fact,
there are at least m — 1 different transpositions among the ¢,
We give one further result about writing permutations in terms of transpositions.

(6.16) LEMMA. The group S, is generated by the n — 1 transpositions (1, 2),
2,3), 3,4), ..., (n—1,n).

Proof. By Lemma 6.7, it suffices to show that an arbitrary transposition (i, j) lies
in the group generated by the given transpositions. We may clearly assume that
J = i +2. By Lemma 6.4 we compute that

G, i+ 1){£+1.i+2)(1'+2.i+3)---[j—1»1') = (, j),

and this completes the proof. [

6C

We have given a number of different conditions sufficient to guarantee that a finite
group s not simple, but the only simple groups we have seen so far are the relatively
uninteresting cyclic groups of prime order. This situation will now be remedied.

(6.17) THEOREM. The aiternating group A, is simple for n = 5.

We need an easy lemma about transitive group actions. (Note that the natural
action of A, on the set {1, 2, ..., n} is always transitive for n > 3.)

(6.18) LEMMA. Ler G act transitively on some set Q. Then the point stabilizers
G, for elements a € ) form a conjugacy class of subgroups of G.

Proof. Leta € Qand g € G. We claim that (G,)? = G4, where § = a - g. To
see this we must show that x € G fixes « iff x# fixes 8. Now

B-x!=(-g) x=a-(xg)=(x-x)-g,

and this equals 8 =« - g iff ¢ - x = &, as claimed.

It follows that every conjugate of G is also a point stabilizer. Also, if @ and
B are any two elements of §2, then since G acts transitively, we can find g € G
such that & - g = B, and thus (G,)® = Gs. Thus, every two point stabilizers
are conjugate. [
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Proof of Theorem 6.17. We begin by considering the case n = 5. The cycle
structures of the elements of As are 1°, 1 - 22, 12.3 and 5, and it is easy to
count that the numbers of elements with these structures are 1, 15, 20 and 24,
respectively. (As a check, note that these numbers total 60 = (1/2)5! = | As[.)
Now let N « As be a proper normal subgroup. We will prove that As is simple
by showing that N = 1.

Suppose that 3||N|. Then N contains a Sylow 3-subgroup of A;, and hence
by the Sylow C-theorem, it contains all Sylow 3-subgroups. It follows that N
contains all 20 elements of order 3. Thus || > 20, and since |N| divides 60,
we must have | N| = 30. Similarly, if we assume that 5|1N |, we deduce that N
contains all 24 elements of order 5 and |N| = 30,

By the previous paragraph, if | N| is divisible by either 3 or 5, then |N{ = 30
and N contains 20 elements of order 3 and 24 elements of order 5. Since this
is impossible, we deduce that N is a 2-group. If [N| = 4, then N would be the
unique Sylow 2-subgroup of A5 and so would contain all 15 elements of order
2. This is impossible, and so we consider the case where [N| = 2. Letx € N
have order 2, and note that x has a fixed point. Thus N = {l, x} is contained
in some point stabilizer G, where @ € {1, 2, 3,4, 5}, Since N is normal, it
follows by Lemma 6.18 that N is contained in every point stabilizer. This is a
contradiction, however, since the element x clearly does not fix every point, and
we have |N| = 1, as desired.

We now use induction on # to prove the simplicity of A, fora > 6. Suppose
N < A, 1s proper and we know that A, _, issimple. Let H < A, be the stabilizer
of any one of the points ¢ € {1,2,...,n}. Then H = A, _; and so is simple.
Since NN H « H,wehaveeither NN H = 1 or NN H = H. If the latter hoids,
then H € N, and since N is normal, it follows that N 2 H¥# forallg € A,. By
Lemma 6.18, the conjugates F* are exactly all of the point stabilizers in A,,, and
it follows in this case that N contains every element of A, that fixes any point
of {I, ..., n}. Inparticular, N contains every product of two transpositions and
so is all of A,, a contradiction.

We now know that the identity is the only element of N that fixes any points.
IfN > 1,let 1 #* x € N. Either the cycle structure of x contains an m-cycle for
m > 3 or it consists entirely of 2-cycles. By renumbering the points, therefore,
we may assume that x has either the form (1, 2)(3,4)--- or (1, 2, 3, .. B R
Lety = xP3%% ¢ N. Theny = (1,2)(5.4)---ory =(1,2,5,...)---, and
in either case x # y and yet xy~! fixes the point 1. Since xy~! € N.thisis a
contradiction and proves the theorem. [

We mention that |{A4] = 12 and so Ay is definitely not simple. In fact, the
subgroup K consisting of the identity and the three elements with cycle structure 27
is a normal subgroup of A, often called the Klein group.

It is amusing that the fact that A¢ is simple can be used to provide a nonsimplicity
proof: an easier proof of Example 6.14. If G is simple of order 120, then ns(G) = 6,
and this yields an isomorphic copy Gy € As of G. However, [Ag : Gyl = 3, and
this contradicts the simplicity of Ag by the n!-theorem.
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(6.19) COROLLARY. Forn > 5, the only normal subgroups of S, are 1, A,
and S,.

Proof. [etN aS,. ThenNNA,«a A,,andsoeitherA, CNorA, NN =1.In
the former case, of course, we must have N = A, or N = §,,. What remains is
to show that if A, TN = 1,then N = 1.
We certainly have {N| < |5, : A,| = 2 in this case. If |N|{ = 2, then N is
central in §,,, and this cannot happen by Corollary 6.6. u

6D

Finally, we consider the automorphisms of .,.

(6.20) THEOREM. Letn % 6. Then every automorphism of S, is inner.

Proof. We may supposethatn > 2. Supposet € S, hasorder 2. Its cycle structure,
therefore, consists of k 2-cycles and n — 2k fixed points for some integer & with
1 <k < n/2. We compute the size of the conjugacy class of ¢ in terms of k and
n. We need to choose k disjoint transpositions. There are n{n ~ 1)/2 ways to
select the first one and (n ~ 2)(n — 3)/2 possibilities for the next. Continuing
in this way, we see that there are n!/(2*(n — 2k)!) ways to select ordered sets
of k disjoint transpositions in §,, and it follows that

n!
(n — 2kkt

lel(#)] = T

If X = 1, so that 1 is a transposition, we have
lel(2)| = n!/2(n — 2)!.

We claim for all £ > 1 that the size of the class of ¢ is different from this. We
will show, in other wards, that the transpositions of G are the only involutions
(elements of order 2) that lie in classes of size n!/(2(n — 2}1). What we need
to establish, therefore, 1s that

2%(n — 2k k! £ 2(n — 2)!

for 1 < k < n/2. (Observe that if Xk = 3 and n = 6, our desired inequality is
false; the two quantities are equal. Since we are assuming that n % 6, however,

this is not a problem.) \

If ¥ = 2, the inequality simplifies to the statement that 4 ¢ (n — 3)(n — 2),
and this is certainly true. Assume then that ¥ > 3, so that in fact n > 6. We
prove the inequality by showing that

2"Y(n — 2001k < (n — 2)!.

| < (n—k) _ (n — k!
- k ktn — 2kt

Since
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we have
2V — 200k < 22"V n — k).

It therefore suffices to check that
e n=—2(n=3)---(n—k+1).

On the right, there are &k — 2 factors, each exceeding 4, and so the right side
exceeds 4572 = 22¢~2) > 2k—1 35 required.

Now let o € Aut{S,). Then o permutes the invelntions of S, and maps
each involution to another with the same size conjugacy class (since, in fact, o
permutes the classes of §,). It follows by our calculations that o permutes the
transpositions of S,,.

Lets; =(,i+1)forl <i <n—1landlety; = (5)°. Write r; = (ay, a3).
Now s, and 5; do not commute, and thus 7, and £, also fail to commute and r,
is not disjoint from f,. We can therefore choose notation so that £, = (a3, a3)
with a3 # a,. Now #; does not commute with 1, and so it involves either a;
or @z. Since f3 commutes with ¢, however (because s; commutes with s,),
we necessarily have 13 = (a3, a4), where a, & {a,, a;, as}. Similarly, ¢, is
not disjoint from f3 but is disjoint from ¢; and #, and so 14, = (a4, as) with
as & {a1, a2, a3, as}. Continuing in this way, we can write f; = (q;, a;,) where
the points a;, a3, .. ., a, are distinct and so are 1, 2, ..., n in some order.

Let g € §, be the permutation defined by ig = a;. Then {5;}% = ¢t,, and if &
denotes the inner automorphism induced by g, then oo ™! fixes each s;. These
transpositions, however, generate §, by Lemma 6.16. Therefore, oa™! fixes
every element of S, and thus oe™! = 1 and o = o. |

It is clear why the proof of Theorem 6.20 fails when n = 6, but that, of course,

does not show that in fact S¢ has a non-inner automorphism.

(6.21) THEOREM. The group S¢ has an automorphism mapping the stabilizer

of a point in S to a ransitive subgroup. No such automorphism can be inner.

Proof. Note that S5 contains exactly 24 elements of order 5 and thus ns(Ss) = 6.

[t follows that S5 has a subgroup A of index 6, and the action of S5 on the right
cosets of H induces a homomorphism from Ss into S¢ whose image is transitive
on the six points.

The kernel of this hemomorphism is a normal subgroup of S§5 with index
> 6. By Corollary 6.19, this kernel is trivial, and thus .S; contains an isomorphic
copy G of s acting transitively on the six points. Since | Sg : G| = | S5/} Ss5] =
6, we have an action of 55 on the six right cosets of G, and this induces a
homomorphism o : S5 — 5 that carries G into a point stabilizer in S;.

It follows that | S5 : ker(er)| > 6, and reasoning as betore (but this time
applying Corollary 6.19 to S instead of Ss5), we conclude that ker(o) = 1. It
follows that o is an automorphism of S5 and ¢~ has the required property.
{Actually. o does too, but this is somewhat less obvious.)
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If T € Inn(S), then T is conjugation by some g € Ss. If K € S is the

stabilizer of some pointi € {1, ..., 6}, then K = K¢ is the stabilizer of g and
50 15 not a transitive subgroup. |

In fact, |Aut(Se) : Inn(Sg)| = 2, but we shali not prove this. We mention that if
G is a group with a trivial center and with the property that every automorphism is
inner, then the natural homomorphism G — Inn{G) is an isomorphism of G onto
Aut(G). A group with this property is said to be complete. By Corollary 6.6 and
Theorem 6.20, we see that S, is complete for all n & {2, 6},

Problems

6.1

6.2

6.3

6.4
6.5

6.6

6.7

6.8

6.9

Let P < S, be a subgroup of prime order and suppose x € S, normalizes but
does not centralize P. Show that x fixes at most one point in each orbit of P.

Show that there does not exist a simple group of order 760 = 23 .5 . 19,
HINT: Use Problem 6.1.

Let x € A, have cycle structure function 5. Show that the conjugacy class of
x in A, is smaller than its class in S, iff s(k) < 1 for all k and s(kX) = 0 for
even k. How many classes in Ay are not classes of $q?

Show that S, = {(1,2),(1,2,3,...,n)).

Suppose ] «m <randletG = ((1,2,...,m), (1,2, ..., n)}. Show that G
contains a 3-cycle.

A transitive subgroup G € Sym(X) is said to be primitive if it is not possible
to decompose X into proper subsets of size greater than 1 such that these sets
are permuted by the action of G.

As in Problem 6.5, let G = ((1,2,...,m), (1,2, ..., n)), wherel < m < n.
Show that G is primitive.

NOTE: A theorem of Jordan asserts that a primitive subgroup of Sym(X) that
contains a 3-cycle must contain Alt(X). By Problems 6.5 and 6.6, it follows
that the group G of 6.6 is either A, or S,. (How can one determine which it
157)

Let a € S, be an n-cycle. Show that Cs, (a) = {(a)}.

HINT: How big is the conjugacy class of a?

Let T < S, be a subset consisting of transpositions and let G = (7). Show
that Ur has at least n — |T'| orbits.

Suppose g € S, is an m-cycle and g = #t2 - - - 1;., where the 1; are transpaosi-
tions. Show that {r; | 1 < < k} contains at least m — 1 different permutations.
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6.10 Let G have a cyclic Sylow 2-subgroup. Show that &G has a subgroup of index
2. Conclude {(by induction on |G|) that G has a characteristic subgroup of odd
order and 2-power index.

HINT: Let G acton G.

NOTE: This problem generalizes Corollary 6.12.
6.11 Let M C H C G, where G is finite, and assume |G : H|isoddand |H : M| = 2.

Suppose t € H is an involution that is not (G-conjugate to any clement of M.
Show that G has a subgroup of index 2.

6.12 Suppose that p is prime and that 5, g € S,, where s is a transposition and g
has order p. Show that {s, g} = .

HINT: Show that if we suitably renumber the points and replace g by a power
of itself, we are in the sitvation of Problem 6.4.

6.13 If Z(A,) > 1, show that n = 3.



CHAPTER SEVEN

New Groups from Old

7A

In this chapter we discuss two techniques for constructing groups. The simpler and
more important of these is the direct product, often also called the “direct sum.”
Although we present direct products in the context of group theory, analogous con-
structions occur throughout algebra. We also consider the semidirect product, which
1s relevant only to group theory.

Let Hy and H> be arbitrary groups. We can put the structure of a group on the
set A, x H, of ordered pairs of elements (x;, x,) with x; € H; by setting

(X1, x2)(y1. ¥2) = (¥, x2¥2) .

It is trivial to check that this makes A, x H, into a group (which is called the
external direct product of the H;). If G = H, x H,, then the identity of G is
(1,, 1;), where 1; 15 the identity of H;, and inverses in G are given by the formula
{(x1,x2)"1 = (x ) If the operations in H; are written additively rather than
multiplicatively, 1t is common to call G the external direct sum of the H; and to write
G = H, @& H,. For instance, it should be clear that C* = R+ ¢p R*, where C* and
R™* are the additive groups of the complex and | real numbers, respectively.
If G = H x K, we can define subgroups H, K C G by setting

H={(h 1)|heH} and K ={(1,k) | k € K},

where we are following the custom of using the same symbol “1” to represent the
identities of H# and K (and for that matter, the identity 1 = (1, 1) of G, too). Note
that it is entirely possible that /f and X are the same group. In this case, our “bar
notation” contains an ambiguity {(which we ignore).

It should be obvious that

e

H and K=K

83

H
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and also that
HK=G and HNK =1.
Another trivial observation is that H and K centralize each other, and therefore

H<«G and K <« G

In general, if G is any group having two normal subgroups M and N with
MN = Gand M NN = 1, we say that G is the internal direct product of its
subgroups M and N. In this situation, we write

G=MxN.
The additive version of this notation is
A=U+4 V,

where A is an abelian groupand U, V C Awith U + V = Aand U NV = 0.
In this case, of course, we say that A is the internal direct sum of the subgroups U
and V.

Note that despite the syntactic similarity between

“G=MxN" and “G=M x N

there 1s a significant semantic difference. The first statement describes the constric-
tion of G, the groups M and N are absolutely arbitrary and can even be equal. The
second statement is an assertion about a given group G and two of its subgroups.
One can write “M x N’ as the name of a group, but “M x N should never stand
alone since the symbol x makes a statement about three groups. Also, except when
G is trivial, it is never true that G = M x M.

We admit to being somewhat pedantic on this point. The distinctions we have just
made between intemal and external direct products are often blurred in practice, and
the notation M x N is commenly used for both, with the meaning usually determined
by the context. To compound the confusion, some authors use the symbols @ and
+ with exactly the opposite of our meanings.

The result of Problem 2.13(c) will be useful, and so we present it here as a
lemma.

(7.1) LEMMA. LetMand N be normalin GwithM NN = 1. Then mn = nm
forallme Mandn e N.

Proof. We compute the commutator [m, n] = m~'n"'mn. We have [m,n) —
m~-'m" € M sincem" € M" = M. Also, [, n] = (n~1Y"n € N since
N™ = N. Therefore [m, n] € M M N = 1, and the result follows, |

The next result should clarify somewhat the connection between intemal and
external direct products.
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(7.2) LEMMA. IfG = HxK, thenG = H x K inthe notation used previously.
Also, if T =M x N, thenT = M x N.

Proof, We have already observedthat G = H K,that HNK = 1, and that H« G,
K < G. This proves the first assertion. To prove the second, note that mn = nm
form € M andn € N by Lemma 7.1. Map

B MxN->T

by 8(m, n) = mn.
We have

8((m,n)Y(m’', n)) = 0(mm’', nn’y = mm'nn’ = mnm'n’ = 8(m, n)O(m’', n"),

so that & is a homomorphism. Since M N = I", we see that & is surjective. Also,
if m, n) € ker(f) sothat mn = 1, wehavem =n~' € M N N = 1 and hence
(m,n) = (1, 1) = 1. The proof is now complete. [ |

(7.3) LEMMA. fG=M x N, then M =G/Nand N =G/M.

Proof. We have
G/N=MN/NZM/MNON)=M.

The isomorphism G/M = N follows similarly. [ |

(7.4) COROLLARY. [fG=M x N =M x L, then N = L. =

In general, there is no such cancellation property that works for isomorphisms
of external direct products. It is possible that M xN = Mx L andyet N X L. If we
write R to denote the additive group of the real numbers, then (believe it or not)
we have R* = R* @ RY. [t follows that if we write O to denote the trivial group, we

have
R+@OER+2R+@R+,

and so cancellation fails. To see why Rt = R* @ R*, we must appeal to a bit of
transfinite linear algebra. Each of these objects may be viewed a vector space over
{2, and in both cases the dimensions are equal to the cardinality of the continuum.
Any bijection between bases for these two spaces extends to a linear transformation
that is a vector space isomorphism and hence is an isomorphism of abelian groups.
We shall see later that such a phenomenon cannot happen for finite groups, where
cancellation does work for external direct products.

We can extend the notions of direct product (both internal and external) to
situations where there are more than two factors. Let {H, | @ € I} be any indexed
collection of groups, where the index set {/ may be finite or infinite, It is convenient
to replace the notion of an ordered pair or ordered n-tuple by a function f from the
index set / into the union | ) H,, with the condition that f(a) € H, forallw € /.
Let I be the collection of all such functions. Then I" becomes a group under the
operation that defines fg to be the function satisfying { fg) (@) = f(a)g(a). (Note
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that in the case I = [1, 2}, we see that I’ = H, x H, if we identify the pair {x,. x3)}
with the function 1 — x;, 2 = x3.) We write
I' = x H,
el
and call I' the unrestricted external direct product of the H,. As in the case where
|1} = 2, we define H, C " by

H,={fel| f(B)=1 whenever o« # 8 ¢ I}.

If || < oo, then [ is the group generated by the subgroups H,. but this is not true
when [ is infinite. In that case, (H, | @ € I} is the group of those functions f € I
that have nonidentity values for at most finitely many indices «. (This is so because
one can take only finite products of elements in a group.) This subgroup of T,
where the functions are restricted to having identity values *“almost everywhere,” ig
called the restricted external direct product of the H,. Some authors use the words
“product” and “sum” to distinguish between what we have called the unrestricted and
restricted direct products, respectively, and sometimes the restricted direct product
is called a “coproduct” and is denoted ] |. There seems to be no completety standard
nomenclature and notation that clearly distinguishes these products,

We are primarily concemed with the case where there are just finitely many
factors. Then the restricted and unrestricted external direct products coincide and
we need not distinguish them. Also, in this case we can (and shall) use the “n-tuple”
notation in place of functions. We write, therefore, (x,, x;. ..., x,) to denote the
element of X H; comresponding to the function f :i > x;.

It is easy to see that if M, N « G,then G = M x N iff every element of G is
uniquely of the form g = mn withm € M andn € N. (In fact, this follows from
Theorem 7.5 below.) The definition of an internal direct product can be extended
to the case where there may be more than two factors by means of this alternative
characterization. .

Let M, « Gforl =i < n, and suppose G = M\ M;.-- M, = [] M;. We say

= |

that this product is direct or that G is the internal direct product of the subgroups
M; provided that for every g € G, there is a unique choice of elements x; € M, such

that g = x;x; - - - x,,. We write
H
G = [|m
=l

in this case, using the dot to signify the uniqueness.

(7.5) THEOREM. LetM; < Gforl <i < nandassume that[[ M, = G. Then
the following are equivalent:

. [M =G.
ii. Foreachi, M;N[]IM;,=1.
I

i—]
fii. ForZ<i<n M O[] M =1.
j=i
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Note that condition (ii} depends only on the set of subgroups M; and not on their
numbering, and so the order in which the M; appear is irrelevant to the question of
the directness of the product. Condition (iii) is usually easier to check than (i1)
and often is easier with some orderings of the M; than with others. It is important
to remember that the condition M; N M; = 1 for j 7 i is not sufficient to prove
directness when n > 2, but if is a consequence of directness.

Proof of Theorem 7.5. Assume condition (i) so that the product is direct, and
suppose g € M; N [| M; for some particular subscript i. Since g € [][ M;, we
can write g = xlx;f 7 - x, for suitable elements x; € M;, where x; :Héll. Since
g € M,, however, we can also write g = y ¥, - - - yn, with y; € M;, by setting
y; = lfor j % i and y; = g. The uniqueness in the definition of [-] implies that
x; = y; for all j. In particular, 1 = x; = ¥ = g, and (ii) is proved.

If we assume condition (ii), then (iii) follows trivially, and so we assume
(ii1) and prove (i). Given g € G = [| M;, we can certainly write g = x,x5 - - - x,,
with x; € M;. Suppose also g = y¥;--- y, with y; € M,. To establish (i), we
must show that x; = y; for all {. If this is false, let i be as large as possible such
that x; # y;. If i < n, cancel x;1 - X, = Y41 - - y» from the two expressions
for g so that in any case, we get

XyXo - X; =¥ ¥2-"Vi.

Then i
1# xa‘}’,—_l = {xpxy xi-—l)_l(ylyZ‘ - Yyi1) E M N I—[ M;,

j=l1

and this contradicts (iii). ]

The following is the extension of Lemma 7.2 to the case of more than two
subgroups.

(7.6) LEMMA. Let G = []N,. Then G = X N..
i=1

i=l

Proof. let F = )"( Niandmap 8 : E — G by
—1

I

(X1, X2, .., Xp)) =X\ X7 - Xy

Then 6 is surjective since G = [[ N; and it is injective since this product is
direct. What remains is to show that & is a homomorphism.

Let f =(xi,....xs}and g = (y1, ..., ¥») be elements of E and compute
that

B(fg) = x1)1X2¥2"* * Xn¥n -

Now x; and y; commute if i > j since N;,N; « Gand N, NN, = 1. We can
therefore move x; to the left in the above product, passing over y; with j < i.
Doing this with x5, x3, ..., X, in tum, we see that

B(fg) = x1X3 - Xy 1¥2- - ¥u = 6()0(2),

as required. n
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It is sometimes useful to be able to compute the center of a group expressed as
an intermal direct product.

(7.7 LEMMA. Suppose that G = [ N;. Then Z(G) = [[] Z(N;).
i=1 =l
Proof. Write Z; = Z(N;)}. Since N; and N, arenormaland N, " N; = 1 fori # j,
we see that N; € Cg(N;) € Cg(Z;). Since also N; € Cg(Z;}, we have

G=[[N < Coz

and Z; € Z(G) for each subscript i. Thus [] Z; € Z(G).

For the reverse containment, let z € Z(() and write z = 2122 - - - Z,, with
i €& N,'. Ifg € G, then

=z =z73z8-- . 28,

However, zf € N, since N; « G. The uniqueness in the definition of an in-
ternal direct product now yields z; = z¥f for all {, and thus z; € Z(G) and, in
particular, z; & Z;. Therefore z € [] Z; and we have Z(G) = [] Z,. This
product is direct, however, because uniqueness is inherited from the fact that
G = HN, |

We give the following result describing minimal normal subgroups as an example
of how direct products come up in practice.

(7.8) THEOREM. Let N be a finite minimal normal subgroup of G. Then there
exist subgroups S; € N such that

a. N = H S,'
b. eack S; is simple, and
c. the S; are all G-conjugate.

Furthermore, if N is nonabelian, then
d. the S; constitute a full G-conjugacy class of subgroups.

Proof, Let § be any minimal normal subgroup of N. Since N « G, it follows
for all g € G that S% is contained in N, and in fact, $* is a minimal normal
subgroup of N. Now {$% | g € G) < G and this subgroup is contained in N. By
the minimality of N, therefore, we have (5% | g € G} = N, and we can choose

conjugates $;, %, ..., S, of §that together generate N and such that no smaller
set generates. In particular, (c¢) is satisfied. Also, since each §; < N, we have
N=T]s;.

To prove (a) we verify condition (ii) of Theorem 7.5. Given i, iet
D=s5n[]s.
J ki
and note that D« N and, of course, D C §;. Since §; s minimal normal in N, we

conclude that either D = 1 or D = ;. In the latter situation, §; = D € 1l s;
joi
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and thus
[Is=]]s=N.
S J
and this contradicts the choice of $;, $;, ..., §, as being minimalty sufficient

to generate N. We conclude, therefore, that D = 1 and (a) follows.
To prove (b), welet1 < M « §; and show that M = §;. Since §; N §; = 1
for i # j, we have

S; € Cs(S;) < Ng(M).
Clearly also 5; € Ng (M), and so

N=]]$ < Ns(M)

and M «a N. Since §; is minimal normal in N, we have M = §,, as required.
Finally, assnme that & is nonabelian. Since Z(N) <« G and N is minimal
normal in G and is nonabelian, it follows that Z(N) = 1. Now let T be any
G-conjugate of S. Thus T is minimal normal N and so if T # S;, we have
TNS =1and S; € Co(T). Itfollows thatif T & {8), 5, ..., S,}, then

N=]]s ccam
and 7 € Z(N). This is a contradiction. ]

7B

A fimie group G is said to be nilpotent if for every prime p, a Sylow p-subgroup of
G is normal (or, equivalently, is unique). Note that finite abelian groups and finite
p-groups are nilpotent. Although we study nilpotent groups in greater detail later,
we give one result now as an application of direct products.

(7.9) THEOREM. Let G be a finite nilpotent group and let v be the set of prime
divisors of |G|. For each p € m, let S, be the unique Sylow p-subgroup of G.

Then
G=1[]s.-
PET
Proof. Since §,< G foreach p € 7, weseethat[] S, is a group with order divisible
by | S, for all p. By the definition of Sylow subgroups, we have |G| = [] |S,I,
and it follows that []1 S, = G. PE®
To prove that this product is direct, it suffices by Theorem 7.5 to show for

each g € o that
ssn[ls, =1.
p#q

It is easy to see, however, that | ] S| divides [] |S,| and so is not divisible by
p¥q P#q
q. (This follows, for instance, by Corollary 4.17.) The intersection is therefore

trivial and we are done. [}
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Note that although Theorem 7.9, as stated, 1s descriptive of nilpotent groups,
Lemma 7.6 can be used to remnterpret it as a constructive result that provides a recipe
for building finite nilpotent groups. By Lemma 7.6 and Theorem 7.9, every finite
nilpotent group can be constructed (up to isomorphism) by taking the external direct
product of some finite collection of finite p-groups for various primes p. It is easy
to see that every such external direct product really is nilpotent, and so what we
have done is to reduce the problem of finding all finite nilpotent groups to that of
finding all finite p-groups. We mention that only in theory can we refer to this as a
“reduction,” since there is a tremendous variety of different p-groups and it seems
hopeless to attempt to construct all of them in any useful way.

If we consider the class of finite abelian groups, however, instead of the more
general nilpotent groups, we can prove a descriptive result that also serves as a highly
useful constructive result.

(7.10) THEOREM (Fundamental, of abelian groups). Let G be finite and
abelian. Then
G =[]c.,
i=1

where the C; are subgroups that are cyclic p-groups for various primes p.

First we need a general lemma.

(7.11) LEMMA. Let G = [ N; and suppose each N; decomposes as a direct

n
L ]
i=]

product
,
N = []a;.
i=1
Then
G = FIMU .
iy
Proof. It should be clear that G = [ M;;. Since the different N; centralize each

other, we see that each M;; « G, and so it suffices to show that if [Tx;; = [ y;
with x;, y;; € My;, then x;; = y;; for all i, j. To see this, write

H; — l_[x;j and o= l_ly,-j.
i i

Then | | u; =[] v; and hence u; = v; for ail i by the directness of [ N:. Foreach
i, then, [Tx; =[] y; and so x;; = y;; for all j by the directnessof [[M;;, =
J J J

The following is the key step in the proof of the Fundamental theorem of abelian
groups.
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(7.12) THEOREM. Let G be afinite abelian p-group and let C € G be a cyclic
subgroup with maximum possible order. Then G = C x B for some subgroup
BCG.

Proof. Since we cantake B = 1 if C = G, we can assume C < & and we choose
x € G — C of smallest possible order. Since x # 1, we see that o(x?) < o(x)
and hence x? ¢ C. If x? generates C, then |{x)| = p|C] and this contradicts
the choice of C. Therefore x? is a nongenerator of the cyclic p-group C and it
follows that x? is a pth power in C, and we can write x* = y” for some v € C.
Now xy~! € C and (xy~ 1) = .xP(y")_‘ = 1. By the choice of x, we have
o{x) < o(xy™!) = p and so o{x) =

Now let X = (x) and use overbars to denote the canonical homomorphism
G— G/X =0G. Smce[Xl—-p,wehaveCﬂX-—landthemap is an
isomorphism from C to C. Thus C is cyclic with order equal to |C|. If Ghasa
cyclic subgroup (g) with order larger than |C|, then

&) = o(g) = o(®) = (g}l > |Cl = |C|,

and this contradicts the choice of C. It follows that C is a cyclic subgroup of
maximum possible order in G. Since |G| < |G|, we may work by induction
on |G| and conclude that C is a direct factor of G. Since every subgroup of G
has the form B for some B € G with B 2 X, we can find B O X such that
G=CxB. ThusG=CB=CBandhence CB =G. AlsoCNE =T1and
soCMNBCX. ThenCNBC CNX =1, and this proves that G = C x B,
as required. w

Proof of Theorem 7.10. Work by induction on |G|. If we can write G = A x B
with A < G and B < G, then each of A and B is a direct product of cyclic
p-groups by the inductive hypothesis, and the theorem holds by Lemma 7.11.

We may thercfore assume that G is directly indecomposable. Since G is
nilpotent (being, in fact, abelian), it follows by Theorem 7.9 that G is a p-group.
Using the indecomposability of G once again, we conclude by Theorem 7.12
that G is itself cyclic, and nothing more needs to be proved, |

The following corollary is the “constructive” formulation of the fundamental
theorem of abelian groups.

(7.13) COROLLARY. Every finite abelian group is isomorphic to an external
direct product of cyclic p-groups. m

Suppose, for instance, we wish to construct all abelian groups of order 500 =
22.53%, (We mean, of course, all possible isomorphism types of such groups.) Writing
Z, to denote the cyclic group of order n, we see that the only possibilities are

ZQXZZ)(Zj)(ZsXZS, 243'(25)(25)(25,
ZzXZzXZSXZ;Zf,, Z4X25X225,
Zy x Zy x Zyzs, Zy X Zy3s .
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But where in this list is Zse? In fact, Zspp = Z4 X Z13s5. In general, we have the
following corollary.

(7.14) COROLLARY. Let G be finite and abelian. Then the following are
equivalent:
i. G has a cyclic Sylow p-subgroup for each prime p dividing |G|.
il. G is cyclic.
ili. G has just one subgroup of order p for each prime p dividing |G|.

Proof. Assume condition (i) and let x, be a generator for the Sylow p-subgroup
of G for prime divisors p of G. Let g = [] x, and note that for positive integers
n, we have g" = [[(x,)". Taking n = |G|/p, where p is one of the primes
dividing G, we have (x,)" = 1 for ¢ 7# p. It follows that g" = (x,)", and this
is not the identity since o{x,) is the full p-part of |G| and this does not divide
n. It follows that o(g) cannot be a proper divisor of |G|. Thus ¢(g) = |G| and
G is cyclic, proving (ii).

That (ii) implies (iii) follows from Theorem 2.9. Assummg (i), we let

P € Syl (G) witb p|1G} and use Theorem 7.10 to write P = I_[ C;, where each

C; is a nontrivial cyclic p-group. Each C; contains a subgrouP of order p, and
these are distinct since C; NC; = 1 if i # j. By (iii) it follows that n = 1 and
s0 P is cyclic, proving (1). [ ]

We could also have used the theory of direct products to prove that (i) implies
(i1) in the above proof. If C is a cyclic group of order |G|, we want to show that
G = C. Writing G, and C, to denote the unique Sylow p-subgroups of G and
C, respectively, we know that G, and C, are cyclic with equal orders, and thus
G, = C, for all p and so their external direct products are isomorphic. This yields

G=[]c, =X =X, =[]¢c,=C
by two applications each of L.emma 7.6 and Theorem 7.9.

Since Z4 x Zy35 clearly has cyclic Sylow subgroups, it is cyclic by Corollary 7.14,
and thus Zsog = Z4 x Zj3s5. This suggests the question of what other nonobvious
isomorphisms might exist. Are the six groups of order 500 that we listed really all
nonisomorphic? In fact, there are no isomorphisms among these groups; there are
six isomorphism classes of abelian groups of order 500. More generally, we have
the following theorem.

(7.15) THEOREM. Letn\,n;, ...,n. andm,, my, ..., m, be nontrivial prime
powers and assume that

Zpy X Ly, X oo X Ly = 2y X Ly X oo X Zpy

Thenr = s and, after renumbering if necessary, we haven; = m; for1 <i <r.

We do not prove Theorem 7.15 here. A more general result on the uniqueness
of direct product decompositions is the Krull-Schmidt theorem, which we present
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in Chapter 10 (and, in fact, Corollary 10.16 is essentially Theorem 7.15). Another
approach to Theorem 7.15 is to observe that one can easily reduce to the case where
all of the m; and n; are powers of the same prime. In that case, an argument given
in Problem 7.16 can serve 1o complete the proof.

It should be pointed out that the fundamental theorem of abelian groups (7.10)
can be considerably generalized. It is not really necessary, for instance, to assume
that the group is finite; the resuli also holds for finitely generated infinite abelian
groups (except that some of the cyclic direct factors C; are infinite in that case).
More general still is a result on modules over principal ideal domains. (This result,
which we decided not to present, asserts that every finitely generated module over a
PID decomposes as a direct sum of cyclic submodules. If we take the ring to be Z,
the ring of integers, we recover the case of abelian groups.)

We close our discussion of the fundamental theorem of abelian groups with

an application. Let G be a finite abelian group and write G to denote the set of
homomorphisms from G into the multiplicative group C* = C ~ {0} of the complex

numbers. If A, u € G, we define the product
A G — C*

by (A,u,)(g) = A{g)u(g), and we note that Ay < G. Ttis easy to check that this
makes G into a group. (Note that 1 € & is the constant function, mapping every
element of G to 1 € C.) The group G we have Just constructed is called the dual
group of G.

(7.16) THEOREM. Let G be finite and abelian. Then G = G.

Proof. Write G = C; x ... x C,, where each C; is cyclic. We ¢onstruct a map
g é — X é;‘

by setting 8(A) = (A, Az, ..., A,), where A; € C',- is the restriction of A to C,.
If A € ker(8), then each A; = 1, and this says that C; € ker(A). It follows that
G =[] C; € ker(A) and A = 1. Thus ker(8) = 1.

Next we show that § is surjective. Given arbitrary x; € ¢, for 1 <{i=<n,

we must produce A € G such that for each [, the restrictionof A to C; is A;,. We
define A as follows. For each x € G, we can (uniquely) write x = x{x3 - - X,
with x; € C,;. We set

Ax) = [aitx) e €.
This is well deﬁncd by the uniqueness of the x;, and A is easily seen to be an

element of & having the correct restrictions to the subgroups C;. 'I‘herefore 8
is surjective and we have shown that

G=XC,.
Our next object is to show that C; = C;. From this, it will follow that

GzXCz=Xa=]]e=6
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and the proof will be complete. Effectively, we have reduced the problem to
proving that G = (& for cyclic groups, and so we may now assume that & is
cyclic.

Write G = (g) and |G| = n, and let £ € C* be the group of nth roots of
unity in C. Then E is cyclic of order n (generated by £2%*/*), and there exists

an isomorphism A | G — E. Of course, A € & and we have
AMxy=Ax) " =A(x")=1.
if 0 < m < n, however, then
AT(g) = A(g")# 1.

It follows that o(A) = n and S0 G = (A). What remains is to show that
(A} = G. To see this, let © € G. Now A(g) 1s a generator of E, and since
n(g) = u(g”) = 1, we have u(g) € E and so 1(g) = A(g)™ for some integer
m. Then w(g) = A™(g). and it follows that x and A™ agree on all of G. Thus

i = A" € G, as required. |

Note that the construction of the isomorphism G = G in the preceding proof
depends on choices made in its construction. The subgroups C; are generally not
uniquely determined, and even in the case where G is cyclic, there is no obvious
natural isomorphism between G and G other than that constructed when generators
are chosen for these groups., 11;1 general, there does not exist a natural or canonical

isomorphism between & and G.

7C

We close this chapter with a discussion of what is called the “extension problem” for
groups. Given two groups N and H, the problem is to find all (up to isomorphism)
groups G such that G has a normal subgroup M with

MZ=N and G/M = H,

Such a group G is called an extension of N by H. (Unfortunately, some authors
interchange the two prepositions.) At least one such extension always exists since
we can take G = N x H and let M = N. Depending on N and H, there may or
may not exist other extensions.

Given N and H as before, G is a splir extension of N by H if there exisis M « G
with M = N and G/M = H and there also exists K € G with KM = G and
K MM = 1. (Note that in this case, K = KM/M = G/M = H.) In this situation,
we say that G splits over M orthat M is compz‘ememed by K in G. The direct product
extension G = N x H is certainly split since the normal subgroup H complements
N. Conversely, if G splits over M and there exists a normal complement X, then

G =M x K =N x H., Our goal is 10 show how to construct split extensions
where the complement is not necessarily normal.
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Suppose we have a split extension. Let M «a G and let K complement M. Then
K acts by conjugation on M and each element of K induces an automorphism of
M. If K a G, then K centralizes M by Lemma 7.1, and so this action is trivial.
Conversely, if the conjugacy action of K on M is trivial, then K € C(M). It follows
that M € C(K) € N(X) and K <« G. If we wish to construct split extensions that
are not merely direct products, we must consider nontrivial actions,

Given groups N and H, suppose we have some action of H on the set of elements
of V. We say this 1s an action via awtomorphisms if forevery x, vye Nand h € H,
we have

{(xy)-h ={(x-h)(y-h).

This condition, of course, simply asserts that the map ¥ — N induced by each
element of H is a homomorphism. By the general properties of actions, however,
this map is a permutation of N, and so it is actually an automorphism of V. In fact,
in this situation, the homomorphism H — Sym(N) of Lemma 4.2 maps H into
Aut{N). (Conversely, any homoemorphism € : H —» Aut(N) defines an action via
automorphisms of H on N by the formula n - h = n@(h).)

Some examples of actions via automorphisms are the action by conjugation
of any group G on a normal subgroup, the natural action of Aut{G) on G, and of
course, the trivial action. It is customary to abandon the dot notation and write n”
in place of n - h when H acts via automorphisms on N. This does present some
problems, however, since we may not be using a conjugation action, but usually such
ambiguities are resolved by the context.

The point of the next theorem is that whenever H acts via automorphisms on
N, we can build a group G containing isomorphic copies of N and H such that the
original, abstract action becomes a conjugation action within G.

(7.17) THEOREM. Let H act via automorphisms on N. Then there exists a
group G with subgroups N and H and isomorphisms N = N and H = H such

that

a. ?{:.ﬁf G,

b. NN =1,

c. NﬂG,ind

d. M)*=ntforallne Nandh e H

Perhaps the conclusion expressed in (d) needs some exp]anatmn We use over-
bars to denote each of the given isomorphisms N — N and H — H. The element

' € N is simply the conjugate of 77 by # in G, whereas n* € N is the result of the
action of h on n. Usually N and H are identified with N and H via the maps ~, and
so what (d) says is that the original action of H on N is the conjugation action in
. It is not hard to show that conditions (a) through (d) of Theorem 7.17 uniguely
determine the group G, which is called the semidirect product of N by H and is
denoted N x H. This result, therefore, shows how to construct all possible split
extensions (up to isomorphism). Remember that the semidirect product requires
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three ingredients: the groups N and A and an action via automorphisms of H on
N. The notation, unfortunately, obscures the third ingredient.

Proof of Theorem 7.17. The usual proof constructs G as a set of ordered pairs
and defines a multiplication that makes this a group. This procedure makes
checking the group axioms necessary, and this is somewhat tedious. We instead
construct ¢-as a subgroup of Sym(€2), where 2 is the set H x N.

We define actions of N and of H on £ according to the formulas

(k,m) -h = (kh,m*y and (k,m) -n = tk, mn),

where (k,m) € Q= Hx Nand h € H and n € N. (It is immediate that these
are actions and that no nonidentity element of 4 or N acts trivially.) By Lemma
4.2, we therefore have > isomorphisms of /i and N into Sym(£2), and we denote
the images by H and N, respectively. We calculate that

(k, m)(T)* = ((Ck,m) - B7'y - m) b= (K, ((m* ™ Yn)*).

Since y
((m" In)* = mn"

(because the action of H on N is via automorphisms), we have
(k, m)@* = (k, myn*

and thus

At =nk.

It follows from this that HCN(N),andsoG=HNisa group. All that
remains is to show that # NN = 1. To see this, suppose i = x = 7. Then

(kh, m™y = (k, m)x = (k, mn),

from which it follows that # = 1. Therefore x = & = 1, as required. m

Problems

7.1 Let U and V be nonabelian simple groups. Show that G = U x V has
precisely four different normal subgroups,

7.2 Asubgroup D & G = M x N is a diagonai subgroup if
DNM=1=DNN and DM =G = DN .

Show that & has a diagonal subgroup iff M = N.

7.3 LetM\. M,, ..., My« G and write D = [} M;. Show that G/ D is isomorphic
to a subgroup of X(G/M;).
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Let A’ be a nonempty collection of groups such that:

i. HUeXandV =ZU thenV € X,
ii, If/eXandV CUthenV e A,
ii. fU, VeX, thenl x VelkX.

Show that every finite group iaas a unique normal subgroup N minimal with
the property that G/N € A,

NOTE: Some examples of coliections A’ to which Problem 7.4 can be applied
are: abelian groups, p-groups (for a fixed prime p), groups whose commutator
subgroup is a p-group, and groups with a normal Sylow p-subgroup.

Let & be a finite collection of minimal normal subgroups of a group G, and
let N ={(M| M e 8S).
a. Show that N is the direct product of some subcollection of &.

b. I & consistsentirely of nonabelian groups, show that N is the direct product
of all of them.

The socle of a group is the product of all of its minimal normal subgroups.
Show that the socle of a finite group is a direct product of simple groups.

Suppose G = M x N and let D be a diagonal subgroup as in Problem 7.2.
If M (and therefore N) is simple, show that D is a maximal subgroup of G.

LetM < U and N « V and assume UU/M = V/N. Show that there exists a
group G with normal subgroups Mo = M and Ny = N so that G/ Ny = V,
G/M{) = U, G/(MONO) = U/M, and M@ﬂNﬁ =1,

HINT: Find G as a subgroupof I/ x V.

Let M C Z(U) and N € Z(V) and assume M = N. Show that there exists a
group G with normal subgroups K and L suchthat K = [/, L = V, KL = G,
[K,.L]=1,and K N L = M,

NOTE: The group G is said to be a central product of U and V identifying
Mand N.

Let & act on G via conjugation and construct the corresponding semidirect
product G x G. Show that G x G = G x G.

Show that a finite nonabelian p-group cannot split over its center.

Let H act on N via automorphisms and assume no nonidentity element of A
fixes any nonidentity element of N. Construct G = N » H and identify N
and # with the corresponding subgroups of G.

a. Showthat HN H® = 1forallge G — H.
b. If G is finite, show that G = N U | HS.

gels
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7.13

7.14

7.15

7.16

1.17

CHAPTER 7

Let P be a finite p-group that acts on a finite group G and assume (after
appropriate identifications) that P is a maximal subgroup of G x P. Show
thai & is an abelian g-group for some prime q.

HINT: Show that P stabilizes some Sylow subgroup of .

An abelian group A is divisible if for every a € A and positive integer n, there
exists b € A with §” = a. Let G be abelian and let A € G be divisible with
(G : A} < 0. Show that G = A x B for some B € G.

HINT: If A < G,showthatthereexists U CGwithl/NnA =1 < U.

NOTE: The hypothesis that the index is finite is not really essential. In this
case, however, an easier proof is available.

Let G be abelian. A subgroup A € G is pure if whenever g" € A withg € G
and n & Z, there exists b € A with b" = g",

a. If G splits over A, show that A is pure in G.
b. Let A bepure in G and U/A pure in G/A. Show that U is pure in G.
c. Let A be pure in G with |G : A| < oo. Show that G splits over A.

Fix a prime p and let
G=2p1 X Zpy X +++ X Zper ,

where ¢; = 1. The object here is to show how the ¢, can be determined if

we know G only up to isomorphism. We define a function f on the natural

numbers by setting
fle)=1{ile =e}|.

Also, if U, = {x € G | x* = 1}, define the function g so that |U,| = p&®.
Clearly, g is determined by the isomorphism class of G, and the problem is to
show that g determines f. Specifically, show that

fley=2g(e)—gle—1)—gle+ 1)

foralle > 1.

Let my, my, ..., m, be pairwise relatively prime integers with product m.
Show that

=%z .
i=]

(The notation Z; represents a cyclic group of order £.)



CHAPTER EIGHT

Solvable and Nilpotent Groups

. 8A

In Chapter 3 we mentioned that finite simple groups are the “bricks” from which,
in some sense, all finite groups are built. We know that these simple groups come
in two fundamentally different varieties: the cyclic groups of prime order and the
comparatively rare and very much more complex nonabelian finite simple groups.
In order to use this “building block™ approach to prove general theorems about
finite groups, one needs detailed information about the structure of all finite simple
groups. Because of the recently completed simple group classification, this has
become feasible, and indeed a number of striking theorems have been proved and
many old problems have been solved by this method. To give one example of a
result proved using the classification, we recall that by Corollary 4.16, if G is finite
and H < G, then there exists some element ¢ € G that is not conjugate to any
element of /. The new result, proved by W. Kantor, is that in fact, the element g
can be chosen to have prime power order. There is no known proof independent of
the simple group classification for this seemingly mild extension of Corollary 4.16.
(Kantor’s result has applications in number theory.)

The simple group classification is, of course, irrelevant for the study of groups
all of whose simple building blocks are abelian (and hence of prime order). This
class of groups, the finite “solvable™ groups, has been the object of a great deal of
attention, and there are a number of interesting results that hold for groups of this
type but do not hold in general.

The word “solvable” as applied to these groups refers to the work of E. Galois in
the early nineteenth century. Galois showed that given any polynomial with rational
coefficients, there is associated with it a certain finite group that is now called the
“Galois group” of the polynomial. Galois defined precisely what it means for a
polynomial 1o be “solvable™ and found a necessary and sufficient condition for the
solvability of a polynemial in terms of properties of the associated Galois group. It
should not surprise the reader that this polynomial solvability criterion is precisely

99
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that the group be solvable. We discuss this in considerable detail and prove Galois’s
theorem in Chapter 22. For now, we mention only that the well-known result that
polynomials of degree 5 are not generally solvable is a consequence of the fact that
the symmetric group Ss is not solvable (since As is simple).

As we said, the finite solvable groups are precisely those for which all of the
{necessarily simple) composition factors have prime order. For our “official” defi-
nition, however, we use the following, which applies for infinitc groups as weli.

(8.1) DEFINITION. A group G is solvable if there exists a finite collection of
normal subgroups Go, Gy, ..., G, such that

=G S G €S- CG, =G

and & /G is abelian for 0 < i < n.

In particular, note that if  is abelian, then the subgroups 1 and G meet the
requirements of Definition 8.1, and so G is solvable. An equivalent, but easier to
use, characterization of solvability is in terms of the “derived series.” Recall that
the commutator subgroup G’ of G is the subgroup generated by all confmutators
[x, y]=x""y 'xyforx, y € G. Thissubgroup, also called the derived subgroup, is
the unique smallest normal subgroup of G such that the corresponding factor group is
abelian. We can goon todefine G” = (G’) and G = (G”) and s0 on, but since this
notation rapidly gets unwieldy, we usually write G® = G, ¢ = G/, G? = G”,
and in general, G® = (G" VY forn > 0. Wehave G = G® > GM > ..., and
these groups constitute the derived series of .

(8.2) LEMMA. Letg : G — H beasurjective homomorphism. Then ¢(G") =
H™ for every n > 0. Also, G\™ is characteristic in G for eachn > 0.

Proof. We have ¢([x, y]) = [¢(x), ¢(¥)]. and since ¢(G) = H, we see that ¢

maps the set of commutators in & onto those in H. It follows that ¢{(G’) =

H', and repeated application of this argument yields that o(G"™) = H™® as
required.

That the terms of the denived series of G are characteristic of conrse follows

from the fact that they are canonically defined. Alternatively, this also follows

from the first part of the lemma when we take i = G and ¢ € Aut(G). =

We can now replace the unspecified normal series in Definition 8.1 with a par-
ticular canonical series.

(8.3) THEOREM. A group G issolvableiff G™ = 1forsomen. Also, subgroups
and factor groups of solvable groups are soivable.

Proof. Suppose G is solvable so that we have subgroups G; « G with
l=G S G E- CEG, =G
and such that G, /G, is abelian for 0 < i/ < n. Thus (G;.1)Y < G, for all
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i, and in particular, G’ € G, ;. Then G" = (G'Y € (G.-1) < G,_3, and
continuing like this, we obtain G% < G,_; for 0 < k < n. We conciude that
G™ < Gy = 1, as desired.

Conversely, if G = 1, then the series

1 =G c gD C...C GH) - GY =G

shows that G is solvable by Definition 8.1, since each G* a 6.

Now if # < G,then H' € G’ and in general, H® € G™. If G is solvable,
then for some n we have H™ € G™ = 1, and H is solvable. Finally, if N « G,
ther: application of Lemma 8.2 to the canonical homomorphism¢ : G — G/N
yields that (G/N)* = ¢(G"W), and so if G™ =1, we have (G/NY* = 1. m

If G is solvable, its derived length d1(G) is the smallest integer n such that
G = 1. The groups with derived length 1, for example, are exactly the nontrivial
abelian groups.

Generally, groups buiit from sclvable groups are themselves solvable.

(8.4) COROLLARY. Let N« G andsuppose that both N and G/N are solvable.
Then G is solvable and

dI(G) < dI(N) + dI(G/N).

Proof. Let di(N) == n and di{G/N) = m. Since the canonical homomorphism
G — G/N maps G"™ to (G/N)™ = 1, we see that G™ < N. Thus
G = (G C NW = 1, and the result follows. m

To justify our assertion that the finite solvable groups are precisely those groups
whose simple “building blocks™ have prime order, we prove the following corollary.

(8.5) COROLLARY. Let
I:ND":‘J N1<:I °"<:IN,1=G

be a compaosition series for G. (Recall that this means that each factor N; |/ N;
is a simple group for 0 < i < m.) Thern G is solvable iff the composition factors
N:y/ N; all have prime order.

Proof. First assume that the composition factors have prime order. Despite the
fact that these factors N, ,/N; are abelian, we cannot appeal directly to Defi-
nition &.1 because we are not assuming that the subgroups N; are all normal in
G. Nevertheless, we can say that G' € N, _; and thus G” € N, .,, and so on.
It follows that GY™ == | and G is solvable,

Conversely, assume G is solvable. Then each factor N, /N, is solvable by
Theorem 8.3. Since these factors are simple, it suffices to observe that a solvable
simple group must have prime order. This is clear, since if G is solvable and
nonirivial, then G’ < G. If G is also simple, then G’ = 1 and G is abelian, and
we know that simple abelian groups have prime order. m
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In general, even if G is solvable, it is not possible to find a series of normal
subgroups of (, each of prime index in the next. The finite groups for which there
is such a series are the supersolvable groups. We defer further exploration of these
groups to the problems at the end of this chapter.

8B
A chief series in a group G is a series of normal subgroups
l=No EN S-S N, =G,

for which each factor N ;,/N; is a minimal nontrivial normal subgroup of G/N;.
Equivalently, the series is “saturated™ in the sense that for each i with 0 </ < n,
there exists no subgroup M« G with V; < M < N;,:. (We stress that the distinction
between a composition series and a chief series is that in the latter we consider only
subgroups normal in the whole group G.) It should be clear that every finite group
has at least one chief series, and in fact, every normal subgroup of a finite group is
a term in some chief series.

We have seen that the composition factors of finite solvable groups are of prime
order. We now investigate the chief factors.

(8.6) LEMMA. Let N be a minimal normal subgroup of some group G, and
assume that N is finite and solvable. Then N is an elementary abelian p-group
for some prime p. (This means that N is abelian and xP = | forall x € N.)

Proof. Since N > 1 and is solvable, we have N’ « N. Since N’ char N, we see
that N’ « & and so N’ = 1 by the minimality of &. It follows that & is abelian.
Let p be a prime divisorof |[N|and write A = {x € N | x? = 1}. Then 1 < A,
and since N is abelian, A is a subgroup and, in fact, 4 char N. Thus A < G and
it follows that 4 = M. |

(8.7) COROLLARY. All chief factors of a finite solvable group are elementary
abelian p-groups for various primes p. [}

For the remainder of our discussion of solvable groups, we limit our attention
to finite groups and make repeated use of Corollary 8.7. First we consider maximal
subgroups.

(8.8) THEOREM. Let M < G be a maximal proper subgroup of the finite solv-
able group G. Then |G : M| is a prime power.

Proof. Let L be maximal among normal subgroups of G contained in M. (In
other words, L = cores(M).) Since L < G, we can let K/L be a chief
factor of G. (We choose K, therefore, so that K /L is minimal normal in G/L.)
Since K > L and K « G, we have K & M and so kKM > M. Therefore
KM = Gand |G: M| =|K : KN M|, which divides |K : L|, a prime power
by Corollary 8.7. |
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The smallest nonsolvable group is the alternating group As, and it has three
conjugacy classes of maximal subgroups with indices 5, 6, and 10. Theorem 8.8
would not hold, therefore, if we dropped the solvability hypothesis. It is interesting,
however, that the simple group of order 168 also has exactly three conjugacy classes
of maximal subgroups, and these have indices 7, 7, and 8, which are all prime powers,
although the group is not solvable.

8C

Qur next goal is somewhat more ambitious.

(8.9) THEOREM (P. Hall). Ler G be finite and solvable and let 7w be any set of
prime numbers. Then there exists a subgroup H T G with order divisible only
by primes in 7 and with index divisible by none of these primes.

A subgroup H < ¢ satisfying the conclusion of Theorem 8.9 is called a Hall
m-subgroup of G. Note that if # = {p}, a singleton set, then a Hall s -subgroup is
precisely a Sylow p-subgroup, and in this case, of course, the solvability in Theorem
8.9 would not need to be assumed. Note also that A4, of order 12, is a Hall {2, 3}-
subgroup of As but that A5 has no Hali {2, 5}- or {3, 5}-subgroup.

To prove Theorem 8.9, we need a few preliminary results. The first of these is
the so-called Frattini argument, which is general and quite useful.

(8.10) LEMMA (Frattini argument). Let N «a G, where N is finite, and let
P € Syl,(N). Then G = Ng(P)N.

Proof. Let g € G and note that P?# € Nf = N. Since |P&| = | P|, we conclude
that P¢ € Syl (N)andso P#" = P forsomeelementn € N. Thengn € Ng(P)
and hence g € Ng(P)n~! € Ng(P)IN. Since g &€ G was arbitrary, the result
follows. |

The next result is actually true without the solvability hypothesis (and in that
generality it is called the Schur-Zassenhaus theorem). For our purposes, however,
the solvable case is sufficient (and it is much easier to prove).

(8.11) THEOREM. Let M «a G, where G is solvable, and assume that
gcd(iM|. |G : M|) = 1. Then G splits over M. (In other words, there ex-
ists HCGwithMH=Gand MNH=1)

Proof. Use induction on |G|. Since we could take H = 1 if M = G, we may
assumethat M < G. Thus |G| > 1 and our induction is initialized. Let N/M be
a chief factor of G. Then N /M is a p-group for some prime p by Corollary 8.7,
and we choose P € Syl (N). Note that this forces PM = N.
Write X = Ng(P). By the Frattini argument (8.10), we have G = XN =
XFPM = XM, where the last equality holds since P € X.
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We claim now that X satisfies the hypothesis of the theorem with respect to
its normal subgroup M N X. Certainly X is solvable. Wehave [ X : M N X| =
|G : M|, and this is coprime to |M M X| since the latter is a divisor of |M|. If
X < G, the inductive hypothesis applies, and we obtain a subgroup # C X such
that HIMNX)=Xand HN(MNXY=1L.NowG = XM =HMNX)M =
HMand 1 = (HNX)YNM = HN M, and so H is a complement for M in G,
as required.

In the remaining case, X = G and so P « G, and in this situation we apply
the inductive hypothesis to G/ P. (Note that since N > M, we have P > 1 and
so |G/P| < |G].) We observe that G/ P satisfies the hypotheses with respect
to its normal subgroup M P/P. This follows since |M P/ P| divides |M| and
|G/P : MP/P| = |G : MP|, and this divides |G : M]|.

By the inductive hypothesis, we obtain a subgroup H/ P of G/ P such that

MP H G MP _ H
— — =— and -—N-—==1.
F P P P r
Thus MPH =G andso MH = Gsince P C H. Also, MP N H = P and
soM M HCMMNDP.
Finally, and for the first time, we actually use the assumption that
ged(|M|. |G : M) = 1. Since p divides |G : M|, it cannot divide |M|,

and hence M N P = 1. Therefore M N H = 1, as required. w
Proof of Theorem 8.9. We work by induction on |G| and note that there is nothing
to prove if |G| = 1. Assuming &G > 1 then, we iet M be a minimal normal

subgroup of G. Since G /M is solvable and smaller than GG, we can find a Hall
r-subgroup H /M of G/M. Note that |G : H| = {G/M : H/M| and so is not
divisible by any prime in x. '

By Lemma 8.6, there is a prime p such that M is a p-group. With the
possible exception of p, therefore, every prime divisor of | /| lies in n. If
p € m, there is nothing more to prove.

Assume now that p € . Then ged(|M|, |H : M|) = 1, and Theorem 8.11
applies and yields a subgroup K € H with KM = Hand K N M = 1. Then
|K| = |H /M| involves only primes in 7 and |G : K| = |G : H||M| involves
no prime of 7. In this case, X is a Hall s -subgroup of G. |

Theorem 8.9 is analogous to the Sylow E-theorem, and the property it asserts
for solvable groups is denoted E,. The analogs C,, and D, for the Sylow C- and
D-theorems also hold for all 7 in solvable groups, although we do not prove them
here. We also mention that if a finite group G satisfies £, for every prime set ,
then G is necessarily solvable. (All of these results were also discovered by P. Hall.)

8D

In Chapter 7 we said that a finite group is “nilpotent” if al} of its Sylow subgroups
are normal. We are now ready to give our “official” definition of nilpotence for not
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necessarily finite groups. We shall see that this agrees with the former definition in
the finite case.

(8.12) DEFINITION. A group (& is nilpotent if there exists a finite collection of
normal subgroups Gy, G, .. ., (s, , with

=Gy, € G, € CG,=6G
and such that
Gin/G: S L(G/G))

for0O <i < n.

Of course, nilpotent groups are solvable by Definition 8.1, and abelian groups
are certainly nilpotent. As we will soon see, finite p-groups are nilpotent. These
are perhaps the most important examples.

(8.13) LEMMA. Let G be finite and assume Z(G/M) > 1 for every proper
normal subgroup M a G. Then G is nilpotent.

Proof. Define subgroups Z; fori > 0 as follows. Let Zy = 1 and Z, = Z(G).
The subgroup Z; is defined via the Correspondence theorem so that Z,/Z, =
Z(G/Z,). (Note that Z; « G.) We continue like this, defining Z; so that

Z,‘/Z,‘ 1= Z(G/Z,_l) fori = 0,
By hypothesis,if Z; < G,thenZ,,, > Z;, and it follows using the finiteness
of G that Z,, == G for some n. This proves the nilpotence of G. [

(8.14) COROLLARY. A finite p-group is nilpotent.

Proof. By Theorem 5.21, nontrivial finite p-groups have nontrivial centers. The
corollary is now immediate from Lemma 8.13. [

A set of normal subgroups N, @ G such that
NoSN S---CN,

is called a central series in G if Ny /N; € Z(G/N;) for 0 < i < n. A group
G is nilpotent, therefore, iff it has a finite central series containing both 1 and
G. Using the idea in the proof of Lemma 8.13, we can construct a central series
in any group. We set Z¢(G) = 1 and inductively define Z;(G) by the equation
Z(GHYZ; (G =L(G/Z,. () for i > 0. (Of course, these subgroups need not
be distinct.) The collection {Z;(G) | i = 0} is called the ascending or upper central
series of G. Certainly, if Z,(G) = G for some integer n, then G is nilpotent. As we
shall see, the converse of this statement is true, too.

Perhaps more important is the “descending” or “lower” central series, which
we are about to construct. If H, K € G, we write [H. K| to denote the subgroup
generated by all elements of the form [k, k] = A~ "k~'hk, withh € Hand k €
K. The subgroup [H, K] is the commutator of H and K and equals 1 iff each
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element of A commutes with each element of X. (Noie that in this notation, we can
write the derived subgroup G’ = (G, G].) Observe that [k, A] = [k, k]!, from
which it follows that [H, K] = [K, H]. It should be remembered that, in general,
(H, X] may contain elements other than the commutators [A, £] with A € H and

ke K.
Unfortunately, there seems to be no universally accepted notation for the sub-

groups we are about to construct. We write G! = G, ¢? = [G,G] = G,
G® = {G? GJ, and in general, G' = [G'~!, G] for { > 1. Note that although
G’ = G?, the subgroup G” = G? = [G', ('] is generally not equal to either
G? =[G, G)or G* = [[[C, C], G, G].

IfH S K € G, then [H, G] € [K, G], and since G2 € G, this implies that
G? C G*. In general, we have

GC=CG'2G*2G*>---.

The lower or descending central series of G is the set of subgroups G/, (Note
that they are numbered in the reverse direction of the numbering in the definition of
the “central series.”) To verify that {G*} wruly is a central series, we need to establish
that each G' < G and that G'='/G* € Z(G/G") for all i > 2. The normality is
immediate, since the G* are canonically defined and hence are characteristic in &G,
Part (b) of the next }emma will be used to prove that the factors are central.

(8.15) LEMMA. lerX,Y S G be subgroups. Then:

a. [X,Y1C X iffY € Ngo(X).
b. Suppose Y « G. Then[X, Gl C Y iff XY/Y CZ(G/Y).

Proof. To prove part (a), note that [X, Y] € X iff[x,y] € X forall x € X and
y € Y. Since [x, y] = x'x?, this happens iff x> ¢ X forall x and y. In
other words, (X, Y] € X ff X> € X forall y € Y. Since Y is a group, this is
eguivalent to ¥ € N(X).

For part (b), let ¢ : G — /Y be the canonical homomorphism. Now
@(X) is central in @(G) iff

and this happens iff [X, G] € ker(yp) = ¥. Since ¢(G) = G/Y and ¢(X) =
XY/Y, the result follows, [

(8.16) COROLLARY. Thelower central series of G is acentral series for G. #%

(8.17) THEOREM. Ler G be any group and suppose n > 1. Then the following
are equivalent:

i. Gtl=1,
i, Z.(G)=G@G.

Furthermore, G is nilpotent {ff (1) and (ii) hold for some integer n.
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Proof. Certainly, if either (i) or (ii) holds, then G is nilpotent. We may therefore
suppose that G is nilpotent and prove that both (i) and (i1) hold for exactly the

same nonempty sets of integers n.
Let1 = Ny © --- © N = G be a central series for G. (This is possible

since G is milpotent.) Since N;,,/N; C Z(G/N;), we have [N;;,,G] € N,
by Lemma 8.15(b). We have G' = N; and G? = [G, G] € [N., G] € No_;
and, simtlarly, G* = [G*, G] € [N._,, G] € Ni_». In general, G' € N,_,,
and so G**' = 1 and (i) holds for some integer. Also (ii) implies (i) since
if Z,(G) = G&,wecantake N, = Z;(G) and k = », and we conclude that
Gl = 1.

We now write Z; = Z;(G) and show that N, < Z,; for all i, This certainly
holds for i = 0. Working by induction, we may assume thati > Qand N;_, C
Z;_,. Now [N;, Gl € N;_y € Z;_,, and 50 Lemma 8.15(b) yields

NiZ, /2, . CI(G/Z:.\) =Z,/Z; ,,

and we get N; € Z;, as claimed. It follows that Z,(G) = G and (ii) holds for
some integer. Also, (i) implies (ii) since, if G"*! = 1, we can take N; = G*~
and k = n, and we conclude that Z, = G. The proof is now complete, [

We mention that the smallest integer n for which Z,(G) = G (and, equivalently,
G"*! = 1) is called the nilpotence class of G. Abelian groups have class 1, and
nonabelian groups for which G’ € Z(G) are precisely those that are nilpotent of
class 2.

(8.18) COROLLARY. Subgroups and factor groups of nilpotent groups are
nilpotent.

Proof. If H C G,then H” € G",andsoif G" = 1, we have H" — | and H
is nilpotent. To prove the result for factor groups, let N « G and note that if
9 1 G — G/N is the canonical homomorphism, then ¢ (G") = (G/N)". (The
proof of this is similar to that of Lemma 8.2.) If G"* = 1, therefore, we have
(G/NY™ =1, and G/N is nilpotent. u

S8E

For finite groups, a number of conditions are equivalent to nilpotence. One of these,
item (iv) in the theorem below, was used as the temporary definition of nilpotence
(for finite groups) in Chapter 7.

(8.19) THEOREM. Ler G be finite. Then the following are equivalent;

i. G isnilpotent.

ii. Ng(H) > H whenever H < G.

iil. Every maximal subgroup of G is normal.

iv, Every Sylow subgroup of G is normal.

v. G is isomorphic to a direct product of p-groups for various primes p.
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Proof. Assume (Yandlet i = Ny € --- € N, = G be a central series. Given
H < G, let &k be maximal such that N, € H, and note that k¥ < n. We
prove (ii) by showing that N, € Ng(H). By Lemma 8.13(a), it suffices to
check that [H, N1l € H. Since {N,;}] is a central series, however, we have
[H, Ny 1€ N, by Lemma 8.15(b), and (ii) follows since Ny C H.

That (ii) implies (iii) is essentially trivial, since if M < & is a maximal
subgroup, then Ng (M) > M by (ii). Thus Ng(M) = G and M « G.

Now assume (iii) and let P € Syl (G) for some prime p. If Ne(P) < G,
choose a maximal subgroup M 2 Ng(P). Then M « (¢ and we can apply the
Frattini argument (8.10) to deduce that G = Ng(P)M. Since Ng(P) C M <
G, however, this is a contradiction. Thus Ng(P) = G and P < G, proving (iv).

Condition (iv) is precisely how we defined finite nilpotent groups in Chapter
7. In Theorem 7.9 we showed that such a group is the direct product of its Sylow
subgroups, and so by L.emma 7.6, such a group is isomorphic to an external direct
product of p-groups. This proves (v).

Finally, to prove that (v) implies (i), it suffices to show that direct products
of nilpotent groups are nilpotent. This is true without assuming finiteness, and
so we give this argument as the following separate lemma. u

(8.20) LEMMA. Let G, Gy, ..., G, be nilpotent groups. Then )n( & is nilpo-
i=1
tent.

Proof. If H; C G;, we view X H; € X G; and observe that [X H;, X G;] =
XI[H;, G;]. From this it i1s immediate that we can compute the lower central
series of X (; using the formula

(x G,)"‘ - k.

The resuit follows. [ |

The characterization of nilpotence for finite groups in terms of Sylow subgroups
is probably the most important consequence of Theorem 8.19. The following theo-
rem is an application of this.

(8.21) THEOREM. Let M « G and N =« G, where M and N are finite and
nilpotent. Then MN is nilpotent.

We need a lemma for finding Sylow subgroups of groups written as products of
subgroups. The following result is much more general than we really need.

(8.22) LEMMA. LetG = HK befiniteandlet S C G be a p-subgroup. Suppose
S contains a Sylow subgroup of H and also one of K. Then § € Sy}, (G) and
S=(SNHSNK).

Proof. We need to show that |G|, = | S|, where we are writing the subscript p to
denote the p-part of an integer. By Corollary 4.17 we have
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|Gip =

HIKTN _ "KL,

|H N K| » iHr“lKL,,'
Now |H|, < |SMN H| and | K|, = |§ N K| by hypothesis, and |H N K|, =

|§ N H N X| by Lagrange’s theorem. We conclude that
ISNH||SN K|

SO H K] =[(§NHYSNK)| ={§|.

|G|, <

Since |S| < |G|, by Lagrange, we have equality throughout. In particular,
(SN HY(SN K) = §, and the lemma follows, |

Proof of Theorem 8.21. Fix a prime p and let P € Syl,(M} and Q € Syl,(N),
and note that since each of M and N is nilpotent, we have P « M and Q a N.
These Sylow subgroups are therefore characteristic in M and N and hence are
normal in G. It follows that P ) is a normal p-subgroup of M N.

By Lemma 8.22 we have PQ € Syl ,(MN), and so M N satisfies (iv) of
Theorem 8.19 and hence is nilpotent. |

By Theorem 8.21 every finite group & has a unique largest normal nilpotent
subgroup. We use the notation F(G) for this subgroup, which is called the Fitting
subgroup of . Of course, the Fitting subgroup, being canonically determined, is
characteristic in .

Another characteristic subgroup relevant to the study of nilpotent groups is the
Frattini subgroup & (G), defined in Problem 2.7 as the intersection of all the maximal
subgroups of G.

(8.23) THEOREM. Let G be finite. Then the following are equivalent:

i, G isnilpotent.
1. G/®(G) is abelian.
mi. G/ P(G) is nilpotent.

Proof. First assume (i). We must show that G' € ®((7), and so it suffices to show
that G’ € M for every maximal subgroup M of G. Since G is nilpotent, we
have M <« G by Theorem 8.19, and by the Correspondence theorem, the identity
M /M is maximal in G/M. It follows that G/M is of prime order and hence is
abelian, and so G' € M as desired.

That (11) implies (iii) is trivial since every abelian group is nilpotent. We
assume (iii), therefore, and prove (i). By Theorem 8.19, it suffices to show that
every maximai subgroup M C G is normal. We have ®(G) € M, and by
the Cormrespondence theorem, M/ ®(G) is maximal in G/®(G) and hence is
normal by Theorem 8.19 applied to the group G/®(G). [

In fact, one can easily say more about the Frattini factor group G/®(G) of a
finite niipotent group . Not only is it abelian, but it is also the direct product of
cyclic groups of prime order. We leave a proof of this to the problems at the end of
the chapter.
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The following result generalizes the fact that (iii) implies (1) in Theorem 8.23.

(8.24) THEOREM. Let G be finite and suppose that ©(G) S N a4 G. Then N
is nilpotent iff N/ ©{(G) is nilpotent.

Note that if we take N = ®({) in Theorem 8.24, we deduce that the Frattini
subgroup of a finite group is always nilpotent. In other words, @ (G) C F(G).

Proof of Theorem 8.24. Certainly, if N is nilpotent, then so is N/®(G). Con-
versely, assuming that N/ ® () is nilpotent, we will show that N is nilpotent by
proving that every Sylow subgroup of NV is normal. Let P € Syl,(N) and note
that PP (G)/P(G) is a Sylow subgroup of N/ P(G) and so, since N/P(G)
is nilpotent, it is normal. It follows that P®(G)/D(G) is characteristic in
N /D (G) and hence is normal in G /P{G). We conclude that PO(G) < G.

Since P € Sy]P(N), we have P & Syl (P®(G)), and the Frattini ar-
gument yields that G = Ng(PYPP(G) = Ng(PY®P(G). This implies that
Ng(P) = G. (Otherwise, N (P) would be contained in some maximal sub-
group M < G, which, by definition, would also contain ®(G). This would
contradict N(PYD(G) = G)

Wenow have P« G andso P<a N. Since P was an arbitrary Sylow subgroup
of M, we deduce that N is nilpotent, as required. [

The following immediate corollary provides a formula relating the Fitting and
Frattini subgroups.

(8.25) COROLLARY. We have
F(G/®(G)) = F(G)/D(G)

for all finite groups G. n

8F

A nilpotent group is certainly solvable, and it is a triviality to see that its derived
length is bounded above by its nilpotence class. We will prove a much stronger
inequality after we establish some preliminary results.

We need to consider “higher commutators.”” We wrnte [x, v, z] to denote
[[x, ¥1, z], and more generally, [x,, ..., x,] is defined inductively for n > 3 to be
[{x1,..., x5~1], x,]. Similarly, we “left associate” for subgroupssothat[ X, ..., X,]
is defined to be [[X,,..., X, (], X,]. With this notation, we can write G* =
[G,G, G, ..., G), where G" is the nth term of the lower central series and there are
r G’s within the brackets. We begin with an amazing identity.

(8.26) LEMMA (P.Hall). Letx,y,z e G. Then

1 1 1

fx,y Lz vz xFlz.x L yTF = 1.
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Proof. Compute! [

(8.27) LEMMA (Three suhgroups). Let X, Y, Z € G and assume
IX,Y.Z]1=1 and [V, Z,X]=1.

Then [Z, X, Y] = 1.

Proof. letxe X, veY,andze Z. Then[x,y !, z] =1 =[y, 27!, x], and by
iemma 8.26, we conclude that [z, x~!, ¥y)* = 1 and so [z, x|, y] = 1. There-
fore {z,x 11e Co(Y)forallz € Z and x € X. Since these elements generate
[Z, X], we conclude that [Z, X] C Cg(Y)andhence [Z, X, Y] = 1. |

(8.28) COROLLARY. LetX,Y,Z < G and N < G. Assume
[X,Y,ZICN and [V,Z,X]CN.

Then{Z, X, Y| C N.
Proof. Apply Lemma 8.27 in the factor group G/N. |

Sometimes in the group theory literature, one reads proofs involving very com-
plicated and unpleasant commutator calculations. Occasionally these can be re-
placed by an appropriate appeal to the three subgroups lemma (or to Corollary 8.28).
Apparently, what is happening is that the identities being proved are essentially sub-
sumed within P. Hall's identity (8.26). Once Lemma 8.26 is established, there is
no need te redo these elementwise calculations. The following theorem is a good
example of an application of the three subgroups method.

(8.29) THEOREM. Let G = G' 2 G? 2 - . be the lower central series of an
arbitrary group G. Then o o
(G, G’ < G

foralli, j = 1.
We mention that we chose our numbering of the terms of the lower central
series so that this simple formula would hold. Some authors write “G = G%” and

“IG, G] — G!"and so on. Although this alternative notation docs have some appeal,
it would complicate the statement of Theorem 8.29.

Proof of Theorem 8.29. Induct on j. Note that by the definition of the lower
central series, we have [G', G] = G'*}, and so the theorem bolds when j = 1
and we may assume that j > 1. We have

IG', G =[G/, G'Y=[G'), G, G'].
Since Gt/ a G, we see by Corollary 8.28 that it suffices to show that

G, G GG and [G'. .G/, G]lc G,
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We have [G, G'] = [G', G] = G'*, and s0
[G, 'Gf, Gj-—l] — [Gi-}-l, Gj-l] g- GH—j

by the inductive hypothesis, since j — 1 <« j, Also, [G', G/!] € G**/~! by
the inductive hypothesis, and so

[G', G, Gl S (G, Gl= G,
The proof i1s now complete. [ |

We can now establish the promised inequality relating the derived length and
nilpotence class of a nilpotent group.

(8.30) THEOREM. LetG benilpotentwithderivedlengthd and nilpotence class
c. Then
d < 1+log,(c+1).

Proof. We have G’ = G?, and by Theorem 8.29 we get G* = [G?, G*] € G* and
G = [G7, G"] G [G*, G*] € G*. Continuing like this, we see that G®' < G¥
for all & = (.

Now | < G¥-D € G* and yet G'*! = 1. This gives ¢ + 1 > 297!, and
the result follows. [

(8.31) COROLLARY. If G is nilpotent with nilpotence class ¢ < 3, then G’ is

abelian.

Proof. By Theorem 8.30 we have dI(G) <« 3 and thus G” = 1. [ |
We close this chapter with one further application of the three subgroups lemma.

(8.32) THEOREM. Let H act faithfully via automorphisms on some group G.
Suppose that K © G and that H fixes each element of K and stabilizes each
right coset of K in G. Then H is abelian.

Proof. Let I’ = G x H, the semidirect product, and identify G and H with
subgroups of I so that G« I" and the original action of H on G is the conjugation
action within I,

Since theright coset K g is H-invariant, wehave g” € Kgandsogig™ e K
forall g € Gand h € H. We have

g'g ' =hT'ghg™" =[h, g7

and hence |G, H] = [H, G} € K. We are assuming that H centralizes K,
however, and this gives [G, H, H] € [K. H] = 1l and also [H. G, H] = 1. By
the three subgroups lemma, we conclude that [H, H, G] = 1. In other words,
[H'. G} = 1and H' € C-(G). Since the action of H on G is faithful, it follows
that H' = 1, and so H is abelian. ]
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Let G be finite and P € SylP(G). Suppose N (P) € H € (. Show that
Ng(H) = H.

Let G be finite and solvable and suppose M < G is a maximal subgroup
and coreg (M) = 1. Let N be a minimal normal subgroup of G. Show the
following:

a. NM=Gand NNM = 1.

b. Cy(N) = 1.

c. N =Cg(N).

d. N is the unique minimal normal subgroup of G.

Let G be finite. Show that G is nilpotent iff xy = yx whenever x, v € G
have relatively prime orders.

Let & be finite. Show that G has a unique largest solvable normal subgroup.

A group is perfect if it is its own derived subgroup. (In particular, note that
nonabelian simple groups are perfect.) Let N <« G and assume that G/N is
perfect. If ¢ : G — S is a homomorphism, where § is solvable, show that

w{G) = (N).

Let G be finite, solvable, and nonabelian. Show that F(G) > Z(G).
Let G be finite and solvable. Show that F(G) 2 Cs(F(G)).

HINT: Apply Problem 8.6 to C (F(G)).

Let G be finite and suppose G = HK for subgroups H, K € G. Fix a
prime p and show that there exist I/ & Syl,(H) and V € Syl (KX) such that
UV € Syl (G).

Let & be finite and suppose N < G and G/N is nilpotent. Show that there
exists a nilpotent subgroup H € G suchthat NH = G.

HINT: Consider separately the cases N € ®(G) and N € ®(G).

A group G is supersolvable if there exist normal subgroups N; with
l=NeCN C---CN, =G

and such that N;.,/N; is cyclic for 0 < i < n. Show that a finite nilpotent
group is necessarily supersolvable,

Let G be finite and supersolvable and suppose M is a maximal subgroup of
(. Show that |G : M| is a prime number.

HINT: Find X,I.« G withL € M and MK = G and K /L cyclic.

Suppose that every maximal subgroup of some finite group G has prime index
and let p be the largest prime divisor of {G].
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8.13
8.14

8.15

8.16

8.17

CHAPTER 8

a. Show that G has a normal Sylow p-subgroup.
b. Show that ¢ is solvable.

HINT: If P € Syl ,(G) and Ng(P) € H & G, compute |G : H| mod p,
NOTE: Infact, (G is necessarily supersolvable, but this is quite hard to prove.
Let A, K € (. Show that [H, K]« (H, K}.

Let A act faithfully on G via automerphisms and suppose K « G and K O
C(K). If H fixes the clements of K, show that H is abelian.

HINT: Llet " = G x H and note that H# € Cr(K) <« I'. Deduce that
[G, H] € Co(K) & K.

Let ¢ be nilpotent (and possibly infinite) and suppose ! < N <« G. Show that
NNZ(G) > 1.

HINT: Consider [N, G, G, ..., G).

NOTE: Compare this with Problem 5.19.

Show that a minimal normal subgroup of a supersolvable group is cyclic.

HINT: Let M be the minimal normal subgroup and consider two cases ac-
cording to whether or not A C N, in the notation of Problem 8.10. Induct on

the number #.

Let P be a finite p-group. Show that ¢ {P) is the unique normai subgroup of
P minimal such that the corresponding factor group is elementary abelian.



CHAPTER NINE

Transfer

9A

It is useful to have a selection of theorems available that can be used to show that
certain groups are not simple. Results of this sort make assertions about the structures
of simple groups and help us to understand these mysterious objects. A good way to
prove that a group G is not simple is to construct a homomorphism from G to some
other group, and to show that the kernel of this homomorphism is both proper and
nontrivial. We seek, therefore, techniques for constructing homomorphisms.

One such technique we have already exploited is that of group actions: whenever
G acts on a set, there is a corresponding homomorphism from G into an appropriate
symmetric group. There are two other important general methods for obtaining
homomorphisms. One of these is the theory of linear representations, in which one
considers homomorphisms from a group into the group of invertible n x n matrices
over some field F. Perhaps the most important case of this is where F = C, the
complex numbers. (W. Burnside’s proof that groups of order p%g® are solvable,
where p and g are primes, provides an excellent example of the use of complex
representation theory to prove a nonsimplicity result.)

The third general technique for constructing homomorphisms is transfer theory,
which was also pioneered by Burnside. In this case, all of the target groups for the
homomorphisms we will define are abelian, and so if we wish to use transfer to
prove that some group G is not simple, the only hope for success is when G has
a proper normal subgroup with an abelian factor group, In other words, transfer
theory provides tools for establishing that G’ < G.

Suppose H € G and choose a right transversal T for H in G. In other words,
T is a set of representatives for the right cosets of H in G and each such coset
contains a unique element of T'. Now G acts on the set of right cosets of H by right
multiplication, and since the elements of 7" can be viewed as labels for these cosets,
this defines a corresponding actionof Gon T. Forr € T and g € G, we write ¢ - g
to denote the unique element of T that lies in the coset Hrg.

115
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(9.1) LEMMA. Let H C G and suppose that T is a right transversal. Ift € T
and x,y € G, then

a. t-1=rt,
b. (t-x)-y=1¢-(xy), and
c. tx(t-x)leH.

Proof. Statements (a) and (b) merely say that *“.” is an action of & on T, and this
is ciear since right multiplication defines an action on {Hr | t € T}. Statement
{c) is immediate from the factthat 7 - x € Htx. [ |

Suppose H € (G and let T be as before, and assume |G : H| < oo. (Note that
|T| = |G : H|.) Sincetg(r-g) ' € H foreacht € T and g € G, we can define a
map wr : G — H by setting

w(g) = []eett- )"
teT
Since H need not be abelian and we have not specified any particular order in which
to carry out the multiplication, the map n is, of course, not uniquely determined.
This ambiguity of definition proves to be only a minor inconvenience, however,
since we intend to compose nm with the canonical homomorphism H — H/M,
where M < H with H /M abelian. The coset (element) M (g) € H/M is uniquely
determined by g, H, M,and T.

(9.2) DEFINITION. Let H € G have finite index and suppose M « H with
H /M abelian. The transfer from G to H/M isthe mapv : G — H/M given
by

v(g) = Mn(g),

where

n(g) = []ratt &)

teT
and T is a right transversal for & in G.

As we have defined it, the transfer appears to depend on the transversal I° (but
not on the ordering of the elements of T involved in computing 7 {g)}). In fact, the
transfer is independent of the choice of transversal, Although we do not need to use
it, we begin with a proof of this independence.

It is convenient to write x = y mod M if x, y € H with Mx = My,

(9.3) THEOREM. Ler SandT be right transversals for H in G and let M « H
with H/ M abelian. Assume |G : H| < co. Then for g € G, we have

[Tre 2 =[]sets- )" mod M,
tel sy

and so the transfer map G — H /M is independent of the transversal used to
calculate it.
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Proof. Foreacht € T, there is a unique element #, € H such that s,+ € S, and as
t runs over T, the elements A,r run over §. Furthermore, since
Hh,t)g = H(t-g),

we see that the unique element of § in this coset is h..g(t - g). It follows that the
“-” operations on S and on T are related by the formula

(:t) g =he,(t-8).

Therefore
[[s8ts- &' =[[htgthe - gn™
sES rel

=[] hrtgt-g)7'h])

rei‘

= l_irg(t cg)”! l_[h, l_[h,__; mod M.

tel teT T

Since ¢ - g mins over T as t does, we have

(Hh,)“ =[[#47; mod M,

teT terl

and the result follows. Throughout this calculation, of course, we are taking
advantage of the independence on the order of the factors of the various products
{mod M), provided each factor lies in . |

Next we establish the fact that makes the transfer interesting.

(9.4) THEOREM. The transfermapv:G —» H/M isa homomorphism.

Proof. Letx,y € G. We show that m(xy) = 7w (x)7(y) mod M. Since ? - x runs
over T as ¢ does, we have

a) =]l -»" =Je -0y o »!
reT el

¢ - %)y -xy)™" mod M.

terl

Therefore
w0y =[x -0 []e - 0y an!
reT rel
= [[extc-07'¢ -2y - xy) ™
teT

= l_trxy(r -xy)"! mod M.
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Again, we have freely rearranged factors that are elements of H. The result now
follows. [

Our major applications of the transfer homomorphism depend on a result we
call the “Transfer evaluation lemma,” which provides a useful computational tool.
Before we present this result, however, we observe that there is one situation where
the computation of the transfer v(g) is especially easy: where g € Z(G). We give
an application that exploits this.

(9.5) THEOREM. Let G be finite and suppose a Sylow p-subgroup of G is
abelian. Then p does not divide |Z(G) N G'|.

Proof. Let P ¢ Syl,(G). Since P is abelian, we can take M = 1 and consider the
transfer homomorphism v : G — P. Let T be a right transversal for P in G,
andnote thatifz € Z(G)NPandt € T,then Ptz = Pzt = Prandsot -z = ¢
and 1z(r - 7)~! = z. It follows that

U(z) — nz — ziG:Pi i

teT

and since z is a p-element and pf|G : P}, we conclude that 7 = 1 if v(z) = 1.
Thus Z(G) N P Nker(v) = 1.

Since v{() is abelian, we have G’ C ker(v) and hence PNZ(GYNG' = 1.
Because Z(G) N &' is a normal subgroup of G, however, we have

l1=PN{ZGING) e Sylp(Z(G) NG,
and the result follows, n

‘Theorem 9.5 has applications in the theory of central extensions. Given a finite
group G, we consider surjective homomorphisms ¢ : I© — G such that ker(¢) <
Z(T') N I''. (We shall not attempt to explain why anyone would be interested in
such a thing.) It turns out that there are only finitely many different isomorphism
classes of (necessarily abelian) groups M that can occur as ker{g). As was proved
by L Schur, all of these are homomorphic images of the largest one, which is unique
up to isomorphism. This largest possible kemel is called the Schur multiplier of
G and is denoted M(G). Corollary 9.6 below says that if G has a cyclic Sylow
p-subgroup for some prime p, then the order of M((G) is not divisible by p. Since,
for example, the only prime for which As has a noncyclic Sylow subgroup is 2, it
follows that M (As) is a 2-group. In fact, | M (As)) = 2.

(9.6) COROLLARY. Let G have a cyclic Sylow p-subgroup. If G = T'/M,
where " is finite and M C Z(T') N I, then p does not divide |M|.

Proof. Let P € Syl,(I") and note that P/(PN M) = PM/M € Syl,(I"'/M), and
so it is cyclic. Smce PN M C Z(P), it follows that P is abelian and Theorem
9.5 applies. L
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9B

Most of our applications of the transfer depend on the following lemma.

(9.77 LEMMA (Transfer evaluation). Let M a« H C G with |G : H| < oo
and H/M abelian, and let T be a right transversal for H in G. Then for each
g € G, there exists a subset To < T and positive integers n; fort € Ty such that

a. y . n =|G:H|,

b. tg™t ' € H forallt € Ty, and

c. m(g) =[] tg™t™! mod M.
ieTh

Also, if 0(g) < o0, then

d. each n, divides o(g).

Proof. The cyclic group (g} acts on 7" via *-” and decomposes T into orbits. Let
To be a set of representatives for these orbits and let n, denote the size of the
{g}-orbit containing ¢. Statements (a) and (d) should now be clear,

Fort € 7, the permutation induced by g on the {g}-orbit containing ¢ is an
n;-cycle, and so the elements of this orbit are

"—'_I

f.f‘g,f‘gz,o--af'g )

and we have

t-gh =t
Therefore

te Hig™,
and (b) follows,

The contribution to the product  (g) corresponding to elements of T in the
orbit containing ¢ is

"f-_l
[T ghet gty =egme!,
i=0

and (c) follows. [ |

An immediate application of Lemma 9.7 is the following corollary.

(9.8) COROLLARY (Schur). Let|G :Z{G)| = m < c0. Thenthemapg r> g™
is a homomorphism from G into T(G).

Proof. In fact, we will show that this map is the transfer v : G — Z(G). By the
Transfer evaluation lemma, we have for g € G that

v(g) =m(g) = [ [1g™¢~",

1eTly
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where tg™ 1! € Z(G). It follows that rg™¢~! = g™ and

vig) = [[&" == = g".

tefy

as required. [

More can be said when the hypotheses of Schur’s theorem (9.8) are satisfied. If
T is a transversal for Z(G) in G, an easy calculation shows that every commutator
in GG actually has the form [s, ¢] for elements s. ¢t € T. In particular, there are only
finitely many commutators in G, and so the derived subgroup G’ is finitely generated.
Also, since Z(G) is abelian, we see that G’ lies in the kemel of the map of Corollary
9.8, and hence the mth power of every element of G’ is the identity. As we see in
Problem 9.12, this information about G’ is sufficient to guarantee that G’ is finite
when |G 1 Z{G)| < oo.

oC

Our principal applications of transfer in finite groups invelve the transfer of G into
P/P’, where P € Sy} (G). In order to prove nonsimplicity theorems, we would
like to be able to compute the kernel of the transfer homomorphism v : G — P/ P’
and to find conditions sufficient to guarantee that this kernel is proper. Since we are
mapping into a p-group, it follows that v(G) = v(P), and so it suffices to compute
P Mker(v). This turns out to be the “focal” subgroup of P, which we are about to

define,

(9.9) DEFINITION. Let A C G. Then the focal subgroup of H in G is
Focg(H) = {x~'y | x, y € H and x, y are G-conjugate).

Note that if x, # € H, then x and y = x" are certainly G-conjugate elements
of H. It follows that [x, k] = x~x* = x~'y € Focg(H), and we see that H' <
Focs (). This containment can be proper, however, since there are often elements
x,y € H that are G-conjugate but not H-conjugate. We use the term “fusion” to
describe this phenomenon. Specifically, we say that two classes of H are fused in G
if both are contained in the same G-class. To say that there is no fusion in H means
that any two elements of H that are G~conjugate are already H-conjugate. In that
case, we se¢ that Focg(H} = H'.

We usually use the next result when the subgroup H € G is Sylow. The proof
is identical for the rnore general situation of Hall subgroups, however, and so we

state and prove it in that generality.

(9.10) THEOREM (Focal subgroup). Let G be finite. Suppose H C G isa Hall
subgroup andlet v : G — H/H’ be the iransfer map. Then

Focs (H)Y = HN G = H Nker(v).
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Proof. Ifx,y € H with y = x# for some g € G, then x~'y = [x, g] € G’ and
hence Foco{H) € H NG, Also, G’ € ker(v) since v(() is abelian, and hence
H N G < HN ker(v). To complete the proof of the theorem, therefore, we

let g € H Nker(v) and show that g € Focg (H).
Using the Transfer evaluation lemma (9.7) and the assumption that g € H,

we have
w(g) = 1_[ rghe! = g™ H g™ tg™t™! mod H',
teTh tetn
where m = Y n, = |G : H|. Since g € H and rg™t~! € H by Lemma 9.7,
each factor
g—nftgn,r-—-!

lies in Focs (H') by the definition of the focal subgroup.

We are assuming that g € ker(v). Thus w(g) € H' < Focg(H) and we
conclude that g € Focg(H). However, m = |G : H| is relatively prime to
o{g) since g € H, which is a Hall subgroup. Thus

g € (g") & Focg(H),
and this completes the proof. [

(9.11) COROLLARY. Ler P € 8yl ,(G) and suppose there is no fusion in P.
Then G'N P = P '

Proof. Since there is no fusion, we have Focg(P) = P'. [

In order to compute the focal subgroup and to use results like Coroilary 9.11,
we need to be able to obtain information about fusion. The following consequence
of the Sylow C-theorem 1s useful for this purpose.

(9.12) LEMMA (Burnside). Ler P € Syl (G) and suppose x,y € Cg(P) are
conjugate in . Then x and vy are conjugate in Ng(P).

Proof, Write y = x¥ forsome g € G, andnote that P € Cg(y). Also P € Cg(x)

and so
P2 C Co(x) = Co(x%) = Cg(y).

Therefore P and P# are Sylow p-subgroups of Cg;(y), and hence there exists
¢ € Cs(y) such that P2 = P. Then gc € Ng(P) and x5 = y° = y, as
required. ]

A subgroup N of a finite group (r is said to be a normal p-complement in G
(where p is prime) if it is a normal subgroup having index a power of p and order
not divisible by p. In other words, it is a normal subgroup whose index is equal
to the order of a Sylow p-subgroup of G. Corollary 9.11 and L.emma 9.12 can be
combined to give a very useful sufficient condition for a group to have a norral
p-complement.
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(9.13) THEOREM (Burnside). Ler P € Syl (G) and suppose P < Z(Ng(P)).
Then G has a normal p-complement.

Proof. Suppose x, y € P are conjugate in ;. Since P is abelian, we have x, y €
Cs (P}, and hence by Lemma 9.12, we deduce that y = x" for some element
n € Ng(P). Since P € Z(Ns(P)), however, we have x" = x and x~'y = 1.
We conclude that Focs (P) = 1 and hence P M ker(v) = 1 by Theorem 9.10,
where v : G — P is the transfer map. It follows that p}|ker(v)|. Since
|G ker(v)| = |[v(()]is a p-power, we see thatker(v) is a normal p-complement
for (¢, as required. |

As an application of Burnside’s theorem, we give the following corollary.

(9.14) COROLLARY. Suppose all Sylow subgroups of G are cyclic (for all
primes). Then G is soivable.

Proof. Let P € Syl,(G), where p is the smallest prime divisor of |G|. By the
N /C-Theorem (Problem 3.9), we know that [N (P) : Ce(P)| divides |Aut(P)].
Since P is cyclic, we have |Aut{P)| = (| P|), where ¢ is Euler’s function.
We can write ¢{|P}) = (p — 1)p®~!, where p° = |P}, and it follows that
ING(P) : Cg(P)] is divisible by no prime larger than p. Since P € Cg(P),
this index is not divisible by p, and by the choice of p, it certainly is not
divisible by any prime smailer than p. It follows that [Ng(P) : Co(P)l = 1
and thus P € Z(Ng(P)). By Bumside’s theorem, therefore, G has a normal
p-complement N.

Now N < G and so, working by induction on |G|, we may assume that
N is solvable. Since G/N is a p-group, it too is solvable, and the result
follows. m

Burnside’s theorem is also useful for proving that certain numbers do not occur
as the orders of simple groups. For instance, if |G| = 12,100 = 22 .52 .112, then
the only possibilities for #,1(G) = |Syl,;(G)| are 1 and 100. In the first case, a
Sylow 11-subgroup is normal and in the second, P = Ng(P), where P € Syl,,(G).
Since P is abelian, Bumnside’s theorem applies here, and so in neither case can G
be simple.

The arguments used to prove Bumside’s theorem give some information when
there is an abelian Sylow p-subgroup, even when it is not ¢central in its normalizer.

(9.15) COROLLARY. Let P Syl (G) and assume that P is abelian. Let
N =Ng(P). ThenG' NP =N"NP.

Proof. By Bumside’s lemma (9.12), we know that if x, y € P are conjugate in
(s, then they are conjugate in N. It follows that Foc.; (P) = Focy (P), and the
result follows by the Focal subgroup theorem (9.10). |



TRANSFER 123

Results like Corollary 9.15 allow us to work with N in place of G in order to
establish the nonsimplicity of G. If it can be shown, for instance, that N has a
nontrivial p-group as a homomorphic image, then P & N’ and therefore P € G’

by Corollary 9.15, and hence G’ < G.
Corollary 9.15 can be combined with Theorem 9.5 to get a useful consequence.

(9.16) COROLLARY, Iet P € Syt,(G) be abelian and write N = Ng(P).
ThenZINNPNG = 1.

Proof. Application of Theorem 9.5 to N yields that Z(N) N PN N’ = 1. Since
PN N = P NG, the result follows. [

As an example of how Corollary 9.16 can be used, we give the following appli-
cation.

(9.17) COROLLARY. Let G be a finite simple group having an abelian Sylow
2-subgroup of order 8. Then G contains no element of order 4.

Proof. Let P ¢ Syl,(G) and N = N (P). If G has an element of order 4, then P
either is cyclic or is isomorphic to the direct product of a cyclic group of order
2 with one of order 4. In either case, P has a characteristic subgroup Z of order

2. (Either Z = {x* | x e P}or Z = {x* | x € P}.)
Since |Z| =2and Z a N, wehave Z C P N Z(N), and so by Corollary
9.16, we see that Z N G’ = 1 and hence G’ < G. This is a contradiction since
G is simple, but does not have prime order. -

We mention that the assumption that the Sylow 2-subgroup of G has order 8 in
Corollary 9.17 is not really necessary. It does not appear, however, that the more
general result can be proved without the use of much deeper methods.

It is natural to ask whether Corollary 9.15 would remain true if the condition
that P is abelian were relaxed. If G is simple of order 168, let P < Syl,(G) and
N = Ng(P). Then N = Pand G' = G,andsoNNNP =P < P = G'N P,
and the conclusion of Corollary 9.135 fails in this case. Nevertheless, a recent result
of T. Yoshida extends Corollary 9.15 and asserts that G’ N P = N’ N P unless a
certain group W of order p#*! occurs as a homomorphic image of P. (This group
is the “wreath product” of two cyclic groups of order p.) Since the nilpotence class
of W 1s p, it follows that if P ¢ Syl ,(G) has nilpotence class smaller than p, then
N'0 P = G’'N P, where, as usual, N = Ng(P).

9D

We close this chapter with a theorem of Frobenius that gives several necessary and
sufficient conditions for a finite group to have a normal p-complement. Unlike
our earlier results, Frobenius’s theorem applies even if the Sylow p-subgroup is
nonabelian.
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(9.18) THEOREM (Frobenius). Let P € Syl (G). Then the following are
equivalent:

i. (G has a normal p-complement.

ii. Ng(U) has a normal p-complement for all p-subgroups U C G with
U>1.

tii. Ng(U)/Cg(U) is a p-group for all p-subgroups U C (.

iv. There is no fusion in P.

Several comments on Frobenius’s theorem are appropriate. The restriction that
U > 1 incondition (i1} is not essential, but the fact that (ii) implies (i) would be of no
interest without it. A subgroup of the form Ng(U), where U > 1 is a p-subgroup,
is said to be p-local in G. Essentially, (i1) = (i) says that the existence of a normal
p-complement is determined “locally.”

Condition (iii) says that whenever an element of (¢ with order not divisible by
p nomalizes a p-subgroup of (7, it centralizes it. In other words, these elements,
the p-regular elements, do not act nontrivially on p-subgroups in G.

It should be remarked that the implication (ii} = (iii) can (and will) be proved
separately for each p-subgroup U/’ € G. When just a single subgroup U is consid-
ered, however, the reverse implication is actually false. In other words, (iii) must be
assumed for all U/ in order to conclude (ii).

The proofs that (i) implies (ii)} and that (ii) implies (iii) are essentially trivial,
The work in proving Frobenius’s theorem comes in showing that (iii} implies (iv)
and that (iv) implies (i), and we prove these separately. We remark, however, that
it is easy to get a direct proof that (i) implies (iv). We begin by showing that (iv)
implies (i), which is the only point where transfer is used.

(9.19) THEOREM. Let P € Sy1,(G) and assume that there is no fusion in P.
Then G has a normal p-complement.

Proof. Let K < G be minimal such that G/X is a p-group. (Of course, it may
happen that K = G.) We will show that pf|X| to complete the proof.

We observe first that pf|K : K’|; otherwise K /K’ would have a proper
characteristic subgroup of p-power index. This would correspond to a nor-
mal subgroup of G smaller than X and having p-power index in G, thereby
contradicting the definition of X.

Let @ = PN KX and note that Q € Syl (K). By the previous paragraph, we
have O € K', and so Q = QN K’ =Focg (Q) by the Focal subgroup theorem. On
the other hand, if x, y € Q are K’ -conjugate, then these are elements of P that are
G-conjugate, and so by hypothesis y = x* for some element u € P. Therefore
7'y = [x,u] € [@, P), and so Q = Focx{Q) < [Q, P]. h follows that

QC[Q,P,P,...,PIC P”

for all positive integers n. Since P is nilpotent, however, we know that some
term P” of its lower central series is trivial. This forces @ = 1 and p* | K}, as
desired. n
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Since G/v(G) is always abelian when v is a transfer map, it seems somewhat

paradoxical that the proof of Theorem 9.19 used transfer to produce a normal p-
complement N of G, where G/N may be nonabelian.

The next result is the key to the proof that (i1i) = (iv) in Frobemus’s theorem

(9.20) LEMMA. Let G be finite and assume Ng(U)/Cg(U) is a p-group for

each p-subgroup U C G. Let S, T € Syl ,(G) and write D = SNT. Then
T = §° for some element ¢ € Cs (D).

Proof. Assume the result is false and choose the two Sylow subgroups Sand T

with 2 = SN T as large as possible such that T is not of the form 5 with
¢ € Cz(D). Note that § # T. As illustrated in Figure 9.1, we construct some
additional Sylow subgroups.

Figure 9.1

Let N = Ng(D) and choose $ € Syl (N} with § 2 NN Sand T €
Syl,(N) with Tp 2 N N T. Also, choose 8, € Syl,(G) with §; 2 Sp. Finaily,
choosen € N with Ty = Sj andset T} = ST sothat T € Syl,(G)and T} 2 Th.

Since § % T, we have IJ < § and hence

SNS 28NS 2SNN=Ng(D)> D,

since by Theorem 5.25, normalizers grow in p-groups. Similarly, 7, NT > D,
and so by the choice of S and T, we have

Sl =5 and T = le,

where a € Cg(SN S§) C Co(Dand b e Co(TyNT) € Ce(D).

By hypothesis, N/Cg(D) is a p-group, and hence N = $Cs(D) since
So € Syl,(¥): Therefore n = sc, where s € Sy < §) and ¢ € Cg(D), and
we have 71 = S = S¢. It follows that $%* = §* = TP = T, and since
ach € C;(D), we have a contradiction to our choice of Sand T. [ |

(9.21) COROLLARY. Llet P ¢ Syl (G) and assume that Ng(U)/Cg(U) is a

p-group for all p-subgroups U C G. Then there is no fusion in P,
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Proof. Letx,y ¢ P withy = x4 forsome g € . Since y = x% € P%, we have
y € PN P% and Lemma 9.20 yields an element ¢ € C;(y) with P8 = P. Then
gc € Ng(P), and since Ng(P)/Cgs(P) is a p-group, we can write gc = ua,
where u € Panda € C;(P). Now x* € P and soa € Cg(x*), and we have

xu=xua=xgc___yr___y.

Since # € P, we have shown that x and y are P-conjugate, as required. -

Proof of Theorem 9.18. Assume (i) and let ¥ be a normal p-complement in G.
If H € G is any subgroup, we will show that & has a normal p-complement,
and this will prove (ii). In fact, H N N is a normal subgroup of H with order
not divisible by p and |H : HNN| = [HN : N| divides |G : N|, which is a
p-power. It follows that A N N is a normal p-complement in H.

Now assume (ii) and let U/ € G be a p-subgroup, If I/ = 1, then certainly
Ng(U})/Cgs(U) is a p-group, and so we may assume that U > 1. Let M be a
normal p-complement for Ng (/). Then M N U/ = 1, and since both M and U/
are normal subgroups of Ng (I/), we have M C Cg(U/). Thus [Ng(U) : Co(I)|
divides |G : M| and is therefore a p-power, This proves (iii).

That (iii) implies (iv) is Corollary 9.21, and that (iv) implies (i) is Theorem
9.19. |

As an application of Frobenius’s theorem, we offer the following corollary.

(9.22) COROLLARY. Let|G| = p®m, where p is prime and pjm. Suppose that
ged(m, p* — 1) = 1 for all 1‘nreger§ ewithl < e < a. Then G has a normal

p-complement,

Proof. By Frobenius’s theorem, if G does not have a normal p-complement, then
there exists a p-subgroup U/ & G such that Ng(U)/Cg(U) is not a p-group. It
follows that Aut(l) contains an element & of prime order g |m.

letV = {u € U | uo = u}. Then V is a proper subgroup of I/ and
all elements of / — V lie in orbits of size ¢ under (o). Therefore ¢ divides
Ul = |V = V(U : V] — 1), and it follows that g divides |U : V| — 1. Since
| : V| = p*® for some exponent ¢ with 1 < ¢ < q, this is a contradiction. W

(9.23) COROLLARY. IfG issimple with |G| = 8m, then one of 2, 3, or 7 must
divide m. o

We close this chapter by mentioning a powerful theorem of J. Thompson that
strengthens Frobenius’s theorem in the case where p # 2. Thompson’s result is
that in order to prove that G has a normal p-complement (for odd p), it suffices to
check that N (U} has a normal p-complement for just two particular p-subgroups
U/ € G. The two subgroups whose normalizers need to be checked are characteristic
in a Sylow p-subgroup P of G; they are the center Z( P) and the Thompson subgroup
J(P), defined to be the subgroup generated by all elementary abelian subgroups of
P of largest possible order. (In fact, it suffices to check the smaller group Cg (Z( P))
in place of N (Z(P))).
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9.1

9.2

9.3

9.4

9.5

9.6

9.7

2.8

9.9

9.10
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Let P € Syl (G) and assume P C Z(G). Show that G = P x K for some
subgroup K € G.

Let A « G be abelian and let v : G — A be the transfer homomorphism.

a. Show that v(A) € Z{G).

b. Now assume gcd(|A|, (G : A]) = 1. Show that v(G) = v(A) = ANZ(G).
c. In the situation of part (b), show that G = v(G) x ker(v).

Let P € Syl,(G) be cyclic. Show that if p||G’|, then pfIG : G'|.
HINT: First do the case where P « G. In that situation, use Problem 9.2.

Let P € Syl,(G)and N = Ng(P). Suppose z € Z(NYN Pand z & P’.
Show that z ¢ G'.

HINT: Use the Transfer evaluation lemma. Note that if 1z"t~! € P, then
12"t~ = z" by Lemma 9.12.

Let Q be a nonabelian 2-group that contains just one involution, and let P =
@ x C, where C 1s a nontrivial cyclic 2-group. Show that P is not isomorphic
to a Sylow 2-subgroup of a simple group.

Suppose that & is finite and simple and that some maximal subgroup M of G
is nilpotent. Show that M is a p-group for some prime p.

HINT: Suppose p and g are distinct prime divisors of |M|, and let P ¢
Syl, (M) and Q € Syl (M). Apply Lemma 9.12 to Q to compute fusion in P.

Suppose that P € Syl (G) and that M, N « P. Show that if M and N are
conjugate in G, then they are conjugate in N (P).

Let P € SylL,(GG) and let W € P. We say that W is weakly closed in P with
respect to G if, whenever W® C P for g € G, we have W8 = W. Show that
if Z(P) 1s normal in every Sylow p-subgroup that contains it, then Z(P) is
weakly closed in P with respect to G.

Let P € Syl (G) and W € Z(P). Assume W is weakly closed in P with
respect to G and let N = Ng(W).

a. Show thatif x, y € P are G-conjugate, then they are N-conjugate.
b. Showthat GNP = NN P,

NOTE: The combined results of Problems 9.8 and 9.9 are from Griin, who
called groups p-normal if they satisfy the condition of Problem 9.8 (that
the center of a Sylow p-subgroup is normal in every Sylow p-subgroup that
contains it).

Let G be finite and simple and suppose P € G is a maximal subgroup that is
a nonidentity p-group. Show that the nilpotence class of P is > 3.



128 CHAPTER?Y

9.11

9.12

9.13

HINT: Note that P € Syl (G). If P has class < 2, show that Z(P) cannot
be contained in any Sylow p-subgroup of (¢ other than P itself. Use Problems

9.8 and 5.9,

NOTE: A nice application of Thompson’s strengthening of Frobenius’s the-
orem is that the situation of Problem 9.10 cannot happen if p > 2.

(Schreier) Let H € G be a subgroup of finite index, where G is finitely
generated. Show that H is finitely generated. In fact, if T is a right transversal
for H in G and X is a generating set for G, define

Y={tx(t-x)!'|teTandx € X}

and show that ¥ generates H.

HINT: Let K = (Y} and show that {Kr | r € T} is the full set of right
cosets of X in G. Do this by proving that these cosets are permuted among
themselves by right multiplication by elements of G.

(Schur) Suppose |G : Z(G)| < 0o. Show that |G/ < oc.

HINT: Use Corollary 9.8 and the discussion following it. Apply Problem
0.11 to G’ to show that G’ N Z(G) is finite.

Let G be finite and suppose that H C G is a Frobenius complement. (This
means that H N HZ = | wheneverg € G — H.)

Show that there is no fusion in 7.

Show that 7 is a Hall x-subgroup of G for some set ;r of primes.

If H' < H, show that |G : G'| is divisible by some prime in 7.

I H is solvable, show that there exists N < G such that NH =  and
NNH=1.

HINT: Use Problem 5.4 to prove part (b). For (d), let ¥ « G be minimal
such that |G : N| is a w-number, and show that |~| is divisible by no prime
in 7r. To do this, observe that N N H is a Frobenius complement in V.

NOTE: A theorem of Frobenius asserts that the conc¢lusion of part (d) holds
even without the assumption that # is solvable, The only known proofs of
Frobenius’s theorem depend on representation theory. (See Chapter 15.)

apgop



CHAPTER TEN

Operator Groups and Unique
Decompositions

10A

The subject matter of this chapter is intermediate between the “pure” group theory
we have been discussing up to now and module theory, which will constitute an
important part of our study of rings. We give definitions and prove theorems that
have applications both in group theory and in module theory.

(10.1) DEFINITION., Let X be an arbitrary (possibly empty) set and let G be a
group. We say that G is an X-group (or group with gperator set X) provided
that for each x € X and g € G, there is defined an element g* € G such that if
£, h e G,then (gh)* = g*h*.

Essentially, X is just a set of endomorphisms of &, in other words, group ho-
momorphisms from G into itself. We do not require, however, that distinct elements
of X determine distinct endomorphisms of G. (In fact, we pay hardly any attention
at all to individual elements of X.)

For the purpose of motivating the definition, perhaps the best example of an
X-group is a vector space V over some field F. We consider the (additive) group
structure of V as an F-group, where the scalar multiplications by the elements of
F provide the required endomorphisms. (Note that if V' 5 0 in this situation, then
distinct elements of F give distinct endomorphisms.)

When we study groups we are usually interested in all subgroups and all ho-
momorphisms, but in vector space theory we limit our attention to subspaces and
linear transformations, In general, attaching a set of operators to a group provides a
way to focus on a restricted family of subgroups and homomorphisms. (Since every
group is an X-group with X = @, however, we can use the language of X-groups
even when we do not wish to limit our attention to some privileged collection of
subgroups. The results of this chapter, therefore, apply to ordinary groups, t0o.)

129
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Let G be an X-group. A subgroup H C G is an X-subgroup if forevery x € X
and h € H, we have #* € H. In this situation, we also say that H admits X. In
the vector space example, the F-subgroups of V are precisely the subspaces of V.
It was our custom when discussing pure group theory to have it understood when
we wrote “H < G” that H is a subgroup of G and not merely a subset (unless the
contrary was clear from the context). Similarly, if G is an X-group and we write
“H € G” or “H 4 §,” our default assumption is that H is an X-subgroup. Note
that if G is an X-group and H € G admits X, then H is automatically an X -group
itself, and any X-subgroup of H is an X-subgroup of G.

If & is an arbitrary group, we have seen that we can view G as an operator
group simply by taking X = &. In that case, of course, the notions of “subgroup”
and “X -subgroup” coincide. We can also view G as an operator group in a different
way. Taking X = G, we let G act on & by conjugation. Observe that with this
construction, the G-subgroups of G are precisely the normal subgroups.

Suppose & and H are X-groups. A homomorphism ¢ : &G — H is an X-
homomorphism if p(g*) = p(g)* forx € X and g € G. (In the vector space
example, of course, the F-homomorphisms between two F-spaces are precisely the
linear transformations.) In general, we write Homy (G, H) to denote the set of all
X-homomorphisms from G to H.

The results of Chapter 3 on homomorphisms between groups apply without
essential change to the situation of X-homomorphisms between X-groups. For
instance, kemels and images of X-homomorphisms are X-subgroups, and if ¢ :
G — H is a surjective X-homomorphism, then there is a bijective correspondence
between the set of X-subgroups of G containing ker(g) and the setof all X-subgroups
of H. (In fact, the bijection given in the Correspondence theorem (3.7) makes X -
subgroups correspond to X -subgroups.)

To make the analogy with our previous work complete, we need to mention that
if & is an X-group and N « G (and N admits X), then G/N becomes an X-group
in a fairly natural way. We define (Ng)* = Ng* forg € Gand x € X, and we
observe that this is well defined since if Ng = Nh, thenh = ng forsomen € N,
and thus #* = n* g*. However, n* € N because N admits X, and so Nh* = Ng*.

At this point, the reader will not be surprised to leam that if ¢ € Homy (G, &)
is surjective and N = ker(g), then G/N and H are X-isomorphic X-groups. (In
other words, an isomorphism exists that is, in fact, an X-homomorphism.)

We do not propose to give proofs for all the routine facts about X -subgroups,
X-factor groups, and X-homomorphisms we use. Everything works with at most
trivial changes from the case where X = @.

10B

Although we have alluded to composition series previously, we have not yet proved
any significant theorems concerning them. The major result in this subject is the
Jordan-Holder theorem, which we now intend to prove in the general context of
operator groups. By varying our operator set X, we obtain results that are useful in
different ways in group theory and we can also get applications to module theory.
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The “basic” version of this theorem is what results when X is empty. We begin with
the appropriate operator group definition.

(10.2) DEFINITION. Let G be an X-group. An X-series for (& is a collection
of X-subgroups H, < & for0 =i < »n such that

a. Hy=1and H, = G and
b. Hfﬂ&+]f0f0£f‘¢:n+

This X -series is an X -composition series for G if, in addition,

¢. H; is maximal among proper normal X -subgroups of H;,, for 0 < { < n,

Note that all composition factors H; ., /H; for the X-composition series
1=H{_}<3 H;{I TR | HH=G

are X-simple X-groups. (In other words, they have no nontrivial proper normal X -
subgroups.} Conversely, any X-series with X -simple factors is an X-composition
series. A finite X-group clearly has an X-composition series, but an arbitrary X -
group may not. If X = & and G is abelian, for instance, a composition series exists
iff G is finite. (This is so because each composition factor must have prime order.)
If V is a nonzero finite dimensional vector space over the real numbers R, therefore,
then V has no @-composition series, but it does have an R-composition series. (In
fact, any nested collection of vector subspaces with dimensions increasing by 1,
starting at 0 and going to V. is an R-composition series.)

Situations where X -composition series are especially important for finite groups
G are when X = @&, in which case the senies is simply called a composition series,
and when X = G, acting by conjugation, where X-subgroups are normal subgroups
and an X -composition series is called a chief series. In particular, results about X -
composition series give information about hoth composition series and chief series
for finite groups.

The existence of an X -composition series in an X -group G is a type of “finiteness
condition.” (A finiteness condition is a property enjoyed by all finite groups and,
when it holds for an infinite group, it says that the group is not “too badly” infinite.)
Another example of a finiteness condition for groups is the property of being finitely
generated. In Chapter 11 we discuss some other finiteness conditions related to the
existence of composition series and to being finitely generated. For now, however,
we concentrate on composition series.

The following result is useful for constructing new X -composition series from
old ones.

(10.3) LEMMA. Let G be an X-group and suppose that N, U,V < G are X-
subgroups with N « G and U « V. Suppose further that VU is X-simple.
Then

a. UN a VN and VN/UN is either rivial or X -simple, and
b (UNN)Ya(VNN)and (VON)Y/(U N N)is either trivial or X-simple.
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Proof. For (a), note that V € Ng(UN). Since, of course, N € Ng(UN), we
deduce that U N « VN, as claimed. Since VN = V{IUN), the X-version of the
Diamond thecrem (3.6) yields that

VN _ VIUN) _ 1%
UN~ UN ~(VNUN)'

Since U € VNUN <« V and V/U is X-simple, it follows that either
VNUN=VorVNUN =U. We conclude that VN /U N either is trivial or
is isomorphic to V/ U and hence is X -simple.

The proof of (b) is similar. Since V & N (U N N), we certainly have

UNNa VNN, The Diamond theorem yields that

VAN VAN (VONU

UNN (VN NYNU ~ U '
Since U € U(V N N)a Vand V/U is X-simple, we deduce that either
UWWNN)y=VorU(V NN) = U. The result now follows. u

(10.4) COROLLARY. Supposethe X-group G has an X -composition series and
let N « G be an X-subgroup. Then N has an X-composition series and N is a

member of some X -composition series for G.

Observe that Corollary 10.4 is entirely consistent with the idea that having a
composition series is a kind of finiteness condition. Certainly, a normal subgroup
of a not-teo-big group should also be not too big.

Proof of Corollary 104. Let 1 = Hy«a Hy < --- « H, = G be the given X-

composition series for G and write K; = NNH;,sothat]l = Ky« K<---a K, =

N is an X-series for N. By Lemma 10.3(b), each of the factors K,/ K is either

trivial or X-simple. It follows that if we simply delete K, | from our X -series
whenever K. = K, what remains is an X-composition series for V.

To prove the second statement, we define L; = NH,; for 0 < i < n. Then

N =LoalLlja---a L, = G, and we see that the K; and the L; together

constitute an X -series for G containing N. By Lemma 10.3(a), we know that

each L, /L; is either trivial or X-simple, and it follows that by deleting repeats

as in the previous paragraph, we obtain an X-composition series for G. n

(10.5) THEOREM (Jordan-Hoélder). Suppose

H:l=Hya ---aH,=GC
and
K:l=Kpa---aK; =G

are two X-compasition series for an X-group G. Then h = k and the lists
of composition factors Hiw\/H, and K; /K, for 0 < { < h are (up to X-
isomorphism) just rearrangements of one another.
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The last assertion says that if § is any X -simple X-group, then the number of
{ for which H;.1/H; = S is equal to the number of j for which K;,/K; = S,
although the two sets of indices may not be the same.

Proof of Theorem 10.5. If X and Y are two X-composition series for the same
X-group, we shall (for the purposes of this proof only) use the notation X' =
to mean that A’ and V have equal lengths and isomorphic factors (up to rear-
rangement, but counting multiplicity). Itis easy to see that this is an equivalence
relation. We work by induction on the length 4 of H to show that X = K. Note
that if # = 1, then G is X-simple and in that case, H = K.

We label the penultimate terms of H and K. Write H = H,_, and ¥ =
K.y, and let H; and Ky denote the X -composition series for H and K obtained
by deleting the term & from each of H and K.

If it happens that H = K, then since the length of M, is # — 1, the inductive
hypothesis applied in H yields that H, = Xy. From this it follows that H = K.
This is because each of these series has just one extra factor, and it is the same
factor G/ H for both of them.

Now suppose H 7 K and write N = H N K « G. By Corollary 10.4,
we know that N has some X-composition series A (of length #, say). Since
G/H and G/K are X-simple, it follows that H K = G and that K /N = G/H
and H/N = G/K are also X-simple. We can therefore form two new X-
composition series f and V' for G by appending N « Ha Gand N« K « G,
respectively, to A, Truncating these, we get series U, and V, for H and X.

By the inductive hypothesis applied in H, we have M, = 4, and hence
H = U. Therefore h = n+2,andso the lengthof Vyisn+1 =h — 1, and the
inductive hypothesis applies in X, yielding V) = K. It follows that ¥V = K.,

Finally, since G/H = K/N and G/K = H/N, we see that I{ = V, and
the result follows. m

As an application to finite groups, we prove a result about finite supersolvable
groups. The general definition of supersolvability was given in the problems at the
end of Chapter 8. For our purposes here, however, we say that a finite group G
is supersolvable if there exists a chief series whose factors have prime order. (The
reader should check that for finite groups, this “definition™ agrees with the one given
previously.)

(10.6) THEOREM. Ler G be a finite supersolvable group. Then G’ is nilpotent.

Proof. Recall that a chief series for a group is exactly an X -composition series,
where X is G, acting by conjugation. Since G is finite and supersolvable,
we know that G has some G-composition series with prime order factors, and
hence by the Jordan-Hélder theorem, every G-composition series for G has
prime order factors.

By Corollary 10.4 we know that G has a G-composition series with G’ as
one of its members, andweletl = Hy C H, € ... C H, = G be such a series,
where H,, = G’. Recall that all H; « G since this is a chief series,
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Now ( acts by conjugation on H; .,/ H,, which, being of prime order, has
an abelian automorphism group by Problem 2.19. It follows that G’ is in the
kemnel of this action for each i, and in particular, H;.,/H; < Z(G'/H,) for
O0<i<m Theseriesl = Hy C --- € H, = G’ is therefore a central series
for &', and we conclude that &' is nilpotent. |

If G is an X-group that has an X-composition series | = Hy < .--a H, = G,
we say that G has finite composition length and we write £(G) = n. (Note that
by the Jordan-Hélder theorem, the length £(G) is uniquely determined.) If G has
no X -composition series, we say that it has infinite length. The order of a group
provides a “handle” we can use to prove theorems for finite groups (for instance,
by induction), and similarly, the length of an X -group often provides such a handle
when the composition length is finite, even if the group happens to be infinite.

Note that if V is a finite dimensional vector space over some field £ and we view
V as an F-group, then the composition length £(V') is equal to dim (V). Many of the
familiar facts about dimension in vector spaces also hold for composition length, but
the reader is warned that it is not true in general that if H < G, then £¢(H) < £(G).

(10.7) LEMMA. Let G be an X-group of finite length and suppose N < G is an
X-subgroup. Then £(G) = E(N) + £(G/N).

Proof. This is immediate since, by Corollary 10.4, we know that N is part of an
X-composition series for G. -

(10.8) COROLLARY. Inthe situation of Lemma 10.7,if N > 1, then ({G/N) <
LG)andif N < G, then £(N) < £(G).

Proof. Since only the identity X-group can have length zero, both statements
follow from Lemma 10.7. ]

10C

We now consider decompositions of X-groups as direct products of X -subgroups.
A nonidentity X-group is said to be indecomposable if it is not the (intemal) direct
product of two nontrivial X-subgroups. For example, taking X = @, a cyclic group
C of order p“ is indecomposable if p is prime and 2 > 0. To see this, suppose
C = U x V, where each of / and V is nontrivial. Then each factor would contain
a subgroup of order p, and these would be distinct since &/ NV = 1. This contradicts
the fact that the cyclic group C has just one subgroup of order p. By the fundamental
theorem of abelian groups, the nontrivial cyclic p-groups are the only finite abelian
groups that are indecomposable.

(10.9) LEMMA. Let G be a nontrivial X-group of finite length. Then G is the
direct product of some (finite) collection of indecomposabie X -subgroups. (If
G is itself indecomposable, this collection consists of the single group G.)
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Proof. There is nothing to prove if G is indecomposabie and s0 we may assume

that G = H x K, where H and K are nontrivial X -subgroups. Each is therefore
proper, and so by Corollary 10.8, we have £(H) < £(G) and £(K) < £(G).
Working now by induction on the length, we can write each of H and X as direct
products of indecomposable X -subgroups, and the result follows by Lemma
7.11. |

At this point, the natural question is: How unique is the direct product decom-
position in Lemma 10.97 It is easy to see that the factors are not always uniquely
determined as subgroups, but are they at least unique up to isomorphism?

(10.10) THEOREM (Krull-Schmidt). Let G be an X-group of finite length and

suppose
HH,- =G = || x;.
i=1 i=1

where the X-subgroups H; and K; are indecomposable. Then m = n and, after
renumbering if necessary, H; and K; are X-isomorphic for | <i < n.

To prove the Kruil-Schmidt theorem, we need to discuss endomorphisms of X -
groups. We write Endy (G) = Homy (G, G) (sometimes suppressing the subscript
X') and observe that the composition of functions defines an associative “multipli-
cation” on End(G). (Recall that our standard convention is that o8 means “o first,
then 8.”) An element ¢ € End(G) is nilpotent if ¢" is the trivial endomorphism (so
that ¢" () = 1) for some integer n. Also, ¢ € End(G) is normal if the image under
@ of every normal X -subgroup of & is normal. (Note that images of X-subgroups of
G under X-endomorphisms are automatically X-subgroups.) In the important case
where G 1s abelian, of course, every endomorphism is normal.

(10.11) THEOREM (Fitting). Ler G be an X-group of finite length and let ¢ €

Endx(G) be normal. Then G = H x K, where H and K are X-subgroups,
each mapped into itself by ¢, and where the restriction of ¢ to K is nilpotent in
End(K) and the restriction of ¢ to H is an automorphism of H. Either of H or
K may be trivial.

Proof. Since ¢ is normal, we have ¢(G)< G and thus ¢?(G) < G and, by induction,
" (G) « G. By Lemma 10.7 we have £(G) = £(o(G)) = L(@*(G)) > -,
Since each of these numbers is nonnegative, we can choose n so that £(¢" (G)) =
" (G)), and we write H = ¢"(G). Thus ¢(H) = ¢"*(G), and we have
E(H) = (H)). Since ¢(H) « H, we deduce by Corollary 10.8 that H =
p(H). Also, w(H) = H/N, where N = H N ker{y), and by Corollary 10.8
again, we see that N = 1, and so the restriction of ¢ to H is an automorphism
of H.

Let K = ker(p"). We have ¢"(p(K)) = ¢(¢"(K)) = ¢(1) = 1, and so
w(K) € ker(¢") = K. Thus ¢ maps K into itself and the restriction of ¢ to X
lies in End( X ). This restriction is clearly nilpotent since ¢”(K) = 1. .
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Certainly K < G, and so what remains is to show that £ N K = 1 and
HK = (. Since the restriction of ¢ to H is an automorphism, so also is the
restriction of ¢", and hence H N K = H Nker(g”) = 1. Finally, ¢"(G) = H =
@"(H) = ¢"(HK), and since both &G and H X contain ker{¢"), it follows by
the Correspondence theorem (3.7) that HK = G. [

(10.12) COROLLARY. Let G be an X-group that is indecomposable and of
finite length. Then every normal endomorphism of (G is either nilpotent or an

automorphism. |

We need to do alittle technical work with endomorphisms. If G is any group and
a, B : G — G are any twomaps, then we definea + 8 : G — G to be the map given
by (@ + £)(g) = «(g)B(g). Even if both « and 8 are endomorphisms, it is not in
general true that o + 8 is an endomorphism (although this does hold if G is abelian).
Also, of course, if G is nonabelian, it is not true in general thatx 4+ 8 = B+ a. (This
makes our notation rather nonstandard, since the + symbol is almost never used for
noncomimutative operations.) We do, however, have distributive laws.

Ify : G - G is any map, then y(a¢ + 8) = ya + 8, and if ¥ is an
endomorphism, then (o + B)y = ay + Sy. (Recall that the function on the left is
done first.)

(10.13) LEMMA. Let«a, 8 € Endx(G) and assume that their images, a(G) and
B(G), centralize each other. Thena + B € Endx (G). Also, ifa -+ B is surjective,
then each of o and B is normal,

Proof. If g,k € G, then

(o + B)(gh) = a(gh)B(gh) = a(ga(h)B(g)A(h)
= a{g)B(g)x(h)B(h)
= ({(x + B)(g))({a + B)(h)),

and so a + S8 is an endomorphism of . It is trivial to check that it is an
X-endomorphism,

To prove the second statement, assume that o + 5 is surjective and let N« G.
Then @ (N) < a(G) and B(G) C Cg(a(G)) © Cs(a(N)). Since o + S maps
onto G, we have G = a{G)B(G) € Ng(a(N)),and soax(N)«a G and o is a
normal endomorphism. A similar proof works for 8. |

(10.14) LEMMA. Ler G be an indecomposable X-group of finite length and
let y, ¢z, ..., a, € Endy(G). Assume that the subgroups a;(G) and a;(G)
centralize each other for alli # j. If ay, + o2 + - - - + @, i5 an automorphism
of G, then at least one of the a; is an automorphism, too.

Proof. The result is irivial if n = 1, and so we start by considering the first
interesting case, where n = 2. Write o, + a, = ¢ € Aut((G) and note that
o is an X-automorphism. If we put 8; = a;0~!, we have 8; € Endx(G) and
B + B> = 1, the identity map on G.
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The groups £,(G) and §,;(G) are the images of a;(G) and a,(G) under
o1, and so they centralize each other. Lemma 10.13 implies that 8, and 8, are
normai, and so by Fitting’s lemma (or, more precisely, by Corollary 10.12), each
f; is either nilpotent or an automorphism. If either 8, or 8, is an automorphism,
then since o; = fB;0, we are done. We are left with the case, therefore, that £,
and B, are each nilpotent.

Since £, is nilpotent and G > 1, we see that ker(8,) > 1, and we can
choose g with 1 # g € ker(8,). Now 8, + B> = 1, and this yields

g = (B1 + B2)(8) = B1(8)B:(g) = fa(g).

and therefore (8,)"(g) = g for all m > 0. On the other hand, 8, is nilpotent
and so (52)™(g) == 1 for some m. This is a contradiction and completes the
proof when n = 2.

If n > 3, we use induction on n. Write « = o + ¢, and note that o ¢
Endy () by Lemma 10.13. Also, (G} € «(G)az(G), and this centralizes
o;{G) for j > 3. Since @ +a3+ws+ - - - 4@, is an automorphism, the inductive
hypothesis yields that either «; is an automorphism for some j > 3 or « is an
automorphism. In the latter situation, we conclude that one of o, or a; is an
automorphism by appeal to the case where n = 2. [

The following result, which is of some independent interest, is the key step in
the proof of the Krull-Schmidt theorem.

(10.15) THEOREM (Factor replacement). Let G be an X -group of finite length
with normal X -subgroups H, N, and K; such that

H;(N=G=l£‘-[Ki,
i=1

where H and the K; are indecomposable. Then for some subscript i, we have
G=K,' X NﬂﬂdH;Kj.

Proof. The direct product decompositions give us “projection maps,” as follows.
Since each element g € G is uniquely of the form g = hn, with # € H and
n€ N,wecandefineamapo : G — H by (g)o = h. It is routine to see
that o is a homomorphism and, in fact, is an X-homomorphism, and we view
o € Endx(G). Similarly, we can define the X-homomorphisms 7; : G — K
by setting (g)t; = k;, where g = [ [ k; and k; € K;. (Note that we have elected
to write the functions on the right in this proof, since we are working in a context
where function compaosition is relevant.)

Observe that 3 7; = 1, the identity map on G, and thus

Z(r,-o-) = (Z rt-) g =0,

Now let «; denote the restriction to H of 7;0. Since the restriction of o to H is
the identity map, wc see that 3 o; = 1,
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We wish to apply Lemma 10.14 to the maps «; € Endy(H), and so we need
to check that the subgroups (H )«; ceniralize each other. Since

L[(H)e,, (Ao = [(H)wo, (H)yo)l = (), (H);o € ([K, Ko =1

if i # j, Lemma 10.14 does apply and we conclude that some o; (say, o) is an
automorphism of H.

Write U = (H)t, and note that U « K| since H « ¢ and (G)t;, = K. It
follows that U « & since all K; with j > 1 centralize K| and thus normalize U,

We claim that G = U x N. First, if u € U/ N N, we can write # = (h)1,
with # € H. Because u € N, we have 1 = (u)o = (h)tj0 = (), and
thus A = 1 since o, is injective, Therefore IV NN = 1 and we need to
show that UN = G. Note that (I/)o = (H)tj0 = (H)a; = H since o is
surjective. Thus (UN)o = H = (G)o, and we conclude that U N = G by the
Correspondence theorem, since N = ker(¢) is contained in both U N and G.

Since G = H x Nandalso G = U x N,wehave U = G/N = H.
Also, U € K, and the proof will be complete if we can show that U = K,.
Since UN = G and U C K;, Dedekind’s lemma (Problem 2.9) implies that
Ky =UWNNMNK). SinceUNN =1, wehave UN{NNK,;) = 1 and
hence K| = U x (N 1 K;). We are assuming that K| is indecomposable,
however. Note that U is nontrivial since I/ = H, and we are assuming that H is
indecomposable and hence is nontrivial by the definition of indecomposability.
It follows that U = K, as required. o

Proof of Theorem 10.10. We have

I"TIHE =G = ﬁK-.
j=1

]

and so we can apply the factor replacement theorem (10.15) when we let H = H,
n

and N = [-] H;. Renumbering the K; if necessary, we conclude that H, = K|

=2

and
m

K| x I"T[Hi=G=F_[K,-.
i=2

i=i

We apply factor replacement again, this time with H = H and N = K, x
n
[l H;. This yields some K; = H, with K; N N = 1, so that j # 1, We may

i=3
assume that j = 2 and write

K; x K3 x ]"T[H,:G:]n%[!cj.
i=3 j=l1

We apply Theorem 10.15 again and again, successively replacing each H,
by some isomorphic K;, which necessarily intersects trivially with, and hence
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1s distinct from, all of the previously chosen X;. When we have done this n
times, appropriately renumbering the X,, we have H; = K, for1 < i < n. We

also have G = [] &K, and this forces n = m. ]

i=l1

(10.16) COROLLARY. Let G be a nontrivial finite abelian group. Then there
exists a unique list of prime powers q; with 1 < g, < gy < -++ < q, such that
G s the direct product of cyclic subgroups C; of order g;.

Proof. The existence of the g; is precisely the content of the fundamental theorem
of abelian groups (7.10). The uniqueness is immediate from the Krull-Schmidt
theorem, given that nontrivial cyclic p-groups are indecomposable. |

Another interesting application of the Krull-Schmidt theorem is the following
“cancellation” lemma.

(10.17) COROLLARY. Let G, H, and K be X-groups of finite length and sup-

pose
GxH=GxK.

Then H = XK.

To prove Corollary 10.17 we introduce the summand multiplicity function. This
function sy, where U is any indecomposable X-group, is defined on the coliection
of all X-groups of finite length as follows. If G is an X-group of finite length, we
can apply Lemma 10.9 and write

for indeccomposable X -subgroups U;. We now let s, (G} be the number of subscripts
i such that U/; = /. By the Krull-Schmidt theorem, this is a well-defined number
associated with the X-group G, and it is independent of the choice of the particular
subgroups U;.

It should be clear that if G| = G, then sy (G)) = sy (G3) forevery choice of U.
Conversely, one can recover G (up to X -isomorphism) from a knowledge of all the
integers sy, (G ), where U runs over all X-isomorphism types that are indecomposable
X-groups. To see this, note that G is isomorphic to the external direct product of
the various X-groups U, each taken sy (G) times. (Although there may well be
infinitely many different isomorphism classes of indecomposable X -groups, there
are clearly only finitely many with s¢ (G) > 0.)

We should note, however, that this procedure for determining isomorphism of
finite length X -groups by comparing the values of the summand multiplicity func-
tions sy; for indecomposable X -groups U does not provide a practical computational
algorithm. It is essentially impossible to determine all U and, besides, the evaluation
of s ((G) can be quite difficult for particular groups U and G.



i46 CHAPTER 10

Because of the intimate connections between intemal and external direct prod-
ucts, it is essentially trivial to see that s (G x H) = 54(G) +sy (H ) for any X-groups
G and H of finite length and any indecomposable U. We omit a formal proof.

Proof of Corollary 10.17. Let U be any indecomposable X-group. Then
sy(H) = sy (G x H) - 5p(G) = sy(G x K) — 5y (G) = s¢(K).
Since this holds for all I/, we conclude that H = XK. [

We stress that cancellation does not hold in general without the finite length
assumption. For instance, let H be any finite group and let G be the unrestricted
direct product of infinitely many copies of H. Clearly then,

AxG=Z2G=1xG,

and yet, of course, H need not be trivial.
We close this chapter with another corollary of the Krull-Schmidt theorem,
which is also a sort of cancellation result,

(10.18) COROLLARY. Ler H and K be finite length X -groups and suppose
HxHx---xHEZEKxKx.--xK,

where each product has n factors. Then H = K .

Proof, Let U be any indecomposable X-group and note that
nsy(H) =sy(H % - X H)y =sy(K x -+ x K) = nsy(K).

Thus sy (H) = sy (K), and since this holds for all /7, we have H = K. |

Problems
10.1 If GG is an X-group, show that G’ is an X-subgroup of G.

10.2 Let G = Dg x Z,, where Dy is dihedral of order 8 and Z; is cyclic of order
2. Let X = (x}] be a singleton set. Show how to make & into an X-group so
that Z(G) is not an X -subgroup.

103 If G is an X-group of finite Iength, show that G is solvable iff every X-
composition factor of G is abelian.

10.4 Let S be any collection of finite simple groups., We say that a finite group X
is an S-group if every composition factor of X is isomorphic to a member of
S. If G is an arbitrary finite group, show that G has a unique largest normal
subgroup that is an S-group and a unique smallest normal subgroup for which
the factor group is an S-group.
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Let G be finite and fix some prime p. Show that the following are equivalent:
i. Every chief factor of G either is a p-group or 1s of order not divisible by

B
ii. Every composition factor of (¢ either is a p-group or is of order not

divisible by p.
NOTE: A finite group satisfying these equivalent conditions is said to be
p-solvable.

Let G be finite, Show that G is solvable iff G is p-solvable for all primes p.

A chief factor X /L of a finite group G is said to be central if K /L € Z(G/L).
Show that all chief series for G contain equal numbers of central factors.

Let G be finite. Show that G has a normal p-complement iff every chief factor
of G that has order divisible by p is central.

HINT: To show “if,” consider N « G maximal such that G/N does not have
anormal p-complement. Use results from Chapter 9.

Let G be an X-group of finite length and suppose

G = l"T[H,',
=1

where each X-subgroup H; is indecomposable. Suppose Z(G) = 1. Show
thatif G = N x M, then N and M are products of some of the H;.

HINT: Note that C¢(H;) = [] H;. Use the factor replacement theorem.
J#H



CHAPTER ELEVEN

Module Theory without Rings

11A

In Chapter 12 we will begin our study of rings and their associated modules. As
will be apparent then, module theory is a crucial part of ring theory, and that makes
the title of this chapter somewhat paradoxical. If R is a ring (whatever that is}, then
an R-medule M is an abelian group for which R is a set of operators. It is more
than that, of course, since we make assumptions that relate the action of R on M
to the internal structure of R. (This is analogous to the situation of a group acting
on a set, where the permutations effected on the set by the group elements are not
arbitrary, but instead reflect the structure of the group.) Some of the basic definitions
and facts in module theory, however, ignore the structure of the ring and are really
concerned only with the properties of the module as an abelian R-group. It is this
part of module theory with which we deal in this chapter. (Actually, much of what
we do can be made to work in the nonabelian case too, but because our real interest
is module theory, we do not pursue that.)

To avoid contusion, we do not refer to the objects of study here as “modules,”
since that word is usually reserved for the situation where we have a ring and ad-
ditional structure. Our attention is directed mostly to abelian X -groups, which we
usually write additively, so that the symbol “0”’ means either the identity element
or the trivial X-subgroup. For additively written groups, it is customary to write
the action of X multiplicatively rather than exponentially. In place of «*, therefore,
we write ux, where x € X and « lies in some {abelian) X-group M. We thus have
(u+vx=ux+vxforxe Xandu,.ve M.

11B

It would be too restrictive to assume that our X -groups are finite, but from time to
time, we need conditions that will guarantee that they are not “too infinite.” In other

142
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words, we wish to investigate useful “finiteness conditions’ on abelian X-groups.
We have already seen one such condition: finite composition length. We also discuss
finite generation and the ascending and descending “chain conditions.”” It tums out
that there are a number of interconnections among these four finiteness conditions.

In order to discuss the two chain conditions, it is convenient to consider a more
general situation: that of “partially ordered sets.” Although this material is arguably
set theory rather than algebra, it is so useful for our purposes that it scems appropriate

to include it.

(1L1) DEFINITION. Let P be a set and let < be a binary relation on £. Then
P is a partially ordered set, or poset, with respect to < provided

. a<aforallae P,
i, ifa<bandb < c,thena < ¢, and
ii. fa <bandb < a,thenag = b.

Since very little is required in Definition 11.7, examples of posets abound. For
instance, if S is any set, then the collection of all subsets of S is a poset with respect
to set containment. Also, if G is any group, then the collections of all subgroups
and of all normal subgroups form posets, also with respect to containment. Given
any poset, one can “reverse the inequality’ to construct a new poset, which is called
the dual of the original poset. (In the dual of P, we have g < biff b < a in P.)

Given a # b in poset P, it may be that g and b are not comparable, that neither
a < bnorb < a, In some posets, every two elements are comparable. If this
happens, the set is said to be linearly or toraliy ordered. Examples of this are the
real numbers and the natural numbers with respect to the ordinary inequality <. An
“algebra” example is the collection of ail subgroups of a cyclic p-group with respect
to €.

An ascending chain in a poset F is an infinite list of not necessarily distinct
elements a;, ay, a3, ... of P, subscripted by the natural numbers, and such that

) ZGy = ---=dy <
Similarly, a descending chain in P is such a list with
Ay 2 a0y 2 20y = -0,

(Here, as is customary, we write x > y to mean y < x. We also write x > y or
y <xtomeany < x but y % x.)

We say that P satisfies the ACC, or ascending chain condition, if every ascending
chain in P is “eventually constant.” This means that if @, < g; < --- in P, then
for some integer n, we have a, = 4.y, = dn42 = ---. (In general, the number n
depends on the particular ascending chain considered.) In other words, there are at
most finitely many strict inequalities between consecutive terms in every ascending
chain. Similarly, the poset P satisfies the DCC, or descending chain condition, if
every descending chain is eventually constant. Obviously, the poset £ satisfies the
DCC iff its dual satisfies the ACC.
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Some examples are appropriate. If P is finite, it satisfies both the ACC and the
DCC. Also, if P is any set, we can make P into a poset that satisfies both chain
conditions simply by defining < so that a < b iff ¢ = b. More interesting are the

examples
P={li/nlneZ,n >0}

and

O=[1-1/n|neZ,n> 0}.

It should be clear that P and Q are linearly ordered posets with respect to ordinary
inequality and that P satisfies the ACC but not the DCC and @ satisfies the DCC
but not the ACC.

We give one more example. Let Z be the additive group of the integers and let P
be the poset of all subgroups of Z. Every nontrivial subgroup of Z has finite index,
andsoif H; € H; C - . -is any ascending chain containing some nontrivial subgroup
£, then there are only finitely many different subgroups f,, with m = k, and so
the chain is eventually constant. If the given chain has no nontrivial member, then,
of course, 0 = H, = H; = H; = ..., and in this case too, the chain is eventually
constant. It follows that P satisfies the ACC. It does not, however, satisfy the DCC
since, for instance,

{2} = {4} = (8) > (16} > - -.

Before we return to algebra, we need to consider two more conditions on a poset
P: the “maximal” and “minimal” conditions. If S € P, we say thata ¢ Sis a
maximal element of S if there is no element & € S with & > g. Similarly, a € §
1s minimal if there isno b € § with b < a. Of course, if § is nonempty but finite,
it necessarily contains both maximal and mimmal elements. (There may be more
~ than one of each, and some elements of S may be both maximal and minimal.) In
general, however, nonempty subsets of a poset may fail to have maximal or minimal
elements.

The poset P satisfies the maximal condition if every nonempty subset has a
maximal element and, dually, it satisfies the minimal condition if every nonempty
subset has a minmimal element. Of course, finite posets satisfy both the maximal and
minimal conditions.

(11.2) LEMMA. Let P be any poset. Then

a. P satisfies the ACC iff it satisfies the maximal condition and
b. P satisfies the DCC iff it satisfies the minimal condition.

To prove Lemma 11.2 we need to venture more deeply into the realm of set
theory and discuss the axiom of choice (which we accept as “true” and use with only
the slightest hesitation).

Let S be a collection of nonempty sets. If X € &, we can certainly choose an
element x € X. This, of course, does not require any mysterious axiom; it follows
from the definition of what it means to say that X is “nonempty.” Now suppose we
wish to build a “machine” to do the job for us and select x € X whenever X € &S.
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This may be an easy task. For instance, if each X consists of only some natural
numbers, we can program our machine always to choose the smallest x € X. This
“one line program” will do the job. As another example of where we could build
our machine, consider the case where the collection S of sets is finite. We can go
through all X € & and make a selection in advance of x € X for each X. We
can now explicitly design our machine to return our preselected cheice when it is
presented with any X € &.

In the case where & is infinite, we cannot, in general, go through all X € & and
for each one make an explicit choice of x € X (although, as we have seen, this can
sometimes be easy, depending on the particular collection of sets). In essence, the
axiom of choice says that a “‘choice machine” can always be built. In other words,
there exists a choice function f : & —> | JSsuchthat f(X) € X forall X € S. The
axiom tells us only that this functions exists; it gives no clue as to its construction.

We stress that we have been using the word “machine’” metaphorically here. The
axiom of choice definitely does not guarantee the existence of an actual aigorithm
that could be programmed on a real computer. On the contrary, the axiom of choice is
useful precisely when no such algorithm exists. It allows us to assume the existence
of a choice function even when there is no choice algorithm.

We illustrate the situation with this example: Given infinitely many pairs of
shoes, an easy rule that serves to pick one shoe from each pair is to choose the right
shoe. If we are given infinitely many pairs of socks, however, the axiom of choice
is needed to guarantee the existence of a rule to pick one from each pair, but it does
not tell us how to do it.

Proof of Lemma 11.2. Part (b) follows from (a) if we replace P by its dual poset,
and so we prove only (a). If P satisfies the maximal conditionanda; < a; < - - -
is any ascending chain, let § = {@; | { = 1}. Since § # @, the maximal
condition guarantees the existence of a maximal element ¢ € § and we can
write @ = a, for some n. Since a,, > a, for m = n, we have a,, = a, for these
m, and the chain is eventually constant and P satisfies the ACC.

Conversely, assume P satisfies the ACC and let S C P be nonempty.
Suppose S has no maximal element. Then for every a € S, the set

Sa)y={be S|b>a)

is nonempty. By the axiom of choice, there exists a choice function that selects
some element b € S(a) forevery a € S. In other words, there exists f : § > S
such that f(a) > a for everya € §.

Now choose @ € § and define a, € § inductively by setting a, = a,
a> = f{(a,), and in general, forn > 1,leta, = f(a, ;). Theng; < a» < --
is an ascending chain in P in which no two consecutive terms are equal. This
contradicts the ACC and completes the proof, =

Finally we return to algebra. Let M be an abelian X-group and consider the
poset of all X -subgroups of M ordered by inclusion: €. We say that M is noetherian
(after Emmy Noether) if this poset satisfies the ACC. Also, M is artinian (after Emil
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Artin) if it satisfies the DCC. {Often, and somewhat improperly. one says that M
satisfies the ACC or DCC if it 18 noetherian or artinian.)

Of course, if M is finite, it is both noetherian and artinian. Taking X = &, we
see that Z, the additive group of the integers, is noetherian but not artinian. For an
example of an artinian but not noetherian group (with X = &), fix a prime number
p and consider the muitiplicative subgroup of the complex numbers consisting of
all elements with order a power of p.

A finiteness condition we have already studied, finite composition length, can
be viewed as “decomposing’ into the two chain conditions. This is the content of

our next result.

(11.3) THEOREM. Let M be an abelian X-group. Then M has finite composi-
tion length iff M is both noetherian and artinian,

Proof. Suppose M is both noetherian and artinian. Let & be the set consisting
of those X-subgroups of M that have finite composition length, and note that
S # @ since 0 € &, Owur goal is to show that M € S.

Since M is noethenan, the poset of all X-subgroups of M satisfies the
maximal condition by Lemma 11.2, and hence there exists a maximal element
S in . We may assume that S < M and we let 7 be the collection of all
X-subgroups of M that properly contain S. Since M € 7, we see that 7 is not
the empty set, and since M is artinian, Lemma 11.2 guarantees the existence of
some minimal element T € 7.

Now T > §, but there does not exist any X-subgroup U with 7 > U > §,
because otherwise / € T and this would contradict the minimality of 7. We
conclude, therefore, that T/ S is X-simple, and so we can append T to the end of
an X-composition series for § and get an X -composition series for 7”. Therefore
&€T) < ocandhence T € S. Since T > S, this contradicts the maximality of
S.

Conversely, assume that M has finite length. If S € §; € ... is any
ascending chain of S-subgroups, then since M is abelian, each S; « M and so

HS) =UH) = - 2 4(M) < o0

by Lemmma 10.7. It follows that the sequence {£(S;)} of integers is eventually
constant, and for some integer n > 1 we have

E(Sn) - E(SIH—I) = .-,

By Corollary 10.8, this forces S, = S, = - - -, and hence M is noetherian.
If, onthe otherhand, $; 2 §, 2 - - - is any descending chain of X-subgroups,
then by Lemma 10.7,
LSy = 6(S8) = -,

and the sequence of integers {£(S;)} must eventually be constant in this case,
too. Reasoning as above and using Corollary 10.8, we have §, = S, = -
for some n, and therefore M is artintan. [ ]



MODIULE THEORY WITHOUT RINGS 147

The real significance of the artinian condition will not become clear until we
study actual modules over rings. The noetherian condition, however, is interesting
even at this level of generality because of its connection with another finiteness

condition: finite generation.

(11.4) THEOREM. Let M be an abelian X-group. Then M is noetherian iff
every X-subgroup of M is finitely generated.

Perhaps we should stress here that a “generating set” for an X-group & is a
subset of G not contained in any proper X-subgroup. It may well be contained in
propet subgroups of G that do not admit X, in which case it would not generate G as a
group but only as an X -group. For instance, any nonzero vectorin a one-dimensional
F-vector space generates the space as an F-group.

We need the following lemma concerning unions of subgroups. Althoughunions
of algebraic objects seldom are interesting, nested unions, that is, unions of linearly
ordered collections, are an exception.

(11.5) LEMMA., LlLet G be any X-group and suppose H is a nonempty collection
of X -subgroups, linearly ordered with respect to inclusion. Then

a. the union U = | JH of all members of H is an X -subgroup of G, and
b. if U is finitely generated, then U is a member of H.

Proof. To prove part (), suppose that 1, v € U. Then there exist H, K € ‘H such
thati € M and v € K. Since H is linearly ordered, we may assume that XK C H
and hence u, v € H. It follows that uv € H € U and, similarly, ! € ¥/ and
w* € U for x € X. This proves (a).

Now let Y be a finite generating set for U. Since U = |_J H, we can choose
for each y € Y, some member H, € H such that y ¢ H,. Now the finite set
{H, | ¥y € Y} has some maximal element H, and since H is linearly ordered,
we see that H 2 H, forevery y € Y. Tt follows that H contains each element
of the generating set ¥ and so H 2 U. Since the reverse containment is trivial,
we have I/ = H € H, as required. |

It 1s interesting that the converse of Lemma 11.5(b) is true, too. An X-group G is
necessarily finitely generated if it cannot be written as the union of a linearly ordered
collection of proper X -subgroups. This result appears (with a hint) as Problem 11.8.

Proof of Theorem 11.4. Assume M is noetherian. To show that N € M is finitely
generated, we consider

S={SCE N | S isfinitely generated) ,

and we observe that S is nonempty since 0 € §. Since the poset of X -subgroups
of M satisfies the maximal condition by Lernma 11.2, we can choose a maximal
element § € S and a finite generating set Y for S. We have § € N, and if
this inclusion is proper, we can choose an elementn € N withn ¢ §. The
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X-subgroup 7T generated by the finite set ¥ U {n} thus lies in &. We have
S=(¥Y) € T,and sincen € T, we see that § < 7. This contradicts the
maximality of § and proves that § = N and N is finitely generated.
Conversely, suppose that every X-subgroup of M is finitely generated. Let
N € N; € ... be an ascending chain of X-subgroups of M. QOur goal is to
show that N, = N, = -- - for some integer n. Write N = |_J N; and note that
N is an X-subgroup of M by Lemma [1.5(a). Thus N is finitely generated, and
hence by Lemina 11.5(b), we see that N = N,, for some integer n. Form > n,
we have N 2 N, 2 N, = N and thus N, = N, as required. |

It is trivial to see that the noetherian and artinian conditions are inherited by
subgroups. If we use the Correspondence theorem, it is nearly as trivial to see
that these conditions are inherited by factor groups, too. The following result,
which provides a useful tool for proving that X -groups are noetherian or artinian, is
somewhat of a converse to these observations.

(11.6) THEOREM. Let M be an abelian X-group and suppose N C M is an
X-subgroup.

a. Ifboth N and M /N are noetherian, then so is M.
b. If both N and M/N are artinian, then so is M.

The following easy result is the key to the proof of Theorem 11.6.

(11.7) LEMMA. Let N, H, K € G, where G is arbitrary. Suppose

. HCK,
ii. HNN=KNN, and
ii. HN = KN.

Then H =K.

Proof. Fork € K, weshow thatk € H. We have k € KN = HN, and we
can write k = hn with 2 € Handn ¢ N. Since h € H € K, we see that
n=h"'k ¢ KNN = HNN and hence h~'k ¢ H. The result now follows.

[ ]

Proof of Theorem 11.6. lLet H € H, € ... be an ascending chain (of X-
subgroups, of course) in M. Then

HNNCHNONC...
and Hi+N) _(H
(H + )C(2+N)C___
N - N -
are ascending chains in N and M /N, respectively, and so are eventually constant

(in the situation of part (a)). We can choose an integer n, therefore, so that if
m > n, we have

HNN=H,NN
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and

H +N=H,+N.
By Lemma 11.5 we have H,, = H,,, and (a) is proved. The proof of (b} is similar
and so we omit it. ]

The following application of Theorem 11.6 is important for our study of rings
and modules.

(11.8) COROLLARY. Let M be an abelian X -group that is the sum of a Jinite
collection of noetherian X -subgroups. Then M is noetherian. Similarly, if each
of the summands is artinian, then so is M.

Proof. Wearegiven M = Ny + N, + --- + Ni. If k = 1, the result is trivial and
so we work by inductionon k and assume k£ > 1. Let N = Ny + .-+ N,_, and
note that ¥ is noetherian (or artinian, in the situation where each ¥; is artinian)
by the inductive hypothesis. Also,

M/N = (N +N)Y/N=N/N,NN

is a homomorphic image of N, and so is noetherian (or artinian). The result
follows by Theorem 11.6. , |

11C

An abelian X-group M is said to be completely reducible if every X -subgroup
N € M is a direct summand. In other words, for every such N, there exists an

X-subgroup U € M such that M = N 4 U/. (Such a subgroup U is said to be a
complement for N in M. In general, it is by no means unique.) Note that complete
reducibility is not a finiteness condition since it can easily fail even when A is finite,
For instance, if X = & and M is cyclic of order 4, then M isnot com}ﬁely reducible.
If X is a field and M is any X-vector space, then M is completely reducible. (This
is easy if M is finite dimensional but is, in fact, true even in the infinite-dimensional
case. This follows from the characterization of complete reducibility given in the
next theorem.)

(11.9) THEOREM. An abelian X-group M is completely reducible iff M is the
sum of (or, equivalently, is generated by) its simple X -subgroups.,

Note that the simple X-subgroups of an X -vector space (when X is a field) are
precisely the one dimensional subspaces. Since every vector is contained in one of
these, they certainly generate the whole vector space.

It is trivial to see (without appeal to Theorem 11.9) that if M is itself a simple
X-group, then M is completely reducible. Because complete reducibtlity can be
viewed as a generalization of simplicity, some authors use the adjective “semisimple™
to mean what we have called “completely reducible.” Unfortunately, this word also
has a number of other meanings in the literature, and so we avoid its use altogether.



150 CHAPTER 11

The full proof of Theorem 11.9 relies on Zorn's lemma, which we prove later
in this chapter. If we are willing to assume a finiteness condition, however, we
can prove Theorem 11.9 much more easily. As we shail see, the usual finiteness
conditions coalesce for completely reducible abelian X-groups.

We begin with an easy lemma,

(11.10) LEMMA. Ler N © M, where M is a completely reducible abelian X -
group. Then N and M /N are completely reducible.

Proof. To see that N is completely reducible, let I © N be an X -subgroup. Since

M is completely reducible, we can write M = U + V. By Dedekind’s lemma
(see Problem 2.9), we have N = U 4 (N N V), and this sum is clearly direct.

Now N = M -+ L for some X-subgroup L € N. By the previous para-
graph, L is completely reducible. Since M/N = L, the result follows. |

(11.11) THEOREM. Let M be a completely reducible abelian X -group. Then
the following are equivalent:

i. M is noetherian.

it. M is artinian.

iil. M has finite composition length.
iv. M is finitely generated.

Proof, We first show the equivalence of conditions (i) and (ii). Assume that M
is noetherian but not artinian. Since the collection of artinian X -subgroups of
M is certainly nonempty, we can use the maximal condition to choose U € M
maximal with respect to the property of being artinian. Since M is not artinian,
we have U < M, and so (by the maximal condition again) we canchoose V 2 U
such that V is maximal among proper X -subgroups of M. Thus M/V is X-
simple. Sigge M/U is completely reducible by Lemma 11.10, we can choose
a complement S/U for V/U in M/U. Then S/ U = (M/UY/(V/UY = M/V
is X-simple and hence is artinian, Now S/ and U are both artinian, and this
implies that $ is artinian by Theorem 11.6. This contradicts the maximality of
U/ and shows that (i) implies (3i).

Now assume that M is artinian but not noetherian, and use the minimal
condition to choose U/ € M minimal with the property that M/ U is noetherian,
We have UU > 0, and hence by the minimal condition again, we can choose a
minimal nonzero X -subgroup § € /. By Lemma 11.10, let V be a complement
for §in U/ and note that IJ/V = § is X-simple and hence is noetherian. Since
M /U is also noetherian, Theorem 11.6 guarantees that M/ V is noetherian, and
this contradicts the minimality of U.

That (iii) is equivalent to (i) and (ii) is given by Theorem 11.3 and (i) implies
(iv) by Theorem 11.4. We now assume (iv) and prove (i). If U € M is any
X-subgroup, then U = M/V, where V is a complement for /. Since U is
isomorphic to a factor group of M and the property of being finitely generated
is inherited by factor groups, it follows that U is finitely generated. At this
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point we know that every X -subgroup of M is finitely generated, and hence M
is noetherian by Theorem 11.4. The proof is now complete. =

We now present a result that includes a “finite” version of Theorem 11.9. We
necd this and the next several results for our study of artinian rings.

(11.12) THEOREM. [Let M be an abelian X-group. Then the following are
equivalent.

i. M is completely reducible and of finite composition length.
ii. M is the direct sum of a finite collection of X -simple X -subgroups.
iii. M is the sum of a finite collection of X -simple X-subgroups.

Proof. We assume (i) and prove (ii). The collection & of those X-subgroups of
M that can be written as direct sums of finitely many X-simple subgroups is
nonempty since it contains the trivial subgroup. Now M satisfies the maximal
condition by (i), and so we can choose I/ € M maximal in §. Let V be
a complement for U in M and suppose that V > (. Since M satisfies the
minimal condition, we can choose an X-simple subgroup § € V and we note

that SN U = 0. Writing W = U + §, we see that W = U + S, and hence
by Lemma 7.11, we conclude that W is a direct sum of a finite collecticn of
X-simple subgroups, Thus W € &, and this is a contradiction since W > U. It
follows that V = 0 and hence I/ = M and (ii) is proved.

It is obvious that (ii) implies (iii} and so we assume (iti} and prove (i). Since
X-simple abelian groups are both artinian and noetherian, we see that M is
both artinian and noetherian by Corollary 11.8, and hence it has finite length.
Now let I/’ € M be an X-subgroup. Using the maximal condition, we choose
V € M maximal with the property that U NV == (0, The sumof I/ and V is
automatically direct, and so it suffices to show that U + V = M in order to
prove that V is a complement for V. Suppose, therefore, that U + V <« M,
Since M is a sum of X -simple subgroups, there must be at least one of these
(say, S) not contained in U/ + V. We thus have (U + V) N § = 0, and since
also U NV = 0, we see that the sum U7 + V + § is direct by Theorem 7.5, It
follows that I/ N (V + §) = 0, and this contradicts the maximality of V. We
deduce that U is complemented in M, and (i) holds. [ ]

The following corollary gives yet another characterization of finite length, com-
pletely reducible groups.

(11.13) COROLLARY. Let M be an abelian X-group. Then the following are
equivalent:

i. M is completely reducible and of finite length.
ii. There exists a finite collection (N, Na, ..., Ni} of X-subgroups of M such
that (Y N; = 0 and each M/ N, is X-simple.
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Proof. Assuming (i), we write
M=54+ 8+ -+ 8,
where the §; are X-simple. (This is possible by Theorem 11.12.) Let

N;:Z:Sj

JF
and note that { ] N; = 0 because each element of M is uniquely expressible as

a sum of elements of the S;. We have that M/N; = §; is X-simple, as required.
To prove the converse, construct the external direct sum

E=(M/NYSM/N)D---& (M/N,).

Then E is the (internal) direct sum of a finite collection of abelian X-simple
X -subgroups and hence is completely reducible and of finite length. Now map
8 : M — E by setting 6(m) to be that element of E with ith coordinate equal
to the coset N; + m. Then 8 is an X-homomorphism and ker{(@) = { I N; = 0.
We conclude that M is isomorphic to an X-subgroup of E. Therefore M has
finite length and it is completely reducible by Lernma 11.10. [

Observe that the implication (ii) =» (i) of Corollary 11.13 fails utterly if the
coltection {N,} is not finite. Perhaps the simplest example of this is to take X = @
and M = Z, the additive group of the integers. We take the N, 1o be the subgroups
of prime index for all primes.

We now examine a little more closely the completely reducible X -groups with
finiteness condition that were the subject of Theorem 11.12 and Corollary 11.13.

If M is one of these groups, we can write M = §; + .- 4+ S, where the S; are
X-simple. The subgroups S; are not (in general) uniquely determined, aithough by
the Krull-Schmidt theorem (10.10) it follows that the number of S; in any given
isomorphism class 1s an invariant of M and is independent of the particular direct
sum decomposition. (In fact, the more elementary Jordan-Holder theorem (10.5) can
be used to obtain this conclusion, too.) It is an important (and somewhat surprising)
fact that the X-subgroups of M obtained by summing all of those §; in a single
isomorphism class are uniquely determined by M, independently of the particular
direct sum decomposition. In order to prove this, we begin with a definition.

Let S be any simple abelian X-group. If M is an arbitrary abelian X-group,
we consider the X-subgroup of M generated by all of the X-subgroups of M that
happen to be X-isomorphic to §. This subgroup, called the S-isotypic component
of M, depends, of course, only on the isomorphism class of § and is trivial if M
¢ontains no isomorphic copy of 5. Note that by the Jordan-Hdlder theorem, if M has
finite composition length, then there are at most finitely many isomorphism classes
of simple X-groups § for which the S-isotypic component of M is pontrivial.

(11.14) THEOREM. Let M be an abelian X-group and suppose that
M= S, + -+ + S5, where each S; is X-simple. If S is any X-simple abelian
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X-group, then the S-isotypic component of M is equal to the sum of all those
summands S; that are isomorphic to §.

Proof. We may assume that the §; have been numbered so that for some integer r
withO < r <k, wehavethat §; = Sfori <rand §; = Sfori > r. Welet U

be the S-isotypic component of M and V = }_ §;. (Note that if no §; = S, then
=1
r =0and V =0.) By the definition of U, it is clear that V < {/. To prove the
reverse containment, we must show that if T C Mand T = S, then T C V. :
Forl <i <k, letn; : M -» §; be the projection map, so that 7; is an
X-homomorphism and m = }_m,(m) for all m € M. Since S; is abelian and
X-simple and 7;(T') is an X -subgroup, we see that for each i, either 7, (T) = 0
or ;(T) = §;. In the latter case, since T is X -simple, wehave S; = T = §and
soi < r. Therefore m;(T) =0 fori > r and hence 7, (T) C V foralli. We
conclude that T € > m;(T) € V, as required. |

(11.15) COROLLARY. Ler M be a completely reducible abelian X-group and
assume that M is noetherian (or, equivalently, artinian, finitely generated, or
of finite composition length). Then M is the direct sum of its nonzero S-isotypic
components as § runs over a set of representatives for-the isomorphism classes
of X -simple abelian X -groups.

Proof. Write M = 5, + --. + &, where the §; are simple. By Coroltary 11.15,
we see that as § varies, the S-isotypic component of M is a partial sum of this
direct sum, and the result follows. »

(11.16) COROLLARY. Let M be as above and let S and T be X -simple abelian
X-groups. Let U and V be the corresponding isotypic components of M. If
UNV#0,then S=TandU =V, »

11D

To prove Theorem 11.9 (with no finiteness assumption), we need to return to set
theory and obtain Zorn’s lemma. We also use Zom'’s lemma frequently in ring
theory in later chapters of this book,

Our proof of Zorn’s lemma uses the axiom of choice. It is a fact that if one were
to assume the statement of Zom’s lemma as an “axiom.” then the axiom of choice
could be proved as a “theorem.” It follows that there is no hope of finding a proof
of Zom’s lemma that does not depend ultimately on the axiom of choice, since it is
known that this axiom definitely is not a consequence of the rest of set theory.

From the logician’s point of view, the axiom of choice and Zom'’s lemma are
“equivalent,” and one might ask why we bother to give the following somewhat
technical proof. Why not simply assume Zorn’s lemma, just as we assumed the
axiom of choice? The point, as this author sees it, is that although these assertions
are “logically equivalent,” they are not interchangeable. Logically, the fact that
2+ 2 = 4 is equivalent to the fact that finitc groups always contain Sylow p-
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subgroups: both statements are true. We suspect, however, that the reader of this
book would feel cheated if instead of proving Sylow’s theorem, we had said that no
proof is necessary since 2 + 2 = 4. In the same way, we feel that it is appropriate

to offer a proof of Zom’s lemma.

(11.17) THEOREM (Zorn’s lemma). Let P be a nonempty poset and assume
that for every nonempty linearly ordered subset L < P, there exists an element
u € P such that u = x for every element x € L. Then P contains a maximal

element.

Before we plunge into the proof of Zorn’s lemma, a few remarks about the
statement are appropriate. The element u of Theorem 11.17 is said to be an upper
bound for the linearly ordered subset L. There is no requirement that the upper
bound # be an element of L, and so L need not have a maximal element. Note that
if P itself were linearly ordered, the theorem would be trivial, since an upper bound
for P would be a maximal element of P in that case. Equally trivial is the case
where P 1s finite or, more generally, where P satisfies the ACC.

Proof of Theorem 11.17. Working by contradiction, we assume that 2 has no
maximal element. If L C P is nonempty and linearly ordered, it has an upper
bound # € P, and since u# is not maximal in P, there exists v € P with v > u.
Then v > x forevery x € L and v is a “strict” upper bound for L. (Note that
if L is empty, then every element of P is a strict upper bound.) Since the set
of strict upper bounds is nonempty for every linearly ordered subset of P, the
axiom of choice guarantees the existence of a choice function f that assigns to
each linearly ordered subset L a strict upper bound for L. Thus f(L) € P and
f(L) = xforallx € L.

We now restrict our attentinn to those linearly ordered subsets of P that
happen to satisfy the minimal condition. Such a subset § is said to be well
ordered. It has the property that if @ % X < §, then X contains a minimal
element (which is necessarily unique in this situation since $ and therefore X are
linearly ordered). If § is linearly ordered and 5 € §, we introduce the notation

S=(xeS)x=<s)

and we say that $° is an initial segment of S. We say that a subset S € P is
admissible if it is well ordered and s = f(S§*) forevery s € S. (In other words,
the well-ordered set S is admissible if each initial segment determines the “next”
element of § via the function f.) Note that the empty set is admissible, and if
§ is any admissible set, then so is § U {v}, where v = f(8).

Let § and T be unequal admissible subsets of P. We intend to show that
either § = 77 forsome ¢t € T or T = §* for some s € §. By symmetry, since
§ # T, we may assume that 77 Z § and so, using the fact that 7" is well ordered,
we can choose ¢t € T minimal such that # ¢ S. Then 7% € S and we claim that
we have equality here.
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Suppose T < §and choose s € § minimal such thats € 7. We thus have
S5* < T, Certainly T € §°, and so we can choose 4 € T minimal withu ¢ §°

and hence
THCc §SfCcT CS.

We claim that §° = 7*. By the containments in the previous paragraph,
this is certainly true if ¢ = «. We cannot have ¢ < u since that would imply
thatt € T* < §, and this contradicts our choice of . The remaining possibility
isthatt > wandsou € T* € 5. We know that u ¢ 5, however, and hence
u = 5. Also in this case, $* 1s defined and we have S C S* N T € T* We
conclude that §* = 7T, as claimed.

Since S and T are admissible, we have s = f(S5%) = f(T") = u. In the
previous paragraph, we saw that u < t. We cannot have # = ¢ because then

= u = 5§ &€ §, a contradiction. Therefore t+ > u and hence s = u € 77,
which is also a contradiction. This proves T* = §, as desired. In particular, we
have now shown that the collection of admissible subsets is linearly ordered by
inclusion.

Next, let A be the union of all admissible subsets of P. We shall show that
A is itself admissible. We check first that A is linearly ordered. To see this,
let a, b € A and choose admissible sets Sand T such thatg € Sand b e T.
Since the collection of admissible subsets is linearly ordered, we may assume
that S € T and hence a, b € T. Since T is linearly ordered, we conclude that
a and b are comparable, as required.

Now let 2 € A and choose an admissible set S such that a € 5. We will
show that A? = §?. Since § C A, it is obvious that §7 € A?, and so we work
10 prove the reverse containment. Let & € A® and note that b < g so that if
b € 5, we have b € §°, as desired. We may assume, therefore, that b & § and
we work for a contradiction. Choose an admissible 7 withb € T. ThenT € §
and hence § € T,and in fact S = T* forsome member? € 7. Since b & S, we
have b > ¢ > g, where the second inequality follows since g € § = T*. This is
a contradiction and proves that A° = 59, as claimed,

To show that A is well ordered, let X C A be any nonempty subset and let S
be admissible with X M § nonempty. Let x be a minimal element of X 1 S, Then
A* = §* contains no elements of X and hence x is minimal in X, as desired.

To compicte the proof that A is admissible, let 4 € A. We must show that
a = f(A?). We know, however, that A? = $§? for some admissible set S, and
so we have a = f(8°) = f(A“), as required.

Since A is admissible, we know that AU (v} is admissible, where v = f(A),
This is a coniradiction, however, since v ¢ A and yet A is supposed to contain
all admissible subsets of P. The proof is now complete. |

The following lemma, which is the key to the proof of Theorem 11.9, is typical
of applications of Zom’s lemma to algebra.

(11.18) LEMMA. LetG beanX-group andsupposeY < G isasubset consisting
of nonidentity elements. Let S be the collection of all X-subgroups H < G such
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that HNY = @&. Then 8 is nonempity and each element of 8 is contained in
some maximal element of S,

Proof. Note that & contains the trivial subgroup of GG, and so it is nonempty. Given
H € &, write
P={U S |U2 H}
and partially order P by inclusion. To find a maximal element of P, it suffices
to show that it satisfies the hypotheses of Zom’s lemma.

Suppose that £ is a nonempty linearly ordered subset of 7. By Lemma
11.5(a), the union U = | J £ is an X-subgroup of G. Since each member of £
intersects trivially with ¥, we see that /' N Y = @ and hence U € S. Clearly,
U 2 H and hence U/ € P. Of course, we have I/ 2 L whenever I, € £, and
50 we have produced an upper bound for £ in the poset P. Zom’s lemma thus

applies. |

Proof of Theorem 11.9. First assume that M is completely reducible and let N
be the X-subgroup generated by all the simple X-subgroups. (In other words,
N is the socle of M. At this point, it is not obvious that M has any simple
X -subgroups, in which case we have N = (.)

We wish to show that N = M, and so we assume the contrary and choose
me M — N. Using Lemma 11.18 and taking ¥ = {m}, wecanchoose I/ D N
maximal among X -subgroups that do not contain m, and we note that U/ < M.
Letl/ & V < M with V > U if possible, and choose a complement W < M
for V, using complete reducibility.

Now W € U and so U + W > U andhence m € U+ W by the maximality
of U. Wecanthus write m = wu + wwithu e Uandw € W. If V > U, then
meVandsow=m-—-—uecV. Thiswe VNW=0andm =ue U, a
contradiction. This shows that it is not possible to choose V > U, and hence
W=M/V =M/U is X-simple. Since W & U, this contradicts the fact that
U contains the socle of M,

Conversely now we assume that M is its own socle, and we prove that it is
completely reducible. Let U be an arbitrary X -subgroup of M. Qur goal is to
produce a complement for U in M.

Using Lemma 11.18 and taking ¥ = U — {0} and H = 0, we can choose
V £ M maximal such that U NV = 0. We complete the argument as in the
proof of Theorem 11.12. Our task is to show that U + V = M, and so we
suppose that U + V < M. Since M is generated by its X-simple subgroups,
there must be at least one of these (say, §) with § € U7 + V. In particular, since
§ is X-simpile and abelian, we have (I + V)N § = 0. Since also U NV = 0,
the sum I/ + V + Sisdirectand hence U N(V + §) = 0. Because V 4+ § > V,
this contradicts the maximality of V. It follows that U + V = M, and the proof
is complete. |

Problems

11.1 Let G be a solvable group whose poset of subgroups satisfies both chain
conditions. Show that G is finite,
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11.9

11.10

11.11
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Let I. be a linearly ordered set and suppose that X € L. (We allow X = &.}
We say that X is a cuf for L if x < y wheneverx € Xandy € L — X.
Recall also that X is an initial segment of L if it has the form X = L% =
[x e L|x <a)forsomea e L.

a. Show that every initial segment of L is a cut.
b. Show that L is well ordered (satisfies the minimal condition) iff every
proper cutin L is an initial segment.

Let P be any poset. Show that there exists a maximal linearly ordered subset
in P.

HINT: Apply Zorn’s lemma to the poset £ of all linearty ordered subsets
of P.

If P is a poset, a subset A € P is called an antichain in P if, whenever
x,y € Awithx <y, we have x = y. Show that P is linearly ordered iff
every maximal antichain in P has just one element.

Let M be an artinian abelian X-group and assume that the intersection of
all of the maximal X-subgroups of M is zero. Show that M is completely
reducible.

NOTE: Astheexample M = Z shows (with X = @), the problem becomes
false if “noetherian’ replaces “‘artinian.”

Let M and N be abelian X-groups and let ¢ : M — N be an X-homomor-
phism. Show that for each simple abelian X-group S, the S-isotypic com-
pontent of M 1s mapped by ¢ into the S-isotypic component of N,

Let § be a simple abelian X-group. Show that for some prime number p,
every nonzero element of .S has order p.

Let G be a (not necessarily abelian) X -group with the property that whenever
H is a linearly ordered (by inclusion) collection of proper X -subgroups of
G, then | JH < G. Show that G is finitely generated.

HINT: Let S be the set of all of those X-subgroups H € G for which
there is no finite subset ¥ € G with G = (H U Y). Note that there can be
no maximal elements in &. Use Zorn’s lemma to derive a contradiction if
S # @,

Let ¥V # O be a (not necessarily finitely generated) vector space and let P
be the set of all linearly independent subsets of V, ordered by containment.
Show that P has a maximal element and that this set spans V (and so is a
basis). Recall that only finite linear combinations are ever considered.

Let M be a noetherian abelian X -group. Show without using Zorn's lemma
that Theorem 11.9 holds for M.

Let G be a finite solvable group and write F = F(G), the Fitting subgroup.
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11.12

11.13

a. If M is a maximal subgroup of G not containing £, show that F N M is
normal in & and that F /(F M M) is abelian and G-simple, where G acts
by conjugation.

b. Assume that the Frattini subgroup & (G) = 1. Show that F is abelian
and is completely reducible as a G-group.

Let G be finite and solvable and have trivial center and trivial Frattini sub-
group. Show that F(G) € G'.

HINT: Show that thereexists A< G suchthat ANG' = 1 and F(G) € AG'.

(Clifford) Let G be a finite group acting by automorphisms on a finite
abelian group A, and assume that A is completely reducible as a G-group.
If N « G, show that A is completely reducible when viewed as an N-group.

HINT: It suffices to do the case where 4 is G-simple. Observe that if
B C Ais an N-simple N-subgroup, then so is B¢ forall g € G.



CHAPTER TWELYVE

Rings, Ideals, and Modules

12A

In some sense, the symmetric group on a set £ can be thought of as the fundamental
example of a group. Not only does Sym(£2) serve to motivate the axioms that define
groups, but also, by Cayley’s theorem, every group appears as a subgroup of some
Sym($2). Similarly, for ring theory, the fundamental exampie is End(A), the set of
all endomorphisms of an abelian group A. Multiplication within End(A) is defined
by function composition. (The reader is reminded of our convention that if f and
g are functions, we always write fg to denote the function constructed by doing
first f and then g. Thus (x)(fg) = (xf)g or, equivalently, (fg)(x) = g(f(x)).
Because the former formula looks more natural, we generally write our functions
on the right in situations where function composition is important.)

Because A is abelian, we have at our disposal a second operation on End(A).
If » and 5 are endomorphisms of A, we definer +s5: A — A by

(X)) +8) = (XO)r + (x)s

for all x € A. (Of course, the + on the right side of this eguation is the operation in
the group A.) Observe thatif r, s € End(A), then »+ s € End(A), but that the proof
of this requires the commutativity of A. It should be clear the End(A) satisfies the
conditions in the following definition.

(12.1) DEFINITION. Let R be a set that has two binary operations: addition and
maltiplication. (These are denoted by + and by juxtaposition, as usual.) Then
R is a ring provided that

1. R is an abelian group with respect 1o +,

. (rs) = r(se),

i, r(s +1) =rs+rt, and

iwv. (s+t)yr=sr+ztrforallr,s,t R.

v. There is an element of R, usually denoted 1, such that 1» = » = r1 for all
re R.

159
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The multiplicative identity 1 of R is called the unity element of R. (It is easily
seen to be unique, justifying our use of the word “the.”) Many authors do not require
the existence of a unity for a ring, and they call the object in Definition 12.1 a “ring
with 1” or “ring with unit.” There certainly are times when it is convenient to drop
condition (v) and consider unitless “rings,” but in this book, we assume axiom (v)
unless the contrary is made explicit. Of course, the unity of End(A) is the identity
map on A.

The reader should note that the condition that addition be commutative in Def-
inition 12.1(1) is actually redundant, since forr, s € R, we have

F+5)1+D=r{l4+1)+s(1+1)=r+r+s5+3s

and also
r+s51+1D)=0+s)1++8)l=r+s+r-+s.

Comparison of these two computations yieldsthat r +s5 = 5 + r.

If R is a ring, we use the standard notation of abelian groups and write O for the
additive identity, —r for the additive inverse of r € R, and r — 5 for r 4+ (—s).

Before proceeding with our study of ring theory, we discuss a few examples.
Perhaps the most familiar examples of rings are the integers Z and the sets Q, R, and
C of rational, real, and complex numbers, respectively, all with respect to the usual
addition and multiplication. All of these are commutative rings, since multiplication
is commutative in cach of them.

We can build new rings from old by using matrices. If R is any ring, we write
M, (R) to denote the ring of all n x n matrices with entries in K. The operations in
M, (R) are the usual ones of matrix theory: If A = (a;;) and B = (5;;), then the
(i, j)-entry of A + B is a;; + b;; and the (i, j)-entry of AB is

n
E ﬂ,‘kbkj .
k=1

(Note that if the coefficient ring R is not commutative, the formula for the (i, j)-entry
of the product A B is sensitive to the order of the factors in each term of the sum.)
We omit the computations necessary to show that M, (R) really is a ring for each
choice of coefficient ring R and integer n = 1. Observe that if R is any ring with
more than one element and if n > 2, then M, (R) is necessarily noncommutative.
We can also build new rings from oid by taking external direct sums and defining
both addition and multiplication componentwise. Note that the unity element of the

direct sum
R=R ®---®R,

is the n-tuple (1,1, ..., 1), where the ith entry is the unity of R;. (If there are
infinitely many terms in the sum, therefore, we must take the unrestricted direct sum

in order for the resulting object to be a ring with unit.)
We defer until later discussion of another important technique for building new

rings from old: the construction of polynomial rings.
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If R is aring, asubset $ € R is a subring if § is a ring with the operations
inherited from R. Equivalently, § is an additive subgroup of R that is closed under
multiplication and happens to contain some element that behaves as a unity for S.

Although it is true for rings, as it is for groups, that the multiplicative identity
is unique, it is not generally true that a subring § € R has the same unity as the
whole ring, Of course, if the element 1 of R happens to be in §, it is necessarily the
unity of $, and in this case we say that § is a unirary subring of R, Examples of this
are Z € Q@ € R € €Cand D € M,(R), where D) is the subring consisting of the
diagonal matrices of M, (R)-

The trivial subring § = {0} € R provides an example of a subring that is not
unitary (if R 1s not itself trivial). More interesting examples can be constructed
using direct sums. Let R = R @ R,, where multiplication and addition are defined
componentwise and both summands are nontrivial. Let § = {(0,x) | x € R»)}.
Then $ is a subring of R that is not unitary since (1, 1) is the unity of R and (0, 1)
is the unity of §.

We have seen that End(A) is a ring whenever A is an abelian group. If X
is a set and A is an abelian X -group, we write Endx(A) to denote the set of X-
endomorphisms of A. Then Endx(A) is a subring of End(A) and, in fact, it is a
unitary subring, since the identity map on A is an X-homomorphism. (Note that the
endomorphisms of A induced by elements of X do not generally lie in Endy(A).)

Actually, Endx (A) 1s the most general possible example of a ring. This is the
content of the following ring analog of Cayley’s theorem.

(12.2) THEOREM. Let R be anyring (withunit, of course). Then R is isomorphic
to aring of the form Endy (A) for some abelian X -group A. In fact, we can take
X = Rand A = R (the additive group) with the action of X on A given by left
multiplication in R.

Although presumnably it is clear what it means for two rings to be isomorphic, we
shall make this explicit. A map 6 : R — S is a ring homomorphism if 8(x + y) =
0(x) + 6(y) and 8(xy) = 6{x)@(y) for all x, y € R. If, in addition, # is a bijection
of R onto S, then it is a ring isomorphism, and in this case we say that R and §
are isomorphic. Of course, two isomorphic rings enjoy identical “ring theoretic”
properties.

Note that if & : R — § is a ring homomorphism, then it is automatically a
group homomorphism from the additive group of R to that of §, and so everything
we know about group homomorphisms applies here. In particular, € is injective
precisely when ker(8) = 0. Of course, ker(8) = {r € R | 8(r) = 0).

A not entirely trivial example of isomorphic rings is End (V) = M, (F), where
F is a field and V is an F-vector space of dimension n. Here, Endr(V) is the ring of
F-linear transformations from V to itself, and we construct the isomorphism with
the matrix ring M,{F) by choosing a basis for V.

Proof of Theorem 12,2, Ifa € R (viewed as an abelian group) and x € R (viewed
as a set), we write @ - x = xa. This “dot” action of (the set) R on (the abelian
group) R makes the additive group of R into an R-group since
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(a+b) x=x(a+bh)=xat+xb=a-x+b-x
by the left distributive law.

If r € R (the ring), define the map ¢, : R — R by (a)e, = ar, so that
¢, € End(R) by the right distributive law. In fact, we have

(a x)e, = xar = (ae,) - x

by the associative law, and hence e, € Endg(R). We define ¢ : R — Endg(R)
by 8(r) = e,, and we show that 8 is a ring isomorphism.
Now 8(rs) = e,;, and fora € R, we have

ae,, = ars = qe,e; ,
and 50 8(rs) = e,e; = 8(r)d(s). Also, 8(r + 5) = e,,, and
ae,. ., =a(r +s)=ar +as = ae, + ae;, = ale, + ¢e,),

where the last equality is by the definition of addition in Endg (R). Therefore
(r +s) = e, +e, = 8(r)+0(s), and € is a ring homomerphism. If r € ker(9),
then e, = 0 and we have r = 1r = le, = 0, and so 8 is injective.

Finally, to show that € is surjective, let « € Endg(R). Write (1)a = r and
compute for ¢ € R that

ax ={al)e =(1 -aya =(la)-a=r-a =ar = ae, .

Since this holds forallg € R, we have @« = ¢, = 6(r), and @ is surjective.
The following lemma, though trivial, is useful.

(12.3) LEMMA. Ler R be aring and supposer,s € R. Then

a. Or =0 =r0and
D. (~r)s = ~(rs) = r(—s).

Proof. We have Or + Or = (0 4+ 0)r = Or, and so Or = 0. The proof that r0 = 0
is similar. We have

O=0s=(@C+(—r))s =rs +(-—r)s

and hence (—r)s = —rs. The remainder of (b) follows symmetrically. |

Lemma 12.3 has numerous immediate corollaries such as (~1)(—1) = 1 and
r(s —t) =rs —rtforr,s,t € R. We neither list all of these nor prove them, but
they are used freely when needed. Note that facts suchas ~(—r) = rapndr—r =0
are not corollaries of Lemma 12.3 and are not really ring theory at all. These are
immediate from the group structure of (R, +).

In group theory, the kemels of homomorphisms turned out to be very important
objects: tbey were precisely the normal subgroups. In ring theory, too, kernels of
homomorphisms are of significance. Their normality in the additive group says
nothing because the group is abelian, but we do have the following lemma.
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(12.4) LEMMA. Let6 . R -—» S be a ring homomorphism and let I = ker{6).
Then

a. [ is an additive subgroup of R.
Ailso,ifa € I andr € R, then

b. ar € f and
c. racl,

Proof. Conclusion (a) is immediate since the ring homomorphism £ is a group
homomorphism. For (b) we compute

Glar) =0(u)6(r) =060(r) =0,

and so ar € kKer{@) = I. The proof of (¢) is similar. n

A subset /7 € R that satisfies the three conclusions of Lemma 12.4 is called an
ideal of R. Note that each of (b) and (c¢) implies that / is closed under multiplication
{although they say much more than that), and so an ideal that happens to contain a
multiplicative identity is a subring. If I S R is an ideal that contains the unity of
R, then since I contains every multiple of each of its elements and r = 17 for all
r € R, we see that / = R. A proper ideal, therefore, can never be a unitary subring.

We discuss a few examples of ideals. For any ring, the ring itself and the
trivial subring O are ideals. If R = R; & R, and we write (as we did earlier)
S = {(0,x) | x € Ry}, then § is an ideal (which happens to be a subring). If R
is commutative, the set aR = {ar | » € R} is an ideal called the principal ideal
generated by a. This ideal, often simply denoted (a), contains ¢ and is contained
in every other ideal that contains a. In the case R = Z, for instance, we know that
every additive subgroup has the form nZ for some n > 0. Therefore these principal
ideals are all of the ideals of Z. {Observe that nZ has no unity and so is not a subring
forn > 1.) A commutative ring such as Z, in which every ideal is principal, is called
a principal ideal ring, or a PIR.

I R is noi commutative, then aR may not be an ideal. It satisfies two of the three
defining properties of an ideal, however: it is an additive subgroup and it is closed
under right multiplication by arbitrary elements of R. Such an object is called a
right ideal of R and, similarly, an additive subgroup closed under left multiplication
by all elements of R is a left ideal. (It is interesting to note that unlike the situation
in natural languages where adjectives generally restrict the noun they modify, in this
case, the words “right” and *'left” create a more (rather than less) general situation.
Neither a left ideal nor a right ideal need be an ideal and, in fact, an ideal is precisely
an object that is both a left ideal and a right ideal.)

Other examples of one-sided (that is right or left) ideals are “annihilators.” It
often happens in rings that a product xy = 0 even if neither factor is zero. Given any
subset X C R, the rightannihilatorra(X)istheset{r € R | xr =0 forall x € X}
and the left annihilator 1a(X ) is defined similarly. The reader should check that for
any subset X C R, the right annihilator ra(X) is a right ideal, and that if X is itself
a right ideal, then ra(X) is an ideal. (Remember, this means “two-sided.”™) If “left”
replaces “right” above, everything still works, of course.
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In group theory, we know not only that kernels of homomorphisms are normal
subgroups, but also that every normal subgroup is the kemel of some homomeorphism.
This latter fact was proved by consideration of the canonical homomorphism of the
group onto the factor group by the given normal subgroup. If I € R is an ideal, we
would like (by analogy with the group case) to define the factor ring R/I. Since
I is, in particular, a normai subgroup of the additive group of R, we can define the
factor group R/I. lts elements are the additive cosets [ + r for elements » € R.
To make R/ into a ring., we need to define multiplication, and since we want the
canonical group homomorphism R — R/7 to be a ring homomorphism, we are
forcedto define (I +#Y(I +85) =1 4 rs.

(12.5) LEMMA. LetI € R, where [ is an ideal. Define multiplication on R/ I
by setting
(I +r)I+s)=I+rs for r,5€R.
This multiplication is well defined and makes R/1I into aring.

Proof. We must prove that our product formula gives an unambiguous result, in-
dependent of the choices of coset representatives. If wehave I +r = I + rg
and { 4+ s = I + 59, we need to check that I + rs = I 4 rysp. To see that this
holds, write ro = 4 + rand sp = v 4+ § withu, v € I. Then

roSg = rv 4 us + uv + rs,

and since each of rv, us, and uv lies in I (because { is an ideal), we get
roso € I +rsandhence I +rs = I + rosp.

The completely routine verification that this definition of multiplication
makes R/[ into a ring is omitted except for the observation that the unity of

R/1I is the coset [ + 1. |

If I © R is an ideal, we see that the canonical group homomorphism 7 : R —
R/1,carrying r € R to the coset [ 4 r, is a ring homomorphism with kemel 7.

(12.6) COROLLARY. The ideals of R are precisely the kernels of all ring ho-
momorphisms from R to other rings. n

The analogy between the theories of group and ring homomorphisms goes fur-
ther and we state two more such results. Their proofs are omitted, however, since
they are quite routine.

(12.7) LEMMA. Ler6 : R = § be a surjective ring homomorphism with I =
ker(6). Then S= R/1. u

(12.8) LEMMA. Let8 : R — S and I be as above, so that by the Correspon-
dence theorem, 8 determines a bijection from the set of additive subgroups of R
containing I onto the set of additive subgroups of S. Under this correspondence,
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ideals of R correspond to ideals of S and, similarly, right ideals correspond to
right ideals and left ideals correspond to left ideals. |

Finally, we mention one way in which the analogy between group and ring
homomorphisms might lead one astray, If 8 : R — S 1s a ring homomorphism,
then 8(R) is a subring of S and #(1) is, of course, its unity element. It may happen,
however, that @ (R) is not a unitary subring of 5, and so in general we cannot conclude
that 8(1) = 1. This clearly does hold, however, if 8 1s surjective.

12B

Anelement 4 € R 1s called a unit and is said to be invertible in R if it has both a left
inverse and aright inverse. Thus u is aumitifthereexistx, y € R withux = 1 = yu.
In this case, we have x = Ix = yux = yi = v, and so this element x = y is the
only left or right inverse » has in R. It can thus be unambiguously denoted «~!. Of
course, # ! is also a unit of R and (" !)"! = u. (This use of the word “unit” is
standard but unfortunately is not quite consistent with the phrase “ring with unit,”
which also is quite common.)

In the matrix ring M, (F), where F is a field, the units, the invertible matrices,
are precisely the matrices with nonzero determinant, and it follows that any matrix
having either a left inverse or a right inverse is invertible. This situation is not typica!
since, in general, in a noncommutative ring, an element can have a one-sided inverse
and yet not be invertible. For an example of this, consider the ring R = End(A),
where A is the abelian group of all infinite sequences {a; | { > 0} of integers with
respect to term-by-term addition. Let » € R be the “right-shift” endomorphism so
that {a;}r = {b;}, where by = 0and b; = a;_, fori > 0. Similarly, let s € R denote
the “left-shift” endomorphism defined by {a;}s = {b;}, where b; = a;, for| > 0.
It is clear that s = 1, but neither r nor s is invertible since s is not injective and r
is not surjective.

The set U(R) of units in the ring R is nonempty since it contains 1. It is
clearly closed under the taking of inverses and it is closed under multiplication,
since if # and v are units, then v-'u~! is an inverse for yv, which is therefore a
unit. It follows that U/ (R) 1s a group: the group of units of R. We have, for instance,
U(ENd(A)) = Aut(A) and U (M, (F)) = GL{(n, F}, the general linear group, where
F is a field. Also U(Z) = {1, —1}. More interesting is the case R = Z/nZ, the ring
of integers mod #, with n > 1. The reader should check that the units in this case
are precisely the cosets of the form nZ + x for integers x with ged(n, x) = 1. (Note
that the value of ged(n, x) is constant as x runs over any coset of nZ.) It follows
that |U(Z/nZ)| = p(n), where ¢ is Euler’s function. In fact, if C is cyclic and of
order n, then End(C) = Z/nZ and so U(Z/nZ) = Aut(C).

The element 0 € R is never a unit, except in the trivial case where R = [0}. A
nontrivial ring R for which every nonzero element is a unit is called a division ring.
In other words, a ring R is a division ring iff I/ (R) = R — {0}, and in this case we
write R — {0} = R™, the multiplicative group of R. A commutative division ring is
a field, and examples of these are very familiar. In addition to @, R, and C, it is easy
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to find many other subfields of C. For example, the object {a + b2 | a. b e Q1.
which is denoted Q{+/2], is a field. (We study fields of this type in considerable
depth later.) We also have finite fields such as Z/pZ, where p is a prime number.
{To see that this is a field, observe that |U(Z/pZ)| = @(p) = p — 1.) As we shall
see later, there are also other finite fields that are not of prime order.

It is not so easy to produce concrete examples of noncommutative division rings,
although, in fact, these objects abound. Perhaps the most familiar example is the ring
H of quaternions, discovered by Hamilton. We construct H as a four-dimensionat
real vector space with basis {1, i, j, k}, and we define multiplication in H by giving
rules for multiplying the four basis vectors and then extending the definition to all
of H. Before we give the details, we digress to consider this method of constructing
rings {not necessarily division rings) in greater generality.

Suppose F is a field. An F-algebra is a ring A that is simultaneously a vector
space over F with the same addition, and such that ring multiplication and scalar
multiplication are related by the formula

(aa)b = a(ab) = alak)

foralla.b € A and @ € F. For example, if F is any field, then the matrix ring
M, (F) 1s an F-algebra. Also, any field is an algebra over itself, and C is also a
two-dimensional algebra over R.

We remark that for us, since an algebra is a ring, its multiplication is associative
and there is a unity element. The word *‘algebra” is occasionally used, however, in
situations where the only assumptions on the multiplication are the two distributive
laws and the compatibility with scalar multiplication described above. (Equivalently,
left and right multiplication are F-linear transformations.}

Let A be an F-algebra and suppose B is an F-basis for A. If we know enough of
the multiplication of A to be able to compute the product in A of any two elements
of B, wrnting the result in terms of B, then it is easy to recover the rest of the
multiplication of A. If u, v € A, we can write

u;Zaxx and v=Zﬂxx

x€8 xeh

with a;, 8, € F. (In the case where the basis B is infinite, of course, we insist that
all but finitely many of the coefficients a, and 8, are zero.) Using the distributive
law and the definition of an algebra, we have

wv = (. B,)xy),

r.yel

and since we are assuming that we know xy for all x, y € B, this enables us to
compute uv.

This technique can also be used to construct an algebra. Start with a field F and
an arbitrary set B, and let A be the set of all “formal” F-linear combinations of the
elements of B. Thus A is the set of all objects that look like

2 a.rx >

xcRB



RINGS, IDEALS, AND MODULES 167

where all the coefficients o, lie in ¥ and only finitely many of them are nonzero,
Addition and scalar multiplication are defined in the obvious manner to make A into
an F-space. If we identify the element x € B with the formal linear combination

Ix + ) Oy,

y#Ex

we can view B as a subset of and basis for A. Nextinvent some rule for multiplication
of elements of B with results in A, and extend this to a multiplication for all of A as
above.

The problem with this construction, of course, is that for an arbitrary multi-
plication on B, it is not very likely that the multiplication in A will turn out to be
associative. The point here is that it is enough to check associativity for elements of
B in order to guarantee associativity in A, and if B is reasonably small, or otherwise
under good control, this may not be hard to do. We leave it to the reader to check
that if the associative law holds for the basis vectors, then it holds in general,

Returning now to our construction of the quaternions H as an R-algebra, we
see that we need only define and check associativity of multiplication on the four
element set {1, 7, j, k}. As the reader has guessed, 1 multiplies as an identity. The
rules invented by Hamilton for the other products are as follows: i2 = j2 = k? = —1;
alsoij =k, jk =i, ki = jand ji = —k, kj = —i, ik = —j. (We leave the
associativity check to the reader.)

We now have that H is a ring (in fact, an R-algebra), and we need to establish
thatitis adivistonring. lf u € H, writeu = a+bi +cj+dk witha, b, c, d € R, and
let v =a — bi — ¢j —dk € H. Computation shows that uv = (@ + b* + ¢2 + d¥)1,
and so if u # O, we have a* + b* +c? +d? % Oand thus (1/(a’+ b* + c* +d))vis
aright inverse for u. Similarly, it is a left inverse, and thus every nonzero element of
H is a unit and H is a division ring. (It is not commutative, of course, since i/j £ ji,
for instance.)

As some justification for our assertion that noncommutative division rings
abound, we mention now an easy result that we will need later.

(12.9) LEMMA (Schur). Let S and T be X-simple abelian X -groups for some
set X of operators. If o : § — T is a nonzero X-homomorphism, then « is an
tsomorphism. Also, Endx(S8) is a division ring.

Proof. We have ker(a) < § since & £ 0. Because ker(e) is an X -subgroup of
S, which 1s X-simple, we conclude that ker(e) = 0 and « is injective. Also,
the image S # O since a # 0. Because Se¢ is an X-subgroup of T and T is
X-simple, we see that Soe = T and « is an isomorphism.

Now take T' = §. If ¢ € Endx(S) and @ # 0, we have just shown that o is
invertible in End(S). To see that « is invertible in End, ($), we need to check
thar (sx)a™' = (sa™')x fors € Sand x € X. To prove this, apply « to both
sides {using the fact that «r is an X-endomorphism) and observe that the result
15 the same. Since « is injective, this yields the desired equality. |

Next we investigate connections between the units and the ideal structure of a
ring.
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(12.10) LEMMA. Let]I € R be an ideal or a one-sided ideal. If I contains a
unit, then [ = R.

Proof, Supposeu € [i1saunitin R. Forr € R, we have (ruYVu=r =ulu'r),
and so r is both a left multiple and a right multiple of u. It thus lies in 1. »

(12.11) COROLLARY. Let R be a nontrivial ring. Then the following are equiv-
alent:
i. R isadivisionring.
il. The only right ideals of R are 0 and R.
ill. The only left ideals of R are 0 and R.

Proof. That (i) implies both (ii} and (iif) is immediate from Lemma 12.10. Now
assume (i1) and let O % g € R. Then aR isanonzerorightideal, andsoaR = R
and there exists some » € R withab = 1. In particular, b £ 0 and we can apply
the same argument to b and find a right inverse ¢ € R forb. Thenab =1 = be
and so a = ¢ and b is a (two-sided) inverse for a, which is therefore a unit. This
shows that & is a division ring and (ii) implies (i). That (iii} also implies (i)
follows similarly. [ |

(12.12) CORODLLARY. A commutative ring is a field iff 0 is maximal among its
proper ideals. »

We mention that in any ring, an ideal {or a right or left ideal) that is maximal
among proper ideals {(or proper right or left ideals) is called a maximal ideal (or a
maximal right ideal or maximal left ideal). When describing ideals or one-sided
ideals, we always use the word “maximal” to mean “maximal proper.”

By Lemma 12.8, which is the Correspondence theorem for rings, we see that
M < R isamaximal ideal iff ¢ is maximal as an ideal of R/M. If R is commutative,
therefore, then R/AM is a field when M is a maximal ideal.

(12.13y LEMMA. Let I C R be a proper ideal (or right or left ideal). Then I is
contained in some maximal ideal (or maximal right or left ideal, respectively).

Proof. Note that the right ideals, left ideals, and ideals of R are just the X-
subgroups, where X = R acting by right multiplication or X = R acting
by left multiplication or X is the union of two copies of R, one acting by right
muttiplication and one by left. In all three cases, Lemma 12.10 tells us that
being proper is exactly equivalent to being disjoint from the subset {1} € R.

We are now set up 1o apply Lemma 11.18 (which is our main application
of Zorn’s lemma), and the result follows. [ ]

(12.14) COROLLARY. If R is a nontrivial commutative ring, then there exists
a homomorphism of R onto some field.

Proof. The ideal I = O is proper and so by Lemma 12.13 is contained in some
maximal ideal M. Then R/M is a field and the canonical map R — R/M is
the desired homomorphism. [
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What happens if R is not commutative? A ring R for which 0 is a maximal ideal
is a simple ring. Division rings are clearly simple, but noncommutative simple rings
need not be division rings.

(12.15) THEOREM. Let D be a divisionring. (In particular, D may be a field.)
Then the matrix ring M, (D) is simple.

Proof. Calculations in matrix rings are often facilitated by using the so-called
matrix units e;; € M,(D)for1 < i, j < n. The matrix ¢;; has (i, f)-entry equal
to 1 and all other entries are zero. (This, despite its name, is certainly not a unit
of M,(D), except when n = 1.) Observe that

[0 ik
€ij€rl = {8“ ifj = k.

Suppose I © M,(D) is a nonzero ideal. We shall show that I = M, (D)
by proving that / contains the identity matrix. Let0 # g € { and write g;; € D
to denote the (i, j)-entry in the matrix a. Then

a = E a;€,; ,
ij

and so e;;ae;; = a;;e;; forall i, j. Since [ is an ideal, we have a;;e;; € 1.
Because a # 0, we can certainly choose subscripts / and j such thata;; # 0.
Let b € D with ba;; = 1 and compute that

exk = (bey M aije)(en) € 1.

Since Y ey = 1, the identity matrix, we have 1 € I and hence I = R, as
desired. ]

Observe that the simple ring M, (D) of Theorem 12.15 is definitely not a division
ring if n > 1. This is clear since the matrix unit e;; is nonzero and yet its square is
zero ifi # §.

We close this section with the remark that every finite division ring is commu- .
tative. This surprising result of M. Wedderburn is proved later.

12C

We wish now to consider the ring theery analog of a group acting on a set.

(12.16) DEFINITION. Let M be an additively written abelian group and let R
be aring. Suppose that for each m € M and r € R, there is defined an element
of M denoted mr. Then M is a right R-module if the following conditions hold:

L (x+y)yr=xr+yrforallx,yec Mandr ¢ R.
1. x(r 4+ 8) = xr 4+ xs.
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. x{(rs) ={r)sforallx e Mandr,s € R.
ivv x1 =xforallxe M.

Just as the key example of a group action is Sym(§2) acting on €2, we have for
rings that any abelian group A is a right End(A)-module with the natural action.
Also, for any ring R, the ring itself and all right ideals of R are right R-modules. A
ring R viewed as a right K-module is called the regular right R-moduie. When it
is necessary to distinguish it from the original ring, the regular module is denoted
R*. (Of course, R and R* are merely different ways of thinking about the same set.)
Many authors write Rz where we have written R*, and more generally, they write
M g to describe the abelian group M viewed as a right R-module,

Next observe that an arbitrary abelian group A can be viewed as a right Z-
module. Write A additively and, fora € H and n € Z, define an (as usual) to be
the sum of n copies of @ (or —n copies of —a if < 0). Our final example of a
module is probably the most farniliar of all. If R = F, a field, then a right R-module
is precisely the same thing as an F-vector space (if we agree to write scalars on the
right for scalar multiplication). Definition 12.16 simply generalizes the definition
of a vector space from fields to arbitrary rings.

Observe that condition (i) in Definition 12.16 is exactly the assertion that R is
a set of operators for M and thus M is an R-group. If N € M is an R-subgroup,
then the R-groups N and M /N inherit conditions (i)—<(iv) from M and so are right
R-modules. They are a submodule and facror module, respectively, of M. Because
right R-modules are just a certain type of group with operators, we can apply all of
the terminology and results of Chapter 11. We can thus speak of simple, artinian,
noetherian, finitely generated, or completely reducible right R-modules.

Conditions (ii) and (iti) of Definition 12.16 relate the operator action of R on
M to the internal operations in R, and condition (iv) turns out to be equivalent
to the assertion that no nonzero element x € M satisfies xr = 0 for all »r € R.
Some authors do not require condition (iv) and call modules that satisfy it “unital”
R-modules.

A left R-module is an abelian group M with an action of R written on the left,
so that if r € R and m € M, then the element rm € M is defined. The conditions
corresponding to those in Definition 12. 16 ate r (x+y) = rx+ry, (r +8)x = rx+sx,
(rs)x = r(sx),and lx = x forr,s € R and x, y € M. The reader may wonder
whether or not there is a real difference between a left and a right R-module beyond
the merely typographic detail of the side on which we have chosen to write the ring
elements. Given a left R-module M, we might try to convert it to a right R-module
by defining mr form € M and r € R to be simply rm. Conditions (i), (ii), and (iv)
of Definition 12,16 certainly hold, but in general, (iii} does not since

{xr)s = (rx)s = s(rx) = (sr)x = x(sr),

and there is no reason to believe that this equals x(rs). This computation shows,
however, that if R is commutative, then left R-modules are essentially interchange-
able with right R-modules, and nothing can be gained by distinguishing between the
two types.
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If R is not commutative, then left R-modules can be viewed as right modules
for the opposite ring of R. This ring, denoted R°?, has the same underlying set and
the same addition as R, but the product rs in R is defined to be the element sr of
R. When R is commutative, of course, R = R°? but, in general, R and R are not
even isomorphic. The reader might wonder why we did not define G°? in our study
of groups; this seems to provide an easy way to build a new group from an existing
one. The reason is that for all groups, G = G via the map g v g~'!. This is
also the reason we never considered “left actions” of groups on sets. Although these
would be the group analog of left R-modules, they would contribute nothing new.

Perhaps the most obvious examples of left R-modules are the ring itself with
respect to left multiplication (this is the regular left R-module, which we denote *R)
and all of its submodules, which are the left ideals of R. Our practice in this book
is to focus on right R-modules and to use left R-modules only when necessary.

12D

Aring R is right artinian if the regular right R-module R*® is artinian. (Equivalently,
the set of right ideals of R satisfies the minimal condition or the DCC.) Similarly, we
define right noetherian, left artinian, and left noetherian rings. If R is commutative,
then right ideals and left ideals are simply ideals, and so the right and left versions
of each chain condition are equivalent. In this case, we just say that R is artinian
or noetherian if the appropriate condition is satisfied. For example, the ring Z is
noetherian but not artinian, since the additive group of Z was seen to have this
property in Chapter 11, and the ideals of Z are precisely the additive subgroups.

(12.17) LEMMA. Let A be afinite dimensional F-algebra for some field F. Then
A is both right and left artinian and noetherian.

The proof of Lemma 12.17 is an easy consequence of the next result.

(12.18) LEMMA. Let A be an F-algebra. Then every right or left ideal of A is
an F-subspace of A.

Proof. Let I € A be aright ideal. We must show that ax € I whenevera € F
and x € I. This follows because ox = a{x1) = x(ol} is a right multiple
of x. If I were a left ideal instead, the proof would be similar since
ax = a(lx) = (al)x. |

Proof of Lemmma 12.17. The posets of right ideals and of left ideals are subsets of
the poset of all F-subspaces of A. Since A is finite dimensional, the latter poset
satisfies both chain conditions, and the result follows. [ ]

So far, we have given no example of a right artinian ring that is not right noethe-
rian. In fact, there i1s no such example, as we prove later. There are examples of
rings that are artinian or noetherian on one side but not the other, but we do not take
the time to construct such a ring here. (See Problem 12.24.)
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In the case of vector spaces over fields, being finitely generated is clearly equiva-
lent to being finite dimensional, and so subspaces of finitely generated vector spaces
are themselves finitely generated. This generatizes to right modules over any right
noetherian ring. Although we do not use this fact until much later, it is instructive
to go through the proof now. We end this chapter by proving somewhat more.

(12,19) THEOREM. Letr R be either right noetherian or right artinian and let
M be a finitely generated right R-module. Then M is either noetherian or
artinian, respectively, and in the noetherian case, every R-submodule of M is
finitely generated.

Proof. If x € M, then xR = {xr | r € R} is an R-submodule (called a cyclic
submodule). If S is a generating set for M, we have

M=ZxR.

By Corollary 11.8, it suffices to show that each cyclic submodule x R is noethe-
rian or artinian in order to prove the same about M.

Nowmap6 : R® — xRby8(a) = xa. We claim that € is a homomorphism
of R-modules. (In other words, # is an R-homomorphism of R-groups.) The
map clearly respects addition and so we need only check the R-action. We have
8(ar) = x(ar) = (xa)r = #(a)r, as required. Of course, & maps the regular
module R&* onto the cyclic module x R, and s0 x R, being a homomorphic image
of R*®, is noetherian or artinian. (The ring R is right noetherian and so the
module R® is noetherian, and similarly for artinian.)

Finally, if R is right noetherian, then so is M, and thus every submodule of
M is finitely generated by Theorem 11.4. =

Problems
12.1 Let R be a finite ring. Show that the following are equivalent:
i. R is adivision ring.
ii. R isnontrivial andifr,s € R, withrs = 0, then eitherr = 0ors = 0.

NOTE: A commutative ring that satisfies (ii} is called an integral domain
or sometimes just a domain. The problem tells us that finite domains are
fields.

12.2 Let R be a finite dimensional F-algebra, where F is a field. Show that
conditions (i) and (i1) of Problem 12.1 are equivalent in this case, too.

12.3 Let S © R be a subring. Show that the following are equivalent:
. S is a unitary subring.
ii. IfrS=0forsomer € R,thenr = (.

12.4 Let R be a “ring” but do not assume that 1 € R. Let R* = R &P Z (as abelian
groups). Show how to define multiplication on R* so that it becomes a ring
with an ideal that is “ring” isomorphic to R.



12.5

12.6

12,7

12.8

12.9

12.10

12.11
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NOTE: This problem shows that the theory of “rings without 1” is included
within the theory of “rings and ideals.”
Let R be aring and suppose I € R is the unique maximal right ideal of R,

a. Show that I is an ideal of R.

b. Show that every element g € R — { is a unit.

¢. Show that  is the unique maximal left ideal of R.

HINT: For part {a), show that af € [ for all a € R. If this fails, then
al = R. Deduce from this that the right annihilator ra{a) contains an
element of the form 1 — xa for some x € [, and obtain a contradiction.

NOTE: A ring that satisfies the hypothesis of this problem is said to be
local.

Let R be aring and let I be the set of nonunits of R. Suppose that [ is an
additive subgroup of R. Show that 7 is an ideal of R and hence that R is
local.

HINT: If a ¢ I, show that ab # 1 for b € R. This is easy if b is a unit.
Assume that b € I and ab = 1. Show that a = {(a — 1){1 — b)~! and derive
a contradiction.

Fix a prime p and let
R={m/neQ|m,n e Zand p does not divide n}.
Show that R is a subring of @ and is local.

Let G be any group (written multiplicatively) and let F be any field. Con-
struct the F-algebra with G as a basis and with multiplication defined by
extending the original group multiplication on G to the whole algebra, This
F-algebra, denoted F G, is called the group algebra of G over F.

a. Show that there is a unique F-linear ring homomorphism 3§ : FG — F
suchthatd(g) = 1forallg € G.

b. Let 8 be as in part (a) and write A = ker(§). Show that {1 — g | g € G}
is an F-basis for A,

NOTE: The map 8 is called the augmenration map and its kernel A is the

augmentation ideal of the group algebra FG.

Let § be a simple ring, Show that all nonzero elements of S have equal
additive order. Show that this order either is a prime number p or is infinite.

NOTE: We say that § has characteristic p in the former case and charac-
teristic O in the latter.

An element r € R is nilpotent if r* = O for some integer n > 1. Show that
if r 15 nilpotent, then 1 — r is a unit in R.

Show that in a commutative ring, the set of nilpotent elements forms an ideal,
and produce an example showing that this can fail without the commutativity
assumption.
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12.12

12.13

12,14

12.15

12.16

12.17

12,18

12.19

12.20

12.21

Show that the group algebra F' G contains a finite-dimensional ideal iff G is
finite. Show that if (G is finite, then there is a one-dimensional ideal.
HINT: Show that a finite-dimensional subspace of FG is contained in the
linear span of some finite subset of .

An element e € R is idempotent if e* = e # 0. If e is idempotent, then it is
a triviality that e Re is a subring with e as its unity element. Show that if R is
finite and contains no nonzero nilpotent elements, then for every idempotent
¢ we have eRe = eR.

HINT: Consider the map eR — eR defined by x — xe. Show that this
map must be surjective since its kernel is trivial.

Show that every division ring is isomorphic to Endy (4) for some X -simple
X -group A.
NOTE: This is a converse to Schur’s lemma (12.9),

Let D be a division ring and let X € D be any subset. We write C(X) =
{r e D[ xr =rxforalx e X}. Show that this centralizer subring is a
division ring.

Show that R is ring-isomorphic to some F-algebra iff there exists a unitary
subring § € Rsuchthat § = F and § € Z(R), the center of R. (Of course,
Z(RY ={z € R | zr =rz forall r € R}. The center of any ring is a
unitary subring.)

If R is simple, show that Z{R) is a field. In particular, if R = M, (F), where
F is a field, show that Z{R} = F.

Let A be an F-algebra and let M be a right A-module. Show that there is a
unique way to give M the structure of an F-vector space such that

a(ma) = (em)a = m(aa)
forallae € F,m € M, and a € A.

Let A be a finite dimensjonal C-algebra and let M be a simple right A-
module. Show that if @ € End, (M), then there exists A € C such that
ma = Am for all m € M (where Am is defined by Problem 12.18).

HINT: Show that dimg{M) is finite and that & is a C-linear transformation
on M. Let A be an eigenvalue of @ on M and consider & — A1 € End(M).
Use Schur’s lemma (12.9).

Let A be a finite dimensional commutative C-algebra and let M be any
simple right A-module. Show that dime(M) = 1.

Let X € M,(C) be an arbitrary set of pairwise commuting matrices, Show
that there is some nonzero row vector that is an eigenvector for all matrices
in X,



12.22

12.23

12.24

12.25

12,26

12.27
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If R is nontrivial, write R" to denote the direct sum of n copies of the
regular module R* (where # is a positive integer). Assume R” = R™ where,
of course, this is an K-isomorphism.

a. Show that n = m if R is both artinian and noetherian.

b. Show that n = m if R is commutative.

HINT: For part (a), consider composition lengths. For part (b), show that
(R/D™ = (R/D™ as (R/I)-modules, when / € R is an ideal. Apply this
when 7 is a maximal ideal of K.

NOTE: It is not true that m = n in complete generality. We mention that
any right R-module that is R-isomorphic to R” is said to be free of rank n.

Let B and € be rings and write R = B & C. Show that R is right artinian or
noetherian iff each of B and C is right artinian or noetherian, respectively.

Let B € A and C € A be unitary subrings of aring A, and note that we can
view A as a right B-module, which we denote Ap, or as a left C-module,

which we denote A. Let R = [[b O].IaeA,bEB,CEC] c

a ¢
0O 0
Mz(A)andletI={[a O]IaeA}ER.

a. Show that R is a ring and that { is an ideal of R.

b. Showthat R/I = B C.

¢. Show that / is noetherian or artinian as a right K-module iff A  is noethe-
rian or artimarn,

d. Show that 7 is noetherian or artinian as a left R-module iff ~ A is noethe-
rian or artinian.

e. Inthecase A = B = Rand C = (, show that R is right noetherian and
right artinian but is neither left noetherian nor left artinian.

Let F be a field and G a finite group. Show that the center Z{(F G) is an
F-subspace of the group algebra FG with dimension equal te the number
of conjugacy classes in G.

Suppose that the additive group of R decomposes as an internal direct sum

R=li+ b+ 41,

where each [; is an ideal of R. Show that each of these ideals is a subring
of R (so that it has a unity) and that R is ring isomorphic to the (external)
direct sum of these subrings.

Write R = M, (D), where D is a division ring, and for 1 < i < n,let [
be the set of all matrices with all rows other than the i/th row equal to zero.
(The ith row of an element of [; is arbitrary.}) Show that each [; is a right
ideal of R that is simple as a right R-module.
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12.28

12.29

12.30

HINT: Use the matrix units ¢;; € R as in the proof of Theorem 12.15.

Let F be an arbitrary field and let H{F) denote the four-dimensional F-
algebra with basis 1, i, j, ¥ and multiplication rules as in the definition of
the quaternion division algebra H. (Thus H(R) = H.) Show that H(F)
is a division ring iff the equation x* -+ y* + z* = —1 has no solution with
x,y,.ze F.

NOTE: Itis a fact that in a finite field F, the equation x?> + y*> = g has a
solution for every a € F, and thus H(F) is not a division ring in this case.
This is consistent with the theorem of Wedderburn that finite division rings
are necessarily commutative.

Let § € R be a subring. Show that there exists a unique subring 7 € R
maximal with the property that T contains S as a unitary subring.

Let x,y € Rwithxy = 1.

a. If yx # 1, show that the right annihilator ra(x) > 0.
b. Note that
0=ra(x") Cra(x") Cra(x?) < -

is an ascending chain of right ideals. Show that if ra(x"~') < ra(x")
with r > 0, then ra(x") < ra(x"*").
c. If R is right noetherian, show that yx = 1.

HINT: For part (b), suppose x"a = 0 # x"~!g. Consider the element ya.



CHAPTER THIRTEEN

Simple Modules and Primitive Rings

13A

We are now ready to begin in earnest our study of ring theory. Qur concern in this
chapter is those properties of a (not necessarily commutative) ring that are related
to its collection of simple right R-modules.

If U is any right R-module and X € U is a subset, we define the annihilator

amgz(X) ={r € R| xr =0 forall x € X}

and we write anng(x) for anng(X) when X = {x}, a singleton. We sometimes
suppress the subscript and write ann{X) in piace of ann(X).

(13.1) LEMMA., LetU bearight R-module andlet X C U be any subset, Then:

a. anng(X) is a right ideal of R.

b. If X is an R-submodule of U, then anng(X) is an ideal of R,

¢. If U is simple and O # x € U, then anng(x) is a maximal right ideal of R
and U/ = R*/anng(x).

d. Every maximal right ideal of R has the form anng(x) for some nonzero
element x of some simple right R-module U .

Before we give the (easy) proof of Lemma 13.1, a few comments on part (c) are
appropriate. The dot in the expression R®/anng(x) is necessary. By part (a), we see
that anng(x) is aright ideal of R; it is a submodule of R* and the object R*/anngz(x)
is the corresponding factor module. The absence of the dot would suggest that we
are referring to a factor ring of R, and this would require that the denominator be an
ideal. It is not usually true, however, that anng(x) is an ideal.

The real significance of part (¢) is that all simple right R-modules can be found
(at least theoretically, and up to R-isomorphism) within the ring R as factor modules

177
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of R*. When we study simple right R-modules, therefore, we are really studying
the ring itself.

Proof of I.emma 13.1. Note that 0 € anng(X) since x0 = x(0 + 0) = x0 + x0,
and so x0 = 0 for all x € X. From this, it is immediate that anng(X) is an
additive subgroup of K. Fora € anng(X) and r € R, we have Xar = 0r = 0,
and so ar € annz(X), and part (a) follows. If X is a submodule, then Xr C X
and thus Xra € Xa = 0, and part (b) holds.

For part (¢c). map & ;: R* — U by 8(r) = xr, and check that 9 is an R-
homomorphism with ker(6) = annz(x). Since x = x1 = 8(1) € 9(R"), we
see that 8(&*) is a nonzero submodule of the simple module 7. It follows that
f(R*) = U and hence U = R*/ker(f) = R*/anng(x). Since U/ is simple,
the Correspondence theorem tells us that anng(x) is maximal among proper
submodules of R*.

Finally, let M be a maximal right ideal of R and write U = R*/M, so that
U is a simple right R-module. Let x = M + 1 € U, Thenr € R lies in
anng{(x) iff (M + 1)r = M + 0. (Recall that the coset M + 0 = M is the zero
element of {/.) By definition of the operator action in operator factor groups,
wehave (M + 1)r = M +1r = M +r,and so r € anng(x) iff r € M. Thus
anng{x) = M, as required. n

Next, suppose f : R — § is a surjective ring homomorphism. If I/ is any right
S-module, we can make U into a right R-module simply by defining ur = u(6(r))
for all r & R. (It is trivial to check that this works.) Since the actions of R and
S induce exactly the same sets of endomorphisms of U (from the assumption that
0 is surjective), it follows that a subgroup V < U is an R-submodule iff it is an
S-submodule. Because of this, adjectives such as “artinian,” “finitely generated,”
“simple,” and “completely reducible” either apply or fail to apply equally to U as
an K-module and to I/ as an S-module.

Which R-modules do we get from S-modules in this way? In the above situation,
if r € ker(8), then 6(r) = 0 € anng({/), and so r € anng({/) and we see that
ker(@) < anng(U). Conversely, if V is any right R-module with ker(@) € anng(V),
then we can “undo” the above construction and view V as a right S-module by
defining vs = vr, where v € V, 5 € §, and r € R is any element such that
¢(r) = s. Since r is not uniquely determined, we observe that if also 8(r) = s,
then r — ry € Ker(?) < anng(V), and so v(r — rp) = 0. Thus vr = vrg and vs
1s well defined. Because of these remarks, we can, and occasionally shall, identify
right S-modules with right R-modules that are annihilated by ker(¢&).

Now we consider the question of how much we could tell about a ring R if
we knew all of the simple right R-modules. Some nonzero elements of R may be
indistinguishable from zero from the point of view of these modules. Such clements,
together with zero, form (as we shall see) an ideal J of R. The factor ring R/J is
really the only part of R “visible” to the simple modules and about which they can
give information.
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We should mention that a nontrivial ring R necessarily has some simple right
modules. This is because, by Lemma [2.13, there exists some maximal right ideal
M C R, and so R*/M is a simple module.

13B

The Jacobson radical of R, denoted J(R), is the intersection of all the annihilators
anng(U/) for all simple right R-modules /. Since there are some set theoretic
difficulties with the phrase “all ... modules” in the previous sentence, we point out
that if I/ = V are R-isomorphic right R-modules, then anng (/) = anng (V) (since
U and V both look the same to R or, for readers who do not find that explanation
convincing, by an easy argument, which we omit). It follows that in the definition
of the Facobson radical, it suffices to let U run over a set of representatives for the
isomorphism classes of simple right R-modules. This poses no logical difficulties
since by Lemma 13.1(c) we could choose our representative set from among the
modules R*/M as M runs over the maximal right ideals of R, and so the Jacobson
radical is essentially defined “within™ R.

Observe that by Lemma 13.1, if I/ is a right R-module, then anng(I/) is an ideal
of R. Ideals of this form for simple modules U are called primitive ideals and so,
by definition, J (R) is the intersection of all the primitive ideals of R and hence is
itself an ideal.

(13.2) COROLLARY. For anyring R, we have J(R/J(R)) = 0. More gener-
ally, if 8 : R - § is any surjective ring homomorphism with ker(8) C J(R),
then 8(J(R)) = J(5).

Proof, Note that the first statement follows from the second by taking 6 : R —
R/J(R) 10 be the canonical homomorphism. To prove the second statement,
observe that every simple right S-module can be viewed as an R-module, and
as such, it is simple and so is annihilated by J(R). This means that the original
S-module is annihilated by 8(J(R)) and hence 8 (J(R)) < J(S).

Since every simple R-module is annihilated by J(R) 2 ker(8), each can
be viewed as an S-module and so is annihilated by J(S). It follows that J(R)
contains the full inverse image of J(S5), and the result follows. |

Other types of “radicals” have been defined for rings. Roughly, the idea is to
focus on some kind of “bad” elements and to observe that the set of these forms
an ideal / < R such that if we “mod out” by /, the resuiting ring will have no
nonzero “bad” elements. For the Jacobson radical, “bad” means “annihilating all
simple right modules.” The classical situation is where R is commutative and “bad”
is “nilpotent.” In this case, the corresponding radical is the nilradical and is often
denoted +/0. We shall have considerably more to say about this when we study
commutative rings, but for now, we mention only that the symbol +/0 and the word
“radical” are explained by the fact that a nilpotent element is an “ath root” of zero
for some integer n = 0,
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The Jacobson radical has a useful internal characterization.

(13.3) COROLLARY. TheJacobson radical J(R) is the intersection of all max-
imal right ideals of R.

Proof. Let M € R be any maximal right ideal of R, By Lemma 13.1(d), we have
that M = anng(x) for some element x of some simple right R-moduie /. We
have J{R) € anng({/) € anng(x) = M, and hence J{R) is contained in every
maximal right ideal.

Conversely, let r € R lie in every maximal right ideal of R. If I/ is any
simple right R-module, we conclude by Lemma 13.1(¢) that r € annz(x) for
every x € U/, and thus r € annz(U). Since U is arbitrary, we conclude that
r e J(KR). [}

Note that we could have defined J(R) as the intersection of all maximal right
ideals of R. From that point of view, however, it is not so obvious that J(R) is an
ideal, although it is clearly a right ideal.

Observe that Corollary 13.3 is relevant to Problem 12.5 concerning local rings.
If I is the unique maximal right ideal of R, then I = J(R) and so it is an ideal, and
this solves part (a) of the problem.

Neither the definition of J(R) nor its characterization in Corollary 13.3 proves
to be computationally convenient for working with the Jacobson radical. Much more
useful is the notion of quasiregularity.

An element r € R is quasiregular if 1 — r is invertible, For instance, if r is
niipotent so that " = 0 for some integer # = 1, then an easy computation shows
that I +r + 7%+ .-+ r""!is an inverse of 1 — r. Thus every nilpotent element is
quasiregular. (Of course, not every quasiregular element is nilpotent, since if R is
a division ring, for instance, every element » € R — {1} is quasiregular.) We say
that r € R is right quasiregular if 1 — r has a right inverse in R but possibly not a
(two-sided) inverse. This is equivalent to the assertion that (1 — r)R = R.

(13.4) THEOREM. Let R be any ring.

a. Every element of J(R) is quasiregular.
b. If I is a right ideal and every element of 1 is right guasiregular, then I <

J{R).

Proof, Letr € J(R) and note thatif (1 —r)R < R, then by Lemma 12.13 we can
find a maximal right ideal M containing (1 —r)R,andso 1 —r € M. Since also
r € M by Corollary 13.3, we conclude that 1 € M, and this is a contradiction
since no proper right ideal can contain 1. It follows that {1 — )R = R, and thus

r 18 right quasiregular and we can write (1 — r)s = 1 for some s € R.
Nowput y =1 —ssothats = 1 — y, and we have (1 — r)(1 — y) = 1,
which yields ry —r — y = 0. Therefore y = r(y — 1) and this, being a multiple
of r, lies in J(R}. Applying the reasoning of the first paragraph to y in place of
r shows that 1 — y has some right inverse in R. Since it also has the left inverse
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1 — r, we conclude that these two one-sided inverses for 1 — y are equal, and
so(l =1 —y)=1=(1—y)(1—r). Therefore (1 ~y)=(1 —r)landr
is quasiregular, proving {a).

Now let I be as in (b). By Corollary 13.3, it suffices to show that I/ € M for
an arbitrary maximal right ideal M of R. If this is not true, then 7 + M > M,
and since [ + M is a right ideal, the maximality of M forces | + M = R. We
can therefore write ] =i +m withi e fandm € M. Thusm = | — i and

MDODmR=(1—-i)R=R
since I is right quasiregular. This contradiction completes the proof. |

Some caution is needed here since Theorem 13.4 does not say (and it is not true)
that every quasiregular element of R lies in J(R). Nevertheless, Theorem 13.4 is
often useful for proving that elements either are or are not in J(R).

(13,5) COROLLARY. Letz € R be nilpotent and central in R. Then 7 € J{R).

Proof. If r € R, then rz = zr and so (zr)" = z"r" = 0 if n is large enough.
Therefore zR is a right ideal consisting of nilpotent and hence quasiregular
elements. By Theorem 13.4(b), therefore, z € zR € J(R). |

(13.6) COROLLARY. Lete € R be idempotent. (Recall that this means that
e?=eande £0) Thene & J(R).

Proof. Since (1 — e)e = 0 and e # 0, we see that 1 — e cannot be invertible. ‘The
result follows by Theorem 13.4(a). |

As a further example of how Theorem 13.4 can be used computationally, let
R be any ring and let § € M, (R) be the subring consisting of all lower triangular
matrices. (The upper right entries of the matrices in § are zero.) Let

(= {[0 9] <],

It is an easy computation to see that / is an ideal of S and that each of its elements
has square zero and so is nilpotent and hence quasiregular. Thus I € J(S). In fact,

J(S) = {[‘: g] |reR; a,bEJ(R)] R

as we shall see in the problems at the end of this chapter.
Theorem 13.4 gives another internal characterization of the Jacobson radical.

(13.7) COROLLARY. The radical J(R) is the unique right ideal of R maximal
with the property that every element is right quasiregular. -
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We could, of course, have chosen to work with left modules rather than right
modules and defined the “left handed™ version of the Jacobson radical as the in-
tersection of the annihilators of all simple left R-modules. It would also be the
intersection of all maximal left ideals by the “mirror image” of Corollary 13.3. (We
could also describe this object as J(R°P), where R°F is the opposite ring of R.) It
is remarkable that we get nothing new this way.

(13.8) THEOREM. The “left-handed” version of the Jacobson radical of R is
equal to J(R).

Proof. Let L = J(R°P) be the left Jacobson radical. Then L is an ideal and hence
is aright ideal. By the “mirror image” of Theorem 13.4(a), every element of L is
quasiregular. By Theorem 13.4(b), therefore, I. € J(R). The reverse inclusion
follows by application of the above argument to R°P, [

(13.9) COROLLARY. et [ be a left ideal cons;snng of left quasiregular ele-
ments. Then I < J{(R).

Proof. Apply Theorem 13.4(b) to R°P and then use Theorem 13.8. ]
Another application of Theorem 13.8 is the following corollary.

(13.10) COROLLARY. Suppose I is the unique maximal right ideal of R. It is
then also the unique maximal left ideal of R.

Proof. By Corollary 13.3, we have that / = J(R) is an ideal, and by the Corre-
spondence theorem (12.8), we see that in the ring R /7, the trivial right ideal 0 is
maximal. By Corollary 12.11, therefore, R/ is a division ring and 0 is maximal
among left ideals and so 7 is a maximal left ideal of R by Lemma 12.8, again.
Since I = J{R) is contained in every maximal left ideal by Theorem 13.8 and
the “mirror image” of Corollary 13.3, we are done. |

We need to introduce some notation. Let I/ be a right R-module and let X € U/
and ¥ C R be arbitrary additive subgroups. We then write XY to denote the
additive subgroup of U generated by all elements of the form xy with x € X and
y € Y. Therefore an element 4 € U lies in XY iff u is a finite sum of the form
u=x1y1 + -+ x,y., where x; € X and y; € ¥. An important special case of this
is where U = R*, since this defines a multiplicative structure on the collection of
additive subgroups of R.

As an example of the use of this notation, observe that if U is a right R-module
and V < U/ is maximal among proper submodules, then U J(R) C V. To see this,
note that U// V is simple and so is annihilated by all elements r € J(R). Thus

V4+ur=V+u)r=V+0

and ur € V forall u € U. This gives UJ(R) € V, as claimed. It is tempting
to try to conclude from the fact that U J(R) is contained in every maximal proper
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submodule of U that necessarily UJ{R) < U whenever U is a nontrivial right R-
module. This reasoning is not valid, however (and the conclusion is false), since U
ray not have any maximal submodules.

If / # Oisanoetherianright R-module, then by the maximal condition, there do
exist maximal proper submodules and it is true that I J(R) < U, Itis somewhat less
trivial that the weaker finiteness condition that IJ be finitely generated is sufficient
to obtain the same conclusion, (Noie, however, that by Theorem 12.19, if R is right
noetherian, then the module U 1s finitely generated iff it is noetherian.)

(13.11) THEOREM. Let U be a finitely generated right R-module. If UJ(R) =
U,then U = 0.

Proof. Let X € U be a finite subset minimal with the property that it generates

U/. Then
U = ZxR

U=UJ(R)=Y xRI(RYC > xJ(R).

and hence

If U # 0, then X # & and we choose some element y € X, By the above, we

can write
y = E X¥y
xeX

where r, € J(R). This gives

y(l—ry) = Zxrx
x#y

y o= zxrx(l — ry)_1
x¥y
since r, € J(R) is quasiregular.
We now know that y is an element of the submodule generated by X — {y},
and so this submodule contains X and hence is all of U/. This contradicts the
minimality of X. ]

and thus

Theorem 13.11 is usually stated and used in the following, essentially equivalent
formulation.

(13.12) COROLLARY (Nakayama’s lemma)., Ler U be a finitely generated
right R-module and suppose V C U is a submodule such that U = V 4+ U J(R).
ThenV = U.

Proof. The elements of (U/V)J(R) are the cosets V + u, where u € UJ(R),
and so we see that (U/V}YJ(R) = U/ V. Also U/ V is finitely generated (by
the images in U/ V of the finite generating set for /). By Theorem 13.11, we
conclude that U/ V = 0. »
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As an example of how Nakayama’s lemma can be used, we prove the following
corollary. To explain the statement, we mention that if § € R is a unitary subring,
then R can be viewed as a right (or left) §-module, where the module action is just
multiplication in R. Note that it is essential that S be unitary for this to work.

(13.13) COROLLARY. Let S C R be a unitary subring contained in the center
of R and suppose that R is finitely generated as a right S-module. Then J{5) <

J(R).

Proof. Let U be a simple right R-module and let s € J(S). Our object is to show
that Us == 0. Because sR = Rs, wesee that UsR = URs € Us,andso Us
is an R-submodule of the simple R-module /. If we can show that Us < U,

therefore, it will follow that /s = 0,
Since R is finitely generated as an S-module, we can write

R:sz

for some finite subset X € R. Now let u € U with u % 0. Since U is simple,

we have
U=uR = Z: uxs,
xeX
and thus the set {ux | x € X} is a finite generating set for &/ as an S-module.,
By Theorem 13.11, therefore, we have Us € U J(S) < U. |

We resume our study of the Jacobson radical in Chapter 14, where we consider
right artinian rings.

13C

In studying the Jacobson radical, we considered the collection of all simpie right R-
modules. Now we intend to examine one of those modules in greater detail. Suppose
then that U is a simple right R-module. If r € R, then r induces an endomorphism
of / by u +— ur, and we write r; to denote this map. The set Ry ={ry | r € R}
is a subring of End(U) since the map r > ry is a ring homomorphism from R into
End(U).

Let D = Endg(U). Then D is a subring of End(U) and D is a division ring by
Schur’s lemma (12.9). If r € R, then ry commutes with every element & € D. To
see this, note that we have

(W)rye = (ur)a = (uayr = (wary .

It should be clear, in fact, that D is precisely the set of all elements of End(U) that
commute with all elements of R;;. We can write, therefore, D = Cenaw)(Ry), the
centralizer ring of Ry in End (L)),

Which elements of End(U) are induced by elements of R? Equivalently, how
Can we recognize the elements of Ry ? Certainly, these elements must commute with
every element of D, and so
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Ry € Cenay (D) = Endp(U/).
The main result in this direction is the Jacobson density theorem, which guarantees
that Ry is a “large” subring of Endp(U). (We shall see that if R is artinian, then in
fact we have the equality: Ry = Endp(U/).)

We can view U/ as a right D-module, but since D is a division ring (and not
just a ring) we use the more suggestive linear algebra language and say that D is a
“right D-vector space” (or £2-space) and the elements of Endp, (I7) are referred to as
“D-linear operators” on {/. (Most of the familiar basic facts of linear algebra work
as well over noncommutative division rings as they do in the commutative case, over
fields. For instance, if X € U is a D-linearly independent subset of U/, then any
map X — U can be extended to a D-linear operator U — U .)

(13.14) THEOREM (Jacobson deusity). Ler U be a simple right R-module and
write D = Endg(U). Let « be any D-linear operator on U and let X C U be
any finite D-linearly independent subset. Then there exists an elementr € R
such that xr = xa foralix € X,

In other words, the arbitrary element ¢ € Endp (L) is matched in its behavior
on X by some element ry € Ry. It follows that & and r; agree on every D-linear
combination of the elements of X. They agree, in other words, on the entire D-
subspace spanned by X. In particular, if U has finite D-dimension, then the density
theorem tells us that Ry is exactly the full ring Endp(U) of all D-linear operators
on /. As we shalf see, a condition sufficient to guarantee that dimp(I/) < oo (or,
equivalently, that it is finitely generated as a D-module) is that R is right artinian.

In general, if A is any abelian operator group with operator set S, then a subset
E < Ends(A) is said to be dense if for every a« € Endg(A) and every finitely
generated S-subgroup B C A, there exists 8 € E such that 8 agrees with « on B.
Observe that if A itself is finitely generated as an S-group, then no proper subset of
Endg(A) can be dense.

The conclusion of the Jacobson density theorem is that Ry, is always a dense
subring of End;,(I/). The following example shows that in the infinite dimensional
case, there do exist proper dense subrings of Endp(U). Let U be any infinite-
dimensional D-space and let / be the set of all finite rank D-linear operators on U,
(The rank of a linear transformaticn is the dimension of its image.) Note that I is a
dense ideal of Endp (). To build a dense ring, we need a unity element, and so we
let R be the subring of End(U) generated by I and the identity operator 1. Thus R
is the set of all operators of the formn -t + i, where n € Z and i € J. It is not hard
1o see in this situation that U is simple as an R-module and that D = Endg(U/). In
this case, Ry = R is proper in Endp (U).

We should explain the word “dense”. It is possible to tepologize Ends(A) in
such a way that two elements are “close” if they agree on a “large” finitely generated
S~subgroup of A. Then dense subsets are, in fact, dense in this topology.

We begin now to work toward a proof of the Jacobson density theorem.

(13.15) THEOREM. Let U be a simple right R-module and let D = Endg(U).
Let X € U be a finite subset and write I = anng(X). Suppose u € U with
ul = 0. Thenu € XD, the D-span of X.
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Note that the converse of Theorem 13,15 is trivially true: every elememt of X D
is clearly annthilated by {.

Proof of Theorem 13.15. Observe that if X = @, then ] = R and ¥ = 0, and
thus u lies m X D) = (, as required. We may therefore suppose that X # @ and
work by induction on | X|. Let x € X and write ¥ = X — {x}].

Let J = anng(Y) and note that / = J M anng(x). If J € anng{x),
then J = I and so uJ = 0. In this case, the inductive hypothesis yields that
w € YD € XD and we are done. We can thus suppose that xJ # 0. Now
J € R is a nght ideal and thus xJ is an R-submodule of U. Since U is simple,
it foliows that xJ = U/.

Next we wish todefine amapa : U — U. Since xJ = U, every element
of I/ has the form xj for some j € J, and it suffices to define o for elements of
this form. We put (xj)o = uj and check that this is well defined. Specifically,
we must show thatif xj = xkfor j, k € J,thenuj = uk. Wehavex(j—-k) =0
andso j —k € JNanng(x) = I. By hypothesis, then, u(j — k) = 0 and hence
uj = uk, as required.

We claim that @ € D. It is easy to see that & € End(¥/), and so we must
check that it is an R-endomorphism. Let » € R and z € U and write 7 = xj for
some j € J. Since jr € J, we compute that

(zr)a = (xjr)a = ujr = (xjar = (Qar.

This shows that « € Endg(U/) = D, as desired.

To complete the proof, it suffices to show that ¥ — x € ¥ D, and this
follows by the inductive hypothesis if we can show that (u — xa)J = 0. Let
J € J and compute

(M —xa)j =uj—xaj=uj~ (xjla=0,

as required. m

Proof of Theorem 13.14. The result is vacuously true if X = @, and so we assume
X is nonempty and use induction on |X|. Let x € X and write ¥ = X — {x).
By the inductive hypothesis, there exists s € R such that ys = ya forally € Y.

Now we need to “adjust” s to make it work for x also, and we must do this
without changing its effect on Y. Let / = anng(Y). Then for every i € I, the
element r = s + I satisfies yr = ya for all y € Y. Our task is to choose i € 7
so that x(s + i) = xc.

By linear independence, x € YD and hence Theorem 13,15 tells us that
xI # 0. Since I is a right ideal, however, xI is an R-suhmodule of the simple
R-module U. Therefore xI = U and we can choose i € | with xi == xo — x5,
as required. [

What does the Jacobson density theorem tell us about an arbitrary ring R? If U
is a simple right R-module, thenthe map @ : R — Ry defined by 0(r) = ry is aring
homomorphism of R onto Ry. (The map € is sometimes called the representation
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of R associated with {J.) We have ker(€#) = anng{U), and so R/anngz (/) = Ry,
which is a dense ring of linear operators on some D-space for some division ring D.
In other words, if / € R is any primitive ideal, then /7 is isomorphic to a dense
ring of linear operators.

The ring R is said to be a primitive ring if the trivial ideal is primitive. This
means there exists some simple right R-module with trivial annihilator. (A module
with trivial annihilator is said to be faithful.) All primitive rings, therefore, are
isomorphic to dense rings of linear operaiors.

(13.16) COROLLARY. A primitive ring is isomorphic to a dense subring of the
ring of D-linear operators on some D-space U for some divisionring D. B

We mention that a weaker condition than primitivity for a ring is semiprimitivity.,
We say that R is semiprimitive if J(R) = 0. Thus R is semiprimitive precisely when
the trivial ideal is an intersection of primitive ideals. In general, if “foo” is some
property for ideals, we often say that “R is a foo ring” if 0 is a “foo” ideal and “R
is a semifoo ring” if 0 15 an intersection of “foo™ ideals.

13D

We now consider artinian rings. Our goal is to classify all right artinian simple rings.
As we shall see, these turn out to be exactly the full matrix rings over division rings.

(13.17) LEMMA. Let R be right artinian and let U be a simple right R-module
and D = Endg(U). Then U is a finite dimensional D-space.

Proof. Consider the collection of right ideals of R of the form anngz(X), where
X € U is a finite subset. By the minimal condition on right ideals of R, we can
choose a finite subset X C U so that I = anng(X') is minimal in this collection.

Now let u € U be arbitrary, If ul # 0, then anng(X U {u}) < I and this
contradicts the minimality of /. Therefore u/ = 0, and so by Theorem 13.15,
we have ¥ € X D. Since u# was arbitrary, XD = [/ and so U is generated as a
D-space by the finite set X . It follows that U is finite dimensional. [

(13.18) COROLLARY (Double centralizer). In the situation of the previous
lemma, we have
Ry = Cgpyy (Cenaenr{Ru)) -

Equivalently, we have Ry = Endp(U). [

By elementary linear algebra, we know that by choosing a basis in a finite
dimensional vector space V over some field 7, we establish a bijection between
Endy(V), the set of linear operators on V, and the set M, (F) of n x n matrices over
F, where n = dimg{V). Furthermore, this bijection is a ring isomorphism, and
so Endp(V) = M, (F). This goes through with one additional complication in the
noncommutative case: we need to take the opposite ring of D,
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(13.19) LEMMA. LetV be an n-dimensional right D-vector space, where D is
a division ring. Then
Endp(V) = M, (D®).
Proof. Fix a D-basis vi, v3, ..., v, for V. For o € Endp(V), write

n

o = E v;a;;

j=1

with @;; € D. Write [] to denote the matrix [a;;] viewed as an element of
M, (D°®). (We use dots to represent multiplication in D so thata - ¥ = ba for
a, b € D.) We claim that the map ¢ : « — [«] is the desired isomorphism.
First, it is clear that @ is an additive homomorphism. If #(x) = 0, then
vix = O for all i, and so @ = 0 and @ is injective. It is surjective since any map
from {v;} into V can be extended to a D-linear transformation, and so every

matrix has the form [«] for some ¢ € Endp(V).
Now suppose that o, § € Endp (V). We need 1o show that [¢8] = [a][8].

We have )
(v)af = (Z v;au) B =D vBa.
j=1 J
Since .
v;B = Z nebje
he=1
where the coefficients bj; are the entries in [8]), we have

(v = Z Z vbpa; = Z vy Za:‘j by
) L k )

We see, therefore, that the (i, k)-entry in [a8] is equal to that in [« ][ 8], computed
in M, (D°P). n

It is worth noting that M, (D) = M, (D) via the map carrying ¢ach matrix
to its transpose. It follows that End, (V) = M, (D) in the context of the previous

lemma.
Recall that by Theorem 12.15, the matrix ring M, (D) is simple when D is a

division ring. The following lemma is another fact about M, (D) that we need.

(13.20) LEMMA. Ler D be a division ring and write R = M,(D). Then the
composition length of the regular R-module R* is precisely n,

Proof. We appeal to Problem 12.27, which asserts that the set I; € R of matrices
having all but the kth row zero (and the kth row arbitrary) is a simple submocule

of R*. Let )
Up= Y 1,
fu=
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so that Uy is the set of all matrices with rows numbered &k + 1 through » being
zero. It is clear that

Q<cly <l <---<U,=R.

Also, since Uy N I, = 0, we have
Up/ Uk = Uy + L)/ Ui = 1,

for 1 < k =< n, where we have written Uy = (. It follows that the {/; form an
R-composition series for R*, which thus has length . [

A similar argument, working with columns rather than rows, can be used to
show that the ieft regular M, (D)-module also has composition length n when D is

a division ring.

(13.21) COROLLARY. A full matrix ring over a division ring is right and left
artinian and noetherian. »

We can now describe all simple artinian rings.

(13.22) COROLLARY. Let R be aring. Then the following are equivalent:

i. R isrightartinian and simple.
1. R isright artinian and primitive. .
1. R = M, {D) for some integer n > 1 and division ring D.

Proof. If I/ is a simple right R-module, then annz(U/} is a proper ideal. If R is
a simple ring, therefore, then anngz(I/) = 0 and R is primitive. Therefore (i)
implies (ii). If R is primitive, then R = Ry for some simple right R-module I/,
and Ry = Endp(U) = M, (D) by Corollary 13.18 and Lemma 13.19, where
D = Endg(U) and n = dimp(L). Since D is a division ring, we have now
shown that (ii) implies (iii).

Now assume (iii). By Theorem 12.15, we know that R is simple, and by
Corollary 13.21, 1t is right artinian, proving (i). [

13E

By Corollary 13.22, if R is any simple right artinian ring, we can write R = M, (D)
for some integer n and division ring 3. It is natural to ask if the ring R somehow
uniguely determines » and D. That »# is determined is clear, since by Lemma
13.20 we see that n is the composition length of R*. Itis also true that D is unigquely
determined by R (up to isomorphism), but this is more difficult to prove (and therefore
more interesting).

(13.23) THEOREM. Ler R be a simple right artinian ring and fix a simple right
R-module U. If R = M, (D) for some division ring D, then D = Endg(l/)°°.
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We need two general lemmas,

(13.24) LEMMA. Lete € R be an idempotent. Then eRe is a subring of R and
eRe = Endg(eR)°F.

Proof. It is clear that ¢ Re is an additive subgroup of R that is closed under multi-
plication. Since e is idempotent, we see that ¢ € eRe and that ¢ acts as a unity

for eKe.

Now map & : ¢eRe — Endg(eR) by 8(x) = o,, where ¢, : eR — eR is
left multiplication by x € eRe. Since x € e¢R, we have xeR C ¢R, and we see
that ¢, € End(eR). Also, ifu € eR, then

(uryo, = xur = (ua,)r.

Thus &, lies in Endg (e R), as desired.

It is fairly clear that the map € is an additive homomorphism, and if x €
ker(@), then o, = 0 and so 0 = e, = xe = x and @ is injective. To see that &
is surjective, let 8 € Endg(eR). Thenef = (e*)8 = (ef)e, and since e < ¢R,
we also have ¢ = e(efl). Therefore ¢8 = e(ef)e € ¢Re. Foru € eR, we
compute

R gy = (Eﬁ)“ S (eu)ﬁ = uﬁ .
Thus 8(ef} = ap) = B and hence 6 is surjective. It is thus an isomorphism of
abelian groups.

To show that 0 : e Re — Endp(eR) is a ring isomorphism, we must check
that 6(xy) = 6(y)f(x) forx,y € eRe, If u € eR, we have

UGy = XYu = (Yu)a, = ueya, ,

and the result follows. [ |

(13.25) LEMMA. Let U be a faithful simple right R-module and let I € R be a
right ideal that is simple as a right R-module. Then U = I .

Note that the condition on [ is really that I is a mirimal right ideal; it is minimal
in the set of nonzero right ideals. In general, a ring may fail to have any minirnal
right ideals (for instance, Z), although a right artinian ring necessarily has such
ideals. What Lemma 13.25 tells us is that if R has a minimal right ideal, then any
two faithful simple right R-modules are isomorphic.

Proof of Lemma 13.25. Since 7 € 0 = anng (), we canfindu € U withul # Q.
Now map ¢ : { — U by 6(i) = ui, and check that & is a homomorphism of
right R-modules. Since 8 # 0, Schur’s lemma (12.9) applies; it tells us that &
is an isomorphism. n

Proof of Theorem 13.23. 1t is no loss to assume that R = M, (D). Let] € R
be the set of matrices with all rows other than the first equal to zero. Then 7 is
a simple submodule of R* by Problem 12.27, and I = ¢ R, where ¢/, is the
“matrix unit” with the (1, 1)-entry equal to one and all other entries zero.



SIMPLE MODULES AND PRIMITIVE RINGS 191

Since R is simple, we see that annz (U/) = O, and so U is faithful and Lemma
13.25 applies. We conclude that 7 = U and thus Endg(F) = Endg(U/). Also,
by Lemma 13.24 we have Endz (/)P = ¢; Re|, since e, is an idempotent.
Finally, €,, Re,, is exactly the set of all matrices with the (1, 1)-entry arbitrary
and all other entries zero. Thus e;; Re,; = D. Combining these isomorphisms,

we get
D= ellRell = EﬂdR(I)Op = El’ldR(U)oP -

The proof is now complete. |

{13.26) COROLLARY. Ler D and E be division rings and suppose
M. (D) = M, (E)
for integersmandn. Thenm =nand D = E. ]

We close this chapter with a few remarks about the fact that we had to use
opposite rings in several of our theorems. Some authors avoid this (or, rather, disguise
it) by composing maps sometimes from left to right (as we do) and sometimes from
rightto left. There is no way to avoid the problem totally, since there do exist division
rings that are not isomorphic to their opposite rings. Unfortunately, the construction
of an example of this phenomenon would carry us too far from our path and so, with
apologies to the reader, we will not provide an example.

Problems

13.1 Show thatif / € R is a maximal ideal, then 7 = annz(U) for some simple
right R-module U.

NOTE: In other words, maximal ideals are primitive.

13.2 If R is commutative, show that every primitive ideal is maximal.

13.3 A ring R is von Neumann regular if for every @ € R, there exists b € R
such that a = gba. Show that if R is von Neumann regular, then it is
serniprimitive. (In other words, J(R) = 0.)

13.4 Let D be a division ring and write R = M, (D). Let V be the setof 1 x n
“row vectors’ over D.

a. Show that V is a simple R-module with the natural action of R on V.
b. Let £ = Endp(V). Show that E is exactly the set of left scalar multipli-
cations by elements of D.

13.5 Let R be anyring and let S be the subring of M,( R) consisting of all matrices
with the (1, 2)-entry equal to zero. Let

s=|:ﬂI 0j| with a, b, r € R.
r b
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13.6

13.7

13.8

13.9

13.10

13.11

13.12

a. Ifs € J(8),showthata, b ¢ J{R).
b. If @ and b are invertible in R, show that s is invertible in S.

c. Ifa,b € J(R), show thats € J(5).

I.et G be a finite p-group and F a field of characteristic p. Construct the
group algebra A = F(G. Show that J(A) has codimension one in A. (In

other words, dim(J(A))} = |G| — 1.)

HINT: Work by inductionon |G|. If |G| = 1,let Z € Z(G) with | Z| = p,
andlet1 #% z € Z. Showthat A/(l1 — z)A = F(G/Z)and that (1 —2)A C
J(A).

NOTE: The angmentation ideal of A (see the note following Problem 12.8)
has codimension one and so is 2 maximal right ideal and thus contains (and
therefore equals) J(A). Therefore 1 — g € J(A) for all g € G. Observe
that each element 1 — g is nilpotent and so is clearly quasiregular.

Fix a prime p and construct the ring
Ly,={m/neQ|m,neZ and p,}’n}.

Compute J(L,).
HINT: Which elements of L, are not units?

Let § © R be a unitary subring. For each of the following statements, give
either a proof or a counterexample.,

a. J(§8) € J(R).

b. J(R)N S C J(S).

let ¢ € R be an idempotent and recall that eRe is a subring of R with

unity e.

a. Let U be a simple right R-module and observe that U/e is an e Re-
submodule of I/, Show that either /e = 0 or I/ e is simple.

b. Show that J(eRe) < J(R).

In the situation of Problem 13.9, show that J (e Re) = eJ(R)e.

HINT: Ifx € eRe and {1 — x)y = 1, compute (e — x)(eye).

Let V # Obearight D-space, where D isadivisionring. Let R = Endp (V).
Show that R is simple iff dim,{V) <« o0.

NOTE: In any case, R is primitive.

Let R be primitive.

a. Show that all simple submodules of R* (if there are any) are faithful and

isomorphic to one another.
b. Let/ € R be a nonzero ideal. Show that / contains every minimal right

ideal of R.



13.13

13.14

13.15

13.16

13.17
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NOTE: If R is nght artinian, then there necessarily exist minimal right
ideals, but in that case, part (b) 1s not very interesting since, by Lemma
13.20, we have 1 = R.

Suppose that S € R is a subring and that S + J(R) = R. Show that Sis a
unitary subring.

Let e € R be an idempotent and suppose e Re is a division ring. Show that
e¢R has an R-submodule U/ such that eR/¥U is simple and U? = 0. (Of
course, the possibility U = O is allowed.)

Let I/ be a finitely generated right R-moduleand let J = J(R). Let X C U
be a subset whose image in U/ U J generates U/ U J. Show that X generates
U.

NOTE: The module U /U J may be viewed either as an R-module or as an
(R/J)-module because J annihilates U/U J. If the image of X generates
U/ U J in either point of view, it also generates in the other.

Show that the canonical homomorphism R -» R/J(R) maps the unit group
U/ (R) onto the unit group /(R/J(R)).

Let A be a simple finite dimensional C-algebra. Show that A = M, (C) for
some integern > 1.

HINT: Sece Problem 12.19.



CHAPTER FOURTEEN

Artinian Rings and Projective Modules

14A

Recall that a ring R is said to be right artinian if its regular module R* is an artinian
module. As we shall see, it tumns out that the assumption that a ring is right artinian is
just strong enough to enable us to deduce fairly detailed structural information about
the ring. (Of course, we could obtain similar results with left artinian rings, but we
have made the choice to work with right modules and right ideals.) Fortunately, it
often happens in applications of ring theory (1o finite groups, for instance) that the
rings involved are actually finite dimensional algebras, and so in particular, they are
artinian and the theory we develop in this chapter can be used.

If I, J € R are additive subgroups, we have defined 7./ to be the additive
subgroup generated by all products v with « € / and v € J. In particular, we
can define the powers /" of I by repeated application of this definition. Using
the distributive law, we easily see that [” is the additive subgroup generated by all
elements u,usu; - - - u,, where each u; € 7. We say that 7 is nilpotent if 1" = 0 for
some nt > 1. (Note that /™ = 0 iff every product of n elements of [ is zero.)

An additive subgroup I € R is said to be nil if each element is nilpotent. Thus
I is nil if for each element « € I, there exists » > 1, depending on u, such that
u" = 0. Of course, if I is nilpotent, it is certainly nil, but in general, the condition
“nil” is weaker than “nilpotent” in two distinct ways. First, if  is nil, then there need
not be any global upper bound on the exponent required to annihilate the various
elements of /, and second, the condition that 7 is nil does not force products of
ditferent elements of / to vanish.

We have seen that if 4" = 0, then 1 — u is invertible in R, and so nilpotent
elements of R are quasiregular and we have the following corellary.

(14.1) COROLLARY. If [ isany nil right or left ideal of R, then I € J(R).
Proof. Apply Theorem 13.4(b) and Corollary 13.9. n

194
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There is a very strong converse to this for artinian rings.

(14.2) THEOREM. [et R be right artinian. Then J(R) is nilpotent.

Proof. Write J = J(R) and observe that we have J 2 JZ2 2 J? 2 ..., Since
these powers of J are certainly right ideals, the artinian hypothesis tells us that
J" = J"* for some integer n > 1. Writing N = J", we see that N? = N, and
our goal is to show that N = 0.
Assume N # 0. Then N2 = N # 0, and so the set of all right ideals X of
R such that KN # 0 is nonempty. By the minimal condition, therefore, we can
choose K to be a minimal element of this set, Choose k € K with kN # 0 and
observe that kN is a right ideal. Also, ANV € X and

(kAN)N = kN? =kN #£0,

and so by the minimality of K, we conclude that kN = K. We can therefore
choose u € N such that ku = k and hence k(1 — u) = 0. However, since
u € N C J, we know that u is quasiregular and thus 1 — u is invertible. Since
k(1 —u) = 0, this yields £ = 0 and so kN = 0, a contradiction. |

(14.3) COROLLARY. Let R be right artinian and let I C R be any right or left
ideal. Then the following are equivalent:

1. I isnil
n. I € J(R).
ni. [ is nilpotent. |

Recall that a ring R for which J(R) = 0 is said to be “semiprimitive.”” We say
that R is semiprime if the only nilpotent ideal of R is zero. (For the reader curious
about the notation, we mention that a ring R is prime if, whenever A, B S R are
ideals with AB = 0, either A == O or B = 0. Also, if P C R is an ideal, it is called
a prime ideal if R/ P is a prime ring. We know that R is semiprimitive iff O is an
intersection of primitive ideals. Similarly, but not so easy to prove, R is semiprime
iff 0 is an intersection of prime ideals. This is proved in the problems at the end of
this chapter.)

(14.4) COROLLARY. Ler R be right artinian. Then R is semiprimitive iff it is
semiprime. |

In fact, Corollary 14.4 is sometimes a practicai way to prove that a ring is
semiprimitive. In Chapter 15, for instance, we use this method to show that J (FG) =
0, where F G is the group algebra of the finite group G over the field F, and the
characteristic of ¥ does not divide the order |G].

The following lemma gives some conditions that are easily seen to be equivalent
to being semiprime.

(14.5) LEMMA. The following are equivalent for a ring R :
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i. R Is semiprime.

ii. I? st Qwhenever 1 &£ 0forideals T of R.

iii. 7% # O whenever I # O for right ideals I of R.
iv. I? # O whenever I # O for left ideals I of R.
v. xRx # Owhenever 0 # x € R.

Proof. That (i) implies (11) is a triviality and that (ii) implies (i) is very nearly so,
since, if 7™ = 0 with I s O for an ideal 7, we may assume that 7"~! % 0. But
then (I"~!)2 = 0, contradicting (ii).

Of course, (1) and (iv) each imply (ii). Conversely, we assume (ii) and
suppose that [ is a right ideal with /* = 0. Then R/ is an ideal and (RI)? C
RI? = 0since fR € I. We then have I < R{f = 0. Thus (11) implies (iii) and
the proof that (ii) implies (iv) is similar,

If xRx = 0, then (x R)? = 0 and so if (iii) holds, then xR = 0 and hence
x = 0, proving that (iii) implies (v). Finally, assume (v). If 7 is a right ideal
with /2 = 0,letx € I. ThenxRx € I*> =0, and so x = 0 by (v). Thus 7 = O,
and we have shown that (v) implies (iii). [ |

14B

We work now toward a proof of the Wedderburn-Artin theorems. These results
give detailed structural information about artinian rings that are semiprimitive or,
equivalently, semiprime. (Note that condition (v) of Lemma 14.5 is probably the
most elementary and direct way to state the semiprimitive/semiprime hypothesis.)
We say that R is a Wedderburn ring if it is right artinian and semiprime.

As an example, let R = M, (D), the full ring of n x n matrices over some division
ring D. Then R is simple by Theorem 12.15, and so it is trivially semiprime. By
Lemma 13.20, the regular module R* has finite composition length and so R is right
artinian.

It is not hard to see that a finite external direct sum of Wedderburn rings is again
a Wedderburn ring, and thus any ring constructed as a direct sum of finitely many full
matrix rings over division rings is Wedderburn, The Wedderburn-Artin theorems
tell us that every Wedderburn ring is isomorphic to a ring constructed in this way.
Note also that our definition is not symmetric since we assumed that R was right
artinian. Nevertheless, since full matrix rings over division rings are both right and
left artinian, it follows that we would have obtained exactly the same class of rings
if we had required Wedderburn rings to be left artinian instead.

(14.6) THEOREM. Let R be a Wedderburn ring. Then every right ideal of R is
the direct sum of a finite collection of minimal right ideals of R.

As usual, the phrase “minimal right ideal” refers to right ideals that are minimal
with the property of being nonzero. These are exactly the simple submodules of the
regular module R*. We need a couple of lemmas.

(14.7) LEMMA. Let I be aminimal right ideal of an arbitrary ring R and assume
that 1* # 0. Then I = eR for some idempotent ¢ & 1.
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Proof. Since /% # 0, choose a € I withal # 0 and note thatal C aR < [ since
a € {. By the minimality of I, we conclude that a/ = I and hence ae = a for
some element e € 1,

Now 0 # al = ael and hence ef # 0. Sincee € I, we have 0 # ef C
eR = I, and this forces eR = I. It remains to show that e is idempotent.

Since ae = a, we have ae®* = (ae)e = ae, and so a(e? — e} = 0. Let
J={x e |ax =0} Then Jisarightidealand ¢* —¢ € J. Nowe & J
since ae = a # 0. Since e € I, we have J < I and the minimality of I gives
J = 0, and thus ¢ — ¢ = 0. Since ¢ # 0 (because eR = [ # 0), we have that
¢ 15 idempotent, as desired. |

(14.8) LEMMA (Pierce decomposition). Ler I = eR, where ¢* = e, and sup-
pose I S U for some right ideal U of R. Then U = I + V for some right ideal
V with the property thar eV = 0.

Proof. Letu € U. Wehaveeu € eR = J < U andhence (1 —e)u € U. Therefore
(1 —e)U € U and we write V = (1 — e)U. Note that (1 — ¢) = ¢ — & = 0,
and thus eV = 0. Certainly, V is a right ideal of R and so it suffices to show
that / + V = Uandthat TNV = 0.

ForueU,wehaveu =eu+(l —e)uec 4+ Vandhence 7 +V = U, as
required. If x € I MV, then x = ¢r for some r € R and so

x=er=c¢ler)=exeeV =0,

and we are done. .

Proof of Theorem 14.6. Suppose the theorem is false and use the minimal con-
dition to choose a right ideal / € R minimal with the property that it is not a
finite direct sum of minimal right ideals. In particular, I s 0, and we can use
the minimal condition once again to choose a minimal right ideal J < 7.

Since R is a Wedderbum ring, it is semiprime and so J? # 0, and by Lemma
14.7, we can write J = eR for some idempotent ¢ € J. By Lemma 14.8 we
have ] = J -+ V,where V is some right ideal of R. We have V < [ since
J # 0 and so, by the choice of /, we know that V is a finite direct sum of
minimal right ideals of R. Since I = J 4 V, we see that 7 is such a sum also,
and this contradicts the choice of 7, [

The most important consequence of Theorem 14.6 is that R itself is a sum of
minimal right ideals. By Theorem 11.9 we sce from this that the regular R-module
R* is completely reducible.

(14.9) COROLLARY. Let R be a Wedderburn ring. Then every right R-module
1s completely reducible.

Proof. By Theorem 14.6 we can choose a set X of minimal right ideals of R
such that R = 3 X'. Let M be an arbitrary right R-module, and note that for
each element m € M and each / € A, we have an R-module homomorphism
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O : I — M defined by 0(x) = mx. Since I is a simple R-module, either
() = 0 or 6(1) = I and 6(/) is simple. In either case, 6(I) € 3, the socle
of M. (Recall that this is the sum of all of the simple submodules of M.) We
have shown that mJ € Sforevery I € X,andthus mR ¢ Ssince R = }_ X
Because m € mR, we conclude that m € § and hence, since m ¢ M was

arbitrary, we have § = M. Thus M is completely reducible by Theorem 11.9.
B

(14.10) COROLLARY. Ler M be a right module for the right artinian ring R.
Then M is completely reducible iff MJ(R) = 0.

Proof. If M is completely reducible, it is a sum of simple submodules, and since
each of these is annihilated by J(R), it follows that M is annihilated, too.

Conversely, suppose MJ(R) = 0. Then M may be viewed as a right
R/J(R)-module, and as such, its collection of submodules is unchanged. (See
the discussion following the proof of Lemma 13.1.) In particular, it suffices to
observe that M is completely reducible as an R/J(R)-module.

The ring R/J(R) is certainly right artinian (since its right ideals all have the
form 1 /J(R) forrightideals [/ of R containing J(R)). Also, J(R/J(R}) = Oby
Corellary 13.2, and thus R/J(R} 1s a Wedderburn ring. (Being semiprimitive,
it is certainly semiprime.) The result now follows from Corollary 14.9, [

As an application of what we have done so far, we obtain the following striking
result,

(14.11) THEOREM (Hopkins). Ler R be right artinian. Then R is right noethe-
rian.

Proof. Write J = J(R) and observe that J* = O forsome n > 1 by Theorem 14.2,
Each of the right R-modules J*/J**! for 0 < k < n is annihilated by J and
s0 is completely reducible by Corollary 14.10. Since each of them is artinian
(because R* is), it follows by Theorem 11.11 that each has finite composition
length. Therefore R* has finite composition length and hence is noetherian. W

Before we continue with our analysis of Wedderburn rings, we digress to show
that the condition that R* is completely reducible in fact characterizes these rings.

(14.12) THEOREM. A ring R is Wedderburn iff R* is completely reducible.

Proof. Theorem 14.6 gives us the “only if” part and so we assume that R* is
completely reducible and we show that R is right artinian and that J(R) = 0.
By complete reducibility, R* is the sum of all of its simple submodules,
and so there is some finite collection A’ of minimal right ideals of R such that
1 € 3~ AX. However, }_ X is a right ideal of R, and this forces > X = R. It
follows by Corollary 11.8 that R* is artinian, as desired.
By complete reducibility again, there exists a right ideal / of R such that

R= J(RY+ I. Wecanwrite | = j 4+ i, where j € J(R)andi € I, and we
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sec thati = 1 — j is invertible since j is quasiregular. Since i € [, we conclude
that / = R and hence J(R) = 0. |

As a variation on Theorem 14.12, we give another characterization of Wedder-
burn rings.

(14.13) THEOREM. A ring R is Wedderburn iff for each right ideal I € R,
there existse € I such thate? = eand I = eR.

Proof. It suffices to show that this condition on right ideals is equivalent to R*
being completely reducible. First, suppose that R* is completely reducible, and

let / be any right ideal of R. Then R = I 4 J for some right ideal J, and we
canwrite 1 = e+ f,whereeec land f € J.Ifx € I, then fx € fR € J and
also fx = (1 —e)x = x — ex € I. It folows that fx € I N J = 0. Therefore
x =f{e+ fl)x = ex € eR and thus ] € eR. Since also eR C I, we have
I = eR. Furthermore, since x = ex for all x € /, we have in particular that
e = e2, as desired.

Conversely, if each right ideal of R satisfies the condition of the theorem,
then by the Pierce decomposition (14.8), it is a direct summand of R®. This
means that R* is completely reducible. |

Perhaps this is a good place to mention some of the ways that our notation di-
verges from that of some other books. What we have called “Wedderburn” rings are
often called “semisimple artinian” rings, and so we should explain what “semisim-
ple” means for aring R. For some authors, “semisimple” means that J(R) = 0, and
for others, it means that R® is completely reducible. (That a module is semisimple
means that it is completely reducible.) With either meaning for a semisimple ring,
we se¢ that Wedderburn rings are precisely semisimple artinian rings.

We now resume our study of Wedderburn rings. Given a ring R, we choose a
representative set & of simple right R-modules.. This means that no two of the simple
modules that make up S are isomorphic, but that every simple right R-module is
isomorphic to some (unique) member of &, (Recall that we could, if we wished,
choose & to consist of modules of the form R®/M for some maximal right ideals M
of R.)

(14.14) THEOREM (Wedderburn-Artin). Ler R be a Wedderburn ring and let
& be a representative set for the simple right R-modules. For each S € S, let
Is be the sum of all of those minimal right ideals of R that are isomorphic to S.
Then:

a. |&| is finite.

b. Each Ig is a minimal (nonzero, two-sided) ideal of R.
¢. R isthe direct sum of the ideals Is.

d. Each ideal Is is a simple right artinian subring of R.
e. f S, TeSwithS+£T,thenTlg=0.
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Proof. By definition, I¢ is the S-isotypic component of R®. Theorem 14.6 tells
us that R* is a finite direct sum of simple submodules, and so Theorem 11.14
applies. We conclude that each /¢ 18 a sum of those summands isomorphic to
S, and (c) follows.

Next we prove (e). If I € R is 2 minimal right ideal with 7 = §, and
if f € 7,thenthe map & : I — T defined by #(x) = tx is an R-module
homomorphism. Now I = § # T, and hence & cannot be an isomorphism. By
Schur’s lemma (12.9), we conclude that & = O and thus ¢t7 = 0. Tt follows that
/ annihilates T. Since I5 is a sum of right ideals like /7, each isomorphic to S
and hence annthilating 77, conclusion (e) follows.

Now if Iy = O forsome T € &, then T/s = O for ail § € &, and hence
TR = 0 by {(c). This, of course, is impossible, and 50 we have shown that
Iy # O for all T. Since the T -isotypic component of R* is nonzero, it follows
by Theorem 11.14 that T is represented (up to isomorphism) in any particular
direct sum decomposition of R* as a sum of minimal right ideals. Since R* has
a finite decomposition of this form (by Theorem 14.6), we conclude that & is a
finite set, proving (a).

Next we show that /5 is an ideal of R. Since I+ is a sum of modules
isomorphic to 7', part (e) yields that 7/ = 0if T % S. Therefore RIg =
Isls < I5 by (c), and hence 5 is a left ideal. It is a right ideal by construction,
and so it 1s a (two-sided) ideal.

To compiete the proof of (b), suppose that I is an ideal of R such that
I < Is. We need to show that ] = 0. Since [ is proper, we can choose a
minimal right ideal J C Iswith J = Sand J € I. Then J N [ is a right ideal
of R properly contained in J, and hence J NI = 0. However, JI < JN T since
I is a left ideal, and thus J7 = {. It follows that Iz = 0 since 5 is a sum of
modules isomorphic to J, and each is annihilated by J. Also, if T # §, then
Irl1 € ir Iy =0, and hence RI = Q and so I = 0, as desired. '

Finally, we prove (d). We can write 1 = Y ey, withey € I7. If x € 5,
then x = x1 = ) xer. However, for § # T, we have xey € IgNJi; = 0
and therefore x = xeg. Similarly, x = egx, and so e; is a unity element of
15, which is therefore a subring. If I € I is any additive subgroup, then since
Isly =0 =1Irlsfor S# T,weseefrom(c)that RI = IgJand IR = IJc. It
follows that the ideals and right ideals of the ring I are, respectively, ideals and
right ideals of R. Since R is right artinian, it follows that s is too, and since I
is minimal as an ideal of R by (b), we see that I is a simple ring. n

(14.15) THEOREM (Wedderburn-Artin). A Wedderburn ring is isomorphic to
a finite external direct sum of full matrix rings over division rings.

Proof. Thering R of Theorem 14.14 is isomorphic to the external direct sum of the
rings /5. This is so since, given elements x5, y5 € I, wehave (3 x)(D  yg) =
EXS_}TS because ]517‘ < .lrj M .l';r =0for § -‘,l(: T.
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Each ring [s, being simple and right artinian, is isomorphic to a full matrix
ring over a division ring by Corollary 13.22. ]

We briefly consider the question of uniqueness in Theorem 14.15. We need a
preliminary result.

(14.16) LEMMA. In the situation of Theorem 14.14, every ideal of R has the
form 3_ Is as § runs over some subset of S.

Proof. let/ C Rbeanideal andlet Sy = {$S e & | Iy € I). We certainly have
Y Is € I, and we claim that equality holds.
Y at
Let x € I and write x = ) xg, where the sum runs over S and x5 € /.
We need to show that xg = 0 if § ¢ Sp. Suppose then that x5 # 0. Now
xrls € Ir N Ig=0if T % §, and so xIs = xs/s. This is nonzero since x5 # 0
and I is a ring (with unity). We thus have 0 < xI5 € I N /g, and by Theorem
14.14(b), this forces N Is = Is. Thus § € &, as required. |

(14.17) COROLLARY. [In the notation of Theorem 14.14, if I © R is an ideal
that is a simple subring, then I = I for some S € S. [

Now suppose that our Wedderbum ring R is isomorphic to an external direct
sum of full matrix rings M, (D;) for 1 < { < k, where the D; are division rings.
Then R is an internal direct sum of ideals I;, where [, is isomorphic as a ring to
M, (D;). It follows that [; is simple, and by Corollary 14.17, [; = Is for some
S; € &. Furthermore, the §; are distinct and exhaust &. It follows that ¥ = IS
and by Lemma 13.20 and Theorem 13.23, the integers n; are uniquely determined
and the division rings D; are determined up to isomorphism (except for possible
renumbering).

We mention one application of the Wedderbum-Artin theory and leave others
for the problems at the end of the chapter.

(14.18) COROLLARY. Ler R be right artinianand suppose R contains no nonzero
nilpotent elements. Then R is isomorphic to a direct sum of division rings..

Proof. Certainly, R is semiprime and so it is a Wedderburn ring and hence is
isomorphic to a direct sum of full matrix rings over division rings. Observe that
if n > 2, the ring M, (D)) contains the nonzero nilpotent matrix unit e, (in the
notation of Theorem 12.15). The result follows. |

(14.19) COROLLARY. A ring R is a division ring iff it is artinian and xy # 0
whenever x # 0 and y # Q.

Proof. A division ring clearly has the stated properties. Conversely, a ring with
these properties has no nonzero nilpotent elements and so, by Corollary 14.18,
is a direct sum of division rings. It is clear from the hypothesis that R cannot
be a proper direct sum. ]
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14C

Before we continue our study of artinian rings, we need to do a little general module
theory. Let R be an arbitrary ring and suppose M is a right R-module. A subset
X < M is called a basis for M if X generates M as an R-module and X is “linearly
independent” over R. (This, of course, means that if

E xr, =0,

X

where r, € R and at most finitely many of these coefficients are nonzero, then in
fact, all 7, = 0.) If X js a basis for M, then every element of M has a unique
expression as an R-linear combination of X,

If the R-module M has a basis, we say that it is a free R-module. For example,
all modules over fields are free. (The fact that every vector space has a basis requires
a Zorn’s lemma argument in the infinite-dimensional case.) For most rings R, most
K-modules are nonfree. Examples of nonfree modules for R = Z, for instance,
include abelian groups that have nonzero elements of finite order.

Observe that for any ring R, the set {1} is a basis for the regular module R*, and
it follows that regular modules are always free. More generally, arbitrary restricted
direct sums of regular moduies are free. To see this, let ¥ be any set, and write Fy to
denote the restricted external direct sum of a collection of copies of R* subscripted
by the elements of Y. (Recall that the elements of Fy can be viewed as “Y -tuples,”
or functions from Y (o R*. Since we are dealing with a restricted direct sum, at most
finitely many components can be nonzero.) For y € ¥, let x, € Fy be the element
with y-component equal to one and all other components zero. It is easy to sec that
X = {x, | y € Y} is a basis for Fy, which is therefore free. Up to isomorphism,
these free modules Fy are the only free R-modules.

(14.20) LEMMA. A right R-module is free iff it is the internal direct sum of a
(possibly infinite) collection of submodules, each isomorphic to R*.

Proof. If M is free with basis X, we claim that Fy = M. To construct an isomor-
phism from Fy to M, view the element f € Fy as a function from X to R*,
and map it to 3| xf(x) € M. This clearly defines a homomorphism of right

A
R-modules. It is surjective since X generates M, and it is injective since X is

linearly independent.
Conversely, if M is an internal direct sum of submodules isomorphic to R*,
then M is free because it is isomorphic to the corresponding restricted external

direct sum. [ |

Free modules are useful primarily because it is easy to construct homomorphisms
from them.

(14.21) LEMMA. Let F be a free right R-module with basis X, and let A be
any right R-module. If 8 1 X — A is an arbitrary map, then @ has a unique

extension to an R-module homomorphism 6 . F — A.
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Proof. Eachelement f € F has the form f = ) xr, for some unique choice of
coefficients r, € R, with all but finitely many of these coefficients zero. If &

exists, we have . A
()6 =) (xB)ry =D (xB)r,

xeX xeX

and so 8 is uniquely determined by 8.
Since the coefficients r, are uniquely determined by f, we can use the above

formula to define 6. We omit the easy computation that proves that 8 actually
is 2 module homomorphism. |

(14.22) COROLLARY. Let M be any right R-module. Then M is a homomor-
phic image of some free right R-module.

Proof. Choose any generating set ¥ for M. (We could eventake ¥ = M.) Now
let Fy be the free module we constructed earlier, with basis X = {x, | ¥ €
Y} Define themap & : X — M by (x,)8 = y, and extend € to a module
homomorphism Fy — M by Lemma 14.21. This map is surjective since X
generates M, and the proof is complete. [

(14.23) COROLLARY. Ler A, B, and F be right R-modules, and assume that
F is free. Suppose w : A — B is a surjective homomorphism and 6 : F — B
is an arbitrary homomorphism. Then there exists @ homomorphism ¢ | F — A

such that o = 6.

_F
_'o“
P
_,.""” ?
o
A r .y
Figure 14.1

Note that the double head on the arrow representing 7r in Figure 14.1 is intended
to indicate that 7 is surjective.

Proof of Corollary 14.23. Let X be a basis for F. For each element x € X, use
the assumption that & is surjective to choose a, € A such thata,m = x6. By
Lemma 14.21 there exists a homomorphism ¢ : F — A that extends the map
taking x toa,. Thenxpr = a,m = x6, and so ¢ agrees with @ on all elements
of X. Since X generates F, these two maps agree on F, as required. |

We are now ready to give the definition toward which we have been working.
We abstract the property of free modules proved in Corollary 14.23.
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(14.24) DEFINITION. A nght R-module P is projective if, whenever A and B
are right R-modulesandr : A — Band 6 : P — B are homomorphisms with
m surjective, there exists a homomorphism ¢ : P — A such that o = 6.

(14.25) COROLLARY. Free modules are pro/ective. -

The following thcorem is a useful characterization of projective modules and
clarifies, to some extent, the connection between free modules and projective mod-
utes. (Recall that the symbol & denotes external direct sums.)

(14.26) THEOREM. Ler P be a right R-module. Then P is projective iff there
exists another right R-module Q such that P @ Q is free.

Expressing this result in terms of internal direct sums, we can say that a module
is projective iff it is isomorphic to a direct summand of some free module. We begin
the proof of Theorem 14.26 with a slightly strengthened form of the “if” part.

(14.27) LEMMA. Let P be a projective right R-module and suppose that P —
U + V for submodules U and V. Then U and V are projective.

P - U
J”
@ .-
1 ’/_,- e
-’”
'3
A z - B
Figure 14.2

Proof. To prove that U is projective, we suppose that we are given right R-modules
A and B, asurjectionr : A — B, and a homomorphism @ : U — B. We seek
a homomorphism ¢ : U - A such that ¢t = 0. See Figure 14.2.
Let o : P — U be the projection with respect to V. In other words,
( +vie = uifu € Uand v € V. Then af maps P to B, and since P is
projective, Definition 14.24 yields a homomorphism ¢; : P -» A such that
@1 = ab. If @ is the restriction of ¢, to [/, we have

UPN = ueym = ual = ud

for u € U. Thus ¢ = 6, as required. The proof that V is projective is, of
course, similar. -

The next lemma, which is the key to the “only if” part of Theorem 14.26, shows
how one can prove that a projective module is isomorphic to a direct summand of
some other module.
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(14.28) LEMMA. Letm : M — P be a surjection of right R-modules, where P
is projective. Then there exists an isomorphism @ of P into M such that o iIs
the identity map on P. Also, M = (P)g - Ker(w), and so P is isomorphic to
a direct summand of M .

Proof. Leti: P — P betheidentity map. Since 7 is surjective, Definition 14,24
yields a homomorphism ¢ : P — M such that g1 = i.
If x € P and x¢ = 0 or, even more generally, x¢ € ker(w), then 0 =
(x@)m = xi = x and ¢ Is injective, as desired. This also shows that if xp €
ker(m), then x = 0 and so xg = 0. In other words, (P)¢ Nker(r) = 0.
To show that M = (P)¢ + ker(sr), let m € M and compute that

(m —mr)r =mm —mai =0.

Thus
m=(mma)e+ (m—mnp) e (P +ker(m),

and the proof is complete. |

Proofof Theorem 14.26. If P & Q is free, then it is certainly projective. Since P is
1somorphic to adirect summand of this module, P is projective by Lemma 14.27.
Conversely, suppose that P is projective. By Corollary 14.22 there exists a

free module F and a surjection v : F -+ P. By Lemma 14.28 it follows that

P is isomorphic to a direct summand of F, and thus P & Q is isomorphic to F

for some module Q. |

(14.29) COROLLARY. Direct sums of projective modules are projective.

Proof. Suppose P, and P; are projective. By Theorem 14.26 there exist modules
(1 and Q; such that P, & @, and P, & Q; are free. By Lemma 14.20 each of
these free modules is isomorphic to a direct sum of a (possibly infinite) number
of copies of the regular module. It follows that their direct sum is also a direct
sum of regular modules and hence is free. We now knowthat L& Q@ A& Q-
is free. This module, however, is isomorphic to (P, & P) & (Q, ® 5), which
is therefore free. It follows that P, @ P; is projective by Theorem 14.26. |

We can now give a “homological” characterization of Wedderburn rings. (Ho-
mological algebra is that part of algebra primarily concerned with homomorphisms
between modules. Since projectivity is defined in terms of such maps, it is a homo-
logical concept.)

(14.30) THEQOREM. Let R be a ring. Then the following are equivalent:

1. R is Wedderburn.
. Every right R-module is projective,
iii. Every simple right R-module is projective.

Proof. Assume that R is Wedderburn and let M be an arbitrary right R-module.
By Corollary 14.22 we can find a free module F and a surjection 7 of F onto
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M. Since R is Wedderburn, F is completeiy reducible by Corollary 14,9, and
thus we can write F = N -+ ker(m) for some submodule N € F, By Lemma
14.27 we see that  is projective and we have

N=EF/ker(m)=(Fn =M,

and so M is projective. This proves that (i) implies (ii).

That (ii) implies (i1} is trivial, and so now we assume that every simple right
R-module is projective. Our goal is 1o prove that R*® is completely reducible,
since then Theorem 14.12 implies that R is Wedderburn. Let S be the socle of
R* sothat § is aright ideal of R containing every minimal right ideal. If S < R,
then by Lemma 12.13, § is contained in some maximal right ideal M < R,
and the module R*/M is simple and hence projective. If ¥ : R* — R*/M is
the canonical homomorphism, then by Lemma 14.28, since ker(w) = M, we
have R* = M + N for some submodule N = R*/M. Then N is simple but
is not contained 1 S. This contradiction shows that § = R*, and thus R* is
completely reducible by Theorem 1.9, |

14D

We now wish to consider the projective modules for an artinian ring that is not
necessarily semiprime, If P is projective and P = U + V, then each of U and
V is aiso projective, and this suggests that we might wish to focus attention on the
projective indecomposable right R-modules for the right artinian ring R, {Recall
that a module is indecomposable if it is nonzero and it is not of the form U 4 V for
nonzero submodules {7 and V)

If R is Wedderburn, then since every R-module is completely reducible, the
mdecomposable R-modules are precisely the simple R-modules, and these are all
projective, For general right artinian rings, the situation is more complex, but it is
still true that there is a natural connection between simple modules and projective

indecomposable modules.
We say that a right ideal of R is minimally porent if it is a minimal mmember of

the set of those right ideals of R that are not nilpotent. Of course, these exist for
right artinian rings, and they are simple for Wedderburn rings.

(14.31) THEOREM. Let R be right artinian. Then:

a. Every minimally potent right ideal of R is a projective indecomposable R-

module.
b. The regular module R* is a direct sum of minimally potent right ideals I, of

R.
c. Every projective indecomposable right R-module is module-isomorphic to

one (or more) of the minimally potent right ideals I; of (b).

We need a few preliminary resuits.
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(14.32) LEMMA. Let R be right artinian and suppose that I C R is a right
ideal. If I = al forsomea c I, thenl = eR, wheree € [ and e* = e.

Proof. By Hopkins's theorem (14.11), the module R°® is noetherian as well as
artinian, and so it has finite composition length by Theorem 11,3. If8 : I — [
is an K-module homomorphism, ihen computing composition lengths, we get

£{1) = t(ker(8)) + £(1 /ker(8)) = &(ker(0)) + £(6(1)),

and it follows that @ is injective iff it is surjective.

The map x +— ax is an R-module homomorphism [/ -» [ that is sur-
jective by hypothesis, and hence it is injective and we conclude that ax # O if
0#xel.

Since a € I = al, we can write a = ae for some ¢ € I, and thus ae = ge?
and a(e — %) = 0. We conclude that ¢ — ¢2 = 0 and ¢ = e2.

Since ¢ € I, we have eR C [ and it suffices to show that the map x ++ ex
maps [ onto /. Since this is an R-homomerphism / — [, it is enough to show
that it is injective, and so we assume ex — 0 with x € J. Then ax = aex = 0,
and we conclude that x = 0, as desired. [

(14.33) COROLLARY. LetR berightartinianand suppose I C R isaminimally
potent right ideal. Then I = eR for some idempotent e € I.

Proof. The ideal 7 is not nilpotent, and thus 72 € J(R) and we can choose a € I
withal € J(R). It follows that the right ideal a7/ is not nilpotent, Sincea € 7,
we have a/ C I, and the minimality of 7 yields that al = I. The result now
follows by Lemma 14,32. u

(14.34) LEMMA. Lerl bearightideal ofthe right artinianring R. The following
are equivalent:

i. [ is minimally potent.
ii. I N J(R) is the unique maximal R-submodule of I.
ili. I € J(R) and I has a unigue maximal submodule.

Of course, when we speak of maximal submodules here, we mean maximal
proper submodules. Note that a submodule Y of a module X is a unique maximal
submodule precisely when Y is proper and contains every other proper submodule
of X.

Proof of Lemma 14.34. Assuming (i), we have that 7 & J(R) since I is not
nilpotent. Thus I N J(R) < I. Also, if U < [ is a right ideal, then U is
nilpotent and so I/ C J(R). Thus I/ € 7 N J(R) and (ii) holds.

That (i1} implies (iii) is trivial, and so we assume (iii) and prove (i). Since
I € J(R), it 1s not nilpotent, and thus / contains some minimally potent right
ideal which, by Corollary 14.33, has the form eR for some idempotent ¢. To
complete the proof, we show that / = eR. If this is not the case, then eR < I
and so eR € M, where M is the unique maximal submodule of /. By the Pierce

decomposition (14.8), we can write / = eR 4 V for some right ideal V., Since
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eR #£A0 , wehave V <« Jandthus V € M. Thisimpliesthat /f = eR+V C M,
and this is a contradiction. |

(14.35) COROLLARY. Ler R be right artinian and assume that R = >_ X,
where X is a collection of minimally potent right ideals. If S is any simple right
R-module, then § = I /M for some member I of X, where M = I N J(R) is
the unique maximal proper submodule of I.

Proof. 1f0 # s & §,thenthe map @ : R —» S defined by 8(r) = sr js a surjective
module homomorphism R* — §. It follows that 8(J/) # O for some I € X,
and thus 8(/) = S since § is simple. Let N = 7 Nker(9). Then I/N = S,
and since § is simple, we see that A is a maximal submodule of 7 and hence

N = M by Lemma 14.34. |

(14.36) COROLLARY. Ler R be right artinian and suppose that T is a minimal
potentrightideal. Let S be a simple right R-module that is a homomorphic image
of I. and let P be any projective right R-module that has S as a homomorphic
image. Then there exists a homomorphism of P onto 1.

Proof. letw :/ — Sandf : P — § be surjections. Since P is projective, there
exists a homomorphism ¢ : P — f such that ¢t = 8. Then (P)e € Iisa
submodule not contained in ker(sr) since (P)er = (P) = § # 0. Since S
is simple, we see that ker(m) is a maximal submodule of 7 and thus it contains
every proper submodule of 7 by Lernma 14.34. We conclude that ( P)g is all of
I, as required. n

We can now put the pieces together.

Proof of Theorem 14.31., Let / € R be a minimally potent right ideal. By
Corollary 14.33, I = ¢R for some idempotent e, and thus if I < U, where [J

is any right ideal of R, we have I/ = I + V for some right ideal V € U by
the Pierce decomposition (14.8). In particular, 7 is a direct surnmand of the free
module R*° and so is projective by Corollary 14.29. It is indecomposable, since
by Lemma 14.34, it has a unique maximal submoduie, This proves (a).

To prove (b), consider the collection X" of right ideals U/ € R with the
property that there exist minimally potent right ideals I, I,, ..., I,, such that
their sum S is direct and R® = § + U. Note that R lies in X (taking m = 0),
and so we can choose a minimal member U of X'. We wish to show that U = 0,
since that forces

RR=S=0H+DL+---+1,,
as required.

Assume that U > Oand write | = s+ u withs € Sand 4 € U. Then for
x € U,wehave sx = x —ux € U. Since also sx € S, we conclude thatsx = 0
and ux = x. Thus uU = U and hence U* = U # 0 for all positive integers
n. It follows that U is not nilpotent, and so it contains a minimally potent right

ideal /. By the first paragraph of the proof, we have U = [ + V for some right
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ideal V,and so R* = (S + I) + V. Thus V € X, and this contradicts the
minimality of U. Part (b) is now proved.

Now write R* = ) _ I;, where the /; are minimally potent right ideals. (By
(b}, this can be done so that the sum is direct.) Let P be a projective inde-
composable right R-module. To prove (¢}, we must show that P = [I; for some
subscript /. We show first that P has some simple module as 2 homomorphic
image. To see this, note that PJ(R)" = 1) for some integer n but that P # 0,
It follows that PJ(R) < P. The nonzeio R-module P/PJ(R) is annihilated
by J(R), and so it is completely reducible by Corollary 14.10. Since it has a
simple submodule, it follows that P/ P J(R) also has a simple homomorphic
image, and this establishes our claim.

Let § be a simple homomorphic image of P. By Corollary 14.35, Sisalsoa
homomorphic image of I; for some subscript i, and so by Corollary 14.36, there
is a homomorphism of P onto ;. Since I; is projective by (a), we conclude
by Lemma 14.28 that P has a direct sum decomposition with one summand
isomorphic to {;, Since P is indecomposable, however, we have P = [,. [

(14.37) COROLLARY. Let R be right artinian.

a. If P is a projective indecomposable R-module, then P has a unique maximal
proper submodule M(P).

b. Every simple R-module S is isomorphic to P/M(P) for some projective
indecomposable module P, and P is unique up to isomorphism.

Proof. Part (a) is clear from Theorem 14.31(c) and Lemma 14.34. Existence in
(b) follows from Theorem 14.31(b) and Corollary 14.35, which give us that
S = I/M (1) for some minimally potent right ideal 7 of R. (Note that M(J) =
I' N J(R).) If also § = P/M(P), then we need to show that P = /, This
foliows (as in wne proof of Theorem 14.31) if we use Corollary 14.36 to get a
homomorphism of P onto /. The projectivity of / and the indecomposability
of P force this to be an isomorphism. |

Note that Corollary 14.37(b) can be neatly paraphrased if we write [ X | to denote
the isomorphism class of 2 moduie X. It says that the map [P] — [P/M(P)] is
a bijection from the set of isomorphism classes of projective indecomposable right
R-modules onto the set of isomorphism classes of simple right R-modules. Note
that the latter set is also in bijective correspondence with the set of isomorphism
classes of simple right R/J(R)-modules, and so is finite.

14E

We conclude this chapter with material that does not concern artinian rings but is
closely related to the material with which we¢ began. We observed that a nil one-
sided ideal of any ring R is contained in J(R) and so is nilpotent if R is right
artinian. We can generalize this to the case where we replace “artinian” by the
weaker hypothesis “noetherian.” (Note that by Hopkinsg’s theorem, right artinian



210 CHAPTER 14

rings are right noetherian, and so the next theorem actually does include our earlier
result that nil implies nilpotent for one-sided ideals of right artinan rings.)

(14.38) THEOREM (Levitsky). Ler R be right noctherian. Then any nil one-
sided ideal of R is nilpotent.

Proof, Suppose L is anonzero nil left ideal of R. For each nonzero element x € L,
«  consider the right annihilator ra(x) = {r € R | xr == 0}. This is a right ideal of
R, and so we can choose nonzero 4 € L such that ra(x) is maximal in this set of
right annihilators. For r € R, we have ra(ru) 2 ra(u) and ru € L. If ru % 0,
therefore, we have ra(ru) = ra(u).
We claim for every choice of s € R that usu = 0. We may suppose su # 0,
but since su lies in the nil left ideal L, we have (su)" = 0 for some integern > 1
with (su)™! £ 0. We can write (su)"~! = ru with r = (su)"2s. We have

su € ra((su)" ") = ra(ru) = ra(u),

so that usu = 0, as claimed. It follows that (Ru R)? = 0 and thus R contains a
nonzero nilpotent (two-sided) ideal.

Next let N © R be maximal among nilpotent ideals of R. We will show
that R/N contains no nonzero nilpotent ideals and therefore, by the first part of
the proof, R /N contains no nonzero nil left ideal. If U /N is a nilpotent jdeal of
R/N (where U C R is an ideal), we have (U/N)Y" = (N/N) forsomem > 1,
Therefore /™ C N, and since N is nilpotent, this forces I/ to be nilpotent and
thus U/ = N by the maximality of N. Thus UU/N = 0, as desired.

Now let I be any nil one-sided ideal of R. Ifa € I and I is aleft ideal, then of
course Ra isnil. If I is aright ideal, then forr € R, wehave (ra)"*! = r{ar)"a.
Since ar € I, which is nil, we have (ar)” = 0 for sufficiently large »n, and thus
(ra)**! = 0. In this case too, Ra is a nil left ideal.

Let m : R = R/N be the canonical ring homomorphism. Then w(Ra) is
a nil left ideal of R/N and hence is zero. Thus a € Ra < ker(w) = N. Since
a € I was arbitrary, we have I C N and therefore 7 is nilpotent. m

Problems

14.1 Let R be a commutative ring and suppose that X C R is a finite subset
consisting of nilpotent elements. Prove that X is contained in a nilpotent
ideal of R.

14.2 If 7 € R, we write

ral{) ={xe R| Ix =0}

and
la(l) ={x € R | xI =0}

to denote the right and left annihilators of I, respectively. If R is semiprime
and 7 is an ideal, prove that ra(/) = la([l).
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Let R be semiprime and let 0 # a € K.

a. Show that there exists an infinite sequence a = 4, 4z, 43, . . . of nonzero
clements of R such that ¢, € a; Ra; whenever 1 <i « j.

b. Let § =1{a; | 1 =i < oo} as in part (a). If /, J € R are ideals with
INS#o#£JN§, showthat IJ M S #£ @.

c. Let P € R be an ideal maximal with the property that PN S = &, where
S 1s as in part (b). Show that P is prime.

HINT: Toshow that P is prime it suffices to show thatif A > Pand B > P
are ideals, then AB € P.

Show that R is semiprime iff the intersection of all prime ideals of R is zero.

HINT: If R is semiprime and 0 # a € R, use Problem 14.3 to produce a
prime ideal that does not contain a. Use Zorn’s lemma.

Let R, and R; be rings and let R = R; ¢ R,, the external direct sum (with
componentwise mulitiplication)..

a. If R, and R, are right artinian, prove that R is right artinian.
b. If R, and R; are semiprime, prove that R is semiprime.

Prove that a right artinian ring has only finitely many maxirnal ideals,

Idempotents ¢ and f of R are said to be orthogonal if ef = 0 = fe. An
idempotent e is primitive if il is not the sum of two orthogonal idempotents.
Prove that an idempotent e is primitive iff eR is an indecomposable right
R-moduie.

If R is right artinian, show that every idempotent is a sum of pairwise
orthogonal primitive idempotents.

Let U/ be an i1deal of a right artinian ring R. Show that there exists an ideal
Vsuchthat/ +V =Rand U NV C J(R).

Let I/ and V beidealsofaring Randassume /+V = Rand UNV C J(R).
Suppose that v € V and that I/ + v is invertible in R/U. Show that there
exists # € U/ such that 4 + v is invertible in R.

Let R be artinian and let / € R be a proper ideal. Show that the canonical
homomorphism R — R/I maps the invertible elements of R onto the
invertible elements of R/ 7.

HINT: Use the previous two problems.

Let R be artinian and let X > J(R) be aright ideal of R. Let / be minimal
among right ideals of R such that K = [ + J(R). Show that 7 = ¢R for
some idempotent e € R,

HINT: Apply Theorem 14.13 1o the right ideal K/J(R) of R/J(R) and
choose ¢ € 1 mapping to an idempotent generator of K /J(R). Show that
I = al and use Lermma 14.32.
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i4.13

14.14

14.15

14.16

Let R be right artinian. Let § be a simple right R-module and let ] € R
be a minimally potent right ideal of R. Show that SJ # @ iff there exists a
module homomorphism of 7 onto §.

Suppose that I/ and V are right R-modules of finite composition length,
where R is right artinian. Show that I and V have a composition factor in
common iff there exists a minimal potent right ideal 7 such that U7 £
and VI 3 0.

Let R = A 4+ B, where A and B are ideals.

a. If 7 is a minimally potent right ideal of R, show that either ] € A or
I CB.

b. Show that, when viewed as right R-modules, A and B have no compo-
sition factors in commeon.

HINT: For part (a),.observethat JA + IB = I.

Let K be afield and let R be the ring of 2 x 2 upper triangular matrices over
K. Let

0[S 5] rer) wa v=|[3 O] fxen].

Show that I and V are right ideals of R that are isomorphic as R-modules
but that V is minimally potent and U is not.



CHAPTER FIFTEEN

An Introduction to Character Theory

15A

Group representation theory is a synthesis of group theory and ring theory that has
proved to be valuable in the study of finite groups, and so it seems appropriate to
devote this last chapter of the noncommutative part of this book to at least some
portion of this theory. Specifically, the classical theory of “ordinary” characters,
invented by Frobenius, can be approached through a study of the complex group
algebra CC for a finite group G. We have chosen to present a small part of character
theory here, just enough to prove the foHowing theorem of Frobenius (for which
no purely group theoretic proof, independent of characters and representations, is
known}.

(15.1) THEOREM (Frobenius). Le:r H C G, where G is a finite group, and
suppose H N HE = | whenever g € G with g € H. Then the subset N C G
consisting of all elements of G not conjugate 10 any nonidentity element of H
is a normal subgroup of G. Also, G=NH and NN H = 1.

Later in this book, after we have discussed Galois theory and established some
facts concerning algebraic integers, we return to character theory and use it to prove
Burnside’s famous theorem that a group of order p“q®, where p and ¢ are primes, is
necessarily solvable. Unlike the situation with Frobenius’s theorem, however, Burn-
side’s theorem has now been proved without characters (but only with considerable
difficulty).

We begin our study of group representations with a brief review of algebras in
general and group algebras in particular. If F is a field, recall that an F-algebra A
is both a ring and an F-vector space. The ring and vector “addition” operations are
identical, and the ring and scalar “multiplications™ are related by the identity

(aa)b = a(ab) = alab)

213
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forall @ € F and a, b € A. The one-dimensional subspace F - 1 € A is a subring
isomorphic to F'. Fora € Fanda € A, we have (al)a = aa = a(el), and thus
F -1 < Z{A) and scalar multiplication by o can be effected by ring multiplication
by 1 on either side. It follows that every right or left ideal of A is an F-subspace,
and so if A is finite dimensional, then it is automatically both right and left artinian
and noetherian.

An F-algebra A is a group algebra if it has a basis that is closed under ring
multiplication and that forms a group with respect to that multiplication. Given an
arbitrary group G, the group algebra F & is constructed as the set of all formal linear
combinations }_ &, g, where g runs over G and the coefficients a, lie in . The
vector space structure is defined in the obvious way and multiplication is defined
linearly, using the mulitiplication in G. The elements 1g € FG (with 1 € F) are
identified with the group elements ¢ € G, so that we dohave G € FG and G is a
basis for F (.

(15.2) THEOREM (Maschke). Let G be a finite group, Then the group algebra
FG is semiprimitive (has trivial Jacobson radical) iff the characteristic of F
does not divide |G).

Recall that the characteristic of the field F is the common additive order of the
nonzero elements of F if this order is finite, and it is zero if the nonzero elements of F
all have infinite order. (See Problem 12.9.) The only possible nonzero characteristics
of fields are prime numbers, and the field F = Z/pZ shows that every prime can
occur, The condition that an integer n > Q is not divisible by the characteristic of F
is automaticaily satisfied if the characteristic is zero. In general, if 1 is not divisible
by the characteristic of F, then the equation na = O implies thatae = O forw € F.

Proof of Theorem 15.2. Since G is finite, F G is right artinian and thus J(FG) is
nilpotent by Theorem 14.2. We therefore investigate nilpotent elements of F G,
and our tool for doing this is a “representation’ of the algebra.

Ifa € FG,thenright multiplication by ¢ induces an F-linear transformation
FG, and we write R(a) to denote the matrix of this transformation computed
with respect to the basis G of FG. To be more precise, we fix a particular

(though arbitrary) order for the elements of G and write G = {g}, g2... .. g}»
where n = jG|. Then the (i, j)-entry of the matrix R{a} is the coefficient of g;
in g;a.

Since ((x)a)b = x(ab) and x(a + b) = xa + xb for x,a,b € FQG, it
follows that R is a ring homomorphism from FG into the full matrix algebra
M, (F). In particular, if ¥ € £ G is nilpotent, then R.(«) is a nilpotent matrix.

Now define p : FG — F by setting p(a) = tr(R(a)), the trace of the
matrix. Note that p is an F-linear map.

A nilpotent matrix (over a field) necessarily has trace zero. To see this, note
that the minimal polynomial has the form X™. The characteristic polynomial has
degree n, the size of the matrix, and it divides a power of the minimal polynomial.
It follows that the characteristic polynomial must be X", and since the trace of the
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matrix is the negative of the coefficient of X"~ in the characteristic polynomial,
we see that the trace is zero.

We now know that if u € FG is nilpotent, then p(u#) = 0. We can also
compute p(u) in a different way, using the linearity of p. Writingu = ) o, g
witha, € F, wehave p(u) = Y a,0(g). Itis easy to compute p(g) forg € G,
since for g +# 1, we have g;g = g; for some subscript j # i. It follows that the
(i, i)-entry of R(g) is zero, and from this we see that p(g) = 0 when g #£ 1.
On the other hand, R(1) is the identity matrix and thus p(1) = n - 1. It follows
when u is nilpotent that

0=p)=p(}_osg) = nay.
2eCG

Assume now that n is not divisible by the characteristic of F. Then the
condition nay = 0 implies that &, = 0, and we have shown that the coefficient
of the identity in any nilpotent element of FG is zero.

Now letu € J(FG) and writteu = ¥ e, g. Thenug—! € J(FG) and so is
nilpotent. The coefficient of the identity in this element is a,, and hence o, = 0
for all g € G. Thus # = 0, as required.

Conversely, suppose |G| is divisible by the characteristic of F. Lets € FG
be the sum of all of the elements of G. Since sg = ¢ forall g € G, the one-
dimensional subspace F - s is a right ideal of FG. Also s2 = |G|s = 0, and
hence F - 5 is nilpotent. By Corollary 14.1 we see that F - 5 is contained in
J{F &), which therefore is nonzero. [ ]

In particular, if F-has characteristic zero, for instance, F = C or F = Q,
then all group algebras £ G for finite groups G are semiprimitive (and thus they are
Wedderburn rings). It is known that CG is semiprimitive for every group G, even
infinite groups, but it is still unknown whether or not QG is always semiprimitive.

15B

At this point we reduce our generality and work with only the field C of complex
numbers (and with only finite groups). This is sufficient for our development of
character theory and for the proof of Frobenius’s theorem (15.1). We hasten to add,
however, that there is very much of interest that can be said about group algebras FG
for other fields F, and some of that has significant applications in proving theorems
about finite groups. :

Recall that GL(n, C), the “general linear” group, is the group of all invertible
complex #» x n matrices. If G is any finite group, then a group homomorphism
A G — GL(n,C) is called a representation of G. (More properly, it i1s a C-
representation, but since we are limiting our attention to C, we suppress the prefix.)
The positive integer »n is the degree of X,

We have seen an example of a representation in the proof of Theorem 15.2.
There (when F = C) we constructed a ring homomerphism R : CG — M,(C),
where n = |G|, Since R(1) is the identity matrix, we see that R(g) is an invertible
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matrix, and thus the restriction of R to the group G is a representation of G whose

degree is |(G|; it is called the regular representation.
There is a natural way to build new representations from old ones. If

X, X, ..., A&, are representations of &G, we can form the representation ) (with
degree equal to the sum of the degrees of the A}) by setting
rt'l (g) 0 . 0
0 Ar(g)y ... 0
Y(g) = : A :
0 0 e Ap(g)

In this situation, we say that Y is in block diagonal form and that the representations
A; are constituents of V.

We proved Theorem 15.2 by considering the function p obtained by taking
the trace of R, and we observed that p(1) = |G| and p(g) = 0if 1 # g € G.
This function p, viewed as being defined on G only (rather than on all of CG), is
called the regular character of G. More generally, if X’ is any representation of G,
then the function x : G — C defined by x(g) = tr(X'(g)) is called the character
associated with or afforded by the representation X'. Note that in this situation,
x (1) is equal to the degree of A, This positive integer is called the degree of the
character. If a representation ) has block diagonal form with constituents A}, as in
the previous paragraph, we observe that the character afforded by Y is just the sum
of the characters of the A].

Usually many different representations of G afford the same character. For
instance, let A" be arepresentation of degree n and fix any invertible n x # matrix P.
Thefunctiony : G — GL(n, C)definedby V{(g) = P~ X (g) P is arepresentation,
most likely different from X', that affords the same character that X does. (The
characters are the same because similar matrices have equal traces.) We write
Y = P~'A' P, and we say that Y and X are similar representations.

What are the characters of G of degree 1?7 Since GL(1, C) is essentially the
same as C*, the multiplicative group of C, we see that a character of degree 1, a
so called linear character, is just a homomorphism G — C*. There is always at
least one of these: the constant function with value 1, denoted 15 and called the
principal character. Note that by Theorem 7.16, if G is abelian, then its number of
linear characters is exactly |G|, (This also follows from the results we prove in this
chapter.)

We write Char(() to denote the set of all characters of the finite group G. If
X. ¥ € Char(G), we define x + ¢ : G — Chy (x + ¥)g) = x(g) + w(g). In
fact, x + 1 € Char(G). To see this, it suffices to observe that ¥ + v is afforded
by any block diagonal representation with two constituents that afford x¥ and v,
respectively.

A character x € Char(G) is irreducible if it cannot be written as a sum of two
characters.

(15.3) LEMMA. Let x € Char(G). Then x is a sum of (not necessarily distinct)
irreducible characters.
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Proof. Since character degrees are always positive integers, if the result were false,

we could choose a counterexample x of minimum possible degree. In particular,

x is not itself irreducible, and so we can write x = a+ 8, wherea, # € Char(G).
Thenr x {1} = a(1) + B(1), and so the degrees (1) < x (1) and B{1) < x(1).

By the minimality of x (1), each of & and 8 is a sum of irreducible characters,

and thus x = o + B is also a sum of irreducibles. This contradiction proves the

result. |

We write Irr (&) to denote the set of irreducible characters of G. Note that every
linear (degree 1) character is necessarily irreducible.

15C

A functionea : G — Cissaidtobe aclassfunction on G if « is constant on conjugacy
ciasses of G. The set ¢f(() of all class functions of G is clearly a C-vector space
with dimension equal to the number of conjugacy classes of G.

(15.4) LEMMA. Every character is a class function.

Proof. Let x € Char(G) and let X afford x. Since the matrix X' (g) is similar to
X)X (@)X (h) = X(h'gh), we have

x(h~lgh) = (X (h~'gh)) = tr(X(g)) = x(g)

forallh, g € G. Thus y isa class function, as desired. | |

We need one more definition before we can state the “fundamentai theorem™ of
character theory, We define an inner product [ - , - ] on the complex vector space
cf(G) by setting

i _
[, Bl = = Y a()B(g).
|Gl Lt

Note that this really is an inner product because

i, [0y + 2002, B] = ¢1ler, Bl + 2|z, Bl for ey, c2 € C,
2. [B.a]l = [a, 8], and
3, [a.ax] = 0ifa #0.

(15.5) THEOREM (Fundamental, of character theory). Let G be any finite
group. Then Irt(G) is an orthonormal basis for cf (G).

Before going on to prove the fundamental theorem, we mention a few of its
consequences. We know that dimg(cf(G)) is equal to the number k of conjugacy
classes of G. By Theorem 15.5, therefore, it follows that |lrr(G)] = k. Since every
character of G is a sum of irreducible characters and every such sum is a character, we
see that to determine all characters of G, it suffices to know the values of each of the
k irreducible characters. Because each of these is a class function, the characters of
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G are completely determined by a k x & table that gives the values of the irreducible
characters on each of the conjugacy classes of G. For example, Table 15.1 is the
character table of the symmetric group S;. We do not give the full proof that this is

correct.

TABLE 15.1
Class representative: | 1 (12)  (12)(34) (1234} (123)
Size of class: | 1 & 3 6 B
X1: ! 1 ! { 1
Xal 1 —1 1 -1 1
X3 2 ( 2 O -1
Xa: | 3 -1 —1 4]
Xxs: (3 -1 -1 0

The first irreducible character x; in the table is the constant function 14, the
principal character of G = S,. The character x; is the “sign” character of S, having
the value 1 on even permutations and —1 on odd permutations. Certainly, this
function is a homomorphism G — C*, and thus it is a linear (and hence irreducible)

character.
To facilitate the computation of inner products, we included in Table 15.1 a row

labeled “size of class.”” Since the definition of the inner product requires a sum over
all group elements, it can be computed by multiplying the appropriate quantity by
the class size and then summing over the classes. To practice using the table, the
reader may want to confirm, for example, that [x4, x4] = 1 and [xa, x2] = 0.

Now let v € cf(G), where G is an arbitrary finite group. Since Irr(G) is a basis

for cf{(G), we can write
V=D X

x el (G

for some complex numbers c,. (These coefficients can be determined by means of
orthonormality, since we have the formula ¢, = [, x]. As an exercise, try this
with the class function ¥ (g) = [Cs(g)|, using the character table of $;.) When is
the class function v actually a character? This happens when  can be written as
a sum of irreducible characters. It follows from the linear independence of Irr(G),
therefore, that ¥ 1s a character precisely when all ¢, are nonnegative integers and at
least one of them is nonzero. In other words, we have the following corollary.

(15.6) COROLLARY. Ler0 # ¢ € cf(G). Then ¥ € Char(G) iff [y, x) is a
nonnegative integer for'all x € Irr(G). Also, if ¥, n € Char(G), then (¥, n] is
a nonnegative integer. B

Suppose we start with the regular character p; of G. (Recall that this character
vanishes at all nonidentity group elements and that ps(1) = |G|.) We see that

1
[pc, x] = TG_lp(DX(l) = x(1),
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which confirms by Corollary 15.6 that pg is a character. Also, this gives
pe= »_ x(Dx.

X el ()

{The reader should check this formula for G = S, using Table 15.1.) In particular,
IG| = pa(1) = D _ x(1)?.
A

(15.7) COROLLARY. The sum of the squares of the degrees of the irreducible
characters of G equals |G |. |

Let us begin now to work toward a proof of Theorem 15,5, We examine con-
nections between characters of &G and CG-modules.

If M is any module for a finite dimensional F-algebra, then we can make M
into an F-vector space by defining ma = m(a - 1}, wherem € M, o € F, and
1 is the unity element of A. With this definition, we see that the endomorphisms
ay € End(M) induced by elements a € A are F-linear, as are the elements of
End,(M). Also, if M is finitely generated as an A-module, then dimg(M) < oc.
To see this, let X be a finite generating set for M and let B be a (finite) F-basis for
A. The finite set X B € M then spans M over F.

In the above situation, if we fix an F-basis for M, we can write X'(g) fora € A
to denote the matrix of the lingar transformation ays induced by @ on M. Then
X : A — M,(F)is an F-linear ring homomorphism, where n = dimz(M). Also,
X' (1) is the n x n identity matrix.

Now fix a finite group G and observe that the group algebra CG is a Wedderburn
ring. (It is semiprimitive by Theorem 15.2,) Let & be a representative set for the
simple CG-modules and fix a C-basis for each § € &. (Note that a simple module
is certainly finitely generated, and thus 5 is finite dimensional for each S € &.) Let
Xs : CG - M, (C) be the corresponding C-linear ring homomorphism, where
ng = dimg(S).

For each § € &, the restriction of A’s to G is a representation of G of degree ns.
(We need to observe that A's(G) consists of invertible matrices; this follows because
A's(1) is the identity matrix.) We write xs to denote the character of G afforded by
X's. In particular, we have xs(1) = ng.

(15.8) LEMMA. Let X be any representation of G. Then X is similar to a block
diagonal representation with each constituent block being one of the represen-
tations Xs.

Proof. Letn = deg(X') and extend A to amap CG — M, (C) by defining

X (fosg) = Zcxgrl’(g).
) g

Observe that this extension is an F-linear ring homomorphism. {We omit the
routine calculation that establishes this.)
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Now let V be the n-dimensional row space C" and make V into a CG-
module by defining va = vA'(q) for v € V and a € CG. (We do not give the
details here either.) Observe that the C-space structure that V carries because
it is a CG-module is identical to its natural C-structure as a row space.

Since the group algebra CG is a Wedderburn ring, Corollary 14.9 tells us
that V is completely reducible. We can therefore write

V=WVi+ W+ -+ V,,

where each of the submeodules V; is simple. Each V;, therefore, is isomorphic to
some member §; € S. We can thus choose a basis for V; such that, with respect
to that basis, the matrix determined by the action of an element g € G on V; is
exactly the matrix &5 (g). Combining the bases we have just chosen for each
direct summand V;, we obtain a basis for V with respect to which V yields a
represemtation in block diagonal formn with constituent blocks, each of the form
A’s for various § € §. This completes the proof. ]

In view of Lemma 15.8, it is appropriate to investigate the representations X's
for S € S more closely. By the Wedderburn-Artin theorem (14.14), we can write
the group algebra CG as a direct sum of minimal ideals I for § € S, and this gives
us a unique choice of elements 5 € I for § £ & such that

Ze’s:l.

Ses

Since I; annihilates § when §, T < & are different, we have X'¢{J7) = 0 in this
case, and in particular, Xs(er) = 0 when § # T. It follows that Xs(es) = Xs(1),
the identity matrix.

We need a bit more notation. We have defined the character x5 only on G, We
need to discuss tr(Xs(a)) for elements a € CG other than group elements, and so
we write ¥s(a) = tr(Xs(a)). Note that

‘i‘s(Z o g) = Z o xs(8).

s0 that X5 is simply the linear extension of x ¢ to all of CG. Observe that Xs(ez) = 0
if § #£ T and ¥s(es) = ns.

(15.9) THEOREM. The characters xs for S € & are distinct and linearly
independent, They are irreducible and are all of the irreducible characters

of G.

Proof. Suppose that }_ arxr vanishes identically on G for some coefficients
TeS
ay € C. Then ) erXr vanishes identically on CG. Evaluating at e yields

0 = asng, and thus as = O forall § € &. It follows that the characters x are
distinct and linearly independent.

If x is any character of (G, then by Lemma 15.8 it follows that x is a sum
of some of the characters xs. In particular, if x is irreducible, we have x = xg
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for some § € &. To see that each character x; is irreducible, suppose to the
contrary that we can write xg = & 4+ 1, where &, n € Char(G). Each of § and
7 is a sum of characters xr for various members T € S. It follows that x5 can
be written as a sum of at least two characters of the form xr. This contradicts
the linear independence and thus completes the proof. |

(15.10) LEMMA. FEach of the ring homomorphisms X for § € & maps CG onto
M, (C).

Proof. Fix § € & and let D = End,(S). Then D is a division ring of C-linear
transformations of § that contains all of the scalar multiplications by elements
o € €, We claim that D consists entirely of scalar multiplications.

Leté € D. Then é has some eigenvalue A € C. (This uses the “fundamen-
tal theorem of algebra,” which asserts that every nonconstant polynomial with
coefficients in C has a root in C.) Lets € § be an eigenvector for § so that
56 = sA and hence s{8d — A -1) = 0. However,d — A -1 € D, and it is not
invertible since it annihilates the nonzero vector s. This forces § -~ A -1 = 0
and 8 = A - 1. Therefore D = C - 1, as claimed.

Since S 1s simple, the Jacobson density theorem (13.13) applies. Because S
is finite dimensional, we conclude that every element of End;(S) = Endc($)
is induced by the action of some element of CG. In matrix language, this says
that Xs maps CG onto the full matrix ring M, (C). |

We know that X5(Jr) =0for T # S. Since CG = Y _ Iy, it follows by Lemma
15.10 that X’y maps 5 onto M, (C). Also, by the minimality of I5, we must have
I5 M ker(Xs) = 0, and thus &5 defines an isomorphism of I onto M, (C). We can
use this to prove the following corollary.

(15.11) COROLLARY. The set It(G) forms a basis for cf(G).

Proof. By Theorem 15.9 we know that Irr(G) = {xs | § € §)} and that this set is
linearly independent. Since the cardinality of this set is |5|, it suffices to show
that dim(cf(G)) = |S|. We know, however, that dim(cf(G)) = k, the number
of conjugacy classes of G. Our task is therefore to show that |S| = k.

Anelementa = ) a,g € CG is central in CG precisely when g~lag = a
for all elements g € G. This happens iff the coefficients o, = «, whenever x
and y are conjugate elements of G. In other words, an element ¢ € CG lies
in Z(CG) iff a is a linear combination of the class sums of G, the elements of
CG obtained by sumnming the elements in the various classes of G. Since these
class sums are clearly linearly independent (because the classes are disjoint), it
follows that dim(Z.(CG)) = k.

To complete the proof we show that dim(Z(CG)) = |S|. To see this, recall
that we have CG = }_ I5. Since this sum is direct, we see that Z.(CG) is the
direct sum of the centers of the subrings I5. It suffices, therefore, to show that
dim(Z(Is)) = 1. We know that /5 is isomorphic to the full ring of ns x ng
matrices over C. The center of a full matrix ring, however, is exactly the ring
of scalar matrices ¢ - 1. It thus has dimension 1, as required. [ ]
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We have obtained enough information now, on our way toward the proof of
the fundamental theorem of character theory, to give a direct proof of Corollary
15.7. (The assertion of Corollary 15.7 was that |G] = > x(1)?, where ¥ runs over
Irr(G).) Certainly, dim(CG) = |G|, and thus the sum of the dimensions of the
direct summands Is for S € & 1s |G|. Since I is isomorphic to the full matrix ring
M, (C), its dimension is ng. The result now foilows.

To complete the proof of the fundamental theorem (15.5), we need to establish
the orthonormality of the characters xs for § € S. For this purpose, it is useful to
compute explicitly the elements es for § € S.

(15.12) LEMMA. We have

1) -
es = Xsé D xs(e Mg,
Gl =%

Proof. For a € CG, write g(a) = tr(R{a)}, where R(q) is the matrix corre-
sponding to the linear transformation on CG induced by right multiplication by
a. (We can use any basis we please for CG.) Since p is the linear extension of
the regular character p of G to all of CG, and since p(g) = O0for1 £ g € G
while p(1) = |G|, we seethatifa = 3w, g, then g(ag ') = |Gla,. It follows

that )
a=—>"plag lg.

15| £
To prove the theorem, therefore, it suffices to show that
Alesg™) = xs(Dxs(g™").

Our first task is 1o express p in terms of the irreducible characters ys. (By
the calculation we did just before the statement of Corollary 15.7, we know that
the correct formula is p = Y xs(1)xs, but because we obtained that formula
from the fundamental theorem, we need to find an independent proof now.)

We know that we can write p = > msxs for some choice of coefficients
ms. (In fact, since p is a character and the yg are the irreducible characters, we
deduce that the m are all nonnegative integers.) It follows that

p = stfs-

Ses

Evaluating at ey gives
pler) =mrnr.

Also, p(er) is the trace of the linear transformation of CG induced by right
multiplication by er (computed using any convenient basis). Since ey annihi-
lates the direct summand /g for § # T and er is the identity on I, it follows
that o(er) = dim(/7) = n}. Thus myny = n2 and so mr = nr = xr(1).
Therefore 6 = ) xs(1)¥s, as expected.
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Now
Xriesg ) = tr(Xr(esg ™)) = (Xrles)Xr(g™)) .

Since Xr(es) = 0if § # T and Xs(es) is the identity matrix, we have

- . Jo ifS£T
Xriesg ) = { xs(g™) ifS=T,
and so
plesg™) = xs(Mas(g™),
as desired. =

The following lemma will help us to compute x (g~!) for characters x of G, and
it will also be useful when we apply character theory to finding normal subgroups.

(15.13) LEMMA. Ler Y be any representation of G and suppose g € G. Then
Y is similar to some representation X such that X (g) is a diagonal matrix.

Proof. We prove the result first in the case where G is abelian. By Lemma 15.8
we know that V is similar to a representation A in block diagonal form, where
each constituent block is a representation of the form A5 with S € &S.

Since & is abelian, the image of CG under X’s must be a commutative ring.
We know, however, that this image is the full matrix algebra M, (C), and it
follows that ns = 1. The matrices A'(x) are therefore actually diagonal, and
not just block diagonal, for elements x € G.

Now in the general case, let H = (g} € G and observe that the restric-
tion of  to H is a representation of H. Since H is abelian, the first part
of the proof guarantees the existence of an invertible matrix P such that
P~1Y(g)P is diagonal. The representation X = P~!YP therefore has the
desired properties. [

What are the entries in the diagonal matrix X (g) of Lemma 15.13? Writing
X (g) = diag(e), €2, ..., €¢), where f is the degree of X', we see that

X(g") = diag(e]", &5, ..., ef’")

for all integers m. In particular, if we take m to be the order of g, then X' (g™) is
the identity matrix, and we deduce that ¢/ = 1. In other words, the entries ¢; are
roots of unity, that is, complex numbers with some power equal to 1. It follows that
le;| = 1 and hence ¢,”! = &, the complex conjugate.

(15.14) COROLLARY. Lerx € Char(G)landg € G. Then x (g7 ') = x(g), the
complex conjugate of x(g).

Proof. By Lemma 15.13 we know that x is afforded by some representation A’
such that A'(g) is a diagonal matrix, We let¢,, €, . .., ¢, be the diagonal entries
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of X’(g), and we observe that the diagonal entries of X' (g~!) are the reciprocals
of these complex numbers. By the above discussion, these reciprocals are the

complex conjugates of the ¢;, and we have

x(e =) &= 1x@.

as reqguired. |
(15.15) COROLLARY. We have
1
es = xs () sz(g)g-
161 Mibeer
Proof. Apply Corollary 15.14 to the formula of Lemma $5.12. |

We are finally ready to prove the orthonormality of Irr(G) and thereby complete
the proof of Theorem 15.5.

(15.16) THEOREM. The irreducible characters of & form an orthonormal set.

Proof. Using the previous notation, we let §, T € &. In view of Theorem 15.9, it
suffices to show that [ xs, xs] = 1 and that [xs, xr] = 0if Sand T are different.
We compute the coefficient of 1 in eger. The coefficients of g~! in es and of g

] ¥ I y’

It follows that the coefficient & of 1 in eger is given by

Dxr(l — Dxr(1
_ Xs(lé;)lf:‘( ) Z xs(@Yxr(g) = %[X& xr]l.

gel

Since eger = 01f § ¥ T, we deduce that « = O in this case, and thus
[xs. xr] = 0, as desired. On the other hand, es is the unity element of I and
thus (e5)? = es. In the case where S = T, therefore, we see that « is the

coefficient of 1 in es, and so @ = xs(1)?/|G|. Therefore [xs, xs] = 1. u

15D

How can we use characters to prove theorems about groups? One key to this is
the following result, which produces normal subgroups from character theoretic

information.

(15.17) LEMMA. Let x € Char(G). Then |x(g)] < x(1) forall g € G. Also,
K=[geG| x(g) =)}
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and
Z={geG|ix(®l=x(1)}

are normal subgroups of G and Z/K € L(G/K).

Proof. Let X be a representation of G that affords x. We will show that K =
ker(X), so that K is a normal subgroup. Centainly, if g € ker(&), then X(g) =
A1) and hence x(g) = x{1) and g € K. Now let g € & be arbitrary.
By Lemma 15.13, X'(g) is similar to a diagonal mairix with diagonal entries
€1,€2,...,€,, where n = x(1). As we have seen, these entries ¢; are roots of
unity and thus |¢;] = !. By the triangle inequality we see that

lx(g)l =le1 + -+ el <n=x(1),

and equality holds precisely when all ¢, are equal.

If tx(g)| = x(1), therefore, A'(g) is similar to, and hence equal to, the
scalar matrix €/, where 7 is the # x n identity matrix and ¢ is the common value
of the ¢;. In particular, if g € K, we have ¢ = 1, and hence g € ker(.Y), as
required.

We have seen that Z is exactly the set of elements of G such that X' (g)
is a scalar matnnx. Note that the scalar matrices in A (G) form a central
subgroup and that Z is the full inverse image in ¢ of this (necessarily norrmal)
subgroup of A (G). It follows that Z « (, and since K = ker(.X’), we have
Z/K CZ(G/K). m

We write ker{x} and Z(y ), respectively, to denote the subgroups X and Z of
Lemma 15.17. In fact, every normal subgroup of G is the kernel of some (not
necessarily irreducible) character. It follows that, theoretically at least, all normal
subgroups of G can be found from a knowledge of the characters of G. We see from
this that the character table of G (which describes all ¥ € Irr(G)) has embedded
within it considerable information concerning the normal subgroup structure of G.

Except for the following observation, which we need, we leave the proof of all
of this to the probiems at the end of the chapter.

(15.18) COROLLARY. We have
[ ker(x)=1.

xelm(G)

Proof. We know that the regular character p = Y x (1)), where the sum is over
x € Irr(G). 1t follows that if g € [ ker{x), we have p(g) = >_ x(1)* # 0.
Thus g = 1. [

In order to prove Theorem 13.1 of Frobenius, we need more information relating
the character theory of a group G to that of its subgroups. If x € Char(G) and
H <€ G, we write xy to denote the function H — C obtained by restricting x.
Since the restriction of a representation of (7 to H clearly yields a representation of
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H, it follows that xy € Char(H). There is no reason, of course, to believe that in

general xy will be irreducible even if x & Irr(G).
Next we describe how to get characters of (¢ from characters of subgroups
H € G. We first work with class functions. If ¢ € cf(H), define ¢° : G — C by

ooy — 198 ifgeH
“’(3)‘{0 ifg ¢ H.

In general, ¢ i1s not constant on classes of G, and so we define a new function that
repairs this defect. We define the induced class function ¢% : G — C by the formula

1
() = — ) (xgx).
|H| rels

It should be clear that ¢“(g) depends on only the conjugacy class of g, and so we
do not give a formal proof that ¢© € ¢f(G). Note that if H = G, then ¢° = ¢ and
w{xgx~!) = @(g) forall x € G. It follows in this case that ¢C = ¢. In general, we
have ¢°(1) = |G : Hlp(1).

(15.19) LEMMA (Frobenius reciprocity). Ler H € G and suppose ¢ € cf(H)
and 8 € cf((G). Then
[¢©, 6] = g, 041,

where, of course, the second inner product is computed in cf (H).

Proof. We have

1 1 __
[0°,61= — D" 0 (2)0(g) = 2> ¢ xgx"H)B(g)

IGl &2 GIIHI &g &2
1 N
= @° (M8 (x1yx)
= (y)6
Y yEH;fﬂ V)
] _
= — @(Me(y)
[H] ;
= [q:" 9”] [
as desired. [ ]

(15.20) COROLLARY. Let H < G. If ¢ € Char(H), then ¢S € Char(G),.

Proof. By Corollary 15.6 it suffices to show that [, x] is a nonnegative integer
for all x € Irr(H). (Certainly, ¢ # 0 since (1) = |7 : H|p(1) 3% 0.)

Frobenius reciprocity (15.19) tells us that [¢, x] = [@, xx), and this latter

quantity 1s certainly a nonnegative integer (by Corollary 15.6) since both ¢ and

X# are characters of H. |
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15E

Recall that Theorem 15.1 concerns a subgroup H < G with the property that
H& N H =1 whenever g € G — H. We call such a subgroup # € G a Frobenius
complement in G. (Usually this phrase is defined se as torequire 1 < H < &, but
we do not exclude the two trivial cases H = 1l and H = G.)

(15.21) LEMMA. Let H € G be a Frobenius complement. Suppose ¢.0 €
ct(H) and (1) = 0. Then

a. (9°)y = ¢ and
b. 16, ¢] = [0, ¢°1.

Proof. let h € H. We need 1o show that ¢%(h) = @(h). If = 1, this holds
because (l) = |G : H|p(l) = 0. Suppose that h #£ t. Then

@C(h) = W;@uhx

If x @ H,however,then HN H* = 1,andsoh & H* and xhx~! ¢ H. In this
case, ¢ (xhx") = 0, and it follows that

@Oh) = — > plxhx™ ) = ph),
|H| xely
where the latter equality holds since ¢ is a class function of H. This proves
part {a).
For part (b), compute that [8, ] = [6, (¢S)y] = [8%, ¢°] by (a) and
Frobenius reciprocity. [

The reader may wonder how we can possibly hope to apply Lemma 15.21, since
the hypothesis that ¢ (1) = 0 precludes the possibility that ¢ is a character. The trick
15 to let ¢ be a differcnce of two characters.

(15.22) LEMMA. Let H € G be a Frobenius complement and let y & Iir(H),
Then there exists x* € Irr(G) such that

*
a. x5 = x and
b. ker(x™) contains all elements of G that are not conjugate to elements of H .

Proof. If x = ly, the principal character (with constant value one), we can take
x* = lg. (Note that ker(lg) = G, and so (b) holds in this case.) Suppose,
then, that ¥ # 1y anddefineg = y — x (1)1 € cf(H).

Since ¢ is a difference of characters of H , it follows that ¢ is a difference of
characters of G by Coroltary 15.20, and therefore ¢ is a Z-linear combination of
Ir(G). Also, [¢%, 1¢] = [@, 1u] = —x (1) by Frobenius reciprocity, and thus
we can write % = x* — x (1)1, where x* € cf(G) is a Z-linear combination
of nonprincipal irreducible characters of G. This yields

[0%, %] =[x*. x*1+ x (1),
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Now (1) = 0O, and thus by Lemma 15.21(b) we have
(9%, 991 = lp. 0} = [x. x1+ x(D? = 1+ x(1)*.

Comparison of these two equations yields [x*, x*] = 1.

If we write
2 WY

¥ ehm{)

withay € Z,then | = [x*. x*] =3 aZ, andit follows that x* = L for some

charactc:r Y € Irr(G).
By Lemma 15.21(a) we have (¢“) g = @ and thus

(X" = xMlgdy =x — x(Dly.

From this we see that (X"} = x. In particular, x*(1) = x(1) > 0, and we
cannot have x* = —y above. Thus x* = ¥ € Irt(G).

To prove (b), let g € G with g not conjugate to any element of H. By the
definition of an induced class function, it follows that

0 =9%g) = x*(g) — x(1)

and thus
x*(g) = x(1) = x*(),

and 50 g € ker(x*), completing the proof. n

We can now present the proof of Frobenius’s theorem.

Proof of Theorem 15.1. Let N € G be the subset defined by

= (G_UHH)UU}.

gels

For each x € Irr(H), let x* € Irr((G) be as in Lemma 15.22. By Lemma
15.22(b) we have N C ker(x*) for all x € Irr(H).

Let M = [\ker(x*), where x runs over Irr(H). Then M is a normal
subgroup of & containing N. Also, since xj; = x by Lemma 15.22(a), we have
M N H = [ker(x) = 1 from Corollary 15.18. Since MN H =1land M < G,
we have M N Hé = 1 forall g € G, and thus M C N. It follows that M = N,
and so N is a normal subgroup of G.

To complete the proof, we need to show that N H = (. For this purpose, we
compute |N|. We have Ng(H) = H, and so H has |G : H| distinct conjugates
in G and, except for the identity element, these are disjoint. It follows that

NI =Gl = | JHE = DI =G|~ G : HI(H1 - 1) = |G : H].

g€G
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Therefore, since N N H = 1, we have

INH| = |N{|H| = |G : Al|H| = |G|,

and so N H = G, as required. u

(15.23) COROLLARY. Ler G act transitively on some finite set §2 and assume
that only the identity in G fixes as many as two elements of L2, Let

N = {g € G | g fixes no element of Q}U{1}.

Then N is a subgroup of G that is transitive on 2.

Proof.

Leta € Qandlet H = G, the point stabilizer. if g € G—H,thena-g # o,

and so every element of H N H¥® fixes botha and e - g and hence A N HE = 1.
In other words, f is a Frobenius complement in . Furthermore, N 1s exactly
the set of those elements of & that are not conjugate to any nonidentity element
of H. It follows by Theorem 15.1 that & is a subgroup of G and HN = G.
In particular, since H stabilizes a, we see that the N-orbit of « is the whole

G-orbit, £2. [ ]
Problems
158.] Let NaGandletyr € Char((G/N). Define x : G — Chby x(g) = yr(Ng).

15.2

15.3

15.4

15.5
15.6
15.7
15.8

a. Show that x € Char(G).
b. Show that x € Irr(G) iff ¢ € Irr(G/N).

Let N @ &G and x € Char(&) and assume N C ker(x). Show that there
exists i € Irr(G/N) such that x(g) = ¥(Ng) forallg € G.

Let N « G and write N = {} € Irr{G) | N € ker(x)}.
a. Showthat N = [ ker(x).

xeN
b. Show that {G : N| = ¥ x(1)%
reN
Show that Z(G) = [ Z(x).
x €lrr(G)

HINT: To show “C,” use the fact that ¥ € Irr(G) is afforded by a repre-
sentation that maps onto M,(C), where n = x(1).

Prove that G is abelian iff every character ¥ € Irr(G) is linear.
Prove that the number of linear characters of a group G is equal to |G : G'|.
If & 1s abehan and x € Char(G), show that [x, x] > x(1).

Let D be a dihedral group of order 2r, where n is odd. Show that D has
exactly (n + 3}/2 conjugacy classes, and conclude that rr( D) consists of
two linear characters and (n — 1)/2 characters of degree 2.
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15.9
15.10

15.11

15.12

15.13

Suppose H € G and & € Char(H). Show that Z(8%) < H.
Suppose H, K € G with HK = G. If ¢ € cf(H), show that

(@G)K = (@HHI{)K .

Let H € ( and suppose that HZ{(G) = G. If x € Ir((G), show that the
restriction xy is irreducible.
Let H € G with {G : H| = n and suppose that x € Char(G).

a. Showthat [x, x) = (xg. xul/n.
b. If H is abelian and x € Ir(G), show that x (1) < &.
¢. If equality holds in part (b), show that H « G.

HINT: Use Problem 15.7 for part (b).

Suppose H is an abelian subgroup of G. Show that G has at least | H2/|G|
conjugacy classes.



CHAPTER SIXTEEN

Polynomial Rings, PIDs, and UFDs

16A

The purpose of this, our first “commutative” chapter is to present some of the basic
ring theoretic ideas that will be useful both for our study of field extensions and
for our development of some of the deeper parts of ring theory. As usual, our use
of the word “ring” includes the assumption of the existence of a unity element 1.
Since we shall be working exclusively with commutative rings from now on, the
commutativity assumption is not usually made explicit.

Let R be aring. If a € R is any element, we write (a) to denote the ideal
{ra | r € R}, the principal ideal generated by a. It is trivial to check that (a) is an
ideal and that it is proper iff @ is not a unit (an invertible element) in R. (Note that in
this commutative situation, we need not consider left or right ideals or left or right
tnverses.)

If every ideal of R is principal, then we say that R is a principal ideal ring,
usually abbreviated PIR. For example, the ring Z of ordinary integers is a PIR since
the additive group of Z is cyclic and so every subgroup is cyclic. (In Z, the additive
subgroups are exactly the ideals, and (¢) = (a) foralla € Z.)

We say that R is an integral domain (or just a domain) if ab # 0 for nonzero
elements a, 5 € R. (We require also that R have some nonzero elements; we do
not consider the trivial ring R = {0} to be a domain.) Again, Z is an example, and
we say that Z is a PID, a principal ideal domain. Other examples of domains and
PIDs are polynomial rings over domains and, in particular, over fields. We digress
to consider these important rings.

Let R be any ring and let “X™ be some symbol (which is not the name of any
element of R). An expression of the form

F(X) =a, X" + dn_;X"—t + -4+ a1 X+ a

(where the coefficients a; 1ie in R) is called a polynomial over R inthe indeterminate
X. What is this, really? We should not think of f{X) as a function because it has no

233
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particular domain; we are not willing to specify in advance the set of possible values
that we might choose to “plug in” for the indeterminate. (They might be elements
of R, but they could also be, for instance, elements of some ring that contains R.)

In its purest form, the polynomial f(X) can be thought of as an ordered pair
whose first (and most important) component 15 the sequence (aq, 41, az, . . .) of coeffi-
cients and whose second componeni is the symbot “ X that names the indeterminate.
We think of the coefficient sequence (a;) as being infinite but having at most finitely
many (and possibly no} nonzero terms. In other words, there exists some positive
integer » such that a; = O when i > n.

As an example, consider the case R = Z/(3), the integers mod 3. The elements
of this ring are the three cosets (3), (3) + 1, and (3) 4 2, usually denoted simply 0, 1,
and 2. The polynomial f(X) = X3 — X + 1 “over” R (that is, with coefficients in
R) corresponds to the coefficient sequence (1,2,0,1,0,0,0,...).

If we substitute the elements of R (one at a time) for X in the formmula for £(X),
we easily compute that f(0) =1, f(1) = 1, and f(2) = 1, and so our polynomial
f(X) defines the same function on R as does the “constant” polynomial g(X) = 1
with coefficient sequence (1,0, 0,0, ...). Nevertheless, the polynomials f and g
have different coefficient sequences, and so they are certainly different polynomials.
Note that if S is the noncommutative ring of 2 x 2 matrices over R, and if we identify
R with the scalar matrices (the subring of S consisting of the matrices r7, where
r € R and [ is the identity matrix), then

([ o])=lo 3] = ([ o) <[5 %]

and so f and g do not define the same function on S.

The set of all polynomials over R in the indeterminate X is denoted R{X].
This set can be made into a ring quite easily. Polynomials are added by adding
the coefficients of like powers of X, and they are multiplied by using the rule that
X'X’ = X'*J and the distributive law.

We could do this more formally as follows. If f, ¢ € R[X] have coefficient
sequences (¢;) and (b;}, respectively, then f 4 g is defined by the coefficient sequence
(¢;), wherec; = a;+b; forall j = 0. Also, fg is defined by the coefficient sequence

{d;), where
4
dj = Za,—bj_,- .
=0

One should observe that these sum and product sequences have just finitely many
nonzers terms, and the axioms that define a ring should be checked. All of this is
utterly routine, and so we omit the proof that R[X] is a ring.

Next we make precise the process of evaluating a pelynomial f € R[X]at some
element s € § for some ring § 2 R. If our polynomial is f(X) = 3 a; X', we
clearly want to define f(s) = 3 4;5'. Unlike the sum defining f(X) (which is only
formal, in that nothing is actually being added), the sum defining £(s) is genuinely
addition in the ring S. It is crucial, therefore, that there are at most finitely many
NOoNzZero terms.
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If our polynomial is f{(X) = X, we would like to have f(s} = s, and this
necessitates 15 = s, where “1” denotes the unity of R. We must therefore require
that the unity of R is the unity of §, in other words, that S is a unitary overring
of R.

If S 2 R is a unitary overring, then f € R[X] defines a function § — §
by s +— f(s). This function is (confusingly) also called f. If we start with the
polynomial f(X) = X, then the function f is the identity map on S.

Polynomials with all coefficients a; = 0 fori > 0 are called constant polynomi-
als since they define constant functions on every unitary overring § 2 R. Note that
the subset of R X ] consisting of the constant polynomials forms a subring of R[X |
that is naturally isomorphic to R, and it is usually identified with B. The element
1 € R corresponds to the constant polynomial 1 € R{X], and this is clearly the unity
element of R(X]. In short, R[X] is a vnitary overring of R.

When we started this rather extended (and perhaps pedantic) discussion of the
definition and trivial properties of polynomials, the symbol “X" had no particular
meaning, but now it is a certain element of the ring R{X]; it is the polynomial with
coefficient sequence (0, 1,0,0,0,...). What do we mean by X"? On the face of
it, there are two possibilities: either X" is the polynomial with coefficient sequence
a, = 1l and a@; = O fori # n, or X" is the result of multiplying X by itself »
times in the ring R[X]. Fortunately (but not very surprisingly), the result of the
multiplication is precisely the first interpretation of X”, and so there is no ambiguity.
Simtlarly, if f € R[X], we can evaluate f at the element X of the unitary overring
R[X] 2 R, and we find that f(X)} = f. Another way of saying this is that if
we write f(X) = a, X" 4+ a, X" ! 4 .. + a; X + aq, then we can view this
formula not only as not being merely formal, but also as an expression involving the
elements ag, 4, ..., a, and X of an actual ring, R[X], combined using addition and
multiplication in that ring.

(16.1) LEMMA. Let S 2> R beaunitary overring and fixs € S. Then evaluation
at 5 defines a ring homomorphism R{X] -» §.
Proof. Let f, g € R{X]. We need to show that
(f+8)s) = f(s)+g(s) and (fg)(s) = f(s)g(s).

If the coefficient sequences for f and g are (a,) and (b;), respectively, we must

show that
Z(aj + b))y’ = (E a,sf) + (Z bjs-"')

j=0 j=0 Jj=0

The first equation is a triviality and the second is very nearly so, since the right
side is equal to

and
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because the coefficients b; commute with s. [ |

The homomorphism R[X] — § of Lemma 16.1 is called the evaluation map
at 5. Its image, {f(s) | f € R[X]}, is a subring of S containing R (because R[X]
contains the constant polynomials), and this subring is denoted R[s]. (Note that
this gives a second possible meaning to “R[X]” since we could take § = R{X] and
s = X. In this case, “evaluate at s’ is the idenfity map and so R[s] = S and both
meanings of R[X] agree.)

We need a few more definitions. If f € R[X] is not the zero polynomial
and its coefficient sequence is (g,), then there is some largest subscript 2 such that
a, # 0. This nonnegative integer is the degree of f and is denoted deg(f). If
deg(f) = n, then the (nonzero) coefficient a, is the leading coefficient of f. If the
leading coefficient is 1, the polynomial is said to be monic. (Observe that the zero
polynomial has neither a degree nor a leading coefficient.)

(16.2) LEMMA. Let f, g € R[X] have degrees m and n and leading coefficients
a and b, respectively. If ab # 0, then deg(fg) = m + n and the leading
coefficient of fg is ab. In particular:

a. If R is a domain, then so is R[X].
b. If f and g are monic, then so is fg.

Proof. From the definition of polynomial multiplication, we see that the coefficient
of X" in fg is ab and that the coefficients of all higher powers of X vanish.
Everything asserted follows from this. o

When we started this long digression on polynomial rings, we promised that
they would provide us with examples not only of domains but also of PIDs. The key
to this is the following familiar lemma.

(16.3) LEMMA (Division algorithm). Ler f.g € R[X1with f # 0. Assume
that the leading coefficient of f is a unit in R. Then there exist r,q € R[X]
such that

g=rfq+r
and either r = 0 or deg(r) < deg(f).

Proof. Although easily seen to be true from the elementary process of polynomial
long division, this fact deserves a more formal proof.

Write n =deg(f)and f(X) =aX"+.... If g = Oordeg(g) < n, we can
take g = 0 and r = g, and there is nothing to prove. We assume, therefore, that
deg(g) = m > n, and working by induction on m, we assume that the result
holds if g is replaced by any polynomial of degree less than m.



POLYNOMIAL RINGS, PIDs, AND UFDs 237

Let b be the leading coefficient of g and write
h(X)=ba™' fF(X)X™™.

Observe that the degree and leading coefficient of the polynomial A(X} match
those of g. It follows that g — 4 involves no power of X as high as X™, and so
either g — h = O ordeg(g — h) < m. Our thecrem thus holds for g — k&, and we
canwrite g — h = fg +r withr =0ordeg(r) <n. Nowg=h+ fg+r,
and since £ is a multiple of f, the result follows. |

An important case of Lemma 16.3 is where the coefficient ring is a field. {Re-
call that that means that every nonzero element is a unit.) In that case, the only
requirement on f in the lemma is that f #£ 0.

(16.4) THEOREM. Let F be afield Then F[X)isa PID.

Proof. Let A C F[X] be any ideal. To show that A is principal, we may assume
that A # (0). Then A contains some nonzero elements, and we can choose
J € A with deg( f) as small as possible.

Since f € A and A is an ideal, we have (f) € A and we claim that in fact
(f)= A. Toseethis, let g € A and write g = fg + r by Lemma 16.3, where
either » = O or deg(r} < deg(f). Now r = g — fqg is an element of A, and
so by our choice of f, it cannot be that deg(r) < deg{f). The only alternative,
therefore, is that r = O and hence g = fq € (f), as required. Therefore F[X]
is a PIR.

Since the field F is surely adomain, F[X] is a domain by Lemma 16.2, and
we are done. |

We mention that the conditicn in Theorem 16.4 that the coefficient ring is a field
is essential. For instance, Z{X] is not a PID. To see this, let A = {f € Z[X] |
f(0) iseven}. It is clear that A is an ideal containing the polynomial X and the
constant polynomial 2. f A = (f), then 2 = fg for some ¢ € F[X], and so
deg(f) = 0, and this forces f to be one of the constants 1 or £2. If f = %1, then
(f)=Z[X) # A,and if f = +2,then X ¢ (f) and again (f) # A. ‘

16B

Now let R be any domain. A normunit a € R is said to be irreducible if whenever
we write a = bc with b, ¢ € R, we have that either b or ¢ is a unit. In the ring Z, for
instance, the irreducible elements are precisely the numbers =+ p for prime numbers
p. In F[X], where F is a field, the units are the nonzero constant polynomials (the
polynomials of degree 0). Over a field, therefore, the irreducible polynomials are
exactly those polynomials of positive degree that cannot be factored into two posuwe
degree polynomials.

Consider the subset of our domain R consisting of elements that either are
irteducible or are products of some (finite) number of irreducible elements, We
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clearly have not included zero or any unit in this set. Is anything else missing? In
general, there may be, but for many interesting domains, it is true that every nonzero
nonunit is a product of irreducible elements. (This includes the possibility that it is

itself irreducible.)
To explore this further, we introduce the notation a[ b for elements a, b € R

to mean that a divides b. In other words, # = ar for some element r € R or,
equivalently, b € (a). Note that al0 for all 2 € R but that 0|b only when b = 0.

(16.5) LEMMA. LlLeta, b, x, v € R, where R Is a domain.

a. [fax =aywitha £ 0, thenx = y.
b. Ifa|b and bla, then b = au for some unitu € R.

Proof. Ifax = ay,thena(x — y) = 0. Since R is a domain, we see that if a £ 0,
then x — y = 0 and x = v, proving (a). For (b), write & = qu and a = bv for
some #, v € K. Substitution vields a = guv, and soif g # 0, we have 1 = uv
by part (a), and (b) holds. If, on the other hand, a = 0, then necessarily b = 0
and we can take w = 1. B

We recall that a ring R is “noetherian™ if its set of ideals satisfies the ascending
chain condition or, equivalently, the maximal condition. (Of course, in this commu-
tative situation, we need not worry about left or right ideals.) By Theorem 1 1.4 we
know that R is noetherian iff every ideal is finitely generated. In particular, a PIR,
in which every ideal is generaied by one element, is certainly noetherian.

(16.6) LEMMA. Ler R be a noetherian domain. Then every element of R is zero,
a unit, or a product of (a finite number of ) irreducible elements.

Proof. Let X C R be the set of all nonzero nonunits that are not products of
irreducible elements. Assuming that the lemmais false, we know X is nonempty,
and so the set of ideals {{x) | x € X} is nonempty. By the maximal conditicn,
this set contains a maximal element (rm1) withm € X.

Since m € X, it is not imeducible, and so we can write m = ab, where
neither a nor & is a unit, and since m = 0, neither a nor & 15 zero. If both g and
b were products of irreducible elements, then m = ab would be such a product,
too, and this contradicts m € X. We may assume, therefore, that (say) a is not
a product of irreducible elements and so g € X.

Now a|m and som € (a) and (m) < (a). By the maximality of (m), we
have equality, and so a € {(a) = (m) and mla. By Lemma 16.5(b) it follows
that m = au for some unit ¥, Since g # 0 and m = ab, Lemma 16.5(a) vields
that b = u, and this is a contradiction. =

Next we investigate the question of the uniqueness of the factorization of a
nonzero nonunit into irreducible factors. True uniqueness of factorization fails even
in the ring Z of ordinary integers. For example, we have 2? = 4 = (—2)2, and 2 and
—2 are irreducible. We must settle for a weaker form of uniqueness: uniqueness up
to unit multiples.
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(16.7) DEFINITION. A domain R is a unique factorization domain (abbreviated
UFD) provided that

i. every nonzere nonunit of R is a product of irreducible elements, and

ii. if @yay---an = b1by - - by, where each of the elements a; and b; is irre-
ducible, then n = m and (after renumbering the b; if necessary) we have
b; = u;a,, where the u; are units of R.

We shall show that every PID is a UFD and that if R is a UFD, then so is the
polynomial ring R[X]. Although every noetherian domain satisfies condition (i) by
Lemma 16.6, 1t is certainly not true that every such domain is a UFD.

To investigate when condition (ii) of Definition 16.7 holds, we introduce the
notion of a “prime” element of a domain. To put this into context, we first define
prime ideals. An ideal P of R (not iecessarily a domain) is a prime ideal if P < R
and whenever ab € P, eithera € Porb ¢ P.

Observe that R is a domain iff the ideal (0) is prime and that, more generally, if
A 1s any ideal of R, then the ring R/ A is a domain iff A is prime. We know that if
M is a maximal ideal of R, then R/M has no nonzero proper ideals and so is a field
and hence is a domain. This shows that maximal ideals are always prime.

Now suppose that R is adomain. Anelementr € R isaprime elementif m # 0
and () is a prime ideal. Equivalently, an element 7 € R is prime if it is a nonzero
nonunit such that whenever }ab fora, b € R, we have that either 7 (e or |b.

We collect a few facts about prime elements.

(16.8) LEMMA, Let R be a domain.

a. Every prime element of R is irreducible.

b. Ifm €e Risprimeand |b]b2 <« « by, then w divides one of the factors b;.

c. Suppose a\ay---a, = ub\by---b,, where each a; is prime, each b; is
irreducible, and u is a unit. Then n = m and, after possible renumber-
ing of the b;, we have b; = u;a; for some units u;.

Proof. Let m € R be prime. Cenainly, 7 is a nonunit, and so to prove (a), it
suffices to assume 7 = xy and to show that either x or y is a unit. We certainly
have 7 |xy and so (say) 7 |x since 7 is prime. Also, x l;'r, and hence by Lemma
16.5(b) we have w = xu for some unit u. Sincealsonmr = xy and x # 0 (because
7 % 0), Lemma 16.5(a) yields that v = u, a unit, as desired.

To prove (b), we work by induction on n. The case n = 1 is a triviality
(and the case n = 2 is the definition of “prime”). We may assume that (>
and so n > 1. Since 7 is prime and it divides the product (b, ---b,_1) - b,.
we deduce that ] bi1by - - - b, 1, and the inductive hypothesis yields the result.

We also use induction on # (0 prove (c). In the case that n = 0, we have
1 = ubyb; - - - by, and so each &; is a unit. Since the b; are irreducible, they
cannot be units, and this forces m = 0 = n, starting our induction.

Now assume that n > 0. Since g, is prime and divides ub, b, - - - b,,, and
since a, cannot divide the unit «, it follows by part (b) that ¢, divides some b;.
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By renumbering if necessary, we can write b; = a,u, for some element, € R.
Since b, is irreducible and aq, is not a unit, this forces u; to be a unit. We now

have

ayadz -ty = uu1a1b2b3 - bm .
We can cancel @, by L.emma 16.5(a}, and the inductive hypothesis then yields
the result. |

(16.9) LEMMA., Let R bea PlD and lera € R. The following are equivalent:

1. alisprime.
il. a is irreducible.
i, (a)is a maximal ideal.

Proof. That (i) implies (1i) foliows by Lemma 16.8(a). Now assume (ii}, so that
is irreducible. Since a is not a unit, we have 1 & (a) and hence (@) < R. To
show that (a) is a maximal ideal, suppose that f is some ideal with (a) € I C R.
We must show that either J/ = (@) or I = R.

Since R is a PID, we can write I = (b) for same element & € R. Because
a & (a) € I = (b), we have a = bx for some x € R, and the irreducibility of
a forces eitherborx tobeaunit. lf bisaunit, then 7 = (b) = R,andifx is a
unit, then b = ax~! € (a) and so () € {a). In the latter case, I = (b) = (a).
This completes the proof that (11} impltes (ii1).

Finally, assume (iii). Since (@) is a maximal ideal, it is certainly prime,
Therefore a is a prime element and (i) holds, |

{16.10) THEOREM. [et Rbea PID. Then R isa UFD.

Proof. Since R is noetherian, condition (i) of Definition 16.7 holds by Lemma 16.6.
To prove condition (ii) of Definition 16.7, suppose that

@qaz---ap = bbby by,

where e¢ach a; and b; is irreducible. By Lemma 16.9 each a; is prime and so
Lemma 16.8(c) applies (with u = 1). We conclude that m == n and that (after
possible renumbering) b; = u;a;, where the u; are units. This is the required
condition. |

The key to our proof that a PID is necessarily a UFD was the part of Lemma
16.9 that asserts that in a PID, every irreducible element is prime. In fact, it is easy
to see that this is true in any UFD.

(16.11) LEMMA. [Leta € R beirreducible, where R is a UFD. Then a is prime.

Proof. We certainly know that a is a nonzero nonunit, and so it suffices o assume
that a|xy for x, y &€ R and 10 show that either a].x or a|y. We have ab = xy
and we may assume that neither x nor y is zero or is a unit. Also, b is nonzero
and, furthermore, £ is a nonunit, since otherwise we would have g = x(yb™!)
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and this would contradict the irreducibility of a. (Note that neither x nor yb™!
is a unit.)

Each of x, v, and & cun be written as a product of irreducible factors x;, y;,
and b;, respectively. The equation ab = xy thus yields

ab\by by = X102 X, V2 Ve

and since « is one of the irreducible factors on the left, there is a unit # such that
au is equal to one of the x; or one of the y;. In particular, au divides either x or
v, and hence a divides one of these elements, as required. N

Because of Lemnmas 16.11 and 16.8(a), the words “prime” and “irreducible” are
often used interchangeably about elements of a UFD. If RisaUFD and a € R is
any nonzero element, we can unambiguously discuss the “number of prime factors”
of a. If a is a unit, this is zero, and otherwise it is the number of (not necessarily
distinct) primes (or irreducibles) that occur in a factorization of a as in condition (i)
of Definition 16.7. Also, we refer to two elements a, » € R as being coprime or
relatively prime if they are not both zero and they bave no common prime divisor.

16C

The converse of Theorem 16.10 1s false; not every UFD is a PID. Perhaps the simplest
counterexampie is the ring Z[ X'], which we have already observed is not a PID. That
it is a UFD follows from the following general result,

(16.12) THEOREM. [let R be a UFD. Then R[X] is also a UFD,

Throughout the following discussion leading to a proof of Theorem 16.12, we
assume that R 1s a domain. We first identify the units of R[X]. As usual, we view
R as a subring of R[X] and we observe that every unit of R is still a unit in R[ X].
Also, these are the only units in R[X], since no polynomial of positive degree can
possibly have an inverse. (This is because R is a domain, and so the degree of a
product is the sum of the degrees of the factors.)

Next we observe that the irreducible elements of R remain irreducible in R[X].
To see this, observe that if a € R is irreducible, then it is a nonzero nonunit, and if
a = xy for x, y € R[X], then necessarily both x and y have degree 0 and hence lie
in K. One of them 1s therefore a unit, and hence a is irreducible in R[X].

There exist irreducible elements of positive degree in R[X] also. To describe
these, we say that a nonconstant polynomial f € R[X] is primitive if the only
elements of R that divide f in R{X] are the units of R. Since an elementa ¢ R
divides f € R[X] precisely when a divides each of the coefficients of f, we see that
the primitive polynomials are exactly those nonconstant polynomials for which the
only common divisors of the coefficients are the units of R. In particular, every monic
potynomial is primitive. Taking R = Z, we see, for example, that the polynomials
4X? — 1 and 6X? + 10X + 15 are primitive, whereas 4X — 2 is not. If R is a field,
on the other hand, then every nonconstant polynomial is primitive,
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(16,13) LEMMA Ler R be a domain and suppose f € RIX] is primitive. If
f cannot be factored into two polynomials of positive degree, then f Is an
irreducible element of RIX.

Proof. Certainly, f is a nonzero nonunit. If f = xy, with x, ¥y € R[X], then by
hypothesis one of x or ¥ (say x) has degree 0 and hence lies in R. Since f is

primitive and x| £, we deduce that x is a unit. n

Next we must show that it R 1s a UFD, then R{X] has enough irreducible
elements so that condition (i) of Definition 16.7 holds. In particular, we need to
produce primitive polynomaials.

(16.14) LEMMA. Let R be a UFD and suppose f « R[X]is nonconstant. Then
there exists a € R and a primitive poiynomial g € R{X] such that f = ag.

Proof. Write n = n(f ) to denote the minimum number of prime factors for
the nonzero coefficients of f, and note that n{f ) is well defined by unique
factorization. Observe that n = Q precisely when f has some unit coefficient,
and in this case, f is primitive.

We work by induction on n. If f is primitive (and, in particular, if n = 0),
we can take 4 = 1 and there is nothing to prove. We may assume, therefore,
that there is some nonunit b € R such that b| £, and we write £ = bh for some
polynomial & € R[X]. Since b has a prime factor, we see that n(h) < n(f),
and hence by the inductive hypothesis, # = cg for some element ¢ € R and
some primitive polynomial g. The result now follows by taking ¢ = bc. u

(16.15) COROLLARY. Let R be a UFD. Then every nonzero nonunit of R[X]
is a product of irreducible elements, each of which is either a prime of R or a
prinutive polynomial that cannot be factored into two polynomials of positive
degree,

Proof. let f € R[X] be a nonzero nonunit and write n = deg( f). We prove by
induction on n that f can be written as a product of irreducibles of the specified
types. If n = 0, then f € R, and hence f is a product of primes of R. Since
these are irreducible in R[X ], we are done in this case.

Now assume n > 0. If f = gh, where g and & have positive degree, then
each of g and % has degree less than », and so by the inductive hypothesis,
each is a product of irreducibles of the two types. We are done in this case, and
50 we may assume that f has no such factorization. If f is primitive, it is
irreducible and we are done. Finally, if f is imprimitive, we can write f = ag,
where g 1s primitive and @ € R is a nonunit. Now g does not factor into two
polynomials of positive degree and a is a product of primes of R. The proof is
now complete. |

To verify condition (ii) of Definition 16.7, and thereby complete the proof that
R[X] is a UFD when R is, it suffices by Lemima 16.8 to show that irreducible
elements of each of the two types we have found are actually prime in R[X].
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(16.16) THEOREM. Let R bea UFD and suppose tharm € R is prime. Then
is prime in R[X].

Proof. Suppose that | fg, where f, g € R[X]. We must show that eithern'| for
T (g. In other words, we must show either that every coefficient of f is divisible
by m or that every coefficient of g is divisible by .
Let R be thering R /() and note that the canonical homomorphism a — @
of R onto R extends naturally to a homomorphism R[X] -» R[X] by mapping

ZQ,-X" > ZH,-X‘- .
(We omit the trivial proof that this is, in fact, a ring homomorphism.)
Since each coefficient of fg lies in the ideal (r), we have 0 = fg = f3.
However, since = is prime, the ideal (zr) is prime and so R isadomain. It follows

that R[X] is a domain and hence cither f = 0 or ¥ = 0. Thus, as required,
either all coefficients of f or all coefficients of g are divisible by 7. .

To complete the proof of Theorem 16.12, we need the following fact.

(16.17) THEOREM. Let R be a domain. Then R is a unitary subring of some
field F with the property that every element a € F is of the form o = a/b,
wherea, b € R.

A field F as described in Theorem 16.17 is called a field of fractions or quotient
field of R. For example, the rational number field Q is a field of fractions for Z.
It tums out that for every domain R, there is a unique (up to isomorphism) field of
fractions. The process used to construct the field of fractions of a domain, called
“localization,” is much more widely applicable in ring theory than merely in the
proof of Theorem 16.17. We devote the final section of this chapter to the study of
localization, but for now, let us assume Theorem 16.17 and complete our discussion

of UFDs.

(16.18) LEMMA. Let R be a UFD and suppose that f, g € R[X] and that f is
primitive. Let F be a field of fractions for R and suppose that flg in FiX].
Then f‘g in RIX].

Proof. Write g = fh, where h € F[X]. Each coefficient of 4 has the form a /b for
suitable elements a, b € R with b # 0. If we multiply 2 by the product of the
denominators of its coefficients, we get some polynomial in R[X]. It follows
that we can find a nonzero element ¢ € R such that cg = fk, where k € R[X].
Choose ¢ with this property such that the number n of prime factors of ¢ is as
small as possible. If n = 0 so that ¢ is a unit, we have ¢ 'k € R[{X] and thus
f | g in R[X], as required. We complete the proof by obtaining a contradiction
ifn > 0.

Suppose 7 € Risprimeandn|c. Then s 'fk. By Theorem 16.16, however,

we know that 7 is prime in R{X], and it follows that either n'] form fk. Since
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f is primitive, the latter must hold, and we write ky = (1/7)k € R[X]. Since
(c/m)g = fko and ¢/ has fewer than n prime factors, this is our desired
contradiction. [

(16.19) LEMMA (Gauss). Ler R be a UFD with field of fractions F. Suppose
O # f € R[X]and f = gh for some g, h € F[X). Then f = gohg for
polynomials gg, hg € R[X], where go = ag and hy = Bh for suitable elements
o, B € F. Inparticular, the degrees of go and hg are equal to those of g and h,
respectively.

For example, consider the polynomial f(X) = X? — X — 6 € Z[X]. Imagine
that we do not know how to factor this polynomial in Z[X], but that somehow we
discover the factorization

2 3

in Q[X). What Gauss’s lemma tells us is that there must exist some corresponding
factorization in Z[X]. In fact, if we muitiply the first factor by @ = 3/2 and the
second by 8 = 2/3, we obtain polynomials in Z[X] whose product is f. Note that
in the situation of Lemma 16.19, we always have aff = 1,

Proof of Lemma 16.19. Note that ¢ and /~ are nonzero. Multiplication of g
by the product b of the denominators of its coefficients yields the polynomial
bg € R[X]. By Lemma 16.14 we can tind a primitive polynomial g, € R[X]and
an element @ € R such that bg = age. Writt = bfa € Fand 8 = a/b & F,
and note that f = (ag)(Bh) and that wg = g, is a primitive polynomial in
R{X]. Since go divides f in F[X], Lemma 16.18 implies that g, divides fin
R{X]. Thus by = h = f/go € R[X], and the proof is complete. |

Proof of Theorem 16.12. 'What remains is to show that if f € R[X]is primitive
and does not factor into two polynomials with positive degree, then f is prime.
Lct £ be such a polynomial, and suppose f|kI with k,7 € R[X].

Let F' be a tield of fractions for R. We claim that f is irreducible in F[X].
If this were false, we could write f = gh with g, & € F[X], each of positive
degree. By Gauss’s lemma {16.19), then, f = goho with go, By € R[X], and
we have deg(ge) = deg(g) > 0 and deg(hy) = deg(h) > 0. This contradicts
the assumptions on /.

Now F[X]is a PID and f is irreducible and hence prime in F[X], and so
f must divide one of &k or/ (say k) in F[X]. Since £ is primitive, however, we
deduce from Lemma 16.18 that f divides k in R[X], as required. [

Polynomial rings in several indeterminates over fields (or UFDs) are other ex-
amples of UFDs. If R is any ring and X and ¥ are two indeterminates, we can
define the polynomial ring R{X, Y] as the set of all formal linear combinations of
“monomials” XY/ with coefficients from R. (We allow, of course, at most finitely
many nonzero coefficients.) Polynomials in X and ¥ are added and multiplied in
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the obvious ways, making R{X, ¥'] into a ring. Note that any f € R[X, Y] can be
viewed as a polynomial in Y with coefficients from R[X]. For instance,

aX?®Y +bXY? 4+ cX +dY +e= BX)Y* + (@X*+dY + (cX + ).

It follows that R[ X, Y] = (R[X]D[Y]. Similarly, we can work with polynomial rings
in any number of indeterminates.

(16.20) COROLLARY. LetR beaUFD.Then R[X,,X,,...,X,)isa UFD.

Proof. Use induction on #, starting with the trivial case where n = 0. We have
that R[X,, ..., X, ] = S[X,], where § = R[X,, ..., X,_]. By the inductive
hypothesis, S is a UFD and the result follows by Theorem 16.12. N

We should point out that polynemial rings in two or more indeterminates over
a field are never PIDs. In fact, it is easy to see that the ideal generated by the two
polynomials X and Y is not principal.

Before we conclude our study of UFDs, we mention another application of
Gauss’s lemma (16.19). This is the Eisenstein criterion for proving the irreducibility
of certain polynomials in F[X], where F is a field (such as Q) that is a field of
fractions of a UFD.

(16.21) THEOREM (Eisenstein criterion). Let R be a UFD with fraction field
Fandlet f € R[X]). Write

fFX)=a, X" +a, X" '+ +a1X +ay.

Then f is irreducible in F{X]if there exists a prime m € R for which all of the
following hold:

i mfa,.
ii. mla for0<i <n,
iii. 72}ao.

For example, taking F = @ and R = Z, we see that the polynomial 5X* +
18X - 12 is irreducible in Q[ X], using the prime 7 = 3.

Proof of Theorem 16.21. If f is not irreducible in F[X], then by Lemma 16.19
we can write f = gh, where g, h € R[X] and each of g and & has positive
degree.

Now let R = R/() and extend the natural homomorphism @ — @ to a
ring homomorphism f > f of R[X] — R[X). By conditions (i) and (ii) we
have g/ = f = a, X" #£ 0.

We argue that § = bX* and £ = X’ for some elements b, c € R and
positive integers k, [. To see this, note that since 7 is prime in R, it follows that
the ideal (or) is prime, and so R is a domain and thus is contained in some field
K by Theorem 16.17. The factorization f = gh can be viewed as happening
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in the ring K[X). Since (in this ring) f is a unit multiple of a power of the
irreducible polynomial X, it foliows by the uniqueness of factorization in the
ring K[X] thateach of g and £ is a unit multiple of powers of X, as claimed. To
see that &, I > O, it suffices to observe that & == deg(g) < deg{g) and similarly
[ = deg(h). Since n = k + 1 = deg(g) + deg(h) = deg(f) = n, we have
equality throughout, and & = deg(g) > O and ! = deg(k) > 0.

It follows that the constant terms of g and 4 are zero, and thus the constant
terms of g and A are each divisible by 7. Since aq, the constant term of £, is

the product of these, we conclude that Jrzlag, contradicting (iii). »

Applying the Eisenstein criterion in Q{X] {with R = Z), we see immediately
that polynomials of the form X" — p and X" 4 p are irreducible for prime numbers p.
A less obvious application of the Eisenstein criterion is to show for prime numbers
pthat f(X) = XP"'+ X2 ... + X + 1 is irreducible in Q[X]. The trick here
is to define a new polynomial by the formula g(X) = (X + 1) and to apply the
Eisenstein criterion to g. We conclude that g is irreducible and deduce fro n that
that f is irreducible, too.

We need to compute the coefficients of g(X). An easy way to do this is to
observe that (X — 1) f(X) = X? — 1. Substituting X + 1 for X and recalling that
substitution (evaluation) is a ring homomorphism, we conclude that

Xg(X):(X+1)P—1=Zp:(‘?)X".
i=1

It is easy to see from this that the Eisenstein criterion does apply to g (with respect to
the prime p}, and g is irreducible. Now if f = £ 2 with fi, f2 € Q[X] of positive
degree, then g(X) = f(X + 1) = fi(X + D) f2(X + 1), and this contradicts the
irreducibility of g. Therefore £ is irreducible, as claimed.

We mention that the polynomial f that we just considered is an example of a
“cyclotomic” polynomial. In Chapter 20 we study these polynomials in some detail
and, in particular, we prove Gauss’s theorem that all cyclotomic polynomials are
irreducible over Q.

16D

We now consider the technique of “localization,” which we use to prove Theorem
16.17 and which appears again in Chapters 26 and 27. Let R be an arbitrary commu-
tative ring. A subset M < R is called a multiplicative systemin Rif |l e M, 0 ¢ M,
and M is closed under multiplication. For example, if R is a domain, then the set
R — {0} is a multiplicative system in R, and more generally, for any ring R, if P is
a prime ideal, then R — P is a multiplicative system. Another important example is
the set M = {@" | n = 0}, where a € R is not nilpotent.

Given a multiplicative system M € R, we would like to embed R in 2 unitary
overring 5 so that each clement of M is invertible in §. In general, this is not possible;
a necessary condition is that the ideal 7 of the next lemma is trivial.
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(16.22) LEMMA. Let M © R be a multiplicative system and let I = {r € R |
rm = 0 for some m € M}. Then [ is a proper ideal, and if every element of M
is invertible in some unitary overring S2 R, then I = 0.

Proof. Certainly 1 ¢ I'since0 € M,andsol < R. Ifx,ye I,Lletm,ne M

with xm = 0 and yn = 0. Thenmn € M and (x — y)(mn) = 0. It follows that

x — v € [, which is therefore an additive subgroup of R. (Of course, 0 € / and

sol #@) Ifx e lfandr € R, choosem € M withxm = 0. Then (xr)m =0
and hence xr € I, and this proves that / is an ideal.

Now suppose § 2 R and that each element of M is invertible in §. Then

if x € I, choose m € M with xm = 0. Working in S, we find this yields

x = (xm)m~! = 0, as required. »

If M € R is a multiplicative system, we write Z(M) to denote the ideal [ of the
previous lemma. As the following theorem shows, this ideal is the only obstruction
to the construction of an overring S in which the elements of M are invertible. We
note that if R is a domain, then Z(M) = 0 for every multiplicative system M C R.
For domains, therefore, we can always construct the overring S.

{(16.23) THEOREM. Let M C R be a multiplicative system and assume that
Z(M) = 0. Then there exists a unitary overring S 2 R such that every element
of M is a unit in S and every element of S has the form rm~" for some r € R
andm e M.

Proof. Let F be the set of ordered pairs (a, m), wherea € Randm € M. (To
motivate the calculations that follow, think of (g, m) as the formal “fraction”
a/m.) Forelements (a, m) and (b, n) € JF, write (a, m) ~ (b, n) if an = bm.
We claim that this is an equivalence relation on F. The reflexive and symmetric
properties are trivial and we need only to check transitivity. Suppose then that
(a,m) ~ (b,n) and (b, n) ~ (c,i). Then an = bm and bl = cn. Thus
anl = bml = cnm, and so ni{al —em) = 0and al ~cm € Z(M) = 0.
Therefore (a, m) ~ {c, I), as required.

Now let § be the set of equivalence classes under ~. We use the notation
[a/m]to denote the class containing (a, m), sothat [a/m] = [B/n]iffan = bm.
Our next goal is to define addition and multiplication on § so that .S becomes
a ring.

If [a/m], [b/n] € S, define [a/m][b/n] = [ab/mn]. (Note that mn € M,
so that the right side makes sense.) We need to prove that this multiplication
is well defined. In other words, if [a/m] = [a'/m’] and [b/n] = [b'/n'], we
must prove that [ab/mn] = [a'b’/m'n’]. We have am’ = a’'m and bn’ = b'n.
Multiptying these, we get (ab)(m'n’) = (a'b')(mn), as required.

Next we define addition in § by the formula

4[] [z

We must show that this i1s well defined and hence we need to deduce that
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(an + bm)(m'n’) = (a'n’ + b'm")(mn), assuming am’ = a'm and bn' = b'n.
This follows readily, and we omit the details.

The commutativity and associativity of these operations and the distributive
law are easy to check, as are the facts that [0/1] is an additive identity and [1/1] is
a multiplicative identity. Also, [a/m] + [—a/m] = [0/m] and [0/m] = [0/1],
since 0 - 1 = 0-m. At this point, we know that § is a ring.

Next we embed R into §. Let8 : R — Sbedefined by 8(a) = fa/1}. Itis
trivial to check that this is a nng homomorphism. If a € ker(f), then [a/1] =
{0/1]. From this we conclude that 4 = 0, and thus & maps R isomorphically
into S. We identify R with 6(R) C S via #, and we note that this makes S into
a unitary overring of R since (1) = [1/1] is the unity of S.

Iftm ¢ M C R, then m is identified with [m/1] € S, and we note that
[m/11[1/m] = [m/m] = [1/1]. Thus m = [{m/1]is aunitin § and m~! =
[1/m]. Finally, if [a/m] € .S, we can write [a/m] = [a/1][1/m] = am™!, and
the proof is complete. n

Proof of Theorem 16.17. Apply Theorem 16.23 with M = R — {0} in the doimain
R. To show that the resulting ring § is a field, let s € § with s # 0. Then
s = am™! for some a,m ¢ R withm #% 0. Also g # Osince s &£ 0, and so a
is invertible in S. Writing t = ma~! € §, we have st = I, and this shows that
every nonzero ¢lement of S is invertible, as required. -

The ring .S whose existence is guaranteed by Theorem 16.23 is called the /o-
calization of R at M. To justify the phrase “the localization,” we should show that
(up to isomorphism) only one ring can satisfy the conclusion of Theorem 16.23,
Actually, we can prove a bit more than this,

(16.24) THEOREM. Let0: R; — R; be a ring isomorphism and let M, < R,
be a multiplicative system. Write M, = 0(M,) and let S, and S, be rings that
contain R\ and R, and satisfy the conclusions of Theorem 16.23. Then 0 has a
unique extension @ . 8, — & such that @ is an isomorphism.

Proof. Since p is supposed to extend 8, we must have ¢(a) = 9(aq) fora € R,
and so p(am™") = 8(a)8(m)~" fora € R, and m € M;. This proves that ¢ (if

it exists) is unique, and it tells us how to define ¢ on S;.
Ifs € S;, write s = am™! witha € R, and m € M|, and define ¢(s) =
8(a)f(m)~'. (We are using the fact that 8(m) € M, so that #(m) is invertible

in $;)
We need to show that ¢ is well defined. If also s = bn~! with & € R,
and n € M, then we must establish that 8(@)8(m)~' = 6(B)&(n)"!. Since

am™' = bn~!, we have an = bm and so #(a)8(n) = 8(b)P (m), and the desired
equality follows.

Next we must show that ¢ really is an isomorphism of §; ento S,. For
instance, if s = am™' and t = bn~!, we must compute ¢(s + f). We have
s+t = (5 +Dmu)ma)y! = (an + bm)@mn)~', and this enables us to
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compute that (s + 1) = @(s) + (1), as required. The rest of the proof is even
more trivial and we omit the details. |

(16.25) COROLLARY. Let M C R be as in Theorem 16.23, and let S| and S,
be two rings that satisfy the conclusions of thar theorem. Then S, = S, via an
isomorphism that is the identity on R. -

It 15 interesting to note that we have not referred to the proof of Theorem 16.23,
only to its statement. In fact, the real meaning of Theorem 16.24 and Corollary
16.25 is that one never needs to refer back to the construction of the localization S.
All of the information we might ever need (up to isomorphism) is contained in the
statement of Theorem 16.23.

What de we do if we want to localize at some multiplicative system M < R,
but we find that Z(A) > 07 This is not really a serious problem, since we can just
“mod out” the obstruction.

(16.26) LEMMA. et M C R be a multiplicative system and let I = Z{(M).
Write R = R/I, where we write @ to denote the | image of a under the canonical
homomorphism. Then M is a multiplicative system in R and Z(M) = 0.

Proof.  Certainly, M is closed under multiplication in R and T € M since 1 ¢ M.
If0 € M, then there exists m ¢ M N1, and so mn = O for some n € M,
Since mn € M, this is a contradiction, and so 0 & M. It follows that M is a
multiplicative system in R, _

Now let7 € Z(M). Thenrm = Oforsomem € M,andthus rm € I. It
follows that there exists n € M with (rm)n = 0. Then r € [ since mn € M,
and we have 7 = 0 as desired. =

If M € R is a multiplicative /e system and { = Z{M), we can first construct
R = R/I and then localize at M to get a ring S containing R. This gives the
following corollary.,

{16.27) COROLLARY. Let M C R be a multiplicative system. Then there exists
aring S and a homomorphism @ : R — S such that

a. ker(f) = Z(M),

b. 8(1) =1,

c. O(M) consists of invertible elements, and

d. every element s € S is of the form s = 6(a)?(m)™! for some a € R and
meM. [ |

Infact, analogs of Theorem 16.24 and Corollary 16.25 hold in this situation, too,
although we do not give the precise statements or proofs. Even when Z(M) # 0,
the ring § of Corollary 16.27 is usually called the “localization” of R at M. Tt is
important to remember that in this generality, it is not true that R is embedded in S;
there 1s only a homomorphism R — § with kernel equal to Z(M).
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16E

We conclude this chapter with a result concerning modules over PIDs. Recall that
the fundamental theorem of abelian groups (7.10) asserts that a finite abelian group is
necessarily a direct sum of cyclic subgroups. This can be generalized considerably.
First, the finiteness requirement can be weakened: the result holds for all finitely
generated abelian groups. Next, we note that abelian groups are really just Z-
modules. An analog of the fundamental theorem holds not just for finitely generated
Z-modules, but also for finitely generated modules over any PID.

Although the structure theorem on finitely generated moduies over PIDs is not
especially deep or difficult, we have decided not to present it here, We prove an
important special case in this section, and that enables us to extend Theorem 7.10 to
all finitely generated abelian groups. This case is also used in Chapter 28.

An R-module M is said to be torsion free if, whenever we have mr = @ with
m e M and r € R, eitherm = Oor r = 0. Recall that M is free if it has a basis:
a generating set that is linearly independent over R. Also, by Lemma 14.20 an R-
module is free iff it is a direct sum of submodules isomorphic to the regular module
R*, An abelian group is a free Z-module, therefore, iff it is a direct sum of infinite

cyclic subgroups.

(16.28) THEOREM. Let M beafinitely generated, torsion-free R-module, where
R isa PID. Then M is free.

(16.29) LEMMA. Supposea, b € R are notboth zero and have no common prime
divisor, where R is a PID. Then there exist u, v € R such that au + bv = 1,

Proof. Let 7 = {qu + bv | u,v € R). Then I is a nonzero ideal of R, and so
we can write / = (r) for some element » € R. If r is a unit, then / = R and
I € 7, as desired. Otherwise, there exists some prime of R that divides r, and
this prime thus divides every member of 1. Since g, b € I, this contradicts the
hypothesis. |

Proof of Theorem 16.28. We work by induction on the number n of generators
for M. If n = 0, then M = 0 and the result is trivially true. Assume that n = 0
and fix one of the given generators x. Note that if x € N € M, where N is a
submodule, then the R-module M /N is generated by n — 1 elements.

Since R is noetherian, the module M is noetherian by Theorem 12.19,
We consider submodules of the form yR for elements y € M, and we write
X = {yR | x € yR). Clearly X is nonempty, and thus we can choose a
maximal eilement N € X,

We claim that M /N is torsion free. In other words, we must show that if
Z € M and za € N for some nonzero element ¢ € R, then z € N. Choose
a with as few prime factors as possible such that za € N. Now N = yR for
some element y € M, and thus we have za = yb, where b € R. If g and b
have some common prime divisor 7, write @ = o and b = by, and note that
(zap — ybo)m = 0. Since M is torsion free, this implies that za, = yby € N,
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and this contradicts our choice of g. It follows that @ and & have no common
prime divisor, and by Lemma 16.29 we can write 1 = qau +bv, where u, v € R,
Wehave y = yl = y(au+bv) = yau+zav = (yu +zv)a. It follows that
N = yR is contained in (yu + zv) R, and this submodule clearly lies in X', By
the maximality of NV, we deduce that N = (yu + zv)R and thus yu + zv € N.
Since y € N, this yields zv € N, and it follows that z = z1 = z(au + bv) =
(za)u + (zv)b lies in N. This proves our assertion that M/ N is torsion free.
Because M /N is generated by n — 1 elements, we can apply the inductive
hypothesis and conclude that M /N is free, and thus it is projective by Corollary
14.25. By Lemma 14.28, therefore, we deduce that N is a direct summand of
M, and we can write M = N + F, where F is a submodule isomorphic to
M/N, and so it 1s free. Because M is torsion free, it follows that N = yR is
isomorphic to the regular R-module R®. Also, since F is free, it is isomorphic
to a sum of copies of R* by Lemma 14.20, and it follows by Lemma 14.20 that
M is free, as required. [}

(16.30) COROLLARY. Let A be a finitely generated abelian group. Then A is
the direct sum of cyclic subgroups.

Proof. Let T C A be the set of all elements of finite order in A. It is routine to
check that 7 is a subgroup (called the forsion subgroup) of A and that A /T is
torsion free as a Z-module. Since A is finitely generated, the factor group A/ T
is also finitely generated, and it follows by Theorem 16.28 that A/T is a free
Z-module. By Lemma 14.28 we conclude that A is the direct sum of 7 and a
free Z-submodule F. Since F is a direct sum of cyclic groups, it suffices to
show that T is also a direct sum of cyclic groups, and this follows from Theorem
7.10 if we can show that T is finite.

Now T = A/F and so T is finitely generated. Suppose that T has n gener-
ators and that e is the maximum of the orders of these generators. Every element
of T is a Z-linear combination of the generators with nonnegative coefficients
less than e. It follows that there are at most ¢” possible choices for coefficients,
and thus |T| < " and T 1is finite. ]

Problems
16.1 Letn ¢ Z and write o to denote either of the square roots of »n in €. Show
that Z[w] = {a 4+ b | a, b € Z}.
16.2 Let R C Chedefined by R = {a + bi~/5 | a, b € Z}, so that R is a subring
of C by Preblem 16.1. Prove that R is not a UFD,
HINT: Ifr € R, then |r|? € Z. Note that 2 - 3 = (1 + i/3)(1 — i/5).
16.3 Let R be a UFD with fraction field F and suppose that @ € F. Show that

it is possible to write & = a/b, with a, b € R and such that @ and b are
coprime in R.
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16.4

16.5

16.6

16.7

16.8

16.9

16.10

16.11

Let R be a UFD and let F be the field of fractions for R. If f{x) = 0, where
f € R[X]is monic and &« € F, show thatx € R,

NOTE: A corollary is the fact that if m € Z and m is not an nth power in
Z, then /m is irrational.

Let F be a finite field. Show that F[X] contains irreducible polynomials of
arbitrarily large degree.

NOTE: In fact, there are irreducible polynomials of every degree greater
than zero. This is harder to prove, however.

Let R be a noetherian UFD and suppose that whenever a, b € R are not
both zero and have no common prime divisor, there exist elements y, v € R
such that ai + bv == 1. Show that R is a PID.

Let R be a PID with field of fractions F',and let SbearingwithR € S C F.
a. Ife € 5, show thata = a/b, witha, b€ Rand 1/b € S.

b. Show that § is a PID.

HINT: Use Problem 16.6 for part (a). If I < S is an ideal, consider
J=RNI

The ring R is said to be local if it has a unique maximal ideal. (Note that
the maximal ideal of a local ring consists precisely of the nonunits of R.)
Suppose that a, & € R, where R is local, and that a|b and b|a. Show that
b = uqa for some unit « € R.

NOTE: By Theorem 14.31 a commutative artinian ring R is a direct sum
of a finite number of minimally potent ideals and each of these, viewed as
aring, is local by Lemma 14.34. It follows easily that if alb and b|a in any
artinian (commutative) ring, then b = na for some unit «.

Let R be the nng of all continuous real valued functions on the interval
—1 < x =< 1. (Addition and multiplication are defined pointwise.) Let

2x+1 for—1<x=<—1/2
Sx) = {0 for —1/2 <= x <« 1/2
2x—1 forl/2 =x <1,

and let g(x) = |f(x)|. Show that f, g € R and that f|g and g|f but that
thereisnounitu € R withg = uf.

Let F be any field and let g, 2 € F[X] be coprime polynomials of positive
degree. Let ¥ be a new indeterminate and let E be a field of fractions for
FlY], so that £ € F[Y] € FE and we can view g, h € E[X]. Define
S € E[X]by f(X) = g(X)— Yh(X). Show that f is irreducible in E{X].

Let P beaprime ideal of R and write M = R— P, Let S be the localization of
R at M with@ : R — $ the natural homomorphism (with ker(8) = Z{M)).
Finally, let Q be the ideal of S generated by 8 (P).
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a. Show that @ = {#(a)/6(b) |la€ Pand b€ R — P}.
b. Show that  is the unique maximal ideal of S (and so § is a local ring).

NOTE: This explains the word “localization”.

16.12 Let R be a subring of a field E. (Note that this forces R to be a domain.)

a. Show that R is a unitary subring of E.
b. Show that there exists a unique subfield F € E (with F 2 R) such that
F 15 a field of fractions for R.

16.13 Let F be a field and suppose that £ is a field of fractions for the domain

R = F[X,, X;, ..., X,]. Show that each permutation of the indeterminates
X; extends to an automorphism o of E with the property that o (o) = « for
allee € F.

HINT: Show first that R has such an automorphism.



CHAPTER SEVENTEEN

Field Extensions

17A

In group theory it is customary to ask questions about the subgroups of a given group.
In field theory this point of view is usually reversed; we start with some particular
field F and examine fields that contain it. (These are the extension fields of F.) For
mstance, we may have in mind a polynomial f € F[X] for which we seek roots,
that is, elements @ € F such that f{x) = 0. It may be that f has no roots or has
insufficiently many roots in F, and so we can look in various extensions of F in the
hope of finding more roots.

Note that if # € E is a field extension, then the unity element of E is auto-
matically the unity of F, and the characteristic of E is the same as that of ¥. Also
F[X] & E[X], and so any polynomial with coefficicnts in F can be viewcd as lying
in £[X). We mention that in the field extension F < E, the field F is often called
the ground field.

Let F C E be ficlds. An element & € E is said to be algebraic over F if there
€xists some nonzero polynomial f € F[X] such that f(&) = 0. (For instance, the
real number +/2 is algebraic over Q since it is a root of F(X) = X? — 2 € Q[X].)
An element of E that is not algebraic over F is transcendental over F. (The real
numbers ¢ and v, for instance, are known to be transcendental over Q, although it
is far from a triviality to prove this.)

To produce examples of transcendental elements in extensions of an arbitrary
field F, consider the polynomial ring F[¢] in the indeterminate ;. The field of
fractions of the domain F(z] is denoted F(¢), and it is usually called the field of
rational functions over F in the indeterminate 7. Note that the elements of F(z) are
fractions of the form f(1)/g(t), where 0 £ g € F[t]. These “rational functions”
are not exactly functions, however, since, for instance, 1/¢ and 1/(+ — 1) have no
values at t+ = Q0 and ¢t = 1, respectively.

Because of the natural embeddings F € F[t]and F[t] € F(t), we usually view
F < F(r) and we have a field extension. The element r € F(¢) is transcendental

254
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over F since if f(t) = 0 for some f € F[X], then necessarily f = 0. (This is
because the evaluation homomeorphism F{X] — F[t] obtained by substituting ¢ for
X is an isomorphism.)

In any field extension F C E, the elements @ € F are certainly algebraic over
F (since « is a root of X — a). As wc shall see, in the rational function field F(?),
the only elements that are algebraic over F are the elements of the ground field F.

We need 1o introduce the notion of the “degree” of a ficld extension in order to
have a method for deciding whether or not an element is algebraic.

Suppose F is a field and R is an integral domain that comtains . (Note that
this forces R to be a unitary overring of F.) In this situation, we may view Rasa
vector space over F. Vector addition is just the ordinary addition in R, and scalar
muitiplication is defined as multiplication in R by elements in F.

In this situation, if R has finite F-dimension, we write |{R : F| to denote this
dimension; otherwise, we write |R : F| = o0. (Some authors use the notation
[R : F] for this number.) In particular, if £ 2> F is a field extension, then |E : F|
is the degree of the field extension. Thus, for example, R C C is an extension of
degree |C : R| = 2, and Q € R is an infinite degree extension. Of course, F C F
always has degree 1 and, conversely, if F € E has degree 1, then E = F.

(17.1) LEMMA, Let FCR, where Fisafieldand R isadomain. If|R : F| <00,
then R is a field.

Proof. Leta € R with o % 0. Our objectis to find 8 € R with @8 = 1, proving
that « is invertible.

Define 8 : R — R by 0(r) = ar and observe that 8 is an F-linear operator

on R and that ker(#) = O since R is a domain and & 7 0. By elementary linear
algebra, therefore,

dimg(8(R)) = dimg{R) — dimg(ker(8)) = dims(R) .

and since dimgz(R) is finite, we conclude that the subspace #(R) cannot be
proper. In particular, 1 € 6(R), as desired. »n

If F C E is a field extension and @ € E, recall that Fla] denotes { f(x) | f €
F[X]}. In particular, Fio] is a subring of E containing F, and since it is contained
in a field, F[a] is certainly a domain. In general. F[a] may not be a field, and we
define F(a) to be the set of all quotients u /v (computed in E), where u, v € Fla]
and v # 0. Then F(x) is a (the) field of fractions of F[x]. It is easy to see that
F () is the unique minimal subfield of E containing both F and «. It is called the
subfield of E generated by o over F.

(17.2) LEMMA, Let F C E be q field extensionandleta ¢ E.

a. If a is transcendental over F, then Flo] = F[X).
b. If o is algebraic over F, then |Fla] : F| < deg(f), where f € F[X]isany
nonzero polynomial such that f(a) = 0.
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Proof. Let# : F[X] — E be the evaluation homomorphism at ¢. Then Fla] =
(F[X]), and if « is transcendental, we see that ker(¢) = 0 and (a) is proved.

To prove (b), it suffices to show that the elements 1, «, a?,...,a"" ! span

Fla} over F, where n = deg(f). An arbitrary element of F[c] has the form

g() for some polynomial g € F[X]. By the division algorithm (16.3), we

have g = fq + r, where g, r € F[X] and either deg(r) < n orr = 0. Since

f(a) =0, we have g(«) = r (), and certainly r () is an F-linear combination

of l,a, ...,a" L, as desired. m

(17.3) THEOREM. lLet F € E be a field extension and let « € E. Then the
Jollowing are equivalent:

i. «isalgebraic over F.
ii. |Fla]: F| < oo.

iii. Fla]is afield.

iv. Fla]= F(a).

Proof. First we note that (iii) and (iv) are clearly equivalent. That (i) implies (ii)
is immediate from Lemma 17.2(b); that (ii) implies (iii) follows from Lemma
17.1. If (i) is false, then o is transcendental over F' and Lemma 17.2(a) yields
that Fla] = F[X], which is certainly not a field. This establishes that (iii)
implies (i). [ |

(17.4)y COROLLARY. Ler F C E be a finite degree field extension. Then every
element of E is algebraic over F.

Proof. Ifa € E,then Fle] € E, and so |F[e] : F| < |E : F| < oc. Therefore
a is algebraic by Theorem 17.3. |

A field extension in which every element is algebraic over the ground field
is called an algebraic extension. By Corollary 17.4 finite degree extensions are
necessarily algebraic. The converse is not true, however. For instance, if we let
A = {e € C | « is algebraic over (B}, then in fact A is a field and |A : Q| = oo.
(That A is a field is our next theorem, and that it has infinite degree over () appears
as Corollary 17.10.) Of course, A 1s algebraic over Q. The field A is called the field
of algebraic numbers, and the subfields of C that are of finite degree over QQ are all
contained in A by Corollary 17.4. These fields are called algebraic number fields.
Note that A itself is not an algebraic number field.

(17.5) THEOREM. Let F C E be any field extension. Then
A = {ox € E | ais algebraic over F}
is a subfield of E containing F .
We need a leinma.

(17.6) LEMMA. Letr F C E C L be fields. Then |L : F|is finite iff both |E : F|
and \L. : E| are finite. In thiscase, |L : F|=|L : E||E ; F|.
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Proof, If |L : F| < oo, then certainly {E : F| < oo since E is an F-subspace of
L. Also, any F-basis for L over F spans L over E, and so |L : E} < oo,

Now assume that |L : E| = m and |E : F| = n are both finite, and choose
bases [y, [, ..., I, for L over £ and e}, e5. ..., e, for FE over F. It suffices to
show that the elements /;e; are distinct and form a basis for L over F, where
l<i<mandl < j <n.

First suppose Y a;;l;¢; = O for some choice of coefficients a;; € F. Then

0=3 (Z ) L

and since Y a,;¢; € E and the /; are linearly independent over E, we conclude
that ), a;;¢; = 0 for each i. It follows from the linear independence of the ¢;
over F that q;; = O for all i, j. We now know that the elements /;¢; are distinct
and linearly independent over F.

To see that these elements span L over F,let! € L and write I = ) x;/;
with x; € E. Each coefficient x; can be written in the form x; = ) a;;¢; with

a;; € F, and thus
I = Za;jejl,- .
if

as required. u

Proof of Theorem 17.5. Of course, F € A, and so we need to show that A is a
subfield of E. In particular, if a, 8 € A, we must show that « — 8 € A and that
a/feAifB#0.

Now Fla] 1s a field by Lemma 17.2, and since 8 is algebraic over F, it is
certainly algebraic over the field Ffa] 2 F. Thus (F[a])[A] is a field and we
have F C Fla]l € (Fla])[B]. Now |Fla]: F| < coand |(F[ae])[8] : Flal| <
oo, and hence |(Fla])[B] : F| < oo by Lemma 17.6. By Corollary 17.4 the
elecments of (F[«])[8] are algebraic over F'. Since this field contains botha — 8
and o/ B (if B # 0), these elements are algebraic and thus lie in A. u

In particular, we have now proved that the algebraic numbers A form a field.
Note that it is trivial to find polynomials over (Q that have, for instance, the algebraic

numbers /2 and /3 as roots. We know that </2 + +/3 must be algebraic over (@, but
it is certainly not completely obvious how to find an explicit polynomial f € Q[ X]

such that f(~/2 4+ +/3) = 0,

(17.7) COROLLARY. [letF C Eand E C L be field extensions and assume E
is algebraic over F. If o € L is algebraic over E, then « is algebraic over F.

Before we give the proof of Corollary 17.7, we introduce some simplifying
notation. If £ € E and a, 8 € E, then (F[a])[B] and (F[B](x] are easily seen to
be the same thing, namely, the set of all f(x, 8) as f runs over F[X, Y]. We write
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F[a, B] to denote this object (which is a field if both o and 8 are algebraic over F).
Similarly, we write

Flay, az, ..., ap] = ¢ - ((FlagDaz DHead) - - e,

for ay, &2, ..., @, € E, and we observe that the resuit is independent of the order in
which we take the o;. If each «; is algebraic over F, then Fla,, ..., a,] is a field,
and by repeated application of Lemma 17.6, we see that it has fimite degree over F,

Proof of Corollary 17.7. Let f(a) = 0 with0 # f € E[X], and write f{X) =
e, X"+ -.-+ ey wheree; € Efor() < < n_ Since each ¢; is algebraic over F,
we see that K = Fleg, e, ..., ¢;] is a field and that it is of finite degree over F.
Also, f € K[X], and so « is algebraic over K and | K[«] : K| < oco. It follows
that |K[a] : F| < o0 and thus « is algebraic over F by Corollary 17.4, ]

In particular, ifa@ € C— A, then « is transcendental over Q, and thus by Corollary
17.7, @ must be transcendental over A. An extension such as A € C where every
element not in the ground field is transcendental is said to be totally rranscendental.
The following corollary gives another example of a totally transcendental extension,

(17.8) COROLLARY. Let F € E, where E = F{a) and « is transcendental
over F. If B € E — F, then B is transcendental over F and |E ; F(8)] < cc.

Proof, Since F(a) is the field of fractions of F[a], we can write 8 = u/v, where
u = f(a) and 0 # v = g{a) for polynomials f, g € F[X]. Let K = F(f8) and
define p € K[X]by p(X) = f(X)— Bg(X). Observethat p(e) = u—fv = 0.

Since 8 ¢ F and g # 0, the polynomial B8g{(X) does not lie in F[X] and
thus Bg(X) # f(X). It follows that p is nonzero, and thus ¢ is algebraic over
K and [K[e): K| < o0.

Now K] = K{a) D F(ae) = F and thus |[E : K| < o0. Since « is
transcendental over F, we have |[E @ F| = oo, and thus [K : F| = oo by
Lemma 17.6. It follows that 8 is transcendental over F. |

We now examine a little more closely the set of polynomials that have some
particular algebraic element as a root.

(17.9) THEOREM. Ler F < E befields and suppose a € F is algebraic over F.
Let I ={f € F[X]| f(x) =0}, Then I is an ideal of F[X] and the following
hold:

a. I contains a unigue monic irreducible polynomial.
b. If f € I isirreducible, then deg(f) = [|Fla]: F]|.
c. If f € I isirreducible, then I = (f).

d. Fla])= F{(X}/{.

Proof, Since 7 is the kemnel of the evaluvation homomorphism from F[X] onto
Fla], it 1s certainly an ideal, and (d) is immediate.
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Because F[X] is a PID, we can write / = {g) for some polynomial g ¢
F[X], and we note that g # O since « is algebraic. Also, g is nonconstant since
g(a) = (0. Multiplying by a scalar if necessary, we can assume that g is monic.

If f € I, then we can write f = gh for some polynomial 2. If f is
irreducible, we deduce that deg(%) = 0 and hence I = (f), proving (¢). This
also shows that if f € 7 is irreducible, then deg( f) = deg(g). If, in addition,
J is monig, then f = g, and this proves the uniqueness in (a).

To see that g is irreducible, we suppose that g = g,g,. Since g{a) = 0, we
have g;{x)g:{a) = 0, and so one of g;(a) = 0. Assuming that g,(x) = 0, we
have g, € I and hence g| g1. Since also gI[ 2, it follows that g» is a unit. Thus
g is irreducible and the proof of (a) is compiete.

What remains 1s to show that deg(g) = | Fla} : F{. By Lemmma 17.2(b) we
have deg(g) = |Fla] : F|, and so it suffices to find n = deg(g) elements of
Fla] that are linearly independent over F. We claim, in fact, that the elements
Lo, o, ..., a" ! are linearly independent. To prove this, suppose that

n—1

wherea, € F. Write f(X) = > a, X' andnote that f(x) = 0, so that f € I and
we can write f = gh. From its definition, however, we see that the polynomial
J cannot have a degree as large as n = deg(g). I follows that f = 0 and hence
all of the coefficients a; = 0. The result now follows., [

The unique monic irreducible polynomial m € F[X] for which m{a) = 0 is
called the minimal polynomial for a over F, and we write m = miny(a). Note
that the name “minimal” polynomial is explained by the observation that deg(m) =
| Fla] : F|, whereas by Lemma 17.2(b) we have deg(f) = |F[«] : F| for every
nonzero polynomial f € F[X] such that f{a) = 0.

In addition to the fact that deg(m) = | Fla] : F|, where m = ming(a), probably
the most useful consequence of Theorem §7.9 is that m divides every polynomial
f € F[X] for which f(«) = 0. Of course, the fact that m is defined to be monic
is irrelevant to these conclusions; it is needed only to guarantee the uniqueness of
ming (o).

As an example of how Theorem 17.9 can be applied, consider a prime number
p and an integer » > 1. By the Eisenstein criterion (16.21) we know that the
pelynomial X" — p is ureducible in Q[X]. Since the real number &P is a root
of this polynomial (which is certainly monic), we see that X" — p is the minimal
polynomial of »/p over @, and we conclude that |Q[.o/P) : Q| = . In particular,
since »/p lies in the field A of algebraic numbers, we see that [A : Q| > n for all
integers n > 1.

(17.10) COROLLARY. The field A of algebraic numbers is an infinite degree
algebraic extension of Q. m
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As an example of how additional information can be obtained by combining
Theorem 17.9 with Lemma 17.6, we will show how to deduce that the polynomial
X" — p is irreducible, not only over Q but even over certain larger fields. Suppose
that Q € F € Cand | F : Q| = m. where ged{m, n) = 1. We will show that X" - p
is irreducibie over F. (We cannot use the Eisenstein criterion to prove this, since we
do not have F written as the ficld of the field of fractions of a UFD.)

Let £ = F[y/p] and write f = ming(y/p), so that |E : F| = deg(f) and
|E Q) ={E : F||F : Q| = mdeg(f). By Lemma 17.6 we also see that |E : Q|
is divisible by |Q[/7] : @] = r. Thus r divides m deg(f), and hence n divides
deg( f) by the coprimeness assumption.

Now write g(X) = X" — p € F{X). Then g(/p) = 0, and so f|g by Theorem
17.9 and this gives deg(f) < n. Combining this with the result of the previous
paragraph, we get deg( f) = »n and thus f = g. Therefore g is irreducible in F[X],
as claimed.

178

A very pretty application of our techniques so far is the following result of E. Artin.

(17.11) THEOREM (Artin). Let F C E be a finite degree field extension. Then
E = Flal for some element @ € E iff there are just finitely many fields K with
FCKCE.

A field extension of the form F(x) = F, gencrated by a single element «,
is often called a simple extension, and the generating element « is said to be a
primitive element. {Of course, under the assumption that |E : F| < oc, we have
F(a) = Flal, and so Artin’s theorem says that a finite degree extension is simple
iff there are only finitely many intermediate fields.)

It seems to be necessary to subdivide the proof of Theorem 17.11 into two cases,
depending on whether or not F is a finite field. To handle the casier case where ¥
is finite, we need the following lemma, whose proof we defer.

(17.12) LEMMA. Ler G be a finite subgroup of the multiplicative group E* of a
field E. Then G is cyclic.

Proof of Theorem 17.11. Let ¥ = {K | F € K < E}, the set of intermediate
fields, and suppose £ = Fe]. Let f = ming(«) and write P = {g € E[X] |
g is monic and g| f}. By unique factorization in E[X], it is clear that P is a
finite set. We will show that F is finite by constructing an injective map F — P.
Let K ¢ F and write gx = ming(x). Then gg is monic, and since
J € F[X] € K[X]and f(x) = 0, we conclude that gg[f and so gx € P.
We must show that the map K — gx is injective, and so we want to be able
to recover K from a knowledge of gx. Letag, ay, ..., a, be the coefficients of
gx and define L = Flay, a), ..., a,]sothat L € K. We propose to prove that
L = K, and this will show that gx determines XK.
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Now gx € L[X] and gg is irreducible when viewed as a polynomial over
K D L. It follows that gy is irreducible in L[X] and hence gx = min, («).
Since also gx = ming{«) and K{a] = E = L{a], we have

|E : L| = deg(gy) = |E : K.

However, . € K € FEandso |E : L) = |E : K||K : L|. It follows that
|K : Ll = ! and K = L, as required.

Conversely, we now assurmne that  is finite and we show by induction
on [E : F| that the extension £ C F is simple. This certainly holds when
E = F, and so we assume that £ > F and we choosea € E — F. Then
E D Fla] » Fandso |E : Flu]| < |E : F|. Since there are only finitely many
fields intermediate between Fla] and E (because these constitute a subset of
the finite set .F), the inductive hypothesis yields that E = (Fla])[8] = Flw, B]
for some element 8 € E.

Now assume | F| is infinite and consider the fields X, = Fla + ¢t8] as ¢
runs over the elements of F. Each K|, lies in F, and so by the “pigeon-hole”
principle, K, = K, for some distinct elements s, t € F. Thus

a+sfekK, and o+1t8¢ K,,

and subtraction yields (s —¢)8 € K;. Since0 # s —t € F C K., we deduce
that 8 € K. Sinces € F € K, we get o € K|, and this yields

E=Fla,B]C K; =Fla+sp]C E.

We have equality here, and hence o -+-s8 is a primitive element for £, as desired.

Finally, suppose |F| < o0. Since E has a finite F-basis and there are only
finitely many possibilities for each coefficient in an F-linear combination of
this basis, it follows that | E| is finite. By Lemma 17.12 we deduce that E* is a
cyclic group, and we can write £* = {(a). It follows that £ = F[«] and hence
E 2 F is a simple extension. |

As we shall see when we study Galois theory in Chapter 18, if F has charac-
teristic zero, then every finite degree extension of F is simple. This is proved by an
appeal to Theorem 17.11, using Galois theory to verify that there are only finitely

many intermediate fields.
To prove Lemma 17.12, we need the following well-known fact.

(17.13) LEMMA. Ler f € F[X], where F is a field.

a. Ifa € F, then f(@) = 0iff (X —a)|f in F[X].
b. If deg(f) = n, then f has at mostn rootsin F.

Proof. Assumethata € F. By the division algorithm (16.3) we can write f(X) =
(X ~ a)q(X) + r(X), where either » = 0 or deg(r) < 1. In either case, r is
a constant and we can view r € F. Substitution of o for X yields f(o) = r,
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and thus r = 0 iff f(x) = 0. We see that r = 0, however, precisely when
(X — a)[f, and this proves (a).

We prove (b) by induction on n, observing that if n = 0, then f is a nonzero
constant and so it has no roots. Supposing that # > 0, we may certainly assume
that f has at least one root & (or else there is nothing to prove). By (a) we can
write f(X) = (X—oa)g(X) forsome polynomialg € F[X]withdeg{q) = n—1.
If B € Fis any root of f other than o, we have 0 = fF(8) = (8 — a)g(B) and
thus ¢ (8) = 0. By the inductive hypothesis applied to ¢, there are at most n — 1
such elements 8 and these, together with &, give at most »n roots for f. |

Proof of Lemma 17.12. By Corollary 7,14 {of the fundamental theorem of abelian
groups} it suffices, in order to show that G is cyclic, to show for each prime
p“Gl that G contains at most one subgroup of order p. If ¢ € G lies in such a
subgroup, then @” = 1 and s0 « is a root of the polynomial X? — 1 in E. By
Lemma 17.13 there are at most p such roots, and so there are not enough elements
of order dividing p in G to form more than one subgroup of order p. ]

The following is an easy consequence of Artin’s theorem (17.11).

(17.14) COROLLARY. Let F € E, where E = F(«) for some element« ¢ E.
Assume that a is algebraic over F. If F C K C E, then K = F(8) for some

element B &€ K.

Proof. Since « is algebraic, we have E = Fle]and |E : F| < o. By Theorem
17.11 there are only finitely many fields intermediate between F and E, and thus
there surely are only finitely many between F and K. Since [K : F| < |E : F|
< o0, Theorem 17.11 applies and guarantees that X is a simple extension
of F. n

It may be surprising that Corollary 17.14 remains true even without the hypoth-
esis that o is algebraic over F. Of course, if ¢ is transcendental, we cannot use
Artin’s theorem to prove this result, and an essentially different argument is needed.
The version of Corollary 17.14 in which « is transcendental is known as Liiroth’s
theorem, and we prove it in Chapter 24 when we study transcendental extensions.

An example of a finite-degree field extension that is not simple is given in the
problems at the end of this chapter.

17C

We study isomorphisms now. (Note that we are not concemned with “homomor-
phisms” of fields since a nonzero ring homomorphism defined on a field automati-
caily has a trivial kemmei because a field has no nonzero proper ideals.)

If F{ C€ E| and F; © E; are field extensions, we say that they are isomorphic
if there is an isomorphism @ of E, onto £ such that & carries F, onto F». It should
be obvious in this case that the extension £, 2 F» enjoys the “same properties’™ as
£y, 2 F,. For instance, E; is algebraic or is simple or is of finite degree over F5
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iff £, 1s algebraic, simple, or of finite degree over F;. In fact, if the extensions are
isomorphic, then we have |E> : F3| = |E; : F|.

Suppose ¢ is an isomorphism of F| onto F;. Given extensions E; 2 F;, we
often want to investigate the existence of a surjective isomorphism ¢ : £, — Ej that
not only carries F onto 3 but also agrees with the given isomorphism ¢ on F. In
this case we say that 8 extends ¢ and that the field extensions E; 2 F; are isomorphic
with respect to ¢. Perhaps the most important case of this is where F; = F; and ¢
is the identity map. If ¥ C E, and F € E; and & : £, — E, extends the identity
map on F, we say that 8 is an F-isomorphism, and if @ maps onto E,, we say that
E, and E, are F-isomorphic. ,

Note that if ¢ : £, — F3 is an isomorphism, then ¢ induces a ring isomorphism
@ : Fi[X] — F;(X], where @(f) is computed by applying ¢ to each coefficient of
S € FilX]. (We usually suppress the parentheses and write @ f in place of $( f).)

The following result enables us to construct isomorphisms between field exten-
sions. It is crucial for our development of Galois theory in the next chapter.

(17.15y LEMMA. Lerg : F; — F; beanisomorphism of Fy onto F, and suppose
F.CE fori=1,2 Leta; € E; and f; € Fi[X]with f;(a;) = 0. Suppose that
@fi = faandthar f\ is irreducible in F\[X]. Then ¢ extends to an isomorphism
8 of Filo, ] onto Fslas] such that 8(a) = o».

Proof. Each element of Fi[«;] has the form g(e;) for some g € F,[X]. We can
thus define 8 : Fifa] — F;la] by setting

6(g(an) = @g)es),

although, of course, we must show that this is well defined. Suppose therefore
that g(a;) can also be written as A(x,;) for some other polynomial 4 € F[X].
We must establish that (Fg){w:) = (Ph)(an).

Now a; 1s a root of the polynomial g — # € F;[X] and it is also a root of
the irreducible polynomial fi € F\[X]. By Theorem 17.9(c) we conclude that
N |(g — k), and therefore f, = @ f| must divide g — gh. Since fr(as) = O,
this yields (¢g) (e} = (Ph)(«2) as required, and 8 is well defined.

It is now routine to show that ¢ respects addition and multiplication in
Filog]. (The key to this is to recall that g(a;) + A(e;) = (g + k) (o), and
similarly for multiplication. We omit the details.) It follows that 8 : Fi[a,;] —
Fle;] is a ring homomorphism. It is surjective because @ maps F,[X] onto
F>[X], and we conclude that # is an isomorphism of F[«,] onto F[as].

We can compute 6(a) for a € F; by writing a = g(@,), where g(X) = a,
the constant polynomial. Then 0(a) = (@g)(a:) = p(a), and so 8 does extend
w. Finally, oy = g(e) where g(X) = X. Thus 8(«;) = (¥g)(e2) = a,, as
desired. -

(17.16) COROLLARY. Let F C E, and F C E, be two field extensions, and
let f € F[X] be irreducible. Suppose a; € E; with f{a;) = 0. Then Fia,)
and Floz] are F-isomorphic via an isomorphism that carries oy to ay. -
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As an application of Corollary 17.16, we observe that the two subfields Q[v/2]
and Q[iv/2] of C are Q-isomorphic. (This may seem a bit surprising, since one of
these fields is real and the other contains imaginary numbers.) The point here is that
both +/2 and i+/2 are roots of the polynomial X* — 2 € Q[X], and this polynomial
is irreducible by the Eisenstein criterion.

17D

A nonzero polynomial f € F[X] is said to split if every irreducible divisor of f
has degree 1. (In particular, nonzero constant polynomials split.}) In other words,
f splits if it has the form

SX)=aX —a1}(X —o2)-- (X —a,),

where a and each ¢; lie in F. (Note that @ must be the leading coefficient of f and
n = deg(f).) Forexample, the polynomial X* — 1 does not split in Q] X] since it
has the irreducible factor X? + 1 of degree 2. The same polynomial X* — 1 does
split in C[X ] (or, as is often said, it splits over C) since it factors as

X' 1=(X+DX-DX+DX—-10).

In fact, every polynomial in C[X ] splits. This theorem, called the “fundamen-
tal theorem of algebra,” has no purely algebraic proof, although proofs exist that
use techniques from complex function theory, from topology, and from elementary
analysis. It may seem to be a serious defect of the discipline of algebra that its
own fundamental theorem cannot be proved without help from other branches of
mathematrics.

In defense of the subject of this book, we observe that the fundamental theorem
of algebra is a theorem about the complex number field C, and that C (unlike @, for
instance) is not an object defined by algebra. Certainly, C is constructed from R by
an algebraic technique, but R itself is constructed by the use of some sort of limit
process to “fill in the holes” in Q. Since the definition of C involves ideas outside of
algebra, and since any theorem about € must ultimately refer to its definition, there
could not possibly be a purely algebraic proof of such a theorem.

Nevertheless, there does exist a proof of the fundamental theorem of algebra
that is almost purely algebraic. It uses Galois theory and group theory and only very
¢lementary analysis facts. We give that proof in Chapter 22, after we develop the
required Galois theory.

(17.17) LEMMA. Assume that f € F[X] splits, so that
fX) =a] (X —a)
i=1

Sfor some elements a and «o; in F. Then the «; are the only roots of f in any
extension field of F .



FIEL.D EXTENSIONS 265

Proof. Let £ © F and suppose that o € E isarootof f. We have 0 = f(a) =
a [[(e — «;), and thus one of the factors &« — «; must be zero. [

The reader should note that we did not state Lemma 17.17 by saying that “the
a; are all of the roots of f.” One should not speak of *‘roots of £ in the abstract;
this makes sense only inside a field or some other algebraic structure.

By Lemma 17.17 we see that if £ € F[X] splits, then it is futile to try to find
additional roots for f by looking in extension fields of F. Note that this is true even
if f has fewer than its theoretical maximum number of deg(f) roots. (It may be
that not all of the «; are distinct.)

If, on the other hand, f € F[X] does not split, then there exists an extension
field £ 2 F in which f has at least one additional root. This is because by the
following result, we can always choose £ 2 F such that f splits over £. Then
f(X) =a[[(X —a;) with all o; € E, and since we assumed that f does not split
over F, it follows that there is some root «; in E that does not lie in F.

(17.18) THEOREM. Let0 # f € F[X]. Then there exists E O F such that f
splits over E.

The key to the proof of Theorem 17.18 is the following result. Its proof is easy
but somewhat subtle, and it deserves careful thought. :

(17.19) LEMMA. Let f € F[X]beirreducible. Then there exists a field E O F,
such that f has a rootin E.

Proof. We know by Theorem 17.9(d) that if we can find £ D F and o € E with
f(@) = 0, then Fla] = F[X]/(f). This tells us where to look for a field in
which f has a root.

Let I be the ideal ( f) in F[X]. Since f is irreducible, Lemma 16.9 implies
that / is a maximal ideal of F[X], and thus F{X]/! is a field, which we call E.
We denote the canonical homomorphism F[X] — E by an overbar, so that if
g € F[X],thengisthecoset/ +g € E.

We have F C F[X],asusual,and FNJ =0, sothat F = F C E. We
identify each element ¢ € F with its image @ € E and henceforth we view
FCE.

Since an overbar denotes a homomorphism, it respects evaluation of polyno-
mials {(which involves only addition and multiplication). By our identification,
a = a fora € F, and from this it follows that

ghy =g

forall g, » € F[X]. In particular, if we take g = f and A(X) = X, this says
that
fX)=rfX)=f=0,

where the last equality holds since f € 7. Thus X € E is a root of £ [ ]
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It 1s instructive to examine the proof of Lernma 17,19 in the case where F = R
and f(X) = X?+1. We want, therefore, to construct an extension field of R in which
—1 has a square root. Let £ = R/(X? + 1) and consider the coset (X2 + 1) + X,
which was denoted X in the proof. If we square this element of E, we get the coset
(X? + 1) + X2. This is the same coset, however, as (X2 + 1)} + (—1), which is the
“—1” element of E. We have succeeded, therefore, in constructing a field in which
—1 has a square root.

Proof of Theorem 17.18. Write
FX) =gX) (X — e,
i=1

where g € F[X] and all «; € F, and where we allow » = 0. We use induction
on deg(g), and we note that if deg(g) = 0, then F splits over F and there is
nothing to prove. We may assume, therefore, that deg(g) > 0, and so g has
some irreducible factor. By Lemma 17.19 that factor, and thus g itself, has a
root 8 in some extension field X 2 F. Then X — 8 divides g(X) in K{X] and
we have

FX) = g00OX - B[ ]X —an,
i=1

where go(X) € K[X]. Since deg(go) < deg(g), the inductive hypothesis
applies and f splits over some field E 2 K. [

Suppose f € F[X] and f splits over E, where E 2 F. We say that E is a
splitting field for f over F if, in addition, E is generated over F by the roots of f
in E.

(17.20) LEMMA. Let f € F[X]and assume that L 2 F and that § splits over
L. Then L contains a unique splitting field E for f over F. Also, E is con-
tained in every other intermediate field K (between F and L) such that f splits
over K.

Proof. Write
X =altx-a,
i=l1

wherea € Fandall o; € L. Set E = Flay, a3, ..., a,] and note that £ is a
field since the «; are algebraic over F. It is clear that E is a splitting field for f
over F.

Now suppose that FF C K € L and that f splits over K. By Lemma 17.17
all roots of f in L lie in K, and it follows that alla; € Kandso F C K. If X
is also a splitting field for f over F, then K is also generated by roots of #, and
all of these lie among the o; by Lemma 17.17 again. This forces X € £, and
thus ¥ = E. |
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(17.21) COROLLARY. LetQ# f € F[X]. Then there exists a splitting field E
for f over F. [

Note that a splitting field for a polynomial f € F[X] is always a finite-degree
extension of F.

In addition to the uniqueness in Lemma 17.20, splitting fields enjoy a different
kind of uniqueness: given any two splitting fields for f € F[X] over F, they must
be F-isomorphic. We prove a more general result first.

(17.22) THEQREM. Lerg : F\ — F; be a surjective field isomorphism and let
fi € F,[X1with© fi = fa. Suppose E; is a splitting field for f; over F;. Then
@ extends to an isomorphism of E, onto E.

Proof. We work by induction on |E; : Fy|. If this degree is 1, then f) splits in
Fi[X] and thus f; splits in F;[ X], and it follows by Lemma 17.20 that E; = F3,
and there is nothing to prove.

Suppose that |E, : Fi{ > 1. Then f; does not split over F; and we can
choose an irreducible factor g, of fin Fi[X]withdeg(g,) > 1. Welet g, = ©g;
and note that g» | fa.

Since f splits over E,, we see that g, does too, and thus g; has some root
o € E,. Similarly, we can choose a root a; for g; in Es.

Now iet K; = Fi[a;]fori = 1, 2. By Lemma 17.15 there is an isomorphism
# of K, onto K, that extends ¢, and we note that 8 f1 = f>. We will show (by
the inductive hypothesis) that 8 extends to an isomorphism E, — E;.

We claim that E; is a splitting field for f; over K;. Certainly, f; splits in
E;{X], and since E; is generated by roots of f; over F;, those same roots generate
E; over K;. Now | K| : Fi| = deg(g,) > 1 by Theorem 17.9(b), and therefore
|Ey : K| < |E, : Fi{. The inductive hypothesis now implies that 8 extends to
an isomorphism of £, onto E;. [ |

{(17.23) COROLLARY. Let f € F(X] and suppose that Ey 2 Fand E; 2 F
and that each of E| and E; is a splitting field for f over F. Then E, and E,
are F-isomorphic. .-

17E

Given a field F', we seek an extension field £ > F such that every polynemial
f € F[X]{with f # 0) splits over E. We say that a field E is algebraically closed
if every nonzero polynomial f € E[X] splits. (Thus the fundamental theorem of
algebra is the assertion that C is algebraically closed.) Also, we say that a field
E D F is an algebraic closure of F if E is algebraic over F and every nonzero
polynomial f € F[X} splits over E. A field E, therefore, is algebraically closed iff
it is an algebraic closure of itself. In fact, more is true.

(17.24) LEMMA., Let F C E be an algebraic field extension. The following are
then equivalent:
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i. F isalgebraically closed.

ii. E isanalgebraic closure of F.

ili. There does not exist L > E with L algebraic over F.
iv. There does not exist L. > E with L algebraic over E.

Proof. That (i) implies (ii) is a triviality, since if every nonzero f € E[X] splits
over E, then certainly every nonzero f € F[X] splits over £. Now assume (ii)
and suppose that L. 2 E with L algebraic over F. To prove (iii), we need to
show that L = E, and so we consider an ¢lement ¢ € L. By hypothesis, « is
algebraic over F and so we can find f € F[X] with f # O and f(a) = 0. We
know from (ii) that f splits over £ and thus @ € E by Lemma 17.17. Thus
L = F as desired.

If L 2 E and L is algebraic over E, then L is algebraic over F by Corollary
17.7, and it follows that (iii) implies (iv).

Finally, assume (iv). If 0 ## f € E[X], then by Theorem 17.18 there exists
a splitting field L for f over E. Since L is certainly algebraic over £, condition
(iv) implies that . = E, and thus f splits over £ and (i) holds.’ [

We can obtain a few other elementary facts about algebraic closures and alge-
braically closed fields.

(17.25) COROLLARY. Let F © L and assume that L is algebraically closed.
Let E = {0 € L | o isalgebraic aver F}. Then E is the unique algebraic

closure of F contained in L.

Proof. By Theorem {7.5 E is afield and E is clearly algebraic over F. If0 # f €
F[X], then f splits over L and thus L contains a splitting field X for f over F.
Then K < E and so f splits over E and E is an algebraic closure for F,

If E; € L is also an algebraic closure of F, then certainly E; € E, and
equality follows by Lemma 17.24 since E is algebraic over Ep. [ ]

Assuming the truth of the fundamental theorem of algebra, that C is algebraically
ciosed, it follows from Corollary 17.25 that the field A of algebraic numbers is an
algebraic closure of (@, and thus A is algebraically closed by Lemma 17.24.

(17.26) COROLLARY. Let E be a field with the property that every polynomial
f € E[X)withdeg(f) = 1 has at least one root in E. Then E is algebraically

closed.

Proof. Let0 3 f € E[X]). We need to show that f splits, and so we consider an
irreducible factor g of f in E[X], and we show that deg(g) = 1. By hypothesis,
g hasaroote in F and thus (X — ) |g(X) in E{X]. The irreducibility of g now
forces g(X) =a(X — o) forsomea € E. [

In view of Corollary 17.26 and the close connection between algebraic closures
and algebraically closed fields, it is tempting to conjecture that the analog of Corol-
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lary 17.26 for algebraic closures ought to be true. In other words, if £ 2 F is an
algebraic extension and if every f € F[X] with deg(f) > 1 has a root in E, we
might expect this to guarantee that £ is an algebraic closure of F, and thus that E
is algebraically closed.

In fact, the conjecture of the previous paragraph is true, but it is surprisingly
difficult to prove. We give a proof of this result after we have developed the necessary
theory. (See Theorem 19.22.)

17F

Po algebraic closures always exist?

(17.27) THEOREM. Let F be any field. Then there exists an algebraic closure
for F,

Inprinciple, thisis easy to prove. We “simply” listali of the nonzero polynomials
J € F[X]and then, one by one, construct splitting fields. To be a little more precise,
suppose that at some stage in the process we have obtained an algebraic extension
E 2 F and that f € F[X] is the next polynomial we wish to split. We can find
a splitting field L.for f over E and we observe that L is algebraic over F. Al of
the polynomzals in F[X] that we had already split (over E) still split over L, and in
addition, the polynomial f splits over L. We continue like this until we exhaust our
list of polynomials,

Obviously, the problems with this argument are “listing” the polynomials, find-
ing a “next” polynomial on the list, and “exhausting” the list. In fact, these difficulties
can be overcome using the “well ordering” theorem of set theory, which depends on
the axiom of choice.

Another approach to a proof of Theorem 17.27 is suggested by the fact that an
algebraic closure of F is precisely a maximal algebraic extension. (This follows by
Lemma 17.24.) Why not prove Theorem 17.27 by using Zorn’s lemma (11.17) to
produce a maximal field among the algebraic extensions of F? This is the method
we use, but we must be very careful.

If Zorn’s lemma can be used to produce a maximal algebraic extension of F,
one might think that the same argument could also be used to prove that a maximal
field extension E 2 F (with no restrictions) exists. That cannot be, however, since
E(X) > E 2 F. There must be something wrong, therefore, with the argument
that the partially ordered set P of all field extensions of F, ordered by containment,
has a maximal element by Zorn’s lemma. The problem is not that we have failed to
verify the hypothesis of Zorn’s lemma that every linearly ordered subset of P has
an upper bound; that hypothesis does hold. The difficulty is more subtle: 7 is not a
set.

In order to avoid this set theoretic difficulty in our proof of Theorem 17.27, we
work inside some fixed large set. The purpose of the next lemma is to assure that the
set we choose will be large enough. We assume some familiarity with elementary
cardinal arithmetic.



270 CHAPTER 17

(17.28) LEMMA. Let F € E be an algebraic extension of fields. Then the
cardinality of E cannot exceed the cardinality of F[X].

We use the notation |.5| to denote the cardinal number of a set S, even if § is
infinite. We mention that if F is infinite, then |F[X]| = | £, and it follows in this
case that |E| = |F|. If F is finite, on the other hand, then F[X] is countable, and
hence E is either finite or countably infinite. None of these facts is needed, however.

Proof of Lemma 17.28. Let § be the set of all ordered pairs (f, &), where f €
F[X] is nonzero and @ € E with f(a) = 0. Since for each polynomial f,
the number of a such that ( f, &) lies in .S is finite, we have | S| < Rg|F[X]| =
| F[X]i. On the other hand, £ maps injectively into S via & — {(ming{a}, ),
and thus | F) < | §]. |

We digress briefly for the following corollary .

(17.29) COROLLARY, There exist real numbers transcendental over Q.

Proof. There are only countably many polynomials in @[ X]. Since |R{ is uncount-
able, Lemma 17.28 guarantees that R is not algebraic over Q. |

Proof of Theorem 17.27, Fix any set S with cardinality exceeding that of F[X].
(For instance, we could take S to be the power set of F{X].) Choose an arbitrary
injective map of F into S and identify F' with its image under this map so that
we may assume F € S,

Many subsets E € S can be made into fields by defining addition and
multiplication on these sets, We denote a field constructed like that by a pair
(E,&), where E € § is the underlying set of the field and & denotes the
algebraic structure that makes £ into a field. (In other words, & is a pair of
functions £ x £ — E that define addition and multiplication on E.) In
particular, our original field is the pair (F, F) for some fixed structure F.

We write (E |, &) < (E», &) if E; € E, as subsets of 5, and the restriction
of the algebraic structure &, to E, is exactly the structure &,. In other words,
(E(, &) < (E,, &) means exactly that ( £7, &;) is an extension field of (£, &).

Now let P be the set of all fields (E, &) with £ € S and such that (F, F) <
(E, &), and this is an algebraic field extension. Note that P is nonempty since
(F,F)eP. '

We intend to apply Zormn'’s lemma to the poset P, and so we must check that
if £ € P is linearly ordered, then £ has an upper bound in 7. To construct this
upper bound (B, B), we put B = |_J E as (E, &) runs over £, and we deflne B
as follows. If x, ¥ € B, then since £ is linearly ordered, we can find (£, 8) € £
withx, y € E. Wedefine xy and x + y to have the same values that they have in
(E, &). We should check that this is well defined and really does make (B, BB)
into an algebraic fleld extension of (¥, 7), but this is routine and we omit the
details.

Now let (M, M) be a maximal element of 7. To show that this field is an
algebraic closure of (F, ), we show that there does not exist a proper algebraic
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extension of the field (M, AM). Suppose L were such an extension. By Lemma
17.28, |L| < |S} and thus |L. — M| < |S — M| and there exists an injection of
the set L — M into § — M. Identify L — M with its image in § — M. Now
L C S, and we transport the field structure on L via this identification. What
results is (L, 8) € P with (L, &) = (M, M), contradicting the maximality of
(M, M). |

We close this chapter with the corresponding uniqueness result.

(17.30) THEOREM. Let ¢ : Fy — F, be a surjective isomorphism and let
E; 2 F; be an aigebraic closure. Then ¢ extends to an isomorphism of E, onto

El.

Proof. Let P be the set of all pairs (K, 8), where F; € K € E, and ¢ is an
isomorphism of X into E, thatextends . Partially order P by setting (K, ;) >
(K;, 8) if K, 2 K, and 8, is the restriction of 8, to K». Check that this poset
satisfies the hypotheses of Zom’s lemma and choose a maximal element (M, 1)

of P.
We claim that M is an algebraic closure of F;. To see this, let 0 # f ¢

Fi[X] and note that since f splits over E,, we can apply Lemma 17.20 and
obtain a splitting field X for f over M with K € E,. Similarly, there exists a
splitting field L € E; for i f over u{M). By Theorem 17.22, i+ extends to an
isomorphism @ of K onto L. Then (K, #) € P and we have (X, &) > (M, u).
The maximality of (M, u) thus forces X = M, and so f splits over M. It
follows that M is an algebraic closure of F).

Now E; 2 M is an algebraic extension, and so Lemma 17.24 implies that
E; = M, and thus u is an isomorphism of £ into &, that extends . Since E,
is an algebraic closure of ), and u 1s an isomorphism, we see that u(E,) is an
algebraic closure of u(F) = @(Fy) = F>. Since E; is an algebraic extension
of #(Ey), we can apply Lemma 17.24 again and conclude that u(E,) = E;. B

(17.31) COROLLARY. Ler F be any field and let E, and E; be algebraic clo-
sures for F. Then E| and E, are F-isomorphic. o

Problems
17.1 A field F of prime characteristic p is said to be perfect if the map « —> «?
is a surjection on F,
a. Show that every finite field is perfect.
b. Let F be an arbitrary field of characteristic p % 0. Show that the field
F(X) is not perfect.

HINT: Recall that (« + B)? = a” + B” if «, 8 € F and F has prime
characteristic p.

17.2 Let f € F[X] be irreducible and of prime degree p and let E 2 F with
|E : F| < oc. If f is not ireducible in E[X], show that p||E : F.
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17.3

174

17.5

17.6

17.7

17.8

17.9

17.10

17.11

HINT: Consider a field L 2 £ in which f has some root a.

Let ¥ € ¥ C L and suppose ¢ € L is algebraic over F. Let f = ming (o).

a. Show that all roots of f in any extension of L are algebraic over F.
b. Show that all of the coefficients of f are algebraic over F.

Let /¥ € E be a totally transcendental extension and let f € F[X] be
irreducible. Show that f is irreducible in £{X].

HINT: Apply Problem 17.3(b) when L is a splitting field for f over E.

Let f, ¢ € F[X]and assume that f|g in E[X] for some field E D F. Show
that flg in F{X].

Let £ be the splitting field for f(X) = X? — 2 over Q in C, where pis a
prime nurnber.

a. Show that E = Q[a, €], where &« = /2 and € = 2/,

b. Show that X*~! 4+ X7~2 + ... + X 4 1 is the minimal polynomial of ¢

over ().
¢. Show that |E : Q| = p(p — 1).

HINT: For part (b), recall that this polynomial was proved to be irreducibie
in Chapter 16.

Let F have prime characteristic p and let @ € F. Show that the polynomial
F(X) = X? — g either splits or is irreducible in F[X].

HINT: What can you say about all of the roots of f in a splitting field?
Let F € C and assume ¢ = ¢?™/? € F, where p is a prime number. Let
a € F be arbitrary. Show that the polynomial f(X) = X? — g either splits
or is irreducible in F[X].

Leta = +/3+v2inC.

a. Show that « is a primitive element for the extension Q € Q[/3, /2]
b. Find a polynomial of degree 6 in Q[ X] that has o as a root, and deduce
that this polynomial must be irreducible,

HINT: For part (a), show first that +/3 € Q[e].

Leta = v2 4 /2 in C and let f = ming{a),

a. Compute f.
b. Let & be a splitting field for f over Q. Compute |E : Q.

Let 7 C E be a field extension and let @, 8 € E.

a. Show that (F(a))(8) = (F(8))(«).
b. Show that g is algebraic over F{(«) iff o is algebraic over F(8).

NOTE: We write F(«, 8) for (F{(a))(B).
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Let F € E with «r, 8 € E and assume that « is transcendental over F and
B is transcendental over F{x). Let m and n be positive integers.

a. Show that |F(a) : F(a”)| = n.
b. Show that |F(a, 8) : F(a", 8™)| = mn.

HINT: For part (b), write
F(a", ") € F(a, B™) € Fa, B)
and apply part (a) twice. This uses both parts of Problem 17.11.

Let F have prime charactenstic p and let E = F (Y, Z), where Y and Z are
indeterminates. Let L. =— F(Y? ZP) C E.

a. Showthata? € L forallu € E.
b. Show that £ # L{w] foranyw« € E.

Let f € F[X] withdeg(f) = n and let E 2 F be a splitting field for f
over F. Show that |E : F| < nlL.

1715 Let FF € L be an algebraic field extension and let ¢ : L — L be an

F-isomorphism. Show that (L) = L.

HINT: A peolynomial f € F{X]musthave as many roots in 8(L) as it does
in L.



CHAPTER EIGHTEEN

Galois Theory

18A

In Galois theory we associate a finite group, called the “Galois group,” with each
finite-degree field extension. The object of this is that in many cases, questions about
the field extension can be answered by investigating the group. For instance, given
a polynomial f € Q[X], we might like 10 “solve” the equation f{X) = 0in C and
write down the roots of f explicitly. For example, if f(X) = X3 — 2, the three
complex roots are /2 and ¥/2(—1=4+/—3) /2. (We have written /—3 rather than the
more standard  +/3 in order to emphasize that the roots of X3 —2 can all be expressed
by using the rational numbers, addition, subtraction, multiplication, division, and
radicals.) The obvious question here is whether or not this can be done for an
arbitrary nonzero polynomial in @[ X]. For any given polynomial f, this question
can be interpreted in the field extension £ 2> (@, where E is the (unique) splifting
field for f in C. Galois proved that the roots of f cannot always be expressed by the
use of standard arithmetic operations (including radicals). More precisely, Galois
showed that f can be “solved by radicals” precisely when the group associated with
the extension @ € E is a solvable group.

There exist polynomials of degree 5 where the associated Galois group is the
symmetric group Ss, which is not solvable. It follows that there cannot exist any
general “formula” for “solving” all polynomials of degree 5 (and involving nothing
worse than radicals).

In Galbis’s time (about 1830), formulas for solving polynomials of degree < 4
were known, and so it must have been quite a shock to discover that no such formuia
could exist for degree 5. (It is interesting that Galois’s theorem on polynomials of
degree 5 was proved independently and approximately simultaneously by N. Abel.
It is an amazing and tragic coincidence that each man proved his result at a very
young age and then died shortly thereafter; Galois was killed in a duel at age 21 and
Abel died at age 27.)

274



GALOIS THEORY 275

We mention Galois’s polynomial solvability theorem now because this is proba-
bly the most famous and spectacular application of Galois theory. We have decided,
however, to explore other aspects of the theory of field extensions and other appli-
cations (including the theory of finite fields and Euclidean geometric constructions)
before we present a precise statement and proof of Galois’s theorem in Chapter 22.
Impatient readers may skip all but Sections 19A and 20A and all of Chapter 21. The
present chapter lays the foundations for the whole theory, however, and should be
read in its entirety.

Let F © E be an arbitrary field extension. (We define the Galois group in
this great generality, although additional hypotheses have to be assumed in order io
prove anything interesting.) We consider F-isomorphisms from £ onto itself. These
are the F-auwtomorphisms of E, the automorphisms that fix all elements of F. It is
easily seen that the set of F-automorphisms of £ forms a subgroup of Aut{£). This
subgroup is the Galois group of the extension and it is denoted Gal(E/F). (Note
that the virgule “/"" has no formal meaning; it is written as a shorthand for “with
respect to” and it is pronounced “over.”’ In the formal sense, Gal(-/.) is a function of
two “varables,” each a field. The “/” serves merely to separate the two arguments
of the function.)

As an example, we compute Gal(C/R). First we note that if o € Gal(C/R)),
then —1 = o{(—1) = o(i?) = oi)? Thus (i) = *i. Also, ifa,b € R, then
ola) =aando(b) =b. Ifa(i) =i,wegeto(a+bi)=a+bi,andifo (i) = —i,
then o{a + bi) = a — bi. It follows that Gal(C/R) contains exactly two elements:
the identity and complex conjugation. In general, it will be proved that if E 2 F
with |E : F| < oo, then Gal(E/F) is finite. (Note that if |[E : F| = 1, then
Gal(E/F) = 1) If £ : F| = oo, then Gal(E/ F) can be infinite.

It shouid be mentioned that our definition of a Galois group, though quite stan-
dard today, was not the original one. Galois defined his groups only in the case that
E is a splitting field over F for some polynomial f € F[X], and his construction de-
pended on the particular polynomial f. Galois’s Galois group, when defined, turns
out to be isomorphic to “ours.” His group, however, consists of certain permutations
of the roots of f rather than of field automorphisms.

The function Gal(-/-) is a way to get groups from fields. We also need to be able
to go in the other direction. Given a subgroup A € Aut( E) for some field E, we
define Fix(A) = {o € £ | o(a) = a forall o € H}. It is easily seen that Fix(H)
is a subfield of E; it is called the fixed field of H.

Observe that, in general, Fix(Gal(E/F£)) 2 F and Gal(E/Fix(H)) 2 H for
H < Aut(E). Also, we have Fix(Gal(C/R)) = R.

Now let F C E be an arbitrary field extension and let G = Gal(E/F). We
want to study connections betweenthe set 7 = {K | F € K C E} of intermediate
fields between F and £ and the set G = {H | H € G} of subgroups of G. We
clearly have maps Fix(:) : G — Fand Gal(E/.) : F — G. The following lemma
18 a triviality.

(18.1) LEMMA. Define f : G - Fandg : F - G by f = Fix(.) and
g = Gal(E/.), where F and G are as above. Then:
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a. g(f(HY) 2 Hand f(g(K)) 2 Kfor He Gand K ¢ F.
b. If H) C Hy, then f(H) 2 f(H,) for H, € G.
c. If Ky € Ky, then g(K;) 2 g(K3) for K; € F. |

Whenever we have two partially ordered sets and two maps between them that
satisfy the conclusions of Lemma 18.1, we say that the maps establish a Galois
connection between the two sets. (Galois connections arise frequently in various
areas of mathematics. In the final chapter of this book, for example, we study the
Galois connection between sets of polynomials in 2 indeterminates and their sets of
zeros in n-dimensional “graph paper.”) The following result lists a few consequences
of this situation. Itis valid for any Galois connection, since its proof uses only Lemma
18.1 and does not refer to the definitions of the actual sets and maps.

(18.2) LEMMA. Assume the situation and notation of Lemma 18.1. Then f and
g define inverse bijections between the subsets Fo © F and Gy € G defined by

Fo={f(H)|HeG} and Gy ={g(K)| K e F}.
Also,
Fo={KeF| flgk)=K} and Gy={H G |g(f(H)) = H}.

Proof. Certainly, g(%) € g(F) = Gp, and so g defines a map Fy — G,;. We let
K € Fp and compute f{g(K)) as follows. We have f(g(K)) 2 K by Lemma
18.1(a). Also, we can write K = f{H) for some H & G since K € F,, and so
g{K) = g(f(H)) 2 H by Lemma 18.1(a). Thus f(g(K)) € f(H) = K by
Lemma 18.1¢(b), and it follows that f(g(X)) = K. Simi]arly, J maps Go into
Foand g( f(H)) = H for all H € §;. Thus f and g are inverse bijections, as
claimed.

H K € Fp, we have proved that f(g(X)) = K, and it is trivial that,
conversely, if f{(g(K)) = K,then K € f(&) = Fg. The characterization of G,
follows similarly. |

Sometimes, in the situation of Lemma 18.2 for a general Galois connection, the
elements of JFy and Gy are called the closed elements of F and G. This is because
Fq is the image of the map f{(g(-}), which is a “closure” operator on F. (In general,

a closure operator is a function X > X on sets such that X 2 Xand X = X))
Similarly g( £(-)) is a closure operator on G.

Since it is our object to use the structure of the group G = Gal(E/F) to get in-
formation about the field extension £ 2 F and, in particular, about the intermediate
fields of this extension, it is obviously important to investigate which subgroups and
intermediate fields are closed. The more closed objects there are, the better, since it
is the closed members of F and of G that are most closely tied to one another via
the maps f = Fix(-) and g = Gal(E/.).

As it turns out, the situation could hardly be better. As we shall see,if |E : F| <
0o, then &y = §; every subgroup is closed. It is not true in general that every
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intermediate field is closed, but if the ground field F happens to lie in Fy, then this is
true. Furthermore, relatively straightforward necessary and sufficient conditions can
be given for a finite-degree field extension £ 2 F to have the property that F € F,.
{Of course, the results mentioned in this paragraph are not merety consequences
of the trivial fact that we have a Galois connection; their proofs lie considerably
deeper.)

The condition F € Fq does not always hold for finite degree field extensions,
and so we give a name to the “good” situation. We say that £ 2 F is a Galois field
extension if | E : F| is finite and F = Fix(Gal{E / F)); in other words, F is closed
in F.

Note that if ¥ C E is any finite degree field extension and we let K =
Fix{(Gal(E/ F)), then E is Galois over K by Lemma 18.2, since X lies in the image
of the map f = Fix(:). In particular, of course, the trivial extension F € F is
always Galois.

How can we hope to prove that some particular finite-degree extension F C E
1s Galois? What we need to show is that every element ¢ € E — F is moved by some
element o € Gal(E/F). What is wanted, therefore, is something that can be used
to produce sufficiently many Galois group elements. The tools we use to produce
these F-automorphisms of E are Corollary 17.16 and Theorem 17.22. Part {c) of
the following lemma shows how we can to use these results to prove that Galois
groups are “large.”

(18.3) LEMMA. Let F € E and write G = Gal(E/F). Let f € F[X] with
f#£Oandwrite 2 = o € E | f(a) = 0). Assuming that Q is nonempty, the
Jollowing hold.

a. The action of G on E permutes the elements of 2.

b. If the elements of S2 generate E over F, then G is isomorphically embedded
i Sym(£2).

c. If we assume that f is irreducible and also that E is a splitting field over F
Jor some polynomial in F| X}, then G acts transitively on 2.

Proof. Part (a) is a triviality since if « € QL and o € G, then 0 = o(0) =
o(f(a)) = f(oiw)), where the last equality follows because the coefficients
of f are fixed by o since they lie in F', This shows that o () € 2, as required
for (a). -

Suppose now that E is generated over F by the elements of 2. Since G acts
on £2 by (a), we have a natural homomorphism G — Sym(£2). To prove (b), we
must show that the kernel K of this map is trivial. We have 2 C Fix(K) and,
of course, F C Fix(K). It follows that the elements of K all act trivially on the
whole field £. In other words, K contains just the identity automorphism,

Now assume that £ is a splitting field for g over F, where g € F[X], and
assume also that f is irreducible in F[X]. Ifa, 8 € 2, weneedtofindo € G
such that o (o) = 8. Since [ is irreducible over F and & and 8 are roots of f,
we know by Corollary 17.16 that there exists an F-isomorphism ¢ of Fl«] onto
F[B] that carries & to 8.
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Now E is a splitting field for g over each of Fla] and F[B]. Since ¢ is
an F-isomorphism and g € F[X], we have gg = g, and thus by Theorem
17.22, ¢ extends to an isomorphism o of £ onto E. Because ¢ extends the
F-isomorphism ¢, we see that o acts trivially on F and hence o € G. Also,
since w(u) = B, we deduce that o carries o to £, as required. [ |

We shall show (using Lemma 18.3) that a finite-degree field extension £ 2 F
is Galuis iff the extension is both “normal” and “separable.” We discuss the first of
these two properties next.

188

An algebraic field extension F C E is a normal extension if for every element
« € E, the minimal polynomial ming{«) splits over E. Equivalently, £ is normal
over F if every irreducible polynomial f € F[X] that happens to have a root in E
splits over £. (Note that an irreducible polynomial over F that has some element
a € L as aroot is just a scalar multiple of ming(a).)

[tis obvious, for example, that if Z is an algebraic closure of ), then £ is normal
over F, and it is always true that the trivial extension £ € F is normal. Slightly
more interesting is the fact that if |E : F| = 2, then E is normal over F. To see this,
leta & F and let f = ming(a). Thendeg(f) = |Fla]: F| < |E : F| = 2, and so
deg(f) = 1 or 2. If deg( f) = 1, then f certainly splits over E, and if deg( f) = 2,
then since X — a divides f(X), we can write f{X) = (X —a)g(X) in E[X], where
deg(g) = 1. In this case, too, we see that f splits,

An example of a nonnormal field extension is Q[v'2] 2 Q, working inside C.
Since the polynomial X* — 2 is irreducibie by the Eisenstein criterion, we see that it
is the minimal polynomial of /2 over Q. This polynomial has some nonreal roots in
(, and so 1t cannot split over @[C/ﬁ] C R. It follows that the extension Q[\’/E] >0
1S not normal.

We should mention that not all books on this subject agree on terminology. The
word “normal” is sometimes defined to be what we have called “Galois.”

The tollowing theorem is a vseful characterization of finite-degree normal ex-

tensions.

(18.4) THEOREM. Let F € E be a field extension with |\E . F| < o0, The
Jollowing are then equivalent:

i.  E iy normal over F.

. E is aspliting field over F for some polynomial g € F[X].

i, For every field extension L 2 E, all F-isomorphisms from E into L map
E onto E.

We need the following easy lemma.

(18.5) LEMMA. Let E 2 F be a finite-degree field extension and let o € E.
Then there exists a field L D E and a polynomial g € F[X ] such that
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a. L is a splitting field for g over F,
b. every irreducible factor of g in F|X] hasa root in E, and
c. gla)=0.

Proof. Leto,,os, ..., o, be a basis for £ over F and let g be the product of the
minimal polynomials of & and of all o; over F. Assertions (b) and (c) are clear.

Let L be a splitting field for g over £ (which exists by Corollary 17.21).

Now g splits over L, and so to prove (a) we need to show that L is generated
over F by roots of g. Certainly, L is generated over E by roots of g, and by the
construction of g, we also know that E is generated over F by roots of g, and

{a) tollows. n

We mention that in the preceding proof, we could have used Theorem 17.27,
that algebraic closures exist. In general, we avoid the use of algebraic closures and
instead use splitting fields whenever that is feasible.

Proof of Theorem 18.4. Assume (i), so that £ is normal over F. Use Lemma
18.5 w0 choose g € F{X]and L 2 E such that L is a splitting field for g over
F and every irreducible factor of g in F[X] has a root in £. By the normality
of E, each of these irreducible factors of g splits over £, and thus g splits over
E. It follows that E = L (by Lemma 17.20, for instance). This proves (ii).

Now assume (i1). Thus E is a splitting field for some polynomial g € F{X]
over F, and we suppose L 2 £, If @ : £ — L is an F-isomorphism, then
B8(E) is a splitting field for 8g = g over 8(F) = F. It follows that 8(E) = E
by the uniqueness of splitting fields within larger fields (Lemma 17.20). This is
assertion {iii).

Finally, assume (1i1). To prove that £ is normal over F,leta € E and write
f = ming (). We need to show that f splits over £. By Lemma [8.5 choose
L 2 EFand g € F[X]suchtbat L is a splitting field for g over F and g (x) = 0.
Then f|g, and hence f splits over L and Lemma 18.3(c) applies. It follows
that for each root g8 of f in L, there exists ¢ € Gal(L/F) such that o (@) = 8.
By (iii}, however, ¢ maps £ to E and thus 8 € E. This proves that all of the
roots of f in L lie in E. Since f splits over L, it must also split over E, as re-
quired. |

(18.6) COROLLARY. Let F C FE be a finite degree extension. Then there exists
L 2 E such that L is a finite degree normal extension of F .

Proof. By Lemma 18.5 there exists a field L 2 E such that L is a splitting field
for some polynomial g € F{X} over F. By Theorem 18.4 we know that £ is
normal over F. |

18C

Next we discuss the notion of “separability” for polynomials, elements, and field
extensions. We begin with the following definition: A polynomial f € F[X] of
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degree n is said to have distinct roots if f has n (different) roots inevery field £ 2 F
over which f splits.

(18.7) LEMMA. Let0# f e F[X]. The following are then equivalent:

i.  f has distinct roots.
ti. If K 2 Fandoa € K, then (X — a)? does not divide [ in K[X].
iti. There exists K 2 F such that f has deg(f) roots in K.

Proof. Assume (ijandlet X 2 Fando € K. If (X — cr)2|f{X), we Can write
F(X) = (X — a)’g(X) for some polynomial g € K[X]. Replacing K by a
larger field if necessary, we can assume that g splits over X. Then f splits over
K and thus has n distinct roots in X, where n = deg(f). One of these roots
is &, and the remaining n — 1 roots must be roots of g. This is a contradiction,
however, since deg(g} =n — 2.

Now assume (ii) and choose K 2 F to be a splitting field for f over F.
Writing f(X) = a[[(X — «;) witho; € K, we see by (ii) that no two of the «
can be equal. It follows that there are n = deg( /) distinct o;, and this proves
(iii).

Finally, assume (iii). We need to show that f has n = deg(f) roots in every
extension field L 2 F over which f splits. This is certainly true if L 2 K, and
so 1t suffices to show that f has equal numbers of roots in any two extensions
L, and L; of F over which it splits. Every root of f in L;, however, lies in
the unique splitting field E; for f over F contained in L;. Since E, and E; are
F-isomorphic and f € F[X], it follows that f has equal numbers of roots in
these fields. |

Whether or not f has distinct roots is really a property of the polynomial itself
and is independent of the particular field in which we consider its coefficients to lie.

More precisely, we have the following corollary.

(18.8) COROLLARY. Let FC KandletO# f € F[X). Then f has distinct
roots as a member of F[X] iff it has distinct roots as a member of K[X].

Proof. Let L 2 X be a field over which f splits. Then by Lemma 18.7 we see
that f has distinct roots viewed in F(X] iff f has n = deg(f) roots in L.
By Lemma 18.7, again, this happens iff f has distinct roots when viewed in
K[X]. |

(18.9) COROLLARY. Ler f € F[(X] have distinct roots. lfg|f in F[X], then
g has distinct roots.

Proof. If K O Fand « € X, then (X — @)? does not divide f(X) in K[X]. It
thus cannot divide g(X), and the result follows by Lemma 18.7. B

Finaily, we are ready to discuss separability. A nonzero polynomial f ¢ F[X]
is separable over F if each irreducible factor of f in F{X] has distinct roots. (Note
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that we do not require f itself to have distinct roots.) In contrast with Corollary
18.8, the separability of f does depend on the field F. For instance, even if f is
inseparable over F, it may be separable when viewed as lying in E[X], where E
i1s some field extension of F. In particular, if f splits over E, then it is certainly
separable over E because the irreducible factors of f in E[X] have degree 1 and
hence have distinct roots.

{18.10) LEMMA. Let F C E andlet f € F[X) be separable over F. Then f is
separable over E.

Proof. Let & be an irreducible factor of f in E{X]. By unique factorization in
E[X], there must be some imreducible factor g of f in F[X] such that h|g
in E[X]. Since g has distinct roots, Corollary 18.9 guarantees that # does,
too. o

It seems appropriate at this point to give an example of an inseparable polyno-
mial. Let K be any field of prime charactenistic p and let F = K (Y) be the field of
rational functions over K in the indeterminate ¥. Since F is the field of fractions
of K[¥] and since Y is a prime element in this UFD, we can apply the Eisenstein
criterion and conclude that the polynomial f(X) = X? — Y € F[X] is irreducible.

We claim that f is not separable over F. Since f is irreducible, we must show
that f does not have distinct roots. Let o be a root of f in some extension field
E2F. Thus0 = f(a) = af — Y and o” = Y. Since F has characteristic p, we
sec that f(X) = XP — ¥ = XP —a? = (X — a)? in E[X]. Thus (X — )2} £(X)
in E[X], and f does not have distinct roots by Lernma 18.7. The following result
tells us that there can be no easier example.

(18.11) THEOREM. Let F be a field and suppose that F[X] contains an insep-
arable polynomial. Then F must be infinite and have prime characteristic.

Because of Theorem 18.11, we never need to worry about separability in the
situations where we most often work: when the fields are of characteristic zero or are
finite. In these cases, all polynomials are separable. Except for the psychological
benefit of this reassurance, Theorem 18.11 is not relevant to our development of the
basic facts of Galois theory, and so it seems best not to interrupt this development
now. We therefore defer the proof of this result to the next chapter, where separability
and inseparability are studied in depth.

Let FF C E be any field extension. An element o € E, algebraic over F, is said
to be separable over F if ming(a) is separable or, equivalently, has distinct roots.
{Note that if « € F, then certainly « is separable over F.) Anextension £ 2 F is
separable if every etement & € E is separable over F.

(18.12) COROLLARY. Suppose that F € K C E and that E is a separable
extension of F. Then E is separable over K and K is separable over F.
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Proof. Let ¢ € E and write f = ming(a), so that f has distinct roots. Let
g = ming{(e) and note that g|f since f € K{X]and f{«) = 0. It follows by
Coroliary 18.9 that g has distinct roots. The first assertion is now proved, and
the second is a triviality. |

18D

We are now ready to state and prove one of the key results of Galois theory: the
characterization of Galois extensions.

(18.13) THEOREM. Let F € E with |E : F| < o0. The following are then
equivalent:

i. E is a Galois extension of F.
ii. E is both separabie and normal over F.
ili. E is a splitting field over F for some separable polynomial over F.

We extract most of the proof that (i) implies (ii) as a separate lemma that will
be used again.

(18.14) LEMMA. Let G € Aut(E) and write F = Fix(G). Let « € E and
assume that A = {o () | o € G} is a finite set. Then « is algebraic over F .
Furthermore, if we write f = ming(«), then

a. [ has distinct roots,
b. f splits over E,
c. Aisthesetofall rootsof [ in E, and

Proof. Define p € E[X] by

Since each element o € G permutes A, it follows that the corresponding auto-
morphism & of E[X] permutes the factors of p, and thus &p = p. Therefore
o fixes the coefficients of p(X). Because this holds for all o € G, these coef-
ficients must lie in Fix(G) = F, and thus p € F[X]. Since ¢ € A, we have
pla) = 0 and hence « is algebrajc over F and f|p.

By Lemma 18.3(a) every element of A is a root of f, and thus deg(f) =
|A| = deg(p) and we conclude that f = p. Also, f has |[A] = deg(f) roots
in E. Everything now follows, .

Proof of Theorem 18.13. Assume (i) and let o € E. To prove (ii), we must show
that f = ming() has distinct roots and splits over E. Write G = Gal(E/F)
and A = {o(«) | o € G}. By Lemma 18.3(a) every element of A is a root of
S and so |A]| < deg(f) < oo. Now F = Fix(G) by (i), and thus Lemma 18.14
applies and proves (ii).
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Now assume (ii). Since E is normal over F, Theorem 18.4 tells us that F
is a splitting field over F for some polynomial g € F{X]. If f is any monic
irreducible factor of g, then f has some root ¢ € E, and since « is separable
over F by (ii), the polynomial f has distinct roots. Therefore g is separable
over F and (ii1) is proved.

To show that (iii) implies (i), assume that £ is a splitting field over F for
some polynomial g € F[X] that is separable over F. Let G = Gal{E/F) and
write X = Fix{(G). We need to show that X = F,

There is nothing to prove if £ = F, and so we can work by induction on
|E : F| and assume that £ > F. Since £ is generated over F by roots of g,
there must be some root o of g witha € £E—F. Then |E : Flx]] < |E : F|and
E is a splitting field for g over Fle]. Also, g is separable over F[w] by Lemma
18.10, and thus the inductive hypothesis guarantees that E is Galois over F«].
Since Gal(E/ Fix]) € G. we have

Fla] = Fix(Gal(E/Fla])) 2 Fix(G) = K.

Let f = ming(). Since g(a) = 0, we have f|g and thus f splits over E.
Write §2 to denote the set of roots of f in E, and note that since g is separable,
we know that f has distinct roots and hence |2 = deg(f). By Lemma 18.3
we deduce that G acts on £2 and that the whole set £2 is a single orbit,

Now let A = ming(a). Since K = Fix(G), we see that G € Gal(£/K).
and thus by Lemma 18.3(a), G permutes the roots of A in E. Since « is one of
these roots, so also is each element o () for all & € G. It follows that every
element of €2 is a root of h, and we have

|K[e]: K| = deg(h) = |2} = deg(f) = [Fla]: F|.
Since FF © K € Flaj], we see that K[a] = F{x], and our inequality vields
|Flal: K||K : F| = |Fla] : F| £ |K[ee]: K| = [Fla]: K.
We deduce that |K : F| = 1and X = F, as required. [

The following casy corollary of Theorem 18.13 is an important step in our
development of Galois theory. -

(18.15) COROLLARY. Let F C K C E and assume that E is Galois over F.
Then E s Galois over K.

Proof. We know that E is a splitting field over F for some polynomial g € F[X]
that is separable over F. Then g is separable over K by Lemma 18.10, and
E is clearly a splitting field for g over K. The result follows by Theorem
18.13. ]

What does Corollary 18.15 say in the language of Galois connections? Let
F € E and write G = Gal(E£/F). In the notation of Lemma 18.2, the maps
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f = Fix(-) and g = Gal(£/-) define inverse bijections between the subsets 7, and
Go of F and ¢. Recall that Fy consists precisely of those intermediate fields X
between F and E such that KX = f(g(K)). In other words, K € F; iff E is Galois
over K. By Corollary 18.15, therefore, if E is Galois over F, then J; = F and the
entire set F of intermediate fields is in bijective correspondence with Gj.

We will see that for any finite-degree field extension F € E, we always have
Go = G. It follows that for Galois extensions, the maps f and g define bijections
between the sets of all intermediate fields and all subgroups. This is part of the
“fundamental theorem” of Galois theory, toward which we are working.

18E

So far, we have not attempted to compute the order of Gal(E/ F),

(18.16) LEMMA. Let F C Ewith |E : F| < oo, Then {Gal(E/F)| < oo.

Proof. Write G = Gal(E£/F) and choose elements «; € E such that £ =
Floay,as, ..., 0,). (For example, we could take the «; to be a basis for E
over F.) Now let f be the product of the minimal polynomials of the «; over
F, and write Q to denote the set of all roots of £ in £. Then Q is finite and
generates £ over F. By Lemma 18.3(b) we conclude that G is isomorphically

embedded in the finite group Sym(§2). |
The following important (and perhaps surprising) theorem is now easy to prove.

(18.17) THEOREM (Primitive element). Let F C E be a finite degree separa-
ble extension, Then E = Flua] for somea € E.

We give part of the proof as a separate lemma.

(18.18) LEMMA. Let F C E be afinite-degree separable extension. Then there
exists L O E such that L is Galois over F.

Proof. By Lemma 18.5 there exists a field L 2 E and a polynomial g € F[X]
such that L is a splitting feld for g over F and every monic irreducible factor
of g in F{X1has aroot in £. Each such factor, therefore, has the form ming(a)
for some o € E, and hence it has distinct roots since « is separable over ¥, It
follows that the polynomial g is separable over F, and so L is Galois over F by
Theorem 18.13. -

Proof of Theorem 18.17. Use Lemma 18.18 to choose L 2 E with L Galois over
F. By Corollary 18.15 and Lemma 18.2, the setof fields K with F T K € L
is in bijective correspondence with some set of subgroups of G = Gal(L/F).
{See the discussion following Corollary 18.15.) Since G is finite by Lermnma
18.16, it has only finitely many subgroups and hence there are only finitely many
fields intermediate between F and L. It follows that there are only finitely many
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fields interrnediate between F and E, and therefore by Artin’s theorem (17.11)
we conclude that F is a simple extension of F. |

We mention that by Theorem 18.11 (which we have not yet proved) every finite-
degree extension in characteristic zero is separable, and hence by Theorem 18.17
every such extension has a primitive element.

As a consequence of Theorem 18.17 we can sharpen Lemma 18.16 dramatically.

(18.19) COROLLARY. Letr F € E with |E : F| < oo. Then {Gal(E/ F)
divides |E : F|. Furthermore, |Gal(E/F)| = |E : F| iff E is Galois over F.

Proof. Let G = Gal(E/F) and consider first the case where E is Galois over F.,
Now E is separable over F by Theorem 18.13, and so by the primitive element
theorem (18.17) we have E = F[a] for some element & ¢ E.

Let f = ming{) so that |E : F| = deg(f). Write A to denote the orbit
of @ under the action of the finite group G. Since F = Fix(G), we can apply
Lemma 18.14 and deduce that |A| = deg(f). Thus |[A] = |E . F.

We can also compute the cardinality of the orbit A in a different way. By
the fundamental counting principle we know that |A| = |G : G,|, where G,
1s the stabilizer of @ in G. Since £ = F[w] is contained in Fix(G,), 1t follows
that G, = 1, and this yields |G| = |A]| = |E : F}, as desired.

Now we consider the general case, where E may not be Galois over F. Let
K = Fix((G), and note that by Lemma 18.2 we have G = Gal(E/K), since G
lies in the image of the map Gal(E/-). It follows that E is Galois over K, and
30 |E : K| = [G| by the first part of the proof. Thus |E : F| = |G||K : F|,
and so |G| divides |E : F|. Also, |G| = |E : F|iff K = F, and the result
follows. |

18F

For our next result, we begin with a group instead of a field extension.

(18.20) THEOREM. Ler G C Aut(E), where E is any field, and write F =
Fix(G). If G is finite, then

a. |G|=|E:F),
b. G = Gal(E/F), and
c. E is Galois over F.

Proof. Leto € E and let A denote the orbit of & under G. Since G is finite, A
is certainly finite and Lemma 18.14 applies. We conclude that « is separably
algebraic over F. Also, |Fla] : F| = deg(ming(@)) = |A| < |Gl

Since the degrees | F[«] : F| are bounded as o runs over £, we can choose
« to maximize this degree, and we claim that F[a] = E. If this were not the
case, we could choose 8 € E with Fla, 8] > F[a]. Each element of Flo, Blis
separable over F, and so by the primitive element theorem (18.17) we can write
Fla, 8] = F[y] for some element y € E. This gives |F[y]: F| > |Fla] : F,
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which contradicts the choice of . This proves that £ = Fja], as claimed, and

we conclude that | E : F| < |G|.
Now &G € Gal(E/F), and by Corollary 18.19, |Gal(E/F)| < |E : F| with
equality iff £ is Galois over F. We have

|G| < |Gal{E/F)| = |E : F| < |G},

and so equality holds and G = Gal(E/F). This proves (a), (b), and (c).
(Note that (c) also follows directly from (a) and (b) since F = Fix(G) =
Fix(Gal(E/F)) and |E : F}| < o0.) )

Given a finite-degree field extension F € E, write G = Gal(E/F). We know

that G is finite by Lemma 18.16, and thus if # C G is an arbitrary subgroup,
then Theorem 18.20 can be applied to the finite group H, and we conclude that
H = Gal{(E/Fix(H)) = g(f(H)) in the notation of Lemma 18.2. Thus every
subgroup of & is in the set Gy of that lemma.

(18.21) THEOREM (Fundamental, of Galois theory). Let E 2 F be a Galois

extension with G = Gal(E/F). Write
F=(K|FCKCE} and G={H|HCG}.

a. The maps f = Fix(-) and g = Gal(E/.) are inverse bijections between F
and ¢. These maps reverse containments.

b. If g(K) = H, then |E : K| = |H|and |K : F| =G : H|. In particular,
[E: F| = |G].

c. Ifg(K)=Hando € G, then g(o(K)) = H?, the conjugate of H by o in
G. Also, H«a G iff K is Galois over F, and in this case, Gal(K/F) = G/H.

Proof. We know by Lemma 18.1 that f and g are containment reversing, and by

Lemma 18.2 they define inverse bijections between the subsets F, € F and
Go € G of “closed” fields and groups. Since E is Galois over F, Corollary
18.15 implies that 7o = F. That Gy = G follows by Theorem 18.20, and this
completes the proof of (a).

Now assume that g(K) = H (or, equivalently, that f(H) = K), where
K € 7 and H ¢ (. Since E is Galois over K by Corollary 18.15, we have
|H| = |Gal(E/K)| = |E : K| by Corollary 18.19, and in particular, taking
K = Fand H = G, we have |G| = |E : F|. Dividing these equations yields
|G : H|=|E: F|/|E: K| =|K : F|, and the proof of (b) is complete.

We continue (o assume that g(X) = H. If o € G, then o(K) is a field,
and so o(K) € F. We want to show that g(o(K)) = H”. Since function
composition is relevant here, we write our operators on the right. If 1 € H
and ¢ € K, then at = « since H = Gal(E/K). This yields (xo)(o~'to) =
(a@r)o = ao, and we conclude that H” € Gal(E/Ko) = g(Ko). Since o is
a field automorphism, we have |E : K| = |Eo : Ko| = |E : Ko/, and so part
(b) vields

|H°| ={H| = |E: K| =|E: Ko|=|g(Ko)!.
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Thus H? = g(K o), as desired.

If K is Galois over F, then since K is normal over F, we have 0 (K) = K
forall o € G by Theorem 18.4. It follows that H° = H forall o € &, and thus
HagG.

Conversely, if H @ G, then H° = H andhence o (K) = K foralleo € G.
For all such o, therefore, the restriction p(¢) of o to K is an automorphism of K
fixing all elements of F. In other words, p defines a map of & into Gal(K / F),
and this map is clearly a group homomorphism. Since p(G) € Gal{K/F), we
have

F € Fix(Gal(K/F)) € Fix(p(G)) C Fix(G) = F,
and thus # = Fix(Gal(K / F)) and K is Galois over . The map Fix(-) is thus
injective on subgroups of Gal(K /F}, and we deduce from the above chain of
containments that Gal(K / F) = p(G).

An element o € & lies in ker(p) precisely when o fixes all elements of X.
Thus ker(p) = Gal(E/ K} = H and hence

G/H = p(G)=Gal(K/F),
completing the proof. ]

A common error in applying the fundamental theorem of Galois theory is to
forget that the maps f and g reverse containment: that big subgroups correspond to
small subfields, and vice versa. Let the reader beware.

18G

Let’s work out anexample. Let f(X) = X*—2 € Q[X], andnote that f is irreducible
by the Eisenstein criterion. Write @ = ~/2, so that & is the unique positive root of f
in R. We can list four roots for f in C: «, —o, i and —ia, and this shows that f
has distinct roots and, in particular, that f is separable. (The separability of f also
follows from Theorem 18.11 since we are working in characteristic zero.)

Let E be the splitting field for f over Q in C. By Theorem 18.13, therefore, F is
Galois over ). We determine the Galois group G = Gai(E /{D), and then, using the
fundamental theorem of Galois theory, we find some intermediate fields between @
and E.

First we note that Qo] € E and that this containment must be proper since
Qlai € R, and so i &€ Q[a]. Also,i = (ix)/a € E, and so Q[a,i] € E. In
fact, Qfw, i1 = E since it is clear that all four roots of f in C lie in this field. Now
|@ler] : Q| = 4 since f = ming (o). Also, [Qlw, i] : Qla]t = 2 since { is a root of
the polynomial X? + 1 over Q[a]. But Qla, i] = E > Q[a], and we conclude that
|E : Q]| = 2 and thus |E : Q| = 8.

Now write G = Gal(E£ /Q), so that |G| = 8. The field Q[«] is an intermediate
field that is not Galois over () since it is not normal over Q. (The (-irreducible
polynomial f has a root in this field but does not split.) Therefore the subgroup
H C G corresponding to the field Q{e] satisfies {H| = |E : Qlal| = 2 and H is
not normal in G.
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Up to isomorphism, there 1s just one group of order 8 that has a nonnormal
subgroup of order 2, and so we conclude that G = Dy. Another way we could see
this is to appeal to Lemma 18.3(b), which tells us that G is isomorphically embedded
in the symmetric group 5S4 on four symbols. Observe that Dy is also embedded in S,
because Dy acts faithfully on the four corners of a square. The images of G and of
Dyg are Sylow 2-subgroups of 5, and so they must be conjugate by Sylow’s theorem,
and hence they are isomorphic. Tt follows that G = Dy.

We can go further and actually determine which eight permutations of 2 =
la, —a, ia, —ia} are induced by elements of G. Complex conjugation is an auto-
morphism of C and thus determines a Q-isomorphism of £ into C. Since E is normal
over Q, Theorem 18.4 implies that complex conjugation defines a Q-isomorphism
T of £ onto itself. Thus v € G and 1 induces the transposition (o, —ia) on §2.

Since G is transitive on §2, there exists ¢ € G such that (@)o = ia. Now (i)o
must be a root of X2+ 1, and so {i)o = +i. Replacing o by to if necessary. we can
assume that (i Yo = {, and we then calculate that (i }o = (i)o-(a)o = i(ia) = —a.
[t follows that the permutation induced on 2 by o is the 4-cycle (o, ia, ~a, —iw).
Now {o} 1s cyclic of order 4 and * & (o). Thus G = {0, t) and we could, if we
wished, list all eight permutations of £2 induced by the elements of . (We mention
that according to Galois’s original definition, this group of permutations of 2 is the
Galois group of the polynomial f.)

We now consider intermediate fields. We see that \/i, i, and i+/2 all lie in
E, and that the fields Q[+/2], QI{], and Qli+/2] are intermediate fields of degree
2 over Q. The first of these, being real, is clearly unequal to either of the others.
Also, Q[i] # Qiv2], or else (i+/2)/i = +/2 would lie in this field and this would
force Q[+/2] = Q{i], which is not the case. We have therefore found three different
intermediate fields of degree 2 over Q. Since ¢ = Djy has exactly three subgroups
of index 2, these are all of the degree 2 intermediate fields.

We could now go on to find ali of the intermediate fields K with {K ;: Q] = 4.
There must be five of these because Dy has exactly five subgroups of order 2.
Although we do not present the relevant calculations, we list the fields:

Qfel, Qlicl, QV2,i). Qe +ial, Qo —ial.

The reader might wish to prove that no two of these are identical. (Note, however,
that there do exist isomorphisms among some of these fields.)

18H

We close this chapter with a result that is useful in applications of Galois theory.

(18.22) THEOREM (Natural irrationalities). Ler F € E C K be fields and
suppose that E is Galoisover F. Let F C L € K andwrite M = LNE. Assume
that no proper subfield of K contains both L and E. Then K is Galois over
L, and restriction of automorphisms to E defines an isomorphism of Gal(K /L)
onto Gal{ E/M). In particular, |K : L| = |E : M|.
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We make a few observations before we proceed with the proof. Note that there
is no assumption made that X or L is of finite degree or is even algebraic over . In
fact, the case where X is transcendental over F occurs in some applications of the

theorem.
The necessity of assuming that no proper subfield of X contains both L and E

does not really limit the usefulness of this result. Usually, in applications of Theorem
18.22, we start with some large field extension C 2 F and two intermediate fields £
and L (where E is Galois over F). We can take K to be the subfield of C generated
by FE and L. Thss field, (L, E}, is called the compositum of L and E in C. It is
constructed by intersecting all subfields of C that contain both 7 and E, and it should
be obvious that it satisfies the hypothesis in Theorem 18.22 that no proper subfield

contains both £, and £,

Proof of Theorem 18.22. Since E is Galois over F, there is some polynomial
J € F[X], separable over F, such that E is a splitting field for f over F. Now
S splits over X, and we claim that, in fact, X is a splitting field for f over L.
Certainly X contains such a splitting field Ko, and since E is generated over
F by roots of f, and all of these lie in K, we conclude that E € K;. Since
also L. & Ko and Ky € K, we conclude that Kg = K, as claimed. Since £ is
separable over L by Lemma 18.10, it follows that K is Galois over L.

Ifo € Gal(K /L), theno (E) = E by Theorem 18.4, since E is normal over
F. Tt follows that the restriction of ¢ 10 E is an automorphism of £ that fixes
all elements of L N E = M. Thereforc restriction defines a homomorphism
pGal(K /L) — Gal{E/M).

If N = ker(p), then each element of N acts trivially on E, and so £ <
Fix(N). Since, clearly, I. € Fix(N), our hypothesis on K vields that Fix(N) =
K. Thus N € Gal(K/K) = 1, and so p is injective.

Let M, = Fix{(p(Gal(K/L})). Then M; 2 M and every element of
M, is fixed by every automerphism o € Gal(K/L). It follows that M, <
Fix(Gal(K /L)) = L. Since also M, € E,wehave M, € ENL = M and thus
M, = M, and we have

Fix(p(Gal(K /L)) = Fix(Gal(E /M) .

It follows by the fundamental theorem that p(Gal(K /L)) = Gal(£ /M), and p
is surjective, as required.
Finally,

|E: M| = |Gal(E/M)| = |Gal(K/L)| = |K : L|,

and the proof is complete. |

(18.23) COROLLARY. - In the situation of Theorem 18.22, assume that |K : F)|
is finite. Then |K : E} = |L : M|.
Proof. We have
|K:Ej=|K:M|/|IE:M|=|K: :M{/|K:L=|L:M|,

as required. »
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Problems

18.1

18.2

18.3

18.4

18.5

18.6

18.7

18.8

18.9

18.10

18.11

Let FF € E be an arbitrary field extension. Show that £ is normal over F
iff £ is the union of all of those intermediate fields K (with F C K C E)
such that X is a splitting field over F of some polynomial in F[X].

Let F € L be a normal (but not necessarily finite degree) field extension.
Let /¥ € £ € L. Show that £ is normal over F iff every F-isomorphism

o of F into L. maps E into E.

Let F € E € L and suppose that L is normal over F but that for no field X
with £ C X « L is K normal over F. In this situation, we say that L is a
normal closure for E over F. If F C E is an arbitrary algebraic extension,
show that there exists L 2 E such that L is a normal closure for E over F.

Show also that L is unique up to E-isomorphism.
HINT: For existence, work inside on algebraic closure E for E. Use alge-
braic closures for uniqueness, too.

Let F € E beafinite-degree extension and let L 2 F be a splitting field over
F for some polynomial g € F[X] with the property that every irreducible
factor of g in F[X] has a root in E. (Note that L exists by Lemma 18.5.)
Prove that L is a normal closure for E over F. (See Problem 18.3 for the

definition.)

In the situation of Problem 18.4, assume that E is separable over F. Prove
that L is Galois over F and that |L : F| divides |E : F|!.

Suppose E 2 F is Galois and Gal(£/F) is isomorphic to a transitive
subgroup of the symmetric group §,. Show that E is a splitting field over
F for some nreducible polynomial f € F[X] with deg(f) = n.

Let f, g € F[X]and suppose £ 22 F is a splitting field over F both for f
and for g. Show that f is separabie over F iff g is separable over F.

Let F © E be a finite degree normal extension and let X and L be interme-
diate fields. Assume that E is separable over K and over L. Show that £ is
separable over K N L.

Let E be the splitting field for X* —2 over Q in C. Show that E = Q[; + ¥/2].

HINT: Find at least five different elements in the orbit of { + <2 under
Gal( E/Q).

Let £ be as in Problem 18.9. The group G = Gal(E/Q) has a unique
cyclic subgroup of order 4. Find the intermediate field corresponding to this

subgroup.

Let F € E be a Galois extension and let X and L be intermediate fields.
Show that X and L are F-isomorphic iff the subgroups of G = Gal(E/F)
corresponding to K and L are conjugate in G.



18.12

18.13

18.14

18.15

18.16

18.17

18.18

18.19

18.20

18.21

18.22
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Let py, p2, ..., p, be different prime numbers and let
E=0Q/p1. /P2 ... /Pl
in R.

a. Show that £ is Galois over Q.
b. Show that Gal(E /QQ) is elementary abelian of order 27,

HINT: For part (b), show that the fields Q[+/k] are all different as & runs
over the 2" — 1 different nontrivial products of distinct members of the set
{pPi. p2,..., pn}.

In the situation of Problem 18.12, show that for each subscript i, there exists

o, € Gal(E/Q) such that o, (\/p;) = —./p; and 0. (/Pj) = /P for j #£ 1.
Use this to show that ./py, /P2, - .., /P, are linearly independent over Q.

In the situation of Problems 18.12 and 18.13, show that £ = Q[ /p; +

VPt + /Pl

HINT: Show that the orbit of /p| + - - - + /P, under Gal(E /Q) contains
2" different elements.

Let E be an algebraic closure of F and let £ € K C E with K Galois over
F. Show that restriction of automorphisms to X defines homomorphism of
Gal{£/F) onto Gal( K/ F).

Let £ be an algebraic closure of F and assume that E is separable over F.
Show that Fix(Gal(E/F)) = F.

Let F € E be an algebraic extension (of possibly infinite degree). Let
G = Gal(E/F). Show that G is *‘residually finite,”” In other words, show
that the intersection of all normal subgroups of G having finite index is
trivial.

Show that Aut(R) = 1.

HINT: If ¢ € Aut(R) and @ € R with a > 0, show that ¢ (a) > 0.

Let ¥ < L and suppose K and E are intermediate fields such that E is Galois
over Fand ENK = F. Ifa € K is algebraic over ¥ and ming(a) = £,
show that f is irreducible m E[X].

Give an example that shows that Problem 18.19 becomes false if the hy-
pothesis that £ is Galois over F is dropped.

Leta = v2+ +/2in C and let J = ming () as in Probiem 17.10. Let E
be a splitting fieid for f over Q. Show that Gal(E/Q) is cyclic of order 4.

Find an example of fields F € K C E such that K is Galois over F and £
is Galois over K, but E is not Galois over F.
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18.23

18.24

18.25

Let £ = F(X, X,, ..., X,}, where the X; are distinct indeterminates, and
write Q = {X,,..... Xz} € E. Let

G ={o e Gal(E/F) | o(2) = §2}.

Show that  is a subgroup of Gal(E/F') isomorphic to Sym(£2).

Let G be any finite group and F any field. Show that there exist fields L and
Ewith F € L € F and where E i1s Galois over L with Gal(E/L) = G.

HINT: Use Problem 18.23.

Assume the situation and notation of Problem 18.23 and define f & E{X]

by
JX)=(X-X )X~ X,)--- (X - X,).

Write
FX)=X"4+ec, X" '+ -+ X +co

and set
K=F[CD!CI!-'-$CH—-1]EE-

Show that X = Fix(G).
HINT: Observe that |E : K| < nl.
NOTE: Thecoefficients¢; are poiynomialsin X, X5, ..., X,,. [f we define

5 = (—])iCn-:'

fori = 1,2,...,n, we get the elementary symmetric functions. We have
more to say about these later.



CHAPTER NINETEEN

Separability and Inseparability

19A

As we saw in Chapter 18, the notion of separability is crucial in Galois theory.
Since Theorem 18.11 guarantees that everything is separable in characteristic zero
and for finite fields, however, one rarely needs to worry about separability in most
applications. The purpose of this chapter is to study how, and to what extent,
separability can fail. In particular, we prove Theorem 18.11.

Suppose f is a polynomial with real coefficients. We can study the (real) roots of
f by considering the graph of y = f(x). These roots, of course, are the points where
the graph touches or crosses the x-axis, and a real root o occurs with multiplicity
exceeding 1 precisely when the x-axis is actually tangent to the graph at x = «.
In other words, f fails to have distinct roots if there is some real number « that is
simultaneously a root of both f and its derivative f’. We can generalize the notion
of the denivative to obtain a necessary and sufficient condition for a polynomial to
have distinct roots over an arbitrary field. The key idea here is that of a “derivation.”

Suppose R is any ring. (We need not assume commutativity for the definition,
and in fact, even the associativity of the multiplication in R is irrelevant.) An
additive homomorphism § : R — R is a derivation of R if

d{xy) = x8(y) + 5(x)y

for all x, y € R. For example, if R = R[X], then the ordinary derivative d/dX of
elementary calculus 1s a derivation.

Our next example of a derivation is interesting only when R is noncommutative.
{We are, as always, assuming associativity in our ring.) Fix an ¢lement a € R and
define the map 8 =4, : R — R by §(x) = xa — ax. (The reader should check that
¢ really is a derivation. It is the inner derivation induced by a.)

The set Der(R) of all derivations of R is closed under addition (where, of
course, a + B is defined by the formula (@ + 8)(x) = a(x) + 8(x)). In general,

293
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however, Der(R) is not closed under muitiplication (function composition). As if
to compensate for this, however, there is another way to get a new derivation from
two old ones. It tums out that if o, 8 € Der(R), then the map a¢ff — So is also a
derivation. (As usual, we write g to denote the composite function “o followed
by A.7)

We do not intend to pursue our exploration of the set Der(R) much further,
but having said this much, we cannot resist mentioning that Der(R), together with
its addition operation and the operation that assigns to the pair «, 8 the element
wff — Bua, 1s an example of an algebraic structure called a “Lie ring.”

A Lie ring L is an additive abelian group that has a (usually nonassociative)
“multiplication’™ in which the “product’” of a and # (commonly denoted [a, #]) sat-
ishies the following conditions:

Y. la+ b, c]l=la cl+ b, c],
2. [a,b +cl=la, bl+la,rcl,
3. [a,a] =0, and
4. [{a, bl c]+ [[b.cl,al + [[c,al, bl =0foralla,b,c € L.
In Der(R), if we define the bracket operation by [«, 8] = o«f — SBa (where af
and Sa are defined by function composition), then Der(R) becomes a Lie ring.
Suppose F' is a field and R is a ring that happens to be an F-algebra. {The two
important examples of this for our purposes are R = F[X]and R = E, an extension
field of F.) A derivationé € Der(R) is said to be an F-derivarion if 8 is an F-linear
operator on R. For example, the calculus derivative d/dX is an R-derivation on
R{X].

(19.1) LEMMA. Letd € Der(R), where R is a commutative ring. Then
8(1) =0 and 8(a") =na* 's(a)
Jor alla € R and all integersn > 1.

We remind the reader that if » € R and n > 0, then by definition, né is the sum
of n copies of b.

Proof of Lemma 19.1.  First we compute
S(1)=48(1-1) = 18(1)+86(1)1 = 28(1),

and so 8(1) = 0. The case n = 1 is trivial, and so we assume # > 1 and we
complete the proof by induction on n. We have

ad(@" "y + é(a)a""!
a-(n— 1a*28(a) + é(a)a*"!
na"'s(a), -

(@) = 8(a-a™ )

inn

as required. -
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(19.2) LEMMA. Let R be an F-algebra spanned over F by some subset 5 C R.
Let8 : R — R be an F-linear map and suppose

S(uv) = ub(v) +8(wv

forallu, v € B. Then § is a derivation.

Proof. We define two functions of two variables by the formulas
a(u,v) =8mv) and Bu,v) =ud(w)+ (v,

where «© and v run over R. Note that each of these functions is linear in each
of its variables (when the other variable is held fixed). This follows from the
linearity of 8 and the distributive law in R.

By hypothesis, a{u, v) = B, v) ifu,v € B, and thus if we hold ¥ € B
fixed, we see from the linearity of o and f in the second variable that o (u. v) =
Blu,v)foraliv e R.

Now hoid v € R fixed. Since (¢, v) = 8(u, v) for all u € B, linearity
in the first variable of both o and £ yields that a{u, v) = B(u, v) forallu € R.
We have now shown that o = £ on all of R x R. In other words, & is a deri-
vation. |

(19.3) LEMMA. Let R = F([X), where F is any field. Then there exists a unigue
F-derivation § of R with 8(X) = 1. We have

i=0 i=I1

Proof. If & exists, then by Lemma 19.1 we have §(X‘) = iX‘"! fori > 0, and
(X% = 0. The formula for é given in the statement of the theorem follows by
F-linearity, and in particular, 8 is unigue.

For existence, we define an £-linear map § : R — R by setting 5(X®) = 0
and §(X‘) = iX*~ for i > Q. (This is valid since B = {X' | i > 0} is an
F-basis for R.) To prove that § is a derivation, it suffices by Lemma 19.2 to
show that _

(X' X))y =X'8(X)) + 8(XHXx!

for all i, j = (. We omit the routine verification of this formula. ]

The derivation of F{X] defined in Theorem 19.3 is called formal differentiation.
If £{(X) € F[X], the formal derivative of this polynomial is denoted f’(X). It is
important to note that if # € E (so that f may be viewed either in F{X] or in
E[XT1), then the formal derivative f’ is the same in both cases, This follows from
the explicit formula in Theorem 19.3,

(19.4) THEOREM. Let0 # f € F[X). Then [ has distinct roots iff f and f'
have no common root in any extension field of F .
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Proof. Suppose £ 2 Fando € E with f(a) = 0 = f'{a). Write f(X) =
(X — a)g(X) with g € E[X]. Differentiating (forrnally), we have

FHX) = (X —a)g(X) + g(X).

This yields
0= fl{a) = gla),

and so g(X) = (X — «a)h(X) for some polynomial A € E[X]. It follows that
(X — a)zif(X) in E[X], and f does not have distinct roots by Lemma 18.7.

Conversely, suppose f does not have distinct roots. By Lemnma 18.7 there
exists a field £ 2 F and an element &« € E such that (X — ar)zlf(X) mm F[X].
Writing f(X) = (X — @)?h(X) with & € E[X] and differentiating (using
Lemma 19.1), we obtain

FI(X)=2(X —a)Yh(X)+ (X — a)* W (X).
Thus () = 0, and since also f(a) = 0, the proof is complete. ||

Note that the analogy between the ordinary calculus derivative and the formal
denivative is not perfect. For instance, it is not always true that deg( f’) = deg(f) —1
when deg(f) > 0. If f(X) = @, X" + -+ a,X + ag with a,, # 0, then f'(X) =
na, X" '+ .-+ a;, and so f’ cannot have degree exceeding n — 1. If, however,
we are working in prime characteristic p and it happens that p divides n = deg( f),
then na, = 0. In this situation, f’ does not have degree 2 ~ 1. An extreme example
of this happens for the polynomial f(X) = X? — 1 in characteristic p. In this case
J(X) = 0, and so the degree of f’ is undefined. In characteristic zero, of course,

we do have deg(f') = deg(f) — 1 if deg(f) > O.

(19.5) COROLLARY., ler j € F[X] be irreducible. Then f has distinct roots
iff f'is a nonzero polynomial.

Proof, If f does not have distinct roots, then Theorem 19.4 yields f{x) = 0 =
S (a) for some element « in some field £ © F. Since f isirreducible, it divides
every polynomial in F[X] that has « as a root (by Theorem 17.9(c)). Thus f] 1,
and since f’ cannot have degree as large as deg( ), the only possibility is that
f =0

Conversely, assume f' = 0. Let £ 2 F be a field in which f has some
root . Then f(a) = 0 = f'(a), and hence f does not have distinct roots by
Theorem 19 4, [ |

(19.6) COROLLARY. Let f € F[X] and assume that f is irreducible but that
it does not have distinct roots. Then the characteristic char(F) = p # 0 and
F(X) = g(X?) for some irreducibie polynomial g € F[X].

Proof. By Corollary 19.5 we know that f' = 0, If we write

FOO =3 ax,
i=0
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we have

0=f(X)=) iaX"!
=1
and thus iq; = 0for 0 < i < n. Since a; # 0 for some i > 0, we conclude that
we are in prime characteristic p and that a; = 0 whenever p*i .
We can now rewrite
n/p

FX) = ayX¥ =g(X?),
J=0

where
n/p _
g(X) = anX‘.
j=0
To see that g must be irreducible, we observe that a proper factorization g = hk
would yield the proper factorization f(X) = A{(XPYk(X*). ||

Let F be a field of prime characteristic p. We know that (@ + )7 = a? + b*
and, of course, (ab)” = a”b?. The map a »» a” is therefore a field isomorphism
from F into F. Its image {a? | a € F} is a subfield, usually denoted F?. The field
F is perfect it F? = F. In other words, F is perfect if it has prime characteristic p
and every element of F is a pth power in F. For example, if F is finite, then since
| F?| = | F{, we see that FP = F. Finite ficlds, therefore, are always perfect.

For an example of a field that is not perfect, let F = K(z), where K = Z/pZ
{or X is any other field of characteristic p 7 0) and ¢ is an indeterminate. (Thus F
is the field of fractions of the polynomial ring K [¢t].) We claim that ¢ does not lie in
F?, and so F is not perfect. To see this, suppose t = g? for some elementa € F.
Then a = f(t)/g(¢), where f,g € K[t]and f,g # 0. Thus rg(t)? = f{1)".
However, deg(f?) = p deg(f) and similarly deg(g?) = p deg(g). This gives
1 + p deg(g) = p deg(f), and this is impossible since the right side is divisible by
p and the left side is not.

We are now ready to prove Theorem 18.11, which we generalize slightly as
follows.

(19.7) THEOREM., Suppose f € F[X] is an inseparable polynomial. Then F
has prime characteristic p and F is not perfect. In particular, F is infinite,

Proof. We may assume that f is irreducible, and so it does not have distinct roots.
By Carollary 19.6 we have char(F) = p # 0 and f(X) = g(X?") for some
polynomial g € F[X].

If F were perfect, each coefficient of g(X) would be a pth power and we
could write g(X) = 3 a” X!, where a; € F. Then

fX)=g(X") =) alX" = aX').
Since f is irreducible, however, it cannot be the pth power of some other
polyhomial. This is a contradiction, and we conclude that F is not perfect. ®
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{19.8) COROLLARY. Suppose either that F has characteristic zero or that it
is perfect of prime characteristic. Then every algebraic field extension of F is

separable. |

We mention one more result along these lines. It follows from Corollary 19.6.

(19.9) COROLLARY. Let F have prime characteristic p and let f € F[X] be
irreducible. Then f(X) = g(X?") for some integer n > 0 and some separable

irreducible polynomial g € F|X].

Proof. If f has distinct roots, take g = f and n = 0. Otherwise, by Corollary
19.6 we can write f(X) = h(X?) for some irreducible polynomial » € F[X].
Since deg(h) < deg(f), we can work by induction on the degree and write
h(X) = g(X"?") for some integer n and some separable irreducible pelynomial
g. Then f(X) = g(XP"”), and the result follows. |

198

Let F C E be afinite degree field extension. Recall that by definition, this extension
is separable iff every element o € E is separable over F or, equivalently, ming (o)
has distinct roots. The extreme opposite case is where no element of E is separable
over F except, of course, for the elements of F itself. In this situation, we say that
E is purely inseparable over F.

A trivial example of a purely inseparable extension is F C F; a motre interesting
example wil} be forthcoming shortly. Note that since a nontrivial purely inseparable
extension F < FE is not separable, such an extension can exist only if F has prime
characteristic and is not perfect.

(19.10) THEOREM. Suppose F < E is an algebraic extension with char(F) =
p # 0. The following are then equivalent:

i. E is purely inseparable over F.

ii. fFor each element o € E, there exists n > 0 such thato? ¢ F.

tii. Each element of E has minimal polynomial over F of the form X7" — a for
some integer n > 0 and some element a € F.

Before proving Theorem 19.10, we give a corollary that allows us to construct
examples of purely inseparable extensions.

(19.11) COROLLARY. Suppose that E = F[a] and that «”" € F for some
integer n > 0. Then E is purely inseparable over F.

Proof. Let 8 € E. By Theorem 19.10 it suffices to find some p-power power of 8
that lies in /. We can write 8 = f(«) for some polynomial f € F[X], and so

B=a.a" + . - +aa+ag,
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where the coefficients a; € F. We have
B =ala™ +...+al a” +af,

and this lies in F since a?" € F. u

If F is any field of prime characteristic p and F is not perfect, choose ¢ € F
witha € F? and let f(X) = X?P - q. Then f hasnorootin F, and so if E is a
splitting field for f over F, we can choose ¢ € E with f(a) = 0, and we have
Fla] = F. Since a? = a € F, Corollary 19.11 guarantees that F[«] is a purely
inseparable extension. This shows that every imperfect field of prime characteristic
has a nontrivial purely inseparable ¢xtension.

Actually, Fla] = E in the above situation. To see this, note that f(X) =
X?—af = (X —a)?.and so « is the only root of f in E. Since E is generated over
F by roots of f, we conclude that Flae] = E, as claimed.

Proof of Theorem 19.10. Suppose that E is purely inseparable over F and let
a € E. Write f = ming(x) and note that by Corollary 19.9 we can write
F(X) = g(XP") for some integer n > 0, where g € F[X] is irreducible
and separable over F. We have g(a?") = f(a) = 0, and it follows that
g = ming (@®). Since g is separable, we see that the element o”” is separable
over F, and by the pure inseparability of E over F, we conclude that ”” € F.
This shows that (i) implies (ii).

Now assume (ii) and let « € E. Then «”" € F for some integer n > 0,
and thus « is a root of g(X) = X*" — " ¢ F[X]. Since g(X) = (X — a)?",
we see that any monic irreducible factor f of g in F[X] has the form (X — a)",
where r > 0. In particular, f(«) = 0, and it follows that f = ming(a) and f
is uniquely determined. It follows that g is a power of £, and so r is a divisor of
p" and we can write r = p™ for some integer m > 0. Thus f(X) = X" —q,
where a = a””. Since f = ming(a), this proves (iii).

Finally, we assume (iii) and let « € E be separable over . To show that
a € F, we let f = ming(a) and note that by (iii), f has the form X* — a.
Necessarily then, @ = a”” and we have f(X) = (X — a)”". Since f € F[X]
is irreducible and separable over F, it has distinct roots and cannot be divisible
by (X ~ a)*. It follows that n = 0 and & = a € F, as required, =

(19.12) COROLLARY. Letchar(F) = p # 0 and suppose that E 2 F is a
purely inseparable extension. The following then hold:

a. if F © K < E, then K is purely inseparable over F and E is purely

inseparable over K,
b. IfiE : F| < oo, then |E : F|is a power of p.

Proof. For (a), note that each element o ¢ E satisfies @”" € F for some n > 0,
depending on«. 1tis a triviality, therefore, that foreacha € K, wehavea? ¢ F
for some n, and thus K is purely inseparable over F by Theorem 19.10. It is
equally trivial that for each o € E, we have «”" € K for some #, and so E is
purely inseparable over K.
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We use induction on | E : F| to prove (b). We may assume £ > F, and we
choose @ € E — F. Then |E : Fle]| < |E : F|, and |E : Fla]| is a power of
p by the inductive hypothesis and part (a). Also, |Fla] : F| = deg(ming(a)),
which is a power of p by Theorem 19.10. The result follows. [

The converse of Corollary 19.12(a) is also valid.

(19.13) COROLLARY. SuppesethatF C K C Eandthat F C Kand K C E
are purely inseparable extensions. Then E is purely inseparable over F.

Proof., We may assume that £ > F, and thus either £ > K or K > F and hence
char(F) = p # 0. Leta € E. By Theorem 19.10, «”" € K for some n > 0
and thus, by Theorem 19.10 again, (a?")?" € F for some m > 0. Therefore
a”™ € F,and so E is purely inseparable over F. "

Our next result shows that purely inseparabie extensions can arise “naturally.”

(19.14) THEOREM. Let F C E be an algebraic field extension and let
= {a € E | ar is separable over F} .

Then S is a field. It is the unique intermediate field that is separable over F and
over which E is purely inseparable.

We begin with a preliminary result.

(19.15) LEMMA. Let E = Fla, B}, where a and B are separable over F. Then
E Is a separable extension of F.

Proof. Let f be the product of the minimal polynomials of & and 8 over F, and
observe that f is separable over F. Let L be a splitting field for f over £ and
note that L is then a splitting ficld for f over F. It follows by Theorem 18.13
that L is separable over F, and so E is also separable over F. |

Proof of Theorem 19.14. Leta, 8 € S. By Lemma 19.15 we see that the whole
field Flo, ] is contained in S. In particular, @ — 8 € § and also (if 8 £ 0)
a/B € §. It follows that S is a field. By its dcﬁmtmn it 1s obvious that § is
separable over F.

To see that E is purely inseparable over S, we may assume that F has prime
characteristic p, or else § = E and there is nothing to prove. Leta € E
and write f = ming(«). By Corollary 19.9 we can write f(X) = g(X?")
for some integer n > 0 and separable irreducible polynomial g € F[X]. Then
g(a”) = f(a) =0, and it follows that g = minz(a?"). Because g is separable,
we see that «”” € S. Since some p-power power of every element of £ lies in
S, we conclude that E is purely inseparable over S by Theorem 19.10.

Finally, suppose that F € T C E, where T is a field separable over F
and over which E is purely inseparable. By the definition of S, we clearly have
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T € S and hence, since E is purely inseparable over T, it follows by Corollary
19.12(a) that § is purely inseparable over 7. On the other hand, since § is
separable over F, it is also separable over 7. (This is Coroliary 18.12.) At this
point, we know that S is both separable and purely inseparable over T, and we
deduce that § =T »

(19.16) COROLLARY. Let F C E be a finite degree inseparable extension.
Then |E : F| is divisible by the characteristic of F.

Proof, First observe that char(F) = p, a prime. If $is as in Theorem 19.14, then
S <« F since E is not separable over F. Also, since £ is purely inseparable
over 5, Corollary 19.12(b) tells us that | £ : 5! is a power of p. The result now
follows, [ |

The following result is the separable version of Corollary 19.13. It can also be
viewed as a converse of Corollary 18.12.

(19.17) COROLLARY. Let F C L C E,where E is separable over L and L is
separable over F. Then E is separable over F.

Proof., As in Theorem 19.14, let § be the field consisting of those elements of E
that are separable over F, and note that since L is separable over F, we have
L € § € E. We are given that E is separable over L, and so by Corollary
18.12 we see that £ is separable over S. By Theorem 19.14, however, E is
purely inseparable over § and it follows that § = £ and E is separable over F,

as required. [

By Theorem 19.14 an arbitrary algebraic field extension F C £ can be viewed
as two successive extensions: first we have the separable extension F < S and then
the purely inseparable extension § € £. This suggests the question of whether or
not it is possible to reverse the order and to find an intermediate field X such that
F C K is purely inseparable and KX € £ is separable. In general, this cannot be
done, but using Galois theory, we can easily handle the case of finite-degree normal
extensions.

(19.18) THEQREM. Ler F C E, where |E : F| < oo and E is normal over
F. Let K = Fix(Gal(E/F)). Then K is purely inseparable over F and E is
separable over K.

Proof. That E is separable over X is immediate since E is Galois over K by
Theorem 18.20(c). To see that X is purely inseparable over F, let o € K and
assume « 1s separable over . Write f = miny(a) and note that f splits over
E by the normality assumnption.

Ifa ¢ F, then deg{ f) = 2, and since f splits and has distinct roots, there
exists 8 € E with 8 # « and f(B8) = 0. Now Lemma 18.3(c) applies since
E is normal over F, and we conclude that o () = 8 for some o € Gal(E/F).
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This is a contradiction since o € Fix{(Gal(E/F})) and 8 # «. We conclude that
a € F, and thus K is purely inseparable over F. =

Suppose F <€ E is a finite-degree extension and that S is as in Theorem 19.14,
the field of separable elements of £ (over F'). The degree | S : F| is called the
separable part of the degree of the extension, and we write [E : Fly, = |S : F|.
The extension F C E is separable, therefore, precisely when |E : F! = |E : F lsep-
If F is inseparable over F, then |E : F|q is a divisor of |E : F|, and by Corollary
19.12 the quotient is a power of the characteristic.

What happens if, as in Theorem 19.18, the finite-degree extension F C F has an
intermediate field K such that X is purely inseparable over F and E is separable over
K7 In fact, if K exists, then as one might guess, it is true that |£ : K| = |E : Fsep.
This is the content of the next theorem.

(19.19) THEOREM. Ler F € E be a finite degree extension and let K and L be
intermediate fields such that L 2 F and E 2 K are separable extensions and
E 2 Land K 2 F are purely inseparable extensions. Then |L . F| = |E : K|.

We begin with a lemma.

(19.20) LEMMA. Suppose that F C K is a purely inseparable extension. If
f € F[X]is qseparable irreducible polynomial, then f remains irreducible in
K[X].

Proof. Suppose that g is a monic irreducible divisor of f in X[X]. Qur goal is to
show that deg(g) = deg(f).

Working in some splitting field E for f over K, wecanwrite g = [ (X —a;),
where each root «; of g is also a root of f and so is separable over F. If S is the
field of all elements of E separable over F, then each factor X — o; of g lies in
S[X]. and it follows that g € S[X]. The coefficients of g, therefore, liein SN K,
which is equal to F since K is purely inseparable over F. Now g € F[X] and
g| f. Since f is irreducible in F{X], the result follows. ]

Proof of Theorem 19.19. Ifa € L, then by Lemma 19.20 we know that ming (o)
is irreducible in K[ X], and thus it is also the minimal polynomial of a over X
It follows that | Fla] : F| = |K|[a] : K}.

Because L is separable over F, we can use the primitive element theorem
(18.17) and apply the result of the preceding paragraph to an element « such
that L = F(a]. Thisyields |[L : F| = |K{a]: K| < |E : K|.

To obtain the reverse inequality, choose a primitive element B for the ex-
tension K C E. Since FE is purely inseparable over L, we know from Theorem
19.10 that 8#° € L for some integer n > 0, where p = char(F). (Note that if F
has characteristic zero, then E = L and K = F and there is nothing to prove.
We assume, therefore, that p is a prime.) Since £ = K[8], we deduce from
Corollary 19.11 that E is purely inseparable over X[87"}. However, E must
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be separable over this field by Corollary 18.12, since E is separable over XK. It

follows that E = K[B7"].
Since 87" e L, the result of the first paragraph applies, and we have

|E: K| =|K[B”1: K| =|F[B”1: F|<|L:Fl,

as required. |

(19.21) COROLLARY. ler F € U C E be fields with |[E : F| < oo. Then
|E : UlseplU : Flsep = |E : Flsep-

Proof. By Theorem 19.14 there exist fields Sand Twith FC SC U C T C E
such that S © Fand T 2> U are separable extensionsand U 2 Sand £ 2 T
are purely inseparable. Another application of Theorem 19.14 gives us a field V
with § € V € T suchthat V 2 Sisseparableand T 2 V is purely inseparable.

Figure 19.1

In Figure 19.1 we have denoted separable extensions by solid lines and
purely inseparable extensions by dashed lines. Now V is separable over F by
Corollary 19.17, and E is purely inseparable over V by Corollary 19.13. By
the uniqueness in Theorem 19.14, therefore, V is the field consisting of those
elements of E that are separable over F'. By definition, therefore, |E : Flgp =
iV : F|.

We have |V : F| = |V : §||{S : F|. The second factor equals |/ : Flsp by
definition, and the first factor, |V : S|, is equal to [T : /| by Theorem 19.19.
Finally, |T : U| = | E : Ulsep by definition, and the proof is complete. |

19C

As our final item in this chapter, we prove the following result, which was promised
in Chapter 17.

(19.22) THEOREM. Let FF C E be an algebraic field extension and suppose
that every nonconstant polynomial f € F[X) has at least one root in E. Then
E is algebraically closed.
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Proof. Firstsuppose E isseparable over F. It suffices to show that E is an algebraic
closure of F', and so we let 0 #£ f € F{X] and show that f splits in E{X]. We
may assume that f is irreducible and monic. Since f has some root ¢ € E,
we know that f = ming(a), and thus f has distinct roots by the separability
assumption.

Now let L be a splitting field for f over F. Since f is aseparable polynomial
(over F), the field extension L. 2 F is Galois and hence is separable, Thus
L = F[B] for some element 8 € L by the primitive element theorem, and we
write g = ming(5).

By hypothesis, g has some root y € E, and so L = F|g] is F-isomorphic
to F[y] € E by Corollary 17.16. It follows that F[y] is a splitting field for f
over F, and thus f splits in E{X]. This completes the proof in the separable
case.

We now assume that char(F) = p # 0. Let

K ={a € E |a? € F for some integer n > 0},

Note that if o, 8 € K, we can find a single integer » such that «”" € F and
B € F. It follows that (@ — B} = " — 87" € F, and also (if B # 0) we
have (¢/8)7" € F. We conclude that X is a field.

Next we show that K is perfect. Givena € K, we have @”” ¢ F, and so the
polynomial X7 — &?” lies in F[X} and thus has a root B € E, by hypothesis.
Then

0= ‘BPHI; apn — (ﬁp _ ﬂ-_’)‘on
and thus 87 = a. Also, 82" = a” € F,and so B € K. We have thus shown
that e is a pth power in X and hence X is perfect, as claimed.

Since K is perfect, we know that E is separable over K, and so by the
first part of the proof, we will be done if we can show that every nonconstant
polynomial g € K[X] has arootin E. Write g(X) = a, X"+ --- + a; X + ao,
with @, € K. By the definition of K, we can choose an integer r large enough
so that (a@;)? € F for0 < i < n. Then

gX) =af' X" +..-+al X +af € F[X].

By hypothesis, then, there exists & € E with g(a)?” = (, and thus g(a) = 0.
[ ]

Problems

19.1 Let R be an integral domain with field of fractions E. If § is any derivation
of R, show that there exists a derivation A of E such that A(r) = §{(r) for
re R,

19.2 Let F be any field. Show that there exists 2 field extension £ 2 F such that
E has a nonzero F-derivation.

193 Let F < FE be a field extension and let § be an F-derivation of E.
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19.11
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If f € F[X]and « € E, show that 5( f(a)) = f'(«)é{c).
Let K = {ax € E | (o) = 0}). Show that X 1s a subfield of £, that

K 2 F, and that § is K-linear.
c. Assuming that E is algebraic over F, show that E is purely inseparable

over K, where K is as in part (b).

S

Let E = Fla], where E > F and o”” € F for some integer n > 0. Show
that there exists an F-dertvation & on E for which §(a) = 1.

HINT: Letm = |E : F|. Pefine 8 on 1, &, &2, ..., o™ ! and show that
you have defined a derivation.

Let F C E be afinite-degree extension. Show that this extension is separable
iff the only F-derivation of F is the zero map.

Let R be a (not necessarily commutative) ring.

a. If o, T € Der(R), show that ot — T0o is also a derivation. {

b. Fora € R, define §, : R — R by {(x)6, = xa — ax. Show that
3, € Der(R). (The map &, is the inner derivation induced by a.)

c. In the situation of part (a), if o and 1 are both inner, show that ¢t — 1o
1s also 1nner.

Let R be a (possibly noncommutative) ring. For a, b € R, write [a, b] =
ab — ba. Show that R is a Lie ring with respect to the “bracket” operation.
NOTE: Partof proving that R is a Lie ring involves showing that {a, b, c]+
[b,c,al + lc,a,b] = 0fora, b, c € R, where we write [x, y, z] to mean
{{x. y], z]. This fact is called the Jacobi identity.

Let L be a Lie ring with respect to a “multiplication” denoted [a, #]. A
derivation of L is thus an additive endomorphism & such that §([a, »]) =
[8(a), b]+[a, é(b)]. If a € L, show that the map x +— [x, a] is a derivation
of L.

Let FF € E be a finite degree normal extension.

a, Let § = {o¢ € E | o isseparable over F}. Show that S is Galois
over I and that restriction defines an isomorphism of Gal(E/F) onto
Gal( K/ F).

b. Show that |E : F|p = [Gal(E/F)).

NOTE: Although part (b) can be done using Theorems 19.18 and 19.19,

the point of the problem is to use part (a) instead.

Let F C E be a finite degree normal extension and let L be an intermediate
field. Show that |L : F|sp is the number of different F-isomorphisms of L
into E.

HINT: When are the restrictions of two elements of Gal(E/F) to L equal?

Let E = Fla] and let f = ming(«). Show that |E : Flsep 18 the number of
different roots f has in some (and hence any) splitting field for f over F.
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19.12

19.13

19.14

19.15

Suppose char(F) = p, a prime, and let f, g € F[X] have distinct roots. If
F(X7y = g(XP"), showthat f = ganda = b.

Let F € E be purely inseparable with |E : F| =n < oo. If @ € E, show
that " € F.

HINT: Ifa & F, show that | F[a] : Fla?]| = p, where p = char{F’).

Let ¥ € § € E where S is separable over F and E is purely inseparable
over 5. Let 0 £ p = char(F). If o € E, choose n > O minimal such that
a? € S and write a”" = a.

a. Show that X?" — g is irreducible in S[X].

b. Show that |F[a]: Flal| = p*.

c. Show that f{X) = g(X*"), where f = min; () and g = ming(a).

d. Show that Fla] = Flu]N §.

Let F € E bepurely inseparable andlet f € E[X]bemonic and irreducible.
Show that there exists an integer m > 1 such that f™ is an irreducible

polynomial in F[X].



CHAPTER TWENTY

Cyclotomy and Geometric Constructions

20A

An element € € F is said to be a root of unity in the field F if it has finite order in
the multiplicative group 7 * of F. In particular, € is an nth root of unity if €” = 1
for some positive integer n, and it is a primitive nth root of unity if it actually has
order n in F* (in other words, €” = 1 for 1 < m < n).

If € is a root of unity in the complex number field C, we have {¢|" = |¢"| = | for
some integer n, and thus |¢] = 1. The complex roots of unity, therefore, all lie on the
unit circle in the complex plane, and hence they are of the form ¢¢ = cos# 4 sin 8.
In particular, € = ¢'? is an nth root of unity iff ¢"® = 1. The complex number ¢ is
thus an nth root of unity precisely when 8 = 27k/r for some integer k. It follows
that there are exactly n nth roots of unity in C and that they divide the unit circle
into n equal arcs. (The word “cyclotomy,” meaning “circle dividing,” refers to this
situation in C and, by extension, to the theory of roots of unity in arbitrary fields.)

(20.1) LEMMA. Ler F be a field and let n > 1. The set of nth roots of unity in
F forms a cyclic subgroup of F™ having order dividing n. The number of nth
roots of unity in F is exactly equal to n iff F contains a primitive nth root of
HHIity.

Proof. The set C of nth roots of unity in F is just the set of roots of the polynomial
X" — 1, and so it is fipite. It is clear that C € F™ is a subgroup, which must
be cyclic by Lemma 17.12. Write {C| = m and C = (¢). Then m = o(¢), and
since € = 1, we have m’n.

If m = n, then ¢ is a primitive nth root of unity. Conversely, if F contains
a primitive nth root of unity 4, then § € C and s0 8™ = 1. Thus n = o(8) < m,
and we have n = m. m

The following corollary is immediate from properties of cyclic groups.

307
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(20.2) COROLLARY. Suppose € € F is a primitive nth root of unity.

a. The elements c* for 0 < k < n are distinct and are all of the nth roots of
uniry in F.

b. The elements €* with 0 < k < n and ged(k, n) = | are all of the primitive
nth roots of uniry in F.

c. F contains precisely @(n) primitive nth roots of unity, where @ is Euler's
function. |

Suppose a field F fails to contain a primitive nth root of unity. Can we simply
adjoin one? How many different fields can we get this way?

(20.3) LEMMA. A field F has an extension that contains a primitive nth root of
unity iff char(F) does not divide n. If E O F and ¢ € E is a primitive nth root
of unity, then Fi€) is a splitting field for X" — 1 over F. In particular, Fle] is
uniquely determined (up to F-isomorphism) by F and n.

Proof. Supposechar(F’) ln. Thenchar(#) == p,aprime, andwecanwriten = pm.
Then X7 — 1 = (X" — 1), and this polynomial can have at most m roots in any
extension field of F. Thus no extension can contain n nth roots of unity, and so
by Lemma 20.] none contains a primitive nth root.

If char(F) ,{’n, then zero is the only root of the formal derivative £’ of f(X) =
X" — 1. Thus f and f’ have no common root, and hence f has distinct roots.
If E is a splitting field for f over F, we see that £ has n roots in E, and thus E
contains a primitive nth root by Lemma 20.1. The first assertion of the lemma
is now proved.

If ¥ € E and € € E is a primitive nth root, then F[¢] contains n nth roots,
and so f(X) has n roots in F[e] and hence it splits. Since € is one of the roots
of £, we see that Fle] is actually a splitting field for f over F. ]

We now return to the complex number field C. Of course, C contains the
primitive nth root of unity ¢2*//" for every integer n > 1, and so C contains exactly
¢(n) primitive nth roots. The nth cyclotomic polynomial, denoted ®,(X), is the
moni¢ polynomial in C[X] whose roots are precisely the primitive nth roots of unity.

Thus
®,(X) = [ (X — ) = [ J(X — &#it/ny,
€ k

where in the first product, € runs over the primitive complex nth roots of unity and
in the second, & runs over the integers coprime to # such that 0 < k < n. We see
that deg(®P,) = @p(n).

Let’s look at a few examples. We see that (X)) = X — 1 and $:(X) =
X + 1 since 1 and —1 are respectively the unique primitive nth roots of unity in
C for n = 1,2. The primitive cube roots of unity in C are w and w?, where
w ="/ = (—1 +iv/3)/2. Thus ¢3(X) = (X — o)(X —?) = X* + X + 1.
To compute P4, we observe that +; are the primitive 4th roots of unity, and so
Py(X) =X — i} (X +i)=X?+1.
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To compute other examples, we need a better method.

(20.4) LEMMA.
x"—1=]]eux),

din

where the product runs over all positive divisors d of n.

Note that a comparison of the degrees of the polynomials on both sides of the

equation in Lemma 20.4 yields the standard formula n = >_ ¢(d).
dgn

Proof of Lemma 20.4. The roots of X" — 1 in C are all of the nth roots of unity
in C, and thus X" — 1 = [J(X — €), where € runs over all of these roots. Now
each nth root of unity in € has muitiplicative order d for some positive divisor
d of n, and so it 1s a primitive dth root of unity. Conversely, each primitive dth
root of unity for ¢ach divisor d of n is an nth root of unity. Thus, by grouping
the factors (X — ¢€) in the factorization of X" — 1, we obtain

X”%1=ITFFX—6L

dlnr €

where ¢ runs over primitive dth roots of unity in the inner product. The result
now follows. N

(20.5) COROLLARY. All coefficients of ®,, lie in Z.

Proof. By Lemma 20.4 we can write

®,(X) = (X" — 1)/ J] ®a(X) .
dln
d<n

Working by induction on r, we may assume that the denominaior on the right
above lies in Z[X]. Since each cyclotomic polynomial is monic, this denom-
inator is monic, and so @, can be computed in Z{X] by polynomial long
division. -

Lemma 20.4 can be used for explicit computation of cyclotomic polynomials.
For instance, if p is prime, then
X7 —1=d,(X)d(X),
and since ®,(X) = X — 1, this yields

Xr—1
X -1

We work out a few more examples. We have

=X 4 X X 4

q)p(X) =



310 CHAPTER 20

& (X X6 —1 X% —1
oX) = B DB H)D5(X) (X0 — Dda(X)
XP+1 ,
T =X +
Similarly,
X]S__l Xlﬂ+x5+1
d5(X) = =

(X5 — DPy(X) X2+ X+ 1
= X8 X' X X4 XX 41,

where the last equality is obtained by long division.

As we will see in the problems at the end of the chapter, ®,,(X) = ©,(X7?) if
p is a prime divisor of #. This yields, for instance, ®3(X) = ®4(X?) = X* + 1 and
(X)) = P(X?) = X* - X2 + 1.

The reader will undoubtedly have noticed that in all the examples of cyclotomic
- polynomials &, that we have computed, all of the nonvanishing coefficients are +1,
and it is tempting to conjecture that this is always so. In fact, further computations
show that this “conjecture” holds for all values of n up to 104, but that it fails when
n = 105. (The author is unaware of any other “simple” wrong conjecture that
works for so many cases before failing.) A theorem of Migotti illuminates this
phenomenon. It asserts that in order for @,, to have a coefficient other than (, 1, or
—1, it is necessary that r be divisible by at least three different odd pnme numbers.
The smallest positive integer that satisfies this conditionis 3-5 -7 = 105. A proof
of Migotti’s result can be found in the problems.

20B

Let ¢,, denote the complex number e2™i/n gsothat €, is a primitive nth root of unity in
C. We write Q, = Q[e,], the nth cyclotomic field. It should be clear that @, = Qf¢]
for any complex primitive nth root of unity €; our choice of €, was made only for
definiteness of notation. Note that @, could also have been defined as the splitting
field of X" — 1 over Q@ in C (by Lemma 20.3), and sc @@, is Galois over . We
propose to compute the Galois group Gal(Q, /Q).

As we shall see, Gal(Q, /Q) can be described (up to isomorphism) in two dif-
ferent ways: as Aut{C) where C is a cyclic group of order n, or as the group U/, of
units in the ring Z/nZ.

(20.6) LEMMA. Let C be a cyclic group of order n. Then Aut(C) = U, and, in
particular, Am(C) is abelian. If n is prime, Aut{C) is cyclic of order n — 1.

Proof. It is no loss to assume that C is the additive group of the ring Z/nZ. If u
is any unit of this ring, then multiplication by « defines an automorphism of C,
and this defines a group homomorphism from U, 10 Aut(C).

If u € U, determines the identity automorphism of C,then 1 =1 - u = u,
and so the homomorphism U, — Aut(C) is injective. It is surjective since
Ul = @(n) = |Aut{C}| by Theorem 2.11.
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Of course, U/, is abelian since Z/nZ is a commulative ring. If »n is prime,
then Z/nZ is a field, and so U, is cyciic (of ordern — 1) by Lemma 17.12. ®

(20.7y LEMMA. Let F C E and suppose E = F[e], where € is a root of unity.
Then E is Galois over F and Gal(E / F) is isomorphic to a subgroup of Aut(C),
where C = {€) C E*. In particular, Gal(E / F) is abelian.

Proof. Let n be the multiplicative order of €, so that € is a primitive nth root of
unity and E is a splitting field for f(X) = X" — 1 over F. Since E contains n
nth roots of unity, the polynomial f has n roots in E, and so it has distinct roots
and is separable. It follows that E is Galois over F.

If o € Gal(E/F), then o (€) is an nth root of unity and hence o(¢) € C
by Corollary 20.2. It follows that o maps C into itself, and since {C| < o0, we
conclude that the restriction of ¢ to € is an automorphism of C. Restriction
thus defines a homomorphism Gal(E/F) — Aut(C), and this map has a trivial
kernel since if o(¢) = € foro € Gal(E/ F),then o = | because E = Fle¢].

|

By Lemma 20.7 we know that Gal(Q,, /Q) is isomorphic to a subgroup of Aut(C),
where C is a cyclic group of order n. Our next task is to compute the order of this
Galois group. Since (, is Galois over (@, we have

1Gal(Q,/Q) = |Q, : Qf = deg(ming(e,)).

We shall see that ming, (¢,) = ®,. It follows that |Gal(Q,/Q) = ¢(»n), and thus
the Galois group is isomorphic to the full automorphism group of a cyclic group of
order n and to the full group U/, of units in Z/nZ.

We know that @, € [ X] and it is monic and has €, as a root. The additional
information needed to show that &, is the minimal polynomial of ¢, is irreducibility.

(20.8) THEOREM (Gauss). The cyclotomic polynomial ®,(X) is irreducible in
QIX] for all integersn = 1.

Proof. Let f € Q[X]be a monic irreducible factor of &, and write ®, = fg with
g € Q[X]. We assume that deg(g) > 0 and derive a contradiction.

Since ¢, € Z[X], Gauss’s lemma (16.19) applies, and there exista, 8 € ¢
withaf, Bg € Z[X] and @, = (af)(Bg). Since f and g are monic, this forces
a, f € Z. and because o8 = 1, we deduce thato, 8 = X1 and f, g € Z[X].

Since fg = P,, the complex primitive nth roots of unity are partitioned
into two disjoint subsets: the roots of f and the roots of g. If € and § are roots of
f and g, respectively, it follows by Corollary 20.2(b) that we can write § = ¢*
with ged(k, n) = 1. We choose roots € and § of £ and g so that & is as small
as possible. If p is a prime divisor of k, then (e?)*/? = §, and since k/p < k,
it follows from the minimality of & that the primitive nth root of unity €” is not
one of the roots of f. It is a root of g, therefore, and the minimality of k now
forces p = k. Thus €” = 4§, and so € is a root of the polynomial g(X?). Since
f = min, (€) by the irreducibitity of f in Q{X], we deduce that f(X) divides
2(X7) in QIX]. Writing g(X?) = f(X)h(X), we see that 4 € Z[X]. (This
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follows via polynomial long division since f and g have coefficients in Z and
f is monic.)

Now we come to the “trick”: we work mod p. Let F = Z/pZ, so that
F is a field. For each polynomial ¥ € Z[X], we can read the coefficients mod
p and obtain the poiynomial & ¢ F[X]. Also, the map f +—> f is a ring
homomorphism from Z[X] to F{X], and so

g(X¥F) = f(X) h(X).

Now, if ¢ € F and o # O, then a?~' = 1 since F* is a group of order
p — 1. It follows that «” = ¢, and this holds for all elements of F. In particular,
each coefficient of g is equal to its own pth power, and since char(F) = p, we
conciude that
g(X)?P =g(X*) =g(X?).
Thus f divides g7 in F{X], and so T and g have a common irreducible factor.

(Note that f has positive degree since f is monic.)
Since fg = &, divides X° — 1 in Z[X], we see that

f g divides X" — 1T,

and it follows that in /[ X], the polynomial X" — 1 is divisible by the square of
the common irreducible factor of f and g. We conclude that X” — 1 € F[X]
does not have distinct roots. This is a contradiction, however, since p,{'n, and so
the derivative of X" — 1 in F[X] has only the root zero, which is not a root of
X" — 1 [ |

(20.9) COROLLARY. |Q, : Q| = ¢(n).

Proof. Since @@, = Q[e¢,], we have |Q, : Q| = deg(ming{e,)). By Theorem 20.8
we have ming (¢;) = P, and the result follows since deg(P,) = ¢ (n). |

(20.10) COROLLARY., Gal(Q,/Q) = Aut(C) = U,, where C is cyclic of order
ofn.

Proof. By Lemma 20.7, Gal(QQ,/Q) is isomorphically embedded in Aut(C) and
Aut(C) = U,, which has order ¢(n). Since Q, is Galois over , we have
|Gal{Q,/Q)| = |Q, : Q| = ¢(n), and the result foliows. ]

Given positive integers m and n, it is not hard to see that the compositum
{Qm. Qa) in C is just the cyclotomic field ;, where ! = lem(m, n), the least common
multiple. We shall prove this and also the less trivial “dual” result, that Q,, N Q, =
Qg, where d = ged(m, n). We first need some facts about Euler's function.

(20.11) LEMMA. Letm.n > 1.

a. Ifgcd(m, n) =1, then U, = U, x U,.
b. If ged(m, n) = 1, then ¢(mn) = @(m)p{n).
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c. Ingeneral, p{m)p(n) = p(Dp(d), wherel = lem(m, n) andd = gcd(m, n).

Proof. For (a), note that we have a ring homomorphism Z — (Z/mZ) B (Z/nZ)
defined by @ — (a + (mZ), a + (nZ)). The kemel of this homomorphism is
the set of all integers that are multiples both of m and of n. Since m and n
are coprime, this kernel is exactly mnZ, and thus Z/mnZ 1s isomorphic to a
subring of (Z/m2Z) & (Z/nZ). Since |Z/mnZ} = mn = [(Z/mZ) & (Z/nZ}|,
we conclude that Z/mnZ = (Z/m2Z) & (Z/nZ). Statement (a) now follows,
since the units in an external direct sum of two rings are precisely those elements
for which each coordinate is a unit. Conclusion (b) is then immediate.,

In view of (b), it suffices to prove (c) in the case that m and n are powers of
the same prime number. In that case, however, ! is one of m or n and 4 is the
other, and so there is nothing to prove. =

(20.12) THEOREM. Ler! =Icm(m,n)andd = ged(m, n). Then

a. (Qm, Qn) = Q and
b. Qm NQ, = Qy,

where in (a), the compositum is computed in C.

Proof. Since m|l , we see that €, is an /th root of unity and so lies in ¥; (which
contains all complex /th roots of unity). Thus Q,, = Q[e,] < Q; and similarly
Q, € Q. It follows that (Q,,, Q. € Q. Also, since d]m and d).n, similar
reasoning gives Qg € Qn, 1 Q.

To complete the proof of (a), we observe that in the cyctic group (g}, the
subgroup (¢,,, €,) has order divisible by both m and »n, and thus its order is
divisible by I. It follows that {e,, €,) is the whole group (¢}, and so ¢ €
{Qni» @u). This gives Q@ < {Qn, Qn), and (a) is proved.

To prove (b), we appeal to the natural irrationalities theorem (18.22). Since
Q. is Galois over @, we conclude that

@ : @l = {{Qm, Q) P Q| = 1Qn  Qn N Q| .
By Corollary 20.9, however, we have

IR0l e
=@l = =00 = wom)
and similarly,
e e
from Lemma 20.11(c). Thus
!
@t Gl = 1Dyt @ N Q) = 1@ el = 28— i -
wim)

and we have equality. Statement (b) now follows. [ ]
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20C

We can use cyclotomic polynomials to prove an important special case of a deep
theorem of number theory due to Dirichlet. Combining this with Corollary 20.10,

we obtain the following result.

(20.13) THEOREM. Let G be any finite abelian group. Then there exists a field
E C C, Galois over Q, and such that

GallE/Q = G .

An extremely deep theorem of Schafarevitch asserts that Theorem 20.13 remains
true if the word “abelian” is replaced by “solvable.” It is not known whether or not

the word can be deleted altogether.

Dirichlet’s theorem says that given coprime positive integers n and m, there exist
infinitely many prime numbers p = m mod n. In other words, there are infinitely
many primes of the form /m -+ k» as & runs over positive integers. We will prove the

case where mm = 1.

(20.14) THEOREM. For eachpositive integer n, there are infinitely many primes
psuchthatp =1 modn.

Nearly all the work is in the following lemma,

(20.15) LEMMA. Let p be aprime divisor of ®,(m) wheren, m > 1 are integers.
Then pfm. If also pjn, then p = 1 modn.

Proof. By lLemma 20.4 we know+that &,(X) divides X” — 1 in Z{X], and it
follows that &, (m) divides m" — | in Z. We conclude that m" = 1 mod p and,
in particular, pfm. Thus m defines some element 7 in the multiplicative group
(Z/pZ)™, and we write d to denote the order of 77 in this group. By Lagrange’s
theorem, d I( p — 1) (since the group (Z/pZ)™ has order p — 1) and it suffices
to show that d = n. Since m" = 1 mod p, we certainly have d|n, and we can
write n = de for some positive integer ¢.

It suffices to show that if ¢ = 1, then p|n. Since we are assuming that d is
a proper divisor of n, we have

(X —1=X"—1= &, (X)X~ Dg(X),

where etther g = 1 or g is a product of some cyclotomic polynomials. Dividing
by X¢ — 1 yields

1+ X (XD 4+ (XD = @, (X)g(X),

and so @, (m) divides 1 +m“ +--- + (m“)*~!, and thus 1 +m9 + - . . + (m9)e-!
is divisible by p. Since m? = 1 mod p, however, this yields ¢ = 0 mod p.
Recalling that e|n, we conclude that pfn, as required, |
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. (20.16) COROLLARY. Letn > 1 and suppose p is a prime divisor of ®,.(n).
Then p = 1 modn. =

To complete the proof of Theorem 20.14, we need the following easy result.

(20.17) LEMMA. letn > 1. Then!|®,(x)| = x — 1 forallreal x > 2.

Proof, Since x > 1, we see that the point on the unit circle closest to x in the
complex plane is 1. It follows that |[x — €| = x — 1 for ¢very nontrivial complex
root of unity €. Since P,(x) is a product of @(n) factors of the form x — ¢, it
follows that |®,(x)| > (x — 1)*™ > x — 1, where the final inequality holds

because x — 1 > 1. B

Proof of Theorem 20.14. We may assume that n > 1. For each integer £ > 1,
we let Ny = @y, (kn). Then Ny is an integer, and by Lemma 20.17 we see that
| Nkl > 1, and so Ny has some prime divisor p;. By Corollary 20.16 we have
Prx = 1 mod (nk), and hence each prime p, = 1 mod n. To see that we have
found infinitely many different primes, note that since 1 <« p; = 1 mod (nk),
we have p; > nk, and thus there are arbitrarily large primes among the p;. B

Proof of Theorem 20.13. By the fundamental theorem of abelian groups, write
G =CxCyx---xC,,where C, is acyclic group of order n;. Now, by Theorem
20.14 choose distinct prime numbers p; with p; = Il modn; forl <i < r. Let
n = p)p;--- p, and note that

Gal{Q,/Q) = U, = Uy, x Up, x -+ x U, ,

where we use Lemma 20.11(a) repeatedly to get the second isomorphism.

Now U, is cyclic of order p; — 1, and since n; divides p; — 1, we can choose
Vi € U,, with index n;. Then

Upy X - - x U,
Vix...xV,

and so Gal(Q, /Q) has a subgroup H such that Gal(Q, /Q)/H = G.

Let E = Fix(H). Then E is Galois over Q since H « Gal(Q, /Q), and we
have Gal(E /Q) = Gal(Q,/Q)/H = G. »

=G
1

We mention that if @ € E C C, where F is arbitrarily chosen so that E is
Galois over @ with abelian Galois group, then E is contained in some cyclotomic
field Q. We do not prove this deep result.

20D

Next we show how to use field theory to settle certain questions about geometric
constructibility. We use the Euclidean rules that specify that only a compass and a
straightedge are allowed as tools, and we consider the three classical “hard™ prob-
lems: squaring a circle, duplicating a cube, and trisecting an angle. In addition, we
prove Gauss’s theorem concerning which regular n-gons are constructible.
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We begin by mentioning that the classical Euclidean rules for the use of a |
compass do not allow one to open the compass to the length of a certain line segment
A B, and thep move the compass and draw a circle of radius A B that 1s not centered
at A or B. Itis a fact (which we do not prove) that this operation can be simulated by
a sequence of “Jegal” uses of the compass and straightedge. For this reason, we can
ignore the question of whether or not compass use is legal in the Euclidean sense.

Given a geometric figure, say a circle or a triangle, printed on a piece of paper,
to square the figure means to construct a square having area equal to that of the
given figure. It turns out that it is possible to square a triangle, but it is not possible
to square a circle. As we shall see, the proof of this impossibility depends on the
theorem of Lindemann that 77 is transcendental, which we cannot prove here.

Given a line segment equal to the edge of some cube, to duplicate the cube means
to construct a line segment equal to the edge of a cube with volume exactly twice
that of the given cube. We will show that this is impossible. It is also impossible
to construct an angle equal to one-third of an arbitrary given angle. It must be
remembered, however, that the impossibility of these constructions depends on our
assumed restriction to only compass and straightedge. It is easy to manufacture
other tools that atlow, for instance, the trisection of an arbitrary given angle.

We begin with a very general construction problem. Imagine that the plane of
our constructions is the complex plane C (so that points are complex numbers) and
that the points 0, 1 € C have been marked in advance. We say that a point @ € C is
constructible if there is a finite sequence of compass and straightedge operations that
construct «. For instance, the number 2 € C can be constructed as follows: with the
straightedge, draw a line through the given points 0 and 1 and then draw the circle
centered at 1 and passing through 0. The other point where this circle crosses the
line through 0 and 1 is 2. After 2 has been constructed, a similar procedure yields 3,
and it should be easy to see that every element of Z is constructible. The probiem
is to characterize the subset X C C of constructible complex numbers. Qur main

result is the following theorem.

(20.18) THEOREM. Leta € C. Then the following are equivalent:

i. o Is constructible.
ii. o lies in a subfield of C that is normal and is of 2-power degree over Q.
iti. There exist fields E; < C with

Q=E,CECEC---CE,

and suchthato € E, and |E;  E; {|=2forl <i <r.

Note that we can paraphrase the equivaience of (i) and (ii) in Theorem 20.18 by
saying that a complex number is constructible iff it is algebraic and a splitting field
over Q for its minimal polynomial over Q has 2-power degree over . Note also that
by Theorem 20.18, if f € Q[X] is irreducible and one roat of f is constructible,
then every root is constructible,

(20.19) COROLLARY. Ifu < Cisconstructible, then o is algebraic over ) and
|Qlal : Q| is a power of 2. -
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We mention that the converse of Corollary 20.19 is false: there exist noncon-
structible complex numbers e« for which [Qla] : Q| is a power of 2. Any root of
an irreducibie polynomial over @ of 2-power degree whose splitting hield is not of
2-power degree over {Q is an example. A polynomial with this property, for instance,
is X* + 3X?% + 3X + 6. This is irreducible by the Eisenstein criterion, and when
viewed over Z/27Z, it factors as a product of a linear and an irreducible cubic poly-
nomial. By Theorem 28.23 it follows that the Galois group of a splitting field for
this polynomial over (¢ contains an element of order 3. The splitting field does not,
therefore, have 2-power degree over Q.

We derive some consequences before proceeding with the proof of Theorem
20.18. First, note that we can certainly construct a circie of radius 1 (and area 7} in
our complex plane. If there were a general procedure that squared circles, we could
apply it to this unit circle and construct a square with edge length equal 1o /7, and
this would imply that /7 is in the constructible set XK. Since 7 is not algebraic,
neither is /77, and this contradicts Corollary 20.19. This shows (assuming that 7 is
transcendental) that it is impossible to square an arbitrary circle with compass and
straightedge.

The impossibility of the other two classical construction tasks is much more
elementary.

(20.20} COROLLARY. No compass and straightedge construction can trizect a
60° angle.

Proof. The complex number €5 = ¢>*/¢ js centainly constructible; it is an inter-
section point of the two unit circles centered at 0 and 1. The angle from €4
to O to 1 is 60°. If a compass and straightedge construction of a trisector of
this angle were possible, then the point €3 = ¢*™//!® would be constructible.
This contradicts Corollary 20.19, however, since Q€3] : Q! = @(18) = 6 by
Corollary 20.9, and 6 is not a power of 2. o

(20.21) COROLLARY. No compass and straightedge construction can dupli-
cate a unit cube.

Proof. If the corollary were not true, we could construct a line segment of length
3/5, given a segment of length 1. It would follow that +/2 is constructible. This
contradicts Corollary 20.19, however, since the minimal polynomial of this
element is X — 2 by the Eisenstein criterion. -

We begin work now toward a proof of Theorem 20.18,

(20.22) LEMMA. Given line segments of lengths 1, x, and vy, it is possible to
construct a segment of length x/y.

Proof. Draw two lines through some point P, as shown in Figure 20.1, and mark
off points ¥ and E on these lines such that PE = 1 and PY = y. Next extend
PY in the direction of ¥ and mark off the point I/ with YU = x. Construct
UV parallel to Y E with V online P E, as shown. Using similar triangles, we
can easily see that EV = x/y. ]
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Figure 20.1

(20.23) LEMMA. Givenline segments oflength | and x, it is possible to construct
a segment of length /.

Proof. On a line through some point P, mark off points £ and X on opposite sides
of P suchthat PE = 1 and PX = x. Construct the midpoint of EX and draw a
semicircle centered at this point with diameter £ X. Next erect a perpendicular
PS5 to EX, as shown in Figure 20.2. Since angle ESX is necessarily 90°, an
argument that uses similar triangle gives PS = /. =

Figure 20.2

(20.24) THEOREM. The constructible subset K € C is a subfield of C.

Proof. To prove that X is a field, it suffices (since K > {0}) to show fora, g € K.
with 8 # 0,that « — 8 and o/ 8 lie in K.

Certainly, —8 € K. Since 0, o, — 8 € K, if these points are not collinear,
then & — A can be constructed as the fourth vertex of an appropriate parallelogram
with vertices 0, @, and —f. {We leave to the reader the easier case where the
three points are collinear.)

To show that &/ 8 is constructible, construct a ray out from 0 whose angle
with the positive real axis is 8 — ¢, where 8 and @, respectively, are the angles of
the rays from O through o and through 8 with the positive real axis. The point
a/B lies on the ray just constructed, at distance |a|/|8| from 0. By Lemma
20.22 we can construct a segment of length |a|/| 8|, and this shows that a/8 is
constructible. [
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(20.25) LEMMA. Leta € Cwitha’ e K. Thena € K.

Proof. Construct the line through O that bisects the angle between the ray from
0 through «? and the positive real axis. The point ¢ is one of the two points

on this line at distance /|o?| from 0, and so it is constructible by Lemma
20.23. »

By the previous two results, X is a subfield of C that is closed under taking
square roots. In fact, K is the unique smallest subfield of C that is square-root
closed.

Our next result contains the essence of the proof that (i) implies (it} in Theorem

20.18.

(20.26) LEMMA. L[Let E C C be closed under complex conjugation and leta € C
be constructible in one step from the points of E. Then

|E{x] : E| < 2.

Proof. There are three possibilities for the “one step” that constructs a: (1) « is
the intersection of two lines, each determined by two points of E, (2) « is an
intersection of a line determined by two points of £ with a circle centered at a
point of £ and with radius equal to the distance between two points of £, or (3)
¢ s an intersection of two circles, each centered at a point of E and each having
radius equal to the distance between two points of E. (Note that since we are
assuming that £ is closed under complex conjugation, the square of the distance
between any two points of E is itself an element of £.) The three possibilities
are illustrated in Figure 20.3.

(a) (b) (¢}

Figure 20.3

In the diagrams, 8, v, 8, and € are in £, and the radii r and s satisfy »2, 5% €
E. Our object is to find a polynomial equation of degree < 2 satisfied by o with
coefficients in E. In each case, this is done by finding two expressions for the
complex conjugate & and equating them.

The assumption that ¢ is on the line determined by B and § (in cases (a) and
(b)) implies that (&« — B8)/(3 — B) is real. This yields
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In case (a), we get a similar expression for & involving o, €, and y. Equating
these, we obtain

R

™

G-F=e+—°
5—p vy €

(Y —¢€),

B+

a linear relation satisfied by « with coefficients in £. Now if this is not an
identity that holds for all values of o, we can solve for @ and deduce thatx € E.
If the above relation is an identity, substitute 8 for « to obtain

e+l 5 -2
Y —¢€

This forces 8 to be on the line determined by ¥ ande. Thena = 8 € E. In
case (a), therefore, |Ela] : E| = 1.

The assumption that « is at distance » from ¥ (in cases (b) and (¢)) can be
writien. as (¢ — ¥)(@ — %) = r?, and this yields

!"2

T=7+ .
o —y

In case (b), we can equate this with our earlier expression for &@. Multiplying
by o — y, we obtain

@=[B+5756-B|=ra-n+r.

which is a quadratic relation satisfied by o with coefficients in £. This relation
is definitely not an identity since the substitution of y for ¢ would vield %2 = 0,
a contradiction. We conclude that [E[a] : F| < 2 in case (b).

Finally, in case (¢}, « is at distance s from 8. This yields an expression for &
that can be equated with the previous formula. Multiplication by (@ — y ){ar — 8)
then yields the relation

Vla — p)a — B) + ria — ) = Bla — y)a — B) + s*(a — ¥),

which is quadratic in o and has coefficients in E. This is not an identity since
substitution of y for a would yield y = 8 (since 2 # 0), and this is false. We
deduce that |E{a] : E| < 2 in case (c). |

At last, we are ready to prove our main result on constructibility,

Proof of Theorem 20.18. leta = K. Then o can be constructed in a finite number

m of “steps,” starting with the given members 0, 1 € X, which require no steps.
We prove by induction on m that there exists a normal extension L. 2D Q in C
with 2-power degree over O, such that « and all of the intermediate points used
in the construction of « lie in L., This shows that (i) implies (ii).
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Ifm = 0,thena € @ and there is nothing to prove, If we assumethatm = 0,
then the inductive hypothesis yields a field £ normal with 2-power degree over
@, and such that £ contains all of the points used in the construction of «.
Since E is normal over Q, it is invariant under complex conjugation and Lemma
2026 apphies. We deduce that |Ela| : E| < 2, and we may assume that in fact
|Elal: E| = 2, or else we can simply take I. = E.

Let f = ming(a) and write g to denote the product of the distinct images
of f under Gal(E /(D). We take L to be the splitting field for g over £ in C. It
suffices to show that L has 2-power degree over E and that L is normal over Q.

First we compute degrees. We observe that if 8 is any root of g in L, then
deg(ming(f)} = 2, and thus adjoining £ to any field that contains E results
in an extension of degree 1 or 2. Since we obtain L from E by successively
adjoining such roots 8, we see that |L : E| is a power of 2, as required.

To see that L 1s normal over (), we observe first that since £ is Galois over
@ and g is invariant under Gal(E /Q), we have g € Q[ X]. Also, E is a splitting
field over (@ for some polynomial # € Q[X]. It follows that L is a splitting field
over @ for the polynomial gh, and thus L is rormal over @, as required.

Now assume (ii}. We thus have o € E for some field £ < C with E normal
and of 2-power degree over Q. Because E is Galois over Q and the Galois group
G is a 2-group, it follows that there exists a chain of subgroups of G, each of
index 2 in the preceding, running from G to the identity. By the fundamental
theorem of Galois theory, the fixed fields of these subgroups form the tower of
fields whose existence is asserted by (iii).

Finally, we prove that (iii} implies (i). We are given the tower of fields E;
and we show by induction on i that E; € K. Since K is a field by Theorem
20.24, we have Fy = @ © K, and our induction starts. it suffices now to show
that if I/ € V € C are subfields with I/ € K and [V : U| =2, then V C K.
We have V. = U[y], where y is a root of some quadratic polynomial with
coefficients in U. Tt follows from the quadratic formula that we can also write
V = U[8], where 82 € U € K. By Lemma 20.25 we conclude that § &€ X, and
since K is a field, we have V C X, as required. [

We close this chapter with a discussion of Gauss’s theorem, which determines
the integers # > 3 for which it is possible to construct a regular n-gon with a compass
and straightedge. This question is interesting only when n is odd, and the only odd
values of n for which the ancients knew an affirmative answer are 3, 5, and 15. As
we shall see, it follows from Gauss’s result that it is not possible to construct regular
n-gonsforn =7,9, 11, or 13, but it is possible forz = 17. (In fact, Gauss described
an explicit construction for a regular 17-gon.)

A prime number p is called a Fermat prime if p = 2° + 1 for some integer
a = 1. For example, the values ¢ = 1, 2, 4, 8, and 16 yield the Fermat primes 3,
3, 17, 257, and 65,537. (These five were known to Fermat himself, and no other
Fermat primes have been discovered since.) Although we do not actually use the
following result, it does help to put Fermat primes into perspective.
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(20.27) LEMMA. [f2¢ + lisprime witha > 1, then a = 2" for some integer n.

Proof. If @ is not a power of 2, then we can factor ¢ = bc with b odd and ¢ <« a.
In this case, we have 1 < 2+ 1 < 29 4+ 1, and we will show that 2° + 1 divides

2% + 1, which cannot therefore be prime. We have

Xt 4]
=+ =Xb_]—Xblh-2+Xb_3—“*"*"—X+].
X +1
Substitution of X = 2 shows that (2¢ 4 1)/{2° 4+ 1) is an iInteger, as
required. |

It follows that the next possible Fermat prime after 2'% 4+ | = 65,537 is 272 + 1.
This number is not prime, however, since one can check that 641 is a factor,

(20.28) THEOREM (Gauss). Let n > 3. Then it is possible to construct a
regular n-gon with a compass and straightedge precisely when ¢(n) is a power
of 2. This happens iff n is of the form

n=2pipr--pr,
where e > 0 and the p; are distinct Fermat primes. (We allow r = 0.)

Proof. We observe first that the nth roots of unity in the complex plane form a
regular rn-gon inscribed in the unit circle (centered at the origin). If the primitive
nth root €, lies in the constructible field X, therefore, it is possible to construct
a regular n-gon. Conversely, if any regular #-gon is constructible, then it is easy
to inscribe such a polygon in the unit circle, with one vertex of the polygon at
the point 1, and this implies that ¢, € X.

Since the cyclotomic field Q. is the splitting field in C for the minimal
polynomial over @ of €,, Theorem 20.18 tells us that ¢, is constructible iff
Q. : Q| is a power of 2. We know, however, that ((Q, : Q| = ¢(n), and this
completes the proof of the first assertion.

Now write n = gi'q;®---g;*, where the g, are distinct primes and the
exponents ¢; > 0. By Lemma 20.11 we know that ¢(n) is the product of the
numbers ¢(g;" ), and thus @(n} is a power of 2 iff each of these factors is a power
of 2. The question we must resolve, therefore, is: When is it true that ¢(p°)
is a power of 2 for primes p and positive exponents e? It is easy to see that
e(p?) = p¢ — p* ! = p*I(p — 1), and it follows that ¢(2°) is always a power
of 2. For odd primes p (and positive exponents e}, we see that ¢ ( p°) is a power
of 2iff e = 1 and p 1s a Fermat prime. The result now follows. N

Since there are just five known Fermat primes, it may be that there are no more
than 31 odd numbers » = 3 for which a regular n-gon is constructible. The largest
of these is the product of the five known Fermat primes.
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20.1

20.2
20.3

20.4

20.5

20.6

20.7

20.8
20.9

20.10

20.11
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Suppose pis aprime and n > 1. Show that

_ [ ®.xm if pin
q)p"(X)m{d)n(Xf’)/dJ,,(X) ifpj’n

Suppose 2fn, where n > 1. Show that ®,,(X) = ®,(—X).

Show that @,(0) = *1 foralln > 1. If n is odd and n > 3, show that
P,(0) =

If ®,(X) =73 a; X', show that @; = *a,,_, forall / with 0 < i < @(n),
Show that the sign depends on » but not on 1.

Let g be prime and assume that g fin, where m > 1.

q—1 .
a. Show that ¢ (X") = 3 (X9)% X' for suitable exponents ¢; > 0.
i=0

g—1 .
b. Show that @, (X™)(X — 1) = J [(X9)* — (X?)*]X’ for suitable expo-
=0

nents a;, b; > 0.
c. Show that ¢,(X™)/®,(X) is a polynomial with all coefficients in the
set {0, 1, —1}.
d. If m is prime, show that all coefficients of ®,,,(X) lie in {0, 1, —1}.
HINT: Use part (b) for {c). For part {(d), use (c¢) together with Problem
20.1.

(Migotti) If n = 2% p®4°, where p and g are primes, show that all coefficients
of ®,(X) licin {0, 1, —1].

HINT: Use Problems 20.1 and 20.2 to reduce to the situation of Problem
20.5(d).

If » is divisible by p? for some prime p, show that the sum of all primitive
nth roots of unity in C is zero.

If m and n are coprime, show that ®,, is ireducible in Q,,[ X].

If m and n are coprime, show that some automorphism of Q, carries ¢, to

(€a)™.

Find explicitly a polynomial f € Q[ X] such that the associated Galois group
over Q is of order 3.

HINT: Work in Q.

Let p be a prime and suppose that 8,, &;, . . ., 3, are (not necessarily distinct)
primitive pth roots of unity in C. If 3 8; € Q, show thatr > p — 1 and that
all of the primitive pth roots of unity occur among the §;.
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20.12

20.13

20.14

20.15

20.16

20.17

20.18

Write € = ¢,, where p > 2 is prime, and let

Show that Q[a] is the unique subfield of Q, that has degree 2 over Q.
NOTE: The quantity « is called a Gauss sum.

If o is the Gauss sum in Problem 20.12, show that ¢@ = p.
HINT: 3 "7 =3 ", wherei, j, u,and vrunover {0, 1,..., p — 1}.
if BV

Let o be the Gauss sum of Problems 20.12 and 20.13.

a. fp=1imodd4,showthatad = o andsoa = x./p.
b. If p = 3 mod 4, show that & = —a and so o =i, /p.

HINT: Use Problem 20.12 for part (a). For part (b), observe that when
p =3 mod 4, we have i # — j? mod p unless i = 0= j mod p. Use this
o compute or + .

NOTE: A remarkable result of Gauss asserts that always« = ,/p ori P

Suppose 8 € @, NR and 8™ € Q for some integer m > 1. Show that
B? e Q.

HINT: Prove that ming(8) splits over Q, N R. If ¥ is any root of this
polynomial, note that |y | = |8].

Suppose that 8 € Q, is purely imaginary and that 8™ € Q for some integer
m > 1. Show that 8% € Q.

Let F = Z/pZ for some prime p, and let ¢, denote the image of @, in
F[X|. Assume that D, is irreducible in F[X]. Let E be a splitting field for
X" — 1 over F and let m be the order of the group of nth roots of unity in E.
a. Showthat Gal(E/F)= U, = U,,.

b. Show thatif m # n,then p = 2, n = 2m, and m is odd.

c. Show that either pfn or p = 2 and 4}n.

d. Show that ged(n, p - 1) < 2.

HINT: For part (a), note that U/, is a homomorphic image of U/, and that
@lm) = |Gal(E/F)| = ¢(n). For part (d), show that |[C N F| < 2, where C
is the group of nth roots of unity in £. Use the fact that Gal(E/ F) = Aut(C).

Let E be the splitting field of X" — p over @ in C, where p is prime. Show
that | E : (@] is equal to either nep(n) or ng(n)/2.
HINT: Write F = Q, and show that F C E. Letm = {E : F| and show

that F C E. Letm = |E : F| and show thal:m|n by considering irreducible
factors of X" — p in F[X]. Show that p™/" € F and use Problem 20.15.
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20.19 Let K € C be the field of constructibie complex numbers, Show that K is
the unique smallest subfield of C with the property that every element has a

square root in the field.

20.20 Show that it is possible to square any given triangle using only a compass
and a straightedge.



CHAPTER TWENTY-ONE

Finite Fields

21A

We begin this chapter on finite fields with a very general observation. Every field
E has a unique minimal subfield, a subfield contained in every subfield of E. This
prime subfield of E is constructed simply as the intersection of all subfields. It turns
out that the prime subfield of E is determined up to isomorphism by the characteristic
of F.

(21.1) LEMMA. Ler E be any field and suppose F is its prime subfield. If
char(E) = p > O, then F = Z/pZ, and ifchar(E) = O, then F = Q.

Proof. Sincel € F,weseethatr - 1 € F for all integers n € Z. In the case that
char(E) = p, a prime, the elements n - 1 for 0 < n < p form a subfield of F
isomorphic to Z/ pZ, and this subfield must be all of F by the minimality of F

If char(£) = O, then the elements » - 1 are all nonzero for n £ 0. It follows
that the elements (rm - 1)/(n - 1) of F, where m, n € Z and n % 0 form a subfield
of F isomorphic to . By minimality again, this must be the whole ficld F. m

We can now begin our study of finite fields. If E is finite, then clearly its prime
subfield is finite and so char{E) % 0. The characteristic is therefore some prime
number.,

(21.2) LEMMA. Let F be a finite field and suppose E 2 Fwith |E : F|=n <
0o. Then E is finite and |E| = |F|".

Proof. Leta,, w3, ..., o, bean F-basisfor E. Theneveryelementof E is uniquely
of the form } a;«;, where the coefficients g; lic in F. It follows that | £ is equal
to the number of n-tuples (a;, a,, ..., a,) of elements of F, and this number is
equal to |F|". [ |

326
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(21.3) COROQLLARY. Let E be any finite field and let p = char(E). Then p is
prime and |E| = p", where n = |E : F| and F is the prime subfield of E. In

particular, |E| is a prime power.

Proof. We have seen that p must be prime. Now [F| = p by Lemma 21.1, and
since F is finite, we haven = |E : F| < oo and thus |E| = p" by Lemma 21.2.
[

As we shall see, for every prime number p and positive integer »n, there actually
does exist a field of order p”, and this field is unique is up to isomorphism.

(21.4) LEMMA., Let L be a field of prime characteristic p and let g be a power
of p. Then L contains a subfield of order q iff the polynomial X9 — X splits
in LEX]. In this case, £ = {a € L | a¥ = o} is the unique subfield of L with
order q. :

Proof. Since char(L) = p and g is a power of p, we see that (o — B)? = o? — 89
fora, B € E. It follows that {@¢ € L | @9 = «} is an additive subgroup of L,
which we call E. Since also (a/B)? = a?/89 for 8 # 0, we conclude that E is

a subfield.

Writing f{X) = X% — X, we see that E is precisely the set of roots of f in
L, and thus [E| < deg(f) = g. Note that the formal derivative f'(X) = —1,
and so f has distinct roots by Theorem 19.4, Thus {E| = q iff f splits over L.

To complete the proof, we must show that if K € L with |[K| = q, then f
splits over L and K = FE. Both of these conclusions will follow when we show
that K < E, since we know that |E| = g and that f splits iff equality holds.
Suppose, then, that « € K. Cerntainly, if « = 0, thena € E, If o # 0, then
a?™! = 1 since o is in the group K* of orderg — 1. Thusa? = ¢ and o € E
in this case, too. [

(21.5) COROLLARY. Let g be a power of the prime number p. Then there
exists a field of order q, and every such field is isomorphic to a splitting field
Jor f(X) = X? — X over F = Z/pZ. In particular, all fields of order q are
isomorphic.

Proof. Let L be a splitting field for f over F, and note that by Lemma 21.4 there
is a subfield E € L with |E| = g. This proves existence.

Now let Ey be any ficld of order ¢. Let Fj be the prime subfield of E,, and
notc that Fy = F since char(Ep) = p by Corollary 21.3. By Lemma 21.4 the
polynomial f splits over Ey, and so Eq contains a splitting field L for f over
Fy. By Corollary 17.23 (uniqueness of splitting fields) we have Ly = L. Thus

g = |Eo| = |Lol = |L| = |E| =gq,
and we conclude that Eq = Ly = L, as required. [

Finite fields are often called Galois fields, and we write GF(g) to denote “the”
Galois field of order ¢, where g is any prime power. (Of course, GF (g) is defined
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only up to isomorphism.) We stress that if ¢ is not prime, then G F' (g} is definitely
not isomorphic to Z/qZ since the latter ring is not a field in this case.

(21.6) COROLLARY. LetF = Z/pZ, where p is prime, and let n be a positive
integer. Thenthere exists an irreducible polynomial f € F[X}withdeg(f) = n.

Proof. Let £ = G F(p") and identify F with the prime subfield of £. By Lemma
17.12 we know that £ 1s a cyclic group, and we can write £* = {«) for some
o € E. Then £ = Flo] and deg{ming(e)) = |E : F) = n, where the last
equality holds by Lemma 21.2, |

By studying the subfield structure of finite fields, we can sharpen and generalize
Corollary 21.6 and actually count the number of irreducible polynomials of degree
n in F[X], where F is any finite field. The key result on subfields is the foliowing
theorem.

(21.7) THEOREM. Let E = GF(q™), where g is a prime power. If m > 1 isan
integer, then the following are equivalent:

i. £ has a subfield of order g™,
. m divides n.
itt. g — 1 divides g" — 1.

Alsa, if g is prime, then every subfield of E has order q™ for some integer m In

Proof. Assume (i) and let ¥ € E with |F| = g™. Since |E : F| < o0, we
can write d = |E : F|, and we have |E| = |F|? by Lemma 21.2. Then
g" = |E| = (g™), and so md = n, proving (ii).

Now, assuming (ii), we write n = md. Substitution of g™ for X in the
identity X — 1= (X —D(1+X + X2+ ---+ X*~!) shows that g™ — 1 divides
g" — 1, and (iii} is proved.

The cyclic group £ of order g" — 1 has a subgroup with order equal to
any given divisor of g” — 1. Assuming (iii}, therefore, we can find a subgroup
H C E™ of order g™ — 1. Clearly, each of the g™ elements of H tJ {0} is a root
of X4" — X, and so we see that this polynomial splits over E. By Lemma 21.4,
E contains a subfieid of order g™, proving (i).

Finally, if g is prime, then ¢ = char(E), and so if F C E, then |F| = g™
for some integer m > 1. Thenm |n by the fact that (i) implies (ii). |

The equivalence of (i1) and (iit) in Theorem 21.7 is a purely arithmetic resuit,
independent of field theory. Our proof that (ii) implies (ifi) did not rely on fields and
would work just as well for any integer ¢ > 1, even if ¢ is not a prime power. There
is also a direct proof that (iii) implies (ii), which works in this generality. Simply
writen = am+r with0 < r < m. Theng" = (g")"g", and working mod (g™ — 1),
we have g™ = 1 and so g" = g". By (iii), we have g” = l and thus g" = 1. It
follows that g™ — 1 divides ¢" — 1. Since g" — 1 < g™ — 1, however, this forces
g" — 1 = 0, and so r = 0 and (ii) holds.
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(21.8) COROLLARY. Let E, F C L, where |E| = g" qnd |F| = g™ for some
prime power q. Then |E N\ F| = g%, where d = gcd(m, n). In particular,

FCEifm|n.

Proof. By Theorem 21.7 each of £ and F has a subfield of order g¢. By Lemma
21.4, however, L has at most one subfield of this order, and this forces | ENF| >
q®. Now writeg = p“, where p = char(F). Then|ENF| = p* for some integer
¢, and we have e|(ma) and e|(na). (This is by Theorem 21.7 since | F| = p™? and
|Ef = p"®.) Thus e < ged(rma, na) = da,and so |E N F| = p¢ < pie = g4,
Thus |E N F| = g, as required.

Ifm\n, thend = m and |F| = |F N E|. By Lemma 21.4 we conclude that
F=FNECE. |

(21.9) COROLLARY. Let FC Ewith|Fl=q <ocand |E : Fl = n < oo.
Then for each divisor m of n, there exists a unique subfield K with F C K <
E and such that |K| = q™. There are no other intermediate fields between

Fand E.

Proof. If F € K € E, write [K : F| = m. Then m|n and |K| = ¢™. Also, K is
unique of its order by Lemma 21.4.

Now let m[n. By Theorem 21.7 there exists K € E with |K| = g™. Since

|F| = g' and 1|m, we have F € K by Corollary 21.8, m

In particular, if £ = G F(p"), where p is prime, we can apply Corollary 21.9
with F being the prime subfield of E of order p. It follows that £ has exactly as
many subfields as n has divisors: there is one subfield isomorphic to GF (p™) for
each divisor m of n, and there are no other subfields.

An alternative method for studying intermediate fields in extensions of finite
fields is via Galois theory, and we digress briefly to discuss this approach. f F € E
is a Galois extension of fields with |E : F| = n and with cyclic Galois group G,
then (G| = n and G has a unique subgroup of index m for each divisor m of n, and
there are no other subgroups. By the fundamental theorem of Galois theory, there
is a unique field K with #/ € K C E and such that |K : F| = m, and there are no
other intermediate fields. To prove Corollary 21.9 by Galois theory, therefore, the
following result is sufficient.

(21.10) THEOREM. Let F C E be finite fields with |F| = q. Then E is Galois
over F and G = Gal(E/F) is cyclic. In fact, G = (o), whereo ' E — E is
defined by o{a) = af foro € E.

Proof. Let p = char(F). The map @ +> a” is an isomorphism of £ into itself,
and since £ is finite, this map is surjective and is an automorphism of E. Since
o is a power of this map, it follows that ¢ € Aut(E). By Lemma 21.4 we know
that F = (o € E | a9 = a} = Fix({o}). It follows from Theorem 18.20 that £
1s Galois over F and Gal(E/F) = (o). m
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21B

We now turn to the problem of counting the irreducible polynomials of degree » in
E[X), where E = G F(g). We can restrict our attention to monic polynomials; the
full count can then be obtained through multiplication by ¢ — 1.

There is an inductive approach to the problem. If we already knew the totai
numbers of monic irreducible polynomials of degree m in E{X] for all integers
m < n, then using unique factorization, we could, in principle, compute the number
of monic reducible polynomials of degree n. Since we know that the total number
of monic polynomials of degree n in £[X] is ¢", we could calculate the number of
these that are irreducible by subtraction.

There is a much better way to do this. The following result gives both an estimate

and a precise count.

(21.11) THEOREM. Let N denote the number of monic irreducible polynomials
of degree n over GF(q). Then

a N > % (q” — Xq"f’) , Where the sum is over all primes r|n, and

b. N = }li Y u(s)g"’s, where s runs over all divisors of n that are products

of distinct primes (allowing s = 1) and where u(s) = (—1Y when s is a
product of k primes.

We mention that the above function u is the Mébius function of number theory.
Its definition is extended to all positive integers s by setting pe(s) = 0 if 5 is not a
product of distinct primes.

(21.12) LEMMA. Let E C L, where |E| = q and |L| = g™, and let
T={ael|E[a}=L}.

Then every monic irreducible polynomial of degree n over E has exactly n roots
in T, and each element of T is a root of exactly one such polynoniial.

Proof. Let f € E[X]be monic and irreducible of degree 1, and let X be a splitting
field for f over L. If @ € K is a root of f, then f = ming(x) and hence
|Ela) : El = deg(f) = n. By Lemma 21.2 we deduce that |E{e]| = ¢" = |L|,
and so E[la] = L by Lemma 21.4. It follows thata € T.

Since E is finite, Thecrem 19.7 guarantees that f is separable over E.
Because f is irreducible, it has distinct roots, and thus f has exactly n roots in
K. All of these are in T, and the first assertion is proved.

Now let @ € T and write f = ming(a). Then f € E[X] is monic and
irreducible; it has « as a root and has degree equal to |E[a) : E| = |L : E| = n.
If g € E[X] is any other monic polynomial that has ¢ as a root, then f|g, and
soif deg(g) = n, wehave g = f. |
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(21.13) COROLLARY. Assume the notation of Lemma 21 12 and let N denote
the number of monic irreducible polynomials of degree n in E[X). Then N =
(T|/n. u

Proof of Theorem 21.11(a). Let I. = GF(g") and let E be the subfield of L of
order q. (This exists by Theorem 21.7.) Writing T ={a € L | E[e] = L}, we
have N = |T|{/n by Corollary 21.13.

Ifpel —T,then F € E[B] < L andso |E[8]| = q™, where m is some
proper divisor of n. Let r be any prime divisor of n/m and let X, be the subfield

of order ¢™/" in L. Then m‘(n/r), and so 8 € E[B] € K, by Corollary 21.8.

Conversely, if r is any prime divisor of #, then £ € K, <« L, and 5o no
element of K, lies in T. It follows that L — T = |_J X, where r runs over all
prime divisors of n. In particular,

LTI <) 1K= q"".

Thus |[T] = g" — 3_ q™'", and the inequality in Theorem 21.11(a) follows. N

To complete the proof of Theorem 21.11, we need the “inclusion-exclusion”
principle from elementary combinatorics.

(21.14) LEMMA (Inclusion-exclusion). Let X be a collection of subsets of some

finite set U. Then
Uxl=-ZcomiNel,
=]

where P runs over all nonempty subsets of X.

For instance, if |X'| = 3, we can write X = {A, B, C}. Then Lemma 2!.14
says that

JAUBUC| =|A|+|B|+I|C|—1ANB|—|ANC|—|BNC|+|ANBNC].

Proof of Lemma 21.14. We may assume that |_ X = U, and we adopt the usual
convention that if P = @, then [P = U. Then the formula of Lemma 21.14
is equivalent to showing that the quantity

s=3 (=H™MP|

is equal to zero. (Here, we are summing over all subsets of X, including &.)
Foru € U, write A, = {A € X | u € A} and note that X, # &. We have

SO ICLED 35 N ile

PEX 4e(|P uell PCX,
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by interchanging the order of summation. We claim that foreachelementu € U,
the inner sum on the right vanishes. To see this, write | &), ] = n and note that

n

> =nP=y (':)(nl)" =(1-1=0.

PCAX, i=0
It follows that 5 = 0, as required. ]

Proof of Theorem 21.11(b). We know that N = |T|/n andthat T = L — J K,
where |L| = g" and | K, | = ¢™/" and r runs over all prime divisors of n. Let P
be any nonempty subset of A = {K,}. Then [P is the subfield of L of order
q°, where c is the greatest common divisor of all those numbers n/r for which
K, € P. (This follows by repeated applications of Corollary 21.8.) Therefore
|[YP| = g"/*, where s is the product of the relevant primes. We write k(s)
to denote the number of prime factors of s (so that k(s) = |P|), and then the
inclusion-exciusion principle tells us that

UK | == =09 = =3 uisram.

L ; 51

where 5 runs over all square-free nontrivial divisors of n, Because [L| = g" =
#(1)g"1, we can inchide the term corresponding to s = 1. We have

T =1Ll - [ & | = 3 utrg,

521

and the result follows. ]

Suppose we choose a polynemial of degree n at random from E[X], where
E = GF(q). What is the probability that the chosen polynomial is irreducible?
The answer is very nearly 1/n. To see this, observe that it is no loss to assume that
our polynomial is monic. Since there are exactly 4" monic polynomials of degree
n, the probability we wish to compute is N/g”", where N is as in Theorem 21.11.
By Theorem 21.11(a), the probability is 1/n — ¢, where € = (}_ ") / ng". Now

a2

anjr < th < C]H_"'Q-
r i=0

It follows that ¢ < g/ng"/?, and of course this is tiny for even moderately large n.

Suppose we want to find explicitly an irreducible polynomial of fairly large
degree over some finite field. For instance, suppose we seek an irreducible poly-
nomial of degree 100 over G F(2). Since the probability that a random polynomial
of degree 100 is irreducible is nearly 1/100, all we need is a fast procedure for de-
ciding whether or not a particular polynomial is irreducible. Given such a decision
algorithm, we can simply pick polynomials at random and test them. Unless we
are extraordinarily unlucky, this procedure will soon produce the desired irreducible
polynomial.
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A fast irreducibility check is available, and using it, one can find an irre-
ducible polynomial of degree 100 over GF(2) in just a few seconds on even a
small computer. The algorithm to which we refer is from E. Berlekamp, and we

present it next.

21C

The Berlekamp algorithm is a useful computational procedure for factoring polyno-
mials over finite fields into irreducible factors. In particular, it enables one to decide
whether or not a given polynomial is itself irreducible. In fact, a considerably sim-
plified version of the algorithm suffices for this latter task.

We need to discuss the polynomial analog of the greatest common divisor of
two integers. If E is a field and f, g € E[X] are not both zero, we say that a
polynomial d € E[X] is a greatest common divisor for f and g if d| f and dl g
and no polynomial that divides both f and g has degree exceeding that of d. It
is obvious that a greatest common divisor for f and g always exists, and it is
easy to see by using unique factorization in E[X] that “the” greatest common
divisor of f and g is unique up to multiplication by nonzero scalars. In particu-
lar, f and g have a unique monic greatest common divisor, and by analogy with the
standard notation from number theory, we write ged( £, g) to denote this polynomial.
(It should be noted that ged(f, g) depends on f and g but not on the field £. We
obtain the same monic greatest common divisor if we work over any field extension
of E.)

Now let E be a finite field and assume that we know how to do arithmetic in E.
(This is especially easy, for instance, if E = Z/pZ for some prime p.) One of the
things we nced to be able to do is to construct a greatest commeon divisor for two
given polynomials f, g € E[X] that are not both zero. The polynomial version of
the familiar “Euclidean algorithm™ is a fast way to do this, and we remind the reader
how this works.

Given f, g € E[X] with f # 0, we can use polynomial “leng division” to
find g,r € E[X] such that g = gf -+ r and either r = O or deg(r) < deg(f).
We observe that the greatest common divisors of f and g are exactly the greatest
common divisors of r and f. In particular, if r = O, then f is a greatest common
divisor for f and g and there is nothing more to compute. Otherwise, we simply
replace f by r and g by f and repeat the process. Since the polynomial r (which
replaces f) has degree smaller than that of f, we see that this algorithm terminates
after at most 1 + deg( f) steps.

We are now ready to discuss the Berlekamp algorithm. Suppose we are given
a polynomial f € E[X] with deg(f) = n > 1, and we wish to factor F. We
may certainly assume that f is monic, and so we know that f = g,g,--- g, for
some monic irreducible polynomials g; € E[X]. Our problem is to determine the
g explicitly.

The first step is to detect whether or not any two of the factors g; are equal. For
this purpose, we compute a greatest common divisor / for f and f’, where £’ is the
formal derivative of f, and we consider three possibilities.
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If deg(h) = (@, then the g; are distinct. To see this, note that if gz\f, then

g}f’ and g is a common divisor for f and f’. If deg(g) > O, this contradicts the
assumption that 2 has degree 0.

Suppose next that 0 < deg(h) < deg(f). In this case, & is a nontrivial proper
divisor of f, and so by long division, we can find a polynomial k¥ € E[X] with
f = hk. In this case, the problem of factoring f has been reduced to factoring two
polynomials of smaller degree.

‘The final possibility is that deg(h) = deg( f). In this case, we necessarily have
f' =0, because otherwise deg( f’') < deg(f) = deg(h) and % could not divide f'.
Since f’ = 0, we see that f(X) = fy(X?) for some polynomial f; € E[X], where
p = char(E). Because E is finite, it is perfect, and so by taking pth roots of the
coefficients of fo, we can find f, € E[X]such that £{(X) = f,{X)*. In this case, it
suffices to factor f; in order to get the full factorization of £.

Note that in the second and third cases above, f is necessarily reducible, If
our goal, therefore, is only to determine whether or not the given polynomial is
irreducible, we can stop if deg(h) > 0.

We can now assume that the g; are distinct. The next step is to work in the
ring R = E[X1/(f). Before we do this, we make some general observations about
factor rings of polynomial rings.

Let £ be any field; let f € E[X] with f # O and, as usual, write ( f} to denote
the principal ideal of E[X] generated by f. We consider R = E[X]/(f) and note
that since the ideal (f) is an E-vector subspace of E[X], we can view R as an
E-space in a natural way. We use overbars to denote the canonical homomorphism
E[X] - R,sothatif & € E[X], we write /i to denote the element (f) + & of R.

(21.15) LEMMA. Let f € E[X]withdeg(f) = n > | andwrite R = FIX1/(f).
As above, we use overbars for elements of R.

a. The clements 1,X. X", .... X" form an E-basis for R. In particular,
dimg(R) = n.
b. If f = g182-* - gm, where deg(g;} > 1 and the g; are pairwise coprime,
then
~ FI1X] D@ F[X]
(g1) (8m)

an external direct sum of rings. This isomorphism is given by
B> ((g)+h. ... (8w) + h).

We recall that in an external direct sum of rings, both addition and multiplication
are defined componentwise, We mention also that (b) holds if the polynomial ring
E[X ] is replaced by any PID. (The version of (b) for the ring Z is essentially the

“Chinese remainder theorem.” See the problems at the end of this chapter for more
about this.)

Proof of Lemma 21,15, If# € E[X], we can write h = gf 4 r with q.r € E[X]
and either r = 0 or deg(r) < n. Since 7 = 7 in R, we see that % is a linear
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- = —n—1 : :
combination of T, X...., X . That these vectors are linearly independent

follows from the fact that the ideal {f) contains no polynomial with degree

smaller than n. This proves (a).
For (b), we define the ring homomorphism

E[X] E[X]
- E[X — P
9:EX]— (g1) EB (&m)

by setting

Note that 2 is E-linear as well as being a ring homomorphism. To prove (b),
we need to establish that ker(@) = ( f) and that 8 is surjective.

We note that 8(h) = 0 iff 7 ¢ (g;) for all subscripts j. In other words,
h € ker(9) iff gjlh for all j, and since f = g,g, .- g and the factors are
pairwise coprime, we see (using unique factorization in F[X]) that # € ker(9)
iff f,}z. In other words, ker(@) = { f).

It follows that R = E[X]/ker{#) = 6(F[X]), and so R is isomorphic to
a subring of the direct sum. Since the isomorphism is also an £-vector space
isomorphism, it suffices to show that dimg (R) is equal to the dimension of the
whole direct sum.

By part (a), we have dimg(R) = deg(f). Similarly, dimg(F[X]/(g;)) =
deg(g;), and so the dimension of the direct sum is equal to 3 _ deg(g;) = deg(f).
This completes the proof. =

We retum now to the Berlekamp algorithm. Wehave f € E[X], where |E| = q,
and we have reduced the problem to the case where f = g,g;---g,., where the
g; € E[X] are distinct monic irreducible polynomials. We hold this notation fixed,
remembering that the polynomial f is assumed to be known explicitly, whereas the
integer m and the polynomials g; are to be determined.

We say that a polynomial # € E[X] is a factorization polynomial for f if f
divides the polynomial

[[rx)-a).

aekE

For example, any constant polynomial in E[X] is a factorization polynomial for
S since if A2 is constant, then the above product is zero. Another example of a
factorization polynomial for f is f itself.

Much more interesting is the case where f has a factorization polynomial /4 such
that 0 < deg(h) < deg(f). In this situation, it is easy to see that for some element
a € E, the polynomial gcd( f, h —a) is a proper nontrivial divisor of f. In this case,
therefore, the factorization polynomial actually does yield a factorization of f. As
we shall see, the Berlekamp algorithm succeeds in finding the complete factorization
of f by finding sufficiently many factorization polynomials with degrees smaller than

n = deg( f).



336 CHAPTER 21

(21.16) LEMMA. Assume the previous notation and suppose h € FE[X]is a fac-
torization polynomial for f. Then there exists a unigue m-tuple (a,. aa, . . ., ap )

with a, € E such that g; I(h — a;) for each subscript j, with 1 < j <m.

Proof. Since f| [[(A — a), where a runs over E, each irreducible factor g; of f
must divide 2 — a, for some q; € E. Furthermore, a; is uniguely determined
since the polynomials # —a are pairwise relatively prime asa minsover £. ®

We refer to the row vector (a,, aa, .. ., &,) of Lemma 21.16 as the factorization
row associated with the factorization polynomial #, and we write o ()} to denote this
vector. We view p(#t) as an element of £ the m-dimensional space of row vectors
over E. Since we are holding fixed the numbering of the (not yet known) irreducible
factors g; of f, the factorization row p(h) is well defined, although we do not yet
have a procedure for computing it.

(21.17) THEOREM. Assume the previous notation and let R = E[X] =
EIX)/(f). Let . R — R be the map defined by yr(v) = v?, where g = |E|.
Finally, let U = {v € R | Y (v) = v). Then:

a. ¥ is an E-linear operator.

b. U € R isan E-subspace.

¢. Ifh € E[X)withh € U, then h is a factorization polynomial for f and the
map ¢ : U — E™ given by @(h) = p(h) is a well defined E-vector space
isomorphism of U onto E™.

d. dimg(L/) = m.

Proof. Ifv, w € R,then (v+w)¥ = v?+-w9 since g is a power of the characteristic
of £, and thus v is an additive homomorphism. Because |E| = g, we have
a? =aforallg € E, andso ¥ (av) = a?v? = av? = ay(v), and (a) is proved.
Part (b) follows immediately from (a). Note that (d) is a consequence of (c),
and so it suffices to prove (c).
By Lemma 21.15 there is an isomorphism

. R>Li@l,d.--plL,,

where L, = E[X]/(g;) and the jth component of 6 () is (g;)+hforh € E[X].
Note that (g;} is a maximal ideal of E[X] since g; is irreducible, and thus
L; is a field. The image of £ € E[X] under the canonical homomorphism
EfX]) — L; isasubfield of L, which we denote E;. Clearly, E, = E and we
have E; = ((g;) + E)/(g;)-

By Theorem 21.10 the extension L; 2 E; is Galois, and since |E;| = g,
Theorem 21.10 tells us that the Galois group is generated by the map o — a¥.
Ifth € E[X)withh € U, then () = %, and so the projection of 8(A) into
L; equals its own gth power. It follows that this projection, (g;) + 4, lies in
Fix(Gal(Lj/Ej)) = E;, and so (g;) + k& = (g;) + a; for some element a, € E
(depending on 21). Thus g; divides # — g;, and it follows that # is a factorization
polynomal for f and that p(h) = (a,, az, ..., a,).
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If we identify E™ with £, @ --- @ E,, in the natural way, we have just
seen that if & € U, then h is a factorization polynomial for f and we can
write p(h) = @(h). The restriction of @ to U/ is thus the map ¢ : I/ —> E™
defined in the statement of (¢). Since & is an isomorphism on K, the map ¢
is certainly injective. To see that it is surjective, observe that every element of
E" = FE, & --- @ E, is of the form 6{v) for some v € R, and it suffices to
show that v € [/. This foilows because each component of @(v) lies in a field
of order ¢ and so equals its own gth power. It follows that 8(v?) = 6(v) and
hence v!¥ = vandv € /. ]

We can actually carry out computations with the linear transformation ¢ : R —
R of Theorem 21.17 by fixing an E-basis for R and working with matrices. By
LemmaZ2l.15(a)weknowthat 1, X, ..., X" form a basis for R, wheren = deg( f).
To compute the matrix M for the linear operator ¥ on R with respect to this basis,

we need 1o express W(Yi) = X' in terms of our basis. When this is done, the

coefficient of X' is the (i, j)-entry of M. (We must number the rows and columns
of M from 0 to n — 1 to make this work.)

To express X'9 in terms of our basis, simply divide £{X) into X*? and compute
the remainder r; (X). The (i, j)-entry of M is therefore the coefficient of X/ inr; (X)
forO=<i,j=n—1.

With the n x 7 matrix M in hand, we can easily compute the number m of
irreducible factors of f by observing that

m = dimg (/) = nullity(M — I),

where / is the n x n identity matrix. Inparticular, f is irreducible iff nullity (M — 1) =
1. (Note that the nuility of a matrix can be computed by the use of standard linear
algebra algorithms such as Gaussian elimination.)

If we wish to find the trreducible factors g; of f (and not merely to count them),
we must do a little more work. Using Gaussian elimination, we compute a basis for
the nullspace of M — I (acting on rows). Viewing row vectors as polynomials, we ob-
tain polynomials 4, A3, . .., h,, each of degree < n— 1 and such that iy, f1a, . .., A,y
form a basis for /. In particular, these polynomials 4; are factorization polynomials

for f.

(21.18) COROLLARY. Assume the previous notation and fix a monic divisor g
of [ (allowing g = f). Suppose h,, ha, ..., h, € E[X] are polynomials in
E[X]whose images in R forma basis for U. For 1 <i <manda € E, write
ki, = gcdi(g, h; — a). Then

a. g = [] ki. for each subscript i, and
ackE
b. g is irreducible iff for each i, one of the polynomials k; , is equal to g.

Of course, the polynomials k;, depend on the particular polynomial g with
which we start. We write k; , = kff when we wish to emphasize this dependence,
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and we refer to the polynomials k,-(fz’ as the associated factors of g. If g is known

(for instance, g = f) and particular polynomials A, A2, ..., b, have been found

(as described earlier), then the associated factors of g can be explicitly computed.
Note that the significance of Coroliary 21.18(b) is that if g has a proper factor-

ization, then at least one of the m factorizations of g given in (a) is proper.

Proof of Corollary 21.18. Since 4#; € U, Theorem 21.17(c) tells us that 4, is a
factorization polynomial for f. We write a@; ; € E to denote the jth entry of
the factorization row p(h;) for 1 < i, j < m. (Recall that this tells us that g,
divides A; — a; ; for all subscripts ¢, j.)
Now g is the product of some subsetof {g; | 1 < j < m]}, and the associated
factor k; , is the product of those factors g; of g that happen to divide k, — a.
Furthermore, g; divides h; — a iff a = a; ;, and 50 each g; that divides g occurs
as a factor of k; , for exactly one element g € E. Part (a) follows,
To prove (b), note that if g is irreducible, then each of the factorizations of
g given in (a) is trivial, Thus for each i, one associated factor k; , is equal to g,

and all of the others equal the constant polynomial 1.
Conversely, assume that for each #, there is an element a(i) € E such that

kiauy = g. If g; divides g, therefore, we see that g; divides k; ,;y and hence
g divides A; — a(i). It follows that a; ; = a(i) whenever g; divides g. If g
were reducible, there would be at least two different subscripts j such that g,
divides g, and hence the m x m matrix [a; ;] would have two identical columns
and so it would have dependent rows. The rows of this matrix, however, are
the factorization rows p(h;), and these are linearly independent by Theorem
21.17(c) since the vectors A, € I/ are linearly independent. This contradiction
completes the proof of (b). [

We are now ready to describe an algorithm for computing the g;. We also give
three “shortcuts’™ for its implementation.

First compute the integer m and polynomials k; for 1 < i < m as described
earlier. Let i and § be *“‘variables,” where i is a positive integer and § is a list
of positive degree monic divisors of f. Initialize § = {f}. When our process
terminates, the entries in S will be the irreducible factors g; of f in some order.

Loop through the values of i from 1 to m and do the following: let g run over §
and 2 run over E and find all of those associated factors kfjf,) of g that have positive
degree. Then replace S by the list of all the associated factors thus found.

(21.19) COROLLARY. The aigorithm described above terminates with S being
the list of all g;.

Proof. Let S, denote the state of the variable list Sattheend of stepiforl <i < m,
and write Sg == { f}, the initial state. We claim that for each i, the entries in S,
are pairwise coprime and that their product is equal to f. This is certainly true
for i = 0. Working by induction, we have fori{ > 0,

r=1Te=[1ITx%.

EES 1 § ack
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Since distinct members of §;_.; are coprime, their associated factors are certainly
coprime. Also, for any fixed g € S, ,, the factors kff,) are pairwise coprime as

a runs over E. Since S; is precisely the set of all kt-(ff not equal to 1, where g
runs over §;_; and a runs over E, our claim is established,

To complete the proof, it suffices to show that every element g € 5, is
irreducible. Given g € §,,, we know that g divides some entry of §; for each /
with 1 < i < m, Thus g divides some polynomial of the form k,.‘;’ for each i,
where u is some suitable polynomial and a € E. 1t follows that g divides h; —a
for some element @ € £ (depending on i} for 1 < { < m. We conclude that

kff;) = g. and thus g is irreducible by Corollary 21.18(b). ]

Now we can give the promised shortcuts. First, keep a running count of the
number of polynomials in §, and note that each time § is changed, its cardinality
increases. Since the final S has exactly m elements, we can stop as soon as we reach
a list § with m members. (Recall that we do know m at this point.) No further
changes can occur.

Next, for a fixed subscript i and a fixed member g € S, while running through
the elements a € E seeking nontrivial associated factors k;, for g, keep track of
the total degree of the nontrivial associated factors already found. When this tota!
reaches deg(g), there is no need to run through the rest of £.

Finally, and of lesser significance, note that the polynomial 1 is in U/, If we
arrange (as we can) that 4, = 1, then the associated polynomials k,, , cannot yield
a proper factorization, and so we need only loop fromi =l toi =m — 1.

21D

Perhaps our next result does not belong in the “comrmutative® part of this book since
we do not assume commutativity, We prove it instead,

(21.20) THEOREM (Wedderburn). Ler D be a finite division ring. Then D is
cemmutarive (and thus is a finite field).

(21.21) LEMMA. Let D be a division ring and suppose a € D. Then the cen-
tralizer Cp(a) = {x € D | xa = ax} is a subdivision ring of D. Also, the
center Z(D) = {x € D | xa = ax for all a € D} is a subfield.

Proof. Certainly, C(a) is closed under addition. subtraction, and multiplication,
and since 1 € C(a), it is a (unitary) subring of D. We need to show that if
0 # x € C(a), then the inverse x~! of x in D lies in C(a). In other words, we
need x~'a = ax~'. We have

1 -1 -1

xa=x"Yax)x~ =xTaa)x ' =ax!,

as required.
The second statement follows since Z(D) = (" Cla) fora € D. n
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Proof of Theorem 21.20. let Z = Z(D),sothat Z is a field by Lemma 21.21, and
we can write | Z] = q, where g is some prime power. For each elementa € D,
we have Z € C(a), and this makes the division ring C(a) into a Z-vector space.
Writing d(a) = dimz(C(a)), we deduce that |C(a)| = ¢““). In particular,
| D} =g", where n = d(1).

Now D™ is a finite group, and we choose a set S of representatives for
the noncentral conjugacy classes of D*. {Of course, once we show that D is
commutative, we will have § = &1.)

If a € §, then the class K; of a in D™ contains exactly |D* : Cp. (@)} =
(g" — 1)/{g?® — 1) elements, and we have

— 1
" _ | = |D* [—EZ"1+ZIK|- q—1)+2 77 — 1

aef aES

Since (g" — 1)/(g*“® — 1) is an integer, it follows by Theorem 21.7 that
d(a) divides n. Because d(a) < n, we deduce from Lemma 20.4 that the cyclo-
tomic polynomial &, (X) divides (X” — 1)/(X9“) — 1), and so each summand
(g" — 1)/(g“* — 1) is a multiple of ®,(g). Also, ¢g" — 1 is a multiple of ®,(g),
and it follows from the above equation that ®,(g) divides g — 1. We conclude
that |®,(g)| < g — 1. By Lemma 2(.17, however, $,{(g) > ¢ — 1 whenn > 1.
It follows that » = 1 and thus D = Z is commutative. »

Problems

21.1 Show thatthereexists ¢ € GF(8) suchthat GF(8)* = (e} and e’ +e+1 =
0. Write the additicn table for the additive group of this field using the names
0,1, ¢€,€?, ..., € for the elements. In particular, what is 1 + €272

Z1.2 Let £ = GF(25) and let F = Z/5Z be the prime subfield. Show that there
exists an element € € £ with €2 == 3. Show that I and ¢ form a basis for £
over F and that 1 + € is a generator for the cyclic group E£*.

HINT: Compute (1 + ¢€)'? and (1 + ¢)8.

21.3 Let g be a prime power and let n > 1 be an integer. Show that the group
G L(n. q) of nonsingular # x n matrices over G F(q) contains an element
of order g" — 1.
HINT: Let E = G F(g") and consider the F-linear transformation £ —» F
induced by multiplication by a generator of £*, where F C Eand |F| = 4.

21.4 Suppose that the cyclotomic polynomial &, is irreducible mod p for some
prime p. Show that U, is cyclic and deduce that either n divides 4 or n
divides 2q, where g is an odd prime power.

HINT: Use Problem 20.17. Show that Uy is not cyclic,
21.5 Show that X* + 1 is never irreducible over any finite fieid.

21.6 Compute explicitly all imreducible polynomials of degree 4 over Z/27Z.
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219

21.10

21.11
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Let R be any commutative ring and let f,, 5, . . ., I,, be pairwise comaximal
ideals of R. (This meansthat I; + J; = R ifi % j.) Let D =/, and
show that

R/DEZ(R/I)®---B(R/1,).
HINT: Show that I; 4+ { ] I; = R, and deduce that there exists a; € R with

J

a — 1€l anda; € [; for j 5% i.
NOTE: This is a generalization of the Chinese remainder theorem of num-
ber theory. Note that in a PID, the principal ideals generated by relatively
prime elements are comaximal. Compare this with Lemma 21.15(b).

Let F € E, where |F| = q < 0. Suppose @ € K is algebraic over F.
Show that |Fle] : F| is the smallest positive integer n such that 9" = «,
and that it divides every other such positive integer.

Let F = GF(g) and write f(X) = X9 — X — 1 € F[X]. Show that every
irreducible factor of f in F{X] has degree p = char(F).
HINT: If ¢ is a root of f in some extension field of F, show that «?’ = «.

Let R be a not necessarily commutative finite ring containing no nonzero
nilpotent elements. Show that R is commutative,

HINT: Use the Wedderbum-Artin theorem (14.15).

Let A be a finite abelian group and suppose S € End(A) has the property
thatif Bo € Bforallo € §, where B is a subgroup of A, then either 8 = 0
or B = A. Show that there exists & € End(A) such that every nonzero
member of Cgnga)(S) is a power of 6.



CHAPTER TWENTY-TWO

Roots, Radicals, and Real Numbers

22A

Chapter 20 dealt with roots of polynomials of the form X" - 1, and Chapter 21
on finite fields was concerned essentially with the roots of polynomials of the form
X? — X, where g is a power of the characteristic. Much of the content of this chapter
1s also connected with the roots of certain special polynomials: those of the form
X7 —a.

Since the radical symbol is often used to denote roots of such polynomials,
we say that a field extension F C E is a radical extension if E = Fa], where ¢ is
a root of some polynomial of the form X" ~ g witha € F. In other words, F € E
is radical if E is generated over F by some element a € E with a® € F for some
positive integer n. Note that the cyclotomic extension Q € Q, is radical, and so
also is every extension of finite fields.

We wish to prove Galois’s theorem relating the “solvability” of polynomials
with the solvability (in the group theoretic sense) of their associated Galois groups.
Let f € Q[X]withdeg(f) > 0. We are interested in the roots of f (in C, say). Since
C is algebraically closed, the existence of roots is not in question, although we may
ask how the roots can be found and how they can be described. (We stress that we
are cancerned here with only exact roots; we are not interested in approximations.)

Ideally, we would like to have some sort of algorithm — a formula, for instance
— into which we can plug the coefficients of f € Q[X] and that would then output
at least one root of f. Failing that, it might seem that at least we could expect to
check computationally whether or not a given complex number is a root. Having
such a check, we might, if we are extraordinarily lucky, be able 10 guess a root for
J and then confirm our guess and thereby know a root.

Imagine a computer program designed either to find roots of rational polynomials
and output them, or to accept complex numbers as input and decide whether or not
they are roots of the given polynomial. How is the computer (or we) to describe a

342
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particular complex number? The most obvious difficuity is that C is uncountable,
and yet the set of potential inputs and outputs is only countable. This problem is
easy 1o resolve since we really do not need to work with the full field € of complex
numbers, but only with the countable subfield A of algebraic numbers. (Note that
since we are assuming that the coefficients of our polynomial are raticnal, there is
no difficulty in describing them.)

There does exist a standard and accepted language for describing algebraic
numbers: start with integers and use the four arithmetic operations together with the

extraction of roots. Thus, for instance, (3 + +/—5)/2 and v/2 + +/—1 are algebraic
numbers. (Actually, each of these symbol strings refers to more than one algebraic
number because the radical notation is ambiguous.) This language is not sufficient,

however.
The point of Galois’s theorem is that not every algebraic number can be described

by the use of only addition, subtraction, multiplication, division, and radicals. One
can write rational polynomials (of degree 5, for example) whose roots cannot be ex-
pressed n this form. If we limit curselves to the standard radical notation, therefore,
it would be impossible to have a computer program that would solve such polyno-
mials, and we could not even find a root by guessing and confirming, no matter how

lucky we are.
To be precise about which numbers can be described by radicals and arithmetic

operations, we say that a field extension F € E is a repeated radical extension if
there exist fields F; with

F=FRCHRC.--CF=E

so that each F, is a radical extension of F;_, for | < i < r. In other words, there
exist elements a; € F; and integers n; = 1 such that F; = F,_[a;] and & € F;_,
forl <i <r.

It should be clear that those complex numbers that lie in repeated radical exten-
sions of Q are precisely the algebraic numbers that we can describe using elements
of Z, the arithmetic operations and radicals.

(22.1) LEMMA. Let F € K, L C E, where L is arepeated radical extension of
F. Writing (K, L) to denote the compositum of K and L in E, we have

a. (K, L) is a repeated radical extension of K, and
b. if K is also a repeated radical extension of F, then so is (K, L).

Proof. Statement (b) is immediate from (a}, and so we prove (a). We have F =

FhbCh - -CF, =L, where F, = F, j[e;]anda € F;_, forl <i <r.

We define subficlds K; € FE inductively by setting Ky = K and K, = K;_[o;]
forl <i <r.

Since Fp = F € K = K,, it is trivial to show by induction on i that

F,Cc K forl =i <r. Thusa" € F; € K; for these values of {, and it follows

that X, is a repeated radical extension of K. Also L = F, € K,, and so
(K. L)y €K, = K[o), 000, ...,0,] € (K, L}
Thus (X, L) = K,, a repeated radical extension of F. ||
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(22.2) COROLLARY. Let F C E andlet R be the union of all of those inter-
mediate fields K berween F and E thar are repeated radical extensions of F.
Then R is a field. Furthermore, if |E . F| < oo, then R is a repeated radical
extension of F.

Proof. LetS be the set of all intermediate fields that are repeated radical extensions
of F. If e, B € R, thena € K and 8 € L for some fields K, L € §. The
eglements o — B and /8 (if 8 # 0) lie in (X, L), and by Lemma 22.1 we
have (X, L} € & and thus (KX, L) € R. Since R contains ¢ — 8 and o /8, we
conclude that R is a field, as desired.

Now assume that [ £ ; F| < oo and select K € & with [K : F| as large as
possible. Ifalso L € S, then (K, L) e Sand [{(K,. L) : F| > |K : F|. By the
choice of X, it follows that (K, L.} = K and hence L € X. In other words,
R=KeldS. |

If f € F[X], we say that f is solvable by radicals over F if f splits over some
field £ that 1s a repeated radical extension of F. Note that we do not require that
a splitting ficld for f over F be a repeated radical extension of F, only that it be
contained in one.,

(22.3) LEMMA. Let f € F[X] be irreducible. Then f is solvable by radicals
over F iff f has a root in some repeated radical extension of F.

Proof. The “only if” direction is trivial, and so we assume that f hasaroota € L,
where L 2 F is a repeated radical extension, We show that f is solvable by
radicals.

By Lemma 18.5 there exists a field £ 2 L such that £ is a splitting field for
some polynomial over . Since f is nreducible over F, we know from Lemma
18.3 that Gal(E/F) transitively permutes the roots of f in L.

Let R be, as in Corollary 22.2, the union of the repeated radical extensions
of F in £. Since R is uniquely determined by the extension F < E, it is clear
that the elements of Gal(L/F) map R to itself. Since w € L € R, we deduce
that all of the roots of f in E lie in R. Because E is normal over F by Theorem
18.4, we sce that f splits over E, and we conclude that f splits over R. But
|E : F| < o0, and so R is a repeated radical extension of F. -

Finally, we state our main result.

(22.4) THEOREM (Galois). Assume char(F) = O and let f € F[X). Then f
is solvable by radicals over F iff Gal(E/F) is a solvable group, where E is a
splitting field for f over F.

Note that the symmetric group S, is nonsolvable for n > 5. (This is because
lor these values of n, Theorem 6.17 tells us that the alternating group 4, is simple.)
We shall show that the polynomial f(X) = 2X° — 10X + 5 € @Q[X] has a Galois
group (over () isomorphic to S5, and it follows that this polynomial is not solvable
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by radicals over Q. Since f is irreducible by the Eisenstein criterion, Lemma 22.3
tells us that none of its roots (in C) lies in a repeated radical extension of . It is
thus impossible even to write down any root of this particular polynomial (if we
limit ourselves to integers, arithmetic, and radicais). There certainly cannot exist,
therefore, any general formula (involving nothing more exotic than radicals) that
solves all quintic polynomial equations.

In order to compute the Galois group for the splitting field in C of 2X° — 10X +5
over (J, we state a general lemma.

(22.5) LEMMA. Ler f € Q[X]be irreducible and have prime degree p. Assume
that f has p—2 real roots and two nonreal complexroots. Then Gal(E/Q) = §,,,
where E is a splitting field for f over Q.

Proof. We may assume £ C C, and we write 2 to denote the set of roots of f
in £. Then G = Gal(E/Q) acts faithfully on €2, and so G is isomorphically
embedded in Sym(£2) = §,.

Since f is irreducible, G acts transitively on 2 and thus p[lG. It follows
that the image of G in §, contains ap element a of order p, a p-cycle. Also,
since E is nermal over @, complex conjugation maps E to itself, and so the
restriction of complex conjugation to E defines an ¢lement of G that moves
only two of the elements of Q (the two nonreal roots). The image b of this
element in 5, is thus a 2-cycle, a transposition.

We can assume that & = (1, 2) in cycle notation. Also, the p-cycle g has
some power that carries the symbol 1 to 2. We may replace @ by this power and
assume thata = (1, 2, 3, ..., p). We complete the proof by showing that a and
b generate the full symmetric group.

It suffices to show that ¥ = {a, ) € S, contains all of the transpositions.
Note that ab = (2,3, ..., p — 1, p), and so the conjugates of b by the various
powers of ab are (1, 2), (1, 3), ..., (1, p). Conjugation of these by the powers
of a yields all transpositions. [

We have observed that the polynomial f(X) = 2X° ~ 10X + 5 is irreducible
over {J. To see that it satisfies the hypothesis of Lemma 22.5 and so is not solvable
by radicals over QQ, we must show that it has exactly three real roots. Now f(X) =
10(X?* — 1), and so the graph of y = f(x) rises for —o0 < x < ~l and for 1 <
x =< oo, and it falls for ~1 < x < 1. Since f(—1) =13 > Oand f(1) = -3 < 0,
we see that f has exactly one root in each of the intervals (—oo, —1), (—1, 1) and
(1, 00). There are therefore exactly three real roots.

We mentioned previously that it is unknown which finite groups occur as Galois
groups over (). We have just shown that S5 occurs, and if we use Lemma 22.5, it
is not terribly difficult to show that S, occurs for all prime numbers p. (See the
problems at the end of the chapter.) In fact, S, occurs as a Galois group over Q for
all integers » > 1, but a more subtle argument seems to be required when # is not
prime.
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22B

We begin now working toward the proof of Galois’s theorem (22.4). We need the
following useful lemma of Dedekind, but we digress briefly to discuss notation
before we state it.

If E is a field and o € Aut(E), we have been writing o (@) to denote the element
of E that results from the application of & to &« € E. Another common notation for
this element is &°. In some formulas, this exponential notation appears to enhance
clarity, and so we use it whenever it seems appropriate. Note that if o and t are
automorphisms, then we have («’)" = o“". This is not merely a consequence of
the exponential notation; 1t holds because of our standing convention that if o and
T are functions, then ot is the function obtained by doing ¢ first and then .

(22.6) LEMMA (Dedekind). Let E be any field and let S be a finite set of auto-
morphisms of E. Suppose f : S — E is a function such that

(%) D floya® =0

gES

Joralla € E. Then f(o) =0forallo € §.

Lemma 22.6 can be paraphrased in an interesting way. If X is any nonempty
set, then the set of all functions from X into £ is an E-vector space with respect to
pointwise addition and scalar multiplication. To say that a subset A of this vector
space is linearly independent means that for every finite subset S C A, if we have
any equation of the form »_ f,o = 0, where o runs over S and the coefficients f,
lie in E, then all f, = 0. If we write f (o) for f, and use exponential notation for
the application of o to elements of X, then this says that if >~ f(o)x” = 0 for all
x € X,then f(o) =0forallo € §.

Now take X = E in the above discussion. Then Aut(E) is a subset of the set
of all functions from E to E. We see that the content of Dedekind’s lemma (22.6)
is that Aut(E) is a lincarly independent subset of the E-space of all functions from

EtoFE.

Proof of Lemma 22.6. If |§| = 1, we have § = {o} and f(g)1° = 0 by (%).
Since 1° = 1, we have f (o) = 0, as required. We may therefore assume that
|§] > 1, and we work by induction on |.§].

Now fix r € Sand 8 € E. Multiplication of (*) by 8 yields

(#%) S fle)"pT =0 forallacE.

ges
We can also modify () by substituting «f for « and using the fact that (¢8)° =
«® 87, This gives

(% * *) D> fo)®p’ =0 foralla € E.

TES
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Since the terms corresponding to o = 1 in (x%) and (x * %) are identical,
we can subtract these equations to obtain

> f@)B =B Ne®) =0 forallacE.

aesS—{r]

This 1s an equation in the same form as (=), except that we are summing over
the smaller set 8 = 5 — {r} and f has been replaced by the function ¢ —
Fo)(B* — B7). It follows by the inductive hypothesis that f(o)(87 — 8°) =
forallo € §'. If f{o) 5 Oforsomemembera € ', we conclude that 87 = 87,
and this holds for all 8 € E, so that ¢ = t, a contradiction.

We have now shown that f(o) = 0 for all o € §, except possibly when
o = 1. Since | S| > 1 and t € § is arbitrary, the result foliows. |

(22.7) LEMMA. Let G C Aut(E) with |G| < o0, and let F = Fix(G). Suppose
8 : G — F* isa group homomorphism, Then there exists an element o € E*
such that for ali v € G, we have (1) = a"/a.

Proof. View # as amap G — E. Cenainly @ is not identically zero (since it
is never zero), and so by Lemma 22.6 there exists an element ¥y € E with
> 8(o)y° # 0. Fix such an element ¥ and let o be the reciprocal of this

sum. Thus |
== Z@(a)y“ i
o

Fix an element T € (. Since ot runs over G as o does, we have

*al” = ;V‘”G(ar} = ; Y7 O(o)8(r) = (; }’09(0'))}}(1')‘

where we have used the fact that (o) € F = Fix(G) to conclude that 8(c)" =
#(c). Since the sum on the right equals 1/, we obtain a’/a = 6(1), as
required. n

In Chapter 23 we reconsider Lemma 22.7 and interpret it in a more general
context.

(22.8) THEOREM (Kummer). Let F C E and assume that F contains a prim-
itive nth root of unity. Then the following are equivalent:
1. EisGalois over F and Gal(E /F) is cyclic of order dividing n.
ii, E = Flua] for some elementa € E witha” € F.
Since, in particular, (ii) says that E is a radical extension of F, Kummer’s
theorem provides a method for proving that a field extension is radical,

Proof of Theorem 22.8. Lete € F be a primitive nth root of unity. Assume (i) and
write G = Gal(E/F) = {0}, where o(¢) = m and m'n. Now (&) is cyclic of



J48 CHAPTER 22

order n and so it contains an isomorphic copy of G. Let @ : G — {¢) € F* be
an isomorphism (into) and use Lemma 22.7to get o € E such that 8(1) = o/«
forallt € G.

Write § = 8(o). Then § is an nth root of unity in F and § = a%/a. Thus
o{a”) = o) = (¥d)" = a”. We conclude that o«” € Fix{({g)) = F, as
required.

To show that Flal = E,let v € Gal(E/Fla]) € G. Then 8(t) = o’/ =
1 and hence T = 1 since 8 is injective. It follows the Gal(E/F[a]) = 1, and so
Fla] = E by the fundamental theorem of Galois theory.

Conversely now, assume (ii). Then £ = Fla] and ¢" € F, and we let
f(X)=X"-—a"sothat f € F[X]. If § is any nth root of unity in E, we have
f{ad) = (@d)" — o™ = 0, and thus «d is aroot of f in E. Since E contains n
nth roots of unity, we sce that f has n = deg( f) roots in E. It follows that f
splits over E and has distinct roots. Since a is arootof f, we seethat E = F[a)
is a splitting field for £ over F. Also, f is separable over F, and hence E is
Galois over F, as required.

Now let G = Gal{ £/F). We must show that G is cyclic and that |G| divides
n. We shall accomplish this by constructing an isomorphism from G into ().

Since G permates the roots of f, we see that for each automorphismt € G,
we have 7{(c) = ad for some element § € (¢). Since we can certainly assume
a#0{orelse G=1), wecandefinethemapf:G — (e) byO(r)=a“/aforteG.

If o, T € G, we have

B(eT) = “; - (3;-) (%) = 0(c)"0(T).

However, ¢ € ¥ and thus 8(o) € F and (o))" = #(o), and it follows that &
15 a group homomorphism. Finally, it 6(t) = 1, then ¢ = ¢ and thus 7 = 1
since £ = Fla]. =

Kummer’s theorem (22.8) provides a connection between radical extensions and
Galois extensions with cyclic Galois group. For Galois’s theorem, we need to extend
this to an appropriate connection between repeated radical extensions and solvable
Galois groups. We also need to be able to drop the assumption (essential in Theorem
22.8) that the ground field contains an appropriate root of unity.

The following technical result is used to obtain Galois’s theorem (22.4) from
Kummer’s theorem (22.8).

(22.9) LEMMA., Suppose F = Fo C F, C---C F, =L, wherefor1 <i <,
each of the extensions F;_y < F, is Galois with an abelian Gaiois group.
Suppose F € E C L and E is Galois over F. Then Gal{E /F) is solvable.

Proof. Ifr = 0,then L = F and so £ = F and Gal(E/F) is trivial. We may
therefore assume that » > 0, and we work by induction on ».

Let E; = {Fy, E}, the compositum, and write X = E N Fy, as illustrated

in Figure 22.1. Note that by the natural irrationalities theorem (18.22) we know
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that £, is Galois over F,. We have a tower of length » — 1 of abelian Galois
extensions from £ to L, and so the inductive hypothesis applies and we conclude
that Gal(E,/ Fy) is solvable. This Galois group is isomorphic to Gal(E/K), and
s0 we deduce that Gal(E/X) is solvable.

F

Figure 22.1

Now F & K € F; and Gal(F,/K) <« Gal{F,/F), since the latter group
1s abelian by hypothesis. It follows by the fundamental theorem of Galois
theory (applied to the Galois extension F € F,) that K is Galois over F
and Gal(X/F) = Gal(F,/F)/Gal(F,/K). In particular, Gal(K / F) is abelian.

Since K is Galois over F and F € K C E, the fundamental theorem
of Galois theory (applied this time to the Galois extension F & E) tells us
that Gal(E/K) « Gal(E/F) and Gal( K/ F) = Gal(E/F)/Gal(E/K). At this
point, we know that Gal(E/F) has the solvable normal subgroup Gal(E/K)
and that the corresponding factor group is abelian. It follows by Corollary 8.4
that Gal(E / F’) is solvable. [ |

Finally, we are ready to prove Galois's theorem.

Proof of Theorem 22.4. Suppose that f € F[X] and that Gal(E/F) is solvable,
where E is a splitting field for f over F. Letn = |E : F|. Since char(F) = 0,
Lemma 20.3 guarantees the existence of an extension E* O E such that E*
contains a primitive nth root of unity €, and we may assume that E* = E[¢].

Write £* = Fle] € E* and observe that {F*, E) = E* and E* is Galois
over F* by the natural irrationalities theorem (18.22). Also, Gal{(E*/F*) is
isomorphic to a subgroup of Gal( £/ F), and so it is solvable.

Write G = Gal(E*/ F*) and let

1=Gya G, a.-- aG, =G

be a composition series for G. Then G;/G;_; is simple for | < { < r, and since
G is solvable, we know that these composition factors are cyclic of prime order.
Writing |G, /G;_y| = p; and putting X; = Fix(G;), we have

F"=K, CK, 1G-S Kg=E",



3%0 CHAPTER 22

and K,_, is Galois over K; with cyclic Galois group of order p;. (Al of this
follows by repeated applications of the fundamental theorem.) Also, p; divides
|G|, which divides |Gal(E/F)| = n.

It follows by Kummer’s theorem (22.8) that the extension X; € K;_; is
radical for 1 < i =< r, Since the extension ¥ C F* = F[¢] 1s also radical
(because €” = | € F), we see that E™ is a repeated radical extension of F over
which f splits. In other words, f 1s solvable by radicals over F.

Conversely, assume f € F[X] is solvable by radicals over F, and let L be
a repeated radical extension of F over which f splits. Let E be the splitting
field for f over F in L. Our task is to show that Gal(E/F) is solvable,

Wehave F = Fp C F € --- C F, = LwithF;, = F,_|[a;]and " € F;_;
for 1 < i < r. Let n be a common multiple of the integers #,, and adjoin a
primitive snth root of unity € to L to get the field L™ = L[¢]. We now define fields
K, asfollows: K.y = F, Ko = Fle]l,andfor 1 <i <r,put K; = K,_{e;].
Note that K, = Fle, oy, ..., 0, ] = Lle] =L*andalso F; C K, forQ <i <r,
We now have

F=K,CKcK <c--CK, =L"

and F € F C L*,
We will prove that Gal( E/F) is solvable by appealing to Lemma 22.9, and
so it suffices to show for 0 < i < r that each of the extensions X;_, € K, is

Galois with an abelian Galois group.

For i = 0, the extension K., € K; is the extension £ € F[¢], and this is
Galois with an abelian group by Lemma 20.7. Now suppose i > 0. We have
K, = K; [w;), where " € F;,_| € K;_y. Since K;_, contains the primitive
nth root of unity €, and since n; divides », Kummer’s theorem (22.8) implies that
the extension K;_, € K; is Galois with a cyclic Galois group. This completes
the proof. |

(22.1y) COROLLARY. Lerchar(F} = Oand suppose f € FIX]withdeg(f) <
4. Then f is solvable by radicals over F.

Proof. The Galois group over F for a splitting field for 1 over F acts faithfully on
the set of roots of f and so is isomorphic to a subgroup of the solvable symmetric
group S;. It is thus solvable. [

As is well known, even more is true: not only are all the roots of f in Corollary
22,10 expressible in terms of radicals, but also there exist procedures for actually

computing these roots.

22C

By definition, a nonzero polynomiat f € F[X] is solvable by radicals over F if
some splitting field for f over F is contained in some repeated radical extension of
F. Are we being too general? Could it be that if f is solvable by radicals over F,
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then some (and hence every) splitting field for f over F actually is itself a repeated
radical extension of 7 The answer is no.

Take F = Qand f(X) = X* — 4X + 2. Since deg( f) = 3, it is automatically
true that f 1s solvabie by radicals over . We see that f(0) > 0 and f(1) < O,
and so it follows that f has three real roots, and we let E be the splitting field for f
over { in R. We shall see that F is not a repeated radical extension of Q. In fact,
since f is irreducible, the following resuit implies that none of the roots of f can be
contained in a real repeated radical extension of Q.

(22.11) THEOREM. Suppose f € Q[X] is irreducible and splits over R. If any
root of f lies in a real repeated radical extension of Q, then deg( f) is a power

of 2.

It f € QIX] has degree 3 and splits over R, for example, then despite the fact
that f is solvable by radicals and all of its (complex) roots are real, it is impossible
to write any of its roots in terms of real nth roots of real numbers, The only possible
radical expressions for the roots of f involve nonreal numbers. This phenomenon
has long been known for polynomials of degree 3 (and is referred to as the casus
irreducibilis), but by Theorem 22.11 it applies whenever the degree is not a power
of 2.

The following result is the key step.

(22.12) THEOREM, Letr F C E,L C R, where E is Galois over F and L is a
repeated radical extension of F. Then |E N L : F} is a power of 2.

Proof of Theorem 22.11. Let E be the splitting field for f over @ in R and let
L < R be a repeated radical extension of (@ that contains some root « for f. By
Theorem 22,12 we know that |E N L : Q) is a powerof 2. Sincew € EN L, we
deduce that deg( f) = |Q[e] : Q| is a power of 2, as desired. [ ]

We begin work toward Theorem 22.12 with a lemma.

(22.13) LEMMA, Suppose F C K CE, with E = F[al, and write m = |E : K|.

a. Ifa™ € K, then K = Fla™).
b. Ifa”" € F and F contains a primitive nth root of unity for some integer n,
thena™ e K,

Proof, For (a), assume o™ € K and let L = Fla™] € K. Then « is a root of
J{X)=X"—a™ e L[X]and E = L{a]. Thus

|E : L] = deg(ming(er)) < deg(f)=m = |E: K| < |E: L|,

and we have equality. We deduce that K = L, as required.

In the situation of (b), we can apply Kummer’s theorem (22.8). We deduce
that E is Galois over F and Gal(E/ F) is cyclic. It follows that £ is Galois over
K and that we can write Gal(E/K) = (o} with o(o) = m.
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Now ¢" € F and so ¢" = o{a") = a{a)”. We may certainly assume that
o % 0 and thus (o (a)/a)" = 1, and we have o(a) = ad, where § is some nth
root of unity. We have § € F and thus o*{a) = aé* for integers £ > 1. In
particular, = g™ (a) = ad™ and so §" = 1. Therefore o (™) = o ()™ =
(ad)™ = a™ and ™ € Fix{{o)) = K. [ ]

QOur next result proves the special case of Theorem 22.12 where £ € L and L

is a (nonrepeated) radical extension of F. The proof of this case contains most of
the work for Theorem 22.12.

(22.14) THEOREM. let F C E C L C R, where E is Galois over F and L is

a radical extension of F. Then |E : F} < 2,

Proof. Write L = Fla] witha” € F, and let € be a complex primitive nth root of

unity. Write F*, E”, and L* to denote Fle], E[€], and L[¢], respectively, and
let U = E*NLand V = F* N L. (See Figure 22.2.)

L*

Figure 22.2

Letm = |L* . E*|. Since L* = F*[a] and @" € F*, Lemma 22.13(b)
yields that ™ € E* and thus ™ € E*NL = U. We claim that |L : U| = m,
and thus by Lemma 22.13(a) we have U = Fla™].

To compute |L : U], we observe that E* is Galois over E by Lemma
20.7. Since L* = (E™*, L}, the natural imrationalities theorem (18.22) gives
[IL* . L| = |[E* : U|, and it follows that |L : U| = |L* : E*| = m. Thus
U = F[a™], as claimed.

Since V and E are both contained in {/, we have (V, E} € U, and we work
to prove equality here. Observe firstthat ENV = ENF*NL = EN F*. Since
E is Galois over F, the natural irrationalities theorem yields

KV, E):V|=|E:ENV|=|E:ENF*.
Another appiication of the natural irrationalities theorem gives

|E* : F | =[E.F*y: F*|=|E: ENF*|,
and we deduce that [{V, E} : V| = |E* : F*|.
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Next we observe that
(F*, Uy S E"=({F", E) © (F", U}
and so (F*, U) = E*. Also,
FFU=F'NE"NL=F'NL=YV,

and since F* is Galois over F by Lemma 20.7, the natural irrationalities theorem
yields that |E* : U| = {F* : V|. It follows that | E* : F*| = |U : V{, and we
now have

KV, EY:V|=I|E*: F*|=|U:V]|.

It follows that U/ = (V| E), as desired.

Now Gal(F*/F) is abeljan by Lemma 20.7, and thus V is Galois over F by
the fundamental theorem. Each of the fields V and E, being Galois over F, is
a splitting field over F of some polynomial, and it foliows that the compositum
U of these two fields is a splitting field for the product of these polynomials.
We conclude that U is Galois over F'.

Write f = o™ and recall that I/ = F[f]. Since some power of £ lies in
F, it follows that o(8)/8 is a root of unity for all o € Gal(U/F). (We can
certainly assume that 8 # 0.) Since the only roots of unity inthe field U C R
are 1, it follows that o (8) = &8 for all ¢ € Gal(lU/F). We conclude that
{Gal(l//F)| = 2since U = F|B], and s0 ¢ € Gal(U/F) is determined by its
effect on 8. We now have

{ELF|=|U: Fl=|Gal(U/F)| <2

since U/ 1s Galois over F., u

Proof of Theorem 22.12. We work by induction on | E : F|. Since the case where
|E . F| = 11s trivial, we can assume F < E. Writing D = E N L, we must
show that | D : F| is a 2-power.

Suppose there exists an intermediate field K with F < K < E and such
that X is Galois over F. The inductive hypothesis yields that [D N K : F| =
IL N K : F|is a power of 2. Also, (K, L) is a repeated radical extension of
K by Lemma 22.1(a), and F is Galois over K. The inductive hypothesis thus
givesthat [EN (K, L) : K{isapowerof 2. Now (D, K) € EN{K, L}, and so
|[{D, K} : K| is a power of 2.

Since K is Galois over F, the natural irrationalities theorem yields that
D, K): Dl =|K: KN D|anditfollowsthat |[D: DN K| = |{D,K): K|,
which we know is a power of 2. Since |[D N K : F| is also known to be a power
of 2, we see that in this case | D : F| is a power of 2, as required.

We are left with the case that no intermediate field K with F <« K < E is
Galois over . By the fundamental theorem, it follows that G = Gal(E/ F) is
a simple group.

We may certainly assume that D > F, and we choose ¢« € D witha & F.
If f = min,(«), then f splits over E, and the splitting field for f over F in E
is a Galois extension of F. We conclude that £ is a splitting field for f over
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F. Sincew isaroot of f and o € L, Lemma 22.3 tells us that f is solvable
by radicals over F, and so G is a solvable group by Galois’s theorem. Since G
is simple, we conclude that it has prime order and hence {F : F| is prime. But
FeDCE andsowehave D= Fand E C L.

Now L is a repeated radical extension of F', and it is no loss to assume that
no smaller repeated radical extension of F contains E. There exists a field M
such that F © M « L, where L is a radical extension of M and M is a repeated
radical extension of F. Now E is not contained in M, and since |E : F| is

prime, we see that E N M = F.
Since F is Galois over F, the natural irrationalities theorem shows that

(£, M} isGaloisover M, and thusby Theorem 22.14we have |(E, M) : M| < 2.
It follows that |E : F| ={E : ENM} = [{E. M} : M| < 2, and the proof is
complete. ]

Finally, we can prove Theorem 22.11. Infact, we present a strengthened version,

(22.15) THEOREM. Let F C R and suppose f € F[X)is irreducible and splits

over R. If f has a root in a real repeated radical extension of F, then |E : F)|
is a power of 2, where E is the splitting field for f over F in E.

Proof. Let F C L C R, where L is a repeated radical extension of F that contains

aroota of f. Write D = EN L, sothat ¢ € D. By Theorem 22.12 we know
that |2 : F| is a power of 2. More generally, if K is any field intermediate
between F and E, we will show that [{D, K) : X| is a power of 2. To see this,
note that (X, L) is a repeated radical extension of X. Because E is Galois over
K, we conclude that [E N (K, L) : K{is a power of 2 by Theorem 22.12. But
K < (D, K)< En(K. L), and it follows that | (D, K} : K| is a power of 2, as
claimed.

Now write G = Gal(E/F) and H = Gal(E/D). U € G is an arbitrary
subgroup, then we apply the result of the previous paragraph to K = Fix(U).
We see by the fundamental theorem that

Fix(H NU) = (Fix(H), Fix(I7)) = (D, K),

and so | : HNU| = [{(D, X} : K{, and this is a power of 2.

We must show that G is a 2-group, and so we let P ¢ Syl »(G) for some odd
prime p and we work to show that » = 1. Applying the result of the previous
paragraph with I/ = P, we see that | P : PN H{ is a power of 2. Since it is also
a p-power and p # 2, we conclude that PN H = P andso P < H. Since P
was an arbitrary Sylow p-subgroup of G, it follows that every conjugate of P
in G is also contained in A, and thus H contains the subgroup N generated by
all of these conjugates.

Let K = Fix(N). Since N € H, we have D € K, and thus X contains
the root o of f. Also, N « G and so KX is Galois and hence normal over F. It
follows that f splits over X and hence X = E. We deduce that N = 1, and
since P € N, the proof is complete. n
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22D

As we explained in Chapter 17, there cannot exist a purely algebraic proof of the
so-called fundamental theorem of algebra, which asserts that C is algebraically
closed. This is because the definition of C is based on that of R, and in turn, R is
constructed with the use of analysis ideas such as Cauchy sequences or Dedekind
cuts. Nevertheless, we can use Galois theory and finite group theory to give a proof
of the fundamental theorem of algebra that uses only a minuscule amount of analysis.
Specifically, we assume the following lemma about R and C.

(22.16) LEMMA.

a. If f € RIX] has odd degree, then f has a root in R.
b. Ifa € C, then there exists B € C with B = «. [

The purely algebraic part of the proof is contained in the following result.

(22.17) THEOREM. Let R < C befields of characteristic zerowith |C : R| = 2.
Assume the following:

i. Every polynomial f € R[X] with odd degree has a root in R.
ii. Foreach elementa € C, there exists B € C with 8° = a.

Then C is algebraically closed.

Proof, Suppose L 2 C is an algebraic extension. By Lemma 17.24 it suffices to
show that . = C, and so we assume there exists some element @ € L with
o ¢ C, and we derive a contradiction. We have |Cla] : €| < oo and thus
{Cla] : R} < oo. By Lemma 18.5, there exists some field £E 2 C[«] such that
E is a splitting field for some polynomial over R. Since char(R) = 0, we know
that E 1s Galois over R.

let G = Gal(E/R) and let § € SyL(G). If K = Fix($), then |K : R| =
|G : 8|, whichisedd. For 8 € K, let f = ming(8). Thendeg(f) = |R[B]: R|,
which divides | K : R| and so is odd. Now f has a root in R by assumption (i),
and since f is irreducible over R, we conclude that deg(f) = 1 and 8 ¢ R.
Thus K = R and § = G, and we see that (G is a 2-group.

Nowlet H = Gal(E/C) € G. Then Hisa2-groupand |H| = |E : C| > 1
since @« € E and o ¢ C. By Corollary 5.23 we can find a subgroup M € H
with |[H 1 M| = 2. Let F = Fix(M). Then |F : C| = |H : M| = 2, and we
canchoose y € F withy & C.

The minimal polynomial g(X) of y over C is quadratic. Since C is closed
under extraction of square roots by assumption (it), we can use the quadratic
formula to find a root for ¢ in C. This is a contradiction because g is irreducible
over C. |

(22.18) COROLLARY (Fundamental theorem of algebra). The field C is al-
gebraically closed.
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Proof. Apply Theorem 22.17 with R = R and C = C, using Lemma 22.16 to
verify the hypotheses. |

22E

We include one more topic that fits (more or less) into this chapter. Suppose that
F C E and that for every element o € E, there is some power of « that lies in F,
This certainly holds if F = E. If F < E, it can hold if char(F) = p 3 0. {It holds,
for instance, if F is finite or if E is purely inseparable over F.)

(22.19) THEOREM. Let F C E and suppose that for each elementa € E, there
exists a positive integer n (depending on «) such that a" € F. If char(F) =0,
then F = F.

We need an easy lemma about Euler’s function.

(22.20) LEMMA., Let Sbeaninfinite set of positive integers. Then {¢p(m)|m € S)
is infinite.

Proof. It would suffice to show that @(n) > /n/2 for all integers n > 2. We
use induction on a to prove slightly more: that ¢{r) > /n/2 if n is even, and
@) = /nif n is odd.

First consider the case where n = p¢ for some prime p and exponent ¢ > 0.
We have p(n) = p® — p*~! > n/2. Since n/2 > /n for n > 4, it suffices
to check the cases n = 2,3. Forn = 2, we have ¢(n) = 1 = /n/2, and for
n=23pn) =2>/n

If » is not a prime power, then we can write n = rs, where r and 5 are
coprime and less than n. Then ¢p(n) = ¢{r)e(s) by Lemma 20.11. We can
assume that s is odd, and so ¢(s) > /5 by the inductive hypothesis. Also,
@{r) = /r/2 and so @(n) = /r/2./5 = J/n/2. Finally, if n is odd, then so is
r, and we have o(r) > /r. This yields p{n) > /7./5 = /h. -

Proof of Theorem 22.19. Assume that char(F) = O and E > F, and identify
the prime subfield of F with Q. Let o € E — F and define K = Q(«) and
D =KnNF. Then K > D and every element of K has a power in D. In
particular, some power of & lies in ), and thus « is algebraic over D. We thus
have K = D(¢)} = D[a] and |K : D| < oo.

By Lemma 18.5 there exists L 2 K such that L is a splitting field over D,
and since we are in characteristic zero, we know that L is Galois over D, Since
@ € Landoa ¢ D, we can fix an element ¢ € Gal(L/F) with o (o) # . Now
" € D and so ¢" = o(a”) = o(&)", and hence (o (a)/a)" = | and we can
write o (o) = w8, where 4 is an sth root of unity in L.

For each integer z € Z € € D, we can apply the above argument with
« + z in place of & (since @ + z € K). We conclude that o (@ + z) = (& + 2)8;,
where §; € L is a root of unity uniquely determined by z.



ROOTS, RADICALS, AND REAL NUMBERS 357

If z. w € Z, then 7 and w are fixed by o, and we have
glat+)=clla+w)+(z—-w)h)=cla+w)+(z—w).
Since o (o + z) = (¢ + 2)4, and o (& + w) = (& + w)d,, this yields
() a(d;, —8y) = z{1 — &) —w(l —8,)

forall z, w € Z.

We show next that the map z — &, is injective. If we suppose that 3, = §,,,
equation (¥) yields 0 = (z — w)(1 — §,). If z # w, we conclude that §, = 1,
and thus

a+z=(+)8 =ole+2)=0o(a)+z

and so o = o {a). This is not the case, and we conclude that the map z — 8. is
injective, as claimed.

When z # w, equation (*) yields that « € Q[3;, §,,], and in particular, « is
algebraic over Q. Thus K = Qo) = Q[e] is a finite-degree extension of Q.

It follows that I has finite degree over @, and we obtain our final contra-
diction from the fact that [, contains infinitely many roots of unity. Since L can
contain at most m mth roots of unity for any integer m > 1, it follows that the
set S of multiplicative orders of roots of unity in L is infinite. If m € S, let
é € L be a primitive mth root of unity. Then the cyclotomic polynomial &, is
the minimal polynomial for § over @ by Gauss’s theorem (20.8), and so

1L Qf = |Q[8] : Q| = deg(Pn) = (m).

Since this holds for all elements  in the infinite set S, Lemma 22.20 contradicts
the fact that [L : Q] < oc. m

Problems
22.1 We define F C E to be a square-root extension if E=F[a] withale F. If

F=FRcrhHCT - --CF,=E,

where each F; is a square-root extension, we say that F C E is a repeated
square-root extension. Assume char(F) # 2 and let F € E be a Galois
extension. Show that the following are equivalent:

i.  E is a repeated square-root extension of F.

ii. E is contained in some repeated square-root extension of F.

Hi. |E : F|is a power of 2.

22.2 Suppose F C E is a Galois extension with Gal(E/F) abelian of order n,
and assume that F' contains a primitive nth root of unity. Show that E is a
splitting field over F of some polyncemial of the form

(X" —a WX™ —a) - (X™ —a,),

where g, € F.
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223

224

22.5

22,6

22.7

22.8

HINT: Find intermediate ficlds K; such that £ = {K,, K>, ..., K,) and
Gal(K;/ F) is cyclic.

a. Given integers m > Oandn > 0, let
FOX) = (X¥ +20X =X —4) - (X —2m).

For odd integers k > 0, write g,(X) = f(X) — (2/k). Show that g, is
irreducible in Q[ X] and that if & is large enough, g, has precisely m real

roots.
b. Let p = 3 be prime. Show that there exists a polynomial of degree p in

@i X ] such that the Galois group of its splitting field over @ is isomorphic
to S,.
HINT: It suffices to choose k so that (2/k) < f(¢) for all real numbers ¢
such that f'(c} = 0 and f(c) > 0.

Let F © E be a separable extension and suppose @ ¢ E with o” € F for
some integer n > 0. Show that o™ € F for some integer m that is not
divisible by char(F).

Let F € E be a Galois extension and assume that £ = F[a], wherea” € F.
Let G = Gal(E/F).

a. Show that the commutator subgroup G’ is cyclic.

b. If n is pime, show that & is cyclic.

Let £ = Qli, /2] < C.

a. Show that FE is Galois over Q and |F : Q| = 16.

b. Let F = @Q[i]. Show that Gal(E/F) is cyclic.

c. Let K = Q[i+/2]. Show that Gal(E/K) is nonabelian.

NOTE: Since E = K[+/2), part (c) shows that in Problem 22.5, the group
G’ can be nontrivial.

HINT: Lete = ¢”/® and note that ¢ € E. Write ¢ = 2. Show that there
exist o, T € Gal(E/Q) with o () = oe = (), o(i) = i, and T(i) = —i.
Show that Gal{E/F) = (o) and Gal(E/K) = (¢, 7).

Let f(X)=X*~6X%2+7¢cQ[X]

a. Show that f is irreducible.

b. Let £ be the splitting field of f over @ in C. Show that £ € R and that
Gal( £/Q)) is a nonabelian 2-group.

HINT: Compute the roots of f and show that |Q[e] : Q| = 4, where & is

some root,

Let ¥ & E with £ = Fla] and " € F. Assume that char(F) does not
divide n and that gcd(n, |E : F|) = 1. Show that E is Galois over F and
that Gal( E/F) is abelian.

HINT: Adjoin a primitive nth root of unity.



CHAPTER TWENTY-THREE

Norms, Traces, and Discriminants

23A

In this chapter we show how to apply certain ideas from linear algebra in order to
get information about finite degree field extensions. If ¥ € E is any field extension,
then £ can be viewed as a vector space over F. For each element o € E, we let
R, : E — E be the map defined by multiplication by «. (Thus (8)R, = S« for all
B € E.) Itis easy to see that R, is an F-linear operator on E, in other words, an
F-linear transformation from E to itself.

For any F-space V, the set Endy(V) of F-linear operators on V is a ring (which
is necessarily noncommutative if dimg(V) > 1). Furthermore, the ring Ends(V)
is an F-vector space (and, in fact, the ring operations are compatible with scalar
multiplication, making End-(V') into an F-algebra).

In the field extension situation, where F C E, it is routine to check that the map
o +— R, is an F-linear ring isomorphism from £ into the ring End»(E). We refer
to this map E — Endg(E) as the natural F-representation of E.

Returning to the general situation of an F-space V, we assume that dimg(V) =
n < oo. For each choice of an ordered basis 5 = {v, v2, ..., vy} for V, we get a
map R — [R] from the nng Endg (V) of F-linear operators on V to the ring M, (F')
of n x n matrices over F. (The (i, j)-entry of [R] is the coefficient of v; in the
expansion of (v;)R in terms of 5.) We say that the matrix [R] corresponds to the
linear operator R with respect to the basis 5. The map R ++ [R] is an F-linear ring
isomorphism from Endz(V) onto M, (F).

Although the particular matrix [ R] that corresponds to the operator R depends
on B, the similarity class of [ R] does not. (In other words, matrices that correspond
to the same linear operator R with respect to different bases for V are similar to
one another.) It follows that any object associated with square matrices and that
is constant on similarity classes can be assigned to a linear operator. Examples are
the determinant, the trace, and the characteristic polynomial. If R € Endg(V),

159
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therefore, we can define det(R) = det(| R]} and tr{R) = tr{[R]), and we say that

det{ X I — [R]) is the characteristic polynomial of R.

We are now ready to give the key definitions of this chapter, Let F € E
be a finite-degree field extension. If &« € E, we write Tg,r(a) = tr(R,) and
Ng () = det(R,). The maps Tr,r and Ng,r are, respectively, the trace and norm

maps from £ to F.
It is instructive to compute these maps for the extension R € C. First we choose

a basis B (although the final result is independent of this choice). Taking B = {1, i},
we compute R, for z € C by writing z = a + bi witha, b € R. Then

a b
[szzl:___b a]

and so No/r(z) = a’ + % = |z{? and Tg/r(z) = 2a = 2Re(z).

(23.1) LEMMA. Let £ C Ewith |E : F| =n < oo. Writing N = Ng,r and
T = Ty, we have the following:

a. Thetracemap T : E — F isan F-linear transformation, and in particular,
Ta+B8) =T+ TP fora,B e E.

b. The norm map satisfies N(af) = N(x)N{(B) fora, B € E. Also, N defines
a homomorphism of multiplicative groups E* — F*.

c. ffaeF then Na) =a" and T (@) = na.

Proof. Note thatthe maptr: M, (F) — F is F-linear. Since 7 is the composite map

o Ra,- = [Ru} > tr([Rcr])

and each step is F-linear, it follows that T is F-linear, proving (a).
Now N is the composite map

o — Ry > [Ry] — det([R,])

where the first two steps are ring isomorphisms. Also, since det(AB) =
det(A) det(B) for A, B € M,(F), it follows that N(x8) = N(x)N(8) for
o, b e E.

It y € F,then [R,] is the matrix y I, where / is the identity matrix, and
thus (c) follows. In particular, N(1) = 1, and so if 0 £ o € E, we have
N(a)N(a~') = N(1) # Oand N{e) # 0. Thus N maps E* to F*, completing
the proof of (b). |

It is often impossibly difficult to compute Ng,r(er) or Ti,r(e) directly from
their definitions. Fortunaiely, there are easier methods, which we now develop.

Recall that if A is an n x n matrix over F, then its characteristic polynomial
J(X) = det(XI — A) lies in F[X]. Tt is monic and has degree n.

We need the following familiar general fact.
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(23.2) LEMMA. Letr f(X) = [[(X — a;), where the roots a; lie in some field.
Writing
fXy=X"+a,, X" '+ - +aX+a,
we have a,.., = (—1)“s, for | < u < n, where s, is the sum of the products of
the o; taken u at a time. In other words,

SHZE IIaI':
1 "

where I runs over all subsets of {1,2, ..., n} with cardinality u. In particular,
apy = — p_ oy and ag = (—1)" ] ;.

Proof. Expand the product by the distributive law, and note that each term of the
result that has exactly n — u of its factors equal to X has exactly u factors of the
form —q;, and these have u different subscripts. [

The quantities s, in Lemma 23.2 are called the elementary symmetric functions of
the quantities o), a3, .. ., a,. When n = 3, for instance, the elementary symmetric
functionsof x, y, and z are s, = x + y 4+ z, 5, = xy + xz + yz, and 53 = xyz.

(23.3) LEMMA. [Let A € M, (F) and let
XD =X"+a, X" "'+ -+, X +a

be its characteristic polynomial. Then det(A) = (—1)"ap and tr(A) = —a,_;.

Proof. Since f(X) = det(X] —~ A), we have gy = f(0) = det(—A) = (—1)"
det(A), and the first statement foliows.

To complete the proof, we note that if every off-diagonal entry of A were
changed to zero, this would not affect the coefficient a,_; of the characteristic
polynomial. To see why this is so, observe that if / # j, then the determinantal
minor corresponding to position (i, j) is the determinantofan (n — 1) x {(n — 1)
matrix with exactly n — 2 entries involving X. This contributes nothing to the
X"~ !-term of the characteristic polynomial.

Since changing the off-diagonal entries of A to zero also has no effect on
tr(A), we may assumne that A is diagonal with (i, i )-entry equal to «;, say. Then
f(X)=det(XI — A) =[[(X — «,), and so

w(d) = Y o = —a,
by Lemma 23.2. B
Combining Lemmas 23.2 and 23.3, we obtain the following corollary .
(23.4) COROLLARY. Let A € M,(F) have characteristic polynomial f(X),

and suppose E 2 F, where f splits over E. Writing f(X) = [[(X — a;) with
«; € E, we have det(A) = [|w; and tr(A) = ¥ o;. [ ]
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If f(X) = [](X — ), wesay that p = []&; and s = }_ o; are, respectively,
the product and sum of the roots of f, counting multiplicities. By Lemma 23.2,
of course, p and s can be determined by inspection from f it is not necessary to

construct a splitting field and find the roots.
We are now ready 1o state our norm and trace evaluation theorem.

(23.5) THEOREM. Let F < E with |[E : F| = o, and suppose ¢ € E. Let
p and s denote the product and sum, respectively, of the roots of ming{«),
counting multiplicities (in some splitting field). Then

Negsp() = p" and Tgir(a) =ms,

where m = |E : Fla]l.

Note that Theorem 23.5 includes Lemma 23.1(¢) since ifa € F, then X — a is
its minimal polynomial and so p = a = 5. We need two preliminary results.

(23.6) LEMMA. Let f, g € F[X] be monic and assume that g is irreducible. If
every root of f (in some splitting field) is also a root of g, then f = g™ for
some nteger m.

Proof. If / is a monic irreducible factor of f in F[X], choose a root « for ki in our
splitting field. Then g{a) = 0 and so g = ming(a)} = hA. The result follows
since f is the product of its monic irreducible factors. |

(23.7y LEMMA. Suppose F € Ewith |E : F| < oo. Foroa € E, let g =
ming () and let f be the characteristic polynomial of the linear operator R, €
Endgs(E), defined as before. Then f = g™, where m = |E : Fla]|.

Proof. Note that deg(f) = {E : F| and deg(g) = |Fla] : F). Thus deg( f) =
n deg(g), and it suffices to prove that f is a power of g. By Lemma 23.6 it
suffices to show that g(A) = 0 whenever f(L) = 0 for A € L, some splitting

ficld for f over E.
Write [R,] = A € M, (F) (with respect to some basis for £ over F). Then

f is the characteristic pelynomial of the matrix A. We can view A € M, (L)
(and this does not affect the characteristic polynemial). If F(A) = 0, we have
det{A]l — A) = 0, and it follows that there is some nonzero row vector v € L"
with v(Af — A) = 0. Thus vA = Av and hence vA” = A"v for all integers
r > (. By taking linear combinations, we deduce that vg{A) = g{(i)v.

The standard F-representation 8 — Rjp and the map R — [R] are F-linear

isomorphisms, and so we have

g(A) = g([Ror]) = [g(Ra)] = [Rg(nf)] - [RI]] =0.
It follows that g(AM)v = 0, and thus since v # 0, we have g(1) = 0, as
required. |

Proof of Theorem 23.5. [In the usual notation, let f be the characteristic polyno-
mial of R, and write g = ming(«a). Then f = g™ by Lemma 23.7, and thus p™
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1s the product of the roots of f and ms is the sum of the roots of f, counting
multiplicities. By Corollary 23.4

Ngsr(a) = det(R,) = p™

and
Teir(e) = tr(Ry) = ms,

as required. -
(23.8) COROLLARY. laa FC K CEwith|E: F| < o0, Fora € K, we have
Tesrle) = |E : K| Txyp(a) and  Ngpla) = Ngp(o) B

Proof. In the notation of Theorem 23.5, we have m = |E : K|mg, where mgq =
| K : F[a]|. The result follows from Theorem 23.5. |

The following lemma enables us to use Galois groups to compute norms and
traces. We use the exponential notation a” to denote the result of applying o ¢

Aut{(E)tox € E.

(23.9) LEMMA. Let F € K C E with E Galois over F, and write G =
Gal(E/F) and H = Gal(E/K) € G. Let U be any set of representatives
for the right cosets of H in G. Then for o € K, we have

]—[(X _aa) — gllf:F[n']I ,

ael/
where g = ming{x).

Proof. Let h(X) = [[{X — «“) as in the statement of the lemma. Note that 4 is
independent of the choice of the set U of coset representatives (as it must be if
the result is true). This is so because if T € Ho, then since H fixes o, we have
a =Y,

If + € G, then right multiplication by t permutes the right cosets of H
m &, and so Ut is another set of representatives for the right cosets of . It
follows that the polynomial 4 is invariant under t for all elements ¢ € G, and
we conclude that A € F[X] since F = Fix(G).

Each root «” of & in E is aroot of g since g € F[X], and thus by Lemma
23.6 we know that / is a power of g, and it suffices to show that deg(h)/deg(g) =
|K : Flall. We have deg(h) = |G : H| = |K : FI, and since deg(g) =
|Fla] : F|, the result follows, [ |

(23.10) COROLLARY. Let F C K C E, where E is Galois over F, and let U
be a set of representatives for the right cosets of Gal(E/K) in Gal(E/ F). Then

TK{F(Q) = Za“ and NK;F(Q!) = n o’

ael/ ocl]

fora e K.
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Proof. Letg = ming(«), and let p and s, respectively, denote the sum and prodiect

of the roots of g, counting multiplicities. By Lemma 23.9 we have } a =
|K : Flet]ls and [Jo® = p!¥Fleli_ where the sum and product are as in the

statement of the corollary, The result now follows by Theorem 23.5, »

The previous result allows us, in principle, to use Galois groups to compute
norms and traces for any finite-degree separable extension F € K. In this situation,
we can always find a field £ 2 K with £ Galois over F. If we know Gal(E/F)
and its subgroup Gal(£/K), then Corollary 23.10 gives us simple formuias for the
norms and traces of elements of K,

We state separately the important special case of Corollary 23.10 where K is
Galois over F, so that we can take £F = K.

(23.11) COROLLARY. Let F C K be Galois with G = Gal(K /F). Then

Tkirla) = Zﬂa and Ng;r(a) = H o’

oels cely

for all elements ¢ € E. n

In the case of the extension R € C, Corollary 23.11 tellsusthat 7{(z) =z + 7
and ¥ (z) = zz. Of course, this agrees with our earlier calculation. We mention one

more easy general result.

(23.12) COROLLARY. LetF C Ewith|E: F|l < oo, andleto & Gal(E/F).
Then
Ter(a) = Teir(@) and Ngrla) = Ngip(a)

Joro € E.
Proof. By Theorem 23.5 it suffices to observe that ming (&) = minz (a®) and that
|E : Fla]| = |E : Fla®]|. |

23B

Let ¥ & E be a finite degree extension, so that Ng;r defines a homomorphism
E* — F*_ There are situations when we would like to know the kemel of this
homomerphism.

For example, suppose a is a positive integer. The equation x2 — ay? = 1 is
sometimes called “Pell’s equation,” and the object is to find positive integer solutions
x and y. If a is square, so that ¢ = % for some positive integer b, Pell’s equation
becomes (x + by)(x — by) = 1, and this clearly has no positive integer solutions.
Suppose a is nonsquare and let £ = Qf./a]. Then Gal(E/Q) = {1, o}, where
o(Ja) = —/a. N : E* — Q@ is the norm map, we have N(x + y/a) =
(x + y/a)(x — y/a) = x* — ay? by Corollary 23.11. What we seek, therefore, are
elements of ker(NV) of the form x + y./a, where x and y are positive integers.
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In general, how can we find elements of ker(N), where N : E* — F* is the
norm map? By Corollary 23.12 we have N{a) = N{a“) for o & Gal(E/F), and
thus a’/a € ker(N), In the situation of Pell’s equation, let @ = u — v+/g with
u, v € Q. Then

@  utvya (u+vsa)} @ +avd)+ (Quvyva

B a—

o v —v/a u? — gv? u? — ay?

and thus, if we take

then x + y+/a lies in ker(N). We can therefore solve Pell’s equation if we can find
w, v € Q such that the corresponding quantities x and y are positive integers. In
fact, if # and v are positive integers that themselves satisfy Pell’s equation, then
u? — gv? = 1, and thus

x=u+av? and y=2uv

are another (larger) solution.

We have proved that if, for some value of a, Pelt’s equation has a (positive-
integer) solution, then it has infinitely many solutions. For example, if a = 2, then
(x,y) = (3,2) is a solution of Pell’s equation. Taking (u, v) = (3, 2) yields the
solution (x, y) = (17, 12), and after that we get (577, 408), and so on.

We should stress that we do not need any deep theory to see that if (i, v) solves
Pell’s equation, then so does (u? + av?, 2uv); this follows by simple calculation.
The theory of norms, however, enabled us to discover this fact.

Returning to the general situation where N : E* —» F* is the norm homomor-
phism, we can ask whether or not every element of ker{~N) has the form o/« for
some element o € E and some automorphism ¢ € Gal(E/F). If E is Galois over
F and Gal(E/ F) is cyclic, the answer is yes, and, in fact, we need to use only one
element of the Galois group. This is the famous “Theorem 90" of Hilbert.

(23.13) THEOREM (Hilbert’s Theorem 90). Let F < E be Galois and assume
that Gal(E/F) = (0}. Then Ng,r(B) = 1 iff B = a/a for some o € E*.

To prove Theorem 23.13, we need a refinement of Lemma 22.7. Suppose
that G is a finite subgroup of Aut(E), and suppose we have amap 6§ : G —
E*. By Lemma 22.7, if 8 is a group homomorphism and its image lies in ¥ =
Fix(G), then 8 is given by the formula (1) = a /o, where o is some element
of £, independent of .

We seek a result like Lemma 22.7 that enables us to recognize every function
6 : G — E” that has the form #(r) = a%/a. Are alit of these functions group
homomorphisms; do all of them map into F, or do we need a result more general
than Lemma 22.7? If we choose o € E* arbitrarily and define 8 : G — E* by the
above formula, let us see how close we come to getting a homomeorphism.
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Fixing o, we have

flot) = C!’;r = (%) (%T) = 6(0}r6(1)¢

where o.t € . We see that @ is not, in general, a homomorphism. In fact, 0 is
a homomorphism iff it maps into Fix(G), and this is unlikely to hold for a random

choice of « € E™.

The equations #(ort) = O(7)*8(1) for o, 7 € G are often called Noether's
equations, If G € Aut(E) and 8 : G — E* satisfies Noether’s equations, we say
that 0 is a crossed homomorphism. We see that the notion of a crossed homomor-
phism 6 : G — E™ generalizes that of a homomorphism ¢ : G — F, where
F = Fix(G). As we have seen, if « € £* is arbitrary, then the map ¢ — a%a is
always a crossed homomorphism, and so, with Lemma 22.7 in mind, it is reasonable
to guess that every crossed homomorphism G — E* arises this way. This is true,
and it can be proved using the argument that proved Lemma 22.7.

(23.14) LEMMA, Let G C Aut(E) with |G| < o0, and let8 : G — E* be a
crossed homomorphism. Then there exists a € E™ such that 0(o) = a°/a for
alla € G,

Since a homomorphism mapping G into I = Fix(() 1s a crossed homomor-
phism, we see that Lemma 23.14 includes Lemma 22.7.

Proof of Lemma 23,14, Since @ is not identically zero, Dedekind’s lemma (22.6)
guarantees the existence of y € E with ) 8(g)y° # 0. Define a so that

a”l =D o).
Fixing t € G, we have

o' = 30y T = 36 awy = (38w’ o),

and we observe that the sum on the right equals 1 /. Thus 8(7) = a/a, as
required. [ ]

Proof of Theorem 23.13. We have seen that if § = a“/«a for some o € E™, then
Ng,r(B) = 1, and so we prove the converse. Assume, then, that Ng,r(8) = 1.
Since Gal(E/F) = {1, 0,07, ...,0" '], where 0" = 1, Corollary 23.11 yields

n—1

n o = Negir(B)=1.
i=0
For integers & > 1, define
k—1

vk =[]8" cE

i=0
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and note that ¥ (1) = B and Y (n) = 1. Fork.! = 1, we have

3

i1 il o )
pk+h=y®d 1" =vw([Ts) =vmvo™.
i=0 i=0

In particular, ¥ (k + n) = 1,&’(&)111%(:1)"i = r(k) since ¥r(n) = 1, and it
follows that ¥ (k) = () if k = ! mod n. We can therefore write 8 (c*) = yr(k)
for k¥ = 1, and this is a well defined function from & into E*. Also,

Bla'c) = Wik +1) = v )’ =0(") 6",

and so & is a crossed homomorphism.
By Lemma 23.14 there exists o € E* suchthat 8(r) = a"/a forallr € G.
In particular,
aﬂ'

— =08e)=y¥{1)=§,
o

as required. -

23C

We digress to discuss crossed homornorphisms in a more general context. Suppose
G is any group that acts on some abelian group A via automorphisms. (Recall that
this means that G acts on A as a set and that, in addition, the map a — a - g is an
automorphism of A for all g € G. We usually write a® for a - g.) For example,
we might have G € Aut(E), where E is a field, and A = E*. (We could also
have taken A to be the additive group of E.) Another example where G and A are
arbitrary is the trivial action a® = a forall elementsa € Aand g € G.

Let G act on A via automorphisms. A map @ : G — A is a crossed homo-
morphism with respect to the given action if 8(xy) = 8(x)}*8(y) forall x, y € G.
(If the action is trivial, then crossed homomorphisms are just homomorphisms.) In
general, if @ € A is arbitrary, it easy to check that the map 6 : G — A defined by
#(g) = a~'a* is a crossed homomorphism, and maps of this type, defined using par-
ticutar elements a € A, are called principal crossed homomorphisms. Lemma 23.14
could be restated in this language as the assertion that all crossed homomorphisms
are principal if we take G to be a finite subgroup of Aut(F) and A = E*,

Note that it cannot be true in general that all crossed homomorphisms are prin-
cipal, since in the case of trivial action, there is just one principal crossed homomor-
phism: the constant map g + 1. In each situation, we would like to obtain some
measure of the extent by which the assertion that “all crossed homomorphisms are
principal” fails. As we shall see, the desired measure is the abelian group H'!(G, A),
called the “first cohomology group.” This group is trivial precisely when all crossed
homomorphisms are principal, and more generally, the probability that a random
crossed homomorphism is principal is exactly the reciprocal of the order of the
first cohomology group. In particular, Lemma 23.14 says that H'(G, E*) = 1 if
G € Aut(E) and |G| < oo.
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If G acts on the abelian group A by automorphisms, then the nth cohomoi-
ogy group H"(G. A) for n = 1 is defined by considering certain abelian groups
C*(G, A) and homomorphisms 8" : C™(G, A) — C*TY(G, A) for n > 0. These
are constructed to have the property that for each n = 1, the composite map 8" 14"
is trivial, mapping C" (G, A) to the identity of C"*!1(G, A). Writing Z"(G, A)
and B"(G, A) to denote the kernel of §” and the image of 8”71, respectively, we
have B"(G, A) € Z"(G,A) € C*(G, A) for n = 1. By definition, the factor
group Z" (G, A)/B"(G, A)Yis H*(G, A), the nth cohomology group. (The names of
the other objects we have mentioned are as follows: the maps 8" are the cobound-
ary maps and the groups C”, B", and Z" are, respectively, the groups of cochains,
coboundaries, and cocycles.)

There are a number of different ways to define the cochain groups €” and the
coboundary maps 8" : C" — C"*! that yield the same (up to isomorphism) co-
homology groups. For our purposes, the most useful definition is to let C*(G, A)
denote the group of all functions of n variables from G to A with pointwise opera-
tions. (The elements of CO(G, A), being functions of no variables, can be identified
with the elements of A.) The first two coboundary maps 8% and 8' are as follows:
If a € C°(G, A), then 8°(a) € CY(G, A) is defined by (8%a))(x) = a(a*)~! for
x e G. If8 e C'(G, A), then §'(8) € C?(G, A) is the fanction (6'(8))x, y) =
8(x)"0(y)B(xy)~".

With these definitions, we see that @ € Z'(G, A) = ker(8!) iff 8 is a crossed
homomorphism, and & € B'(G, A) = im(8°) iff @ is a principal crossed homomor-
phism. Thus

{crossed homomorphisms}
{principal crossed homomorphisms} ’

HY (G, A) =

and so H'(G, A) is trivial exactly when every crossed homomorphism is principal.

We should stress that the power of cohomology theory comes from the fact that
there are different constructions for the cochain groups and coboundary maps, and
these yield isomorphic cohomology groups. Thus, for instance, it might be possible
to prove that H!(G, A) is trivial using some construction different from the one
described here, and then to deduce from this that all crossed homomorphisms from
G to A are principal.

For applications, H' and H? are the most important of the cohomology groups.
Before ending this digression, therefore, we should define §2; that enabies us to
interpret Z*(G, A) and H?(G, A). Using the definitions of C*(G, A) and C3(G, A)
as functions of two and three variables from G to A, we let ¢ € C2(G, A). Then
8*(g) € C3(G, A) is defined by

82 (@)(x, ¥, 2) = @, y2)o (¥, DNe(xy, De(x, y)3i™".
Thus ¢ is a 2-cocycle, an element of Z2(G, A), iff

wlx, y2)e(y, 2) = p(xy, Delx, y)*

for all x, y, z € G. Functions with this property are sometimes catled factor sets.
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We show in the problemns at the end of the chapter how this is relevant to the theory
of extensions of groups.

23D

We now consider the trace map Ty, : £ — F. It turns out that this map is
interesting only when the exteasion F' € E is separable.

(23.15) THEOREM. Let F C Ewith{E : F| < o0.

a. If E is inseparable over F, then Tg,r is identically zero.
b. If E is separable over F, then Tg,p is surjective.

Proof. Suppose E is inseparable over F, and let S be the set of elements of £ that
are separable over F. Then F € § < E, and Theorem 19.14 implies that S is
a field and E is purely inseparabie over S. By Corollary 19.12(b). |E : §| is a
power of p = char(F) and, in particular, | £ : 5| is divisible by p.

If @ € §, then Corollary 23.8 tells us that T¢,r(a) = |E : §| Ty, r(a), and
this vanishes since pHE : S|. Ifx € E — 8§, write g = ming(x). Then g is
inseparable, and so we can write g(X) = A(XP) for some h € F[X]. (We are
using Coroliary 19.6 here.) If deg(g) = n, therefore, we see that pla, and it
foilows that the coefficient of X"~ in g(X) is zero. The sum of the roots of
g counting multiplicities is therefore zero, and it follows that T¢,r{(x) = O by
Theorem 23.5. This completes the proof of (a).

Assuming now that E is separable over F, we can choose L O F such that
LisGaloisover F. Let G = Gal(L/F)and H = Gal(L/FE), and let U/ be a set
of representatives for the right cosets of # in G. Then fora € E, we have

Tgr(a) = Zﬂa
ogelf

by Corollary 23.10. We seek some element « such that Tg, (o) 7 0. This is
sufficient because Tz, r is an F-linear transformation, and any nonzero linear
transformation to a one-dimensional space is necessarily surjective.

By Dedekind’s lemma (22.6) we know that there exists 8 € L such that
Y. B8° # 0, where we are summing over all p € G. Leta = Y A%, summing
over v € H. Itis clear that o € Fix(H) = £, and we compute

S =3 () = X e o,

oelf ccll teH pels

as desired. Note that the last equality holds since every element of G is uniquely
ofthe formp =tro withr €« Hando ¢ U. |

We can now prove the additive version of Lemma 23.14.

(23.16) COROLLARY. Let F € E be Galois with G = Gal(E/F). Then
HYG, E*) is trivial, where E* is the additive group of E.
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In other words, if @ : G — E satisfies the additive form of Noether’s equations:
G(o1) = 0{a)" + H(1), then there exists § € E with&(o) = 8° — Bforallo € G.
In still other words: all crossed homomorphisms from G to E¥ are principal.

Proof of Corollary 23.16. Givend : G — E satistying 8(ot) = 6{(og)" + 0(7),
let @ € E and define

B = Z@(J)a" .
Then for fixed T € &, we have

= 6@na" = (@) +6(x)a’

e
— (Z £;?‘(t::r)¢:ar:")r + Q(I)(Z a‘”),

and thus 8 = 87 + 6(v) Tg,;r(a¢) by Corollary 23.11.
Since E is Galois over F | it is separable, and by Theorem 23.15(b) we can
choose o € E sothat Tg,p(a) = —1. Then 8(z) = B* — B, as desired. »

Just as Hilbert’s Theorem 90 (our Theorem 23.13) follows from Lemma 23.14,
an additive analog of Theorem 90 can be deduced from Coroilary 23.16 by the use
of essentially the same proof. We leave this to the problems at the end of the chapter.
Also in the problems we show how to compute norms in inseparable extensions.

23E
Suppose that £ C E is afinite degree extension of fields, andlet B = {a;, a5, ..., a,}
be an F-basis for £. Let D € M,(F) be the matrix whose (J, j)-entry is equal to

Tr r{aie;).
If E is inseparable over F, then 1) is the zero matrix by Theorem 23.15(a). If £

is separable over F, we shall see that D definitely is not the zero matrix and, even
more surprising, its determinant is nonzero. We say that det(D) is the discriminant
of the extension F € E withrespectto the basis B, and we write det(D) = Ag, s (B).

For example, suppose £ = FlV/d], where d € F is not a square in # and
char(F) #£ 2. Then B = {1, ﬁ} is a basis for £ over F, and in this case,

D T(1) T |2 o
lrd T@ | |0 2d
and Ag,r(B) = 4d. (We have written T = Tg,r, and we have used the fact that

T(v/d) = V/d + —+/d = 0 by Corollary 23.11.)

(23.17) THEOREM, Let F C E be a finite degree separable extension, and let
B be an F-basis for E. The following then hold.
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a Ag/r (B) # 0. _
b. If C is another F-basis for E, then Ag,p(C) = 82 Ag/r(B), where § € F is

the determinant of the change-aof-basis matrix from C to B.

Proof. Define the map {-,-) : E x E — F by {(a, B) = Tg;r(aB). We shall
see that this defines a nondegenerate symmetric F-bilinear form on £, The
symmetry is obvious, and since the trace map Tg,r is F-linear, it is clear that
the map {., -} is F-bilinear. To see that it is nondegenerate, let ¥y € E with
Te,r(y) # 0. (Such an element exists by Theorem 23.15(b).) Now ifa € E
with & # 0, then {&, ¥/} ¢ 0, and this establishes the nondegeneracy of the
form.

The theorem now follows by standard linear algebra arguments. In partic-
ular, if P is the change-of-basis matrix from C to 13, then the ith row of P is the
B-coordinate row-vector of the ith element y; € C. Then PD P* is the matrix
with (i, j)-entry equal to {);, ¥;). (We have written P! to denote the transpose
of the matrix P.) It follows that Ag,r(C) = det(PDP?) = det(P)* det(D) =
det(P)? A g, r(B). u

We should mention that in the case where E is a finite-degree extension of (@,
there always exists a special type of basis for £ over Q called an “integral basis.”
(We define this in Chapter 28.) It is a fact that if 5 and C are any two integral bases
for E over Q, then the change-of-basis matrix F from B to C has entries in Z. The
same is true, of course, about P~!, which is the change-of-basis matrix from C o B.
It follows that det{P) is in Z, and det{ P~'), its reciprocal, also lies in Z. From this,
we see that det(P) = %1 and thus det(P)? = 1. It-follows by Theorem 23.17 that
Agp(B) = Agp(C), and this number, independent of the choice of integral basis,
is often referred to simply as the “discriminant” of the field £. It turns out that this
discriminant necessarily lies in Z.

23F

The word “discriminant™ is also used in a different, but not unrelated sense in field
theory: the discriminant of a polynomial. Before we define this, we discuss some
generalities.

Let S = {t1,f,...,1,) be a set of indeterminates, and let R = F[S] =
F[t,...,t,] be the corresponding polynomial ring over F. If 0 € G = Sym(S),
then there is a unique F-linear automorphism (also called o) of R that carries ¢; to
()0 (viewing the #; as elements of R). An element f € R that satisfies f° = f
for all & € G is said to be a symmertric polynomial. Examples of these are the
elementary symmetric functions s, for 1 < r < n (as in Lemma 23.2) and the power
sum polynomials p, = > (1;)" for integers r = 0.

If f € Randa,, o2, ..., o, are not necessarily distinct elements of an extension
field E 2 F, then we can substitute o; for ¢; in f to get an element of E. If f is
symmetric, then this element, f(«;. ..., «,), is independent of the numbering of
the o;. '
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(23.18) LEMMA, Let S={t....,t.} asabove, and define v € F[S] by

Then v° = v for every o € Sym(S), and in particular, d = v* is symmetric.

More precisely, we have v° = —v if o is an odd permutation and v° = v if o
is even.

Proof. The factors (¢; — ¢;) with j = i are permuted by o € S, except that some of
them may be mapped to the negatives of others. (This happens when (¢;)o = ¢,
and (r;)o0 =1, withs < r.)
To prove the last statement, define the map @ : G — {1, -1} C F such that
v =8(o)vforallo € G, If o, T € &G, we have

Blor)v =v°" = (@(c)v)" =68(c)v" =8(o)0(T)v,

and thus #(o ) = ¢(0)8(r) and 6 is a homomorphism of groups. Since {1, —1}
1s abelian, € is constant on conjugacy classes of G.

Now let t € G be the transposition interchanging 7; and £,. Then t permutes
all factors of v other than (f, — #,), and it negates (t, — #;). It follows that
v® = —v, and so €(t) = —1. Since all transpositions of G are conjugate, ¢
takes the value —1 on each of them, and so if o is a product of r transpositions,
then 8(o) = (—1)", as required. [ |

Note that since v ¥ —v if char(F) # 2, we see that Lemma 23.18 provides
an alternative proof of Theorem 6.8, which asserts that no permutation can be both
even and odd.

Now let f € F[X] have degree n. Choose some splitting field E for f over
F, and factor f(X) = a[](X — «;), where a is the leading coefficient. Then the
discriminant of f in E is the quantity

AN = [] @ —a)?.

1=i<j=n

In other words, A(f) = d(uy, ..., @), where 4 is as in Lemma 23.18. Since 4 is
symmetric, A(f) is well defined; it is independent of the arbitrary numbering of the
rootsa; of fin E.

As an example, we compute A(f) when f is of degree 2. Writing f(X) =
aX? + bX + ¢, we factor f(X) = a(X — a)(X — B) over some splitting field, and
we observe that —b/a = o + 8 and c¢/a = aff. Then

b* — dac
a?

(23.19) COROLLARY. Llet f € F[X]. Let E be a splitting field for f over F,
and compute A(fYin E. Then

A(fy=(@—B)Y =(a+ )Y —4a8 =
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a. A(f) £ 0iff f has distinct roots,
b. A(f) € F, and
c. A(f) is independent of the choice of E.

Proof. Part (a) is clear and (b) certainly holds if A(f) = 0, so that to prove (b),
we may assume that A(f) # 0 and f has distinct roots., Then f is separable
and E 1s Galois over F. Now Gal(E/F) permutes the roots of f in E, and
since the polynomial 4 of Lemma 23.18 is symmetric, it follows that A(f) €
Fix(Gal(E/F)) = F.

To prove (c) it suffices to note that if £, and E; are splitting fields for £ over
F', then they are F-isomorphic. Every F-isomorphism E, — E, fixes A(f)
by (b). n

We can use the Vandermonde determinant to obtain a more convenient formula
for the discriminant of a polynomial. If ¢, #,, ..., ¢, are indeterminates, then the
Vandermonde matrixV = V(1),13, ..., 1,) isthe n x n matrix with (i, j)-entry equal
to () forO <i<n—1land1 < j < n. (Note that we have numbered the rows
starting with zero.) Thus

1 1 el 1
t ¢ - ¢
V = l‘12 IZ% e I}
I T el Ak _
(23.20) LEMMA. Let R = Fliy....,t,], where the t; are indeterminates, and
letV =V, ..., 1,) € M,(R) be the Vandermonde matrix. Then
det(Vy= [] (5 ~1).
1=icj=n

Proof. -We compute det(V) using row and column operations, expansion by mi-
nors, and induction on n. (The result is trivial if » = 1 and is easily checked
whenn = 2))

Perform the following row operations. Subtract #, times row » — 2 from row
n—1(which is the last row). Then subtract ¢; times row n — 3 from row n — 2, and
continue like this until row 1 has been modified. At this point, the (i, J)-entry
(fori = Distf — 1/~ = (g - r1)t/ =, In particular, the first column consists
of a 1 in position 0 followed by n — 1 zeros. It follows that det(V) is equal to
the determinant of the (z — 1) x (n — 1) matrix W, which results by deleting
the first row (numbered 0) and the first column from the matrix we have now.

The (n — 1) x (n — 1) mairix W has columns divisible by the quantities
{; — ;) for 2 < j < n. Factoring these out, we are left with the Vandermonde
matrix V(fz, ..., t,). The inductive hypothesis now vields

n

det(V) =[] -0 - [l —0= [] @ -1,

j=2 2=i<j=n l<i<j=n

as required. u
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(23.21) LEMMA. Let f € F[X] be monic, with deg(f) = n, and suppose
f(X) = [[(X — ;) in some splitting field E 2 F. Let p, = Y () forr = 0.
(Thus p, is the rth power-sum function of the roots of f.) Then A(f) = det(P),
where P is then x n matrixwith (i, j)-entry equalto p;y; for0 <i,j <n-—1.

Proof. LetV=V(x,,as,...,ad,),the Vandermonde matrix, and note that A(f} =
det(V)? = det{(VV7) by Lemma 23.20. Computing VV7, we see that its (i, j)-
entry is

Z(ﬂ’k)f(ak)j = Pi+j»
k=1
and thus VV7 = P. n

The power-sums of the a; can be computed (recursively) in terms of the ele-
mentary symmetric functions s, of the ¢; using the so-called Newton formulas:

r—=1
pr=) (="' pisi = (—1)rs, .

i=l

(In these formulas, we set 5, = O fork > n.)

Aithough we do not prove the Newton formulas here, we show how to use them,
together with Lemma 23.21, to express the discriminant of a polynomial in terms
of its coefficients. We compute A(f) in the case where f is monic of degree 3
and the coefficient of X? vanishes. In general, the method is similar, although the
computations can be quite tedious.

Suppose f(X) = X +bX+c. ByLemma23.2wehaves, = 0,5, = b, and sy =
—c¢, The first Newton formula gives the obvious fact that p; = §; = 0. The second
gives po = pys; — 25, = —2b. (Note that the identity p, = s? — 2s; is obvious.)
We have p; = pas; — p1sa+ 353 = —3cand py = pssy — prsz + p153 — ds¢ = 2b%.
Since pg = n = 3, the matrix of Lemma 23.21 is

Po Pr P2 3 0 —-2b
P=| ;m pp p3 | = 0 =26 -3¢ |,
P2 P3 P4 —2b —3c 2’

and A(f) = deti(P) = —4b> — 272,

We mentioned that the discriminant of a polynomial and the discriminant of a
field extension (with respect 10 a basis) are related. The connection between A(f)
and A g,;r(B) is given by the following theorem.

(23.22) THEOREM. Let E = Flu), where « is separable over F, and let f =
ming(«). Then .

A(f) = Apr(B),
where B = {1, a,a?, ..., a"" ') and n = deg(f).
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Note that by the primitive element theorem (18.17), every finite-degree separable
extension F C FE satisfies E' = F[a] for some element o, necessarily separable over
F, and thus Theorem 23.22 applies quite generally.

Proof of Theorem 23.22. Let L be a splitting field for f over E, and write f{X) =
JI{(X — a;) with; € L and o) = . Note that L is a splitting field for f over
F, and so L is Galois over F. Let G = Gal(L/F) and H = Gal(L/E) C G,
and let U be a set of representatives for the right cosets of H in G.

Ifo,r € U and o« = «7, then ot ~! fixes «. It follows that o1~ ! €
Gal(L/Fla]) = H, and this yields & € Hr and thus o = r (by the definition
of U). In other words, distinct elements of I/ carry o to distinct images. Now
«a® is a root of f for each o € U, and we have

Ul =|G:H|=|E:F|l=deg(f)=n.

We deduce from this that as o runs over U/, we obtain all roots ; of f in the

form o?.
By Corollary 23.11, if 8 € E is arbitrary, then Te,r(B) = > B° fore € U.
In particular,

Teir(e™) = Z(ﬂfr)a = Z(ﬂfa)r = zn:ﬂ-';: = Dr
a k=1

oelf

for integers r = 0, where p, is the rth power sum of the roots «;.
By definition, Ag,r(B) = det(D), where (if we number the rows and
columns of D from 0 to n — 1) the (i, j)-entry of D is

TE;F(HEGJ) = TE[F(ai+j) = Di+j -
Thus D = P, the matrix of Lemma 23.21, and A(f) = det(P) = dei(D) =
Agr(B). L

The discriminant of a polynomial is occasionally useful for computing Galois
groups.

(23.23) THEOREM. Assume that char{F) # 2 and let f € F[X] be monic and
have distinct roots in some splitting field E for f over F. Let Q be the set of
roots of [ in E. Then the natural embedding of Gal(E/F) into Sym(£2) maps
into Alt(2) iff A(f) is a square in F.

Proof. Write 2 = (o, 02, ..., 0, }andlet 8 = v(oy. o3, ..., a,), where vis as in
Lemma 23.18. If r € Gal(E/F), then 7 induces a permutation of £2, and we let
a be the corresponding permutation of the indeterminates 1, £, ..., ¢,. Then

)61' = v, ..., a,)" =UU(G€1,-...OE,,)=Ev(a1,...,af")=eﬁ,

where € = =1 by Lemma 23.18.
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If Gal{E/F) maps into Alt(€2), then for each r € Gal(E/F), the cor-

responding permutation o is even, and € = 1 by Lemma 23.18. Thus 8 €
Fix(Gal(E/F)) and A(f) = p? is a square in F.

Otherwise, some T € Gal(E/F) corresponds to an odd permutation ¢, and

so T(B8) = —pB. Since char(F) # 2, we have 7{f8) # Bandso 8, —8 & F.
These elements, however, are the only square roots of A(f) in E, and thus A( f)
has no square root in F. u

Consider, for example, the polynomial X? — 7X + 7 € Q[X]. It is irreducible
by the Eisenstein criterion, and so its Galois group over Q is nontrivial. Also

A(f) = —(4(=T) +27(7*)) = 72(28 — 27) = 7*,

a square in Q. The Galois group is thus a subgroup (up to isomorphism) of the
altemnating group A of order 3. It follows that the Galois group is cyclic of order 3.

Problems

231

23.2

233

Let V be an F-subspace of the space M, (F) of n x n matrices over F, and
suppose that every nonzero matrix A € V is nonsingular.

a. Show that dimz(V) < n.

b. Ifdimz(V) > 1, show that there exists a field £ > F with [E : F| < n.
c. If there exists £ 2 F with {E : F| = n, show that it is possible to find

V, as described, with dimg (V) = n.

HINT: For part (a), consider the map ¢ : V — E" mapping each matrix to
its first row. For part (b), consider the characteristic polynomial of AB~!,
where A, B € V are distinct.

Let ¥ € K C E, where E is of finite degree and separable over F. Prove the
transitivity of the norm and trace maps. In other words, show the following
for all elements @ € E:

a. Npjp(a) = Ngr(Ngjx{a))

b. Tg,rla) = Tg,p{Tg,x ()

HINT: Use Galois groups.

Let ¥ © E be purely inseparable with [E : F| = n < oo. Show that
NEer(a') =" foralla € E.

HINT: From Problem [9.13 we know that ¢” € F,

Let ¥ C E with |E : Fi = n < oo. Assume that Ngpla) = o for all
o € E. Show that F is purely inseparable over F.

HINT: By Theorem 19.14 let ¥ € S £ E, where § is separable over F
and E is purely inseparable over S. Let § = F[«], and note that (a")° and
(" -+ 1) both lie in F, where r = |E : S} and s = |§ : F|. Observe that
S = Fla"].
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23.6

23.7

23.8

23.9

23.10

23.11
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Generalize Problem 23.3 as follows. Let F € § C E, where S is separable
over F and E is purely inseparable over §. If « € E, show that Ng,r(a) =
Ngrp(a™), where r = | E : §|.

HINT: Use the fact that " € S to show that Ng;r(a") = Ng/r(a™)".

Show that Problem 23.2 would remain true if the separability hypothesis
were dropped.

HINT: Note that we need to worry only about norms. Let F € § C E,
with E purely inseparable over S and S separable over F. Let U = (KX, §)
and V. = KN S, Compute Ng,x and Nk, r using Problem 23.5 with U and
V, respectively, in the role of S. Use Lemma 19.20 to show that if 8 € §,
then miny (8) = ming(8).

Let F C E be finite fields with |F| = q and |E : F| = n. Show that
NE,:‘F(U) = @'~/
forallo € E.

In the situation of Problem 23.7, let N : £* — F™* be the homomorphism
induced by the norm map. By Problem 23.7 ker(N) is the subgroup of E*
of order (¢" — 1)/(g — 1). Use Hilbert’s Theorem 90 to give a different
proof that |[ker(N)| = (g" — 1)} /(g — 1).

HINT: LetGal(E/F) = (o),andlet8: EX — E* be defined by 6(e) =
«’/a. What is ker(8)? How large is the image im(6)?

NOTE: Since |ker(N)| = (g" — 1)/(g — 1), it follows that [im{N}| =
(g" — 1)/[ker(N)| = g — 1. Thus N is necessarily surjective, The norm
map is usuaily not surjective for infinite fields.

Let F' C E be Galois and assume that Gal(E/F) = {¢). Show thatea € E
lies in ker(7Tg,r) iff « = B* — B for some element 8 € E.

NOTE: This is the additive form of Hilbert’s Theorem 90.

Let G be an arbitrary group, and suppose that A a G, where A is abelian,
Let H € & be a complement for A in G. (This means that HA = G and
H M A =1.) Note that conjugation defines an action of  on A. Now let
K be any other complement for A in G. For each element x € H, show that
there is a unique element a € A such that xa € K, and define the function
¢ : H — A by setting 8(x) = a. Show that @ is a crossed homomorphism.,
Conversely, show that every crossed homomorphism from H to A arises in
this way from some choice of complement K.

In the situation of Problem 23.10, show that X = H for some element
g € G iff 8 is a principal crossed homomorphism.

NOTE: It follows from Problem 23.11 that all complements X to A in G
are conjugate to H iff the first cohomology group H!(H, A) is trivial,
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23.12

2313

23.14

23.15

23.16

23.17

Let I be a group and suppose A < I" and A is abelian. Let G = I'/A and
choose a set of representatives X for the cosets of A in I'. For each element
g € G, let x, € X be the element in g that lies in X. (Recall that g is a
coset.) If g, h € G, then x;.x, lies in the coset gh, and so x,x, = xg4a for
some element a € A, Define the functiong : G x G — A by ¢{g, k) = a.
a. Show that one can define an action of G on A by setting aé = a*s.

b. Show that the map ¢ is a factor set; in other words, it is a 2-cocycle, an

element of Z2(G, A).
¢. Show that ¢ is a 2-coboundary iff there exists a subgroup H < I" with

HA=Tand HNA=1.

HINT: For part (c), note that if H exists, then H = {x.8(2) | g € G} for
some function 8 : G — A.

NOTE: The subgroup H necessarily exists if H2(G, A) = 1.

Let f(X) = X" —a € Q[X]. Show that A(f) = +n"a""!, where the sjgn
15 positive if # = 1, 2 mod 4 and is negative in the other two cases.

HINT: If ¢ = ¢¥'/", “mserve that

n-—1 n—1
[T —eh) = H(E" [Ta - E")),
. k=]

where on the left, f and j run over the set {0, 1, ...,n —~ 1}. The product
[1(1 —€*) can be evaluated by computing #(1). where h(X ) is the polynomial
(X" - D/(X —-1).

a. If g(X) = (X — a) f(X), show that A{g) = f(@)*A(f).
b. If f(X)=X""14+X""24...4 X +1 € Q[X], compute A(f).

Let E = Q[</2], where p is an odd prime. Let o € E and let d = A(f),
where f = ming(c). Show that if & is irrational, then ./epd is rational,
where € = (~1)P~1/2,

Let F < £ be any finite-degree separable extension. Show that there exists
a finite subset § € F> such that for every element &« € E, the quantity
sA{f) is asquare in F for some element s € S, where f = ming{(x).

Let F C E be Galois and let G = Gal(E/F). Write G = {0, a3, ..., G,},

where 2 = |G|, Let B = {a1.05,...,0,} € E,andlet Bbethe n x n

matrix whose (¢, j)-entry is o; (o).

a. If B is lineariy dependent over F, show that det(8) = 0.

b. If Bis linearly independent over F (so that it is a basis for £), show that
det(B)? = Ag,r(B). (Thus det(B) s 0 in this case.)



CHAPTER TWENTY-FOUR

Transcendental Extensions

24A

Suppose F C E is an arbitrary field extension. Recall that an element & € E is tran-
scendental over F if f(a) # O for all nonzero polynomials f € F{X]. More gener-
ally, we say that a finite list @, &>, . .., a, of elements of E is algebraically indepen-
dent over F if f(ay, ..., a,) # 0 for all nonzero polynomials f € F[X4,..., X,].
(Usually we speak loosely and say that “the elements a,, . .., «, are algebraically
independent,” but we must remember that algebraic independence is not a property
of the individual elements.)

An empty “list” is always algebraically independent, and a list consisting of
a single element @ € E is algebraically independent over F precisely when « is
transcendental over F. Also, the algebraic dependence or independence of a list
1s not affected by rearrangements. Finally, we observe that any list with repeats
is automatically dependent. This is so because if @; = «, with j # k, then the
nonzero polynomial f(X,, ..., X,) = X; — X, vanishes when the «; are substituted
for the X;.

These remarks allow us to speak of algebraically independent sets instead of
lists. To be precise, a (possibly infinite) subset X C E is algebraically independent
over F if every finite list of distinct members of /X is algebraically independent.

The reader should observe the close analogy between algebraic and linear inde-
pendence. In both cases, a list is independent iff every nontrivial combination of the
elements has nonzero value. In the linear case, of course, *combination’” means “lin-
ear combination,” and in the algebraic case, it refers to “polynomial combination.”
This analogy motivates much of the theory we are about to develop.

Examples of algebraically independent field elements are easy to find. Given F,

let £ = F(T\, T, ..., T,), where the T; are indeterminates. Thus E is the “rational
function field” over F in n “variables”; it is the fraction field of the polynomial
ring F[T\, ..., T,]. Itis trivial to see that 73, T3, ..., T,, viewed as elements of the

379
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field E, are algebraically independent. In some sense, sets of indeterminates are the
only examples of algebraically independent elements. The next lemma makes this
precise, but before stating it, we introduce a bit of notation.

If F € Eisafield extension and X < E is an arbitrary subset, we write F (X} to
denote the subficld of E generated over F by A’. This is the unique smallest subfield
that contains both F and &, and it can be constructed by taking the intersection of
all such subfields. We write F[AX] to denote the subring of F generated by F and
A, It consists of all polynomial expressions in finitely many of the elements of X'
and with coefficients in F'. It should be clear that F(.X) is a fraction field for F[X'].

(24.1) LEMMA. Let F & E and suppose the subset X & E is algebraically
independent over F. Write K = F(X). Then K is F-isomorphic to the rational
function field in a set of indeterminates in bijective correspondence with X

Proof. For each element o € A, create a distinct indeterminate 7,,, and let R =
F[T, | @ € A] be the polynomial ring in these indeterminates. (Although
there may be infinitely many indeterminates, each polynomial f € R involves
just finitely many of them, of course.) Evaluation of polynomials f € R by
substituting o for 7, defines an F-homomerphism 6 : R —» K, and the image
of € is the subring FIA'] of K. The algebraic independence of X tells us that
ker(€} is trivial, and thus R is F-isomorphic to F[X]. The result now follows
because the rational function field in the T}, is the fraction field of R, and X is
the fraction field of F[A']. -

A tield extension F' & E is called purely wranscendentai it E is generated by
some subset X', algebraically independent over F. Recall that a field extension
F € E is totally transcendental if the only elements of £ that are algebraic over F
are the elements of F. By Corollary 17.8, for example, if £ = F{a), where « is
transcendental over F, then E is totally transcendental over F. More generally, as
we shall soon see, every purely transcendental extension is totally transcendental.
The converse, however, is false.

The following lemma is useful for inductive arguments.

(24,2} LEMMA. et F C E and suppose X is a subset of E that is algebraically
independent over F. [fa € E — X, then the set X U {a} is algebraically
independent over F iff a is transcendental over the subfield K = F(X),

Proof. If « is algebraic over K, let f(a) = O with f € K[X]}and f 5 0. Each
coefficient of f has the form p/q, where p,q € F|X)]. Clearing denominators,
we can assume that all coefficients of f are polynomials in &', and thus there

exist elements a;, a;, ....a, € A and polynomials p; € F{X,, X1, ..., X,]
such that

fX)=pa, . .,0)X 4 4 pola, ..., a),
where p, 7 0. Define g € F{X,,..., X,, X] by

(X1 Xy X) =Xy X)X A+ DoKXy X
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Thus g # 0 since p, 7 0, and yet
glo, ...,0, o) = flay=0.

It follows that the list oy, . . . , a,, & is not algebraically independent over F, and
thus X' U {«} is dependent.

Conversely, suppose X U {a} is dependent over F. Then there is some
polynomial dependence among some finite subset of this set, and that subset must

contain ¢ since A is independent. We can therefore find o, vy, ..., &, € X and
a nonzero polynomial g € F[X,, ..., X,, X] such that g(w,, ..., a,, o) = 0.
We can view g € F[X,, ..., X,][X], and since g # 0, it has a nonzero leading
coefficient p € F{X,, ..., X,]. Since the elements «/, . . ., o, are algebraically
independent over F, we have p(a,, ..., a,) # 0, and the polynomial

f(X) = g(c':l‘ - aa?l'JX) E K[X]
is therefore nonzero. Since f(w) = 0, we see that « is algebraic over XK. [

(24.3) COROLLARY. A purely transcendental extemsion is totally tran-
scendental.

Proof. Let F C E and suppose that £ = F(X), where X is a subset algebraically
independent over F. Suppose 8 € E is algebraic over F. Our goal is to show
that § « F. Observe that B is a quotient of two polynomial expressions in X’
and thus lies in F{Ag], where Aj is a finite subset of X' It follows that we may
assume that A’ is finite, and we show that § € F by induction on n = |.X|.

If n = 0, then £ = F and there is nothing to prove. Assuming n > 0, we
letae € X and write A" = X — {a}) and K = F(A"). Then E = K(«) and «
is transcendental over K by Lemma 24.2, since A" U {a} = A’ is independent

over F.
Now B8 & £ is algebraic over KX, and so Corollary 17.8 tellsus that 8 € K.
The inductive hypothesis then gives 8 € F, as required. [

We construct an example of a totally transcendental extension that is not purely
transcendental. Let K = Q(T) for some indeterminate T, and let f € K[X] be
the polynomial f(X) = X? 4 (72 + 1). Note that f is irreducible over X by the
Eisenstein criterion. (Observe that 72 4+ 1 is a prime element in Q[T ], which is a
UFD.} Let £ = Kla], where o is a root of f. We shall show that E is totally
transcendental but not purely transcendental over Q.

To show that E is totally transcendental, suppose 8 € E is algebraic over Q.
Since |E : K| = 2, we can write 8 = a + ba forsome a, b € K. Now f splits over
K, and so £ is Galois over K, and there exists ¢ € Gal(E/K) with o(2) = —a.
Since B8 is algebraic, so too is (), and thus (8 — ¢(B))/2 = ba is also algebraic
over Q. It follows that b’a® = —b%(T? + 1) is algebraic over Q, and hence it lies
in Q since K is totally transcendental over Q. We can write & = g(T)/h(T) for
polynomials g, 2 € Q[T ), and we get g(T)2(T? 4 1) = rh(T)? for some rational
number r. If g # 0, the irreducible polynomial 72 + 1 is a factor of g(T)X(T2 + 1)
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with odd muitiplicity, and yet its multiplicity in r 2(T')? is even. This contradiction
proves that g = 0, and so b = 0 and 8 = a € K. It follows that 8 € @ because K
1s totally transcendental.

To show that E is not purely transcendental over {§, we appeal to Theorem 24.5,
which is proved later, Because E is algebraic over (J(7}, this result guarantees that
no two elements of £ can be algebraically independent over Q. If £ were purely
transcendental, therefore, we would have £ = Q(y) for some element 3 € E, and
we derive a contradiction from this. Because o, T € E, we can write ¢ = p/g
and T = u/fv, where p.g.u,v € Q[y]. Since a? + T2+ 1 = 0, this yields
P20 + gt + v2g? = 0.

Now y must be transcendental over Q since E D @ is not an algebraic extension.
We thus have Q] = (Q[X], and we can view y as an indeterminate and p, ¢, 1, and
v as polynomials in this indeterminate. Since g, v # 0, each of these polynomials
has only finitely many roots, and so we can choose 5 € @@ with v(s)g(s) £ 0. If
follows that p(s)*v(s)? +u(s)%q(s)? + v(s)’g{s)? is a positive rational number, and
this contradicts p?v? + u?q? + v’g? = 0.

(24.4) LEMMA. Let F C E be an arbitrary field extension. Then there exists
an intermediate field K such that K is purely transcendental over F and E is
algebraic over K. In particular, if X © FE generates E over F, and X, € X is
a subset maximal with the property that it is algebraically independent over F,
then the field K = F(A&y) has the desired properties.

Proof. Suppose A" generates E over F. (If we are not actually given a generating
set X, we can certainly find one. We could take A" = E, for instance.} Since to
determine algebraic independence, we need only look at finitely many elements
atatime, itis easy to see that Zorn’s lemma applies to the poset of all algebraically
independent subsets of A’. There definitely exists, therefore, a subset X; © X,
as in the statermnent of the lemma, and we put X = F(A&y).

Since A} is algebraically independent over ¥, we certainly know that X is
purely transcendental over F, and it suffices to show that E is algebraic over XK.
The elements of A" — A} generate E over K, and so it is enough to show that
each of these elements is algebraic over K.

Leta € X' — Ap, and note that by the maximality of A}, the set Ay U {a} is
not algebraically independent. By Lemma 24.2 we see that o is algebraic over

F(Xp) = K, as required. |

Note that in the important case of Lemma 24.4, where E is finitely generated
over F, we do not really need Zomn’s lemma in the proof. If X is finite, then it is
clear that the subset A}, exists and, of course, A} is finite.

If F C £ is an arbitrary field extension, a subset X € E that is algebraically
independent over F is said to be a transcendence basis for E over F if E is algebraic
over K = F(X'). By Lemma 24.4, therefore, every field extension has a transcen-
dence basis, and by the previous paragraph, every finitely generated field extension
has a finite transcendence basis (of cardinality not exceeding that of the given gen-
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erating set). Note that an extension is algebraic iff the empty set is a transcendence
basis.

It is amusing to note that Lemmas 24.1 and 24.4 can be used to give a purely
algebraic characterization of the complex numbers field C. We can find K such that
Q € K <€ C, where X is isomorphic to the field of rational functions in some cardinal
number R of indeterminates, and C is algebraic over K. Since C is algebraically
closed, it can be described (up to isomorphism) as the algebraic closure of the field
of rational functions in R indeterminates. (Clearly, & < }C}, and it is not hard to
show that ¥ = |C| = |R|.)

Recall that we explained that it was impossible to prove the fundamental theorem
of algebra purely algebraically since we said that C is not defined algebraically. The
observation of the previous paragraph does not contradict this; it uses the fact that C
is algebraically closed 1o prove that the field described as “the algebraic closure of
the field of rational functions over  in |C| indeterminates™ is actually isomorphic
o C.

Before returning to the general theory, we deduce one more interesting conse-
quence about C. It is clear that any permutation of the indeterminates determines an
automorphism of a field of rational functions. It follows that Aut(KX) is huge, and it
contains elements of every finite order and of infinite order. Every automorphism of
K extends to an automorphism of its algebraic closure C, (This follows since iso-
morphic fields have isomorphic algebraic closures.) Therefore Aut(C) is also huge.
It is a fact that we prove in Chapter 25, however, that no finite subgroup of Aut(C)
can have order exceeding 2, and so no element can have finite order exceeding 2.

Ending our digression now, let us retfurn to the analogy between vector spaces
and field extensions, where linear independence of a set of vectors corresponds
to algebraic independence of a set of field elements. The assertion for extension
fields analogous to the statement that “vector w is a linear combination of vectors
Vi, V2, ..., U, 18 “a € E is algebraic over F(oy, ..., «,)” and, similarly, the ana-
log of “v1, v2, ..., v, span V” is “E is algebraic over F{ay, ..., a,).” (We stress
that the correct analog is “algebraic over” and not “equal t0.”) The analog of “basis”
for a vector space is “transcendence basis” for a field extension, and we would like
to show that the cardinality of a transcendence basis is uniquely determined, so that
we can get the field theory analog of “dimension.”” We need the following theorem
for this.

(24.5) THEOREM. Ler F C E and suppose E is algebraic over F(X) for some
Sfinite subset X C E. Then every subset Y C E with |Y| > |X| is algebraically
dependent over F.

We need the “only if” part of the following lemma to prove Theorem 24.5, and
the other half is used later.

(24.6) LEMMA. Let F € E and suppose X and Y are disjoint subsets of E,
with X algebraically independent over F, Write K = F(X). Then X U is
algebraically independent over F iff Y is algebraically independent over K
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Note that Lemma 24.6 extends Lemma 24.2, which is the case where [)| = 1.
It is the case of Lemma 24.6 where | A’| = 1 that we need for the proof of Theorem

24.3.

Proof of Lemmma 24.6. Suppose first that AU Y is independent. We may certainly
assume that )’ is finite, and we work by induction on #n = |)/| to show that Y
1s independent over K. There is nothing to prove if n = 0, and so we assume
that # > 0 and we choose o € ). Writing ' = Y — {a}, we know by the
inductive hypothesis that )" is algebraically independent over X, and thus by
Lemma 24.2 it suffices to show that ¢ is transcendental over K ().

Now X’ U} is independent over F, and thus by Lemma 24.2 we know that
o is transcendental over F(AX U }”). Since this field is equal to K ()”), this
completes the proof that Y is independent over K.

Conversely now, suppose that Y is algebraically independent over K. To
show that X' U Y is independent over F, it is no loss to assume that ) is finite,
and again we work by induction onn = {)|. If n = 0, there is nothing to prove,
since by hypothesis, A’ is independent over F', We therefore assume that# > 0,
and again choose o € ) and write V' = YV — {«}.

By the inductive hypothesis, & U ) is independent over ¥, and hence by
Lemma 24,2 1t suffices to show that « is transcendental over F (X' UY’) = K Q).
This is true by Lemma 24.2, however, since ) is independent

over X. [ |

Proof of Theorem 24.5, We have || > 0, andso we canchoose B8 € ). If 8 is
algebraic over F, then certainly V is dependent, and so we may assume that A
is transcendental over F'. Thus £ is not algebraic over F, and |X'| > 0. We
work by induction on | Y|,

If it happens that 8 € A/, write A" = A — {f}and ' = ¥ — {8}, and let
K = F(f). Now E is algebraic over F(X) = K(X”), and since |)'| > |A"},
the inductive hypothesis yields that }” is algebraically dependent over X.
Because )’ is the disjoint union of {8} and )/, and since X = F(8), we conclude
from Lemma 24.6 that ) cannot be independent over F, and we ar¢ done in this
CaSEe.

If we are not so lucky as to have 8 € X', we show how to replace X’
with a new set Z, where |Z| < [X| and E is algebraic over F(Z), and such that
B € Z. By the previous paragraph, this completes the proof. Since 8 is transcen-
dental over £, the set {8} is algebraically independent over 7, and we let
Z 2 {8} be asubset of XU (B}, maximal with the property that it is independent
over F.

Since 8 is algebraic over F(X), Lemma 24.2 guarantees that X U {8} is
not independent over F. It follows that Z is a proper subset of X’ U {8}, and we
have | Z| < |X|, as required. To see that E is algebraic over F(Z), we observe
that Lemma 24.4 tells us that F(X' U {8]) is algebraic over F(Z). Since E is
algebraic over F(.Y), it is certainly algebraic over F(X U (B1]), and it follows
that E is algebraic over F(Z), as claimed. Finally, 8 € Z by construction, and
the proof is complete. |
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(24.7) COROLLARY. Assume E has a finite ranscendence basis over F. Then
all transcendence bases for E over F have equal cardinality.

Proof. [et A be a transcendence basis with | A"} < oo. Since E is algebraic over
F(X), Theorem 24.5 tells us that no algebraically independent set can have
more than || elements (and, in particular, none is infinite), If V is any other
transcendence basis, therefore, we have | )| < | X'|. Interchanging the two bases,
we obtain the reverse inequality, and the result follows. [

If ¥ € E and there is a transcendence basis for £ over F consisting of n < oo
elements, then by Corollary 24.7 every transcendence basis has cardinality n. In
this case, we say that the transcendence degree of the extension is n, and we write
tdr(E) = n.

Recall that by Lemma 24.4 there always exists a transcendence basis. It is
possible to extend Corollary 24.7 to show that even if they are infinite, two transcen-
dence bases for the extension £ € E must have equal cardinality. One could then
define tdz(FE) 1o be this (possibly infinite) cardinal number, but we simply write
tds{ E) = o0 if there is no finite transcendence basis.

Note that td(E) = 0 iff E is algebraic over F. We claim that td<(F) is finite
iff E is algebraic over some intermediate field K, where X is finitely generated over
F. If tde(E) < 00, it is immediate from the definitions that X exists. Conversely,
if we have K finitely generated over F, then K has a finite transcendence basis over
F. If E is algebraic over X, this transcendence basis is also a transcendence basis

for E over F.

(24.8) THEOREM. Let F € E € L. Then tdp(L) = tdp(E) + tdg(L). In
particular, the degree on the left is infinite iff one of the degrees on the right is
infinite.

Proof. Suppose tdg(L) < oo, By Theorem 24.5 we get tdz(E) < tdg(L) < oo.
Also, since any set of elements of L that is algebraically independent over E is
automatically independent over F, we see that tdg(L) < tdg(L) < oc.

Conversely now, suppose tdg(E) and tdz (L) are finite, and let X and ) be
transcendence bases for £ over F and L over E, respectively. The elements of
Y are transcendental over E, and thus certainly do not lie in E, and it follows
that X" and )/ are disjoint. We will complete the proof by showing that X' U Y
is a transcendence basis for L over F.

Since ) is algebraically independent over E, it is certainly independent
over the smaller field F(X). Also, X is independent over F, and so Lemma
24.6 guarantees that A" U Y is algebraically independent over F.

Finally, we need to show that L is algebraic over K = F(X U )). Let
A = {y € E | yisalgebraic over K} and note that A 2 K is a field. Since
A is a transcendence basis for £ over F, every element of E is algebraic over
F{X) € K, and thus E C A. Therefore E(Y) € A. However, L is algebraic
over £()), and so L is algebraic over A. Since A is algebraic over K, we
are done. |
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24B

A striking consequence of some of the theory we have developed is the following
thecrem.

(24.9) THEOREM. Let F C L be a finitely generated field extension, and sup-
pose E is any intermediate field. Then E is also finitely generated over F .

Note that it is not generally true for algebraic structures that subobjects of finitely
generated objects must be finitely generated. We need the following lemma .

(24.10) LEMMA. Suppose that F < E and that the subset X C E is alge-
braically independent over F. Let F € A € E, where A is a field that is
algebraic over F. Then:

a. & isalgebraically independent over A.
b. A is the full set of elements of A(X) that are algebraic over F.
c. If|E : F(A)| < o0, then |A: F| < 0.

Proof. To prove (a), we may assume that || = n < o0. Let m be the size of
the largest subset of A" that ts algebraically independent over A, By Lemma
24.4 we have m = td,(A(X)), and since tdr{A) = 0, Theorem 24.8 gives
tdr (A(A)) = m. We can also use Theorem 24.8 to compute this transcendence
degree in a different way. We have

m = tdF(A(fl")) = tdF(F(ﬂc’)) -+ tdF(,:tr}(A(X)} .

However, td-(F (X)) = [A’| = n since A’ is algebraically independent over F.
We deduce that m > n, and thus m = n and (a) follows.

By (a), A(X) is purely transcendental and thus is totaily transcendental over
A. If y € A(AX) is algebraic over F, it is certainly algebraic over A, and hence
y € A. This proves (b).

If |A : F| = oo, then since A is algebraic over F, we have A =
F{B,, B, ..., B ) for any finite list By, B5, ..., B, of elements of A. It follows
that given any such list, we can append to it an element S, such that

FBy,....B) < F(Bi,.... B Brv1) < A.

We conclude that there exists an infinite ascending chain F = 4 < A} < - --
of subfields of A, and writing L; = A;(X), wehave F(A) =L, C L, < ...
All of these containments must be strict, however, since by part (b) applied to
A;, we have L; N A = A;, and hence if L, = L;, we deduce that A; = 4; and
it follows thati = j.

If }E : F(X)| < oo, itis clearly impossible to have an infinite strictly
ascending chain of intermediate fields, and this proves (c). n

Proof of Theorem 24.9. Since L is finitely generated over F, wehave tdg (L) < 0o
by Lemma 24.4, Thus tdz(£) < oo by Theorem 24.8, and we can choose a
finite transcendence basis A" for E over F, and we write X = F(X). Now
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K € E € L, and it suffices to show that E is finitely generated over X. We
know that E is aigebraic over X, and so our goal is to show that [E : K| < oo,

Let Y be a transcendence basis for L over K. Since L is finitely generated
over K (/) (by the same set that generates it over F) and L is algebraic over
K (), we see that [L : K())| < oo. We know that F is algebraic over K and
Y is algebraically independent over K, and thus Lemma 24.10(c) applies. We
deduce that |E : K| < o0, as required. ]

24C
We can strengthen Lemma 24.10(c).

(24.11) LEMMA., In the situation of Lemma 24.10, we have |A: F| < |E: F(X)|.

Proof. Let K = F(A'). We may certainly assume that |E : K| < oo, and so by
Lemma 24.10(c) we have JA : Fl<oo,andwe writem = |A : F|. If m=1,
there is nothing to prove, and so we assume m > 1 and work by induction on m.

Letg € Awithg ¢ F. By Lemma 24.10(a), X' is algebraically independent
over F[B], and we see that F[S}{X) = K[B]. Since |A : F[B1l < m, we can
apply the inductive hypothesis to the extension F[8] < E, and we deduce that
|A : F[B]] = |E : X[B]|. To complete the proof, it suffices to show that
|FIB]: F| = |K[B]: K]|.

Let f = ming(8) and g = ming(B). Then g € K[X] and g(8) = 0,
and we deduce that f ig. Every root of f in a splitting field, therefore, is a
root of g and hence is algebraic over F. Since f is monic, it follows that the
coefficients of f, which are elementary symmetric functions in the roots, are
algebraic over F. But these coefficients lie in X, and K is purely {(and hence
totally) transcendental over F, and it follows that £ € F[X]. We conclude that
f = g, and it follows that

|FI8] : F| = deg(g) = deg(f) = |K{B]: K|,
and the proof is complete. n

Lemma 24.11 has a nice application, but to state it we need a definition. Suppose
that F & E and that K and L are intermediate fields. Then X and L are linearly
disjointover F provided thatevery F-linearly independent set of elements of either K
or L remains linearly independent over L or K, respectively. Clearly, it is necessary
to consider only finite F-linearly independent sets of elements.

It is true, but perhaps not so ¢lear, that to verify that X and L are linearly disjoint
over F, it suffices to check that F-linearly independent subsets of just one of the
given fields are linearly independent over the other.

(24.12) LEMMA. Let F € E with intermediate fields K and L. Suppose that
every F-linearly independent subset of K is linearly independent over L. Then
K and L are linearly disjoint over F.
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Proof. Suppose £y. 8., ..., B+ € L are linearly independent over F. We need to
show that these elements are linearly independent over X, and so we suppose
that 3" o; B; = 0 for some coefficients o; € K.

Let yy, ¥, ..., ¥ be an F-basis for the F-spanof o, ..., @, in K. We can

thus write

£
O'.','=E a;;y; fOTlEfE?",
=1

where ai; € F. Then
5 r
0= "wh =) ayyh = Z}?(Zaﬁﬁ;)-
; N j=1 i=1

The elements y; € K arelinearly independent over F, and so by hypothesis,
they are linearly independent over L. Since 3 a;; 8; € L, we conclude that

r
D aypi=0 fori<js<s,
i=l

and because the §; are linearly independent over F, we deduce that all a; ;=0
It follows that a; = O for all {, as required. ]

The promised application of Lemma 24.11 is the following theorem.

(24.13) THEOREM. Ler F € E and suppose that K and A are intermediate
fields with K purely mranscendental over F and A algebraic over F. Then K
and A are linearly disjoint over F.

We extract a part of the argument as a separate lemma that can be used in other
situations where one wishes to prove linear disjointness.

(24.14) LEMMA. Let F C E and suppose that K and A are intermediate fields
with A algebraic over F. Assume that

|B: F| < {K.B): K|

Jfor every field Bwith F € B C Aand |B : F| < oo, Then K and A are
linearly disjoint over F.

Proof. Leta;,a;....,a, € A be linearly independent over F. By Lemma 24.12
it suffices to show that these elements are linearly independent over K. Write
B = Flay,...,a,],s0that B : F| < co. Nowey, ..., o, may not span B over
F', but since they are linearly independent, we can append additional elements
and assume that the «; form a basis for B over F.
Let R denote the X -vector subspace of E spanned by ay, ..., a,. Ofcourse,
R C (K, B}, and since the o, span B over F, we have B € R. All of the
products a;o; lie in B £ R, and hence R is a ring and we have (K, B) —=



TRANSCENDENTAL EXTENSIONS 389

Koy, a3, ...,a,] € R. Thus {K, B) = R, and the n elements «; span (K, B)

over K.
By hypothesis, however, [(K, B} : K| = |B : F| = n, and so the spanning
elements oy, a3, . .., &, must be linearly independent over X. [

Proof of Theorem 24.13. By Lemma 24.14 it is enough to show that |B : F| <
K, B) : K| forall fields Bsuchthat F € B € Aand |B : F| < c0. The
desired inequality is immediate from Lemma 24.11. -

24D

We showed that a totally transcendental field extension F < E need not be purely
transcendental. It is harder to find examples if the condition that “E is totally
transcendental over F” is strengthened to the assumption that “FE is contained in
some purely transcendental extension of £.” In fact, if td#(E) = 1, no such example
exists. (Recail that in our example where E was totally but not purely transcendental,
the transcendence degree was 1.)

(24.15) THEOREM. LetF C E C L andassume that L is purely transcendental
over F. [ftdr(E) = 1, then E = F(B) for some element B € E.

The case of Theorem 24.15 where tds(L) = 1 (and thus no hypothesis on
td-(E) is needed) is called Liiroth’s theorem, and we state it separately.

(24.16) THEOREM (Liiroth). ler L = F(x), where « is transcendental over
F, and suppose F C E C L. Then E = F(B) for some element B € E.

Together with results from Chapter 17, Liiroth’s theorem yields the following
pretty resuit.

(24.17) COROLLARY. Let F C E C L and assume that L = F(a) for some
element o € L. Then E = F(8) for some element B € E.

Proof. If « is algebraic over F, then by Artin's theorem (17.11), there are just
finitely many intermediate fields between F and L. We conclude that there
are only finitely many between F and E, and the result follows by a second
application of Theorem 17.11.

If « is transcendental over F, we are in the situation of Liiroth’s theorem
and we are done. [ |

Our strategy for proving Theorem 24.15 is to do the Liiroth case first. We need
a technical iemma about polynomials,

(24.18) LEMMA. Ler p,g € F[X] be relatively prime polynomials and, simi-
larly, let u, v € F[Y] be relatively prime, and assume that u and v are not both
constants., Write
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FX,Y) = u(Y)p(X) - v(Y)q(X)
and assume that f = gh, where g € F[X, Y] and h € F[X]. Then h is a
constant,

Proof. We have
u(Y)p(X) —v(¥)q(X) = h(X)g(X,Y),

and we will show that A is a constant by proving that 4 |p and A |q_ in F[X].

By hypothesis, at least one of u or v has positive degree. If deg{u) > 0,
choose an extension field £ 2 F in which u has aroot . Writing 8 = v(a) ¢ E
and substituting « for ¥, we deduce that k,ﬁq in E[X]. Now 8 = v{a) # 0,
since otherwise u and v would both be divisible by ming{a), and this is not the
case because they are relatively prime. It follows that hlq in E[X] and thus
also in F[X]. Therefore #(X) divides u(¥)p(X) in F{X, Y], and so &|p in
F(Y)[X] and thus alse in £{X]. We are done in this case, and similar reasoning
completes the proof if deg{v) > 0. |

The following is an example of how Lemma 24.18 can be used.

(24.19) COROLLARY. Let p,gq € F[X] be relative prime and write d =
max(deg{p), deg(g)). Let E = F(B), where B is transcendental over F, and
write f = p— Bqg € E[X]. Thendeg(f) = d, and f is irreducible ifd > 0.

Proof. First, note that since § ¢ F, none of the nonzero coefficients of p(X) can
equal any coefficient of B¢ (X ). It is immediate from this that deg(f) = 4, and
we assume that d > Q.

Since £ = F{f) = F(Y), where Y is an indeterminate, we may replace 8
by ¥ and show that the polynomial f(X,Y) = p(X) — Yg(X) is irreducible in
F(Y)[X]. If this polynomial reduces, we can apply Gauss’s lemma (16.19) and
write f = gh for some polynomials g, 2 € F[X, ¥], each of positive degree in
X. Since f has degree 1 in Y, we see that one of g or 4 (say k) does not involve
Y, and we have h € F[X]. Now Lemma 24.18 applies withu = landv =Y,
and we conclude that £ 1s a constant. This is a contradiction. [ |

Proof of Theorem 24.16. We may assume that £ > F. We seek 8 € E such
that £ = F(8), and so we start by choosing 8 € E ~ F arbitrarily. Note that
B is transcendental over F, and we can write § = p{w)/q(«) for polynomials
P, q € F[{X]. Reducing the fraction if necessary, we may assume that p and ¢
are relatively prime, and we write 4 = max{deg(p), deg(q)). (We stress that
this integer d depends on the choice of 8.) Since B8 &€ F, we have d > 0, and
s0 by Corollary 24.19 the polynomial p(X) — Bg(X) is irreducible of degree d
in F(B)[X].

Now « is a root of the polynomial p — Bg, and therefore we conclude that
IL . F(B)l = |F(B)[al : F(B) = d. Since F(B) € E,wehave |L : E| <d
and we write |L : Ef = n. We thus have |E : F(8)| = d/n. Of course, n is
independent of our choice of the element 8 € E — F, and for each such choice
we get an integer d > n. It suffices to find some element 8 such that d = n.
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Since |L : E| = n, we can write ¢ = ming(a ), and we have deg(g) = n.
Because « is transcendental over F, we know that g ¢ F[X] and thus g has
some coefficient 8 € £ — F. We will complete the proof by showing that for
any such coefficient 8, we getd = n,

Writing 8 = p(«)/q(a) as above, we know that p(X) — Bg(X) € E[X],
and « is a root of this polynomial. Thus g‘(p — Bg) in E[X]. Since 8 =

pla)/gla), we get
ge) p(X) — pla)g(X) = g(XHh(X)

for some polynomial A € L{X].
Replacing o by an indeterminate ¥ (as we may, because it is transcendental),
we have L. = F(Y), and using Gauss’s lemma (16.19), we get

() g(Y)p(X) — p(Y)q(X) = go(X, Y)ho(X. YY),

where g, ig € F[X, Y] and where go = yg for some element y € L. = F(Y).
Since g is monic, we have y € F[Y]. Also, 8 = p(Y)/g(Y) is a coefficient of
g, and so By is a coefficient of g, viewed in F{¥][X]. In particular, this tells
us that B8y € F[Y].

Write ¥y = r(Y) and By = s(Y) for polynomials r,s € F[Y]. Since
B = p(¥)/q(Y), we have pr = gs, and because p and g are coprime, we get
pls andq[r. Thus

d = max(deg(p). deg(g)) < max(deg(r), deg(s)).

But ¥y = r(¥Y) and 8y = s(Y) both appear as coefficients of gq, and thus the
degree in Y of go(X, Y) is at least max(deg(r), deg(s)) > d.

Since the degree in ¥ on the left side of equation (*) is clearly no more
than d, it foilows that sy does not involve ¥. Lemma 24.18 thus applies, and
we conclude that kg is constant. Also, the degree in Y of g is d exactly.

Since ho(X, Y) isaconstant, equation (x) yields that go(Y, X) = —go(X, ¥),
and thus the degrees in X and in ¥ of go(X, Y) are equal. We know that
the degree in Y of go(X, Y) is equal to 4. and on the other hand, the degree
in X of gy is the same as that for g, namely n. Thus d = n, and the proof is
complete. |

24E

So far, we have proved Theorem 24.15 only in the case of Liiroth’s theorem, where
tdr(L) = 1. We work now toward proving the next case, where tdy(L) = 2. The
general case then follows fairly easily. Our immediate goal. therefore, is to prove
the foliowing theorem.

(24.20) THEOREM. [lLetF C EC L = F{(X,Y),where X andY are indetermi-

nates, and tdp(E) = 1. Then E = F(B) for some element B € E.
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We need some preliminary results.

(24.21) LEMMA. Ler f.g € F[X, Y] be linearly independent over F. Then for
all but finitely many positive integers n, the polynomials f(X, X")and g(X, X")
in F{ X1 are linearly independent over F.

Proof. If two nonzero polynomials #, v € F[X] are linearly dependent over F,
then they must have equal degrees and av = ff«, where o and g8 are the leading
coefficients of u and v, respectively. In view of this, it is reasonable to try to
compute the degrees and leading coefficients of (X, X*) and g(X, X™).

Write

FIX, ¥y =p,(X)Y 4+ p, (DY 4o 4 po(X)

and
gX.Y)=q,(X)Y + g1 (X)Y’ '+ +go(X),

where all p;, g; € F[X]and p,, g, # 0. Let & and 8 be the leading coefficients
of p, and g, and let u and v be the degrees of these polynomials. Write mn to
denote the maximum of the degrees of all the nonzero polynomials among the
pi and g;.

Suppose n > m. The largest exponent on a power of X contributed to
fF(X, X") by any of the terms p;(X)Y fori < risatmost m + in < rn.
It follows that the term ¢ X“*™* contributed by p,(X)Y’ is uncanceled and is
the leading term of f(X, X"). Therefore, for n > m, the leading coefficient
of f(X, X") is a, and similarly, the leading coefficient of g(X, X") is B. If
S(X, X™)and g(X, X") are linearly dependent with n > m, therefore, we have

BF(X, X*) = ag(X, X").

The polynomial 8/(X. ¥Y)—ag(X, Y} is nonzero, and so when it is viewed
as lying in F(X)[Y], it has only finitely many roots. Since we have seen that
X" is aroot whenever f(X, X") and g(X, X") are dependent with n > m, there
can be just finitely many such integers z. The result now follows. |

(24.22) LEMMA. Lety € F C F(Y), where Y is an indeterminate. Then there
exists a subring R € F(Y) and a homomorphisma : R — F with the following
properties:

a. FIYICR

b. o(Y) =y

c. oy =waforalla e F

d. Ifre Rando(r) # 0, thenr-' €« Rando(r 'Y = o(r)~".

Proof. Every element of F(Y) has the form p/q for some p,g € F[Y]. Let R
be the set of elements that can be written in this way with g{(y) # 0. Because
the sum, difference, and product of p,/qy and p;/q> can each be written with
denominator g,q», it is clear that R is a ring.
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Assertion {a) is obvious since the elements of F[Y] can be written with

denominator equal to 1.

We define o by setting o (p/q) = p(y)/q(y) if g(y) % 0. It is routine to
check that ¢ is well defined and that it is a homomorphism, and assertions (b)
and (c) are immediate.

To prove (d), let r = p/g with g(y) % 0 and o(r) # 0. Then p(y) # 0,
and since r~! = q/p (in the field F(Y)), we have r~! ¢ R. Also, o(r~!) =

qg(y)/ply) = o(r)~', as required. m

Proof of Theorem 24.20. By Theorem 24.9 we know that E is finitely generated
over F'. Now choose « € E — F. Then « is transcendental over F, and since
tdr(E) = 1, we see that E is algebraic over F(«). It is finitely generated over
F{ar), and so we can write £ = F(a)[By, B2, ..., B,] forsome 8; € E.

Write « = f/g with f, g € F[X, Y], and note that f and g are linearly
independent over F since o ¢ F. Thus f(X, X") and g(X, X") are linearly
independent for infinitely many integers n. If we write 8; = p;/q; with p;, g, €
F[X, Y], we observe that each g;, viewed as being a polynomial in ¥ with
coefficients in F(X), has just finitely many roots. We thus can choose a positive
integer n 8o that if we write ¥y = X", we have ¢q;(X,y) £ O0for1 < i < r.
By Lemma 24.21 this can be done so that f(X, ¥) and g(X, y) are linearly
independent over F,

We now apply Lemma 24.22 to the extension F(X) € F(X,Y), and we
obtain a certain subring R with F(X){Y] € R € F(X, ¥) and a homomorphism
o : R — F(X)such that o(Y) = ¥ and & is the identity on F(X). Thus if
g € F[X,Y],theng € R and ¢(g) = g(X, y), and if this is nonzero, then
g ' e R

Since o (g;) # 0, wehave ¢! € R,andthus 8; € Rfor1 <i < r. Also,
o(f) and o (g) are linearly independent over F, and in particular, o(g) s 0,
and so @ € R and () = o(f)/o{g) € F by linear independence. Thus
o(x) € F(X) — F, and so it is transcendental over F.

If 2 is any nonzero polynomial over F, then A(a) € R and o(h(a)) =
h(o(x}), and this is nonzero since o (&) is transcendental. It follows that
h(x)~!' € R, and so R contains the whole field F(w). Since we also know that
B: € Rforeachsubscripti, wededucethat R contains £ = F(a)(pi, B2, ..., 5 ].

Now o defines an F-homomorphism from £ into F(X), and because E is
a field, this must be an isomorphism. We can apply Liiroth’s theorem to o (E),
and the result follows. |

Finally, we can prove our main result in this direction.

Proof of Theorem 24.15. We have F C E € F{(X), wheretdg(E) = 1 and X
is algebraically independent over F. Suppose that Y is some finite subset of
X such that £ "N F()) > F. (Note that } necessarily exists since £ > F
and each element of E lies in F()) for some finite subset Y € X.) Choose
B € (ENF()))— F, and note that § is transcendental over F since L is purely
and thus totally transcendental over F. Since 1dg(E) = 1, we conclude that E
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is algebraic over F (), and it follows that the elements of E are algebraic over
the field F{)). By Lemma 24.6 the set A" — )/ is algebraically independent
over F()), and thus L js purely transcendental over F()/). We conclude that
E C F()).

By the previous paragraph, we may assume that /X is finite, and we work
by induction on n = |X’|. Since £ > F, itis clear that X is nonempty, and we
choose & € X and write F* = F(a)and E* = E(a). If F*N E > F,then by
the result of the first paragraph, we have E § F*, and we are done by Liiroth’s
theorem. We may assume then that F* M E = F and hence E* > F*,

By Theorem 24.8 we have

tde(F*) + tdp(E£7) = tdp(E”) = Wdp(E) + We(E").

Alsotdg.(E™) > 1since L is purely transcendental over F*. Wehave tdp(F*) =
1 and Wdr(E) = 1. Finally, Wds(E*) < 1 since £* is generated by a single
element over £. We conclude that td(E*) = 1.

Recall that L is purely transcendental over F*, generated by the alge-
braically independent set &' — {«} of cardinality n — 1. By the inductive
hypothesis, therefore, we have E* = F*(8) for some element 8 ¢ E*, and
of course 8 is transcendental over £* = F(a). It follows by Lemma 24.2 that
o and f are algebraically independent over F. Since F € E C E* = F(a, B),
we are done by Theorem 24.20. (We can replace o and 8 by indeterminates X
and ¥ by Lemma 24.1.) u

24F

Somewhat paradoxically perhaps, transcendental extensions are relevant to the ques-
tion of which finite groups can be realized (up 10 isomorphism) as Galois groups
of finite-degree extensions of the rationals. Our main result on this is the following

theorem.

(24.23) THEOREM. Suppose Q C F C E, where E is Galois over F and F is
purely transcendental and finitely generated over Q. Then there exists a Galois
extension Q C L such that Gal(L /Q) = Gal(E /F).

This result is useful because it turns out that it is much easier to build exten-
sions £ 2 F with prescribed Galois groups when F is a sufficiently large purely
transcendental extension of  than it is when # = Q. Unfortunately, we are not
able to give the fuil proof of Theorem 24.23 in this book since this result depends on
the Hilbert irreducibility theorem, which we state without proof. We show how to
obtain Theorem 24.23 from Hilbert’s result, however, and we use Theorem 24.23 to
prove that the symmetric group S, occurs as a Galois group over Q for every positive
integer n.

(24.24) LEMMA. Let G be a finite group and let F be any field. Then there exist
fields E 2 L 2 F, where L is finitely generated over F, and such that E is
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Galois over L with Galois group isomorphic to &. If G = §,. this can be done
in such a way that L is purely transcendental over F.

Proof. By Cayley’s theorem, it is no loss to assume that & is a subgroup of some
symmetric group S8,, and we let £ = F(T, T, ..., T,), where the T; are in-
determinates. Given any element o € §,, we can uniquely extend ¢ to an F-
automorphism of E, which we continue to call . We thus view G € Gal(E/F),
and we let L = Fix((r). Then F € L € E, and Theorem 24.9 guarantees that
L is finutely generated over F. By Theorem 18,20 we conclude thai E is Galois
over F,and Gal(E/F) =G .

To complete the proof, we must show that if G is the full symmetric group
Sn, then I is purely transcendental over F. In fact, we will see that I. =
F(s1,52....,5:), where the s, are the ¢lementary symmetric functions in the
indeterminates Ty, ..., T,,. (Recall that s, is the sum of all possible products of
r distinct members of the set {71, ..., T,,}.) Once we show this, it follows by
Lemma 24 .4 that any maximally algebraically independent (over F) subset of
{s, | 1 < r < n}isatranscendence basis for L over ¥, and thus also for E over
F since E is algebraic over L. Since tdr(E) = n, we conclude that the whole
set is algebraically independent, and thus L is purely transcendental over F.

To see that L is generated by the s, over F, write

fxy =[] -1)e ExX).
i=1
Note that f is invariant under G since each element o € G merely permutes
the factors, and thus f € L{X]. We have

FX)=X" =51 X" b X" - 4 (=15,

and so 5, € L for each r. Define the subfield K = F(s,,...,s,) < L and ob-
servethat f € K[X]. Now f splits over E and E is generated over K by the roots
I, Ty, ..., T, of f,and so E is asplitting field for f over K. By Problem 17.14

it follows that |E : K| < n!, and since |F : L| = |G| = |§,| = n!, we have
K = L. (Alternatively, E is Galois over K and Gal(E/K) 2 Gal(E/L)Y=G.
Since G already induces every possible permutationof {7}, 75, . . ., T, } and since

the action on this set is faithful, we have Gal{E/K)=G,and so K =L)) [
We extract a piece of the proof of Lemma 24.24 for future reference.

(24.25) COROLLARY. Letp € F(T\,..., T,1 be a symmetric polynomial. (In
other words, p is invariant under all permutations of the indeterminates T,.)
Then

p = A C T A
g(s1.....5,)

where the s, are the elementary symmetric polynomials in the T;, and f and g
are suitably chosen polynomials over F in n indeterminates.



396 CHAFPTER 24

Proof. In the notation of the last part of the proof of Lemma 24.24, we have
pel =K=F(,...,5) a

As we shall see in Chapter 28, the polynomial g can always be taken to be the
constant 1.

(24.26) COROILLARY. Given an integer n = 1, there exists a Galois extension
L 2 Q with Gal(L/Q) = §,. a

In order to state Hilbert’s irreducibility theorem, which is the key to Theorem
24.23 (and thus to our proof of Corollary 24.26), we need to discuss the notion of
“specialization.” We met this idea in Lemma 24.22,

let £ = F(Ty,T>,...,T,) where the T; are indeterminates, and choose an
n-tuple {yy, ¥2, ..., v») of elements of F. If
R={p/qe E|p,geFIT,..., T,]withg(y, ¥,..., ¥.) # 0},
then F[T,,...,T,] € R € E, and R is a subring. Furthermore, we have a homo-

morphism R — F defined by evaluation, setting T; to ;. This map is called the
specialization at the y; and the ring R is its domain. Note that the specialization is
the identity map on F.

If F is infinite and o, a2, ..., o, 1s any finite list of elements of £, then it
is possible to choose elements y; so that all of the elements «; lie in the domain
R of the corresponding specialization. To see this, write o; = p;/q; with p;, q; €

FIT, ..., T,]and with ¢, # 0, and write ¢ = [] g;. Now ¢ is a nonzero polynomial
in n indeterminates, and since F is infinite, it is possible to choose an n-tuple of
elements 33 & F such that g(y, ..., ¥,) # 0. (This can easily be proved by

induction on n, but we omit the details.) It follows that all «; lie in the domain of
the corresponding specialization.

Given a specialization with domain R, we get a homomorphism f +> f from
R[X] into F[X]. Furthermore, if f € E[X] is arbitrary and F is infinite, the above
reasoning guarantees that we can find a specialization for which f € R[X] (and
simultaneously such that any specified finite set of elements of E is contained in R).

Evenif f € E[X]isirreducible, it would not be surprising to find that f reduces.
(For example, if n = 1 and we take f(X) = X2 — T, then f is irreducible, but ?
reduces if y is a square in F.)

(24.27) THEOREM (Hilbert’s irreducibility). Let f be an irreducible polyno-
mial in E[X], where £ = Q(T\. T, ..., T,), and choose elements ay, a5, ...,
o, € E. Then there exists a specialization whose domain contains the coeffi-
cients of f and all ot;. This can be done so that the polynomial f is irreducible

in Q[X].

We omit the proof of this theorem.

Proof of Theorem 24.23. We are given Q € F C F with E Galois over F and F
purely transcendental and finitely generated over Q). It is no loss to assume that
F=Q(T;, ..., T,) for indeterminates T;, and we write G = Gal(E/F).
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Since E is Galois over F, we can write £ = F[g] for some element« ¢ E,
and we put f = ming(a) withd = deg(f), sothatd = |E : F| = |G|. Our
strategy is to “capture” G in terms of polynomials, and then to specialize and
recover G from the images of these polynomials.

Every element of E can be written in the form u(«) for some polynomial
u € F{X] with deg(u) < d (or u = (). For each element o € G, we choose
uy € F[X] with u, (o) = o («) and such that deg(u,) < d.

We have, of course,

O=o(f(a)) = floc()) = fu,(e)),

and thus « is a root of the polynomial ki, (X) = f(u,(X)). It follows that f|h,
for all elements o € G. Also, for &, T € G, we have

Uor(0t) = T(o () = T(Us () = u, (t{a)) = 1, (u,(x)),

and hence o is a root of the polynomial g, . (X) = u..(X) — u,(u.(X)). Thus
f|g‘,', forallo, 7 € G. Finally, fora, v € G witho # 1, wehave o (&) # 1 (o)
and so u, # u.. Lete,, € F be the reciprocal of the leading coefficient of
Uy — U, Thus ¢, (#, — u.) is monic.

Next we appeal to the Hilbert irreducibility theorem. We choose a special-
ization R — Q such that f € Q[X] is irreducible. Of course, we are assuming
that we have chosen the specialization so that the coefficients of £ all lie in R.
In addition, we may assume that all coefficients of the polynomials i, , A, 8ots
h,/f and g, /f lie in R, and that the elements c, , also are in R.

Since f is monic, we have deg(f) = deg(f) = d. Also, foro, T € G, we

have _ .
ho(X) = F.(X)),
8o: (X) = Us (X} — U, (U (X)),

and o .
flhﬂ’ and flgcr‘t .

Furthermore, €, . (k, — %) is monic when o # t, and thus the polynomials u,
are distinct as o runs over G.

Now let L = Q[B], where B is a root of . Then f = ming(8) and
IL: Q| =d = |G|. For each element o € G, we define 8, = u,{f) € L, and

we note that since f |E, , we have

F(Bs) = FW,(B) =hy(B8) =0

forall ¢ € G, and thus B, is a root of f. Also, the elements Bo are distinct for
distinct o € G since if 8, = 8., then u,(8) — u.(f) = 0, and so B is a root
of the nonzero polynomial u, — u, of degree less than 4. This is impossible
since ming(B8) = f has degree 4.

We now have |G| = d distinct roots 8, of f in L, and we deduce that L is
a splitting field for f over  and so is Galois over Q. For each element o € G,
there exists o* € Gal(L/Q) such that o*(8) = Bs. (This is so since 8 and
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B, are roots of the irreducible polynomial f.) Furthermore, since L = Q[B],
we see that o* is wniquely determined, and so ¢ — o* is a well-defined map

G — Gal(L/Q).
To see that this map is a homomorphism, we observe that g, () = O since

fl|%. > and thus
(o) (B) = Bor =W, (B) = U, (U (B)).
We also have
(0" t*)(B) = ™0™ (BN = 7 (U (B) = U, (7 (B)) = U, (U (B)),

where the first equality is by our standing ¢onvention on function composition,
Since B generates the field L over Q, it follows that (c7)* = o*t*, and our
map is a group homomorphism. It is injective since the elements 8, = o*(8)
are distinct as o runs over G. We have now shown that G is isomorphically
embedded in Gal(L /Q), and the result follows since |Gal(L/Q)| = |L : Q| =
d = |Gl. |

Problems
24.1 Suppose £=F(a, £, y), witha, 8, and y algebraically independent over F.

a. Show thata/B, B/v, and y /o are algebraically dependent aver F.
b. Show that any two of the clements in part (a) are algebraically indepen-

dent over F.

24.2 In the situation of Problem 24.1, show that @8, By, and y « are algebraically
independent over F.
HINT: Each of a, 8, and y is algebraic over the field generated by these
elements.

24.3 In the situation of Problem 24.1, let \/a, /B, and /¥ be elements of some

extension field L 2 E. Show that «/B, B./¥, and y /o are algebraically
independent over F.

244 let F € K € E and suppose that ¢ € E is algebraic over F. Show that
Nex{a) and Tg, g () are algebraic over /. (Assume that |E : K| is finite.)

245 let K = F(T,,T;,...,T,). where the T; are indeterminates. Suppose f €
K [X]1s monic, separable, and irreducible of prime degree, with discriminant
A e K. Let E = K[e], where a is a root of f. Show that E is totally
transcendental over F if A does not have the form ap?/g?, where a € F
and p,g € F[T\, ..., T,].
HINT: If E is not totally transcendental over F, then £ = K|S}, where 8
is algebraic. Use Theorems 23.17 and 23.22.

NOTE: If F € K C E, where E is algebraic over K and K is purely
transcendental over F, then we say that E is a regular extension of K with
respect to F if E is totally transcendental over F.
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Let F € FE and suppose X < E. Give the details of the Zom’s lemma
argument (referred to in the proof of Lemma 24.4) and show that there
exists a subset Ap © A" maximal with the property that A} is algebraically
independent over F.

Let A’ be a transcendence basis for E over F and suppose that € E. Show
that for some finite subset Xy C X, the element « is algebraic over F ().

Let ¥ C E and suppose that X C E is a finite subset minimal with the
property that E is algebraic over F(X’). Show that X is a transcendence
basis for £ over F.

Let F € K C E, where X is totally transcendental over F and £ is Galois
over K. Let A be the subfield consisting of those elements of E that are
algebraic over F. Show that A is Galois over F.

Let F¥ C E and suppose that «, 8 € E are algebraically independent over
F. Show that F(u) N F(8) = F.

HINT: Otherwise, F(«, B) is algebraic over the intersection.

Let Q@ € E and suppose that a, 8 € E are transcendental but algebraically
dependent over Q. Prove that it can happen that Q(a) N Q(8) = Q.

HINT: Take £ = Q(T) witha = T? and 8§ = T — T2. Show that there
exist ¢ € Gal(E/Q(a)) and ¢ € Gal(E/Q(B)) such that ot has infinite
order.

Let F C E with intermediate fields K and L. Assume that K N L = F and
that L is Galois over F. Show that K and L are linearly disjoint over F.

Let F © E with intermediate fields K and L. Assume that X is totally
transcendental over F and that L is algebraic and separable over F. Show
that X and L are linearly disjoint over F.

Let £ = F(T), where T is an indeterminate and let p, g € F[T] be nonzero
relatively prime polynomials. Write d = max(deg(p), deg(g)) and suppose
d > 0. Show that |E : F(p/g)| = d.

Let E = F(T), where T is an indeterminate, and suppose o € Gal(E/F).

a. Show that o(T) = (@T + b)/{(cT + d) for some a, b, c,d € F with
ad — bc # 0.

b. Ifa,b,c,d € F with ad — bc # 0, show that there exists a unique
element o € Gal(E/F) sucb that o (T') = (aT + by/(eT + d).

HINT: For part (b}, use the fact that if & and 8 are transcendental over F in
fields X, L. 2 F, then there exists a unique F -isomorphism F(a) — F(B)
that carries o to .

Let G = GL(2, F), the group of invertible 2 x 2 matrices over F. Let
E = F(T), where T is an indeterminate, and let 8 : G —» Gal(E/F) be



400 CHAPTER 24

24.17

the map that assigns to the matrix [ 3 C] the antemorphism o such that
o(T) = (aT + b)/(¢T + d). Show that € is a homomorphism and that

ker(8) is the set of nonzero scalar matrices [‘g 0 ] X
a

NOTE: The group G L{n, F) modulo the (central) subgroup of scalar ma-
trices is denoted PGL(n, F). Here, the “P” stands for “projective.” By
Problems 24.15 and 24.16 we conclude that Gal(E/F) = PGL(2, F),

where F = F(T).

Let & be any finite subgroup of PGL (2, Q). Show that G occurs as a Galois
group over {J.



CHAPTER TWENTY-FIVE

The Artin-Schreier Theorem

25A

Does it ever happen that the algebraic closure of a ficld F is a proper, but finite-
degree extension of F? Of course this happens: C is the algebraic ciosure of R and
|C : R| = 2. Remarkably, it is almost true that there are no other examples. In every
case where this occurs, F looks a lot like R, and its algebraic closure is an extension
of degree 2 obtained by adjoining an element whose square is —1.

(25.1) THEOREM (Artin-Schreier). Le:t F € L, where L is algebraically
closedand | < |L . F| < oo. Then:

a |L:F|=2and L = F[i], wherei € L and i> = —1,
b. Ifwe write S to denote the set of nonzero squares in F, then S is closed under

addition. ) .
c. Fisthe disjoint union S\ [0} U — 8, where Sisasin(b) and — 8§ is the set

of negatives of elements of §.

Note that in the situation of Theorem 25.1, conclusion (b) implies that 0 cannot
be writtenas 1 + 1 + - .- + 1, and so char(F) = 0. When F = R, which is the case
we know, S is exactly the set of positive real numbers, and conclusions (b) and (c)

clearly hold.
We begin with a nearly trivial observation.

(25.2) LEMMA. Suppose F € L, where L is algebraically closedand |L : F| =
n < 0. Then every irreducible polynomial in F[X] has degree < n.
Proof. Let f € F[X] be irreducible. Then f has aroot o € L and
deg( f) = deg(ming(e)) = |Fla): F| < |L: F|l=n,
as required. |

401
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It follows that a field over which we can prove that there exist irreducible poly-
nomials of arbitrarily large degree cannot have a finite-degree algebraically closed
extension. We dispose first of the case where F has prime characteristic but is not

perfect.

(25.3) LEMMA. Suppose char(F) = p > 0 and F is not perfect. Then there
exist irreducible polynomials in F| X ] that have degree p° for each nonnegative

integer e.

Proof. lLeta € F be an element that is not a pth power. We claim that f(X) =
X7 — a € F[X] is irreducible whenever ¢ > 0. To see this, let @ be a root of
f in some splitting field, and let g = ming (). Then 0 = f{a) = ¢ — a and
soa = a?, Thus f(X) = X# —a? = (X —a)”.

Now write f = g,87---gn, Where each factor g; € F[X] is monic and
irreducible. It follows that g; is a powerof X —a, and so g;(e) = Oand g; = g.
We conclude that f = g™ and hence p* = deg(f) = mdeg(g), and m is a
power of p. Now —a = f(0) = g(0)” and hence a = (—g(0))". (Note that
this holds even if m is even, since in that case, p = 2 and —1 = 1.)

We see that ¢ is an mth power in F. Because ¢ is not a pth power, p cannot
divide m, and hence m = 1. This shows that f is irreducible, as required. =

(25.4) LEMMA. Let F € L, where L isalgebraically closedand 1 < |L : F| <
00. Then either |L : F| =2 and L = F[i], wherei € L and i* = —1, or there
exists g field K with F C K € L such that the following hold:

a. L is Galois over K,
b. |[L: K| = p,aprime, and
¢. —lisasquarein K.

Proof. By Lemma 25.2 the irreducible polynomials over F have bounded degree,
and so by Lemnma 235.3 either char(F') = Oor F is perfect of prime characteristic.
In either case, L is separable over F, and because L is algebraically closed, it is
certainly normal over . Thus L is Galois over F and over every intermediate
field.

Nowleti € Lbearootof X2+ 1. If F[i] = L,then|L : F| = 2 and there is
nothing to prove. Assume, therefore, that L > F[i{] and let G = Gal(L/F[i]).
Then [G] > 1 and we can choose a subgroup P € G of prime order p. If we
take X = Fix{P), then (a) and (b) certainly hold, and statement (c) holds too
since i € K. [

By Lemma 25.4 it suffices to study Galois extensions of prime degree p. We
consider first the case where the characteristic is different from p.

(25.5) LEMMA. Let K C L, where L is algebraically closed, and suppose
L : K| = p, aprime. If char(L) # p, then K contains a primitive pth root of
Unity.
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Proof. Because L is algebraically closed and of characteristic different from p,

the polynomial X” — 1 has p distinctroots in L. If € # 1 is one of these, then ¢
is a primitive pth root of unity, and so itis aroot of (X? —1)/(X - 1) € K[X].
Thus [K{¢]: K| = deg(ming(«)) < p~ 1 < |L : K|, and hence K[e] < L.
Since X C L is an extension of prime degree, there are no proper interme-
diate fields. Thus K[e] = K and e € K. ™

The following result is the key to the proof of Theorem 25.1(a) in the case where

char(L) # |L : K|.

(25.6) THEOREM. Let K C E be any Galois extension of prime degree p, and

assume that K contains a primitive pth root of unity. If p = 2, assume also that
—1is a square in K. Then there exists @ € E such that the polynomial X* — o
is irreducible in E{X]. In particular, E is nor algebraically closed.

Proof. By Kummer’s theorem (22.8), we have E = K[a] for some elementa € E

with @ € L. To prove that X” — « is irreducible in E[X], we let B bea
root of this polynomial in some extension field of E. It suffices to show that
|E[B] : E| = p. By the other direction of Kummer’s theorem, we know that
|E[B8] : E|divides p, and since p is prime, we may assume that [E[8] : E| = |
(so that 8 € E), and we work to derive a contradiction.

Write Gal(E/K) = (o) and note that 87 = ” ¢ K. Thus o(8)”" =
o (BP') = ¥, and soif we write § = o (B8)/8 € E, we have 37° = 1. Therefore
87 is a pth root of unity, and so it lies in K. We have o (8)? = o (87) = 47, and
thus setting € = o (d)/4, we get € = 1. Since ¢ is a pth root of unity, we have
e e K.

Next we compute the effect of successive applications of o to 8. We have
o{B) = B8 and Jz(ﬂ) = o{B8) = (B8)(5¢) = B&%¢. Another application of o
yields o (8) = o (B8%€) = (B8)(d¢)%e = B&%°. In general, we obtain

Ji(ﬁ) — ﬁatét(l'—l]ﬂz .
as can easily be proved by induction on {. Since o7 = 1, this gives
B =o"(B) = ﬁﬁpep(p—l)ﬁ

and so
§rePtr-Liz _

We claim that e 7?7 1/2 = 1 and thus 87 = 1. If pis odd, then p(p —1)/2 is
a multiple of p, and since €7 = 1, the assertion follows. If p == 2, on the other
hand, then §* = 1 and §° = %1. By assumption in this case, —1 is a square in
K, and we conclude that § € X. It follows from this that € = og(8)Y/8 =1, and
here too the claim is established and §7 = 1.

Now o(a) = a(8f) = 0(B)? = BP8" = B? = «. Since a generates E
over K, this gives & = 1, which contradicts our choice of o as a generator of
Gal(E/K). ]
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Next we do the characteristic p analog of Theorem 235.6.

(25.7) THEOREM. Let K C E be a Galois extension of prime degree p, and
assume that char(E) = p. Then there exists a € E such that the polynomial
XP — X —aisirreducible in E[X]. In particular, E is not algebraically closed.

To prove this, we need an analog of Kummer’s theorem (22.8).

(25.8) THEOREM. Let F < E and assume that char(F) = p # 0. Then the
following are equivalent:

i. E isGaloisover F and |E : F| = p.
ii. E = Flo]for some elementa € E witha? — o € F.

Proof. Assume (i) and write G = Gal{(E/F). Since G has order p, there exists an
isomorphism & from G onto the additive subgroup of F generated by 1. Thus
foro, T € G, we have

B(ot) =80(c)+08{(7) =8(c) + 6{r)

since (o) € F is fixed by . (We have decided to use the exponential notation
for field automorphisms.) In other words, & is a crossed homomorphism from
G into the additive group of E. By Corollary 23.16 the cohomology group
H'(G, E*) is trivial. Thus every crossed homomorphism from G into E* is
principal, and there exists @ € E such that 8(¢’) = a” — « for all elements
o € . Inparticular, since @ is injective, a” #F o ifo # 1,andsox &€ F. Since
|E : F| is prime, we have Fla] = E.

We need to show that a” — o & F, and so we compute {(¢? — «)° for a
generator o of G. We can choose o sothat6#(c) = 1, and this givesa® = a+ 1.
Thus

(af —a) =@ —-a" =+’ —-(ae+1)=a” —a,

where the last equality holds because we are in characteristic p. This proves
that w? — a € F, as required.

Conversely now, assume (ii) and write f(X) = X? — X — aq, where a =
af —a € F. Thus f € F[X]anda isarootof f. Since (w+ 1)? — (ax+ 1) =
af — @ = a, we see that o + 1 is another root for £, and continuing like this,
we find p distinctroots o, ¢ + 1, +2,...,a + p — 1 for f in E. It follows
that f is separable over F and that F is a splitting field for f over F. Therefore
E is Galois over F,

Now E is generated over F by any one of the roots o +k of f, and it follows
that |E : F| is the degree of each irreducible factor of f. Since deg(f) = p.
we see that |E : F| divides p, and because |E : F| > 1, we conclude that
iE: F|=p. [

Proof of Theorem 25.7. By Theorem 25.8 we have £ = K[B] for some element
B suchthat 87— B € F. Writing 87 — 8 = b, we see thatsince |K[8] : K| = p,
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we have ming(8) = X? — X — b. We now set @ = B7-'h, and we show that
F(X) = X? — X — w is irreducible in E[X].

Let v be aroot of f in some extension field, and observe that by Theorem
25.8 we know that if E[y] > E, then |E[y]: E| = p and so f is irreducible.
We complete the proof by assuming that ¥ € E and deriving a contradiction.

Since ¥y € E, we can write y = g(8) for some polynomial g € K[X] with
deg(g) = p — 1. Let A € K[X] be the polynomial whose coefficients are the
pth powers of the corresponding coefficients of g. Then g(X)? = A(X?) and
hence

bpP~! = yP — y = g(B) — g(B) = h(B") — g(B) .
However, 87 = b+ B and so

(%) be*~ ' = h(b+ B) — g(B).

Since 1, 8. 8%, ..., 877! are linearly independent over K, we can equate the
coefficients of 871 on both sides of ().

Let a be the coefficient of X7~ ! in g(X) (altowing a = 0, of course). Then
a” is the coefficient of X7~ ! in A(X), and since deg(h) < p— 1, we see that this
is also the coefficient of 87! in the expansion of k(b 1 B) in terms of powers
of B, The coefficient of 87~ in k(b + B) — g(B) is therefore a” — a. Since the
coefficient of §7~! on the left side of (x) is b, this yields » = a? — a. Thus a
1s aroot of X? — X — b, but this is a contradiction, since @ € K, and we saw in
the first paragraph that this polynomial is irreducible over K. |

We can assemble the pieces now and prove the first part of the Artin-Schreier
theorem.

Proof of Theorem 25.1(a). If the conclusion fails, Lemma 25.4 gives a subfield
K <€ L suchthat |L : K| = p, a prime; L is Galois over K; and —1 is a
square in K. Also, since L is algebraically closed, Theorem 25.7 guarantees
that char(L) # p, and Lemma 25.5 tells us that X contains a primitive pth root
of unity. This contradicts Theorem 25.6. |

(25.9) COROLLARY. Let L be any algebraically closed field. Then Aut(L) has
no finite subgroup of order exceeding 2.

Proof. Let G € Aut(L) be finite. If F = Fix(G), then by Thecrem 18.20(a) we
know that |L : F| = |G|, and so by the first part of the Artin-Schreier theorem
we have |G| < 2. n

258

We consider now the elements of a field F that can be written as sums of squares.
In R, of course, sums of squares are nonnegative, and so —1 is not a sum of squares.
We abstract this property of the real numbers and say that a field F is formally real
if —1 is not a sum of squares in F. A formally real field is realclosed if no proper
algebraic extension is formally real.
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Note that R and all of its subfields (such as Q. for instance) are formally real. In
fact, R is realclosed since (up to R-isomorphism) the only proper algebraic extension
of R is C, and C certainly is not formally real.

H F is any field and L = F is an algebraic closure for F, then every algebraic
extension £ 2 F is f-isomorphic to a subfield of L. (This follows since, by
Theorem 17.30, any algebraic closure of E is F-isomorphic to L.) We conclude
that F is realclosed iff £ is maximal among formally real subfields of L.

(25.10) COROLLARY. [f Fis formally real, then there exists a realclosed field
that contains F and is algebraic over F.

Proof. Let L be an algebraic closure for F', and consider the poset of alt formally
real subfields of L containing £, ordered by containment. The hypotheses of
Zorn’s lemma are easily verified, and we obtain a maximal formally real subfield
of L that contains F. This field is realclosed. =

Our principal result concerning realclosed fields is the following theorem.

(25.11) THEOREM. A field F is realclosed iff it has a proper, finite degree
extension thar is algebraically closed.

In other words, the realclosed fields are precisely the fields F that occur in the
Artin-Schreier theorem (25.1). (We complete the proof of Theorem 25.1 along the
way toward the proof of Theorem 25.11.)

(25.12) LEMMA Let F be formally real. Then

a. no sum of nonzero squares in F can be zero, and
b. F has characteristic zero.

Proof. 1If }_a’ = Owitha, # 0, then summing overi > 1, we have ¥ (a;/a,)? =
—1. This is impossible because F is formally real, and this proves (a). Statement
(b) follows since if F had nonzero characteristic p, then 12 4+12 ...+ 12 = Q,
where there are p terms in the sum. -

Our next result completes the proof of Theorem 25.1 and proves the “if” part of
Theorem 25.11.

(25.13) THEOREM. Let F < L, where L is algebraically closed and |L : F| <
oc, and let S be the set of squares in F. Then

a. Sisclosed under addition,
b. F=8U{0}uU -8, and
¢. F isrealciosed.
Proof. By Theorem 25.1(a) we have (L : F| = 2and L = F[i], where {2 = —1.

The polynomial X2 -+ 1 is thus irreducible in F{X], and it follows that there
exists T € Gal(L/F) with (i) = —i. Since {1, {} is an F-basis for L, each
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element of L is uniquely of the form a + bi with g, b € F. For each such
element, we have t(a + bi) = a ~ bi.

To prove (a), letr, s € F be nonzero. Note that r? 452 # 0, since otherwise
(r/5)* = —1 and hence i = *(r/s) € F, a contradiction. It suffices, therefore,
to show that r2 + 52 is a square in F,

Since L is algebraically closed, we can find a square root g + bi for r + si
in L (with a, b € F). Then (a + bi)*> = r + si, and application of t yields
(a — bi)y? = r — si. Thus

r’ 45 =(r +si)r —si) = ((a + bi)(a — bi))* = (a’ + b%)2.

This is a square, as required.

Now —1 ¢ Ssince i ¢ F, and thus —1 is not a sum of squares in / and F
is formally real. Since L is not formally real and |L : F| = 2, we see that F is
maximal among formally real subfields of its algebraic closure L, and it follows
that F' is realclosed and (c) is proved.

Certainly 0 ¢ S and 0 ¢ —S. Also, if §M —§ were nonempty, we could
choose nonzero r, s € F with r2 = —s2, and we have seen that this does not
happen. The union in (b} is therefore disjoint, and what remains to be shown is
that if r € F is nonzero, then either r or —r is a square in F.

Since r is a square in L, we can choose a, # € F such that (a + bi)? = r.
Thus (@’ — b*) + 2abi = r and hence 2abi € F. Since i &€ F, we have
2ab = 0. Because F is formally real, we have char(F) = 0, and we deduce
thateithera = 0orb = 0. If b = 0, thenr = @° is a square in F; if a = 0,
then r = (bi)*> = —b” is the negative of a square. In either case, the proof is
complete. ]

The following result completes the proof of Theorem 25.11.

(25.14) THEOREM. Suppose F is reaiclosed, and let i be a root of the poly-
nomial X% + 1 in some extension field of F. Then L = Flilis algebraically
closed.

The strategy for the proof of Theorem 25.14 is to use Theorem 22.17, which
we used to prove that C is algebraically closed. We need to show (in the notation of
Theorem 25.14) that L is closed under taking square roots, and that every polynomial
of odd degree in F[X]has arootin F. We work first to establish that 1. is square-root
closed.

Since Theorem 25.14 asserts that conclusion {(c) of Theorem 25.]13 implies
the hypotheses of that theorem, it should not be a surprise that {(c) also implies
conclusions (a) and (b) of Theorem 25.13. That fact is our next lemma. (Note that
we could have proved this result earlier and then used it in the proof of Theorem
25.13. The direct proof of Theorem 25.13 seems preferable, however.)

(25.15) LEMMA. Let S be the set of squares in the reaiclosed field F. Then 8 is
closed under addition, and F = § U {0} U —S8.
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Proof. We will show that if 1 € F is any nonsquare, then it is possible to write
—1 = u+vt, where u, v € F are sums of squares. We temporarily assume this
and proceed with the rest of the proof.

To show that S is closed under addition, let t = #? + 52, with r, 5 € F. If
! is not a square, then by the assumption of the first paragraph, we can write
—1 = u + vt, where u and v are sums of squares in 5. Since 7 is a sum of
squares, it follows that u + vz is also a sum of squares, and this is a contradiction
since —1 is not a sumn of squares in the formally real field F.

The squares of F are thus closed under addition, and so if # is any nonsquare
in F, we can write —1 = u+vt, where u and v are actually squares. Now v % 0
since —1 is not a square in F, and this yields —r = (1/v) + (#/v). Thus —t is a
surn of two squares and hence is a square. Since ¢ is nonzero, we have r € — S,
and this shows that F = § U {0} U —8, as desired. This union is obviously
disjoint since —1 is not a square.

We now prove the assertion of the first paragraph. If ¢ is a nonsquare in F,
let ¢ be a root of the polynomial X2 — 7 in some extension field of £. Then
Fla] > F, and since F is realclosed, the field F{a] cannot be formally real,
and —1 is a sum of squares in Fle]. Since |Fla] : F| = 2, every element of
Fla] has the form q + ba, where a, b € F. Therefore, for some a;, b, € F, we

have
—1= Z(ﬂj + b,-a)z = Za,-z +t Z:bjz ~+ ZQZafb,- .

Now o & F and this forces 2 a;b; = 0. Thus —1 = Y a2 +1 Y b? =
u+vt, where u = 3 a? and v = Y_ b? are sums of squares, as desired. m

(25.16) LEMMA. Let F be reaiclosed and let L = F[i], where i = —1 as in
Theorem 25.14. Then every element of L is a square in L.

Proof. First we observe that every element of F is a square in L. If t € F is not
a square, then Lemma 25.15 guarantees that we can write t = —s2 for some
element s € F. Thus ¢ = (si)? is a square in L, as desired.

An arbitrary element of L has the form a + bi, with a, b € F. Given
a, b € F, it suffices to produce elements x, y € L such that (x + vi)2 = a + bi.
(There is no need to require that x, vy € F, and it suffices to assume that b # 0.)
Since

(x +yi)* = (x* = y%) + 2xyi,
it is enough to solve the simultaneous equations

X -y =a and 2xy = b

withx, v e L.

By Lemma 25.15 we have a® +b* = r? for some element r € F, and by the
first paragraph we can find x € L withx? = (@ +r)/2. If x = 0. thenr = —q
and a* = r? = @’ + b*. In this case, b = 0, contrary to assumption.
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Thus x # 0, and we set y = b/2x. Then 2xy = b, and we need only show
that x> — y*> = a. We have
4x2(x2 _— yZ) = (2x2}2 _ b2 — (ﬂ- +r)2 _ b2 .
Since (a + r)? = a* + 2ar + (@® + b?), we have

5 , 2a*+2ar 2a{a+r)
X =¥ = = —
4x? 2(a +r)

¥

as required. =

To complete the proof of Theorem 25.14, we must show that every odd-degree
polynomial over a realclosed field has a root. We need the following result.

(25.17) THEOREM. Let F be formally real and suppose that F € E, where
|E : F| is finite and odd. Then E is formally real,

Proof. Since there is nothing to prove in the case that £ = F, we may assume
that n = |E : F| > 1, and we work by inductionon n, lete € E — F. If
Fla] < E, then |E : Fi{el| and |F[e] : F| are each smaller than n, and two
applications of the inductive hypothesis complete the proof. We may therefore
suppose that Fla] = E.

Now suppose that E is not formally real, and write —1 = Zaf witha, € E.
For each subscript i, there exists a polynomial g; € F[X] such that @, = g;()
and deg(g;) < n. Write |

hX) =1+ gi(X)?,

and note that #{a)} = 0. If f = ming{(a), we conclude that flh.

Let m = max{deg(g;)} and consider the coefficient of X2* in A(X). This
coefficient must be nonzero since a sum of nonzero squares in F cannot vanish
because F is formally real. Thus deg(h) = 2m and deg(h/f) = 2m — n
is odd. Choose an irreducible factor & of k/f of odd degree, and note that
deg(k) < 2m —n < nsincem < n.

Adjoinaroot S of kto Ftogetafield K = F[B8] 2 F. Then |K : F| =
deg(k) is an odd number less than n, and hence by the inductive hypothesis, X
is formally real. Since k]h, we have 2(8) = 0, and thus -1 = Y g;(B)» is a
sumn of squares in K. This is a contradiction and compietes the proof. u

Proof of Theorem 25.14. By Theorem 22.17 it suffices to verify that L is closed
under taking square roots and that every odd degree polynomial f € F[X] has
aroot in F. The first requirement is satisfied because of Lemma 25.16.

To check the second condition, it is no loss 1o assume that £ is irreducible.
I we adjoin a root @ of f to F to get K = F[a], then |K : F| is odd, and so
Theorem 25.17 implies that X is formally real. Since F is realclosed, however,
wemusthave K = F andsca € F. |
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Proof of Theorem 25.11. If F has a proper finite-degree extension L that is al-
gebraically closed, then by Theorem 23.13(c) we know that F 1s realclosed.
Conversely, if F is realclosed, then Theorem 25.14 guarantees that L = F[i] is
algebraically closed, where i is a root X? + 1. Since —1 is not a square in F,
we have | =< (L : F| < co. . [}

25C

Which realclosed fields are algebraic over @7 If A is the field of all algebraic
numbers in C, then A is algebraically closed and A M R is the fixed field of complex
conjugation actingon A. Thus [A : ANR| = 2, and so ANR is realclosed. Our goal
is to prove that up 10 isomorphism, A NR is the unique algebraic (over Q) realclosed
field. This is in sharp contrast to the fact (which we do not prove here) that there are
many isomorphism types of realclosed subfields R C C with [T : R| = 2.

(25.18) THEOREM. Ler F be formally real and algebraic over Q. Then there
exists an isomorphism 8 of F into RNA. If F isrealclosed, then 8(F) = RNA.,

To prove Theorem 25.18, we introduce the notion of an ordered field.

(25.19) DEFINITION. Let F be afield and assume that P is a subset of F closed
under addition and multiplication, and such that F = P U {0} U—P,a disjoint
union. Then F is ordered, and we write “a < b” if b —a € P. The set P is the
positive set of the order.

Sometimes we write “b > a’’ as a synonym for “a < b.” Also, we write “a < b
or “b = a” if either a < b or a = b. Note that a ficld may have more than one
subset P that defines an order and so, strictly speaking, we should write something
like “a <p £” to indicate the particular positive set P used to define the order. We
omit this complication in our notation in the hope that no confusion will result.

We collect a number of elementary properties.

(25.20) LEMMA. Let F be ordered.

Ifa<bandb < c, thena < ¢,

Ifa<b thena+c<b+cforallce F.

Ifa < b, then —a > —b.

Ifa < bandc > 0, then ac > be.

Givena. b € F, exactlyone ofa < b, a = b, or a > b is true.

Ifa >b=0,thenl/b = 1/a = 0.

a* > 0foralla €¢ F — {0}.

char(F) = 0.

Proof. Recalling that x < y means that y — x ¢ P, we see that (b) and (¢) are
obvious, and (a) and (d) follow from the fact that P is closed under addition and
multiplication, respectively. The “trichotomy law” (e) is just a restatement of

the fact that F = P U {0} U —P.

S0 om0 o
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Ha > 0, then a? > 0by (d), and if a < 0, then —a > 0 by (c), and so
a? = (—a)? > 0, and this proves (g). In particular, 1 = 1? = 0. If @ > 0, we
claim that 1/a > 0. By (e), the only other possibility would be 1/a < (, and
multiplication by a would yield 1 < 0, a contradiction. Thus 1/a > 0, proving
part of (f). Now assuming ¢ > b > 0, we have ab > 0 and hence 1/ab = 0.
Multiplication of the inequality @ > b by 1/ab yields 1/b > 1/a, and (f) is

proved.
By(g),wehavel € Pandhencel +1+4+---4+1 € P, and such a sum can
thus never equal 0. This proves (h). [

(25.21) LEMMA. Suppose F is ordered with positive set P. Then:

a. If K C F, then K is ordered with positive set P N K.
b. Ifa,be K, thena <binK iffa<binF.
c. If K = Q, then the order inherited from F is the usual order on Q.

Proof. Itisclearthat X = (PMNK) U {0} U - (PN K), and the first two statements
follow.

To prove (c), we must show that P N Q is exactly the set of positive (in
the usual sense) rational numbers. First observe that every positive integer lies
in PNQsinceifn > 0, wecan writen = 1° 4+ .--+ 12 ¢ P using Lemma
25.20(g). If r is a positive rational number, we can write » = m/n, where m
and n are positive integers and hence lie in P. By Lemma 25.20(f) we have
1/ne€ P,andthusr = m/n € P,

Conversely, if r € P N Q, then r 5 0. Also, r cannot be negative, or else
—r is positive and thus lies in P, and hence r € — P, which is not the case. It
follows that r is positive. [

The relevance of ordered fields is demonstrated in the following corollary.

(25.22) COROLLARY. A field is ordered iff it is formally real,

Proof, If F is ordered, then sums of squares in F are nonnegative by Lemma
25.20(g). In particular, 1 > 0 and hence —1 < 0 by Lemma 25.20(c). This
shows that —1 is not a sum of squares in F.

Conversely, assume F is formally real. By Corollary 25.10 we know that
F is contained in some realclosed field, and by Lemma 25.21 it is enough
to show that realclosed fields are ordered. If F is realclosed, its set S of
nonzero squares serves as the positive set for an order. This set is clearly
closed under multiplication, and the other conditions we need are given by
Lemma 25.15. |

Given an ordered field F, we know that F has characteristic zero and so we can
assume that @ € F. By Corollary 25.22 the order that Q inherits from F is the
usual order on @@, and we consider the question of where, in terms of the order on
Q. the irrational elements of F lie.
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An ordered field F’ is said to be archimedian if for every element a € F, there
exists an integer n € Z with n > a. (For example, R and all of its subfields are
archimedian.) Thus a field is nonarchimedian precisely when it contains an element
a larger than every integer, a so-called infinite element. If a € F is such an infinite
element, then if we put & = 1/a, Lemma 25.20(f) tells us that 0 < b < 1/n for
every positive integer n. Such an element b is said to be infinitesimal. Note that if
b € F is infinitesimal, then a = 1/b is infinite and F is nonarchimedian. In other

words, we have the following lemma.

(25.23) LEMMA. An ordered field F is archimedian iff it contains no infinitesi-
mal elements. B

(25.24) LEMMA. Let F be an ordered field and let I be its ser of infinitesimal
elements. Write V = T U {0} U —1. Then V is a Q-vector subspace of F, and
V is closed under multiplication.

Proof. We show first that V is closed under addition. Suppose a,b € V. By
negating a and b, if necessary, we can assume a + b > 0, and thus at least one
of a or b (say q) is positive. Thusg € f,and wewanta+ b € 1.

Ifb < 0,then0 < a4+ b <« a < 1/n for every positive integer n, and
thus @ + b € 1, as desired. If & > 0, then for every positive integer n, we have
a<1/2nand b < 1/2n. Then

—

0 + b +1 1+1
< a <@+ — < — + —
2n 2n 2n

| -

anda+ b e 1.

To complete the proof, we must show that if eitherr € V orr ¢ @, then
rV € V. Since —V = V, it is no loss to assume that » > 0, and it suffices to
prove that rf C I. In fact, we will show that »J C I, when r is any positive
neninfinite element of F.

Suppose 0 < r < m, wherem € Z, and let 2 € 1. Given a positive integer
n, we have g < 1/nm and soma < 1/n. Also, 0 < ra < ma, and it follows

that ra € 1. n

(25.25) THEOREM. Let F be an ordered field that is algebraic over Q. Then F
is archimedian.

Proof. If F is nonarchimedian, let 8 € F be infinitesimal and let f = ming(f).
Writing f(X) = X" + a,,X""! + .-- + g, we have ap # 0 since f is
irreducible and 8 # 0. If V is as in Lemma 25.24, we have 8 € V, and the
lemma guarantees that

B'+au B '+ +aBeV.

Since f(B8) = 0, however, this quantity is equal to —ag, andso —ag € VO Q =
{0}. This is a contradiction. B
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(25.26) THEOREM. Let F be any archimedian ordered field. Then F is isomor-
phic to a subfield of R.

Once we prove Theorem 25.26, Theorem 25.18 will be immediate. We need
the following lemma.

(25.27) LEMMA. Let F beanarchimedian orderedfield. Ifa, b € F witha < b,
then there existsr & () suchthata < r < b,

Proof. Since » — a is positive but not infinitesimal, there exists a positive integer
nsuch that 1/n < b — a. Also, we can choose an integer m such that a < m
and —a < m, (Of course, m > ()

Now define r;, = —m + i /n for integersi > 0. We have ry = —m < a and
Fama = m > a. We can thus find a subscript k such that r, < @ and r,,; > a.
We have

1 1
a-::rk+1=rk+z 5a+;<a+(b--a}=b.

as required. |

Proof of Theorem 25.26. Foreachelementa € F,write L(q@) = {r e Q | r < a}.
Note that L(a) # @ sinceif n € Z withn > —g we have —n < g and s0
—n & L(ag). Also, L{a) is bounded above in Q since ifa < m form € Z,
then every element r € L(a) satisfies r < m. There is therefore a uniquely
defined real number sup(L(a)), and we define our map & : F — R by setting
B8{a) = sup{L(a)).
Given a, b € F, we will show that

La+b)={r+s|lrel(a@ands € L(b)}.
This clearly yields
8(a + b) = sup{L{a + b)) = sup(L(a)) + sup(L(b)) = 6(a) + 8(b),

and & is an additive homomorphism.

Ifr € L{a)ands € L(b),thenr+s <a+s <a+b,andr+s5 € L(a+b).
Conversely, if u € L(a + b), we need to show that we can write u = r + 5 with
r &€ Lla)and s € L{(b). Now a + b > u, and so we can choose n € Z with
n>0and 1/n < (¢ +b) — u. By Lemma 25.27 choose a rational number r
witha — 1/n <7 < a. Thenr € L{a), and we lets = 4 — r. It suffices to
show that s € L(b), and since s is rational, we need only check that s < b. We
have r > g — 1/n, and hence

1
s::u——r-:u-a—f—;;r:u—a+(a+b-u)=b,

as desired.
The proof that 8 is also a multiplicative homnomorphism is similar but more
complicated. First, we observe that it suffices to show that 6 (ab) = 6(a)8 ()
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fora, b € F with a, b > 0. This is so because we already know that # 15 an
additive homomorphism, and thus #(0) = Oand 8(—x) = —68(x) forallx € F.

Next we observe that for 0 < a € F, the set I.{a) contains some positive
members. This is true because a is not infinitesimal, and so 1/n < a for
some positive integer n. Writing L¥(a) = {r € L(a) | r > 0}, we see that
f(a) = sup(L(a)) = sup(L*(a)) fora = 0. To prove that 8(ab) = 6(a)8(b)
for a, b > 0, therefore, it suffices to show that

LY¥ab)={rs|re L @ands € LT(b)}.

If r € L¥(a) and s € L*(b), we have rs > Osincer > Qand s > (0. Also,
sincer < aands > 0, we get rs < as. Since s < band a > 0, we have
as < ab and hence rs € LT (ab), as desired.

Conversely now, suppose u € L*(ab). Since ab — u is positive but not
infinitesimal, we can find a positive integer n such that ab — 4 > 1/n. Now
choose a positive integer m with m > nab — 1. Using n and m, we show how
to choose r € L*(a) and s € L*(b) such that rs = u, and this will complete
the proof.

Wehave 0 « m/(m +1) < 1,and thus O < ma/{m + 1) < a sincea > 0.
By Lemma 25.27 choose a rational namber r with ma/(m+ 1) < r < a. Then
r € L*(a) and s = u/r is positive and rational. It suffices to show that y < b.

Since r > ma/(m 4+ 1), wehave 1 /r <« (im + 1)/ma = 1/a + 1/ma.
Recalling that u < ab — 1/n, we have

u ( 1) (1 1 )
S=— < {ab— — - 1,
¥ n a ma
and this gives
b 1 1 b—1—
s<bt 2 —— — — =b+ = m{b,
m nma na nma
where the last inequality holds since nab — 1 < m and nma > 0. ]

Proof of Theorem 25.18. We are given a formally real field ¥ algebraic over Q.

By Corcllary 25.22 we know that F is ordered, and by Theorem 25.25 it is
archimedian. By Theorem 25.26, therefore, there exists an isomorphism 6 of F
into R. Of course, #(F) is algebraic over @, and so 8(F) C R M A.

If F is realclosed, then so is #(F), and thus #(F)[i] is an algebraically
closed subfield of A by Theorem 25.14, Since A is algebraic over @, it is also
algebraic over 8(F)[i], and thus 6(F)[i] = A and |A : 8(F)| = 2. We have
B(FYyCRMNA < A, and it follows that 8(F) = RN A. .

We close this chapter with a somewhat surprising corollary.

(25.28) COROLLARY. Let Q © E be a Galois extension, and let R be the

collection of intermediate fields that happen to be formally real. Then
Gal(E/Q) transitively permutes the maximal elements of 'R..
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We may assume that £ C C. If ¥ € K, then by Theorem 25.18 there exists

an isomorphism ¢ from F into R. If &« € F, then 8(a} is a root of ming(a),
and this polynomial splits over £ since £ 1s normal over Q. It follows that
8(F) C ENR.

By the normality of £ over (J, the isomorphism € between the intermediate

fields F and 6 (F') extends to an element of Gal(E /). [t follows that each orbit
of the action of the Galois group on R contains some subfield of E N R. Since
E MR is itself an element of 7K, however, it follows that the orbit of £ NE under

the action of Gal(E /(}) is the unique orbit of maximal elements of . [
Problems
25.1 Suppose that F is a ficld with the property that the irreducible polynomials

235.2

25.3

254

25.5

25.6

25.7

in F{X] have bounded degree. Show that an algebraic cilosure of ¥ has
finite degree over F.

HINT: The finite-degree separable extensions of F have bounded degree
over F.

Suppose F contains a primitive pth root of unity, where p is prime, and if
p = 2, assume that F contains a primitive 4th root of unity. Suppose that
some element of F is not a pth power in F. Show that for every positive
integer e, there exists an extension £ 2 F with |E : F| = p®.

In a field F. let us write S (F) to denote the set of all elements of F that
can be written as a sum of k squares in F. The identity

(@® + bYW + d?) = (ac — bd)? + (ad + be)?

shows that 5;(F) is closed under multiplication.

a. Ifu e 5(F)and u 5 0, show that 1/u € S;(F).

b. Show that if n is as small as possible such that —1 € S,(#), then n is
even.

Show that the hypotheses of Zorn’s lemma are satisfied in the proof of
Corollary 25.10.

Let F be formally real and suppose that ¥ € F is a Galois extension, If K
is an intermediate ficld maximal with the property of being formally real,
show that |F : K| < 2.

Let E be the splitting field for X? —2 over Qin C,and let F = Q[/2) € E.
Show that Gal( £/ F} does not transitively permute the maximally formally
real intermediate fields.

Let F be formally real and let S be the set of nonzero squares in F. We
know that if F is realclosed, then S is closed under addition. Show that the
converse of this statement is false.
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25.8

25.10

25.11

25.12

HINT: Construct fields F, C R as follows. Let Fy = Q, and for{ > 0, put
F, = F,_ | [Ul,where U; = {a e R a? € F;_,}. Let F = | J F;. To prove
that F is not realclosed, show that v2 & F.

If F is formally real, show that F(X) is formally real, where X is an inde-
terminate.

Let F = Q(X), where X is an indeterminate, and let L 2 F be an algebraic

closure. Fori = 1,.2,3,..., leta; € L be a square root of X — i, Write

F, = Flay, a3, ..., o,] and note that F, is a uniquely determined subfield

of I. even though the «; are only determined up to sign.

a. Show that for each n = 0, the field F, is isomorphic to a subfield of R
and hence 1s formally real.

b. Let X = | J F, and show that X is formally real.

¢. Show that K has no archimedian order.

HINT: To prove part (a) choose a transcendental real number » > n and
let §; = r—ieRforl =i < n Showthat F,, = Q{, B1, 2. ..., B,).

NOTE: We know that an ordered field algebraic over @ must be archime-
dian. Here we have constructed a nonarchimedian ordered field K that just
fails to be algebraic since its transcendence degree over @ is 1.

Let X and L be ordered fields, and suppose @ is an isomorphism of X into
L. Let “<" and “<" be orders on K and L, respectively, and suppose that
a, B e K witha < 8.

a. If K and L are realclosed, show that 8(«} < 6(8).
b. Show that the conclusion of part (a} does not hold in general.

NOTE: By part (a) a reaiclosed field has a unique order,

Let £ O IR and suppose that X is a realclosed subfield of E.

a. If @ is an isomorphism from K into R, show that8(a) = a ifad e RN K.

b. If X > R, show that K has no archimedian order.

c. Let £ beanalgebraic closure of R(X ). Show that E has an automorphism
of order 2 whose fixed field X is nonarchimedian.

HINT: If 6(a) = B8 # « in part (a), choose a rational number between o
and 8.

NOTE: The field £ in part (c) is actually isomorphic to C. It follows that
C has an automorphism of order 2 with a nonarchimedian fixed field.

Let F be an ordered field and let V be as in Lemma 25.24. Let
R={aeF|—n<a<nforsomencZ).

Show that R is a ring and that V is an ideal of R.
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25.13 Let Q@ C E with £ Galois over {, and let R be the set of formally reai
intermediate fields. Assume that £ ¢ R. Show that Gal(E£/Q) has a
conjugacy class ¥ of involutions such that for # C £, we have £ € R iff
F C Fix(o) forsome o € L.



CHAPTER TWENTY-SIX

Ideal Theory

26A

The goal of this chapter is to study the properties of ideals in general commutative
rings. The results we obtain are useful in the study of the deeper properties of
noetherian rings, which we undertake in the next chapter. As always in this book,
the word “ring” means “ring with 1,”” and we continue to assume without further
mention that our rings are commutative,

Recall from Chapter 16 that a proper ideal P of a ring R is a prime ideal of R
if, whenever ab € P for elements a, b € R, we have that eithera € Por b € P.
Useful alternative characterizations of primality are given by the following lemma.

(26.1) LEMMA. Ler P beaproper ideal of R. Then the following are equivalent:

i. P isprime.
ii. IfAB C P forideals A and B, then either A < Por B C P.
1i. There do not exist ideals A > P and B > P such that AB C P.

Recall that given two additive subgroups A, B € R, their product A B is defined
to be the additive subgroup generated by all elements of the form ab witha ¢ A
and b € B. It follows that AB is the set of all finite sums of such products ab. If
either A or B is an ideal, then AB is antomaticaily an ideal. (Note that this latter
observation depends on the commutativity of R.)

Proof of Lemma 26.1. Suppose that P is prime and that AB < P for ideals A

and Bof R. If B Z P, choose b € B — P, and note thatab € AB C P for all

a € A. Since P isprime andb ¢ P, this forces @ € P and hence A € P, and
this shows that (1) implies (ii).

Since (ii) trivially implies (iii), we complete the proof by assuming (iii) and

showing that P is prime. Letab € P witha, & € R, and suppose that neither

418
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a nor b lies in P. We derive a contradiction by constructing ideals A > P and
B > P and showing that AB € P. Let

A=(a)+P and B=(b)+ P,

where, as usual, (a) and (&) are the principal ideals generated by a and b. Then
A B> Psincea,bg P.

Typical elements of A and B have the forms ax +u and by + v, respectively,
where x, v € Rand u, v € P. We have

{ax + u)(by +v) = (ab)(xy) + u(by) + (ax}v + uv,

and this lies in P since ab, u, and v all arc in P. 1t follows that £ contains all
sums of products of this type, and hence AB C P, n

It should be noted that the proof of Lemma 26.1 depends on the commutativity
of R. In fact, in the general case, condition (ii) can hold without P being prime
(according to our definition). For this reason, condition (ii) of Lemma 26.1 is taken
as the definition of primeness in noncommutative ring theory. By Lemma 26.1 we
could, of course, have used this as the definition in the commutative case, too.

We saw in Chapter 16 that maximal ideals are always prime. More generally,
we have the following lemma.

(26.2) LEMMA. Let M be a multiplicative system in the ring R, and let P C R
be an ideal maximal with the property that P\ M = &. Then P is prime.

Recall that a multiplicative system in R is a subset that contains 1, does not
contain 0, and is closed under multiplication. If M is any muliiplicative system,
then M M (0) = @ and so there certainly exists an ideal disjoint from M. One can
apply Zom’s lemma (11.17) to conclude that there exist ideals that are maximal with
this property. We say that such ideals are maximally disjoint from M. In fact, Zorn’s
lemma implies that if M M A = & for some ideal A, then there exists an ideal P 2 A
such that P is maximaily disjoint from M (and hence P is prime by Lemma 26.2).

Proof of Lemima 26.2. Since 1 € M, wehavel € P and P < R. By Lemma
26.1, therefore, 1t suffices to show that it is impossible to have ideals A > P
and B > P with AB C P.

If A > P,then A N M 3 @ by the maximality of P, and we can choose
a € ANM. Similarly,if B > P,wecanfindb € BNM,andthusab ¢ ABNM
because M is closed under multiplication. If AB C P, this gives a contradiction
since PN M =@, [

Note that a special case of Lemma 26.2 is when M = {1}. In this case, the
ideals maximally disjoint from M are simply the maximal proper ideals; they are,
in other words, the maximal ideals of R. We thus recover the fact we already knew:
maximal ideals are prime.
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By the Zorn’s lemma argument to which we referred previously, every nonzero
ring has maximal ideals and thus has prime ideals. (Note that if R is a field, then (0)
is its only maximal ideal.) We write Spec(R) to denote the collection of all prime
ideals of R. This (nonempty) set is called the prime spectrum of R.

(26.3) THEOREM. The set nil(R) of all nilpotent elements of R is an ideal. It
(s the intersection of all prime ideals of R.

Proof. Leta € R be niipotent and suppose that P & Spec(R). Since a” = 0 for
some integer n > O, we have a” € P, and because P is prime, it follows that
a € P. This shows that nil{(R) €[] Spec(R).

Conversely, suppose a € [ ) Spec(R). If a is not nilpotent, then zero does
not lie in the set
M={a|0=<icZ},

and hence M is a multiplicative system in R. By Zom's lemma we can choose
an ideal P of R maximal such that P " M = @. By Lemma 26.2 we know that
P is prime and hence @ € P. Since also g € M, this is a contradiction. n

For noncommutative rings, the set of nilpotent elements is not in general an
ideal (and is not even closed under addition). For example, in the 2 x 2 matrix ring

over an arbitrary ring, the matrices

0 1 0 O
[0 o] = 73]
ar¢ nilpotent, but their sum is not,
We wish to generalize nil(R). if A € R is any ideal, we define the radical of A

to be the set

VA= [r €e R|r" € A for some positive integer n}.

Note that ni}{ R} = /(0), and in general, /A is the inverse image in R of nil{ R/ A).
In particular, +/A is an ideal of R containing A.

If A € P € Spec(R), then the ideal P/A of R/A is a prime ideal of R/A.
Conversely, every ideal of R/A has the form I/A for some unique ideal  of R
containing A, and it is routine to check that if //A is prime, then J is prime. This

yields the following lernma.
{(26.4) LEMMA. We have
Spec(R/A) = {P/A | P € Spec(R) and P D A)
for all ideals A of R. |

(26.5) COROLLARY. Let A C R be an ideal. Then /A is the intersection of
the prime ideals of R that contain A.
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Proof, Let P = [P € Spec(R) | P 2 A}, the set of prime ideals of R that contain
A. Then Spec(R/A) = {P/A | P € P} by Lemma 26.4. By Theorem 26.3 we

therefore have

VA/A = nil(R/A) = () Spec(R/A) = (ﬂ P) /A,

and it follows that /A = [P, as required. |

Note that if we follow the usual convention that the intersection of the empty
collection of subsets of a set is the whole set, then Corollary 26.5 remains true even
if A = R. We can use Corollary 26.5 to describe those ideals of R that occur as
radicals. These are called radical ideals.

(26.6) COROLLARY. LetAbeanideal of R. Then the following are equivalent:

i. A = /B for some ideal B of R.
. A is an intersection of some prime ideals of R.
iii. A =+/A.

Proof. Coroliary 26.5 shows that (i) implies (ii). Assuming (i) now, suppose that
A = (A, where X is some subset of Spec(R). If r € v/A, then r” € A for
some integer 1 > 0, and hence r" € P forall P € A. Since P is prime, it
follows that r € P forall P € X', and thus r € A. This shows that VA < A,
and (iit) follows, That (3i1) implies (1) is trivial. m

Often, we do not need to intersect all prime ideals that contain an ideal A of R
in order to get ~/A. For instance, if A C P < @, where P, 2 € Spec(R), then
Q can safely be deleted from any set P of primes such that (P = /A. (This is
clear if P € P. We leave the general argument to the problems at the end of the
chapter.) It is tempting to conjecture at this point that +/A is the intersection of all
primes minimal with respect to the property of containing A. These are said to be
the primes minimal over A, and they are also called the isolated primes of A. (We
use both names, as convenient.) Note that if A is prime, it is minimal over itself.

It should be obvious that for any ideal A, the isolated primes of A are exactly
the isolated prnimes of /A. What is not obvious, howevet, is that A has any isolated
primes at all. If A is a proper ideal, then it is surely contained in a prime ideal, but
it is conceivable that there is no minimal prime over it. If that happened, it certainly
would not be true that +/A was the intersection of the isolated primes of A.

We could avoid this difficulty if we were willing to assume the minimal condition
(or, equivalently, the descending chain condition) on the partially ordered set of all
prime ideals of R. (As we shall see in Chapter 27, if we assume that R is noetherian,
so that its ideals satisfy the ascending chain condition, then the descending chain
condition on prime ideals is a surprising consequence.)

Actually, we do not need to make any assumption at all. The proof of this fact
involves an unusual application of Zorn’s lemma.
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(26.7) THEOREM. Let A € R be an ideal. Then every prime ideal of R con-
taining A contains some prime minimal over A.

Proof. Fix some prime ideal Q containing A and let P = {P € Spec(R) | A C
P C Q}. Clearly P is nonempty, and we use Zom’s lemma to show that P
contains 2 minimal element. We do this by viewing P as a poset with respect to
“reverse inclusion.” In other words, if U, V € P, we write (for this proof only)
U <V when UV 2 V. If we can find a maximal element of P with respect to
“<.” that will be our desired minimal element.

Since P is nonempty, it suffices to show that every linearly ordered subset
L < P has an upper bound in 7. In other words, we are assuming that £ is
a collection of prime ideals containing A and contained in @ and such that if
U,V e L, theneither U/ €V or V € U. We seek some prime ideal D with
A C D C QOsuchthat D > P (which means that D € P)forall P € L.
(Recall that we do not require D € L))

Simply take D = (7] L. Tt is trivial to check that D is an ideal, and of course
A & D € Q. To complete the proof, we must show that D is prime. Suppose,
then, that xy € D withx, y € R. If x ¢ D, then x € U for some ideal I/ € L,
and similarly, if y € D, then y ¢ V for some V € £. Thus neither x nor y lies
inV NV, although xy € D € U NV, This is a contradiction since I/ N V is
either U/ or V and so is prime. Thus at least one of x or y must lie in D, which

is therefore prime. |

(26.8) COROLLARY. If A is an ideal of R, then /A is the intersection of the
isolated primes of A. o

When can we compute +/A by intersecting just finitely many prime ideals?

(26.9) COROLLARY. If A isanideal of R, then the following are equivalent:

i. A has just finitely many isolated primes.
ii. ~/A is an intersection of some finite collection aof prime ideals.

Furthermore, every isolate?‘ime of A occurs in every finite collection of primes
with intersection equal to / A.

Proof. That (i) implies (ii) is immediate from Corollary 26.8, and it suffices to
prove the final sentence of the corollary in order to show that (ii) implies (i}.
Suppose, therefore, that

VA=PNPO---NnP,,
where the F; are prime, and let P be any isolated prime of A. Then
P2VA=PN---NP,2 PP - P,.

By repeated use of Lemma 26.1(ii), it follows that P contains at least one of the
ideals P;. Since P; 2 A and P is minimal over A, we deduce that P = P, as
required. .
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As we shall see in the problems at the end of this chapter, it is not always true
that there are just finitely many primes minimal over an ideal. This does hold in
noetherian rings, however. In fact, it suffices to assume merely that the set of radica!
ideals of R satisfies the maximal condition.

(26.10) THEOREM. Suppose that the set of radical ideals of R satisfies the
maximal condition. Then every ideal of R has just finitely many isolated primes.

Proof. Let A" be the set of radicals of all ideals of R that have infinitely many
isolated primes. If we assume that the conclusion is false, then the set X’ is
nonempty, and by the maximal condition, we can choose a maximal element
U e X. Since U = /7 for some ideal I that has infinitely many isolated
primes, we see that U itself has infinitely many isolated primes. In particular,
U/ is not prime.

By Lemma 26.1 it follows that there exist ideals A > U and B > U with
AB C U. Since VA 2 A = U, the maximality of I/ guarantees that +/A does
not lie in &', and hence A has just finitely many isolated primes, and similarly
for B. Since U has infinitely many isolated primes, we can choose a prime ideal
P isolated for U/ but not isolated for either A or B. We have AB C U € P,
and thus one of A or B (say A) is contained in P.

Now U < A € P and P is a minimal prime over U. It follows that P is a
minimal prime over A, and this is a contradiction. |

It occurs surprisingly often that an ideal maximal with respect to some property
can be proved to be prime. (Observe that Lemma 26.2 provides an example of
this phenomenon.) If we examine the proof of Theorem 26.10, we see that our
contradiction arose from the existence of an ideal I/ that was maximal with respect
to a certain property and yet was not prime. Another example of the heuristic
principle “maximal implies prime” is given by the following lemma.

(26.11) LEMMA. Suppose U is maximal among ideals of R that are not princi-
pal. Then U is prime.

Proof. If not, then by Lemma 26.1 there exist ideals A, B > U with AB € U/.
Since A > U, the maximality of I/ guarantees that A is principal, and we write
A= (a). Now let I = {r € R | ar € U} and observe that [ is an ideal. Since
aB € AB C U, wesecthat B € [, andso / > U and [ is principal, say
I = (x).

Since I/ € A = (a), an arbitrary element # € U has the form u = ar for
some element » € R, Thus r € I by the definition of /, and it follows that
r = sx for some element s ¢ R. Wenow have u = ar = axs (ax) and
U C (ax).

The reverse containment follows since x € 7, and so ax € UJ by the
definition of /. We have now shown that U = (ax), and this contradicts the
assumption that [/ is not principal. |
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(26.12) THEOREM, If every prime ideal of R is principal, then every ideal of
R is principal.

Proof. Suppose that the set A’ of nonprincipal ideals of R is nonempty. If we can
show that X satisfies the hypotheses of Zorn’s lemma (when partially ordered
by inclusion), then A" contains a maximal element. That ideal will be prime and
hence principal by Lemma 26.11, and that contradiction will prove the result.

To verify the hypothesis of Zorn’s iemma, suppose £ € X is linearly
ordered. We need to produce a member [/ € A’ suchthat U 2 [ forall I € L.
In fact, we can take U = |} £. That U is an ideal is an immediate consequence
of the fact that £ is linearly ordered, and so to show that U ¢ /X, it suffices to
prove that U is nonprincipal.

Suppose, therefore, that I/ = (u). Since u € U = | J Z, it follows that
u € I for some ideal I € £. But then

U2126=U,

and it follows that F = () is principal. Thisis a contradictionsince ] € £ C X
[ |

One way to interpret Theorem 26.12 is that Spec(R) is rich enough so that
information about the structure of prime ideals is sufficient to imply results about
all ideals. A similar result, which we defer to the problems at the end of Chapter 27,
is that if every prime ideal of R is finitely generated (as an R-module}, then every

ideal is finitely generated.
We mention one more result about prime ideals in general.

(26.13) THEOREM. Let P, P5,..., P, be a finite collection of prime ideals of
R, and suppose that A is an ideal of R suchthat A C |} P;. Then A is contained
in one of the ideals P;.

Proof. We may assume that A is not contained in the union of any proper subset

of {P, P2, ..., P,}, and our task is to show that n = 1. Since each ideal P; is
assumed to be essential, we can choose a; € A such thata; € P, and a; ¢ P;
for j #£i.

Now assume # > 1 and put
b; = I_[aj

for 1 <i < n. Certainly, b; € Aand b; € P; fori # j. However, b; ¢ P, or
else, since FP; is prime, some factor a; of &; (with j # i) would have to belong
to P;, and this would contradict the choice of g;.

Letb = 3" b;. Then b € A and so b lies in some P, by hypothesis. Since
b; € P, for j # i, we have

bhi=b—) b €P,
J#
and this is a contradiction. »
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26B

An ideal @ < R is a primary ideal if, whenever ab € (, we have eithera €
or b € /Q. Clearly, prime ideals are primary, and it is easy to find examples of
primary ideals that are not prime. If p is a prime number in Z, for example, then
of course {p) is a prime ideal in Z, and we claim that {p") is primary for integers
n > 1. To see this, note that if ab € (p") buta & (p”), then p” ’(ab) but p”*a, and
this forces p|b (by unique factorization in Z)." Thus p”]b” and so " & (p") and
b e Jp).

Notice that if ) is primary but not prime, then there exista, b € R withab € ¢
buta ¢ @ and b g Q. It follows that both e € /O and b € /(.

(26.14) LEMMA. Let Q be anideal of R.

a. If Q is primary, then /Q is prime.
b. If /Q is maximal, then Q is primary.

Proof. For (a) we suppose that ( is primary. Then 1 ¢ (@ and so 1 ¢ /@ and
~/O is proper. We assume that ab € /@ and ¢ ¢ /Q, and we prove that
b € /O. Since ab € /0, we have (ab)" € ( for some positive integer n.
Then a"b™ € Q, buta™ ¢ Q since a & 4/ Q. Since ¢ is primary, this forces
b" € /O, and hence 5™ ¢ Q for some positive integer m. Therefore b € /0,
and /Q is prime, as required.

Now suppose that +/Q is maximal. Since /0 < R, certainly ¢ < R, and
s0 to show that @ is primary, it suffices to assume thatab € Q and b ¢ /O
and to prove that a € (.

Since /O + (#) > /@, the maximality of ./ forces «/Q + (b) = R, and
we can write I = u + br, where u € /@ and r € R. Now u” € ( for some
integer 7, and we have

l=1"=(u+br)' =u" + bx

for some element x € R. Thusa = al = au” + (ab)x € Q, and this completes
the proof of (b). a

Since maximal ideals are prime, we see that statements (a) and (b) of Lemma
26.14 are almost converses of each other. This suggests the question of whether or
not either of (a) or (b} can be strengthened to be the full converse of the other, We
ask, 1n other words, if either of the following is rue.

a’. If Q is primary, then /() is maximal.
b. If «/Q is prime, then  is primary.

Neither of these statements is correct. For a counterexample 10 (a'), let Q be
any nonmaximal prime. Then © is certainly primary, and /0 = @ is not maximal.
It is a little harder to see that (b') is false; we leave this to the problems at the end of
the chapter.
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(26.15) COROLLARY. Let M be amaximal ideal of R. Then M" is primary for

integersn = 1.

Proof. Observe that R > v/ M" 2 M, and so v M" = M and Lemma 26.14(b)
applies. |

In the ring Z, we saw that (p") is primary for prime numbers p. This is a special
case of Corollary 26.15 since (p) is maximal in this case. It is not tiue in general
that powers of prime ideals are always primary.

By Lemma 26.14(a) the radical of a primary ideal Q is some prime ideal P, and
we often say that Q belongs to P in this case. The following easy result is needed
in Chapter 27,

(26.16) LEMMA. The intersection of any finite collection of primary ideals all
belonging to the same prime P is also a primary ideal belonging to P.

Proof. It suffices to prove this for intersections of two primary ideals. Suppose,
then, that @, and Q, are primary and /0, = P = /{;. We show first
that Q1N @y = P. fx € P, then x" € Q) and x™ € (, for positive
integers n and m. If k = max(n, m), then x* € @, N Q,, and this shows that
P C /O M @,. The reverse inclusion is immediate.

Now suppose that ab € O, N O butthata € @, N Q.. Thena ¢ O, (say)

and hence
bevO=P=./01MNQO,;.

This shows that 1 N Q> is primary, [ ]

26C

We limit our attention in this section to the case where R is a domain. We recall from
Chapter 16 (specifically, Theorems 16.23 and 16.24) that if M is a multiplicative
system in a domain R, then R can be embedded in a unique (up to isomorphism)
unitary overring S (sometimes called the localization of R at M) in such a way that
the elements of M are invertible in S and that every element s € S has the form
s = rm~! for some elements r € R and m € M.

An important case of this situation is where M has the form R — P, the com-
plement of the prime ideal P in R. (Note that the complement of the prime ideal
is always a multiplicative system.) In this case, we write S = Rp, and we refer to
Rp (in conflict with the usage in the previous paragraph) as the localization of R at
P. (We shall henceforth use the word “localization” in the latter sense only: in the
general case, we refer to S as the result of “adjoining inverses” for M.)

We use the process of localization to study the ideal theory of noetherian rings
in Chapter 27, and so we need some general (and nearly trivial) results relating the
ideals of a domain R to the the ideals of an overring 5 obtained by adjoining inverses
for a multiplicative system M C R,

In this situation, if J is an ideal of S, then clearly J 1 R is an ideal of R. We
refer to this ideal as the contraction of J, and we write J N R = JC. If / is an ideal
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of R, then /5§ is the ideal of S generated by /. It is called the expansion of I and is
denoted 7£. A slightly more convenient description of /£ is given by the following

lemma.

(26.17) LEMMA. [nthe above situation,
If=lum' {uelandm e M}.

Proof. Every element of the form um™' with u € 7 and m € M certainly lies in
1§ = I%. Atypical element of /£, on the other hand, is a finite sum of elements
of the form us, withu € I ands € §. We can write s = rm~' withr € R and
m e M, and thus us = (ur)m~'. Since ur € /, we see that it suffices to prove
that the set {um~' | u € I, m € M} is closed under addition.

If ), u; € I and m{, m» € M, we have

-] -1 -1
uym b Uy = (yma + uam y(mymy)”

and since u,m2 + uym, € I and m,;m, € M, the result follows. =

The following collection of simple results allows us to relate the ideal theory of a
domain to the ideal theory of its localizations. As we shall see in Chapter 27. one can
sometimes prove theorems about the ideals of a ring by working in its localizations.

(26.18) LEMMA. Let R, M, and S be as above.

The maps C and E preserve containments.

1 C I®C and J = JE for ideals I of R and J of S.

If h < Jo greideals of S, then J© < JS.

IfIisprimaryin Rand I "M = &, then I = 1EC,

If I is prime or primary in R and INM = @, then I€ is, respectively, prime
or primary in §S.

If J is prime or primary in S, then JC is, respectively, prime or primary in
R.

8 If M =R — I, where I is prime in R, then I% is the unique maximal ideal
of the localization § = R;.

panos

banr

We remark that it is property (g) that (at least partially) explains the use of the
word “localization.” A commutative ring is said to be a local ring if it has a unique
maximal ideal.

Proof of Lemma 26.18. Statement (a) and the first part of (b) are immediate from
the definitions, as is the containment J<* C J for ideals J of §. To complete
the proof of (b), let x € J and write x = rm ' forr € Rand m € M. Then
r=xmeJNR=Jandsox €rS ¢ JCS = JF, as required.

If Ji < J; are ideals of 'S, then J|© € J.C by (a). If equality were to occur
here, we wouid have the contradiction J, = J% = JCE = J, by (b). This
proves (c).



428 CHAPTER 26

In the situation of (d), we certainly have I C I5€ by (b). If x € I£C, then
x € R, and by Lemma 26.17 we can write x = um™! withu € I andm € M.
Then xm = u € I butm & +/7T since the powers of m lie in M, which is disjoint
from I. Since I is primary, this forces x € I, as required.

To prove (e), we observe first that 7£ < S, since by (d) we have [5¢ = | <«
R =S¢ Nowletxy ¢ JE withx,y € §,and write x = am~tand y = bn™!
witha,b € Randm,n € M. Thenab = xymn € I N R = I*¢ = ], from
(d). If x & IE, then certainly a ¢ I, and thus since / is primary, we have b* € J
for some integer k, and & == 1 if 7 is prime. Then y* = b*(n~"1)* e I, and so
I€ is primary and is prime if 7 is prime.

For (f), we note that /¢ < R since 1 € J. Suppose that b € JC with
a,bec Randthatq € J°. Thena ¢ J,butab € JC C J, and thus »* ¢ J and
k = 1if J is prime. Since b* € R, we have b* € J©, as required.

Finally, in the situation of (g}, we have I¥ < § (by (e), for instance). We
need to show that J C I for every ideal J < S. Now J contains no invertible
elements of Sand so / N M = @. It follows that JC € R — M = I, and thus
J = JE < If by (a) and (b). »

As examples of how Lemma 26.18 can be used, we give two consequences.

(26.19) COROLLARY. Let R, M, and S be as above. If R is noetherian or

artinian, then so is §.

Proof. We consider the noetherian case; the proof when R is artinian is very similar.
Suppose J; € J, € J3 € --- is an ascending chain. If there are infinitely many
strict containments, then by Lemma 26.18(c¢) the chain

JrCI <.

would have infinitely many strict containments. This cannot happen since R is
noetherian. u

Our second corollary remedies the difficulty that powers of nonmaximal prime
ideals are not necessarily primary. Suppose P is a prime in a domain R. Working
in the localization § = Ry, we define the symbolic powers P™ of P for integers
n > 1by

P(n) -— ((PE)R)C .
Note that these are ideals of R.

(26.20) COROLLARY. Let R be a domain and P a prime ideal of R. Then
the symbolic powers P are primary ideals belonging to P, and we have
P® C PM ify > m,

Proof. By lLemma 26.18(g) we see that P js a maximal ideal in § = Rp, and thus
(PE)" is primary in S by Corollary 26.15. It follows by Lemma 26.18(f) that
P = ((PE)")® is primary in R. Also, if n > m, then clearly (P£)" € (PEy"
and so P™ < P'"™) by Lemma 26.18(a).
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We need to show that +/ P® = P. Since (P£)" € P£, we have
P(n} — ((PE}H)C E PEC —_ P

by Corellary 26.19(a) and (d), and it follows since P is prime that +/ P C P,
To obtain the reverse containment, let x € P. Then x € P% and so

" € (PEY'N R = ((PEYHS = PW |

Thus x € +/ P, as required. |
Problems
26.1 Recall that an idempotent is a nonzero element of a ring equal to its own

26.2

26.3

26.4

26.5

square. Show that if R contains an idempotent different from 1, then every
prime ideal of R contains an idempotent.

Given a positive integer », find the unique positive integer m such that

Show that

VAB=vANB=vANVE

for ideals A and B of R,

Say that a subset X C Spec(R) is closed if there exists anideal A € R such
that
X ={P e Spec(R) | P 2 A).
Show that if X, ¥ D Spec(R) are closed, thensois X U Y.
Show that the intersection of an arbitrary collection of closed subsets of
Spec(R) is closed.
¢. If X is a collection of closed subsets of Spec(R) with the property that
every intersection of finitely many members of X is nonempty, show that
[ A is nonempty.
NOTE: Problem 26.4 shows how to view Spec(R) as a compact topological
space. Observe that the only points that are closed (as singleton sets) are
the maximal ideals.

gp

Let R be the ring of all continuous real-valued functions on the closed
interval {0, 1]. (Multiplication and addition are pointwise.)

a. Ifae[0,1,letM, = {f € R| f{a) = 0). Show that M, is a maximal
ideal of R.

b. Show that R contains some nonmaximal prime ideals.

¢. Show that the M, are all of the maximal ideals of R.

HINT: For part (b), consider functions that vanish in a neighborhood of a
point. For part (c), if M is a maximal ideal of R unequal to any M,, consider

the collection of sets X; = [x € [0, 1] | f(x) # O} for f € M. Use the
Heine-Borel theorem.
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26.6

26.8

26.10

26.11

26.12

26.13

26.14

26.15

Let R be the ring of all real valued functions on some arbitrary set X. (Again,

addition and multiplication are pointwise.) For x € X, let ¢, € R be the

function with value 1 at x and O elsewhere.

a. Show that each prime of R fails to contain at most one of the elements
€x.

b. Show for f & R that \/(f) is an intersection of finitely many primes iff
S vanishes at jusr finitely many points,

In R, suppose that there are just finitely many minimal primes. (Minimal
primes, of course, are just primes minimal over (3).) Show that the union
of the set of minimal primes is

{r € R | rs is nilpotent for some nonnilpotent element s € R} .

Show that R has just finitely many maximal ideals iff there is some finite
collection of ideals whose union is the set of all nonunits of R.

Show that every nonzero primary ideal in Z has the form (p"), where p is
prime and # > 1 is an integer.

Let R = F[X, Y], where F is a field, and write R = R/(XY).

a. Show that (X) is prime in R and that its image / = (X)/(XY) is prime
mR.

b. Show that in any ring, if P is prime, then ~/P" = P for positive integers
n. In R, in particular, /72 = J.

¢. Show that I? is not primary.

HINT: For part (c), note that X ¥ € 2, where X = X + (XY)and Y =

Y + (XY). Showthat X ¢ /2 and that ¥ ¢ [I.

Let P be a prime ideal of the domain R and let S = Rp, the localization at
P. Fix an integer n > 1.

a. Show that P* C P™, the symbolic power.

b. Show that (P")® = (P£)", where E is the expansion map from ideals

of R to ideals of §.
¢. If P is maximal in R, show that P = p~,

Let I/ and V be radical ideals of a domain R. Assume that for every choice
of prime P € Spec(R), we have Uf = V£ in Ry, Show that I/ = V.

Let M be a multiplicative system in domain R, If / € R is an ideal with just
Anitely many isolated primes, show that /¥ has just finitely many isolated
primes in the ring S obtained from R by adjoining inverses for M.

Let R be a subring of . Show that R is the result of adjoining inverses to
Z for the multiplicative system M = {b € Z | b~! € R).

A ring R is said to be vorn Neumann regular if for every element a € R,
there exists b € R with a = a2b.



26.16

26.17

26.18

26.19

26.20

26.21
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a. Show that domain R is a field iff it 15 von Neumann regular.
b. Ingeneral, show that R is von Neumann regular iff every ideal is a radical

ideal.
NOTE: In the noncommutative case, the defining equation for von Neu-
mann regularity is a = aba.

Ideals A and B of R are comaximal if A+ B = R. (Note that distinct maxi-
mal ideals are necessarily comaximal.} Suppose thatideals A;, 45,..., A,
of R are pairwise comaximal. Show that

ﬁA,— = ﬁ A;.
i=! i=1

HINT: First do the case where n = 2. For the general case, show that
[T A, is comaximal with A,,.

[=h

Let Ay, Aa, ..., A, be pairwise comaximal ideals of R. Show that
R ~ R R R
MA A, A oA Y ey

HINT: To prove that the natural map from R to the right side of the above
eXpression is surjective, find an element of R that mapsto | in R/A; and 10
0in R/A; for j # i. Use the hint to Problem 26.16.

NOTE: This problem is a very general form of the Chinese remainder
theorem,

If A and B are ideals of R, we write (A : B) to denote the set {[r € R |
rB < A}. Show that (A : B) is an ideal. If A is primary and B € A, show
that (A : B) is primary and that

JA: B =VA.

Let M be aright X-module and let X be the collection of ideals / of R such
that m/ = 0 for some nonzero element m € M. Show that every maximal
element of A is a prime ideal.

Suppose I © R is maximal among nonprime proper ideals. Let S = R/J.

a. Show that every nonzero proper ideal of S is maximal.
b. Show that § has at most two nonzero proper ideals.

HINT: For part (a), show that S/ T is a field for nonzero proper ideals T
of S. Use Problem 26.15.

Suppose +/A and +/B are comaximal for ideals A and B of R. Show that A
and B are comaximal.
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26.22 Let A be an ideal of R and suppose that Q is a prime ideal containing A
that is not minimal over A. If P is a collection of prime ideals such that

NP = VA, let P =P — {Q). Show that " P' = VA.



CHAPTER TWENTY-SEVEN

Noetherian Rings

27A

Recall from Chapter 11 that an abelian group with operators is noetherian if its poset
of “operator subgroups™ satisfies the ascending chain condition (ACC) or, equiva-
lently, the maximal condition. By Theorem 11.4 an abelian group with operators is

noetherian iff every operator subgroup is finitely generated.
If R is a commutative ring, viewed as a module over itself, then the submodules

(operator subgroups) are precisely the ideals. To say that an ideat / of R is finitely
generated means that there is some finite set {xy, x5, ..., x,} of elements of { such
that / is the smallest ideal that contains these elements. Since the set Rx, + Rx, +
- - -+ Rx, of all R-linear combinations of the x; is certainly an ideal contained in 7,

we must have
I =Rxi+ Rx;+---+ Rx,.

The following is therefore a consequence of the results of Chapter 11.

(27.1) COROLLARY. Let R be a commutative ring. Then the following are
equivalent:

i. The ideals of R satisfy the ACC.
ii. The ideals of R satisfy the maximal condition.
il. The ideals of R all have the form Rx, + Rx, + - - - + Rx, for finite sets of

elements x,, x2,...,x, € R. )

In this chapter we study commutative noetberian rings, which are the rings that
satisfy the conditions of Corollary 27.1. (We will not henceforth explicitly mention
the assumption that our rings are all commutative.) Note that the ideals for which
n = 1 in Corollary 27.1(iii) are exactly the principal ideals, and so the noetherian

condition on a ring can be viewed as a generalization of the condition that the ring
is a PIR.

433
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Our first significant result is the Hilbert basis theorem, which provides a conve-
nient source of examples of noetherian rings.

(27.2) THEOREM (Hilbert basis). Let R be noetherian. Then the polynomial
ring R[X] is also noetherian.

The word “basis™ in the name of this theorem refers to the elements x; of con-
dition (iii) in Corollary 27.1. Of course, these elements need not actually be a basis
in the modern sense of that word. It may happen that coefficients r; € R exist such
that rix, + raxz + - -- + rpx, = 0 without having all r; = 0. In fact, most ideals
of most noetherian rings do not have a true basis; they are not, in other words, free
R-modules.

Before proving Theorem 27.2, we mention a few consequences.

(27.3) COROLLARY. Let R be noetherian and let X|, X», ..., X, be distinct
indeterminates. Then the polynomial ring R[ X, X». ..., X, is noetherian. In
particular, if F is any field, then F[X,, X3, ..., X,,) is a noetherian ring.

Proof. Work by induction on n, using the obvious isomorphism
REXy, Xy XG) = RIX, Ko, -- 0 X ]1XG]

For the last statement, simply note that F is noetherian since its ideal set is
finite. m

(27.4) COROLLARY. Let R C S, where R is noetherian and S is a unitary
overring. Suppose S is finitely generated as a ring over R. Then 8 is noetherian.

Proof. Suppose Rands;.s;, ....s, € §generate S as aring. Since R[s,51. ... . Sel
is a subring of §, we have § = Rs, 55, ..., s,], and this is the image of
the polynomial ring R[X,, X, ..., X, | under the evaluation homomorphism
X; v+ 5;. Since homomorphic images of noetherian rings are noetherian, the
result follows, [

As an example of how Corollary 27.4 might be used, we observe, for example,
that the subring Z[V3. 5, 1] € C is noetherian. We also mention that aithough
F[X] is a principal ideal ring if F is a field, neither F[X, Y] nor Z[ X] enjoys this
property. By Corollary 27.3 each of these rings is noetherian, however.

Proof of Theorem 27.2. Let / € R[X] be an ideal. Our goal is to find a finite
“basis™ (generating set) for / over R[X].
For integers n > 0, we let /, be the subset of I consisting of all polynomials
f € { such that for all integers k& > n, the coefficient of X* in f is 0. (In
other words, 7, consists of 0 together with all polynomials f € I such that
deg(f) < n.) Since [ is an additive group that is closed under multiplication
by elements of R, it is easy to see that ], is an R-submodule of J for each integer
n = Q.
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We writc A, € R todenote the set of all elements that occur as the coefficient
of X" in some polynomial f € I,. Since [, is an R-module, it follows that A,

is an ideal of R.
Since I X € J,weseethat I,X < I,,, forn > 0, and this yields

Ay T A S AC---
Because R is noetherian, there is some subscript m such that
Am =Am+1 :‘Am—+-2 = -,

and we can choose finite generating sets §; for the ideals A, forO < i < m. For
each element s € §;, choose a polynomial f € J; such that 5 is the coefficient
of X" in f, and let A" be the (finite) set of all the polynormials chosen this way.

Of course, X € I, and soif J is the ideal of R[X] generated by A", we have
J € I. We complete the proof by showing that J = 7. If this is false, choose
g € I — J with the smallest possible degree, and let ¢ = deg(g) sothat g € [,.

Let a be the leading coefficient of g and note that ¢ € A,. Writing u =
min{m, 1), we have A, = A,, and so we can express a in terms of the generating
set S, for A,. We have

a:rlal+r2az+---+rkak,

where r; € Randa; € §,forl <i < k. Now let f; € & be the polynomial we
selected in J, such that the coefficient of X* in f; is a;. Let

f=nhHh+rbh+ +rfe,

and note that f € J has degree 4 and that the leading coefficient of f is a. Now
X'™* f € J, and this polynomial has the same degree ¢ and the same leading
coefficient a as does g. It follows thateither g— X*~* f = Qordeg(g—X'"* f) <«
t. In cither case, we deduce that g — X' f ¢ J andthus g € J. Thisis a
contradiction and completes the proof, n

27B

Now that we know how to construct some noetherian rings, we will start to investigate
their properties and especially their ideal theory. We record first a result that was
essentially proved in Chapter 26.

(27.5) COROLLARY. Assume that R is noetherian. Then each ideal I of R has
only finitely many isolated primes.

Proof. By Theorem 26.10 we need only verify the maximal condition on radical
ideals. In fact, we have the maximal condition on all ideals. [

It follows that the radical ideals of the noetherian ring R are exactly the ideals that
can be constructed as finite intersections of prime ideals. This suggests the question
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of which ideals of R can be obtained as intersections of finitely many primary ideals.
The answer is all.

(27.6) THEOREM (Lasker-Noether). Let I be an ideal of the noetherian ring

R. Then ,
I=(o
i=1
for some collection of primary ideals Q; of R with distinct radicals,

It is instructive to examine the case where R = Z. If I € Z is a nonzero proper
ideal, we can write 7 = (n) for some integer n > 1. We factorn = p{'p;*--. p
with distinct primes p; and positive exponents e;. Writing Q; = (p;"), we see that
Q; is primary and I = [ ] Q,. (Note that the Lasker-Noether theorem also holds in
the two excluded cases: / = (0} and I = R. For the latter, simply take the empty
collection of primary ideals.)

The reader may feel that it would be more natural and more interesting to write
(n) = [](p") since this ideal factorization would then reflect the factorization
of individual elements of Z. The Lasker-Noether theorem may seem somewhat
deficient because it gives a decomposition of an arbitrary ideal as an intersection
rather than as a product of primary ideals.

Actually, there is a close connection between these two types of decomposition.
If we have / = (1) Q; and the radicals P; = /(J; are distinct and they happen to be
maximal ideais, then by Problem 26.21 the Q; are pairwise comaximal. By Problem
26.16 we have [ Q, = J] Q; in this case. In other words, in a ring (such as %)
where all nonzero primes are maximal, the Lasker-Noether theorem does indeed
give a factorization of an arbitrary nonzero ideal as a product of primary ideals.

As we shall see in Chapter 29, if R is a noetherian domain in which every
nonzero pnme ideal is maximal and in which a certain additional condition holds,
then every nonzero ideal factors uniquely as a product of powers of prime ideals.
For these rings (called “Dedekind domains”), the ideals behave almost exactly as
they do in Z.

Observe that the Lasker-Noether theorem implies that if a proper ideal I (of a
noetherian ring) cannot be written as an intersection of two strictly larger ideals,
then / must itself be primary. Our first (and the major) step in the proof of Theorem
27.6 is to give an independent proof of this “coroliary.”

(27.7) LEMMA. Let R be noetherian and suppose that I < R is un ideal. If 1 is
not of the form I = AN B for ideals A, B > I, then I is primary.

Proof. Letxy € I withx ¢ I. Ourtask is to show that y € AT, and so we assume
that y" € 7 foralln = 1. Let

A, ={reR|ry" €I}
and note that A,, is an 1deal of R. We have
Al C A C A C -,
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and obviously I € A, and x € A,. By the ACC, we can choose n so that
A, =Az.andwewrite A=A,and B =1+ (y"). Nowx € A; C A, and so
A>Tsincex g 1. Also, y" € I,and so B > 7, as required.

We obtain our contradiction by showingthat ANB = 7. Since ANB 2 [,
it 1s sufficient to take z € A M B and show that 7 € 7.

Since z € B, wecan write 7 = u +ry" forsome elementsu € T andr € R.
Also, because z € A = A,, we have zy" € I, But

Zyn — uyn _!_ry2n 1

and since uy” < 7, this gives ry™ € 7 and hence r € A, = A,.. Thus ry" € 1,
and it follows that z = u + ry" € I, as required. ]

Proof of Theorem 27.6. We prove that every ideal I of R can be written as a
finite (possibly empty) intersection of primary ideals. If this is false, then the
collection of counterexample ideals is nonempty, and hence by the maximal
condition, there exists an ideal /, maximal with the property of not being an
intersection of primaries. Then 7 < R (since R is the empty intersection) and
I is surely not primary. By Lemma 27.7 wecan write 7 = AN B with A > 7
and B > 1,

Neither A nor B is a counterexample since each is larger than [, and thus
each of A and B is a finite intersection of primary ideals. Itfollowsthat/ = ANB
is a finite intersection of primarcies, and this is a contradiction.

We must now show that primary ideals with intersection equal to some given
ideal / can always be chosen to have distinct radicals. This is easy: write / as a
finite intersection of arbitrary primary ideals and group together those primaries
with equal radicals. By Lemma 26.16 the intersections of the ideals in each
batch are primary, and they have distinct radicals. .

Before we address the uniqueness questions associated with the Lasker-Noether
theorem, we present an application.

(27.8) THEOREM (Krull intersection). Ler A be an ideal of the noetherian ring
R and write

D

I
)
=

Then:

a. DA=D.
b. D(1 —a) = (0) for some e¢lemenra € A.
c. D= (0)if Risadomainand A is proper.

We need a preliminary result.

(27.9) LEMMA. Let R be noetherian and suppose that I C R is an ideal. Then
for some positive integer n, we have (VI)" C I.
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Proof, Write v/ = Rxy + Rx; + - - -+ Rx, and note that since x; € v/ 1, we can
write x; € [ for suitable integers e; > 1. Now write n = ) _ ¢; and note that
any product of z elements of +/T can be written as an R-linear combination of
elements of the form

u
X = Il II;Z e 'II“' »

where > u; = n. It follows that 4; > e; for some subscript {, and thus x is a
multiple of x;* and hence lies in I. Thus (\/i)" c . |

We cannot resist digressing to give an alternative, less computational {and less
direct) prootf of Lemma 27.9. It is based on the following lemma.

(27.10) LEMMA. Letl C Rbeanideal, where R is noetherian. Then I contains
some finite product of prime ideals, each containing I

Proof. If the result is false, let / be maximal among counterexample ideals. Note
that / ¢ R since (by convention) R is the empty product of primes. Also [ is
not prime, and thus there exist ideals A > 7 and B > 7 with AR C [.

Since nieither A nor B can be a counterexample, we have

A2[]r ad B2]]O

for primes P; 2 Aand ; 2 B. Then! 2 AB 2> J][R[][Q;,and P, D [
and Q; = I for all subscripts i, j. Thus / is not a counterexample ideal after
all. u

Alternative Proof of Lemma 27.9. Choose primes P; 2 [ with

IQ]EIP,-.
=]

Since P, 2 /1, it follows that
120",

as required. ]

Proof of Theorem 27.8(a). Since D is an ideal, we have DA < D, and so we
must show that D € DA. By the Lasker-Noether theorem, the ideal DA is an
intersection of primary ideals, and thus it suffices to show that D <  whenever
Q is a primary ideal containing DA.

If D Z (, then there exists d € D withd € 0, and since da €  for
all a € A, it follows (since Q is primary) that A € /. By Lemma 27.9,
therefore, A" < @ for some integer n. This is a contradiction since D € A”

and yet D & Q. m

[n order to complete the proof of the Krull intersection theorem (27.8), we need
a very general lemma that can be stated conveniently in the language of modules.
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(27.11) LEMMA. Suppose that M is a finitely generated R-module and that
MA = M for some ideal A T R. Then M(1 — a) = 0 for some elementa € A,

Proof. Letm,,m,, ..., m, generate M. Thus each element m € M has the form
mi=mri+mzro+---+m,r,
with coefficients r; € R. If @ € A, we have
ma = m{rna)+---+m,(r,a),

and because r;a € A, we seethat ma is an A-linear combination of the generators
m,. It follows that every element of M = M A is such a linear combination.
We can thus write

ma;; forl < j<n,
1

m; =

where the coefficients a;; € A. We can rewrite these equations in matrix lan-
guage as m = mX, where mis the “row vector” (m, m,, ..., m)and X = fai;]
is an n x n matrix over R with entries in the ideal A.

Write Y = [ — X, where [ is the n x »n identity matrix., We thus have
mY = 0 and hence mY Z = {, where Z is the “classical adjoint matrix” of ¥ .
(The (i, j)-entry of Z, therefore, is the cofactor of ¥ corresponding to position
(7, 1); it is (—1)*/ times the determinant that results from the deletion of the
Jjth row and ith column of Y.)

By the standard expansion-by-minors computation of determinants {which
works as well over commutative rings as over fields), we have Y Z = det{(¥)/.
The equation mY Z = 0 thus yields mdet(¥) = 0, and hence writing b =
det(Y), we see that b annihilates each entry m; in the row vector m. Since b
annihilates the generators of M, we conclude that Mb = 0.

Finally, since & = det(Y) = det(J — X) and all entries of X lie in A, we
see that b = 1 — g for some element a € A. [ ]

The completion of the proof of Theorem 27.8 is now a triviality.

Proof of Theorem 27.8(b, ¢). Since D is an ideal of the noetherian ring R, it is
a finitely generated R-module. We have DA = D by (a), and so by Lemma
2711 we have D(1 — a) == O for some element g € A, and this proves (b). If
A is proper, then 1 € A and hence 1 — a # 0. If R is a domain, therefore, it
follows that DD = (, n

27C

In order to address the question of uniqueness in the Lasker-Noether theorem, we
say that the equation
I
r=e
fa=]



440 CHAPTER 27

represents a standard Lasker-Noether decomposition of f if the ideals Q; are primary
with distinct radicals, and no proper subset of {Q;, (2. ..., ;] has intersection
equal to 7. (In other words, the intersection is irredundant.) We know that a
standard Lasker-Noether decomposition exists for every ideal of a noetherian ring.
Simply apply Theorem 27.6 and choose a primary decomposition of / where the
number ¢ of primary ideals is as small as possible. (Note, however, that the definition
of a “standard” decomposition does not require the minimality of £.)

(27.12) THEOREM. Let
5 )
(oi=1=(v
i=| i=1

be two standard Lasker-Noether decompositions for an ideal I of a noetherian
ring. Then s = t and (after renumbering the V, if necessary) we have J/U; =

VY foralli.

Note that we did not say (and it is not, in general, true) that /; = V; ; only the
radicals of the primary ideals are uniquely determined. These radicals are called the
associated primes of I and (as we shall see) they include the isolated primes of 7.

In order to prove Theorem 27.12, we need to discuss the “prime annihilators”
of an R-module. If M is any R-module and x € M, we write

ann{x) ={re R | xr =0},

the annihilator of x. It is easy to see that ann(x) is always an ideal of R. If it
happens that ann(x) is a prime ideal for some element x € M, we say that it is
a prime annihilator of M. These prime annihilators are also called the associated
primes of M, and the set of them is denoted ass(M ). There is an inconsistent (though
standard) use of language here since, as we prove in Theorem 27.13, the associated
primes of an ideal 7 (in the Lasker-Noether sense) turn out to be exactly the associated
primes (prime annihilators) of the module R/I (and not the prime annihilators of
the module I).
The following result includes Theorem 27.12.

(27.13) THEOREM. Suppose that

I=(0
i=l1

is a standard Lasker-Noether decomposition for the ideal I in the noetherian
ring R. Then

(VOi |1 <i<1}=ass(R/I).

Proof.” We begin with a bit of notation. Write R = R/1, and forr € R,letF denote
the image of » under the canonical homomorphism R — R. Thus7 = [ 4+ r
and ann(r¥) = {x € R | rx € I'}. Also, write P, = /(;.
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We claim that if r € R but r ¢ Q;, then ann{F) € P.. To see this, write
A = ann(7) and note that rA € I € ;. Since r & Q, and (, is primary, we
deduce that A € /O, = F;, as desired.

Suppose P € ass(R). Thus P is prime and P = ann(7) for some element

r € R. Since P < R, we know that ¥ 7 O and so r ¢ I. It follows that there
exist subscripts j with » ¢ Q;, and we write

B=]]0.

redy

Thus »B < (), for all subscripts { and hence rB € (M Q; = 1, and this tells us
that B € ann(r) = P.

Since P is prime and B was defined as a product, it follows that P contains
one of the factors of B. Thus Q; € P for some subscript j such that r ¢ Q;.
Since P is a prime ideal containing Q;, we have

R,:,,‘QJE.P-

We saw earlier, however, that ann(F) C P; whenever r ¢ Q,. This gives the

reverse containment and proves that every associated prime of R is one of the
ideals P;.
Conversely now, we show that each of the ideals P; has the form ann(7}

for some r € R. Since P; is certainly prime, this proves that P; € ass(R), as
required. Fix j and let
D= ﬂ _Qj .

i#)
Since the (J; constitute a standard (irredundant) Lasker-Noether decomposition
of I, it follows that D > I. By Lemma 27.9 we know that {Q; contains some

power of P;, and thus

for some integer n > 0. Choose n as small as possible and note that n > 0
since D & I. Because DP~' & I, we can choose d € DP"' withd ¢ I.
Sinced € D, wehaved ¢ Q ;» and as we observed earlier, this implies that

ann(d) < P;. Also,dP; C DP" ¢ I and so P; € ann(d). Thus P; = ann(d),
and the preof is complete. [

(27.14) LEMMA. Let I be an ideal of a noetherian ring R, Then each isolated
prime of I is one of the associated primes of I.

Proof. Let P be an isolated prime of I and let J = [T (; be a standard Lasker-
Noether decomposition. Then

[Te.cMNo=1cep

and hence Q; C P for some subscript i. This yields

10, cJ/O <P,
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and since P is a minimal prime over /, we have P = /(;. Thus P is one of
the associated primes of 7, as destred. n

Associated primes of 7 that are not isolated are said to be embedded. Frequently,
an ideal has no embedded primes, but one can see that embedded primes can exist
by censidering a prime ideal P of R for which some power P" is not primary. (See
Problem 26.10, for example.) In this case, P is the unique isolated prime of P”, but
since P” is not primary, there must be more than cne primary ideal occurring in a
standard Lasker-Noether decomposition for this ideal, and thus there is more than
one associated prime. It follows that an embedded prime must exist in this case.

27D

We examine the set ass(M) of prime annihilators of an R-module M a bit further.

(27.15) LEMMA. Let R be noetherian and suppose that M is an R-module. If
Q£ m € M, then ann(m) is coniained in some prime annihilator of M.

Proof. Let A — ann{m) and write
A ={ann(x) | 0# x € M and ann(x) 2> A}.

Since A € A, we know that .4 is nonempty, and hence the maximal condition
enables us to choose a maximal element P € A. It is not surprising that P turns
out to be prime, and this proves the lemma.

Write P = ann{x) with0 # x € M, Since x - 1 = x # 0, we see that
1 & P and P is proper. It suffices to show, therefore, that there do not exist
ideals I/, V = Pwith UV C P.

Since I/ = P = ann(x), we have xU # 0, and we can choose y € xU with
y# 0 Then yV C xUV C xP =0andsoann(y) 2 V > P > A. Since
y # 0, we have ann(y) € .4, and this contradicts the maximality of P. |

Lernma 27.15 suggests that the set ass(M) 1s “large” since it contains superseis
for the annihilators ann{m) for every nonzero element m € M. Nevertheless, for
some modules M, we know that ass(M} is finite. By Theorem 27.13, for instance,
this is true when M = R/I for some ideal 7 € R (for noetherian rings R). Note
that R = R/ is a finitely generated module; it is generated by the single element
1. In fact, every finitely generated module over a noetherian ring has a finite set of
prime annihilators.

(27.16) THEOREM, Let R be noetherian and let M be a finitely generated R-
module. Then ass(M) is a finite set.

(27.17) LEMMA. Let R be noetherian and let M be an R-module. Then the
Jollowing are equivalent:
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1. M is finitely generated.
ii. Every submodule of M is finitely generated.
iii, M is noetherian. (The set of submodules of M satisfies the maximal

condition.)

Proof, The equivalence of (i) and (iii) is given by Theorem 11.4 (and does not
depend on the assumption that R is noetherian). That (i) implies (iii) is a
consequence of Theorem 12.19, and it is obvious that (ii} implies (i). [ |

Proof of Theorem 27.16. Suppose ass(M ) is infinite, where M is a finitely gen-
erated R-module, and let

M = {N C M| ass(M/N) is infinite} .

Since (} € M, we know that M is nonempty, and because M is noetherian by
Lemma 27.17, we can choose a maximal element N € M. Writing X = M/N,
we have ass(X) is infinite, but ass(X /YY) is finite for all nonzero submodules
Y CX.

Now ass(X) is an infinite set of prime ideals of the noetherian ring R, and
s0 we can choose a maximal element P of this set. Then P = ann(y) for some
element y € X,and y # Osince P < R. Let

Y={xec X|xP =0).

Then Y 1s a submodule of X, and Y # Osince y € V.

Now let ¢ € ass(X) with ¢ # P. We will show that Q € ass(X/Y) and
thus

lass(X) < 1 4 |ass(X/Y)| < o0.

This is the contradiction we seek,

Let z € X be such that J = ann(z); write Z = z+ ¥ € X/Y and let
A = ann(z). Since z(J = 0, we certainly have ZQ = 0and so 0 € A. We
will show that 0 = A, and since @ is prime, this will give Q € ass(X/Y), as
required. To complete the proof, therefore, we need to show that A € Q.

Since zA = 0, we have zA C Y and thus zAP C Y P = (. It follows that
AP C ann(z) = (. Since ) # F, we know (by the maximality of P) that
P &€ @, and hence since  is prime, we have A € O, as required. [ |

27E

It is a remarkable fact about noetherian rings that the set Spec{R) of prime ideals
satisfies a strong form of the descending chain condition.

(27.18) THEOREM. Let P be aprime ideal of the noetherian ring R. Then there
exists @ nonnegative integer n (depending on P) such that if
P=FPy>P >Py,>.-> P,

is any sirictly descending chain of primes of R, then m < n.
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If P is a prime ideal of a ring R, we define the height of P, denoted ht(P), to
be the largest integer m such that there exists achain P = Fy = --- > P, of prime
ideals of R. If there is no bound to the lengths of such chains, we write ht( P) = .
{Thus the isolated primes of the ideal O, for instance, have height 0, and in Z, the

prime ideal (p) has height 1, where p is a prime number.)
Theorem 27.18 asserts that the heights of primes in noetherian rings are always
finite. We actually prove more, since the foilowing refinement of Theorem 27.18

gives an explicit bound.

{27.19) THEOREM (Krull). Let P be a prime ideal of the noetherian ring R. If
P is a minimal prime over an n-generator ideal, then ht(P) < n. In particular,
If P is generated by n elements, then ht(P) < n, and in all cases, ht(P) is finite.

The first (and major) step in proving Theorem 27.19 is the following “principal
ideal” theorem. This is the case of Theorem 27.19 where n = 1.

(27.20) THEOREM (Principal ideal). Let R be a noetherian ring and suppose
P Is a prime ideal of R minimal over some principal ideal. Then ht(P) < 1.

We need some preliminary results,

(27.21)y LEMMA. Let P be a prime ideal of the noetherian domain R. Then the
symbolic powers P for n > 1 satisfy

= u]

(1P™ =o0.

n=1
Proof. Write § = Rp. the localization, and recall that
P™ = ((PEYY =(PEY"NR.

Then (1) P = ((M(PE)") N R. Because § is a noetherian domain by Corollary
26.19, the Krull intersection theorem (27.8) applies and yields M(PEY = 0.
The result follows. |

(27.22) LEMMA. Let M be a maximal ideal of R, where R is noetherian. Then
R/M" is an artinian R-module for integers n = 0.

Proof. We work by induction on n. The resuit is trivial when n = 0, and so we
suppose that n > O and we write X = R/M"andY = M* ! /M" Then¥ C X
and X/Y = R/M"~! is artinian by the inductive hypothesis. By Theorem 11.6,
in order to show that X is artinian, it suffices to show that ¥ is artinian.

Since Y M = 0, we can view Y as an (R/M)-module. (Define yir+M)=
yr, and observe that this does not depend on the choice of the coset representative
r.) Note that the R-submodules of Y are (R /M )-submodules, and thus to show
that ¥ is artinian as an R-module, it suffices to cbeck that it is artinian as an
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(R/M)-module. But R/M is a field, and so we must show that V is finite
dimensional as a vector space over this field.

Because R is noetherian, the ideal M"~! is finitely generated, and thus
Y = M"~'yM" is finitely generated as an R-module, It is therefore finitely
generated as an (R /M)-space and hence is finite dimensional. =

Proof of Theorem 27.20. Let P be a minimal prime over I = (a). We want to
show that if ) and U are prime idealsof R suchthat # > Q 2D U,then Q = U.
In this situation, let R = R/U and write P, /, and Q to denote the images of
P, I,and O under the canonical homomorphism R — R. Now 7 is a principal
ideal of R, and it is trivial to check that 7 is a prime ideal minimal over 7. We
also know that Q < P and that @ is prime, and our goal is to show that ¢ = 0.
We can now replace R by R and assume that R is a domain. We have a prime
ideal ) < P, and we work to show that @ = 0.

Now that we have reduced the problem to the case where R is a domain,
we show that we can make another reduction and assume that P is the unique
maximal ideal of R. For this purpose, we use the technique of localization
discussed in Chapter 26.

In the localization S = Rp, we have prime ideals Qf < PE. (These
ideals are prime by Lemma 26.18(e) and the containment is strict by Lemma
26.18(d).) Also, S is a domain since 0F is prime by Lemma 26.18(e). We have
that I* = IS = a5 is principal and I* € P, In fact, P¥ is a minimal prime
over /% since if J C V « PF for some prime ideal V of S, we would have

I ClIECcvt - pEC _ p

by Lemma 26.18(a, ¢, d). Since V¢ is prime in R by Lemma 26.18(f), this
contradicts the choice of P. Note also that § is noetherian by Coroilary 26.19,

At this point, we can replace I, P, Q,and R by If, PE OF and § = Rp.
The hypotheses are still satisfied, and since 0 € QF, it suffices to show that
Q% = 0. Since P¥ is the unique maximal ideal of §, we have shown that it is
no loss to assume that P is the unique maximal ideal of R.

Now P contains every proper ideal of R, and hence P is the unique prime
minimal over 7. It follows that P = /7, and hence by Lemma 27.9 we have
P™ < I for some integer m. The R-module R/ P™ is artinian by Lemma 27.22,
and thus its homomorphic image R/ is artinian. Writing I N @ = J, we see
that

.I1+Q R
J 1 T
and thus Q/J is an artinian R-module.

Consider now the symbolic powers Q*” of Q. These form a descending
chain, and thus

(1) (2) J (3)
QJ+JQQJ+ QQ;J}.

is a descending chain of R-submodules of Q/J. This chain must eventually
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stabilize, and so there exists an integer » such that
Q{nl 4+ J = Q(k} +J

for all integers k = n.
For k = n, therefore, we have

Q(ﬂ) - Q(H*-l-f‘f_: Q(k}—l-l,

and so if x € @™, we can write x = y + ra for some elements y € Q® and
r € R. Since Q% < Q™ this gives ra € 0%,

Now Corollary 26.20 tells us that O is a primary ideal belonging to Q.
However, I € Q since P is minimal over f and P > (Q,and thusa ¢ @ =

v Q). It follows that » € Q™. Thus x € Q%% + a @™, and we have
Q(n) — QU«'J + aQ(n) .

We deduce that the R-module M = Q" /(0W satisfies Ma = M, and so
MI = M. By Lemma 27.11 we conclude that M (1 — z) = 0 for some element
z € I. (This requires that M be finitely generated. That hypothesis is satisfied,
however, since Q% is finitely generated as an ideal of R.)

Because z € I € P, weseethat 1 — z ¢ P, and thus the principal ideal
(1 — z) cannot be proper. (Recall that P is the unique maximal ideal of R.)

Thus
O=M({(—-2)=MR=M,

and so Q™ = Q% for all Xk > n. By Lemma 27.21, however,

_ G . o
0= Q 09 = g
But 0 is a prime ideal since R is a domain, and this ¥ields
0=+0=/0" =g,
as required. u

To prove the general case of Theorem 27.19, we need the following lemma.

(27.23) LEMMA. Let P be q prime ideal of the noetherian ring R, and assume

that ht{ P) > k for some integer k = 1. Let P be a finite collection of prime
ideals of R, none of which contains P. Then there exist primes F, with

P=PFPy>P > - > F

and such that Pi._, is contained in no member of P.

Proof. By definition of the height of P, we can certainly find prime idealis P, such

that
P=F>P>.-.-> P,
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and we show by induction on » that for # < &, the primes F; can be chosen so that
P, is not contained in any member of P. For n = 0, this is just our hypothesis,
and so we assume that » > 0 and that the ideals P; have been chosen so that
P,_, is not contained in a member of P.

By Theorem 26.13, wc know that P,_, & | JP, and so wc can choose
a € P,_, such that g is contained in no member of 7. (Note that we may
assume that a € F,, or ¢lse we have nothing more to prove.,)

The ideal (P4, + (a@))/P,4+ is principal in the ring R/P,.;, and
ht(F,_i/ Pnr1) = 2 in this ring. It follows by the principal ideal theorem that
P,_/ P, is not a minimal prime over any principal ideal, and thus in R there
exists a prime  such that

Fo1 > Q2P+ a)> Py,

where the last containment is strict since a ¢ FP,,,. We can thus replace P,
by Q. [
Proof of Theorem 27.19. Since the prime ideal P is minimal over itself and it

is finitely generated by some number n of generators, we see that it suffices to
prove the first statement. We thus assume that P is a minimal prime over an
n-generator 1deal I, and we work by induction on n to show that ht(P) < n,
We may certainly assume that n > 0, and so we can choose an ideal J € [ with
fewer than »n generators and such that //.J is a principal ideal of R/J.

Let P be the (finite) set of isolated primes for J. By the inductive hypothesis,
the primes in 7 all have heights at most n — 1, and so we may assume that P € P,
Since P 2 J, it follows that P cannot be contained in any member of 7.

Now suppose we have prime ideals F; such that

PZPO}PI}---}P_.”.

QOur goal 1s to show that m < s, and so we can suppose that m > 0. By Lemma
27.23 we may assume that £,,_; is contained in no member of 7.

We will show that P is a minimal prime over J 4+ P,_;. Assuming this
for the moment, we deduce that P/ P, is a minimal prime over the (n — 1)-
generator ideal (J + P,_1)}/Fn_ of R/F,_,. By the inductive hypothesis,
therefore, ht(P/P,_;)} < n — 1, and this implies that m — 1 < n — 1 and thus
m < n, as desired.

We may assume now that there exists a prime ideal 3, of R with

and we work to obtain a contradiction.
Since P,,_, € @), we cannot have Q, € P. Since @, O J, however, there

must exist a prime ideal - of R with
P> > 27

and hence ht(P/J) > 2 in R/J. We know, however, that P/J is a minimal
prime over the principal ideal 7/J of R/J, and by Theorem 27.20 this implies
that ht(£/J) =< 1, This is the desired contradiction. ||
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27F

We know that for every prime ideal £ of a noetherian rng R, the height ht(FP)
is a well-defined nonnegative integer. We say that the Krull dimension of R, de-
noted simply dim(R), is the maximum of ht(#) as P runs over Spec(R). We write

dim(R) = oo if there is no bound 1o the heights of the primes.
If R is a field, then dim(R) = 0. If R is a PID but is not a field, then dim(R) = 1

since by Lemma 16.9 every nonzero prime ideal of R is maximal. In particular, if F
is a field, then dim(F[X]) = 1. We close this chapter with a generalization of this

fact.

(27.24) THEOREM. Let R be a noetherian domain with dim(R) = k. Then
dim(R[X]) = k + 1.

We need a preliminary result.

(27.25) LEMMA. Let Q < P be prime ideals in R[X], where R is a domain. If
PNR=0,then Q =0.

Proof. We introduce denominators for the multiplicative system M = R — {0} in
R[X]. This yields the ring § = F[X], where F is the field of fractions of R.
Since Q < P are primes in R[X]and P MM =
varnothing = Q N M, we deduce from Lemma 26.18(e) that @ and P arc

prime ideals of F[X].
If Q # 0, then QF # 0 and hence QF is a maximal ideal of F[X]. (This is
because F[X1is a PID.) It follows that Qf = P* and

P = PEC — QEC — Q
by Lemma 26.18(d). This is a contradiction, and so Q = 0. [
Proof of Theorem 27.24. We begin with a general remark. If S is a noetherian
domain with a nonzero prime ideal 7, then
dim(S) = dim (5/{) + 1.
To see this, note that if
Qu>@i>- >, =0

is a chain of prime ideals of S/, and P; is the full inverse image of Q; in 3§,

then
Po>P>-+>»P,=1>0

is a longer chain of prime ideals of S.

In our situation, this gives dim(R[X]) > k + 1 since we can take § = R[X]
and we let 7 be the kernel of the “evaluate at " homomorphism from R[X | onto
R. (Note that S/ = R, and so / is prime since R is a domain.)
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Conversely, suppose that P is a prime of (the necessarily noetherian ring)
R[X]). If t{P) = m, we must show that m < &k + 1. We can assume that
k < o0, and we work by induction on £. If & = 0, then R is a field, and we
know that dim(R[X]) = 1 in this case. We may therefore suppose thatk > 1.

Let
P:P@‘..‘-‘*P1:=-°--}Pm

be a chain of prime ideals of R[X]. Write @ = P,,_; N R and observe that 0
is prime in R, We let @ : R[X] — (R/Q)[X] be the surjection obtained by
reading the coefficients of polynomials modulo Q, and we write / = ker(#).
Thus 7 = Q{X1C P._,.

Suppose @ # 0. By the first paragraph of the proof, therefore, we have
dim(R/Q) = dim(R) — 1 = k — 1, and so by the inductive hypothesis

dim (M) = dim (E[X]) = dim (5) + 1<k
v Q B Q T

PD Pl -Pm—-l
! i I
is a chain of prime ideals in R[X]//, thisgivesm — 1 < kandm <k + 1, as
required.
We may assume, therefore, that no matter how we construct the sequence

Since

P=Py>P > >P,,

we always have P,_ MR =0,

Because k > 1, we may assume that /> 2, and we derive a contradiction.
Since F,,_; > 0, Lemma 27.25 guarantees that F,_, N R # 0, and we choose
a € P, ;NR witha # 0. Since ht(P,, ;) > 2, the principal ideal theorem tells
us that F,._, cannot be a minimal prime over the principal ideal (a) in R[X]. It
follows that there exists a prime P* of R[X] with

Py, o> P*D(a)>0,

and so we can replace F,,_; by P*and P, by 0. Since 0 2 @ € P*N R, this is
our desired contradiction. [

(27.26) COROLLARY. Let F be a field. Then
dlm(F[Xh X2¢ N Xn]) =n,

where the X; are indeterminates. m
Problems
27.1 Let P, P, ..., P, be the isolated primes of some ideal / in the noetherian

ring R.
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27.2

27.3

27.4

27.5

27.6

27.7

a. Prove that there exist nonnegative integers ¢; such that

12 PPPE- P

!
b. Prove that the exponents ¢, in part (a) are all positive.

Let 7 be an ideal with no embedded primes in a noetherian ring R.
a. Suppose that » & [ but that P € I and r P, € [ for prime ideals
P, P, 2 1. Show that P, = P,.
b. Now assume that P, P;, ..., P, are the isolated primes of 7. Show that
there are unique integers ¢; such that
I2>2pPP?-.. P

!

and
12 PP P/

ifany f; < e;.

Let 7 be a principal ideal of a domain R. Show that 0 is the only finitely
generated prime ideal properly contained in /.

NOTE: If R is noetherian, this is an immediate consequence of the principal
ideal theorem,

Let M be a finitely generated R-module, where R is noetherian. Suppose
I is an 1deal of K such that for each element a € I, there exists a nonzero
element x € M such that xa = 0. Show that x/ = 0 for some nonzero
element x €¢ M.

Let I € R be an 1deal, where R is noetherian.

a. Show that 7 is primary iff jass(R/[){ = 1.
b. Ifass(R/I) = { P}, show that (R/I)P" = 0 for some positive integer n.

Let R be noetherian and suppose that M is an R-module such that ass(M) =
{P}.

a. If x € M, show that x P* = 0 for some integer n.

b. If M is finitely generated, show that M £" = 0 for some ~.

HINT: Note that xR = R// as R-modules, where = ann(x).

Let N < M be R-modules. We say that N is a primary submodule of M
if whenever xr € N forx € M and »r € R, we have that either x € N or
Mr™ € N for some integern > 0,

a. If M = R, show that the primary éubmodulcs are exactly the primary
ideals.

b. If R is noetherian and M is finitely generated, show that N € M is
primary iff jass(M/N)| = 1.
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HINT: In the situation of part (b), suppose that N is primary in M and let
P, 0 € ass(M/N). Show that P" C Q for some integer n.

27.8 Let A and B be ideals of the noetherian ring R. Show that

BMA" C BA

for some positive integer .
HINT: Consider a Lasker-Noether decompaesition for BA.

27.9 Let N € M be R-modules and suppose that A is an ideal of R.

a. Forx €« M,let B = {r € R | xr € N} and note that B is an ideal. Show
that xANN =x(AN B). r

b. If R is noetherian and x € M, show that xA" "N < NA for some
integer n > 0.

c. If Risnoetherian and M is finitely generated, show that MA“NN C N A
for some integer n > 0.

HINT: if part (c) is false, choose N € M maximal such that there exists
an ideal {7/ € R for which

MU'NNENU

foralln > 0. Now let x € M — N, and show that for every ideal V C R,
there exists # > 0 such that

MV NN CNV+xVNN).

Apply this with V taken to be some suitable power of .
NOTE: The result of part (¢) is called the Artin-Rees theorem.

27.10 Let A and B be ideals of R, where A is finitely generated and R/A and
R /B are both noetherian or both artinian. Show that R/A B is noetherian
Or artinian, respectively.

HINT: View A/AB as a finitely generated R/ B module and deduce that it
is a noetherian or artinian R-module.

27.11 Let R be noetherian but not artinian. Show that R has a homomorphic image
S such that § is a nonartinian domain with the property that S/ is artinian
whenever 7 is a nonzero ideal of R.

27.12 Suppose that every prime ideal of R is finitely generated. Show that R is
noetherian.

HINT: Choose ] € R maximal such that 7 is not finitely generated. Let
A, B > I with AB C J, and use Problem 27.10 to deduce that I/AB is
finitely genecrated. Note also that A B is finitely generated.
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27,13 Let R benoetherian. Show that a radical ideal can have no embedded primes.

27.14 Let Z be the set of zero divisors of the noetherian ring R. (Anelementz € R
is a zero divisor if there exists x € R with zx = O butx # 0.) Show that Z
is the union of a finite collection of prime ideals.



CHAPTER TWENTY-EIGHT

Integrality

28A

If F € E is an extension of fields, then the elements of £ most closely tied to F
are those that are algebraic over F, the roots of nonzero polynomials f € F{X]. If
we generalize to unitary extensions of commutative rings, the appropriate analog of
“algebraic” is “integral.” (Recall that a ring extension is unitary if the rings have the
same unity element.)

(28.1) DEFINITION. Let R € S be a unitary extension. An element s € § is
integral over R if f(s) = 0 for some monic polynomial f € R[X].

Each element r € R is a root of the monic polynomial X —r € R[X], and so it
is integral over R. If R is a field, then an element s € S is integral over R iff it is
algebraic. To see this, note that if 0 5= f € R(X]and s € Sis a root of f, then s is
also a root of the monic polynomial r~! £, where r is the leading coefficient of f.

In the general situation, not every element s € § that is algebraic over R is
integral. We shall see, for example, that the only elements of @ that are integral over
Z are the elements of Z. (In other words, a rational number is integral over Z iff it
iy mtegral in the usual sense of being a member of the ring Z, of integers.) Ifa € Q
is not integral, we can clear denominators; we can choose a nonzero element m € Z
such that me is integral. The following lemma can be viewed as a generalization of
this observation.

(28.2) LEMMA. Let R C § be a unitary ring extension, and suppose that s € §
isalgebraic over R. Thenrs isintegral over R, where r is the leading coefficient
of any nonzero polynomial f € R{X] such that f(s) = 0.

Proof. Suppose that f(s) = 0, where
fX)=a, X" +a X" '+ 4 uy.

453
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Substitution of s and multiplication by (a,)"~! yield
(@ns)" + @y 1(ans)" " + @nln2(a@ns) 2+ -+ (@) ag = 0,
and hence g{a,s) = 0, where g € R[X] is the monic polynomial given by
X)) =X"+a, X" '+ a,a, X"+ - +agla)" .
It follows that a,5 1s integral over R. [

We consider now the extension Z € C. The complex numbers that are integral
over Z are called algebraic integers or sometimes just integers. To avoid confusion
with the ordinary integers, the elements of Z are often referred to as “rational in-
tegers” since (as we have not yet proved) they are precisely the rational algebraic
integers. Of course, algebraic integers are algebraic, but not all complex numbers
algebraic over (Q are integers. Some examples of nonrational algebraic integers are
Jk and e77*/" where n and k are appropriate rational integers. (These are roots of

X" —kand X" — 1, respectively.)

(28.3) LEMMA. Ler R be a UFD with field of fractions K. Then the elements of
K integral over R are precisely the elements of R.

Proof. Since the elements of R are surely integral over R, it suffices to prove that

if ¢ € K is integral over R, then o € R.
Wrile o = a/b, where a, b € R. Since R 1s a UFD, we may assume that ¢

and & have no common prime divisor, and we show that b has no prime divisors
at all; it is a unit, This proves that & = ab™' € R, as required.
Since @ = a/b i1s integral over R, we can write

ash -l
('5) +?'n_1('5) +"‘+?’0=0,
with r; € R. This yields

at = —b(ro_1a" Fra_sba" T + - rgh™Y,

and hence every prime divisor of b divides a". Since no prime divisor of b
divides a, unique factorization shows that b has no prime divisors. u

As promised, we have the following corollary .

(28.4) COROLLARY. The algebraic integers in Q are exactly the ordinary in-
tegers, u

If R € S is a unitary extension, we say that R is integrally closed in § if the
only elements of 5 integral over R are the elements of R. If R is a domain that is
integrally clesed in its field of fractions, we simply say that R is integrally closed.
The assertion of Lemma 28.3, therefore, is that UFDs are always integrally closed,
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The converse of this is not true. Consider R = {a + h/—5 | a, b € 2} C C, for
example. By Problem 16.2 the domain R is not a UFD, but as we shall see, it is
integrally closed.

We can combine Lemmas 28.2 and 28.3 to obtain a result that for many readers
should be familiar from high school algebra. When R = Z and K = {, this is called
the “rational root theorem.”

(28.5) COROLLARY. Letr K be the field of fractions of R, where R is a UFD.
Suppose that [ € R[X] is nonzero and that f{a) = 0, withw € K. [f we write
o = a/b, where a, b € R have no common prime divisor, then a divides the
constant term of f and b divides the leading coefficient.

Proof. Let u, v € R be, respectively, the leading coefficient and constant term
of f. Now u« is integral over R by Lemma 28.2, and so by Lemma 28.3 we
have ua € R. Thus b divides wa in R, and hence b divides u since a and b are
coprime.

If v = 0, then a divides v and there is nothing more to prove. Assuming
that v % 0 and writing n = deg(f), we see that the polynomial X" f(1/X)
has leading coefficient v and root 1/ = b/a. The result now follows from the
previous paragraph. [

28B
In a field extension, the algebraic elements form an intermediate field. The corre-
sponding result here is the following theorem.
(28.6) THEOREM. Ler R C S be a unitary extension of rings, and let
T = {s € S| sisintegral over R}.

Then T is a ring, and T is integrally closed in S.

The keys to proving Theorem 28.6 are the following two results, which concern
the R-module structure of a unitary overring of R. These lemmas are the integrality-

theory analogs of the fact that in a field extension. the algebraic elements are exactly
those that lie in intermediate fields that are finite dimensional over the ground field.

(28.7) LEMMA. Let R € S be a unitary ring extension, and suppose that S is
finitely generated as an R-module. Then every element of S is integral over R.

Proof. Letx, x;,..., x, be generators for § as an R-module, and let s € S. For
each subscript j, we have x,5 € S, and so we can write

]
IJ'S = E x‘-a;j,
i=1

where a;; € R. Writing A for the matrix [a;;] and x for the row vector
(xy,..., x,), we have xs = xA, and so x(sf - A) =0, where f isthe n x n
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identity matrix. Let d = det(sl — A). Then d = f(s), where F is the char-
acteristic polynomial of the matrix A. If we can show that d = 0, then since
€ R[X]1s monic, the proof will be complete.

We will show that xd = 0. This implies that x;d = 0 for all subscripts {
and hence Sd = 0. Because 1 € 5, this yields 4 = 0, as desired. To prove
that 4 annihilates the row vector x, we write B to denote the “classical adjoint”
of the matrix s — A. (This 1s the same trick that was used in the proof of
Lemma 27.11, where a bit more detail was given.) Then (sf ~ A)B = 47 and
s0 0 = x(s/ — A)YB = xd, as required. ]

Conversely, every element of S 2 R that is integral over R lies in some module-

finite intermediate ring. In fact, given any finite set of integral elements, there exists
a module-finite ring that contains all of them. This is the content of the following

result.

(28.8) LEMMA. Let R C Sbeaunitaryring extension. If S = Rls|. 55, ..., . $. 1,

where each s; is integral over R, then § is finitely generated as an R-module.

Proof. Since s; is integral over R, there is a monic polynomial over R that has s;

as a root. It follows that for suitable integers ¢; > 0, we can write s as an
R-linear combination of lower powers of s;. Now let
X ="' s |O<m; < e forl <i <n).

The set X is clearly finite, and for most elements x € X, we have xs5; € A
The exception is when the exponent on s; in x is exactly equal to ¢; — 1. In
that case, although xs; need not lie in &', it is an R-linear combination of X’ It
follows that the finitely generated R-module RA’ is closed under multiplication
by s; for 1 <i < n. Thus RA is an S-submodule of §; in other words, it is
an ideal. Since 1 € &', we deduce that § = RA’, and § is a finitely generated
R-module. |

Proof of Theorem 28.6. To see that 7 is a ring, we must show that ¥ + v and

uv lie in T for u, v € T. These elements lie in R[u«, v], which by Lemma
28.8 is finitely generated as an R-module. By Lemma 28.7, however, all of the
elements of R[u, v] are integral over R and hence lie in T. We conclude that T
1s a ring, as desired,

Suppose now that s € § is integral over T. Then there exists a monic
polynomial f € T[X] with f(s) = 0. By Lemma 28.8 there is a subring
7y € T that contains the (finitely many) coefficients of f and that is finitely
generated as an R-module. Also, s is integral over Ty, and so by Lemma 28.8
again, 7p[s] is finitely generated as a Tg-module. If X is a finite generating set
for 7y as an R-module and V is a finite generating set for Ty[s] as a Ty-module,
then the finite set X' is a generating set for Tp[s] as an R-module. By Lemma
28.7, we conclude that s is integral over R andhences € T. Thus 7 is integrally
closed in S, as required. [
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An important situation in the theory of integrality is where R is an integrally
closed domain, and we consider the set § (which we now know to be a ring) of
elements integral over R in some extension field E of the field of fractions of R.
(For example, if R = Z and £ = C, then 5 is the ring of all algebraic integers.)

(28.9) COROLLARY. Ler R be a domain with fraction field F, and suppose
F € E is an algebraic field extension. Let S be the ring of elements of E
integral over R. Then S is an integrally closed domain with fraction field E .

Proof. By Theorem 28.6 we know that S is a ring integrally closed in E, and as a
subring of a field, it is certainly a domain. What remains is to show that E is the
fraction field of S. By Lemma 28.2, however, if & € E is arbitrary, then since
« is algebraic over F, we can clear denominators in the minimal polynomial
ming (&) to produce a polynomial g € R[X] with g(a) = 0. By Lemma 28.2
we know that if r is the leading coefficient of g, then ra & S, and this gives
a = s/r for some element s € . Sincer €e R C §, wesee that o is a quotient
of elements of S, as required. [

In the situation of Corollary 28.9, each element s € S, being algebraic over F,
is a root of a monic irreducible polynomial ming(s) € F[X]. Also, because s is
integral, it is a root of some monic¢ polynomial with coefficients in R. This suggests
the question of whether or not ming (s} might have coefficients in R. It does if R is
integrally closed.

(28.10)y LEMMA. [n the situation of Corollary 28.9, if s € S, then the images of
s under the Galois group Gal(E / F) are integral over R, and all of the roots of
the minimal polynomial ming(s) in any extension field of E are also integral.
If R is integrally closed, then the coefficients of ming(s) all lie in R.

Proof. By the definition of integrality, we know that there exists a monic polyno-
mial g € R{X] with g(s) = 0. Since the Galois group permutes the roots of
g in E, the fitst assertion is clear. Let K be a splitting field for f = ming(s)
over E, and let o be a root of f in K. Then f|g in F[X], and it follows that
g{a) = 0 and hence o is integral over R.

We can factor f(X) = [ [(X —«;), and we now know that all &; are integral
over R. Since the coefficients of f are sums of products of the «; or the negatives
of such sums, it follows from the fact that the integral elements form a ring that
all of the coefficients of f are integral over R. These coefficients lie in F, and
s¢ if R is integrally closed in its quotient field F, then the coefficients are in R,
as required. n

We investigate the case where R = Z and F = Q. In general, it is quite difficult
to compute explicitly the ring S of algebraic integers in a finite degree extension
E 2 Q. In the case where the degree is 2, however, the solution to this problem is
within reach, and we present it now. If |E : Q] = 2, then by the quadratic formula, it
is easy to see that E = Q[+/d| for some rational integer 4. We may clearly assume
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that d is square free; it is a product of distinct primes or the negative of such a
product. A general element o € £ has the formo = u + va/d, where u, v € 0, and
our task is to find necessary and sufficient conditions on # and v so that « is integral.

Suppose first that « is integral and write 8 = i — v+/d. Note that the automor-
phism of E that carries +/d to —+/d takes « to 8, and so 8 is integral by Lemma
28.10. By Theorem 28.6, & + 8 = Z2u is integral, and since 2u ¢ {, we see that
2u € Z since Z is integrally closed. We can thus write ¥ = y/¢, where y € Z and
t € {1,2}, and where ¢t = 1 if y is even. We also know that aff = u?® — dv? is
integral and hence it lies in Z. It follows that (v)2d € Z. Since d is square free,
we see from this that rv € Z. (If rv had a nontrivial denominator when written as a
reduced fraction, then the square of that denominator would have to divide .) We
can thus write v = z/¢ withz € Z. Now u? — dv? = (3? —dz®)/¢?, and so if r = 2
(s0 that y is odd), then y? — dz? must be divisible by 4. Thus 4 and z must both be
odd. In this case, y* = 1 = z2 mod 4 and hence 4 = 1 mod 4.

If 4 1s even, therefore, or 4 = 3 mod 4, then r = 1 and the integers in £ ali
have the form y 4 z+/d, with ¥, z € Z. If d = | mod 4, on the other hand, then the
integers in E necessarily have the form (y 4 z+/d) /2, where y, 7 € Z are either both
even or both odd. (Note that we have considered all possible cases for 4.) To see that
all of the numbers we have just described actually are integers, we observe that since
Jd is integral, the numbers v 4 z+/d with ¥, 2 € Z are integral by Theorem 28.6.
What remains is to prove that @ = (y + 24/d)/2 is integral when d = 1 mod 4 and
y.z € Z are both odd. In this case, we let 8 = (1 4 ﬁ)/Z. Then o — 4 has the form
u + v/d, with u, v € Z, and so is integral. It thus suffices to show that & is integral
whend = 1 mod 4, and to see this we observe that § is aroot of X2 — X 4 (1 —d)/4,
which is a monic polynomial in Z[ X ].

In particular, the ring R = {a + bv/—5 | a, b € Z} is the full ring of algebraic
integers in Q[+/ —5], and so it is integrally closed. As we claimed earlier, this ring
is an example of an integrally closed domain that is not a UFD.

28C

Let R € § be a unitary extension of rings. We say that S is integral over R or is an
integral extension of R if every element of § is integral over R. In this situation, it
turns out that the ideal theory of § is closely related to that of R, especially when
we consider prime ideals. Given a prime @ of S, it is a triviality to see that ¢ N R
is a prime ideal of R, and we say that { lies over 0 N R. Conversely, given a prime
P of R, we ask whether there necessarily exists a prime Q of § that lics overit. The
answer is yes. In fact, something a bit stronger is true.

(28.11) THEOREM. Let S be integral over R and suppose P is a prime ideal of
R.If A is anideal of S such that AN R C P, then there exists a prime ideal
of Ssuchthat Q 2 Aand QNR =P

Proof. Define the subset M = R — P of R. Since P is prime, we see that M
contains 1, does not contain zero, and is closed under muliiplication. In other
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words, M is amultiplicative system in R and hence also in S. Also, ANM = @,
By Lemma 26.2 and the discussion following its statement, we can use Zom’s
lemma to choose an ideal @ of S that contains A and is maximal with the
property that Q M M = &, and this ideal is necessarily prime in S. Certainly,
RN Q € P, and our task is to show equality here.

Let m € P. We derive a contradiction from the assumption that 7 & Q,
and this will complete the proof. Since @ + 7§ > Q, the maximality of O
guarantees that (Q + 7 ) M M is nonempty, and thus we can write m = g + 75
forsomeelementsm € M,q € Q,ands € S. Inparticular,m = 75 mod Q. (In
other words, m and 75 have equal images under the canonical homomorphism
S — S5/Q.) Since S is integral over R, we can find some monic polynomial
over R with s as a root, and we can thus write

.'i'n + r,,Lls"ﬁl +rn_2.$”_2 R Fo = 0.,

with r, € R,
We multiply through by 7" and read the result mod Q. Since ws = m, this
gives

m" 4w (ra_m™ T e _m™ 4 4 " ) =0 mod Q)

and som” +nr € Q forsomeelement r € R. Thusm" +7r€e RN Q < P.
Since mr € P, this gives m" € P, and this is a contradiction because m” ¢ M
and MNP = @. [ |

(28.12) COROLLARY (Lying over). Let S be integral over R and suppose P is
a prime ideal of R. Then there exists a prime ideal Q of S suchthat ONR = P,

Proof. Apply Theorem 28.11 with A = 0. m

By LO (the common abbreviation for the “lying over” theorem), we know that
the intersection map Spec(S) — Spec(R) is surjective. Several different primes of
S often lie over the same prime of R, and hence this map is usually not injective.
Nevertheless, there is information availabie about the set of primes lying over a given
prime, and so the failure of injectivity is not totally out of control,

(28.13) THEOREM. Let R C S be an integral extension of rings, and suppose
that Q C A are ideals of S, where ( is prime and O N R = AN R. Then
Q=A.

Proof. We obtain a contradiction by assuming that A > . Choose s € A with
s ¢ Q, and note that sinice s is integral over R, we can write f{s) = 0 ¢ Q for

some monic pelynomial f € R[X]. Choose a monic polynomial g € R[X] of
minimal possible degree /m such that g(s) € Q. Writing g(s) = ¢, we have

ST res" T k=g e Q

for some choice of coefficients »; € R. Since s € A and Q C A, this gives
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ro € RMNA=RMNQA, and hence
S L 5™ ) = q—ro€ Q.
But @ is prime and s € Q, and we deduce that
sl s +reQ,

and this contradicts the minimality of m. ]

(28.14) COROLLARY (Incomparability). Suppose that R C S is an integral
extension and that (), and Q; are prime ideals of S that lie over the same prime

Pof R IO # Qa.then O\ € Qrand O € Q).

Proof. If @; C @,, then since Q, is prime, we get Oy = Q5 by Theorem 28.13.
This is a contradiction, and we get a similar contradiction if @, € Q. |

From INC (the incomparability theorem), we can get information relating chains
of prime ideals in R and §.

(28.15) COROLLARY. Let R C S be an integral extension of rings. If Qg <
Q1 < - < Q, is q properly increasing chain of prime ideals of S, then
Po < Py < -+ < P, is a properly increasing chain of prime ideals of R, where
FF=0:,NR.

Proof. We have already observed that P, = Q; MR is prime in R, and it is clear that
F. € P; wheni < j. We now apply INC to see that we cannot have £, = P; if
i< j. ]

Corollary 28.15 suggests the question of whether or not R could possibly have
a longer proper chain of prime ideals than the longest such chain in S. In fact, it
cannot. To prove this, we need the following result.

(28.16) COROLLARY (Going up). Let R < S be an integral extension, and
suppose Py S P, are prime ideals of R. If Q\ is a prime of S lying over P,
then there exists a prime ideal Q; of S such that Q; lies over Py and Q; 2 Q.

Proof. Apply Theorem 28.11 to the prime P;, taking A = ;. ]

(28.17) COROLLARY. Suppose R C Sisintegralandiet P, < P, < .- « P,
be a properly increasing chain of prime ideals of R. Then there exists a
(necessarily properly) increasing chain of primes Q) < Qy < -+ < Q, of
S such that Q, lies over P;,

Proof. Apply GU (Corollary 28.16) repeatediy. [ |
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28D

We wish now to consider integral extensions of rings in the context of finite-degree
field extensions. Our basic situation is where R is an integrally closed domain with
fraction field £, and where § is the full ring of elements integral over R in the field
E = F, where |E : F} is finite. (Note that by Corollary 28.9, E 1s the field of
fractions of §.) Of course, § is an integral extension of K, and so LO, INC, and GU
hold, but more is true in this context. To avoid restating all of these hypotheses in the
results that follow, we simply say that (F, E, R, 5) satisfy the standard hypotheses
for integers in field extensions.

We consider first the case where E i1s Galois over F. In this case, the Galois
group G = Gal(E/F) induces a group of automorphisms of S by Lemma 28.10, It
follows that G permutes the prime ideals of S, and in fact if Q is a prime of § lying
over P € R, then since o € G fixes P, we see that o (Q) also lies over P.

(28.18) THEOREM. Let (F, E, R, S) satisfy the standard hypotheses, and as-
sume in addition that E is Galois over F with Galois group G. If P is a prime
ideal of R, then there are just finitely many primes of S lying over P, and these
are permuted transitively by (5.

Proof. Let Qlieover Pandlet Q@ = Q,, O3, ..., @, be the distinct images of Q
under the elements of G. (Note that since |G} = |E : F| is finite, we do have
a finite list of ideals here.) Now let Q* be any prime of § lying over P. We
must show that Q* = @Q; for some subscript i. If s € 07, consider the product
a = [Jo(s) as o runs over the elements of G. Since each element o (5) is
integral over R, so is their product a. Observe, however, that a is (G -invariant
and hence lies in F. Since R is integrally closed in F, this gives a € R.

The factor s of a lies in the ideal Q" andhencee € Q*NR = P € Q.
Because ) is a prime ideal of §, some factor o (s) of @ must lie in Q and hence
s € o~ 1(Q) = Q; for some subscript i. This shows that O is contained in the
union |_J ¢;, and by Theorem 26.13 we deduce that O* must be contained in
one of the ideals (J;. Finally, since @* and Q; both lie over P, we get Q* = (;
by INC (28.14). |

In view of GU (28.16), it is natural to ask whether the containments can be
reversed so that a “going down” theorem can be proved. Examples show that GD
does not hold in general, although it can be proved under our standard hypotheses
for integers in field extensions. We prove only the case where F C E is a separable
extension since that is an easy consequence of Theorem 28.18.

(28.19) COROLLARY (Goingdown). Let(F, E, R, S) satisfy the standard hy-
potheses and assume that E is separable over F. Let Py 2 P> be prime ideals
of R and suppose that Q, is a prime of S lying over P|. Then there exists a
prime > of S such thar Q; lies over Py and O, € Q).
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Proof. Let . > E be Galois over F. (For example, we could take L to be a
splitting field for a polynomial over F whose roots contain a generating set for
E over F.) Let T be the ring of integers over R in L, and choose a prime U, of

T lying over (2.
Now let V; be any prime of T lying over P, and apply GU to find a prime V)
of T containing V; and lying over P;. By Theorem 28.18 we have o (V}) = U,
for some element ¢ € Gal(L/F). Now define I/, = ¢ (V;) and note that I/; lies
over P, and U/; € U,. The ideal O, = § M U, is now easily seen to have the

desired properties. [

We have seen that if S is an integral extension of R, then we get some control
over chains of primes in S from the corresponding information in R. This suggests
that we might be able to control arbitrary chains of ideals. If R is noetherian, for
instance, we would like to prove that § is noetherian. As we did with GD, we prove
this in the separable case of our standard hypotheses. In fact, even more is true in
this situation. Not only does 5 satisfy the ACC for ideals (that is, S-submodules),
but it is even noetherian as an R-module, which ts a much stronger condition. In
particular, it is a finitely generated K-module, thus providing a sort of weak converse
for Lemma 28.7.

(28.20) THEOREM. L[let (F, E, R, S) satisfy the standard hypotheses for inte-
gers in field extensions and assume that E is separable over F. Then § is
contained in some finitely generated R-submodule of E. If R is noetherian,
then S is finitely generated and is a noetherian R-module.

Proof. Letn = |E : F| and note that since FE is a finite degree separable extension
of F,the primitive element theorem (18.17) guarantees that £ = Fla] for some
element @ € E. By Lemma 28.2 there exists r € R such that ra is integral over
R, and so ra € S. Since rer also generates £ over F; we may replace o by ro
and assume that o € §.

Let M be the R-submodule of E generated by 1, o, a?, ..., " '. Can we
prove that $ € M? Each element s € § can be written in the form s = g(a)
for some unique polynomial g € F[X] with deg(g) < n. If, for some choice
of s € §, it happens that g € R[X], this would impiy that s € M, as desired.
It is too much to expect, however, that this holds for every element s € §, and
we prove instead that there exists a fixed nonzero element d € F such that
dg € R[X] for every choice of § € §. This implies that 45 € M and hence
S < (1/d)M. Since (1/d)M is the R-module generated by the elements of /d
for 0 < i < n, this proves that § is contained in a finitely generated R-module.

Let L. = £ be a splitting field for f = ming(e) over F, and let @ =
o1, 02, - . ., &, be the (necessarily distinct) roots of f. Fixs € Sandiet g ¢
F| X1 be as above, so that g(or) = s and deg(g) < n. Sets; = g(;) and note
that the Galois group of L over F permutes the «; transitively, and hence it also
permutes the s; transitively., Since 5, = s, it follows that the elements 5; € L
are all integral over R.
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Write
g(X) = dy +a.'1X +a2X2 + - —i—ﬂn_]X"_l .
Then

n—1
E a,-ajf =3s; forl < j<n,
i=0

and we can write these equations in matrix form as aA = s for row vectors

§ = (§,....58,) _and a = (ap,...a,_1). The coefficient matrix A has (i, j)-
entry equal to aj’, and so i1t 15 the Vandermonde matrix V (o, ..., @,). as in
Lemma 23.20.

Our goal is to find some nonzero element d € F, independent of the choice
of s, such that all entries of ad lie in R. We claim that we can take d = A(f),
the discriminant. By Corollary 23.19 we know that 0 £ d € F, and since the
entries of ad lie in F, it suffices to show that they are integral over R. To see
this, multiply the equation aA = s by the classical adjoint matrix B of A, This
gives av = sB, where v = det(A). By Lemma 23.20 we have d = v? and thus
ad = sBv. Since all o, are integral over R by Lemma 28.10, it follows that v
and all entries in B are integral over R, and thus all entries in the row vector
sBu are integral, as required.

We have now shown that § is contained in a finitely generated R-submodule
of E. By Thecrem 12.19, if R is noetherian, then this is a noetherian module
and S is finitely generated. : m

We meniion iwo applications of Theorem 28.20 (o the case where F = Q.

(28.21) COROLLARY. Ler E be a finite-degree field extension of Q. Then there
exists a basis B for E over Q consisting of algebraic integers and having the
property that every algebraic integer in E is a Z-linear combination of B.

A basis B as in Corollary 28.21 is said to be an integral basis for £. If B and €
are two integral bases for the same field £, we see that the change-of-basis matrices
from B to C and C to B have entries in Z. Since these matrices are inverses of each
other, each must have determinant +1, and ut follows by Theorem 23.17 that the
discriminants A g,q(5) and A g,q(C) must be equal. This quantity depends only on
E, therefore, and it is called the discriminant of E. This discriminant lies in Q. of
course, and 1t is easy to see that it must be an algebraic integer. It follows that the
discriminant of the field E is a rational integer.

Proof of Corollary 28.21. Let § be the ring of algebraic integers in £. Thus
(Q. E, Z, §) satisfies our standard hypotheses, and since E is certainly separable
over @, Theorem 28.20 applies. Because Z is noetherian, we deduce that S is
finitely generated as a Z-module, and because S is a domain, it is torsion free
as a Z-module. By Thecrem 16.28, however, finitely generated torsion-free
modules over PIDs are free, and thus there is a Z-basis B for S. To complete
the proof, it suffices to show that BB is also a (Q-basis for E.
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Let 5q, 53, .. ., §, be distinct members of B and suppose that »_ a:s; = 0,
where the coefficients g; lie in Q. We can find a “common denominator” d € Z
such that 4 is nonzero and cach product da; lies in Z. Then ) (da;}s; = 0,
and since the B 15 a Z-basis, we conclude that da; = 0 for each subscript /. It
follows that a; = O for each {, and B is linearly independent over (.

If o € F, then by Lemma 28.2 there exists a nonzero rational integer n such
that ne € 5. We can thus write ra = Z z:8; Tor some choice of basis elements
s; € B and coefficients z; € Z. Thus & = ) (z;/n)s, is a Q-linear combination
of B, as required. |

In Chapter 29 we study a class of rings called Dedekind domains. These arc
noetherian integrally closed domains in which every nonzero prime ideal is maxi-
mal. We have now accumulated encugh theory to see that Dedekind domains occur

naturally.

(28.22) COROLLARY. Let E be a finite-degree extension of Q. Then the ring S
of algebraic integers in E is a Dedekind domain.

Proof, Corollary 28.9 tells us that § is intcgrally closed. Since every nonzero
prime ideal of Z is maximal, it follows by Corollary 28.15 that S cannot have
prime ideals Q, and (J; such that 0 < @, < (@, and this implies that every
nonzero prime of § is maximal, Finally, since Z is noetherian, Theorem 28.20
guarantees that S is a finitely generated Z-module, and so of course it is a

noetherian ring. N

28E

We devote the rest of this chapter to two applications of integrality theory. The first
of these is to the determination of Galois groups and the second is to “pure™ finite
group theory.

Suppose f € Z[X] is monic of degree # and has distinct roots, and let E be a
splitting field for f over 2. We know that the Galois group G = Gal(£/Q) can be
embedded into the symmetric group on n symbols (the roots of f in E), and if £ is
irreducible in Q{X], then G is a transitive subgroup. In general, however, the task
of determining G up te group isomorphism can be quite difficult.

Consider the polynomial

FX)=X" 42X + X' +4X3 + X*+3x 2.

If we read the coefficients of f modulo various primes p, we get polynomials
F € (Z/pZ)|X], and the trick is to use some of these infinitely many polynomials
to obtain information about the unknown Galois group G. If we take p = 11,
for instance, we find that £ is irreducible. (One can use the Berlekamp algomhm
discussed in Chapter 21 to establish this. Similar algorithms are also included as
parts of a number of different commercially available symbolic algebra software
packages.) It is easy to sec that the irreducibility of f mod p guarantees that f is
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irreducible in Q[X]. (If f had a nontrivial factorization over @QQ, it would have a
corresponding factorization over Z by Gauss’s lemma (16.19), and this would yield
a proper factorization over Z/ pZ for every prime p.) We now know that the group
G of the above polynomial is transitive of degree 7.

Since the fact that f is irreducible when p = 11 gives useful information about
(5, it should not be too surprising that we get something interesting even when f
reduces. Whal is striking is just how much we can deduce in the (¢common) case
where f factors into distinct irreducibles. If we take p = 3, for instance, the
computer tells us (or the skeptical reader can check) that

FXD) =X+ X 4+ 1)(X* + 20X + 1)(X +4)

is the factorization of f into irreducible polynomials. Since the factors are distinct
and have degrees 3, 2, 1, and 1, our theorem, stated below, asserts that (G contains an
element that is the disjoint product of a 3-cycie, a 2-cycle, and two 1-cycles. Itis a
fact (from the theory of permutation groups) thart the only transitive group of degree
7 that has an element with this cycle structure is the whole symmetric group. The
Galois group of our polynomial is therefore determined. In particular, we deduce
that f is not solvable by radicals.

(28.23) THEOREM. Let f € Z[X} be monic and irreducible over @ and let p
be a prime number. Write F = Z/pZ and let { denote the natural image of
fin F[X]. Factor f = fif;... f,. where the polynomials f, are monic and
irreducible over F, and assume they are distinct. Let G = Gal(E/Q), where
E is g splitting field for f over Q, and view G as a permutation group on the
set of roots of f in E. Then G contains some element that can be written as a
product of disjoint cycles of lengths d,, d,, . ... d,. where d; is the degree of f,.

As we shall see, there are only finitely many “bad” primes p for which the
irreducible factors of £ fail to be distinct. For each of the infinitely mary remaining
primes, Theorem 28.23 gives a little information about the group G. Each time we
choose a prime, we get to see the cycle structure of one element of G. In some sense,
this element is randomly chosen. It is a deep theorem, well beyond what we can
prove here, that in the “long run” we get to see each element of G equally often. In
other words, as we apply Theorem 28.23 for a large number of primes, the different
cycle structures appear with frequencies proportional to the numbers of elements of
G that have each structure.

Suppose, for example, that f has degree 7 and that we have applied Theorem
28.23 for 100 different primes. If it turned out every time that the cycle structure
was either seven 1-cycles or one 7-cycle, it would be reasonable to suspect that these
are the only cycle structures in G and thus G is cyclic of order 7. Although in this
case we may be confident that we know G, we have not, of course, proved anythmg
In fact, the only thing that G can be proved to be, using only Theorem 28.23, is the
full symmetric group.

Proof of Theorem 28.23. Write |E : Q| = m and let R be the ring of elements of
£ integral over Z. By Corcllary 28.21 there exists an integral basis B for E, and



466

CHAPTER 28

we have |B| = m. The elements of R are exacily the Z-linear combinations of
B, and the additive group of R is thus the direct sum of the m cyclic subgroups
generated by the elements of B. It follows that the additive group of the ring
R/pR ts isomorphic to the direct sum of m cyclic groups of order p, and we
conclude that |R/pR| = p™.

Next we consider the prime ideals P\, P, ..., P of R that lie over the
principal maximal ideal (p) of Z. (Note that by Theorem 28.18 there are just
finitely many of these, and they are transitively permuted by the Galois group G.)
Also, by Corollary 28.15 it follows that each P; is maximalin R. Let D = () P,
and consider R/ D). First note that p € D2, and so R/ D is a homomorphic image
of R/ p R, and by the previous paragraph, this ring has finite order p™. It follows
that |[R/D| < p™.

We claim that R/ D is isomorphic to the (external) direct sum S of the ¢
rings R/ F;. (This is a version of the Chinese remainder theorem.) We certainly
have amap 6 : R — Sthat maps r € R to the ¢-tuple (xy, x2, ..., x,;), where
x; 15 the natural image of » in R/ P;. Clearly, ker(6) = D, and to see that  is
surjective, it suffices to find subsets U; € R such that U; maps onto R/ P; and
U, mapstoQin R/P, for j = i.

Take U, = [] F;, where the product is taken over all subscripts j # i. Since
U; € P;for j # i, we certainly have that U/; maps to 0 in R/ P;. To compute the
image of {/; in R/ F,;, we observe that U; € P;. This is because P, is prime, and
none of the factors F; of U, can be contained in P, since these ideals are distinct
and the P, are maximal. Since P; is maximal, it follows that P 4+ U; = R, and
thus U/; maps onto R/ P; as desired. Tt follows that # is surjective and R/D = §,
as claimed.

Now write P = P, and let K be the quotient field R/P. Note that since
PR € P and {R/pR| = p™, we certainly know that K is a finite field of
characteristic p, and we write | K| = p*. Also, since the elements of G define
automorphisms of the ring R and permute the P; transitively, we see that all
of the fields R/ F; are isomorphic and thus |R/D| = |S] = {K{*. This gives
p" = |R/D| = |K|' = p* and hence m > kr.

Now leta, 3. . . ., o, be the (necessarily distinct) roots of £ in E, and note
that since f is monic, these all lie in R. We use overbars to denote the canonical
homomorphism of R onto R/ P = K. (Note that this does not conflict with our
earlier use of overbars to represent the homomorphism Z — Z/ pZ = F, since
if we view F as being contained in K, then the map on Z is just the restriction
of the map on R.) We have

S =X - (X —az) (X —a),
and so
HXDHEX) - [ =FX) =X -T@NX —@) - (X —ay).

Since each polynomial f is irreducible over the finite field F, it has no
repeated roots. Also, these monic irreducible polynomials are distinct by as-
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sumption, and it follows that no two of them can have a common root. We
conclude that the n elements a; of K are distinct.

Now let H < G be the stabilizer of P in the action of G on the set
{Py, Pr. ..., P} Then |G : Hf = ¢, and since |G| = [E : Q| = m, we
have |H} = m/tr > k. Also, since H acts on R and stabilizes P, we see that
each element o € H induces an automorphism & of the field K = R/P.

We claim that this map o — & isinjective. If  istrivial, thenfor1 < < n,
we have

o =6@) =o(a)=1q,,
where we have written a; = o{a;). (This is valid since the elements of G
permute the roots of f.) Since we know that the elements o; are distinct for
distinct subscripts {, it follows that o, = «;. We have now shown that ¢ fixes
all o;, and thus ¢ = 1.

Sincethemap H — Aui(K)isinjective, wehavek < |H| < |Aut(K)| = k.
This forces equality, and thus o induces the full automorphism group of X,
which is a cyclic group of order £.

Let o € H induce a generator T of Aut(K). Then ¢ and t induce
corresponding permutations of the «; and the &;, respectively. Necessarily,
however, {t) = Aut(K) acts transitively on the set of roots of each of the irre-
ducible polynomials f;, and so its cycle decomposition corresponds exactly to
the various degrees of these polynomials. This is exactly what we wanted to
prove. |

We mentioned that in the situation of Theorem 28.23, there can be at most
finitely many primes p for which the polynomial f has repeated irreducible factors.
To see why this is so, recall that we saw in the proof that the elements @; are exactly
the roots of £ in R/ P. If f has repeated factors, then the elements &; are not distinct
and [ ](@ — @;)* = 0, where the product is taken over all pairs i, j withi < j. In
other words, the discriminant A(f) = [](e; — aj)z € P. Since the «; are integral
and A(f) € Q, we see that A(f) € Z and hence A(f) € ZN P = (p). This shows
that the only “bad” primes, where there are repeated factors, are prime divisors of
the rational integer A(f). It follows that there are just finitely many of these.

28F

We close this chapter with an application of the theory of integrality to finite group
theory. In Chapter 15 we developed some of the basic ingredients of the character
theory of finite groups, and we used that theory to prove the purely group theoretic
theorem of Frobenius. When the resuits of Chapter 15 are augmented by a little
of the theory of algebraic integers, we get a machine powerful enough to prove the
following celebrated theorem.

(28.24) THEOREM (Burnside). Let G be a finite group whose order is divisible
by no more than wo different prime numbers. Then G is solvable.
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The proof of Theorem 28.24 that we present is essentially the original one of
Burnside, but we mention that there now exist purely group theoretic proofs of this
result, independent of character theory. These character-free arguments, however,
are quite complex and subtle and are nowhere nearly so accessible as the proof we
present. (To date, the theorem of Frobenius proved in Chapter 15 has resisted all
efforts to find a character-free proof.)

It is a triviality to reduce the proof of Burnside’s theorem to an assertion about

simple groups.

(28.25) THEOREM. Let G be a finite simple group with order divisible by no
maore than two primes. Then G has prime order.

Proof of Theorem 28.24 (assuming Theorem 28.25). FEach composition factor of
G is a simple group whose order divides that of G and hence has no more than
two prime divisors. By Theorem 28.25, therefore, these composition fa~tors all
have prime order, and hence ¢ is solvable. =

Now that the classification of finite simple groups is complete (or at least is
alleged to be so by the experts), it has become common to prove theorems about
finite groups by reducing the question to some assertion about simpie groups, and
then verifying this assertion case by case for the groups on the list of all finite simple
groups. Although Burnside’s proof of Theorem 28.24 also proceeds by reduction
to simple groups, the similarity ends there. The proof of Theorem 28.25 that we
are about to present does not rely on the classification or on a case-by-case analysis,

The key step is the following result.

(28.26) THEOREM. Let G be a finite simple group that has a nonidentity con-
Jjugacy class of prime-power size. Then G has prime order.

Proof of Theorem 28.25 (assuming Theorem 28.26). Let P be a nontrivial Sylow
p-subgroup of G, and let 1 # x € Z(P). Since P C Cs{x), it follows that
|G ¢ C(x} is a power of the one prime g different from p that can divide
(C]. The conjugacy class of x in G, therefore, has g-power size, and the result
follows via Theorem 28.26. |

Although, as we mentioned earlier, Burnside’s theorem can now be proved
without characters, no one has yet found a character-free proof of Theorem 28.26.

At last, characters come into the picture, and we assume from now on that
the reader is familiar with Chapter 15. The following result is the key step in
Bumnside’s argument. Both its proof and its application to the proof of Theorem
28.26 depend on integrality. Recall that for characters x of G, we have defined
Z(x)={g € G| |x(g)=x(1)}). By Lemma 15.17 this is a normal subgroup of G.

(28.27) THEOREM. Letx € G and x € Irr(G), where G is a finite group, and
ussume that x (1) is relatively prime to the size of the conjugacy class of x. If
x € Z(x), then x(x) = 0.
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Theorem 28.27 is especially useful when G is nonabelian simple since in that
case, Z(x) is almost always trrvial.

(28.28) LEMMA. [If G is a nonabelian simple group, then Z(x) = 1 for all
nonprincipal irreducible characters x of G.

Proof. Let x € Irt(G) and write Z = Z(x) < G. Since G is simple, we have
Z = 1or Z = (G. We assume that Z = G and we show that x is the principal
character. (In other words, it is the constant function with value 1.)

By the definition of Z(x), we have [ x(g)| = x (1) forall g € G, and hence
[x. %1 = x(1)?, where |-, -] denotes the character inner product, as in Chapter
15. Since x is irreducible, however, we have [x. x] = 1 and hence x{1) = 1,
and it follows that x is a homomorphism from G into the multiplicative group
of the complex numbers. Since G is nonabelian simple and € is abelian, it
follows that the only possible homomorphism is x(g) = [ forall g € G. Thus
x is the principal character, as required. =

There are two essentially different ways in which integrality comes into character
theory. The first of these, which enables us to deduce Theorem 28.26 from Theorem

28.27, is very simple.

(28.29) LEMMA. Thevaluesofcharacters of finite groups are algebraic integers.

Proof, By Lemma 15.13 and the remarks following its proof, character values are
sums of roots of unity. Since roots of unity are clearly integral, the result follows
by Theorem 28.6. |

Proof of Theorem 28,26 (assuming Theorem 28.27). Letx € G lieinaconjugacy
class whose size is a power of the prime p, and suppose x # 1. Then p(x) = 0,
where p is the regular characterof G. Now by the discussion following Corollary
15.6, we know that p = ) x (1) x, where the sum is taken over all x € Irr(G).

It follows that

0=p(x) =1+ ¥(LYG)+ D nhnx),
¥ n

where ¥ runs over all irreducible characters of degree divisible by p and n
runs over all nonprincipal irreducible characters with degrees not divisible by
p. {The first term in the above sum, the quantity 1, 1s the contribution to p(x)
that comes from the principal character.)

Now suppose that n € Irr(G) is nonprincipal and that p does not divide
n(1). Then n(l) is relatively prime to the size of the class of x, and Theorem
28.27 applies. Assuming that G is nonabelian, we conclude from Lemma 28.28
that Z{#n) = 1 and hence x & Z(#n). By Theorem 28.27, therefore, n(x) = 0.

If v & Irr(G) with ¥ (1) divisible by p, then since ¥ (x) is an algebraic
integer by LLemma 28.29, we see that the quantity ¥ (1)y(x) has the form pg8,
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where 8 is an algebraic integer. It foilows that we can write

> vy () = pa,
s

wherc ¥ runs over irreducible characters with degree divisible by p, and o
is some algebraic integer. This vields 0 = | + po, and soo = —1/p, a
rational number. This i1s a contradiction, however, since we know that all rational

algebraic integers lie in Z and yet —1/p & Z.
This contradiction arose from the assumption that the group G is nonabelian.

Thus G is ahelian and hence, being simple, has prime order. [

What remains now is to prove Theorem 28.27. For this purpose, we define the
functions w, : G — C for characters x < Irr{G). We set

~ x(®)IK|
28 ==

where K is the conjugacy class of g in .
The explanation for this somewhat peculiar definition is the following lemma,

(28.30) LEMMA. Letx € Irr((:_}* ) and suppose that X is a representation afford-
ing x. Let g € G and write K to denote the element in the group algebra CG
that is the sum of the elements in the conjugacy class K of g in G. Then

X(R)=w,(g) 1,

where I is the x (1) x x (1) identity matrix.

Proof, Since K is central in CG, we see that E’c’(ﬁ’) is central in the A'(CG), which
1s the ful} ring of ¥ (1) x x (1) matrices over C. (See Lemma 15.10.) It follows
that X' (K) = wl for some scalar w € C. Computation of traces gives

x (D = tr(wl) = tr(X(K)) = | K|x(g)

since tr(A'(x}) = x(g) for each of the | K| conjugates x of g in G. Solving for
m, we get w = w, (g). as required. |

Now we come to the second way that integrality comes into character theory.

(28.31) THEOREM. Letx € lrr(G). Then w,(g) is an algebraic integer for all
elements g € G.

Proof. Let M be the Z-submodule of C generated by the values of the function
wy (g) as g runs over &. We will show that M is closed under multiplication, and
the result follows by Theorem 28.7. It suffices, therefore, to show forx, y € G
that w, (x)w, (¥) can be written as a Z-linear combination of w, (g) forg € G.
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Write X and Y to denote the conjugacy classes of x and v in &, and obi;:irve
that working in CG and using notation as in Lemma 28.30, we can write XY as
a Z-linear combination of conjugacy class sums. (The coefficient of the class
surn K in this product is the number of ways that an element g € K can be
written as a product of an element of X with an element of ¥.)

Let A be a representation affording x as in Lemma 28.30. Then
XXX (Y) = X(ff) 15 a Z-linear combination of the matrices A:’(KA') as K
runs over the various conjugacy classes of G. The result now follows by Lemma
28.30. =

Proof of Theorem 28.27. Write f = x(1)andn = | K|, where X is the conjugacy
class of X in G. Then w,(x} = nx(x)/f is an algebraic integer by Theorem
28.31. Since n and f arc coprime, we can choose rational integers & and / such
that kf 4+ In = 1, and this gives

& = (kf +[H)M =kx{x)+lw,(x),

f f

and this is an algebraic integer. We write @ = x(x)/f.

By Lemma 15.13 we know that x (x) is a sum of f roots of unity, and these
are not all equal since we are assuming that x & Z(x). Thus |x(x)| < f, and
it follows that |a| < 1. Also |[a”| = 1 for all 0 € Gal(E/Q), where E is any
cxtension of the field Qo] in C. (This is so because x(x)° is also a sum of f
roots of unity.)

Now take £ 2 Q[e] to be Galois over Q. (Actually, Q[a] is already Galois,
but we do not need this fact.) The product of the «” as o runs over Gal(E /Q)
is rational and is an algebraic integer (since « is integral), and so it lies in Z.
The absolute value of this product is less than 1, however, and it follows that the
product equals 0. We deduce that ¢ = 0, and thus x (x) = 0, as required. [ |

Problems

28.1 Let R € § C T be unitary extensions of rings. Suppose that S is integral
over R and thatz € T is integral over S. Show that ¢ is integral over R.

28.2 Let w = ¢¥™/* and show that the algebraic integers in Q[w) are exactly the
Z-linear combinations of | and w.

NOTE: In fact, if € is any complex root of unity, then Z[¢] is exactly the
ring of integers in Qe].

28.3 Let o be an algebraic integer and let f € Q[ X] be the minimal polynomial
of & over (. Show that 1/« is integral iff £(0) = +1.

28.4 Lerta be a nonzero algebraic integer. Show that there exists a unique largest
rational integer n such that «/r is integral. If also a/m is integral, show
that m divides ».
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28.5

28.6

28.7

28.8

28.9

et R < 5 be a proper unitary extension of rings, and assume that R is
noetherian and is integrally closed in S. If / € R 1s an ideal of S, show that
there exists d € Ssuchthatd # O0andd7 = (.

HINT: Use the fact that 7 is finitely generated as an R-module to write a

matrix equation expressing the fact that fs € JF fors € 8. If we take s non-
integral over R, this guarantees the nonvanishing of 4 certain determinant.

Suppose Z € T € C, where T is a ring. Assume that there exists n ¢ 7
with rn # 0 and such that n7T consists entirely of algebraic integers. Show
that T consists entirely of algebraic integers.

HINT: If s € T is nonintegral, let R be the ring of integers in Q|[s] and let
S = Ris]. Apply Problem 285 with/ ={r € R | r§S C R}.

Let FF < E be fields and suppose that oy, ..., o, € E. Define f € EfX]
by f(X) = [[(X — &), and write

f(X) = X’I +Cu—]Xn_] +C"_.2Xn-2 + - +C1X +(1{).

a. Show that Flco, ..., cpn1] € Flay, ..., @,] is an integral extension of
rings.

b. If the elements o, . ..., are algebraically independent over F, show
that

Fleg, . ..en )N Flay, ..., 0, = Flco, ..., Cpe1].
HINT: For part (b), show that the ¢; are algebraically independent.
NOTE: When this problem is combined with Problem 18.25 or with Corol-
lary 24.25, it shows that every symmetric polynomiai in #1 indeterminates
is a polynomial in the elementary symmetric polynomials. The earlier re-
sults gave only that it was a rational function in the elementary symmetric
pelynomials.

Let £ 2 Q be a Galois extension with E € C and suppose thata > Ois a
real number. Consider the set S of all algebraic integers & € E such that
lo®| =< a for all o € Gal(E /(). Show that & is a finite set,

Let £ 2 Q be a Galois extension with £ € C. Suppose that Gal(E/Q) is
abeiian and let o € E be an algebraic integer with || = 1. Show that « is
a root of unity.

HINT: Show that all the powers of « lie in the set S of Problem 28.8 (taking
a= 1),

NOTE: The assumption that the Galois group is abelian is necessary. Con-
sider, for instance, the field £ = Q[i, \Vi], the splitting field of X* — 2 over
Q. Take o = (/2 — 1}((+/2 ~ 1) + (2+/2)i) and note that ] = 1. To see
that o is not 4 root of unity, observe that there exists o € Gal(£/Q) such
that (v/2)° = i~/2 and i° = §. Compute that «® does not have absolute
value equal to 1.
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Let R be an integrally closed domain and suppose that M € R is a multi-
plicative system in R. Let S = Ry, the localization of R at M. Show that
§ is an integrally closed domain.

HINT: View § as a subring of the fraction field of R.

Let d be a square-free rational integer. Compute the discriminant of the field

QIV4d].

Let x € Irr(G}, where G is a finite group. Show that

_ Gt
Zx(x)wx(x) PO

where x runs over a set of representatives for the conjugacy classes of G,
Deduce that the degree x (1) divides |G| for all irreducible characters x of
G.

Let & be a finite group and write S to denote the set of prime numbers p
such that there exists an irreducible character of G with degree divisible by
p. If [S] < 2 and G is simple, show that G has prime order.

HINT: If p € &, let x be a nontrivial element in the center of a Sylow
p-subgroup of (¢, and mimic the proof of Theorem 28.26.

NOTE: Since & is a subset of the set of prime divisors of |G| by Problem
28.12, we see that the assertion of this problem generalizes Theorem 28.26.

Let G be nonabelian of order p?, where p is a prime. Compute the degrees of
all the irreducible characters of (¢, and deduce that G has exactly p?+ p — 1
conjugacy classes.

Let x be a character of a finite group G and suppose that |x(g)| = 1 for
some element ¢ € G. Show that x (g) is a root of unity.



CHAPTER TWENTY-NINE

Dedekind Domains

29A

Let E be a finite-degree field extension of @, and let R be the ring of algebraic
integers in E. Although R may be viewed as a kind of generalization of the ring Z
of rational integers, and indeed R enjoys many of the familiar properties of Z, there
1s one important respect in which R can differ from the ordinary integers: unique
factorization can (and usually does) fail. We saw in Chapter 28, for instance, that
the ring of integers in @[\/—_5} is not a UFD,

In the latter part of the nineteenth century, attempts were made to prove the
so-called “last theorem™ of Fermat using algebraic integers. (Recall that Fermat’s
claim was that no positive integers x, y, and z can satisfy the equation x" + y* = z"
for integers n > 2. As of 1992, it remained unknown whether or not this is true.)
These attempts failed precisely because unique factorization does not hold in rings
R of algebraic integers in finite degree extensions of Q. Dedekind was able to show,
however, that although unique factorization of numbers (ring elements) can fail,
there is another sort of “ideal number” for which unique factorization always holds.
Some of these ideal numbers corresponded to genuine numbers and the rest were
“ideal” (in the sense of being not “actual’™). Dedekind was unable, however, to use
his modified version of unique factorization to prove Fermat’s famous assertion.

Dedekind’s ideal numbers are what are called simply “ideals” today, and
those that corresponded to numbers were the principal ideals. The rings for which
Dedekind’s unique factorization of ideals is valid are now called “Dedekind do-
mains,” and as we saw in Corollary 28.22, this class of rings includes the rings of
integers in finite-degree extensions of (. We repeat the definition here.

(29.1) DEFINITION. A domain is a Dedekind domain if it is noetherian and
integrally closed and has the property that every nonzero prime ideal is maximal.

The most familiar examples of Dedekind domains are principal ideal domains
(PIDs).

474
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(29.2) LEMMA. Ler R be a PID Then R is a Dedekind domain.

Proof. Since every ideal of R is generated by a single element, the ideals are
certainly finitely generated, and so R is noetherian. We know by Theorem
16.10 that R is a UFD, and so it is integrally closed by Lemma 28.3. Finally,
the nonzero prime ideals of R are maximal by Lemma 16.9. a

We may view Dedekind domains as being only very slight generalizations of
PIDs. For example, it turns out (as we shall see) that ideals of Dedekind domains
never require more than two generators.

Recall that if A and B are any two additive subgroups of a ring, then AB is
defined to be the additive subgroup generated by the set of all products ab, where
a € Aand b € B. Inother words, the elements of A B are all finite sums of products
of elements of A with elements of B. Of course, A” denotes the product of n copies
of A for n > Q. With this notation, we can state the unique factorization theorem.

(29.3) THEOREM. Let R be a Dedekind domain and suppose that A € R is a
nonzero ideal. Then there exist a unique finite set X of nonzero prime ideals of
R and a unique positive-integer valued function e defined on X such that

A= P

PeX

Given a domain R, which we do not yet assume to be Dedekind, it turns out to
be convenient to consider a kind of generalized ideal.

(29.4) DEFINITION. Let R be a domain with field F of fractions. An R-
submoduie M C F is said to be a fractional ideal of R if there exists some
nonzero element o € F such that Mo < R.

Note that an 1deal of R (inthe usual sense) is automatically a fractional ideal since
we can take o = 1 in Definition 29.4. Also, any finitely generated R-submodule
of the field F of fractions of R is a fractional ideal. To see this, let x,, ..., x, be
generators and write x; = a,;/b,, with a,, b; € Rand b; # 0. Seta = []&; and
observe that o 7 0. If x is any R-linear combination of the x;, then multiplication
by & clears denominators and we have xa € R, as claimed. In particular, the one-
generator submodules of F are fractional ideals; these are the principal fractional
ideals. (The reader should check that the ideals of R that are principal as fractional
ideals are exactly the principal ideals.)

If M is any R-submodule of F and 0 # a € R, then M is also a submodule
and Ma = M as R-modules. If M is a fractional ideal, therefore, then M is module-
isomorphic to an ordinary ideal of R. For noetherian rings, it follows that fractional
ideals are finitely generated, and we have proved the following lemma .

(29.5) LEMMA. Let R be a noetherian domain. Then the fractional ideals of R
are exactly the finitely generated R-submodules of the fraction field of R. |
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Products of fractional ideals are again fractional ideals, since if A € R and
BB < R, then (AB)(aff) € R. Another useful way to construct new fractional
ideals from old is as follows. If A is a nonzero fractional ideal of R, we write A ™!
to denote {¢ € I | Aaw € R}, where as usual, F is the field of fractions of R.
(For example, R™! = R and A™! D R for ideals A € R.) [t is a triviality that
A~ (pronounced “A-inverse”) is an R-submodule of F. Furthermore, A lisalsoa
fractional ideal since BA~! < R for any nonzero element 8 € A. Also, if A # O is
a fractional ideal, then Definition 29.4 guarantees that A™! # 0 and so (A~")"' is
defined. (Caution: It is not always true that (A~1)~! = A))

Considerthe set F = JF(R) of nonzero fractional ideals for adomain . We have
an associative commutative multiplication on  and also a unary operation called
“inverse.” Note that R € F, and R acts as an identity element in 7. A fractional
ideal A € F is said to be invertibie if there exists B € F such that AR = R. We
stress that although every element of F has an inverse, it is not obvious (and it is
not in general true) that every nonzero fractional ideal is invertible. What is true is
that if A, B € F satisfy AB = R, then necessarily B = A~'. To see this, note that
B C A~! by the definitionof A=, and also A"'! = A"'R = A~'AB € RB = B.
Note that in this case where A is invertible, we have AA~! = Rand (A1) = A.

The reader has probably guessed that in some important cases (if not always)
the set F(K) forms a (necessarily abelian) group. It should be clear that F is a
group precisely when every nonzero fractional ideal is invertible. It is one of the key
results in this subject that this happens iff R is a Dedekind domain.

(29.6) THEOREM. Ler R be a domain. Then the following are equivaient:

i. R isa Dedekind domain.
1. Every nonzero ideal of R is invertible.
iii. F(R) is an abelian group.

For any domain R, it is ¢asy to show that the nonzero principal fractional ideals
are invertible, and in fact, they always form a group. The fact that (i) implies (ii)
in Theorem 29.6 thus shows another way in which Dedekind domains behave as
generalized PIDs. This part of Theorem 29.6 is also crucial for our proof of the
unique factorization theorem (29.3),

(29.7) LEMMA. Let R be a noetherian domain in which all nonzero prime ideals
are maximal. (For example, R may be a Dedekind domain) LetQ < A C P be
ideals of R, where P is prime, and write U = {x € R | xP C A}. Then U is
anideal of R and U > A.

Proof. Itisclearthat U isanideal and obviously &/ 2 A. We work to find elements
of U/ that are not in A.

Since R is noetherian, Lemma 27.10 applies, and we can find prime ideals

Py, Py, ..., P, each containing A and suchthat [] P; € A. Choose these ideals

so that » is as small as possible. (Note that the P; need not be distinct.) Since

A © P and P 1s prime, we deduce that P, € P for some subscript i, and we may
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assume that P, € P. But P, is nonzero since it contains A, and thus P, is amax-
imal ideal by hypothesis. It follows that P, = P and thus A/ P --- P, C U.
By the minimality of n, this product is not contained in A. |

(29.8) LEMMA. Let R be a Dedekind domain. If P C R is a nonzero prime
ideal, then P is invertible.

Proof. Clearly, P~ 2 R, and we begin by showing that this containment is proper.
(Note that this must be true if we expect to prove that PP~ = R) Leta € P
be nonzero and apply LLemma 29.7 to the principal ideal generated by a. We get
anideal I/ = {a)such that U P < (q).

Since UP <€ aR, we have (1/a)U P € R (working in the fraction field
of R) and hence (1/a)l/ € P~ !. But U ¢ (a) and thus {(1/a)l/ € R, and it
follows that P! Z R, as claimed.

Now P = PR C PP~! Because PP~! ¢ Risanideal and P is maximal,
there are just two possibilities: either PP~! = R, as desired, or PP~! = P,
We assume the latter and derive a contradiction,

o, e Pl then Pap C PP '8 = PB C R. Thuse € P! and P!
1s closcd under multiplication. In other words, P~! is a subring of F. Since the
ring P~! is a fractional ideal of the noetherian ring R, it is finitely generated as
an R-module, and Lemma 28.7 tells us that its elements are all integral over R,
The nng R is Dedekind, however, and so it is integrally closed in F. This is a
contradiction since P! > R, »

We need one more lemma to assist with the proof that (iii) implies (i) in
Theorem 29.6.

(29.9) LEMMA, Let A be an invertible fractional ideal of a domain R. Then A
is finitely generated as an R-module.

Proof. Since AA™' = R, wehavel € AA~', and we can write | = a,0, + drar5 +
-+ aya,, where a; € A and a; € A for all subscripts {. We claim that the
clements a, form a generating set for A. To see this, we show how to write an
arbitrary element of A as an R-linear combination of the g;.

Let b € A and observe that b = 15 = a(a\&) + --- + a.(a,b). The
coefficients a;b lie in A™'A = R, as required. n

Proof of Theorem 29.6. To prove that (i) implies (ii), we assume that R is
Dedekind. Tf (ii) fails, choose anonzeroideal / € R, maximal with the property
that it is not invertible. By Lemma 29.8 we know that [ is not prime, and thus
thereexistideals A > fand B > /I with AB C I. Wehave IB~' C BB~ ' C R,
and thus 7 B~! is an ideal. By the maximality of 7, we see that B is invertible,
andthus I <« A = ABB™! < IB~!. It follows that 7 B! is invertible and we
have IB~'C = R, where C = (JB~')"1. Since I(B~'C) = R, we see that /
is invertible, and this is a contradiction.

We now assume (ii). Thus nonzero ideals are invertible, and to prove that
F(R) i1s a group, we must show that an arbitrary nonzero fractional ideal is
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invertible. If A € F, choose a nonzero element « € A~!. Then Ao € R and
A« is an ideal. By (ii), Ae is invertible and thus A« B = R, where B = (Aa) ™.
Since A(axB) = R, we see that A is invertible.

Assuming (iii) now, we have AA~! = R for all nonzero ideals A of R. It
follows by Lemma 29.9 that these i1deals are all finitely generated and hence R
is noetherian. To see that R is integrally closed in its fraction field F, suppose
a € F is integral over R. By Lemma 28.8 the ring R«] is finitely generated
as an R-module, and thus it 1s a fractional ideal. Since R[«] is closed under
multiplication, however, we have Rla] R[] = R[«]. Multiplication by R[o] ™!
gives R[a] = R, and thus o € R, as required.

Finally, we must show that the nonzero prime ideals of R are maximal.
Suppose, then, that P 1s a prime ideal and 0 < P « A, where A is an ideal. We
observe that PA~' € R. Thus PA~! is an ideal and we have (PA")A € P.
Since P is prime and A € P, we deduce that PA~! € P. Multiplication by
AP~ 1 gives R C A, and hence A = R, as required. »

At last, we are ready to prove the unique factorization theorem,

Proof of Theorem 29.3. We work first to show existence. We must prove that

every nonzero ideal A of R can be written as a product of prime ideals, and so
if this is false, choose A maximal among ideals that cannot be so written. Since
by convention the empty product is R itself, we have A < R, and we can choose
a maximal ideal P that contains A.

We have A = AR C AP ' € PP' C R, and thus AP! is an ideal of
R that contains A. Because the fractional ideals form a group and P # R, we
know that A # AP~! andthus A < AP~'. It follows by the maximality of
A that we can write AP~! = P;P,... P, for some choice of (not necessarily
distinct) prime ideals F;. This yields A = PP P, - - - P,, as required.

We now know that every ideal A of R can be written in the form

A=]]p®

PeX

for some finite set A of nonzero prime ideals and some choice of positive
exponents. For convenience, we extend the exponent function e(P) by defining
e(P) = 0O for primes P ¢ &X', and we view the product as being taken over
the possibly infinite set of all nonzero primes of R. We show by induction on

m = > e(P) that if also
A = HP-’F(P]

for some nonnegative valued function f with nonzero values on just finitely
many primes, then ¢ = f. This will complete the proof of the theorem.

If m = 0, then e is identically zero and A = R. If f{P) > 0, however, then
A € P, and this contradiction implies that f is identically zero, as required.
Suppose now that » > 0 and choose () so that ¢(Q) > 0. Then A € @, and
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since ( is prime, this implies that f(Q) > 0. Since A € Q, we see that A Q!
is an ideal and we have

I—IPF'(P) — AQ_I — 1_[ pr \

where we have obtained the functions ¢ and f’ by decrementing the values
of e and f by one at O and leaving all of the other values unchanged. Now
m = > ¢'(P) = m — 1, and so the inductive hypothesis gives ¢’ = f', and
hence e = f. |

Let 7 denote the set of all nonzero prime ideals of the Dedekind domain R, and
write G(7) to denote the group (with respect to poimtwise addition) of all rational-
integer-valued functions with finite support ont 7. (This means that we are consider-
ing only those functions whose value is nonzero on at most finitely many elements
of the set 7.) There is a natural map & from G(P) into the group F(R) of nonzero
fractional ideals of K. We sumply set

ofry=[] P,

PcP

and note that this makes sense because this is essentially a finite product. The content
of Theorem 29.3 is precisely that ¢ defines a bijection from the set of nonnegative-
valued elements of G(7) onto the set of nonzero ideals of R. The following result

extends this,

(29.10) COROLLARY. The map 6 defined above is an isomorphism from the
group G (F) onto the group F(R) of all nonzero fractional ideals of R.

It should be clear that up to isomorphism, the group G (P) depends on only the
cardinality |P|, and not at all on any of the deeper structure of the ring R. In fact,
this group is exactly the restricted direct sum of |P| copies of Z. Because of this,
Corollary 29.10 is perhaps a bit disappointing. It tells us that the isomorphism type
of the group of nonzero fractional ideals of R is not a very strong invariant; it gives
no more information than the cardinality of P.

Proof of Corollary 29.10. Since & is easily seen to be a group homomorphism, it
suffices to check that it is both injective and surjective. We have observed that
by Theorem 29.3 the unage of 8 contains all nonzero ordinary ideals and that &
is injective when restricted to the set of nonnegative functions.

If A is a nonzero fractional ideal, then A € R for some element « in the
fraction field. Writing o = r/s, with r, s € R, we see that Ar € R, and hence
Ar is an ideal and lies in the image of 8. The principal ideal () of R also lies in
the image of #, and since A(r) is in the image, it follows that A is in the image,
too. The homomorphism & is thus surjective.

Now suppose ( f} = 0. We can write f = g — h, where g, h € G(P) and
g and £ are nonnegative valued. Since 8{(g) = #(#1), we have g = h and hence
f=0. "
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We wish to argue now that Dedekind domains are “almost” principal ideal domains.
One possible interpretation of this assertion 1s that “many” of the ideals are principal.
One can look, for instance, at the subgroup of #( R) consisting of principal fractional
ideals, and try to show that its index is small. Iti8 a theorem of number theory (which
we do not prove here) that if R 1s the ring of integers in a finite-degree extension
of @, then this index (called the class nwonber of the field) is finite. This does not
hold in general, however. What is true is that every ideal of a Dedekind domain can
be “closely approximated” by a principal ideal. To make this precise, we introduce
some nofation.

If R is a Dedekind domain and A € R is an ideal, we write f4(P) to denote the
exponent on the nonzero prime P in the unique prime factorization of A. Thus f,
is a nonnegative-integer-valued function on the set P of nonzero primes of R. Note
that by the unique factorization theorem, the function f, completely determines A.
(In fact, in the notation of Corollary 29.10, we have A = #(f4).)

{29.11) THEOREM (Finite approximation). Ler R be a Dedekind domain and
suppose A © R is an ideal. Given any finite set X' of nonzero primes of R, we
can find a principal ideal B of R such that f.(P) = fg(P) forall P ¢ X.

(29.12) COROLLARY. A Dedekind domain with just finitely many prime ideals
isa PlD. =

The key ingredient in the proof of the finile approximation theorem is the fol-
lowing version of the “Chinesc remainder” theorem. (This is essentially Problem
26.17.)

(29.13) LEMMA. Let R be an arbitrary commutative ring, and suppose
Ui, Us, ..., U, are ideals of R such that U; + U; = R whenever i # j. Define
themap g : R — (R/Uy) x -« x (R/U,) by setting the i th component of p(x)
to be the natural timage of x in R/ U;. Then ¢ is a surjective homomorphism.

Proof. The map ¢ is clearly a homomorphism, and so it suffices to find subsets
V: € R suchthat ¥V, maps (ozeroin R/U; wheni %= j,and V, mapsonto R/ U, .

In fact, we can take V; = [] U;, where j runs over all values different from .
Clearly, V; € U; when j # [, and so V; maps to zero in R/ U;, as required.
To see that V; maps onto R/ U;, it suffices to check that R = I/; + V,. f this is
false, however, then U; 4 V, is contained in some maximal ideal P of R. and

we have

[Ju=Vvicp.

JFEi
Since P is prime, this yields U; € P for some subscript j # /. Since also
U, € Pand U; + U; = R, this is a contradiction. |

We need one more preliminary resuit.
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(29.14d) LEMMA. Let A be anideal of the Dedekind domain R. If P is a nonzero
prime of R, then fo(P) is the largest integer e such that A & P°*.

Proof. Write f = f4(P). Since P’ is a factor of A. we certainly have A < P/,
We need to show that if A & P¢, then ¢ < f or, equivalently, P¢ is a factor
of A, Write B = A(P?)! and note that B C R, so that B is an ideal. Since
A = B P¢, the result follows. [

Proof of Theorem 29.11 For each prime P ¢ X, write Tp = P/ and Up =
PTp. By Lemima 29.14 we have A4 € Up, and so we can choose elements ap in
A with ap & Up. We wish now to apply Lemma 29.13 (the Chinese remainder
theorem) to the finite collection of ideals {/p for P € A'. We need 1o verify that
Up+ Up = R if P and Q are distinct nonzero primes. To see this, observe
that by primeness, P is the only maximal ideal that can contain a power of P,
and similarly, ¢ is the only maximal idcal that contains a power of Q. Since
P £ Q, this forces Up + Uy = R, and Lemima 29.13 does apply.

Since ¢ maps R onto the direct product of the rings R/ Up, we can find
b € Rsuchthat forall P € X, the timage of bin R/ Up is the same as the image
ofapin R/ Up.

We claim that the principal ideal B = (b) has the desired properties. By
Lemma 29.14, therefore, we must show for each P € X that B C T5», but
that B 15 not contained in any higher power of P. Nowagp € A € 7p and
b =ap mod Up. Since Up C Tp, it follows that B = (b) € Tp, as required.
Finally, if B were contained in a higher powerof P, we wouldhave b € B € Up,
and thus ap € Up since ap = bh mod {/p. This is a contradiction. [

Another interesting application of the finite approximation theorem is the fol-
lowing corollary.

(29.15) COROLLARY. [et ] be a nonzero proper ideal of a Dedekind domain
R. Then the ring R/ 1 is a principal ideal ring.

Proof. Every ideal of R/ has the form A/7 for some idcal A of R that contains
I. Let & be the set of primes P of R for which f; (P} > 0. Since this set is
finite, we can choose a principal ideal B of R such that f3(P) = f4(P) for all
P e X. Weclaim that B + I = A. It follows that A/! is the image of the
principal ideal B under the natural homomorphism R — R/I, and thus A/[ is
principal.

We will show that fz,.,(Q) = fa(Q) for all nonzero primes @ of R,
and this proves that B + I = A, as claimed. First suppose @ ¢ X. Then
Ji(Q) = 0and so /] € Q. It follows that neither A nor B + 7 is contained
in 7, and hence fp,,;(Q) = 0 = f.1(Q). Finaily, suppose that Q € X and
let e = f4(Q) = fu(Q). Then B and A are both contained in P¢, and so
B+I1IC B+ AC P, But B+ I cannot be contained in any higher power of
( since not even B is contained in such a power. It follows that fg,,;(0) = e,
and the proof is complete. [
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It is perhaps surprising that the converse of Corollary 29.135 is also true. If R
is a domain with the property that every proper homomeorphic image is a principal
ideal ring, then R must be Dedekind. We leave the proof of this to the problems at

the end of the chapter.
We mentioned earlier that every ideal of a Dedekind domain can be generated

by two elements. We can now prove this, and in fact we get more: one of the two
elements is arbitrary, provided it is nonzero.

(29.16) COROLLARY. Ler A be an ideal of a Dedekind domain R. Given any
nonzero element a € A, it is possible to find a second element b € A such that

A Is generated by a and b.

Proof. ILet ! = (a). By Corollary 29.15, R/I is a PIR and so A/[ is a principal
ideal of R/I. If the coset I + b is a generating element for A/7, then ¢ and
generate A. [

29C

We saw in Corollary 28.22 that the ring of integers in any finite degree field extension
of @ is a Dedekind domain. More generally, we have the following theorem.

(29.17) THEOREM. Suppose F C E is a finite-degree field extension, where F
is the fraction field of a Dedekind domain R. Then the ring S of elements of E
integral over R is a Dedekind domain with fraction field E.

Qf the three defining properties of a Dedekind domain: noetherian, integrally
closed, and nonzero primes maximal, the only one that is hard to establish for
the ring S of Theorem 29.17 is that it is noetherian. If £ happens to be separable
over F, then Theorem 28.20 guarantees that S is noethenan as an A-module, and
thus it is certainly noetherian as a ring. In the inseparable case, S may not be a
noethcrian R-module, but it is always a noetherian ring. This is what we intend to

establish here.
First, however, we dispose of the easy part of Theorem 29.17.

(29.18) LEMMA. [n the situation of Theorem 29.17, the domain S is integrally
closed and E is its fraction field. Also, all nonzero primes of S are maximal.

Proof. That § is integrally closed with fraction field £ is given by Corollary 28.9.
To see that the nonzero prime ideals of § are maximal, suppose to the contrary
that P is a prime that is neither zero nor maximal. If Q is a maximal ideal
of § that contains P, then 0 « P < @ is a strictly increasing chain of prime
ideals. By INC (see Corollary 28.14), we get a strictly increasing chain of three
prime ideals of R, and this contradicts the fact that all nonzero primes of R are
maximal. |

We nced two preliminary results to prove that S is noetherian. The first of these
is quite general.
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(29.19) LEMMA. Let M be a module for a commutative ring R. Suppose that
A € R is maximal among ideals of R such that there exists an R-submodule
N C M for which N/N A is not noetherian as an R-module. Then A is prime.

Proof. Certainly A ¥ R, and so if A is not prime, there exist ideals ¢/, V > A
such that UV € A. Since U > A, the maximality of A yields that N/NU is
noetherian. Similarly, since V > A, we see that NUJ/(NU)V is noetherian,
and it follows by Theorem 11.6 that N/NUV is noetherian. Since A 2 UV,
we have NA 2 NUV and so N/N A 1s a homomorphic image of N/ NUV. It
follows that ¥ /N A is noetherian, and this is a contradiction. [ |

(29.20) LEMMA. Let A be a proper ideal of a Dedekind domain R with fraction
freld F. If ay,on, ..., € F are not all zero, then there exisis an element
B € F such that Ba; € R for all i, but not all Ba, liein A.

Proof, Let {/ be the R-submodule of F generated by the a;, and note that since
U is finitely generated, it is a nonzero fractional ideal. By Theorem 29.6 we
have U™ = R € A, and so we can choose 8 € {/™! with BU € A. Since
BU C R, the result follows. L

Proofof Theorem 29.17. By Lemma 29.18 it suffices to show that § is a noetherian
ring. There is nothing to prove if Sis a noetherian R-module, and so we suppose
that it is not. The set YV of ideals A € R with the property that there exists an
R-submodule N € & such that N/N A is not noetherian as an R-module is
therefore nonempty. (We can take N = S to see that 0 € ).) Since R is
noetherian, we choose (and fix) a maximal element A € V. By Lemma 29.19,
A is prime and thus either A is a maximal ideal of R or A = 0,

Suppose first that A 15 maximal and write K = R/A,afield. Fix N € §
such that N /N A is not noetherian as an R-module. We canview N /N A also as
an R/A-module, and we observe that the R-submodules of N/N A are exactly
the same subsets that are the R /A-submodules, and these fail to satisfy the ACC.
It follows that N /N A has infinite dimension as a vector space over R/A = K.

Letn = |E . F| and choose n + 1 elements of N/N A that are linearly
independent over K. Let vy, vy, ..., v, € N be representatives for these cosets
of N A, and note that these elements of £ must be linearly dependent over F.
We can thus find elements o; € F that are not all zero and such that

€3 Zn:a,-v, =0,
i=0

By Lemma 29.20 there exists 8 € F such that Be; & R for every subscripti, but
not all of these elements lie in A. Multiplying equation (*)} by 8, we can assume
that o; € R for all {/ but that not all «; lie in A. Using overbars to denote the
image of an element o of R in R/A and also to denote the image of an element
vof Nin N/NA,wehavead? = vforalla € R and v € N. If we now read
equation (%)} modulo N A, we get
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n
AV
i=0

Since not all g, lie in A, we see that not all of the coefficients @; are zero, and
this contradicts the linear independence of the 7; over XK.

We are left with the case where A = 0. Suppose that [ is any nonzero
ideal of S. By Theorem 28.13 we conclude that f "R > 0 = A, and thus
S§/S5(f N R) is a noetherian K-module. Since S{J N R) C I, we conclude that
S/1 is a noetherian R-module, and thus it is a noetherian ring. This implies
that a strictly ascending chain of ideals of $ must terminate after at most finitely
many steps beyond any nonzero ideal 7. In other words, every ascending chain
of ideals of § terminates after finitely many steps, and S is noetherian. N

29D

We now consider modules over a Dedekind domain R. We are primarily interested
in torsion-free modules, that is, modules M with the property that if m € M and
r € R with mr = 0, then either m = 0 or r = 0. We already have a large supply
of such modules: the fractional ideals. From the point of view of module theory,
we do not wish to distinguish between isomorphic modules, and so we should first
decide when two fractional ideals are isomorphic.,

(29.21) LEMMA. [let @ : A — B be an R-module homomorphism, where A
and B are nonzero fractional ideals of a domain R with fraction field F. Then
there exists an element a € F such that (x)0 = ax forall x € A. In particular,
A = B iff B = aA for some nonzero elementa € F,

Proof. Fixanonzeroeclementa € Aandleta = (a)f/a € F. Wehave (@)8 = wa,
and we wish to compute (x)6 for an arbitrary element x of A. Given x € A,
choose r, s € R such that x/a = r/s. This gives

{x)0s5 = (x5)0 = (ar)P = (qa)Pr = qar = wxs,

and we conclude that (x)¢ = ax, as required.

If 8 is surjective, then B = A6 = oA, and conversely, multiplication by
any nonzero element ¢ € F certainly defines an isomorphism of A onto « A, as
required. [

If A is an ideal of a domain R, it is easy to see that A is invertible iff o A is
invertible, where « is any nonzero element of the fraction field F of R. It follows that
whether or not A is invertible depends only on its isomorphisrn class as an R-module.
In fact, it turns out that there is a very simple module theoretic characterization of

invertibility.

(29.22) THEOREM. Let A beanonzeroideal ofadomain R. Then A isinvertible
iff it is a projective R-module.
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(29.23) COROLLARY. A domain is Dedekind iff every ideal is projective.

Proof. By Theorem 29.6 we know that 2 domain is Dedekind iff every nonzero
ideal is invertible. The result then follows by Theorem 29.22. |

Recall from Chapter 14 that projective modules are a generalization of free
modules. Since a principal ideal of a domain R is module-isomorphic to the regular
module, it is free. In fact, it is easy to see that R is a PID iff every ideal is free.
Corollary 29.23, therefore, shows another way in which Dedekind domains can be
viewed as generalizations of PIDs.

Proof of Theorem 29.22. By Coroliary 14.22 there exists a homomorphism
from some free module M onto A. If we assume that A is projective, then
Lemma 14.28 gives an injective homomorphism ¢ : A — M such that ¢ is the
identity map on A. (Remember that the composition ¢ means ¢ first, then 7 .)

Let 5 be an R-basis for M. Each elementm € M can be expressed uniquely
as an R-linear combination of B with at most finitely many nonzero coefficients.
In particular, if ¢ € A, then a¢ can be so expressed. For x ¢ B, we define a
map ¢, : A - R by setting ayp, to be the coefficient of x in the expansion of
ag in terms of B. It is easy 10 see that ¢, is a module homomorphism, and for
a € A, we have Y x(ag,) = ap, where the sum runs over x € B. (We observe
that this sum makes sense since at most finitely many of the elements a, are
nonzern.)

Pick a € A and define for each basis element x the quotient a, = (ag,)/a €
F, where F is the fraction field of R. We claim that o, € A~!. To see this,
let & € A and note that (ag, )b = (ab)p, = (bg,)a. Division by a then yields
o b = by, € R,asrequired. Because just finitely many o, are nonzero, we can

compute
;fxﬂ:)a,; = %;(xﬁ)(a(ﬂx) = é(;x(ag@))n = &(mpﬂ) =1.

Thus 1 € AA™" and it follows that AA~' = R, as required.
Conversely, assume that A is invertible. Then 1 € AA~! and we can write

I = aqiay + a2 + - - - + ap,

for some choice of elements g; € Aanda; € A7 Let M = R@®---& R be the
direct sum of # copies of the regular module. (In earlier chapters, we wrote R*
to denote a ring R viewed as the regular R-module, but we have decided that in
the present context, it is clearer not to use the dots.) Then M is a free module,
and we let v : M — A be the module homomorphism defined by

(xl':“-!xn)ﬂ - E Aidy .
i

We also constructamap g : A — M by

a@g = {au, ..., ax,) .
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Note that each component aw; lies in R since a; € A~L, and so ag liesin M, as

required.
Now

apw = E ac;d; = d E a;da, =al =a,
i i

and so @ is the identity map on A. It follows from this that ¢ is injective, and
a routine argument yields that M is the direct sum of Ker(mr) and Ag. Thus A is
isomorphic to the direct summand Ag of the free module M, and this implies
that A is projective by Theorem 14.26. u

29E

We close this chapter with a classification of finitely generated torsion-free modules
over Dedekind domains. The first step is to construct some modules. If A is a
nonzero ideal of R and n is a positive integer, we write 5,(A) to denote the R-
module defined as the external direct sum RO R P --- ®d R B A, where there is a
total of n summands. It should be clear that §,(A) is a finitely generated torsion-free

R-module.

(29.24) THEOREM. Suppose R is a Dedekind domain. Then:

a. Every finitely generated torsion-free R-module is isomorphic to S,(A) for
some integer n and nonzero ideal A.
b S.(A)= S, (B)iffn=mand A = B.

The reader may have noticed that we could have built other finitely gener-
ated torsion-free R-modules by taking finite direct sums of arbitrary ideals of the
Dedekind domain R. (In our construction of S,(A), we exercised arbitrariness only
ence, since n — 1 of the direct summands were taken to be the regular module.) By
the theorem, then,if A, ..., A, are nonzero ideals, the module A; & - - - B A,, must
be isomorphic to S5,(A) for some integer n and nonzero ideal A. It is not hard to
guess that n = m, but what 1s A? There is a very satisfying answer.

(29.25) THEOREM. LlLetA,, ..., A, benonzeroideals ofa Dedekind domain R.
Then we have

A1®A2®$AnESH(A1A2An)

We need to develop a little general theory. If M is a torsion-free module for a
domain R, we say that a subset X' C M is a weak generating set for M if for every
element m € M, there exists a nonzero element r € R such that mr € X' R, the set
of R-linear combinations of A’. (Note that in the case where R is a field, this yields
m € AR, and so a weak generating set is the same as a generating set or spanning
set over a field.) Of course, a finitely generated module necessarily has a finite weak
generating set, In general, if M has a finite weak generating set, then the cardinality
of thc smallest such set is called the rank of M. Since we are assuming that M is
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torsion free, we see that the rank cannot be zero if M is nonzero. As an example,
we mention that any nonzero element of an ideal of R forms a weak generating set.
Nonzero ideals, therefore, always have rank 1.

Let X = {m,. ..., m,} be a weak generating set for M. If > m;r; = 0, with
r; € R and (say) r, £ 0, then V = X — [m,] is also a weak generating set. To see
this, note that m,r, € VR, and so if mr € AR, then mrr, € YR, It follows that if
A is a minimal weak generating set for M, then X’ is R-linearly independent, and
so every member of 'R has uniquely determined coefficients.

We now begin work toward a proof of our classification theorem (29.24).

(29.26) LEMMA. Let M be a nonzero finitely generated torsion-free R-module,
where R is a domain. Then there exists an R-module homomorphism of M onto
a nonzero ideal of R such that the kernel of this homomorphism has smaller
rank than does M.

Proof. Since M is finitely generated, we can choose a finite weak generating set
A’ of M with minimum possible size. Since M is nonzero and torsion free, X’
is nonempty, and we fix x € X', We see that for each element u € XY R, there
is a uniquely determined coefficient of x that occurs in the expression of u as
an R-linear combination of A If we write (1)@ to denote this coefficient, we
observe that @ : YR — R is an £-module homomorphism.

We now define amap A : M — F, where F is the fraction field of R. If
m € M, choose nonzero r € R with mr € A'R, and set (m)A = (mr)8/r. To
see that this is well defined, suppose that also ms € R with 0 £ 5 € R. Then
(mr)fs = (mrs)8 = (ms)@r and hence (mr)8/r = (ms)8/s, as regquired.
This map 1s additive since if n € M and nt € XR with 0 # r € R, then
(m+n)yrr e XK and

(m + )k = ((m 4+ n)re)o _ (mri)6 N (nrt)o — (YA + (WA
rt rt t
Also, ifa € R, then (ma)r € X R and
(may = (mar)6 _ (mr)ea — (m)ha.

It follows that A is an R-module homomorphism, and hence M is an R-
submodule of £, Since M is finitely generated, M A is finitely generated also,
and hence M A is a fractional ideal. It is nonzero because (x}\ = 1.

The fractional ideal M4 is isomorphic to some nonzere ordinary ideal A,
and this gives a homomorphism of M onto A. The kernel of this map is exactly
ker(A), which is equal to the set of elements of M that have a multiple in VR,
where ) = A — {x}. This submodule thus has rank smaller than ||, which is
the rank of M. [

(29.27) LEMMA. Every finitely generated torsion-free module for a Dedekind
domain is isomorphic to a finite direct sum of ideals.
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Proof. Work by induction on the rank of the module M. By Lemma 29.26 we
have a surjection 7 : M — A, where A is a nonzero ideal and the rank of
ker(sr) is smaller than that of M. Since A is a projective module, it follows
from Lemma 14.28 that M is the direct sum of ker(®} and an isomorphic copy
of A. The inductive hypothesis applies to ker(r ), and the result follows. |

By Theorem 16.28 we know that finitely generated torsion-free modules over a
PID are free. The following corollary gives the corresponding result for Dedekind
domains, where we replace “free” by “projective.” The argument here also provides
another proof for Theorem 16.28.

(29.28) COROLLARY. [fR isaDedekind domain, then every finitely generated
torsion-free R-module is projective. If R is a PID, then these modules are free.

Proof. By Corollary 29.23 the ideals of R are projective modules, and if R
is a PID, they are module isomorphic to the regular module. Since direct
sums of projectives are projective (by Corollary 14.29) and direct sums of copies
of R are free, the result follows by Lemma 29.27. (Note that Lemma 29.27 ap-
plies in the case where R is a PID, since by Lemma 29.2, PIDs are Dedekind

domains.) =

We need one more ingredient to get Theorem 29.24(a). This lemma is also the
key step in the proof of Theorem 29.25,

(29.29) LEMMA. Let A and B be nonzero ideals of a Dedekind domain R. Then
ADB=EZRPABR,

Proof. We consider first the special case where A + B = R. Define the map
T:AOB > Rby(a,b) > a + bfor(a.b) € A @ B. This is clearly an R-
module homomorphism of AP B onto R, and since R is a projective R-module,
Lemma 14.28 guarantees that A ® B = R N, where N = ker(rr). Clearly,
N={x,—x)lxeANB}andso N = AN B. Weclaimthat ANB = ARB
when A + B = R, and this completes the proof in this case.

Certainly, AB < A N B, and so we need to prove the reverse inclusion.
Since 1 € R = A 4+ B, we can write 1 = g + b for some elements a € A and
be B.Ifd € AN B, we have d = da + db, and we note that each term da and
db lies in AB, It follows thatd € A B, as required.

To complete the proof in the general case, it suffices to find ideals isomorphic
to A and B whose sum is R. We seek, therefore, nonzero elements o« € A~
and 8 € B~! such that A + BB = R. Choose a nonzero element o € A~
arbitrarily. Now B~! is an R-module isomorphic to an ideal of R, and since
R is Dedekind, it follows by Corollary 29.16 that B~! can be generated by
two elements, one of which is arbitrary. Since 0 <« ¢ AB~! € B!, we can
choose an element 8 € B~! such that B~' = o AB~! + BR. It follows that
R =B"'"B = (xAB '+ BR)B = wA + 8B, as required. (Note that it is
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always true that (X + Y)Z = X Z + Y Z for additive subgroups X, Y and Z of
aring.) [

We can now prove Theorem 29.25 and the existence part of Theorem 29.24.

Proof of Theorem 29.25 By Lemma 29.29 wehave A, $ A> = R & A1 A;. This,
together with a second application of Lemma 29.29, yields

AIPA PAIZERPDAIA PAI=ERPRD A AA: .

The result follows by continuing this process, wusing Lemma 29.29
repeatedly. n

Proof of Theorem 29.24(a). By Lemma 29.27 a finitely generated torsion-free
R-module is isomorphic to a direct sum of ideals. The result follows by Theorem
29.25, ]

What remains now is the proof of Theorem 29.24(b). For this, we need to
analyze R-module homomorphisms between direct sums of ideals. We obtain a
result that is entirely analogous to the familiar result that a linear transformation
between two row vector spaces over a field is given by matrix multiplication. The
following result can also be viewed as a generalization of Lemma 29,21,

(29.30) LEMMA. LetA,,...,Anand B, ..., B, be nonzero ideals of a domain
R with fraction field F, Write

M=A,®%---®A, and N=B ¢ ---®B,,

and let 8 : M — N be an R-module homomorphism. Then there exists a
unique m x n matrix X over F such that aX = b, whenever a0 = b, where
a=(....,an) EMandh=(by,...,0,)E N.

We say that the unique matrix X in Lemma 29.30 represents the module homo-
morphism &. Note that if ¢ is a homomorphism from Nto P =C{ & --- & C,
another direct sum of ideals, and if ¥ represents ¢, then XY is the unigue matrix
representing the map 8¢ : M — P.

Proof of Lemma 29.30. Lete,,.... e, be the “standard basis” in the row space
F™. The row vector e;, therefore, has the entry 1 in position { and all other
coordinates are 0. Fix nonzero elements a; € A; and define the row vector
X; € F" by x; = ({e;a;)8)/a;. Let X be the matrix whose ith row is x;, for
1 <i{ < m.

If u; € A; is arbitrary, we compute that

(e;u;)0a, = (e;u;a,)0 = (e;a;)0u; = x,aq;u; = e, Xa,u, = (e;u;)Xa,,

and it follows that the equation aé = aX holds whenever a has the form e;u;.
Since every member of M is a sum of such vectors, we have a8 = aX for all
ac M. L
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To prove uniqueness, it suffices to show that if Y is an m x n matrix such
thataY = O foralla € M, then Y = 0. The row vectors a € M, however, span
the whole row space F™, and so we conclude that e;Y = O for all /. Since ¢;Y
is exactly the ith row of Y, we have Y = 0. u

We can now prove a result that includes Theorem 29.24(b) but is more general

since it does not require R to be Dedekind.

(29.31) THEOREM (Kaplansky). Ler R be any domain and assume that A, and

B; are nonzero ideals for 1 < i < mand1 < j < n. Let M and N be the
direct sums of these ideals as in Lemma 29 .30, and define the ideals P = [] A;
and Q = [|B;. If M = N, thenm = nand P = Q. In fact, if 6 is any
isomorphism from M onto N, then P& = Q, where § is the determinant of the
matrix representing 6.

Proof. Letd be an isomorphism from M onto N, and let X be the m x # matrix that

Problems

represents 6 as in Lemma 29.30. Similarly, let Y be the n x m matrix that rep-
resents !, By the uniqueness in Lemma 29.30, the identity homomorphisms
on M and N are represented only by appropriately sized identity matrices, and
it follows that XY and Y X are both identity matrices. By elementary linear
algebra, this wnplies that m == n.

Now write x;; to denote the (i, j)-entry of the matrix X. The fact that

(0,...,0,a.,0,.... )X e By ...® B,

for elements a; € A; tells us that the product g;x;; lies in B;. It follows that if
x is any product of n entries of X, chosen one from each row and column, then
Px C Q.

Since 8 = det X is a sum and difference of products x, as above, it follows
that P§ € Q and, similarly, Qy € P, where ¥y = detY. Now XY = [ and
this implies that 8§ = 1. Thus @ = Qy§ € P3. We conclude that P§ = ¢
and hence P = Q. |

29.1 let R = F{X, Y], where F is a field, and define the ideal A = XR + Y R.

Compute A~! and show that (A~1)~! £ A,

29.2 Show that a Dedekind domain is a PID iff it is a UFD.

HINT: Show that the maximal ideais of a Dedekind UFD are principal.

29.3 Let R be a domain and suppose that A C R is an ideal maximal with the

property that A~' £ R. Show that A is prime.
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29.5

29.6

29.7

29.8

29.9

29.10

29.11

29.12
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Let R be a domain with the property that every nonzero ideal s a product
of maximal ideals. Show that R is Dedekind.

HINT: Show thatevery nonzeroideal is invertible. Use the fact that nonzero
principal ideals are invertible.

Let M be a multiplicative system in a Dedekind domain R. Show that the
ring § = Ry, obtained by adjoining inverses for M to R, is a Dedekind
domain. If M is the complement of a nonzero prime, show that § is a PID.

HINT: See Problem 28.10.

L.et R be the ring of all algebraic integers in €, and suppose that A is a
proper ideal of R. Suppose «,., ..., o, are algebraic numbers that are not
all zero. Show that there exists some algebraic number 8 such that all B¢,
are integral but not all lie in A.

Suppose that at most finitely many of the prime ideals of 3 Dedekind domain
R are nonprincipal. Show that R 15 a PID.

Let R be a Dedekind domain and write P to denote the set of nonzero
primes of R. As in Section 29B, let f4 denote the nonnegative-integer-
valued function on 7 associated with the ideal A of R.

a. If A and B are ideals, show that f4,5(F) = min( f4(P) + fe(F)).
b. Find and prove a corresponding formula for f4np.
¢. Provethat AB = (A + B)(A N B) forideals A and B of R.

Show that the primary ideals of a Dedekind domain are exactly the powers
of primes,

Let R be a domain, and let M be a torsion-free R-module of finite rank ».
Show that every R-linearly independent subset of M contains no more than
n members.

Let R be a domain with fraction field F. Show that if M is a torsion-free
R-module of finite rank », then M is isomorphic to a submodule of the row
space F", viewed as an K-module.

Let M be a module for a domain R. The torsion submodule of M is the set
T = {m € M | mr = 0 for some nonzero element r € R}.

a. Show that T is a submodule and that M/ T is torsion free.

b. If R is Dedekind and M is finitely generated, show that T is a direct
summand of M.

¢. In the situation of part (b), show that T'a = 0 for some nonzero element
a € R.
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29.13

29.14

29.15

Suppose that O < P are prime ideals of aring R. If P/ P () is a principal
ideal of R/ P Q, show that Q = P Q. If R 1s a noctherian domain, deduce
that = 0.

HINT: Write P = PQ + aR for some element ¢ € R, and consider the
ideal X = {x € R |ax € (J}. Note that PX < Q.

Let R be a domain for which every proper homomorphic image is a principal
ideal ring. Show that R is Dedekind.

HINT: By Problem 29.13 all nonzero primes of R are maximal. Let P be a
nonzero prime and work to show that P is invertible, Once this is done, show
that all nonzero ideals of R are invertible using the relevant argument in the
proof of Theorem 29.6. To show that P is invertible, write » = P? 4+ aR.
If P is not invertible, show that P +aP~! < R and deduce thataP~! C P.
By Lemma 29.7 let U be an ideal suchthat U P € aP ™! with U € aP™!,
and obtain a contradiction by computing U P2,

Let R be the ring of integers in a Galois extension £ 2 Q. If p is a prime
number, show that there exist distinct prime ideals of P;, P5, ..., P, of R
such that pR = (P P, - -+ P,)° for some positive integer e.



CHAPTER THIRTY

Algebraic Sets and the Nullstellensatz

30A

The two main areas of “application” of commutative ring theory are algebraic number
theory and algebraic geometry, each of which is a discipline to which numerous books
and many lifetimes of research have been devoted. Because of the limitations of
space and, more significant, the limitations in the expertise of the author, all we can
hope to do here is to give a small sample of each of these subjects. In the previous
two chapters, we attempted to do this for number theory, and here in the final chapter
of this book, we present a tiny taste of algebraic geometry.

Suppose we are given a poelynomial in several variables over a field. For example,
we might consider the polynomial f(X,Y) = ¥ — X? over Q. The graph of this
polynomial is its zero-set: the set of points (x, y) (on an appropriate piece of graph
paper) such that f(x, y} = 0. Observe that the coordinates of points on the graph
paper are not restricted to lie in the coefficient field of the polynomial; they come
from the extension field R 2 @. In the case of our example, of course, the graph is
a parabola, and we can ask such “geometric” questions as whether or not the graph
crosses itself, or whether or not there is a line it crosses in as many as three points.
In essence, algebraic geometry is the study of such geometric questions about the
graphs of polynomials,

We do not wish to be limited to two dimensions. If we take a polynomial in three
indeterminates and graph it on three-dimensional “graph paper,” in general we geta
surface. If we wish to study curves in 3-space, we could take two polynomials and
consider their common zero-set. (For instance, the line through the points (1, 1, 1)
and (0, 1, 2) is the common zero-set of the polynomials X + Y +Z-3and X+ Z —2)
We consider, therefore, common zero-sets of sets of polynomials.

In general, let F & E be fields and fix an integer n > 0. Write R =

FIX,, ..., X,], the polynomial ring in n indeterminates. For our “graph paper,”
we take the space E” of all n-tuples over E. If x = (x1,...,x,) € E" and f € R,
we write f(x) to denote f(xy, ..., x,). For arbitrary subsets 0 < R, we define

493
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ZeriQ) ={x e E"| f(x) =0forall f € O},

the common zero-set of 3. A subset of £ of the form Zer((?) for some subset
O € R is called an algebraic set. (More precisely, it is an algebraic set over F
in £7.) It is these algebraic sets that are the primary objects of study in algebraic
geometry. Note that the whole set £” and the empty set are algebraic sets since
they are, respectively, Zer({(}) and Zer(R). In the case where £ = F, every
singleton set {x} for x € E" is also algebraic; it is the zero-set of the collection
O={X;,~-x; |1 =<i=<n},where x = {x;,..., x,).

(30.1) LEMMA, The collection of algebraic subsets of E" is closed under finite
unions and arbitrary intersections.

Proof. Suppose X' is a collection of subsets of R and write @ = |_JX. Then
x € E” lies in Zer( () iff x is a zero for all pelynomials in all the sets that
constitute Y. In other words, Zer((Q) = [ ){Zer(S) | § € X}. It follows that
arbitrary intersections of algebraic sets are algebraic. To complete the proof, it
suffices to show that a union of two algebraic sets is again algebraic. To see
this, note that Zer( () U Zer((Q:) = Zer(Q), where Q is the set of all products
of a polynomial from ¢}y and one from (.. This is s0 because the polynomial
J g vanishes at x iff either f or g vanishes at x. |

It follows that we can make £” into a topological space by taking the algebraic
sets to be the closed sets. (This is called the Zariski topology for E”.) Although
topological considerations form an important part of algebraic geometry, we do not
pursue that aspect of the subject any further.

There is something unsatisfactory about what we have done. If we take F = @
and E = R as before, we see that the polynomial X? + Y2 + 1 has an empty graph,
whereas the graph of the very similar polynomial X? 4+ Y2 — 1 is a circle. This
difference is because our graph paper is inadequate; the field £ is too small. Had
we taken £ = C, for instance, there would not have been such a dramatic difference
between the two graphs. In order to avoid this difficulty, we usually assume that the
field £ is algebraically closed.

As we saw in the previous paragraph, if ¥ C L C E, then we cannot necessarily
recover an algebraic set in E” by looking only at points whose coordinates lie in
L. (The zero-set of X? + Y? + 1 in C? has no real points at all, for example.) One
of our major resuits is that if L contains all elements of E algebraic over F, where
E is algebraically closed, then the intersection of any algebraic set in E” with L"
contains enough information to recover the full algebraic set in E”. In short, an
algebraic set ts determined by its algebraic points.

(30.2) THEOREM. Let F C L C E, where E is algebraically closed and L is
the algebraic closure of F in E. If A is an algebraic set over I in L™, then
there exists a unique algebraic set B over F in E" such that BN L" = A.

{30.3) COROLLARY. LetS C E” be a nonempty algebraic set over F, where E
is algebraically closed. Then S contains a point with all coordinates algebraic

over F'.
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Proof. Let L be the algebraic closure of 7 in E, as in Theorem 30.2. We must
show that § N L” is nonempty. If this is false, then § and & are two different
algebraic sets in £7 that have the same intersection with L*. This contradicts
Theorem 30.2. -

How might we try to prove Theorem 30.27 One strategy might be to try to
discover the subset of R for which A is the zero-set, and then to show that B must be
the zero-set in E£™ for that same collection of polynomials. If A € E” is an arbitrary
subset (not necessarily algebraic), we wrile

Pol(A) = {f €e R| f(x} = Oforall x € A},

where, as usual, R = F[X,, ..., X,].
(30.4) LEMMA. If A isanalgebraic set, then A = Zer(Pol(A)).

We should mention that the functions Zer and Pol between subsets of R and
subsets of E” form a (Galois connection. Lemma 30.4 says that Zer(Q) =
Zer(Pol(Zer(Q))) for arbitrary subsets T R. Although this is one of the general
trivialities about Galois connections, we spare the reader the necessity of reviewing
this material by giving the simple direct proof.

Proof of Lemma 30.4. The containment A < Zer(Pol(A4)) is obvious for ail
subsets A © E". We are assumning that A = Zer( () for some subset 0 < R,
and so it foliows that Pol(A) = Pol{(Zer(Q)) 2 Q. Since Pol(A) 2 , we have
Zer(Pol{A)) € Zer((2) = A, as required. [

Note that Pol(A) is an ideal of the polynomial ring R. It follows by Lemma 30.4
that every algebraic set has the form Zer([) for some ideal 7 of R.

(30.5) COROLLARY. Every algebraic set has the form Zer(Q) for some finite
set & of polynomials of R.

Proof. If A is an algebraic set, then A = Zer(]) for some ideal /. Since R is a
noetherian ring by the Hilbert basis theorem, the ideal / has a finite generating
set (7, and it is clear that Zer((Q) = Zer(I) = A. [ ]

Not every ideal has the form Pol(A) for a subset A € E”. To see this, note that
if I = Pol(A) and f € R has the property that f* & I for some integer &, then for
x € A, we have f(x)* = 0 and hence f(x) = 0. It follows that f & 7 and hence
[ = /1. In other words, only radical ideals can occur as Pol(A). This argument
also shows that if / € R is any ideal. then Pol(Zer(])) 2 +/T.

(30.6) THEOREM (Hilbert Nullstellensatz). Le: £ 2 F, where E is alge-
braically closed. Computing zero-sets in E", we have Pol(Zer(I)) = /1 for
all ideals I €T R= F[X,,..., X.].
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We mention that the German word “Nullstellensatz®” means “zero location the-
orem.” This is the essential ingredient in the proof of Theorem 30.2.

Proof of Theorem 30.2. For the purposes of this proof, we write Zer,, and Zer,
to denote the zero-set functions in L” and £”, respectively. Let / = Pol(A) and
define B = Zerg(F). Then BN L" = Zer; () = A by Lemma 30.4.

Now let C be any algebraic set in E” with C N L" = A, and write J —
Pol(C). Since C = Zerg(J) by Lemma 304, wehave A = CNL" — Zer; (J).

Thus
{ = Pol(A) = Pol(Zer, (J)) = /T

by the Nullstellensatz (30.6) applied in L. (This is valid since L. is algebraically
closed because it is the algebraic closure of F in the algebraically closed field
£.) Now we apply the Nullstellensatz in E. This gives

J = Pol(C) = Pol(Zerg)(J)} = /7T,
and so I = J. It follows that B = Zerg(]) = Zerg(J) = C, as required. "

We did not use the full strength of the Nullstellensatz in the proof of Theorem
30.2; we needed only the fact that Pol(Zer({)) is determined by I, and not that it
is the radical. The following Nullstellensatz corollary uses the faci that we actually
get the radical of /. An even stronger form of this result {(which requires only that
the field £ be infinite) can be proved by induction on #, without the Nullstellensatz.

(30.7) COROLLARY. IfE isalgebraically closed, then no nonzero polynomial

imn R = E{X,....,X,]) can vanish on all of E".
Proof. If f vanishes on E", then since £% — Zer(0), we have f € Pol(Zer(0)) —
VO = 0. n

The Nullstellensatz is easily seen to imply that if / is a proper ideal of R,
then Zer(1) is nonempty. (This foliows because Pol(Zer(1)) = ~7 < R.) We
reverse the logic, however, and prove this “corollary” first, and then derive the
Nullsteliensatz from it. We begin by proving a theorem of Zariski that, although 1t
seems purely algebraic and does not mention algebraic sets, is essentially equivalent
to this assertion that zero-sets of proper ideals are nonempty.

(30.8) THEOREM (Zariski). Let F C E be an extension of fields, and assume
that there exist ay, ..., «, € E such that E == Flay,...,a,}. Then E is
algebraic over F.

In other words, a field extension that is finitely generated as a ring extension is
algebraic. Note that this extension. being algebraic and finitely generated, neces-
sarily has finite degree. Conversely, every finite-degree field extension is obviously
finitely generated as a ring.
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Observe that we already know Zariski’s theorem in the case where n = 1. If
Fla] is a field, then certainly & must be algebraic because otherwise F[w] would be
isomorphic to the polynomial ring F{X], which is not a field.

Proof of Theorem 30.8. As we have observed, we know the result to be true
when n = 1, and so we assume that n > 1 and proceed by induction on n.
Let R be the subnng Fla,] © E, and let K be the field of fractions of R in
E. Then £ = Kfo,. ..., ®,_] and so E is algebraic over K by the inductive
hypothesis. If «, is algebraic over F, then K = R is algebraic over £, and
hence E is algebraic over F, as desired. We may assume, therefore, that «,, is
transcendental over £, and we work to get a contradiction.

Since «; is algebraic over the fraction field K of Rfor 1 < i < n,itis
automatically algebraic over K. (Just clear denominators from the minimal
polynomial of ¢; over X'.) It follows by Lemma 28.2 that a;«; is integral over
R for some nonzero element a; € R. Leta = []a;, and note that 0 # @ € R
and ac; is integral over R for all subscripts /.

We claim that for every element 8 € E, there exists some nonnegative
integer exponent m such that a™ 8 is integral over R. To see this, observe that
the set of elements 8 € E for which this assertion is true is closed under addition
and multiplication. This set includes all «,; and it obviously inctudes F since
F < R. It follows that it includes the whole ring Fla;,...,q,] = E, as
claimed.

Since R = Flea,] and «, was assumed to be transcendental over ¥, we
know that R is isomorphic to £[X], and we identify R with this polynomial
ring. Since the polynomial Xa + 1 is nonzero (where a is as in the previous
paragraphs and so is a polynomial over F), we have 1/(Xa+ 1) € K € E
and so a™ /(Xa -+ 1) 15 integral over R for some exponent m. The polynomial
ring R is a UFD, however, and so by Lemma 28.3 it is integrally closed in X
Thus @™ /{Xa -+ 1) lies in R and @™ is a multiple of Xa + 1. Since Xa + 1 has
positive degree, it has a root § in some extension field of F, and it follows that
a”(8) = 0. Thus a(d) = 0 and evaluation of Xa + 1 at § gives 1. This is a
contradiction since 8 is aroot of Xa + 1. |

We can now prove the assertion we mentioned earlier as a consequence of the
Nullstellensatz.

(30.9) COROLLARY. Assume the usual notation, with the field E algebraically
closed. If I is a proper ideal of R, then Zer({l) is nonempiy.

Proof. Since I is proper, we can choose a maximal ideal M of R with M 2 1.
Then R = R/M is a field. Since the nonzero elements of F are invertible in R,
they cannot lie in a proper ideal. It follows that F N M = 0, and the image F
of F in R is isomorphic to F. We identify F with F via the natural map.

Since R = F[X,,..., X,], we have R = Fla; ... 0,], where o; = X,,
the image of X; under our homomorphism. By Zariski’s theorem (30.8), R is
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algebraic over F, and so we can identify R with a subfield of the algebraically

closed field E.
We claim that (@, ....«,) € E" lies in Zer(/}. To see this, let f & 1.

Then

flay, .. a) = fX, ... X)) = f(Xy,....X)=f =0,
where the last equality holds since f € I C M. |

We are now ready to prove Hilbert’s Nullstellensatz.

Proof of Theorem 30.6. ELet f € R and assume that f € Pol{(Zer(/)). Our task

is to show that some power of f lies in /. To do this, we introduce a new
indeterminate 7 and we write S = R{T]. Let {[T] denote the ideal of § that
consists of those polynomials in T for which all coefficients lie in 7, and define
the ideal J of S by setting J = I[T]14+ (1 — T{)S. Suppose J is a proper ideal
of § = F[X,, X3....,X,, T]. By Corollary 30.9 (applied in the case of n + 1

indeterminates) there exist elements oy, ..., @,, B € L such that every member
of J vanishes when evaluated at this {n + 1)-tuple.
Since I <€ J, it follows that the point X = (&, ..., ®,) € E" lies in Zer(/).

But f ¢ Pol(Zer([I)), and so we deduce that f vanishes at x. This is impossible,
however, since | — T f « J, and thus 1 — Bf(x) = 0. This contradiction shows
that J = §.

Sincel € J, wecanwrite | = u(T)y+ (1 — THv{T), where u € [[T]
and v € R[T]. Viewing this as a polynomial identity in R[T], we can deduce
valid equations in any unitary overring R* of R by substituting any element of
R* for T. We apply this in the case where R* is the field of fractions of R, and
we substitute 1/f for 7., {We may certainly assume that f # 0, since otherwise
f € I and there is nothing to prove.) Carrying out this substitution, we obtain

u(l/f) = 1.
If we write i(T) = a,T" +a, . T"' + -+ + ag, with all @; € I, we have
iy i
-J;-;-f- i + -+ ap =1,
and so
; +an—lf-+"'+a[]fn =fn-
Since all a; € I, we conclude that f* € I, as required. |
30B
We continue to consider fields F € E and we write R = F[X,..... X,]. as usual.

If E is algebraically closed, the Nullstellensatz gives us a correspondence between
the radical ideals of R (including R itself) and the algebraic subsets of £".

(30.10) COROLLARY., The maps Zer and Pol define inverse bijections between

the set of radical ideals of R and the set of algebraic subsets of E", where E is
algebraically closed.
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Proof. Certainly Zer maps radical ideals to algebraic sets, and we have seen that
Pol maps algebraic sets to radical ideals. It suffices, therefore, to show that
Zer(Pol(A)) = A and Pol(Zer(/)) = [ for algebraic sets A and radical idcals
1. The first of these equations is exactly Lemma 30.4, and if [ is a radical ideal,

then the Nullstellensatz gives Pol(Zer(f)) = +/7 = I, as required. m

Since the radical ideals of R are exactly the mtersections of the prime ideals,
we see that prime ideals play a special role. This suggests the question of which
algebraic sets correspond to prime ideals.

A nonempty algebraic set is irreducible if it is not the union of two proper
algebraic subsets. For example, the zero-set of the polynomial X? — ¥? is the union
of two lines, the zero sets of X — ¥ and X + Y, and so it is not irreducible, In the
literature, irreducible algebraic sets are also called varieties, although sometimes the
word “variety” is used to mean an algebraic set in general, one that is not necessarily
irreducible. It is exactly the irreducible algebraic sets that correspond to prime
ideals under the bijections of Corollary 30.10. (Note that although we used the
Nullstellensatz to establish Corollary 30.10, it is not needed for the following 1two
results.)

(30.11) THEOREM. Llet A € E" be an algebraic set. Then A is irreducible iff
Pol(A) is prime.

Proof. Let 7 = Pol(A) and suppose that { is prime. In particular, / < R and so A
is nonempty. If A = B U C, where B and C are algebraic sets, we must show
thateither B = Aor C = A. Write U = Pol(B) and V = Pol((), and note that
every polynomial in I/ V vanisheson BUC = A. Thus UV C Pol(A) = I, and
since [ is prime, it must contain one of I/ or V. Suppose U € 7. By Lemma
30.4 we have

B = Zer(Pol(B)) = Zer(U) 2 Zer(I) = Zer(Pol(A)) = A.

It follows that A = B, as required.

Now suppose that A is irreducible and again write / = Pol(A). Inparticular,
A 15 nonempty and so /! is proper. To show that [ is prime, we suppose that
fg € I for polynomials f and g. We have

Zer(f)\U Zer(g) = Zer(fg) 2 Zer({} = Zer(Pol(A)) = A

bylemma30.4. Thus A = BUC,where B = ANZer(f)and C = A NZer(g).
By Lemma 30.1 both B and C are algebraic sets, and hence by the irreducibility
of A, we may suppose that B = A. Since B C Zer( f), we have f € Pol(B) =
Pol{A) = I, as required. |

Just as the zero-set of X* — Y2 is the union of two lines, each of which is an
irreducible algebraic set, we have the following theorem.

(30.12) THEOREM. Everyalgebraic setis a finite union of irreducible algebraic
sets.
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Proof. If A, = A; = --.is a properly decreasing chain of algebraic sets, write
I; = Pol{(A;). Then clearly I} € I, € ---, and these containments must be
proper since A, = Zer({,) by Lemma 30.4. Since R is noetherian by the
Hilbert basis theorem, this chain of ideais must terminate, and we deduce that
the set of algebraic subsets of E” satisfies the DCC and hence also the minimal
condition.

If the theorem is false, choose an algebraic set A minimal such that it is not
a finite union of irreducible algebraic sets. In particular, A is nonempty since
the empty set is the union of the empty collection, and A is not irreducible. We
can thus write A = B U C, where B < A and C < A are algebraic sets. By the
mimmality of A, each of B and C is a finite union of irreducible algebraic sets,
and thus A is, too. This is a contradiction. |

Unlike the previous two elementary results, which were about algebraic sets but
did not depend on the Nullstellensatz, our next result is nongeometric but uses the
Nullstellensatz heavily.

(30.13) THEOREM. Let R be a polynomial ring in several variables over an
arbitrary field. Then every radical ideal (and, in particular, every prime ideal)
of R is an intersection of maximal ideals.

(30.14) LEMMA. Let F C E be fields, where E is algebraic over F. Ifx € E*,

then Pol(X) is a maximal ideal of R = F[X,, ..., X,).

Proof. Write x = (a),...,a,) and consider the evaluation map ¢ : R — E
defined by setting ¥ (f) = f(x) for f € R. Then ¢ is a homomorphism and
ker(yr) = Pol(x). The image of y is F[ai, ..., a,]. which is a field since the
elements o; of E are all algebraic over F. Since R/Pol(x) is a field, the ideal
Pol(x) must be maximal. u

Proof of Theorem 30.13. We have R = F[X,,..., X,] and we let E be the
algebraic closure of F. Suppose that / is a radical ideal of R and let A = Zer(J).
We have

I =1 =Pol(4) = [ |{Pol(x) | x € A)

by the Nullsiellensatz. The result follows since all of the ideals Pol(x) are

maximal by Lemma 30.14. ]

The correspondence given in Corollary 30.10 (when E is algebraically closed)
tells us that the maximal ideals of R correspond to the minimal (nonempty) algebraic
sets. Of course, these are irreducible (this corresponds to the fact that maximal ideals
are prime), What else can we say about minimal nonempty algebraic sets? Note
that we are not assuming that E is algebraically closed in the following theorem.

(30.15) THEOREM. Suppose E is algebraic over F. Then every point of E"
lies in a unique minimal algebraic set, and these minimal algebraic subsets of
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E" are all finite. If E = F, then each minimal algebraic set consists of just a
single point.

Proof. Let x ¢ E” and write M = Pol(x). Then M is a maximal ideal of R =
F(X,,..., X;] by Lemma 30.14. Writing A = Zer(M), we have x € A and we
claim that A is a minimal algebraic set. To see this, suppose B is a nonempty
algebraic set and B £ A. Then

R > Pol(B) 2 Pol(A) = Pol(Zer(M)) 2 M,

and 1t follows that Pol(B) = M since M is maximal. By Lemma 30.4 we have
B = Zer(Pol(B)) = Zer(M) = A, and s0 A is minimal, as claimed. It is the
unique minimal algebraic set that contains x because if X € C, where C is any
algebraic set, then A M C is a nonempty algebraic set contained in A and hence
A=ANCcCC.

To see that A 1s finite, write X = (¢, ..., o, ) and note that each coordinate
a; 18 algebraic over F. Let f; be the minimal polynomial of o; over F, and
view fi(X;) as an element of the ring K. Then f;(x) = O0and so f; € M. Since
A = Zer(M), it follows that fi(y) = Oforally € A. Ify = (B1,..., Bs),
we see that f;(f;) = 0, and thus there are just finitely many possibilities for
Bi; 1t must be one of the roots of f;. It follows that there are just finitely many
possibilities for points y € A.

If F = E, then the polynomials f; of the previous paragraph all have degree
1, and s0 8; = «; and x is the unique point in A. ]

(30.16) COROLLARY. If F is algebraically closed, then the map
x > Pol(x)}

defines a bijection from F" onto the set of all maximal ideals of
R=F[X,, ..., X,]

Proof. Since Pol(x) is a maximal ideal of R by Lemma 30.14, we do have a map.
By Theorem 30.15 we know that {x} is an algebraic set forx € F”, and Lemma
30.4 thus gives {x} = Zer(Pol(x)). It follows that our map is injective.

To prove surjectivity, we appeal to Corollary 30.9 of Zariski’s theorem,
If M is a maximal idea! of R, then Zer(M) is nonempty, and we can choose
X € Zer(M). Then M € Pol(x), and since M is maximal, we have M = Pol(x),
as required, |

The situation when E = F is algebraically closed can be clarified further by
describing the map Zer within the ring R.

(30.17) COROLLARY. [letrR = FiX,,...,X,), where F is algebraically closed.
If Q € R is an arbitrary subset, then Zer(Q) is exactly the set of those points
in F7 thar correspond under the bijection of Corollary 30.16 to maximal ideals
of R containing (.
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Proof. 1t suffices to observe that a point x lies in Zer( Q) iff @ € Pol(x). n

30C

We close with an application of our results.

{30.18) THEOREM. LetR=F[X,..... X, 1, where F is algebraically closed.
Suppose that Q < R is a subset that contains fewer than n polynomials, and

suppose that Zex( Q) is nonempty. Then Zer(Q) is infinite.

To demonstrate the significance of Theorem 30.18, we use it to prove the fol-
lowing result in linear algebra.

(30.19) THEOREM. Let F be an algebraically closed field and suppose that
V is an F-subspace of the vector space of all m x m mairices over F. Let
n = dimg{V) and assume either that n > m or that n = m and V consists
entirely of singular matrices. Then V contains a nonzero nilpotent matrix.

Proof. Let My, M>, ..., M, be a basis for V and write R = F[X,,..., X,,]. We
can view the matrix

M=XM+ XoM,+---+ X, M,

as being an m x m matrix over K. Its characteristic polynomial p(T) =
det{7 I — M)lies in R[T], and we write

PT)=T"+ furd 7"+ frnaT™" 2+ + AT + fo,

where f; € Rfor0 < j < m — 1. In particular, det(M) = + f;. For each point
X = (o1, ....a,) € F", we define the matrix M(x) € V by setting X; = o,
in the expression for M above. Observe that the characteristic polynomial of
M(x) can be obtained from p(T) by substituting ¢; for X; in the polynomials
fiXy, .., Xp), for0 < j < m — 1. In particular, writing 0= (0, ....0), we
see that M (0) is the zero matrix with characteristic polynomial 7™. It follows
that f;(0) = 0 for all subscripts ;.

Suppose we could find some point x € F” with x # 0 and such that
fi(x) = G for all j. Then the characteristic polynomial of M (x) would be 77,
and so M(x) would be nilpotent. Since x # 0, we would have M(x) # 0
because of the linear independence of the matrices M., and we would be done.

Ifn > m,let @ = {fo, fi,..., fmo1}, and if 7 = m, take Q to be
{fi. .-\ fm—1}. In either case then, we have |@| < n, and since Zer(Q) is
nonempty (because it contains 0), Theorem 30.18 applies. It follows that Zer( Q)
1s infirite and hence certainly contains some point X # . We have f(x) = 0
for f € @, and what remains is to show that fy(x) = 0 in the case n = m,
where we do not have fo € Q. In this case, however, the hypothesis tells us
that M (x) is singular, and so det(M(x)) = 0. Since f3(x) = £ det(M (X)), the
proof 1s complete. a
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To prove Theorem 30.18, we appeal to the theory of noetherian rings, as pre-
sented in Chapter 27. Recall that if R is noetherian and P € R is a prime ideal, then
the height ht{ P} is the largest integer m such that there exist prime ideals P; such

that
P:Pg‘..‘-‘-Pl}'“‘.‘}Pm.

The height of every prime is finite, and, in fact, by Krull’s theorem (27.19) we know
that if P is a minimal prime over an m-generator ideal, then ht(P) < m. Weneed a

lemma.

(30.20) LEMMA, Let R = F[X,,...,X,), where F is a field. If M is any
maximal ideal of R, then ht(M) > n.

By Corollary 27.26 the maximum possible height for any prime of the ring R is
n, and so we can strengthen Lemma 30.20 and assert that all maxima!l ideals have
height exactly equal to n. For our present needs, the stated inequality is sufficient.

Proof of Lemma 30.20. We work by induction on #, noting that when n = 0, we
have R = F, and 50 the only maximal ideal 1s 0 with height 0. Suppose n > 0
andlet § = F[X;,..., X, ] € R. Write M; = M N § and note that M, is an
ideal of S. Our first goal is to show that M, is a maximal ideal.

Use overbars to denote the canonical homomorphism R - R/M = R, and
note that R is a field. Since F N M = 0, we have F = F and we identify F

with F. Thus R = Fla,, .. , 0], where we have written o; to denote X;. By
Zariski’s theorem (30.8) we deduce that the elements o, are algebraic over F,
and hence § = Flay, ..., ®,-1]1s a field. Since § = S/M,, we conclude that

My is a maximal ideal of S, as desired.

By the inductive hypothesis, the height of M; in S is at least » — 1, and so
we can find prime ideals M, of S such that My > M, > .- > M,_,. We write
P, = M;[X,] € R to denote the set of those polynomials in R = S[X,] that
have all coefficients in the ideal M; of S. The P, are clearly ideals of R that
satisfy

MQ_PO}P] =S - 3 Pn—ls

and the proof will be complete if we can show that the P; are prime ideals of R
and that M > F,.

Since R = S[X,]) and P; = M;[X,], it is clear that R/ P, is isomorphic to
the polynomial ring (.S/M;)[X,] over the domain §/M;. Tt follows that R/ P; is
a domain and hence P, is a prime ideal. Furthermore, R/F; is not a field and
hence Py is not maximal. Thus Py < M, as required. |

Proof of Theorem 30.18. Let / be the ideal of R generated by (, and note that
! < R since Zer({) = Zer(Q) is nonempty. Suppose that P is a prime ideal
minimal over 1. By Krull’s theorem, we have ht(P) < |Q} < n, and so Lemma
30.20 guarantees that P is not a maximal ideal of R.

Now consider the algebraic set A = Zer(P). Since P is not a maximal
ideal. it follows by Corollary 30.10 that A is not a minimal algebraic set, and
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80 it contains more than one point. Clearly, A is the union of the singleton
subsets {a} for a € A, and each of these is an algebraic set by Theorem 30.15.
Now Pol{A) = P by Corollary 30.10, and since P is prime, A is ireducible
by Theorem 30.11. It follows that A is not a finite union of proper algebraic
sets. We conclude that A contains infinitely many points, and since Zer(Q) 2

Zer(P) = A, the result follows. |
Problems
30.1 Let E be algebraically closed and give E" the Zariski topology (working

30.2

30.3

30.4

30.5

30.6

30.7

over some field F € E). Prove that E” is compact.

HINT: Show that a collection of closed sets with all finite intersections
nonempty has a nonempty intersection.

Suppose F € E, where E is a finite field. Show that the only irreducible
algebraic sets over F in E™ are the minimal nonempty algebraic s¢ts,

Let R be a commutative ring that is finitely generated as an algebra over a
field. Show that the Jacobson radical of R is a nil ideal.

Let R < § be commutative rings such that S = R[sy, 83, ....5.]. Let M be
a maximal ideal of S, and assume that 4/ M R is maximal in K. Show that
M N T is maximal in T for every subring T of Ssuchthat T 2 R.

Let F 2 F be fields and assume that F is algebraically closed. L.et A € E”
be maximal among proper irreducible algebraic subsets of E” over F. Show
that A = Zer(f), where f is some prime element in F[X, ..., X,].

Suppose f(X, Y) and g(X, ¥Y) are polynomials with coefficients in some
algebraically closed ficld F, and suppose they have infinitely many common
zeros in . Show that there is some nonconstant polynomial in F[X, ¥]
that divides both f and g.

HINT: If {f. g} is contained in infinitely many maximai ideals, show that
this set is contained in some nonmaximal prime ideal. Show that a nonmax-
imal, nonzero prime in F[X, Y] is necessarily principal.

Let R = F{X,.....X,], where F is a ficld. Let M be a maximal idea) of
R, and suppose that I is any ideal. Show that f /1 M is finite dimensional as
an F-vector space,

Let R = FIX,,..., X,], where F is a field, and suppose that P C R isa

prime ideal.

a. Show that there exists a field extension L 2 F and a point x € L" such
that the transcendence degree tdg{L) < n and P = Pol(x).

b. Suppose £ 2 F, where £ is algebraically closed and td(E) = n. Show
that every prime ideal of R has the form Pol(x) for some pointx € E”,

HINT: For part (a), observe that B/ P would have to be embedded in L.
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30.10

30.11
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Let A € E” be an algebraic set over . A point X € E" is called a generic
point for A if A = Zer(Pol(x)). (Note that necessarily, x € A in this case.)

a. Show that only irreducible algebraic sets can have generic points.

b. If E is algebraic over F, show that the algebraic sets with generic points
are precisely the minimal nonempty algebraic sets.

c. If every irreducible algebraic set in E” has a generic point, show that
either £ is a finite field or the transcendence degree td (E) = n.

d. If E is algebraically closed and tdr(£) = n, show that every irreducible
algebraic set has a generic point.

HINT: For part (¢), show by induction on » that if E is infinite, then
Pol(E") = 0. Deduce that E" is irreducible. For part (d), use Problem

30.8.

Let R = F[X,,..., X,}and suppose E 2 F. If every prime ideal of R has
the form Pol(A) for some subset A € E", show that Pol(Zer(l)) = +/7.

HINT: This problem can be done without appeal to the Nullstellensatz.

NOTE: QObserve that if E is algebraicaily closed and tdg(E) > n, then by
Problem 30.8 the hypothesis is automatically satisfied. In particular, this
provides a comparatively easy proof of the Nullsteliensatz in the case where
F=Qand E =C.

Let F be algebraically closed and suppose that A is a not hecessarily associa-
tive algebraover F withdimr{A) = rn < o0. Assume that for every element
x € A, there exists a nonzero element y € A such that yx = {), Show that
there exists a nonzero element a € A such that (- - - (((x)a)a) - - -}a = O for
all x € A, where there are n occurrences of @ in this formula.

HINT: Use Theorem 30.19.
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seres)
ascending chain condition (see ACC)
associated factors 338
associated prime ideal 440442, 450
associative property 9
augmentation ideal 173
augmentation map 173
dutomorphism
of group 19-22
of symmetric group 7980
automorphism group
of algebraically closed field 405
of group 20, 28§, 41, 310
axiom of choice 5, 144-1435, 153, 269

basis for free module 202, 434
Berlekamp algorithm 333-339, 464

bijection 4
binary operation 9

s507
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binomial coefficient 35

block diagonal representation 216, 219

bracket operation 305

Brodkey’s theorem 66

Burnside, W. 51, 115

Burnside’s fusion lemma 121

Bumside’s theorem on normal p-complements
122

Bumside’s two-prime theorem 66, 1135, 213,
467471

cancellation in direct products 35, 139140
canonical homomorphism 30, 32

cardinal number 269-270

casus irreducibilis 351

Cauchy-Frobenius theorem  50-51
Cauchy’s theorem 54, 57 '

Cayley, A. 9
Cayley’s theorem 12, 161
center

of character 225, 229, 230
of dihedral group 19
of group 19, 39, 229
of p-group 63
ofring 174
center with finite index
central chief factor 141
central extension 118
central product 97
central series  105-107
centralizer 18-19
in homomorphic image 53
inring 174
centralizer ring of module
chain 143
character 213-230, 468471, 473
definition of 216
character induction and restriction 225-226
character table 218
characteristic
of field 214,271, 281, 296-299, 308, 326,
401, 404
of ring 173
characteristic polynomial 359-362

119120, 128

184

characteristic subgroup 19, 21

chief factor 102, 141

chief series 102, 131

Chinese remainder theorem 334, 341, 431,
480

Classification theorem for simple groups 38,
99

choice function (45

class (see conjugacy class)
class equation 49
class function 217,221, 226, 227
class number 480
classicat adjoint 439, 456
Clifford’s theorem 15§
closed elements in Galois connection 276
closure operator 276
closure of coset product 24--25
closyre property 6,9, 14
coboundary 368
c¢ochain 368
cocycle 368
coefficient
of cyclotomic polynomial 309-310, 323
of polynomial 233, 272, 457
sequence 234
cohomology group 367-368, 369
colored cubes 53
colored squares 52-53
comaxmmal ideals 341, 431
commutative diagram 32
commutative ring 160

commutator
of elements 27, 37, 106, 110
of subgroups 27, 37, 105-106, 110, 114

commutator subgroup (see derived subgroup)
compass 315-316
complement in X-group 149
complement to normal subgroup 94, 377
completely reducible module 170, 197-198
completely reducible X-group 149-153, 158
complex conjugate 223
complex number field 264, 355, 316, 383
composition factor 38, 101, 102, 132
having specified type 140
of medule 212
composition length 134, 146, 150151, 188
composition of mappings 4,6, 7, 12, 159
composition series 38, 101, 102, 131 (see also
X -composition series)
compositum of fields 289, 312313
conjugacy class 47, 48, 120, 217, 468, 470
in symmetric group 73, 81
conjugacy of point stabilizers 77
conjugate elements 20, 120
conjugate permutations 72-73
conjugate subgroups 20, 57,77
conjugation action 43, 49
constant polynomial 235
constituent of representation 216, 219
constructible number 316-320, 325
construction of abelian groups 91



continuous functions, ring of 252, 429430
contraction 426427
coprime elements of UFD 241
coproduct 86
core
of subgroup 45,113
of Sylow subgroup 66
Correspondence theerem 35, 36
forrings 164
for X-groups 130
coset 22-24
cosets, actionon 44,45,115
counting colored cubes 53
counting colored squares 52-53
counting conjugates 4849
counting orbits 50
counting Sylow subgroups 5859
crossed homomorphism 366-368, 370
cycle 70, 81
cycle structure 72, 76, 465
cyclic group 16-18, 21, 28, 91-92, 98, 260,
310
automorphisms of 28, 310, 312
isomorphism of 18, 32
cyclic Sylow subgroup 82, 118, 122, 127
cyclotomic field 310-313, 315, 323-324
cyclotomic polynomial 246, 308-311, 314—
315, 323324, 340
cyclotomy 307

DCC (descending chain condition) 143-145
on prime ideals 421,443
Dedekind, R. 474
Dedekind domain 436, 464, 474-492
Dedekind’s lemma 27, 40
on independence of ficld automorphisms
346, 366
degree
of character 216, 219, 468, 473
of field extension 255--256, 259, 289, 299,
301, 302, 311, 316, 351, 354
of polynomial 236, 252, 261, 328, 351
of representation 215
dense subring 185, 187
derivation 293-293, 304-305
derivative 293-294, 296 (see also formal
derivative)
derived length 101, 112
derived series 100
derived subgroup 37,41, 100, 115, 133
descending central series (see lower central
series)

INDEX 509

descending chain condition (see DCC)
determinant 30, 165, 359-361, 373
development of Sylow subgroups 57
diagonal matrix 223
diagonal subgroup 96, 97
diamond 34, 40
Diamond theorem 33, 36
dihedral group 7, 12,19, 21, 47, 229
direct product 83-89, 107, 108, 134135,
137, 141
of cyclic groups 9093, 98, 251
of simple groups 96, 97
direct sumn (see direct product)
of ideals (see direct sum of rings)
of rings 160, 199-200, 211, 212, 334, 431,
480
of X-simple X -groups
Dirichiet’s theorem 314
discriminant
of field extension 370-371, 374, 463
of polynomial 371-376, 378, 398
disjoint cycle decomposition (see cycle
structure)
disjoint permutations 70
distinct roots 279, 295-296
divisible group 98
Division algorithm 236
division ring 165, 167, 168, 172, 184-185,
201, 339
matrix ring over 169, 188-189, 191-192,
200
vector space over
divisorin ring 238
domain 172, 233, 237, 304, 437, 448, 450,
484, 486, 490, 491 (see alsc Dedekind
domain)
of mapping 4
of specialization 396
Double centralizer theorem 187
double coset 53
doubly transitive action 53
dual group 93-94
duplicating a cube 315-317

151-152

187-188, 192

Eisenstein criterion 245, 264

elementary abelian group 13, 102

elementary symmetric function 292, 361,472

embedded prime ideal 442, 450, 452

endomorphism 129, 135

endomorphisi ring 159, 160, 161, 167, 184—
191, 192

Euclidean algorithm 333

Euclidean construction 316
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Euler’s function 17,28, 308, 312-313, 356
evaluation map 235-236

even permutation  74-76, 372

expansion 426

extension by root of unity 311

extension of groups 94, 118, 369, 378
extension field (see field extension)

exterpal direct product or sum  33-87

F-automorphism 275

F-isomorphism 263-264, 267, 271,273, 305

factor group 25, 30

subgroup of 36

factor module 170

factor ring 164

Factor-replacement theorem 137

factor set 368

factorization polynomial 335

factorization row 336

faithful action 43

faithful medule 187, 180

FCP (see fundamental counting principle)

Fermat prime  321--322

Fermat’s last theorem 474

field 165, 168

field extension 254273

field of fractions 243245, 248, 251, 253,
304, 454, 457,475

finite algebraic set 500502

Finite approximation theorem 480

finite degree field extension 256, 260, 279

finite index subgroup 485

finite field 326-341, 504

finite generation 131-147, 150, 157, 386,
433-434, 451, 462,477, 496

finite ring 172

finitely generated module
443 455,475, 487

finiteness condition 131, 143, 150, 152

Fischer-Greiss group 38

Fitting subgroup 109, 110, 113, 157

Fitting’s theorem 135

fixed ficld 275-277, 285, 286

focal subgroup 120

Focal subgroup theorem 20

fooring 187

formal derivative 295

formal differentiation (see formal derivative)

formally real field 403-400, 409-411,414—
417 (see also realclosed field)

fraction field (see field of fractions)

fractional ideal(s) 475-477,484

group of 476,479
Frattini argument 103

172, 183,439,442~

Frattini subgroup 20, 27, 109-110, 114, 158
free module 175, 202-204, 250, 434
Frobenius complement 128, 227
Frobernius, G. 68, 123, 213
Frobenius reciprocity theorem 226
Frobenius's theorem

on groups with a Frobenius complement

128, 213, 228229

on notmal p-complements 124
function composition 4, 6,7, 12, 139, 346
fundamental counting principle 47-50
Fundamental theorem

of abelian groups 90, 139, 250--251

of aigebra 264, 355, 383

of character theory 217

of Galois theory 284, 286
fusion 120-121, 124,128

Galois connection 273, 495
Galois, E. 99,274
Galois extension of fields 277-278, 282-2835,
290-291, 399, 461
Galois field 327 (see also finite field)
Galois group 99, 274-277, 364
cyclic 329, 347, 358, 365
determination of 375--376, 464467
order of 284286
prescribed 314, 323, 345, 358, 394396,
400
specific computation of 287288, 291,
311-312, 329, 345, 358, 376
subgroups of 286, 290
Galois theory 261, 264, 274-292, 301
Galois’s theorem on polynomial solvability
100, 274, 342344
Gauss sum 324
Gaussian elimination 337
Gauss's lemma 244, 465
Gauss’s theorem
on constructible polygons 321-322
on cyclotomic polynomials 31}
ged (see greatest comman divisor)
GD (see Going down theorem)
general linear group 8, 12, 30, 215
generating set for group 15, 27
generator for field extension 255
generators for symmetric group 77, 81, 82
generic point 505
geometri¢c construction 315322
Going up theorem 460
Going down theorem 461
greatest common divisor 17
for polynomials 333
Greiss, R. 38



ground field 254
group action 4243
group alpebra 173, 174, 175, 192, 214-215
complex numbers 215, 219-222, 470
group
definition of 9, 10
of symmetries 7, 8, 47
of transformations 3
of units 165
with operators
with given order
78, 81, 122
Griin’s theorems 127
GU (see Going up theorem)

129 {(see also X -group)
6063, 65, 67,68, 72,76,

Hall, P. 104
Hall subgroup 39, 67, 103, 120
Hail’s commutator identity 27, 110-111
Hall's theorem 103
Hamilton 166, 167
height of prime ideal 444, 446448, 503
Heine-Borel theoremn 429
Hilbert basis theorem 434, 495
Hilbert Nullstellensatz (see Nullstellensatz)
Hilbert’s irreducibility theorem 394, 396
Hilbert's Theorem 90 365
additive form 377
homomorphism 30-33, 35, 39,43, 53
construction of 115
of rings 161, 163, 179
homomorphism theorems 36
forrings 164
Hopkins’s theorem 198

ideal, definition of 163

ideal number 474

idempotent 174, 181, 190, 191, 192, 196—
197, 199, 207, 211, 429

in group algebra 222, 224

identity element 10

identity element of ring (see unity element)

identity map 4

image of mapping 4

imaginary number with rational power 324

INC (see Incomparability theorem)

Inclusion-exclusion principle 331

Incomparability theorem 460

indecomposable group 134, 136, 139

indecomposable module 206

indeterminate 233

index of subgroup 23, 28, 44

induced character 226

induced class function 226
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infinite element 412
infinitesimal element 412
initial segment 154, 157
injective homomorphism 32
injective mapping 4
inner automorphism 20-22, 39
inner derivation 293, 305
inner product 217, 224
inseparable extension of fields  301-302, 369,
482 (see also purely inseparable
extension)
inseparable polynomial 281, 297
integer 454
integers in field extension 457-458, 461-464,
471, 482, 492
integral basis 371, 463
integral domain (see domain)
integral element of overring  453—458
integral extension of rings 458462 471-472
integrally closed domain 454, 457, 473 (see
also standard hypotheses)
integrally closed subring 454455
intermediate field 260-261, 284, 286,
290, 329
internal direct product or sum 8486
intersection
of aigebraic sets 494
of primary ideals 436, 440
of maximal ideals 500
of maximal right ideals 180
of subgroups 15
of Sylow subgroups 39, 66, 125
inverse element 10
inverse map 3
invertible element of ring (see unit)
invertible ideal 476477, 484
invertible fractional ideal 476477
involution 8§
irreducible algebraic set 499
irreducible character 216-222, 224, 227, 229
irreducible element of domain 237242
irreducible polynomial 245, 252, 260, 271,
272
set of roots 277
over finite field 330--332
isolated prime ideal 421-423, 430, 435, 440-
441, 449
isomorphism 11, 18, 30, 161 (see aiso
X-isomorphism)
of direct products 87
of field extensions 262-263, 267 (see also
F-isomorphism)
of finite fields 327
Isomorphism theorem 31, 36
isotypic component 152-153
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Jacobt identity 305

Jacobson density theorem 185

Jacobson radical 179-184, 191, 192, 193,
194195, 198, 207, 211, 504

Jordan, C. Rl

Jordan-Hélder theorem 38, 130, 132

Kantor, W. 99
Kaplansky's theorem 490
kemnel

of action 43,45

of character 225

of homomorphism 31, 35, 38, 162-164
Klein group 78
Knll dimension 448449
Krull intersection theorem 437
Krull-Schmidt theorerm 92, 135, 139-140
Krull’s theorem on heights of primes 444
Kummer’s theorem 347-348

prime characteristic analog of 404

Lagrange's theorem 23, 45
converse of 35
Landau’s theorem 48
Lasker-Noether decomposition 440
l.asker-Noether theorem 436, 439
lattice diagram 34, 40
lem (see least common multiple)
leading coefficient 236
least common multiple 312
left artinian ring 171, 175
left coset 22
left ideal 163
left inverse 3, 165
left module 170
left noetherian ring 171, 175
length (see composition length)
Levitsky’s theorermn 210
Lie ring 294, 305
Lindemann’s theorem 316
iinear character 216-217
number of 229
linear independence of field automorphisms
346
linearly disjoint fields 387-388, 399
[inearly ordered set 143, 154
LO (see Lying over theorem)
local nng 173, 252, 427
local subgroup 124
localization 243, 246-249, 252-253, 426—
428, 430, 445, 473, 491
long division 236, 333
lower central series  105-107, 111, 124

Liiroth’s theorem 262, 389, 30]
Lying over theorem 458-459

Maschke's theorem 214
Mathiau, E. 38
matrixring 160, 165,169, 175, 188-189, 191,
196, 200
matrix unit 169
maximal condition 144, 433
on radical ideals 423
maximal ideal 168, 191, 240, 419, 425-427,
430, 444, 500-501
maximal right ideal 180, 182
maximal subgroup 27, 64, 97, 102, 107, 113,
127
maximally disjoint ideal 419
metabelian group 41
Migotti’s theorem 310, 323
minimal algebraic set 500
minimal condition 144
minimal normal subgroup 88, 97, 102, 113,
114
minimal polynomial 259, 298, 311, 362, 457
minimal prime over an ideal (see isolated prime
ideal)
minimal right ideal 190, 196
minirnally potent right ideal 206208, 212
Mabius function 330
module
definition of 169
over Dedckind domain 484490
over PID 250
monic polynomial 236
multiplication table 11
multiplicative group 165, 260
multiplicative system in ring 246-249, 419,
430

N/C theorem 41

n! theorem 44

Nakayama’s lemma 183

Natural irrationalities theorem 288-289, 313,
348, 353

natural -representation 359

nil ideal 194-1953, 209-210, 504

nilpotence class 107, 112, 123, 127

nilpotent element 173, 180, 181, 201, 341,
420

nilpotent endomorphism 135-136

nilpotent finite group 89

nilpotent group 105-110, 112, 113, 114

nilpotent ideal 194-195, 209-210

nilpotent matrix 214, 502

nilradical 179, 420



Noether, E. 145
Noether’s equations
additive form 370

noetherian commutative ring 238§, 421, 428,
433452

noetherian module 170

noetherian ring (see right noetherian ring, left
noetherian ring, or noetherian commuta--
tive ring)

noetherian X -group

nonconstructible number

nongenerator 27

nonsimplicity criterion 44, 65, 75, 115, 120—
124, 127 (see also group with given order)

nonsolvable polynomial 345

norm map for fields 360, 362-365, 376-377,
308

normal closure 290

normal complement 94

normal endomorphism

normal extension of fields
ao1, 305

normal p-complement 121-122, 123-124

normal subgroup 20-21, 24, 28, 31, 37-38,
44-45,79, 96

normalizer 26, 28, 29, 46, 49, 58-59, 113

normalizer growth 64. 107

Nullstellensatz  495-496, 498, 500

366

145-149, 150, 157
317

135-136
278-279,282, 290,

odd permutation  74-75, 372
one-to-one 4
onto 4
operations of group 3
operator set 129
opposite ring 171, 182, 188-191
orbit 46-48, 50
order
of group 7
of element 8, 16-17, 24, 46
of permutation 72
ordered field 410-413
orthogonal idempotents 211
orthogonality of characters 217, 224

p-group 57, 63-64, 68, 105, 107, 114
p-local subgroup 124

p-normal group 127

p-regular element 124

p-solvable group 141

partially ordered set (see poset)

Pell’s equation 364-365

perfect field 271, 297-299

perfect proup 113

INDEX 513

permutation 6, 70-75
permutation character 50-51, 53
permutation group 6, 14, 42
physical motion 6,7
PID 233, 237, 240-241, 252, 474, 488, 490,
491
module over 250
Pierce decomposition 197
PIR 163, 233, 238, 433, 481
plane rotation 7
point stabilizer 46, 77
pointwise stabilizer 46
Polya, G. 51
polynomial 233-235
polynomial factorization (see Berlekamp
algorithm)
polynomial ring 234, 434, 444
in several indeterminates 244-245, 253,
434, 449, 456, 500
over field 237,252
over UFD 241-242
polynomial with real roots 351
poset 143-144, 154, 156, 157
potent right ideal 206-208, 212
power-sum polynomial 371
primary ideal 425-428, 430431, 436, 440,
491
primary submaodule 450
prime annihilator 440, 442
prime element of domain 239-243, 245
prime ideal
and localization 252, 427428, 430
associated 440-442, 450
definition of 195, 239
embedded 442, 450, 452
height of 444, 446-448
in Dedekind domain 475477, 480
in general commutative ring  418-432_ 451,
483, 491
in integral extension 438461
m noetherian commutative ring 438, 440,
446, 448, 476, 491
isolated 421-423, 430, 435, 440441, 449
union of 424, 447
primering 195
prime spectrum (see spectrum)
prime subfield 326
primitive element in field extension 260, 272
Primitive element theorem 284
primitive ideal 179, 187, 191
primitive idempotent 211
primitive permutation group 81
primitive polynomial 241-243
primitive ring 187, 189, 191, 192
primitive root of unity 307-308, 323
principal character 216
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principal crossed homomorphism  367-368,
370

principal fractional ideal 475

principal ideal 163, 233, 423-424, 440, 450,
480

principal ideal ring (see PIR)

principal ideal domain (see PID)

Principal ideal theorem 440

probability 53, 332, 367

product of subgroups 22, 25-26, 50, 108,113

projective indecomposable module 206, 208

projective general linear group 400

projective maodule  204-206, 208, 484485,
488

pure sebgroup 98

purely inseparable extension 298--302, 306,
377

purely transcendental extension 380382,
388-389

quotient field (see field of fractions)
quotient group (see factor group)
quasiregular ¢lement 180

quaternion group 13, 28, 39
quaternion division ring 166, 167, 176

radical 342-343

radical extension of fieids 342-343, 347, 358

radical ideal 421, 423,430, 435, 452, 498—
499

radical of ideal
494

raclical of ring 179 (see also Jacobson radical)

range of mapping 4

rank

of free module 175
of torsion-free module  486-487

rational function feld 254, 380

rational integer 454

Rational root thearem 455

real radical extension 324, 351-354

realclosed field 405-410, 415-416

regular action 43

regular character 216, 222

regular extension of fields 398

regular module 170, 188, 202, 206

regular polygon 315, 321

regular permutation group 12

reguilar representation 216

relatively prime polynomials 389-390, 399

repeated radical extension  343-344, 351

repeated square-root extension 357

representation 114, 128, 186, 213, 215-216,
219,223

420422, 429431, 437, 440,

diagonal matrix in 223
of field 359
representative set of modules
residually finite group 291
restricted direct product 86
restriction of character 225-226, 230
right artinian ring  171-172, 175, 194-196,
198, 201, 206-209, 211-212 (see also
Wedderburn ring)
right artinian simple ring
right coset 22
right cosets, action on 43, 45
rtght ideal 163
right inverse 5, 165
right module (see moduale)
right noetherian ring  171-172, 175, 176, 198,
210
right quasiregular element
ring, definition of 159
ring with unit 160
root of polynomial 254, 261, 265, 272, 342
(see aiso distinct roots)
existence in extension field 265
rootofunity 307,311, 347-348, 471 (see also
primitive root of unity)
rotation 6,7, 48
rotation group 7,8, 11
of cube 8, 11-12
Rubik cube puzzie 8,9

199, 219221

187, 189, 191

180181

Schatarevitch's theaorem 314

Schreier generators of subgroup 128

Schur,I. 118

Schur multiplier 118

Schur-Zassenhaus theorem 103

Schur’s lemma 167, 174

Schur’s theorem on center with finite index
120, 128

semidirect product 95

semisimple 149, 199

sernifoo ring 187

semiprime ring 195, 210-211

semiprimitive ring 187, 214-215

separable element 28]

separable elements, set of 300

separable extension of fields 278, 281287,
284, 290, 298, 369, 461-462

separable part of degree 302303, 305

separable polynomial 280-282, 208

setwise stabilizer 46

shoes 145

similar matrices 359

similar representations 216

simple field extension 260

119~



simple group 37-38, 44, 68, 77, 95, 99, 126,
127, 140, 468
simple module 170, 178-179, 184—187, 190,
199,200, 212
representative set for 199, 219-221
simple ring 169, 187, 189
socks 145
socle 96
solvable by radicals 344 (see also
solvable polynomial)
solvable group 99-103, 113, 140, 156, 157-
158
chief factor of 102
maximal subgroup of 102, 113
solvable polynomial 99-100, 274, 342-343,
350
special linear group 31
specialization 396
spectrum 420, 424, 429, 443, 459
split extension 94, 97
split polynomial 264-266, 272
splitting field 266-267, 277-279, 282, 290,
327,351
degree of 273
sporadic simple group 38
square roots of primes 291
square-root extension 357
squaring a circle 315-317
squaring a geometric figure 316, 325
stabilizer 46, 47
standard hypotheses 461-462
standard primary decomposition 440
straightedge 315-316
subfield of finite field 328-329
subgroup
definition of 14
of abelitan group 41
of cyclic group 17
of factor group 36
subgroup generation 15
submodule 170
subring 161
sum of squares  405-406, 415
surmmmand multiplicity function 130
supersoivable group 102, 113, 133
surjective homomorphism 32, 35, 40, 53. 67,
100
surjective mapping 4
Sylow C-theorem 57
Sytow counting theorem 59
Sylow D-theorern 57
Sylow E-theorem 56
Sylow subgroup 56--59, 89, 107, 108, 121
abelian 118, 122123
cvclic R2, IR, 122,127
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intersection of 59, 66, 125

fusionin 121, 124, 125
normalizer of 58, 59, 67, 113, 122-123,
127

Sylow theorem analog 104

Sylow theorems 44, 55-57, 59

symbolic power 428, 430

symmetric group 6, 11, 14, 43, 70-77, 79
as Galois group 292, 345, 358, 396
automorphism of 79-80
normal subgroup of 79

symmetnic group element, order of 72

symmetric polynomial 371-372, 395-396

(see also elementary symmetric function)
symmetry group 7, 8,47

target of mapping 4
Three subgroups lemma
Thompson, J. 126, 128
Thompson subgroup 126
topological space 429, 494, 504
torsion-free module 250, 484, 486487
torsion submodule 491
totally ordered set (see linearly ordered set)
totally transcendental extension 258, 272,
380381, 389
totient function (see Euler’s function)
trace of matrix 214, 359-361
trace map for fields 360, 362-364, 369, 370,
376377, 398
transcendence basis 382-385, 399
transcendence degree 385, 391, 504-505
transcendental element 254-255, 258, 379—
380, 390
over rational numbers 270, 316
transcendental extension 379—400 (see also
totally transcendental extension and purely
transcendental extension)
iransfer 115-120
Transfer evaluation lemma 118-119
transformation group 3
transitive action 46
of Galois group 277
transitive group 12
transposition 74
transversal 27, 115-116
trisecting an angle 315, 317
trivial action 42, 367
two-generator ideal 475, 482

111-112

UFD 239245, 251, 252,454, 490
union

of algebraic sets 494, 499

of subgroups 26, 27, 49, 147

of prime ideals 424, 447
untique factorization domain (see UFD)
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uniqueness of factorization 238, 474
unit 165, 168, 173, 211, 238--239, 241
unity element 160

unitary overring 235, 453, 472
unitary subring 160, 176

unrestricted direct product 86

upper bound 154

upper central series  105-107

Vandermonde matrix 373
variety 499

von Neumann regular ring 191, 430-431

weak generating set 486
Wedderburn, M. 169, 176
Wedderbum ring 196-199, 205
Wedderburn- Artin theorems 196
Wedderbum-Artin structure theorem 199, 220
Wedderbum-Artin classification theorem 200
Wedderbum's theorem on finite division

rings 339
Wielandt, H. 56

weakly closed subgroup 127
well-ordered set 154
wreath product 123

X-composition series  131-132
X-endomorphism 135, 161

X-group 129-141

X-homomorphism 130, 167
X-isomorphism 130

X-series 131

X-simpte X-groups 131, 149, 151-153, 167
X-subgroup 130

Yoshida, T. 123

Zariski topology 494, 504

Zariski’s theorem 456

zero divisor 452

zero-set of polynomials 463

Zornt’s lemma 150, 153156, 269, 382, 399,
415, 421422









