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Preface

Spectral theory is an important part of functional analysis. It has numerous appli-
cations in many parts of mathematics and physics including matrix theory, func-
tion theory, complex analysis, differential and integral equations, control theory
and quantum physics.

In recent years, spectral theory has witnessed an explosive development.
There are many types of spectra, both for one or several commuting operators,
with important applications, for example the approximate point spectrum, Taylor
spectrum, local spectrum, essential spectrum, etc.

The present monograph is an attempt to organize the available material
most of which exists only in the form of research papers scattered throughout the
literature. The aim is to present a survey of results concerning various types of
spectra in a unified, axiomatic way.

The central unifying notion is that of a regularity, which in a Banach algebra
is a subset of elements that are considered to be “nice”. A regularity R in a Banach
algebra A defines the corresponding spectrum og(a) = {A € C:a— X ¢ R} in
the same way as the ordinary spectrum is defined by means of invertible elements,
ola)={AeC:a— ¢ Inv(A)}.

Axioms of a regularity are chosen in such a way that there are many natural
interesting classes satisfying them. At the same time they are strong enough for
non-trivial consequences, for example the spectral mapping theorem.

Spectra of n-tuples of commuting elements of a Banach algebra are described
similarly by means of a notion of joint regularity. This notion is closely related to
the axiomatic spectral theory of Zelazko and Stodkowski.

The book is organized in five chapters. The first chapter contains spectral
theory in Banach algebras which form a natural frame for spectral theory of op-
erators.

In the second chapter the spectral theory of Banach algebras is applied to
operators. Of particular interest are regular functions — operator-valued functions
whose ranges (kernels) behave continuously. Applied to the function z — T — z
where T is a fixed operator, this gives rise to the important class of Kato operators
and the corresponding Kato spectrum (studied in the literature under many names,
e.g., semi-regular operators, Apostol spectrum etc.).
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The third chapter gives a survey of results concerning various types of essen-
tial spectra, Fredholm and Browder operators etc.

The next chapter concentrates on the Taylor spectrum, which is by many
experts considered to be the proper generalization of the ordinary spectrum of
single operators. The most important property of the Taylor spectrum is the exis-
tence of the functional calculus for functions analytic on a neighbourhood of the
Taylor spectrum. We present the Taylor functional calculus in an elementary way,
without the use of sheaf theory or cohomological methods.

Further we generalize the concept of regular functions. We introduce and
study operator-valued functions that admit finite-dimensional discontinuities of
the kernel and range. This is closely related with stability results for the index of
complexes of Banach spaces.

The last chapter is concentrated on the study of orbits of operators. By
an orbit of an operator T we mean a sequence {I"x : n = 0,1,...} where z
is a fixed vector. Similarly, a weak orbit is a sequence of the form {(T"z,z*) :
n = 0,1,...} where x € X and z* € X* are fixed, and a polynomial orbit
is a set {p(T)x : p polynomial}. These notions, which originated in the theory
of dynamical systems, are closely related to the invariant subspace problem. We
investigate these notions by means of the essential approximate point spectrum.

All results are presented in an elementary way. We assume only a basic knowl-
edge of functional analysis, topology and complex analysis. Moreover, basic notions
and results from the theory of Banach spaces, analytic and smooth vector-valued
functions and semi-continuous set-valued functions are given in the Appendix.

The author would like to express his gratitude to many experts in the field
who influenced him in various ways. In particular, he would like to thank V. Ptak
for his earlier guidance and later interest in the subject, and A. Soltysiak and
J. Zemanek who read parts of the manuscript and made various comments. The au-
thor is further indebted to V. Kordula, W. Zelazko, M. Mbekhta, F.-H. Vasilescu,
C. Ambrozie, E. Albrecht, F. Leon and many others for cooperation and useful
discussions over the years. Finally, the author would like to acknowledge that this
book was written while he was partially supported by grant No. 201/00/0208 of
the Grant Agency of the Czech Republic.

Prague V. M.
November 2001
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Since this book was written several years ago, further progress has been made in
some parts of the theory. I use the opportunity to include some of the new results,
improve the arguments in other places, and also to correct some unfortunate errors
and misprints that appeared in the first edition.

My sincere thanks are due to A. Soltysiak, J. Braci¢ and J. VrSovsky who
contributed to the improvement of the text. The work was supported by grant
No. 201/06/0128 of GA CR.

Prague V. M.
April 2007



Chapter I

Banach Algebras

In this chapter we study spectral theory in Banach algebras. Basic concepts and
classical results are summarized in the first two sections. In the subsequent sections
we study the approximate point spectrum, which is one of the most important
examples of a spectrum in Banach algebras. The approximate point spectrum is
closely related with the notions of removable and non-removable ideals.

The axiomatic theory of spectrum is introduced in Sections 6 and 7. This
enables us to study various types of spectra, both of single elements and commuting
n-tuples, in a unified way.

All algebras considered here are complex and unital. The field of complex
numbers will be denoted by C.

1 Basic Concepts

This section contains basic definitions and results from the theory of Banach al-
gebras. For more details see the monograph [BD] or some other textbook about
Banach algebras (e.g., [Ric], [Zel6], [Pal]).

Definition 1. An algebra A is a complex linear space A together with a multi-
plication mapping (z,y) — zy from A x A into A which satisfies the following
conditions (for all z,y,2z € A, « € C):

(i) (zy)z = 2(y2);
(i) z(y+2)=zy+az,(r+y)z =xz +yz;
(iii) (ax)y = a(zy) = z(ay);
) there exists a unit element e € A such that e # 0 and ex = ze = x for all

z € A

It is easy to show that the unit element is determined uniquely. Indeed, if
¢’ is another unit element, then ¢ = ee’ = ¢’. The unit element of an algebra A

(iv
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will be denoted by 1.4, (or simply 1 when no confusion can arise). Similarly, for a
complex number «, the symbol « also denotes the algebra element « - 1 4.

Definition 2. Let A be an algebra. An algebra seminorm in A is a function || - || :
A — (0,00), = |z| satisfying (for all z,y € A, € C):

(1)
(i)
(iif)
(iv)

[l || = [ - [|[];

2 +yll < ll=ll + [lyl;
eyl < ]l - llyll;
Lall = 1.

An algebra norm in A is an algebra seminorm such that

(v)

if ||z|| = 0, then z = 0.

Definition 3. A normed algebra is a pair (A, || -||), where A is an algebra and || - || is
an algebra norm in A. A Banach algebra is a normed algebra that is complete in
the topology defined by the norm (in other words, (A, || - ||) considered as a linear
space is a Banach space).

Examples 4. There are many examples of Banach algebras that appear naturally
in functional analysis.

(i)

(if)

(iii)

(iv)

For the purpose of this monograph the most important example of a Banach
algebra is the algebra B(X) of all (bounded linear) operators acting on a
Banach space X, dim X > 1, with naturally defined algebraic operations
and with the operator-norm ||T|| = sup{||Tz| : x € X, ||z|| = 1}. The unit
element in B(X) is the identity operator I defined by Iz =z (z € X).

In particular, if dimX = n < oo, then B(X) can be identified with the
algebra of all n X n complex matrices.

Let K be a non-empty compact space. Then the algebra C(K) of all contin-
uous complex-valued functions on K with the sup-norm || f|| = sup{|f(z)] :
z € K} is a Banach algebra.

Let E be a non-empty set. The set of all bounded complex-valued functions
defined on F with pointwise algebraic operations and the sup-norm is a Ba-
nach algebra.

Similarly, let L> be the set of all bounded measurable complex-valued func-
tions defined on the real line (as usually, we identify two functions that differ
only on a set of Lebesgue measure zero). Then L with pointwise algebraic
operations and the usual L>® norm | f|lcc = esssup{|f(t)] : t € R} is a
Banach algebra.

Let D be the open unit disc in the complex plane. Denote by H*® the algebra
of all functions that are analytic and bounded on D.

The disc algebra A(D) is the algebra of all functions that are continuous on
D and analytic on D. Both H*> and A(D) with the sup-norm are important
examples of Banach algebras.
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(v) Let S be a semigroup with unit and let ¢1(S) be the set of all functions
f S — Csatistying || f|| = > ,c5 |f(s)] < oo. Then ¢*(S) with the multipli-
cation defined by (fg)(s) = >_; ,,—, f(t1)g(t2) is a Banach algebra.

More generally, if « : S — (0,00) is a submultiplicative function and
a(lg) = 1, then {f : S — C : Y |f(s)|a(s) < oo} is a Banach algebra
with the norm ||f|| = 3" |f(s)|a(s) and the above-defined multiplication.

(vi) Let L' be the set of all integrable functions f : R — C. Define the multipli-
cation and norm in L! by

(e = [ 7 f(t)a(s — tydt

and

I91= [ ireiae
Then L' satisfies all axioms of Banach algebras except of the existence of the
unit element. The unitization (see C.1.1) L' (R) & C with the norm ||f & A| =
I 7]l + |A| and multiplication (f & X) - (g®p) = f*xg+Ag+uf® A is a
Banach algebra.

Remark 5. Sometimes little bit different definitions of Banach algebras are used.
Frequently the existence of the unit element is not assumed or condition (iii) of
Definition 2 is replaced by a weaker condition of continuity of the multiplication.
However, it is possible to reduce these more general definitions of Banach algebras
to the present definition, see C.1.1 and C.1.3. Many results get a more natural
formulation in this way and the proofs are not obscured by technical difficulties.

Definition 6. Let A, B be algebras. A linear mapping p : A — B is called a
homomorphism if p(xy) = p(x)p(y) for all z,y € A and p(14) = 15.
Let A and B be normed algebras. A homomorphism p : 4 — B is continuous

if |p|l = sup{||p(x)]| : = € A,||z|| = 1} < oco. A continuous homomorphism p
satisfying inf{||p(z)| : * € A,|z|| = 1} > 0 is called an isomorphism. A homo-
morphism p is called isometrical if ||p(x)|| = ||z| for all z € A.

A subset M of an algebra A is called a subalgebra if it is closed under the
algebraic operations (i.e., M is a linear subspace of A, 14 € M and z,y € M =
xy € M).

If A is a closed subalgebra of a Banach algebra B, then A with the restricted
norm is again a Banach algebra.

Each normed algebra A has a completion — the uniquely determined (up to
an isometrical isomorphism) Banach algebra B such that A is a dense subalgebra

of B.

Remark 7. Let A be a Banach algebra. For a € A define the operator L, : A — A
by Lqx = az. It is easy to verify that the mapping a — L, is an isometrical
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homomorphism A — B(A). If we identify .4 with the image of this homomorphism,
then we can consider A as a closed subalgebra of B(A).

This simple but important construction enables us often to generalize results
from operator theory to Banach algebras.

Definition 8. Let A be a Banach algebra. A set J C A is called a left (right) ideal
in A if J is a subspace of A and ax € J (za € J) forallz € J,a € A Jisa
two-sided ideal in A if J is both a left and right ideal in A. An ideal J C A (left,
right or two-sided) is called proper if J # A. Equivalently, J is proper if and only
ifla¢J.

Let p : A — B be a continuous homomorphism from a Banach algebra A to
a Banach algebra B. It is easy to see that Kerp = {z € A : p(x) = 0} is a closed
two-sided ideal in A.

Conversely, if J C A is a closed proper two-sided ideal in A, then we can
define a multiplication in the quotient space A/J by (z+ J)(y+J) = 2y + J. The
space A/J then becomes a Banach algebra with the unit 14+ J. For the canonical
homomorphism 7 : A — A/J defined by 7z = x+J (x € A) we have Kerm = J.

Invertible elements

Definition 9. Let x,y be elements of an algebra A. Then y is called a left (right)
inverse of z if yxr = 1 (zy = 1). If y is both a left and right inverse of z, then it is
called an inverse of x. If x has a left inverse y and a right inverse z, then y = z.
Indeed, we have y = y(zz) = (yx)z = 2. In particular, an element has at most one
inverse.

An element of A for which there exists an inverse (left inverse, right inverse)
will be called invertible (left invertible, right invertible). The unique inverse of an
invertible element = will be denoted by z~!. The set of all invertible elements in an
algebra A will be denoted by Inv(.A). Similarly, the set of all left (right) invertible
elements in .4 will be denoted by Inv;(A) and Inv,(A),

Inv;(A) = {z € A : there exists y € A such that yz =1},

Inv,(A) = {z € A : there exists y € A such that zy = 1}.

Obviously, Inv(A) = Inv;(A) N Inv, (A).
Tt is easy to see that an element a € A is left (right) invertible if and only if
there is no proper left (right) ideal containing a.

Remark 10. The left and right properties in Banach algebras are perfectly sym-
metrical. The simplest way how to give an exact meaning to this statement is to
consider the following construction: for a Banach algebra A consider the reversed
multiplication a ® b = ba for all a,b € A. In this way we obtain the Banach
algebra rev A, and the left ideals, left inverses etc. in A correspond to the right



1. Basic Concepts 5

objects in the algebra rev A. Using this construction, each one-sided result implies
immediately the corresponding symmetrical result.

Theorem 11. Let A be a Banach algebra. Then:

(i) ifa€ A, ||lal]| <1, then 1 —a € Inv(A);

(ii) the sets Inv;(A), Inv,(A) and Inv(A) are open;

1

(iii) the mapping x — x~ ' is continuous in Inv(A).

Proof. (i) If [|a|| < 1, then [la?|| < [|a[| for all j, so the series Y 7% a’ is convergent
in A and

0 0 k k
(1- a)Zaj: (Zcﬂ)(l —a)= lim (Zaj - Zaj+1> = lim (1 —a"™) = 1.
=0 =0 k—o0 = = k—oo

(ii) Let yz = 1 and let ||u|| < [Jy||~!. Then y(z + u) = 1 + yu, where ||yul| <
Iyl - llull < 1. By (i), y(x + u) is invertible and (y(x + u))fly(x + u) = 1. Thus
x + u € Inv;(A). Hence Inv;(A) is an open set.

Similarly, Inv,(A) and Inv(A) = Inv;(A) N Inv,.(A) are open subsets of A.
(iii) Let a € Inv(A) and let ||z|| < [|[a~!||~!. Then the series Y .o (za™')" is
convergent in .4 and one can check directly that

(a—z)t=a"t Z(mail)i.
=0

Thus

o0

at Z(mail)i

=1

I(a =)~ a7l =

[l - [la="]1?

oo
<l 3 flall - fla ™1 = "
- 1= Jlaf| - a1

1

and so (@ —x)~t — a~! for ||z]| — 0. O

Lemma 12. Let z, x,,,y, (n = 1,2,...) be elements of a Banach algebra A, x,, — x
and sup,, {||yn||} < 0. If ypxy, = 1 for all n, then = € Inv;(A).
If xy, = 1 for all n, then x € Inv,.(A).

Proof. Choose n such that ||z — z,| < (sup||yn]|)~!. Then y,z = ynzn + yn(r —
zn) = 1+ yp(x — z,), where |y (x — z,)|| < 1, and so y,z € Inv(A). Thus
(ynw) " typz = 1 and z € Inv,(A).

The second statement can be proved similarly. O

Definition 13. An element a of a Banach algebra A is called a left (right) divisor
of zero if ax =0 (va = 0) for some non-zero element = € A.
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An element a of a Banach algebra A is called a left topological divisor of zero
if inf{||az|| : @ € A,||z| =1} = 0. Similarly, a is a right topological divisor of zero
if inf{||zal| : @ € A, ||z|| =1} =0.

Topological divisors of zero are closely related to non-invertible elements.
Theorem 14. Let a be an element of a Banach algebra A. Then:

(i) if @ is left (right) invertible, then a is not a left (right) topological divisor of

Z€ro;

(ii) if a is invertible, then a is neither a left nor a right topological divisor of zero;

(iii) if a € 9Inv;(A) (the topological boundary of Inv;(A)), then a is a right
topological divisor of zero;

(iv) if a € 0Inv(A), then a is both a left and right topological divisor of zero.

Proof. (i) Suppose that b is a left inverse of a, ba = 1. For x € A, ||z|| = 1 we have
1 = |lz]l = Ibaal| < [Ib] - llaz], so inf{Jlaz] : = € A, |z = 1} > |5~ > 0 and a
is not a left topological divisor of zero.

The right version can be proved similarly.

This implies also (ii).
(iii) Let a € 0Inv;(A). Then there exist ay, b, € A such that lim,,_, a, = a and
bpan, = 1 for all n. By Lemma 12, lim ||b,|| = co. Set ¢, = I\Z:H‘ Then ||c,|| =1
for every n and

bn,
L R ACES)) R TR

_ 1
= [onll

0 lim,, o ||cnall = 0 and a is a right topological divisor of zero.
(iv) Let a € 0Inv(A). Then there exist a,, € Inv(A) with a,, —» a (n — ). By

1
Lemma 12, lim,, . [|a; || = oo. Set ¢, = ‘Zgl . Then ||c,|| = 1 and, as in (iii),

|
one can get easily that ||cpal — 0 and ||ac,|| — 0. Thus a is both a left and right

topological divisor of zero. O

Spectrum and spectral radius

Definition 15. Let a be an element of a Banach algebra A. The spectrum of a in
A is the set of all complex numbers A such that a — A is not invertible in A. The
spectrum of a in A will be denoted by 0% (a), or o(a) if the algebra is clear from
the context.

By Theorem 11, o(a) is a closed subset of C. The function A — (a — \)~*
defined in the open set C\ o(a) is called the resolvent of a.

Theorem 16. Let a be an element of a Banach algebra A. Then the resolvent
A (a — A)~t is analytic in C \ o(a).
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Proof. For A\, i ¢ o(a) we have

(a—p) "t =(a=N""=(a—p) ((a=X) —(a—p)(a—N)""
=(p—=XNa—p) Ha—XN""

and so ( -1 -1
(a—p)T=(a=A)"" o
i R
Thus the function A — (a — A)~! is analytic in C \ o(a). O

The following theorem is one of the most important results in the theory of
Banach algebras.

Theorem 17. Let © be an element of a Banach algebra A. Then o(x) is a non-empty
compact set.

Proof. Let A € C, |A| > ||lz||. Then the series 3 77 )\:fil is convergent in A and

o0

(z—\) wl = ZAJ +Z

7=0

Similarly (E; 0 /\’]‘fl)(x —A) =1, and so A ¢ o(x). Thus o(x) is bounded and
hence compact.

Suppose on the contrary that o(z) = (). Consider the function f : C — A
defined by f(\) = (z — A\)~'. By Theorem 16, f is an entire function. For |A| >

|z|| we have f(A) = E;io )\_;flv and so [[f(A)]| < EJ 0 &ﬁl‘:l = - HIH Thus
f(A) = 0 for A — co. By the Liouville theorem, f(\) = 0 for each A € C. This is
a contradiction, since f(A) is invertible for each A. O

Remark 18. Let 7" be an operator on a finite-dimensional Banach space X (i.e., T
is a square matrix). Then o(T) is finite and consists of eigenvalues of T'.

Since the eigenvalues of a matrix are precisely the roots of its characteristic
polynomial, the non-emptiness of o(T) is equivalent to the “fundamental theorem
of algebra” that each complex polynomial has a root. This illustrates how deep is
the previous theorem, and also that operators on finite-dimensional spaces are far
from being trivial.

Corollary 19. (Gelfand, Mazur) Let A be a Banach algebra such that every non-
zero element of A is invertible (i.e., A is a field). Then A consists of scalar multiples
of the identity, A = {A-14 : A € C}. Thus A is isometrically isomorphic to the
field of complex numbers C.

Proof. For every x € A there exists A € o(z) such that z — A+ 14 ¢ Inv(A). Thus
T=A- 1A' O
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Definition 20. The spectral radius r(x) of an element x € A is the number
r(z) = max{|A| : A € o(x)}.

Lemma 21. Let s1, S2,... be non-negative real numbers. Then:
(i) if Sppm < Sp - 8 for all m,n € N, then the limit lim,_ s}/n exists and is

equal to inf, si/™;

(ii) if s, > 0 and Sptm > Sp - Sm for all m,n € N, then the limit lim,, s,l/n

exists and is equal to sup,, s,l/ "
Proof. (i) Write t = inf, s/™ and let & > 0. Fix k such that s,lc/k < t+e. Any
number n > k can be expressed in the form n = n1k +r, where 0 < r < k—1 and

n1 > 1. Then
sp < sp-st <max{l,s1,82,...,80-1} - (t —|—5)k"1

and
s}/” < max{1, s1, s2, . . .,sk_l}l/” S(t+ 5)]””/” —t+e
as n — oo, since kni/n — 1. Thus limsup,,_, s}/n < t 4 ¢ and, since € was

. . 1/n . 1/n
arbitrary, we have lim,, sn/ =t = inf, sn/

(ii) The second statement can be reduced to (i) by considering the numbers s, 1.

O

Theorem 22. (spectral radius formula) Let a be an element of a Banach algebra A.

Then

r(a) = lim ||a”||1/" = inf ||a"||1/".
n—oo n

Proof. Since ||a™*"|| < [|a™|| - |a™|| for all m,n, by the previous lemma the limit

lim ||a™||'/™ exists and is equal to the infimum.

Let A be a complex number with |A| > lim [|a”||/". Then 307, )\ﬁil con-
verges and it is easy to verify that (a — \)™' =Y 07, /\’n‘ﬂ. Consequently, r(a) <
lim [|a™||*/™.

It remains to show that lim ||a™||*/" < r(a). Consider the function f(\) =
(1—Xa)~t.

For A # 0 we have f(A) = A"} (A™! — a)~!. Clearly f is analytic in {\ € C:
0 < |\ < r(a)~'} and continuous in {A € C : [\| < r(a)~'}. So f is analytic in
{Ae C: Al <r(a)!} (if r(a) = 0, then f is analytic in C). For |A| < |al|~! we
can write f(A) = (1—Xa)~! = Y07 a™\". Therefore we have f(\) = > oo a"\"
for all A\, |\ < r(a)~t.

For the radius of convergence of the power series ) a™ A" we have (see The-
orem A.2.1)

lim inf [|a™|| 7Y™ > r(a)7!,

and so

n”l/n

r(a) > limsup ||a = lim [|a™||*/™. O
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Definition 23. Let M be a subset of a Banach algebra A. The commutant of M is
defined by M’ = {a € A: am = ma (m € M)}. We write M" instead of (M')’
for the second commutant of M. If xy = yzx for all z,y € A, then A is called
commutative.

Lemma 24. Let M, N be subsets of a Banach algebra A. Then:

(i) M’ is a closed subalgebra of A;
i) if M C N, then M’ > N" and M" C N”;
(if) : ;
(ifi) M C M" and M' = M"";
(iv) if M consists of mutually commuting elements, then M ¢ M" c M’ and M"
is a commutative Banach algebra.

Proof. The first three statements are clear.
To see (iv), note first that M C M’. Therefore M C M’ = M"', which
means that M"” is a commutative algebra. O

Lemma 25. Let a € A and let A € C\ o(a). Then (a —\)~! € {a}". In particular,
o(a) equals to the spectrum of a in the commutative Banach algebra {a}".

Proof. Let b € A and ab = ba. Then (a — A\)b = b(a — \) and, by multiplicating
this equality from both sides by (a — A\)~1, we get b(a — \)~! = (a — \)~1b. Thus
(a—N)"t e {a}". O

Theorem 26. Let A, B be Banach algebras, p : A — B a homomorphism and let
z € A. Then oB(p(z)) C 0A(x).

Proof. Let A € C\ o*(x) and let y = (z — A\)~! € A. Then (p(z) — A) - p(v)
oz~ ) - ply) = p(14) = L and similaly p(y) - (p(z) — A) = 1.

Theorem 27. Let A be a subalgebra of a Banach algebra BB and let x € A. Then:

o

(i) if = is a left (right) topological divisor of zero in A, then x is a left (right)
topological divisor of zero in B;

(ii) doA(z) C oB(z) C oA(x).
Proof. (i) We have

inf{||zb| : b € B,||b]| =1} < inf{||za] :a € A4, ||la]| =1} = 0.

(ii) If A € 9o (x), then x — X is a left topological divisor of zero in A, and so, by
(i), A € oB(x).
The inclusion o%(z) C o4(z) follows from the previous theorem. O

Consequently, o4(x) is obtained by filling in some holes in o3 (z).
In the algebra B(X) we have additional information.
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Theorem 28. Let X be a Banach space, dim X > 1 and let T € B(X). Then:

(i) T is invertible if and only if T' is one-to-one and onto;
(i) if A € 8o(T), then (T — N\)X # X and inf{|(T — N)z| : z € X, ||z||=1} = 0.

Proof. (i) Follows from the open mapping theorem.

(ii) By Theorem 14, there exist operators S, € B(X) (n € N) such that || S,|| =1
and [|S,(T — A)|| — 0. For each n there exists x,, € X with ||z,|| = 1 and
|Snzn|| > 1/2. Suppose on the contrary that T'— X is onto. By the open mapping
theorem, there exists k > 0 such that (T' — \)Bx D kBx where Bx denotes the
closed unit ball in X. Thus there exists y, € X such that (T — Ay, = x,, and
lynll < k~1. Hence

Sp(T —A) "

S (T —N)| >
5T = 2l ‘ ol

' 1

k
[[ynl|

a contradiction with the assumption that ||S,(T — A)|| — 0.

Similarly, there exist operators R,, € B(X) (n € N) such that ||R,| = 1 and
(T — A)R,,|| — 0. There exist vectors x,, € X with ||z,|| =1 and ||Rpz,|| > 1/2.
Set y, = ngiZH' Then |ly,|| =1 and

T = Nynl = <2/|(T = MNR,|| — 0.
I =Nl = VBN <oz - 3
Hence inf{[|(T — A)z| : z € X, ||lz|| = 1} = 0. 0

Theorem 29. Let a,b € A and let A be a non-zero complex number. Then ab — A
is left (right) invertible if and only if ba — X is left (right) invertible.

Proof. Let ¢ € A, c(ab— X) = 1. Then
(=AY 4+ X tbea)(ba — N) = =A"1ba + 1 4+ A" beaba — bea
=1-X"tba+ A"tbclab — Na = 1.
Similarly, if (ba — A\)d = 1 for some d € A, then
(ab— N (=A"" + A" tadb) = 1. O
Corollary 30. Let x,y be elements of a Banach algebra A. Then

o(zy) \ {0} = a(yx) \ {0}

In general, the spectrum and the spectral radius in a Banach algebra do not
behave continuously, see C.1.14. However, they are always upper semicontinuous
(for definitions and basic properties of semicontinuous set-valued functions see Ap-
pendix A.4). Moreover, we prove later in Section 6 that the set of all discontinuity
points of the spectrum is a set of the first category.
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Theorem 31. (upper semicontinuity of the spectrum) Let A be a Banach algebra,
x € A, let U be an open neighbourhood of o(z). Then there exists € > 0 such that
o(y) c U for ally € A with ||y — z|| < e. In particular, the function x — r(z) is
upper semicontinuous.

Proof. Suppose on the contrary that for every n there exist =z, € A and A\, €
o(zp) \ U such that ||z, — x| < 1/n. Then |A\,| < |lz,| < ||zl + 1, and so there
exists a subsequence of (\,) converging to some A € C\U. Since z,, — A\, ¢ Inv(A),
we have z — A ¢ Inv(A) by Theorem 11. Thus A € o(x) and A ¢ U, which is a
contradiction with the assumption that U is a neighbourhood of o(x). O

Equivalent norms

Two norms || - || and || - || on a vector space X are called equivalent if there exists
a positive constant k such that

-zl < 2l < k|
for all x € X.

Theorem 32. Let (A, || - ||) be a Banach algebra and let S C A be a bounded
semigroup. Then there exists an equivalent algebra norm || - || on A such that
ls|| <1 for every s € S.

More precisely, there is such a norm | - ||' satisfying

K= all < llall” < kllall
for all a € A, where k = sup{l, ||s|| : s € S}.

Proof. Without loss of generality we can assume that 1 € S. Thus k := sup{||s| :
seSt>1.
For a € A define g(a) = sup{||sa|| : s € S}. Since 1 € S, we have ¢(a) > ||a]|.
Thus
lall < q(a) < Kllall

for all a € A.
Clearly, ¢ is a norm. We have ¢(1) = k and ¢(s) < k for every s € S.
For a € A and s € S we have

q(sa) = sup{||s'sa| : s € S} < q(a).
Further, for a1, a2 € A we have

q(araz) = sup{||saiaz] : s € S} < sup{||sai| - ||laz| : s € S}
< g(a1)laz|| < q(a1)g(az).
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Define now

lall' = sup{q(azx) : x € A q(z) <1} = sup{qq((a;)) cx £ 0}.

Since g(ax) < g(a)q(x), we have [la]’ < g(a) < kfa] and [la]’ > %) > k= |a].

Hence
k= lall < llall” < Kol
for every a € A.
Clearly || - || is @ norm and ||1]|' = 1.

Let a1, a2 € A. We show that ||aiaz|]” < |la1]/’||az]]’. This is clear if ajas = 0.
If ajas # 0, then

laras| = sup{Q(zl(jjx) tx# 0} = sup{Q(zl(ij) cx # 0, q(ara2z) # 0}

—sup{ 1012 12 gar00) 20} < ar| el

Finally, for s € S we have

IIs||” = sup{q;:;)) tx A O} <1. O

Corollary 33. Let (A, | - ||) be a Banach algebra and let x € A. Then
r(x) =inf{||lz||": || - ||" is an equivalent algebra norm on A}.

Proof. Since r(z) does not depend on the choice of an equivalent algebra norm,
we have r(z) < ||z||" for every equivalent algebra norm || - ||
Conversely, let € > 0. Consider the semigroup

S:{(r(;+g)n:”:071’---}-

Then S is a bounded semigroup and, by Theorem 32, there exists an equivalent
algebra norm || - || on A such that ||s||" <1 for each s € S. In particular, |z||’ <
r(z) + . This completes the proof.

Functional calculus

Let p(z) = Y. i, a;z" be a polynomial with coefficients o; € C. For z € A we
write p(x) = Y1, a;x’. It is clear that the mapping p — p(z) is a homomorphism
from the algebra of all polynomials to 4. The spectra of x and p(z) and related
in the following way:
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Theorem 34. (spectral mapping theorem) Let = be an element of a Banach algebra
A and let p be a polynomial. Then o(p(x)) = p(co(z)).

Proof. The equality is clear if p is a constant polynomial. Suppose p is non-constant
and let A € C. Then we can write p(z) — A = B(z — a1) -+ (2 — ay) for some
Bya1,...,an, € C,8 # 0,n > 1. Clearly, p(z) — A = B(z —a1) - (v — «p,) and
p(x) — A is non-invertible if and only if at least one of the factors x — «; is non-
invertible, i.e., if a; € o(x) for some i. Thus A € o(p(x)) if and only if p(z) —A =0
for some z € o(x). Hence o(p(x)) = p(o(z)). O

In Banach algebras we can substitute an element a € A not only to polyno-
mials but also to functions analytic on a neighbourhood of the spectrum o(a).

If f is a function analytic on a disc {z : |z|] < R} where R > r(a) and
f(z) =302, a;z" is the Taylor expansion of f, then the series ;= o;a’ converges
in A to an element denoted by f(a).

If f is a function analytic only on a neighbourhood U of o(a), then we can
define f(a) by means of a Cauchy integral. We define

fla) = o [ FEGE=—0) e

where T' is a contour surrounding o(a) in U, see Appendix A.2. The integral is
well defined since the mapping 2z +— (z — a)~! is continuous on I" by Theorem 11.
By the Cauchy formula, the integral does not depend on the choice of I'. The
definition coincides with the previous definition for polynomials:

Proposition 35. Let a be an element of a Banach algebra A, let T' be a contour
surrounding o(a). Let p(z) = Z?:O a;27 be a polynomial with complex coefficients

aj. Then

271m' /Fp(z)(z —a) "tz = Z ajal.

j=0
Proof. 1t is sufficient to show that

/ Mz —a)"ldz = a*
r

for all k > 0. For R > r(a) we have

1
211

1 k -1 1 / k -1 1 / k a’
—a)ldz = —a)ldz = '
2m'/FZ o= e E T o ;zm ?

1 = akti
= / (zk_l+azk_2+---+ak_22+ak_l—|—z ) )dzzak,
211 |z|=R zZ

by the residue theorem. O
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Proposition 36. Let a € A, let I" be a contour surrounding o(a) and let 58 be a

rational function such that no zero of q is surrounded by I". Then

1 Apunz_@mz:mwﬁwl

27t Jp q(2)
(note that g(a)~! exists by Theorem 34).

Proof. We first prove that for £ =0,1,... and for A € C not surrounded by I' we

have
1

1 —1 —k
2m’/p(z—k)’“(z )~ldz = (a— \) (1)
For k = 0 this was proved in Proposition 35. Suppose that (1) is true for some
k > 0. We have

-a) = —a) = —a) (A=) = (c—a)) A —a) "

=A=2)(z—a)'(A—a)"t.
Thus (z —a) ' =AN—a) '+ (a— A"z - (z —a)"! and

1 1 »
omi /F (2= apr (Fma) T dz

1 1 o (a—A)"! 1 B
B 27”/F(Z—)\)’““(>\_a) G+ o /p (Z—)\)k(z_a) dz

_ (a . A)f(kJrl)

by the induction assumption (the first integral is equal to O since the function
2z (z_)})kﬂ is analytic inside I).

Let now 58 be an arbitrary rational function, let A1,..., A, be the roots

of ¢ of multiplicities k1, ..., k,. Then 28 can be expressed as

k;

plz) _ pi(z) + Z (2 ij;\j)s

for some polynomial p; and complex numbers c; ;. It is easy to verify that

n  kj

pla)g(a)™" = pi(a) + Z ch,s(a - )%

j=1s=1
and, by (1), we have

n kj

1 p(2) 173, _ ) oy s -1
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For a non-empty compact set K C C denote by Hg the set of all functions
analytic on a neighbourhood of K. We identify two such functions if they coincide
on a neighbourhood of K. Thus, more precisely, Hx is the algebra of all germs of
functions analytic on a neighbourhood of K.

Theorem 37 (functional calculus). Let a be an element of a Banach algebra A.
Then there exists a homomorphism f + f(a) from the algebra H,(,) into A with
the following properties:

(i) if f(z) = >, 2" is a polynomial with complex coefficients ;, then f(a) =
2 im0 '
(ii) f(a) € {a}" for each f;
(iii) ifU is a neighbourhood of o(a), f, fi are analytic on U and f, — f uniformly
on U, then fr(a) — f(a);

(iv) o(f(a)) = f(o(a)).
Properties (i) and (iii) determine this homomorphism uniquely.

Proof. Define
1
f@) = 1, [ £ =0

where I' is a contour surrounding o(a) in the domain of definition of f. The
linearity of the mapping f — f(a) is clear and (i) was proved in Proposition 35.

(ii) follows directly from the definition since {a}” is a closed algebra containing
(2 —a)~! for every z € I.

To prove (iii), we can replace I' by a contour I" surrounding o(a) in U. Then
frx(2) — f(2) uniformly on I and (iii) is clear.

By Proposition 36, (f1f2)(a) = fi(a)fa(a) if f1, fo are rational functions with
poles outside o(a). By the Runge theorem, any f € H,(,) can be approximated
uniformly on some neighbourhood of o(a) by rational functions, so we conclude
that the mapping f — f(a) is multiplicative. Since property (i) determines f(a)
uniquely for rational functions f, we see that properties (i) and (iii) determine the
functional calculus uniquely.

It remains to prove (iv). If A ¢ f(o(a)), then g(z) = (f(z) — A\)~! is a function
analytic on a neighbourhood of o(a). Thus (f(a) — A)g(a) =1 and X ¢ o(f(a)).

Conversely, if A € f(o(a)), then there exists zg € o(a) with f(z9) = A and
f(2) =X = (2 —20)g(z) for some function g € H,(4). Then f(a) -\ = (a — 20)g(a)
and, since a — zg ¢ Inv(A), we have f(a) — A ¢ Inv(A). Hence A € o(f(a)). O

We mention at least one important corollary of the functional calculus for
the algebra of operators:

Corollary 38. Let T be an operator on a Banach space X, dim X > 1. Suppose
that Uy, Us are disjoint open subsets of C such that o(T) C Uy U Us,. Then there
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exist closed subspaces X1, X2 C X such that X = X; & X3, TX; C X; and
o(T|X;) cU; (i=1,2).

Proof. Let f : Uy UUy — C be defined by f|U; = 1, f|Uy = 0. Since f2 = f,
the operator P = f(T') is a projection. Set X; = PX and Xy = (I — P)X.
Clearly, X; and X are invariant with respect to T and X = X; & X,. Write
T, = T|X; (i =1,2). We show that o(T1) C U;. Let A ¢ U; and define g :
UpUU; — Chbyg(z) = (2= N1 (2 € Uy), glUs = 0. Then (2 — Ngf = f,
and so (T'— \)g(T)P = P. We have g(T) X, = g(T)PX = Pg(T)X C X1, and so
the restriction of the last equality to X7 gives (71 — \)g(T")| X1 = Ix,, where Ix,
denotes the identity operator on X;. Thus A ¢ ¢(T3) and o(T1) C U;. Similarly,
O'(TQ) c Us. O

The spaces X;, X2 given in the preceding corollary are called the spectral
subspaces of T' corresponding to U; and Uy, respectively.

Radical

We finish this section with the basic properties of a radical.

Definition 39. Let A be a Banach algebra, let J C A be a left ideal. We say that
J is a mazimal left ideal if J is proper and if the only proper left ideal containing
J is J itself.

Similarly we define maximal right ideals.

Theorem 40. Let A be a Banach algebra. Then:

(i) the closure of a proper left ideal is a proper left ideal;

(ii) every proper left ideal is contained in a maximal left ideal;
(iii) every maximal left ideal is closed.
Proof. (i) If J C A is a proper left ideal, then Inv(A) N J = @. By Theorem 11,
dist{l4,J} > 1, and so 14 ¢ J. Hence J is proper.

(ii) is an easy application of the Zorn lemma and (iii) follows from (i). O

Theorem 41. Let A be a Banach algebra. The following sets are identical:

(i
(ii

) the intersection of all maximal left ideals in A;

)
(iii) the set of all x € A such that 1 — ax is invertible for every a € A;
iv)

the intersection of all maximal right ideals in A;

(iv) the set of all x € A such that 1 — xa is invertible for every a € A.

Proof. By Theorem 29, the sets described in (iii) and (iv) are equal. It is sufficient
to show the equivalence of (i) and (iii) since the equivalence of (ii) and (iv) can
be proved similarly.
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Suppose that 1 — ax is invertible for all @ € A and let J be a maximal left
ideal such that x ¢ J. Then J+ Az is a left ideal containing J, and so J+ .4z = A.
Thus there exists a € A such that 1 —az € J. Since 1 — ax € Inv(.A), we conclude
that 1 € J, a contradiction.

In the opposite direction, let x be in the intersection of all maximal left ideals
of A. Suppose that there exists a € A such that 1 — ax is not invertible. Thus
o(azx) # {0} and let A € o(ax) satisfy |A\| = r(az) > 0. By Theorem 14, A — ax is
a left topological divisor of zero, and so A — ax is not left invertible. Consequently,
A(X — az) is a proper left ideal, and so there exists a maximal left ideal J D
A\ —ax). We have A —ax € J and x € J, and so 1 = A"\ —az) + A "tax € J,
a contradiction. O

Definition 42. The set of all z with properties (i)—(iv) of the previous theorem is
called the radical of A and denoted by rad A. Evidently, rad A is a closed two-sided
ideal of A.

An algebra A is called semisimple if rad A = {0}.
Theorem 43. Let A be a Banach algebra. Then:

(i) A/rad A is semisimple;
(ii) an element x € A is invertible in A if and only if x + rad A is invertible in
A/ rad A;
(iii) if x € rad A, then o(z) = {0}.

Proof. (i) Denote by p : A — A/rad A the canonical projection. If x € A, x ¢
rad A, then there exists a maximal left ideal J with « ¢ J. Since rad A C J, it
is easy to check that J + rad A = p(J) is a maximal left ideal in A/ rad.A and
p(x) =x +rad A ¢ p(J). Thus z + rad A ¢ rad(A/rad A).

Since x was an arbitrary element in A\ rad 4, the algebra A4/ rad A is semisimple.

(ii) If € Inv(A), then p(x) € Inv(A/rad.A) by Theorem 26. Conversely, if p(z) €
Inv(A/rad A), then there exists y € A such that zy € 1+rad A, yx € 14+rad A. By
Theorem 41 (iii) and (iv), the elements 1 4+ 1(zy — 1) = zy and 14+ 1(yx — 1) = yx
are invertible. Hence x € Inv(.A).

(iii) Let « € rad A and A # 0. Then A — 2 = A(1 — A~'2), which is invertible by
Theorem 41 (iii). O

Theorem 44. B(X) is semisimple for every Banach space X with dim X > 1.

Proof. Let T € B(X), T # 0. Then Ta # 0 for some non-zero x € X. Choose
g € X* such that g(Tz) = 1 and define S € B(X) by Sy = g(y) -z (y € X).
Then STx =z, and so 1 € ¢(ST). By Theorem 41, T' ¢ rad(B(X)). Hence B(X)
is semisimple. O
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2 Commutative Banach algebras

In this section we give a survey of basic results of the theory of commutative
Banach algebras.

The most important example of a commutative Banach algebra is the algebra
C(K) of all complex-valued continuous functions defined on a non-empty compact
space K with the sup-norm || f|| = sup{|f(z)| : # € K}. For further examples see
1.4 (iii), (iv), (vi).

In commutative algebras the notions of left, right and two-sided ideals coin-
cide. In the same way, the notions of maximal left (right) ideals and left (right)
topological divisors of zero coincide. We are going to speak only about ideals,
maximal ideals and topological divisors of zero.

Theorem 1. Every maximal ideal in a commutative Banach algebra is closed and
of codimension 1.

Proof. Let J be a maximal ideal in A. By Theorem 1.40, J is closed. Furthermore,
A/J is a commutative Banach algebra with no non-trivial ideals, and so every
non-zero element of A/J is invertible. By Corollary 1.19, dim A/J = 1. O

Definition 2. Let A be a commutative Banach algebra. A linear functional ¢ : 4 —
C is called multiplicativeif p(14) = 1 and p(zy) = p(z)p(y) for all z,y € A (in
other words, ¢ is a homomorphism).

Multiplicative functionals are in 1-1 correspondence with maximal ideals.
Theorem 3. Let A be a commutative Banach algebra. Then:

(i) if ¢ is a multiplicative functional on A, then Ker ¢ is a maximal ideal;

(i) if J C A is a maximal ideal in A, then A = {z+X-14:2 € J, A € C}
and the mapping ¢ : A — C defined by ¢(x + A-14) = X is a multiplicative
functional. Clearly, Ker p = J.

Proof. An easy verification. O

The set of all multiplicative functionals on a commutative Banach algebra A
will be denoted by M(A). As the multiplicative functionals are in 1-1 correspon-
dence with the maximal ideals, multiplicative functionals are frequently identified
with the corresponding maximal ideals (we are not going to use this convention).
From this reason M(A) is usually called the mazimal ideal space.

Theorem 4. Let x be an element of a commutative Banach algebra A. Then:
(i) if o € M(A), then p(z) € o(x);
(ii) if A € o(x), then there exists ¢ € M(A) such that p(z) = X;
(iii) an element x € A is invertible if and only if p(x) # 0 for every ¢ € M(A).
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Proof. (i) If ¢ € M(A), then x — ¢(z) - 14 € Ker ¢. Since Ker ¢ is a proper ideal,
the element x — () - 14 is not invertible, and so ¢(x) € o(z).

(ii) If A € o(x), then = — A is contained in a proper ideal, and so there exists
a maximal ideal containing  — A. The corresponding multiplicative functional ¢
then satisfies ¢(x — \) = 0, and so ¢(x) = .

(iii) Follows from (i) and (ii). O
Corollary 5. Let A be a commutative Banach algebra. Then M(A) # ().

Theorem 6. Let ¢ be a multiplicative functional on a commutative Banach algebra
A. Then ¢ is continuous and ||| = 1.

Proof. For x € A we have ¢(x) € o(z), and so |p(z)| < r(z) < ||z|. Thus |¢] <1,
and since ¢(14) = 1, we have ||¢|| = 1. O

We consider the topology of pointwise convergence of multiplicative func-
tionals on M (A). The base of open neighbourhoods of a multiplicative functional
» € M(A) is formed by the sets

le,...,z"75 = {w S M(A) : |¢((Ez) — (,0(1‘1)| < 572. = ]., PN ,'I’L}7
where z1,...,2, € A,e > 0.

Theorem 7. M(A) with the above-defined topology is a non-empty compact Haus-
dorff space.

Proof. M(A) is non-empty by Corollary 5 and Hausdorff by definition. Since the
closed unit ball B 4+ of A* is compact in the w*-topology and M(A) is a w*-closed
subset of B4~, we conclude that M(A) is compact. O

Consider the Banach algebra C(M(A)) of all complex-valued continuous
functions on the compact space M(A) with the sup-norm.

Definition 8. The mapping G : A — C(M(A)) defined by
Gla)(p) = ¢la)  (a€ApeM(A)
is called the Gelfand transform.
The Gelfand transform has the following properties:

Theorem 9. Let A be a commutative Banach algebra. Then:

(i) G: A— C(M(A)) is a continuous homomorphism, |G|| = 1;
(i) [G(a)| =r(a) (a€A);
(iti) G(a)(M(A)) =o(a) (a € A);
(iv) G(a) =0 <= o(a) ={0} <= a e rad A.
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Proof. (iii) We have {G(a)(p) : ¢ € M(A)} = {p(a) : p € M(A)} =0(a).

(ii) By (iii), |G (a)|| = sup{|G(a)(¢)| : ¢ € M(A)} =sup{|A| : A € 7(a)} = r(a).
(i) By (ii), ||G|| < 1. Since [|G(14)| =r(14) = 1, we have |G| = 1.
(iv) The first equivalence follows from (ii). An element a belongs to the radical

if and only if it is contained in every maximal ideal, i.e., if p(a) = 0 for every
¢ € M(A). This means that o(a) = {0}. O

The spectrum in commutative Banach algebras has a number of nice prop-
erties. The following result means the continuity of the spectrum.

Theorem 10. Let A be a commutative Banach algebra, x,x, € A (k € N), z, — x.
Then )\ € o(x) if and only if there exist points A\p € o(xg) (k= 1,2,...) such
that A = limp_ oo .

Proof. If A € o(z), then there exists ¢ € M(A) with ¢(z) = A. Set A\ = ¢(zx).
Then A\, € o(xy) and Ay — A.

Conversely, let A\, € o(x) and Ay, — A. For each k there exists ¢ € M(A)
with g (xr) = Ak. Set up = pr(x) € o(x). Then

A= k] < A=Al +[Ae =] = [A=Xe|+]pr(zr) — k()] < [A=Xg|+ ||z —2] — 0.
Thus pr — A and A € o(z). O

Theorem 11. Let A be a Banach algebra, x,y € A, xy = yx. Then:

(i) o(zy) Co(z)-o(y) and o(z +y) C o(z) + o (y);
(ii) r(zy) <r(x)-r(y) and r(z +y) < r(z) + r(y).

In particular, the spectral radius in a commutative Banach algebra is an algebra
seminorm.

Proof. Clearly, (ii) is a consequence of (i).

To prove (ii), suppose first that A is a commutative Banach algebra. Then

o(zy) = {p(xy) : o € M(A)} = {p(@)p(y) : p € M(A)}
c {e@)(y) : o, € M(A)} = o(z) - a(y).

In the same way, o(z +y) C o(x) + o(y).

In general, write Ay = {z,y}"”. By Lemma 1.24, Ay is a commutative Banach
algebra and it is easy to check that o4 (z) = o (z), o (y) = o4 (y), o (zy) =
oA (zy) and 04 (z+y) = 04 (x+y). Thus the result follows from the corresponding
inclusions for the commutative Banach algebra Ag. O
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The following result characterizes multiplicative functionals.

Theorem 12. (Gleason-Kahane-Zelazko) Let A be a commutative Banach algebra
and let ¢ : A — C be a linear functional. Then ¢ is multiplicative if and only if
p(z) € o(x) for every x € A.

Proof. It ¢ € M(A), then ¢(z) € o(x) for every z € A by Theorem 4.

Suppose that ¢ is a linear functional satisfying ¢(z) € o(x) for all x € A.
Then p(14) = 1. First, we prove the implication ¢(a) = 0 = ¢(a?) = 0 for all
ac A

Let ¢(a) = 0, n > 2 and denote by p the polynomial p(A) = p((A —a)™). Let
AL, .-, A be the roots of p. Since 0 = p(A;) = p((A; — a)™), we have (\; — a)™ ¢
Inv(A), and so A; — a ¢ Inv(A). Thus \; € o(a) for i = 1,...,n. We can write

POY == A1) (A= A) = A" = A3 A2 AN
i=0 i#]

n—1

( )QD(G2)+

= A" =\ Inp(a) + An—2" 9

Thus we have - = np(a) = 0 and Y, \Aj = "D o (a2). We have 0 =
2
(SA) =S +25,,; A, and so

_RE AN TR a6@) (@)

|§0(a )| n(n—l) n(n_l) - n(n—l) n—1"

Letting n — oo yields p(a?) = 0.

Let a € A. Then ¢(a— ¢(a)-14) =0, and so p(a? — 2ap(a) + (¢(a))?) =0,
which implies ¢(a?) = (¢(a))?.

Consequently, for z,y € A we have

(2(@)? + 20(2)p(y) + (0(1))” = (@) + o)) = (p(z +y))”
= o((x +9)?) = p(2?) + 2¢(xy) + (y?),
and so ¢(zy) = o(x)e(y). O

The Gelfand transform commutes with the functional calculus which was
introduced in the previous section.

Theorem 13. Let A be a commutative Banach algebra, x € A and let f be a
function analytic on a neighbourhood of o(x). Then:

(i) ¢(f(2)) = f(p(x)) for all p € M(A);
(ii) G(f(x)) = f(G(z)).
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Proof. (i) We have f(z) = ,!. [ f(2)(z—x)~'dz, where I is a contour surrounding

21
o(x). Since the integral is defined as a limit of Riemann’s sums and ¢ is continuous

and multiplicative, we have

PH@) = o1 [ 16— ole) " de = F(o(o)).

The second statement follows from the definition of the Gelfand transform. O

In commutative Banach algebras it is possible to introduce the notion of
spectrum for n-tuples of elements.

Definition 14. Let A be a commutative Banach algebra, z1,...,x, € A. The
spectrum o(x1,...,x,) is the set

o(x1,...,x) = {(p(x1) ... 0(zn)) : o € M(A)}.

Theorem 15. Let x1,...,z, be elements of a commutative Banach algebra A.
Then:
(i) The spectrum o(z1,...,Ty) is a non-empty compact subset of C";

(ii) XA € o(x1,...,zy) if and only if the ideal (x1 — M)A+ -+ + (z — Ap)A is
proper, Le., if 14 ¢ (x1 — M)A+ -+ (z, — A\p)A;

(iii) if m < n, then o(x1,...,2m) = Po(z1,...,2,), where P : C" — C™ is the
natural projection onto the first m coordinates.

Proof. (i) Since M(A) # 0, the spectrum o(x1,...,x,) is also non-empty. The
mapping ¢ — (¢(x1,...,p(z,)) from M(A) onto o(z1,...,x,) is continuous,
and so o(x1,...,T,) is compact.

(ii) If (M1,...,A\n) € o(z1,...,2y), then there exists ¢ € M(A) such that p(x;) =
Ai (i=1,...,n). Then (z1 — A\1)A+---+ (z, — Ay )A is contained in Ker ¢, and
so it is a proper ideal.

Conversely, if (x1 — A1) A+ -+ (2, — A\n).A is a proper ideal, then it is con-
tained in a maximal ideal. The corresponding multiplicative functional ¢ satisfies
plxz)=XN (GE=1,...,n),and so (A1,...,A\n) € o(x1,...,24).

(iii) Clear. O

Theorem 16. Let A be a commutative Banach algebra with a finite number of
generators 1, . .., T, (I.e., A is the smallest closed algebra containing the elements
Z1,...,%n). Then M(A) is homeomorphic to o(x1,...,Ty).

Proof. Consider the mapping ¥ : M(A) — o(x1,...,x,) defined by
U(p) = (p(a1), .- (@) (p € M(A)).

Clearly, ¥ is continuous and onto. It is sufficient to show that ¥ is one-to-one. If
©1, 02 € M(A) with U(p1) = U(pa), then ¢1(z;) = pao(x;) for all i = 1,...,n.
Since A is generated by x1, ..., z,, we have p; = pa. O
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Denote by P(n) the set of all complex polynomials in n variables. If p € P(n)
and x1,...,z, € A, then we define p(x1,...,x,) in the natural way.

Definition 17. Let K be a non-empty compact subset of C™. The polynomially
convex hull of K is the set

~

K = {z € C": |p(2)| < max{|p(w)| : w € K} for every polynomial p € P(n)}

A set K is called polynomially convex if K =K.

In the case n = 1 there is a simple characterization of polynomially convex
sets: a non-empty compact subset K C C is polynomially convex if and only if
C\ K is a connected set. Thus the polynomially convex hull of a compact subset
K of C is the union of K with the bounded components of C \ K.

Theorem 18. Let A be a commutative Banach algebra with a finite number of
generators 1, ..., Ty,. Then o(x1,...,x,) is a polynomially convex subset of C™.

Proof. Fix A = (A1, ..., An) in the polynomially convex hull of o(z1,...,z,). Then

Ip(N)] < Sup{|p(z1,...,zn)| P 21,...,2n € o’(a:l,...,xn)}
= sup{[p(p(1), ..., p(xn))| : € M(A)}
= sup{lg(plar,- - 20| o € MIA} = r(plar, ., 0)
< lp(zy, -z

for each polynomial p € P(n). Set Ay = {p(z1,...,2n) : p € P(n)} and let
¥ : Ay — C be defined by ¢ : p(z1,...,2,) — p(A). Since |[¥(y)| < ||y|| for
all y € Ag, the definition of 1 is correct and v can be uniquely extended to a
multiplicative functional (denoted also by ) on Ay = A. Thus (A1,...,\,) =
(Y(x1),...,¥(xn)) € o(x1,...,2p), and so o(z1,...,%y,) is polynomially convex.

U

In particular, if A is generated by a single element x, then o**(x) has no holes
(C\ oA(x) is connected).

Let A be a Banach algebra and z1, . .., z, € A. We denote by (x1,...,x,) the
closed subalgebra generated by the elements x1, . .., z,. By definition, (z1,...,z,)
contains the unit of A.

Examples 19.

(i) Let K be a non-empty compact Hausdorff space and C(K) the algebra of
all continuous functions on K with the sup-norm. It is not difficult to show
that the multiplicative functionals on C(K) are precisely the evaluations
Ex (M € K) defined by Ex(f) = f(A). Thus M(C(K)) is homeomorphic to
K and the Gelfand transform is the identical mapping.

For f € C(K), we have 6“5 (f) = f(K).
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(ii) If K is a non-empty compact subset of C" and P(K) the uniform closure on
K of all polynomials, then M(P(K)) can be identified with the polynomially
convex hull K.

This applies also to the disc algebra A(D), see Example 1.4 (iv), since A(D) =
P(D).

(iii) Consider the Banach algebra H* of all bounded analytic functions on the
open unit disc. The maximal ideal space M(H°) is quite large and compli-
cated. The celebrated corona theorem of Carleson says: if fi,...,f, € H*®
and inf.ep > 1 |fi(2)] > 0, then Y f;g; = 1 for some g; € H*. This can
be reformulated as follows: the set of all evaluations £, (A € D) is dense in
M(H>).

Thus o7 (f) = f(D) for f € H>.

(iv) Let T = {# € C: |z| = 1} be the unit torus and let A be the algebra of
all continuous functions on T with absolutely convergent Fourier series (i.e.,
f(z) =37 a;z" where ) |a;| < 00). It is easy to see that M (A) coincides
with T. Thus the Gelfand theory gives a very simple proof of the following
Wiener theorem: if f € A and f(2) #0 (z€T), then 1/f € A

(v) Multiplicative functionals on L' (see Example 1.4 (vi)) are of the form
fe / f(z)e’™® dx

where t € R. Thus M(L! & C) coincides with the one-point compactification
of R. The Gelfand transform is closely connected with the Fourier transform.

In commutative Banach algebras it is possible to extend the functional cal-
culus to analytic functions of n-variables. Here we formulate the result without
proof since it will be an easy consequence of the more general Taylor functional
calculus that will be discussed later. Recall that for a non-empty compact subset
of K C C™ we denote by Hg the algebra of all functions analytic on a neighbour-
hood of K (more precisely, Hg is the algebra of all germs of functions analytic on
a neighbourhood of K).

Theorem 20. Let A be a commutative Banach algebra. To each finite family a =
(a1,...,an) of elements of A and each function f € H,(4) it is possible to assign
an element f(ai,...,a,) € A such that the following conditions are satisfied:

(i) if p(z1,...,2n) = Y pezn Ca?y’ --- 25" is a polynomial in n variables with
n

Qn

complex coefficients ¢, then p(a) = Eaezi coalt - adn;

(ii) the mapping f — f(a1,...,a,) is an algebra homomorphism from the algebra
Hg(a) to .A,'
(iii) if p € M(A) and f € H,(q), then

Qa(f(ala R aan)) = f(@(al), IR (p(an));
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(iv) o(flar,...,an)) = f(olar,...,an));
(v) ifU is a neighbourhood of o(ax, ...,an), f, fr (k € N) are functions analytic
on U and fy, converge to f uniformly on U, then

felar,...;an) — flag,... an).

We finish this section with the basic properties of the Shilov boundary.

Let K be a compact Hausdorff space. For a non-empty subset M C K and a
continuous function f : K — C write || f||ar = sup{|f(2)| : z € M }.

Definition 21. Let K be a non-empty compact Hausdorff space, let A C C'(K) be an
algebra of continuous functions containing the constant functions and separating
the points of K. The Shilov boundary I'(K, A) is the subset of all points z € K
with the following property: for every neighbourhood U of x there exists a function
f € Asuch that || fllv > || fllx\v-

Theorem 22. Let K be a non-empty compact Hausdorfl space, let A C C(K) be an
algebra of continuous functions containing the constant functions and separating
the points of K. Then:

(i) I'(K,.A) is a closed subset of K;

(i) [[fllex.a) = Ifllx for every f € A;
(iii) if F is a closed subset of K with the property that ||f|x = || f||F for all
f €A, then F DT'(K,A).

Proof. (i) follows directly from the definition.

(iii) For f € A write S(f) = {x € K : |f(z)| = ||fllx}. Clearly, S(f) is a non-
empty compact subset of K for every f € A. We say that a closed subset F' C K
is maximizing if || f||r = || f||x for every f € A. Obviously, F' is maximizing if and
only if S(f)NF #  for every f € A.

Let F be a maximizing set and « € T'(K,.A). For every neighbourhood U of
x there exists f € A with S(f) C U, and so F NU # (. Since U was an arbitrary
neighbourhood of = and F' is closed, we conclude that « € F. This proves (iii).

(ii) Denote by F the family of all maximizing sets ordered by inclusion. If {F, }, is
a totally ordered subset of F, then F' = , Fy, is also a maximizing set. Indeed, for
every f € A, S(f)NF, is a totally ordered family of non-empty compact subsets
of K, and so FNS(f)=,(S(f)NF,)# 0. Thus F =, F, is maximizing. By
the Zorn lemma there exists a minimal maximizing set Fp.

By (iii), I'(K,.A) C Fy. Conversely, let © € Fy and let U be an open neigh-
bourhood of  in K. For every y € K \ U there exists f, € A with fy(z) = 0 and
fy(y) =1. Let U, = {z € K : |fy(z)| > 1/2}. Since the set K \ U is compact, we
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can find finitely many points y1, ..., y, € K\U with J U,. D K\U, and functions
fl = fyla---afn - fyn S .ASIlCh that

Up:={zeK:|fi(z))<1/2 (i=1,...,n)} CU.

Since Fp is a minimal maximizing set, there exists f € A such that || f||p\v, <

Ifl7 = IIfllx (otherwise Fy \ Uy would be a maximizing set smaller than Fp).
We may assume that ||f||x = 1 and, by replacing f by a suitable power f™ if
necessary, || fllp\v, < 2max{‘|f1”K7 iy Fori=1,....n we have

£ fill x = max{|[|f fill r\vo | f fill lonw } < 1/2.

Let y € Fy be a point with the property that |f(y)| = || f|lx = 1. Then |f;(y)| =
[(ff)w)| < 1/2 (i = 1,...,n), and so y € Up. Thus S(f) C Uy C U and
z e (K, A).

Hence Fy =T'(K, A) and T'(K, .A) is a maximizing set. O

Let A be a commutative Banach algebra. The Shilov boundary of A is the
set ['(A) = T'(M(A), G(A)).

The Shilov boundary of a commutative Banach algebra A has the following
properties:
Corollary 23. Let A be a commutative Banach algebra. Then:

(i) T'(A) is a non-empty closed subset of M(A);
(i) max{|p(a)|: ¢ € D(A)} = max{|p(a)| : ¢ € M(A)} =r(a) for every a € A;
(iii) if F' is a closed subset of M(A) satisfying max{|g@(a tp € F} = r(a) for
every a € A, then F D T'(A);

(iv) if ¢ € M(A), then ¢ € T'(A) if and only if for every neighbourhood U of ¢
there exists a € A such that

sup{[i:(@)| : ¥ € U} > sup{[(a)] : v € M(A)\U}.

3 Approximate point spectrum in commutative
Banach algebras

In this section we introduce and study the approximate point spectrum in com-
mutative Banach algebras. This is, apart from the ordinary spectrum, the most
important example of a spectrum.

All algebras in this section will be commutative.

Let x4, ..., x, be elements of a commutative Banach algebra A. We will write

dMxy,. .. x,) = inf{z lziz]| : 2 € A, ||z]| = 1}.

i=1
If no confusion can arise we write simply d(z1,...,2,) instead of d*(x1,...,2,).
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Clearly, an element 7 € A is a topological divisor of zero in A if and only if
d“A(.Z‘l) =0.

Lemma 1. Let x1,...,%n, Y1, - - -,Yn be elements of a commutative Banach algebra
A. Then:

(1) d('xlv s 7xn) < Z?:l ”'TZ”a
(i) |d(z1,...,zn) —dy1, ... yn)| < ;Hxi—yill;

(iii) the function d : A™ — (0, 00) is continuous, where A" is considered with the
product topology;

(iv) d(z1)d(y1) < d(x1y1) < [|[z1]|d(y1);

(v) if z; is invertible, then d(z1) = ||z~ 1|~ .
Proof. (i)—(iv) Clear.
(v) For y € A we have [ly|| = [la @1yl < 27| 21y, and so d(w1) > [lo3 ]~
On the other hand, we have ||z1 - 27| = ||[14] = 1, and so d(z1) < ||lz; ||~ O

Definition 2. Let M be a subset of a commutative Banach algebra A. We say that
M consists of joint topological divisors of zero if d(x1,...,x,) = 0 for every finite
subset {z1,...,z,} C M.

Theorem 3. A set M C A consists of joint topological divisors of zero if and only
if there exists a net (zo) C A such that ||z,|| = 1 for all @ and lim, 2,z = 0 for
eachr € M.

Proof. If there exists such a net, then clearly M consists of joint topological divisors
of zero.

Suppose on the contrary that M consists of joint topological divisors of zero.
For each finite subset F' C M and each k € N there exists an element zp, € A such
that |[zpk| =1 and Y pllzpez| < k7', Consider the order (F,k) < (F', k') if
and only if ' C F" and k < k’. Then the net (z2px)p i satisfies the conditions of
the theorem. O

Theorem 4. Let (z,) be a net of elements of a commutative Banach algebra A
such that ||zo|| = 1 for every a. Then the set M = {z € A : limy zz, = 0} is a
closed ideal.

Proof. 1t is clear that M is an ideal. Let x € M. For every € > 0 there exists
y € M such that ||z — y|| < § and ag such that ||yzo|| < § for all & > ag. Then

lzzall < (= y)zall + llyzall <€

for all &« > ag. Hence z € M and M is closed. O

Corollary 5. Let M C A consist of joint topological divisors of zero. Then the
smallest closed ideal containing M consists of joint topological divisors of zero.
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The following construction is very important in the study of topological di-
visors of zero.

Let A be a commutative Banach algebra. Denote by ¢°°(A) the set of all
bounded sequences of elements of A. If we consider the pointwise algebraic oper-
ations and the norm |[|(a;)52, || = sup, [|a;||, then £>°(A) becomes a commutative
Banach algebra. Denote by ¢o(A) the set of all sequences (a;) with lim;_.. a; = 0.
Clearly, co(A) is a closed ideal in £>°(A). Denote by Q(A) the quotient algebra
12(A)/co(A).

The elements of Q(A) can be considered as bounded sequences of elements
of A where we identify two sequences (a;) and (a’) whenever they satisfy
lim; oo [|a; — aj|| = 0. With this convention [|(a;)||g4) = limsup,;_, [la;|| and
Q(A) contains A as a subalgebra of constant sequences.

The most useful property of the algebra Q(A) is that topological divisors of
zero in A become divisors of zero in Q(A).

Theorem 6. Let A be a commutative Banach algebra and let a € A. Then:

(i) d*(a) = d?(a) for all a € A;

(ii) ifas,...,a, € Aand d*(ai,...,a,) =0, then there exists b € Q(A) of norm
1 such that b-a; =0 fori =1,...,n

Proof. (i) Clearly, d?A (a) < d*(a). Conversely, we have |ab|| > d*(a) - ||b|| for
all b € A. Let b= (b;) € Q(A). Then

llabll () = limsup [lab;|| > limsup(d(a) - [|b;]]) = d*(a) - [1Bllqa)-
J—00 J—00

Thus d9 (a) > d4(a).

(i) If d*(ay,...,a,) = 0, then there exists a sequence b = (b;) of elements
of Awith ||b;]| =1 (j = 172, ) and lim;_,« ||a;b;]| = 0 for ¢ = 1,...,n. Then
||b||Q(A =landab=0 (i=1,...,n). O
Theorem 7. Let xg,x1, ..., T, be elements of a commutative Banach algebra A

satisfying d(x1, ..., x,) = 0. Then there exists A € C such that
d(xog — A\, x1,...,2,) = 0.
Proof. Regard A as a subalgebra of the algebra (.A) constructed above. Set
J={a =(a;) €QA):2,a=0 (r=1,...,n)}.

Then J is a closed ideal in Q(A) and, by the preceding lemma, J # {0}. Define
the operator T': J — J by T'((a;)) = (zoas).

Let A € 9oB()(T). Then, by Theorem 1.28, there exist @; € J (j € N) such
that [|t]lga) = 1 and Timj oo [(T' = A); [l ga) = limj—oo [[(z0 = Al ga) = 0-
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For every k € N there exists j € N such that ||(zo — N)i;llou) < k=%
As @; € J, we can find an element zj of the sequence @; such that ||z, zz| <
E~t (r=1,...,n), [(mo — Nzg|]] < k7' and 1 — k=1 < ||zx]] < 1+ k71 If we

consider the sequence (HZH , 1t is easy to see that d(xo — A\, x1,...,2,) =0. O

Let A be a commutative Banach algebra. Denote by }(.A) the set of all ideals
in A consisting of joint topological divisors of zero.

Corollary 8. Let A be a commutative Banach algebra and let I € {(A). Then there
exists a maximal ideal J such that J € A) and J D I.

Proof. It follows easily from the Zorn lemma that there exists an ideal J in 1(A)
containing I that is maximal in this class with respect to the inclusion. It is
sufficient to show that codim J = 1.

If codim J > 2, then there exists © € A such that z ¢ J+ C- 1 4.

For every finite subset F' = {x1,...,2,} C J set

C’F:{)\G(C:d(x—)\7m17...,xn):0}.

By the previous theorem, we have Cr # (). Moreover, Cr is compact and Cg N
Cr D Cryupr # () for all finite subsets F, F' C J. Hence the system {Cr} has the
finite intersection property and there exists A € () Cr.

Let J' be the ideal generated by J and x — A. Then J C J’, J # J' and, by
Corollary 5, we have J’ € }(A), which is a contradiction. O

The set of all multiplicative functionals ¢ € M(A) with Kerp € }(A) is
called the cortez of A and denoted by cor A.

Definition 9. Let x4, ..., x, be elements of a commutative Banach algebra A. The
approzimate point spectrum T(z1,...,Ty) is defined by

T(xl,...,xn):{()\1,...,)\”)EC”:d(zl—)\l,...,xn—)\n):()}.

The approximate point spectrum has similar properties as the spectrum o
defined in the previous section.

Theorem 10. Let * = (z1,...,2,) be an n-tuple of elements of a commutative
Banach algebra A. Then:

(i) 7(z) = {(p(x1), ..., p(xn)) : ¢ € cor A};
(ii) do(z1) C T(x1) C o(x1);
(iii) cor.A is a non-empty compact subset of M(A) and 7(x) is a non-empty
compact subsets of C";

(iv) if m < n and P : C* — C™ is the canonical projection onto the first m
coordinates, then 7(x1,...,Tm) = P1(z1,...,2,);
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(v) if f=(f1,...,[m) Is an m-tuple of functions analytic in a neighbourhood of
o(x), then T(f(I)) = f(T(I)),
(vi) if B is a closed subalgebra of A and 1, ...,x, € B, then

B (z) c 74 (z) c o (2) C 6B (x);

(vil) the polynomially convex hulls of 7(x) and o(x) coincide, i.e.,

Proof. (i) If ¢ € cor A, then x; — p(z;) € Keryp (i = 1,...,n), and so (p(z1),

.y p(zy)) € 7(z1,...,2,). Conversely, if (A,...,A,) € 7(z1,...,2,), then
d(x1 — M, ...,z, — Ap) = 0 and, by Corollary 8, there is a ¢ € cor. A such that
xi— A €Kerpand o(z;)) =N (i=1,...,n).

(ii) follows from Theorem 1.14.

(iii) Since 7(z1) D do(x1), the set 7(x1) is non-empty. By (i), cor A # 0 and
also 7(x1,...,z,) # 0.

We show that cor A is a closed subset of M(A). Let ¢, be a net of elements
of cor A and po — ¢ € M(A). Let y1,...,ym € Kerp and e > 0. Then |¢4(y;)| <
¢/2 for all j and all « sufficiently large. Further, y; — ¢a(y;) - 14 € Kerg, and
there is a u € A with ||ul| =1 and ||(y; — va(y;))ull <e/2 (j=1,...,m). Then
lyjull <e (j=1,...,m) and, consequently, d(y1,...,ym) = 0. Hence ¢ € cor A
and cor A is compact.

Consider the mapping ¢ — (@(z1),...,¢(xy,)) from cor A onto 7(z1, ..., xn).
The mapping is continuous and therefore 7(z1,...,x,) is compact.

(iv) follows from (i).

(v) By Theorem 2.20, we have
fr(@)) = {f(p(x)) - ¢ € cor A} = {p(f(2)) : ¢ € cor A} = 7(f(2)).

(vi) The first inclusion follows from the inequality
dMxr = M, mn — Ay) < dB (2 — A1y 2 — M)

for all (A1,...,A\,) € C™

The second inclusion is clear. To show the third inclusion, let (A1,...,A,) €
oA(x1,...,2,). Then there exists a multiplicative functional ¢ € M(A) such that
p(z;) =N (i=1,...,n). Therestriction v = p|B € M(B) has the same property,
and so (A\1,...,\n) € 0B (z1,...,2,).

(vii) For each polynomial p we have

max{|p(V)| : } € o(x)} = max{|u| : 1 € o(p(x))}
=max{|u| : p € 7(p(x))} = max{|p(\)| : A € 7(2)}.

~

Hence 7(z) = o(x).
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By Theorem 2.18, ¢{*) () is polynomially convex. By (vi), we have 7(*) () C
(z) C 0A(z) C o) (z) and 74 (z) = (%) (z). Hence 64 (z) = o' (z). O

If we replace the norm by the spectral radius in the definition of ideals con-
sisting of joint topological divisors of zero, then we get similar results.
Let A be a commutative Banach algebra. Denote by v(.A) the set of all ideals

J in A such that .
inf{Zr(xiy) yeAr(y) = 1} =0
i=1

for every finite subset {z1,...,2,} C J.
This notion is closely related to the Shilov boundary I'(A) of the algebra A.

Theorem 11. Let ¢ be a multiplicative functional on a commutative Banach algebra
A. Then ¢ € T'(A) if and only if Ker ¢ € y(A).

Proof. Let p € I'(A), x1,...,z, € Kery and € > 0.
Consider the neighbourhood

U={ypeM(A): )| <e (i=1,...,n)}
of ¢ in M(A). By Corollary 2.23, there exists y € A such that r(y) = 1 and
sup{[(y)| s 6 € M(A)\ U} < 1,
For a suitable power z = y* we have 7(z) = 1 and

sup{[v(2)] 1 p € M(A)\U} <e.

Then
r(z;z) = max { sup{|¢(z;z)| : ¢ € U}, sup{|v(z:2)] : p € M(A) \ U}}
<e- maX{L ||I1||7 R ||.I‘n||}
Hence Y/, r(z;z) < ne-max{l,|z1|,...,||z.]|} and, consequently, Kery €
7(A).

In the opposite direction, let Kerp € v(A). Let z1,...,2, € A, € > 0 and
let

U={ypeMA): @) —p) <e (i=1,...,n)}.
Then y; :=x; — p(z;)- 14 € Kerp (i =1,...,n), and so there exists z € A with
r(z) =1and > r(zy;) < e/2.
If ¢y € M(A)\ U, then there exists i € {1,...,n} with |¢(x;) — p(x;)| > e.
Then [¢(ys)| = [¢(x:) — ¢(x:)| = €, and so

eI
[ (yi)|

< r(zy;) - 1

9(2) R
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Hence
1=7r(z) =sup{[e(2)| : Y € U} > ; > sup{[¢(2)] : p € M(A)\ U},

and so ¢ € T'(A). O

Lemma 12. Let J be an ideal in a commutative Banach algebra A. Then J € v(A)
if and only if there exists a net (z4)q of elements of A such that r(z,) =1 for all
a and lim, r(zzy) =0 for all x € J.

Proof. Let J € v(A). For every finite set F' C J and every n € N find 2z, € A
with 7(zp,) = 1 and r(zppx) < 1/n (x € F). As in Theorem 3 we can show
that (zpn)Fn is the required net.

The opposite implication is clear. O

Theorem 13. Let I be an ideal in a commutative Banach algebra A. Then I € ~(A)
if and only if there exists a multiplicative functional ¢ € T'(A) such that I C Ker .

Proof. It ¢ € T(A) and I C Kery, then Kerp € v(A) by Theorem 11. Conse-
quently, I € y(A).

For the converse, let I € v(.A). By Theorem 2.11, the spectral radius is an
algebra norm in the algebra A/rad A. Let B be the completion of the algebra
(A/rad A,r(-)) and let p = pap1 : A — B where p1 : A — A/rad A is the
canonical projection and py : A/ rad A — B the natural embedding. Clearly, p is
a continuous homomorphisms with dense range and we have ||p(z)||g = r(x) for
each x € A. Using the spectral radius formula and the continuity of the spectral
radius in the commutative Banach algebra B we see that the norm in B coincides
with the spectral radius. In particular, v(B) = }(B).

Using Corollary 5 we obtain that p(I) is contained in an ideal in v(B) = }(B).
By Corollary 8, there exists a maximal ideal J; € ¥(B) such that J; D p(I). Set
J =p~Y(J1). Then I C J, and J is a maximal ideal in A since it is of codimension
1. Furthermore, J; € y(B), and so there exists a net (z,) C B with 7(z,) = 1 and
r(zqu) — 0 for all u € J;y. Since p(A) is dense in B, we can choose (zo) C p(A).
Since p preserves the spectral radius, we can see that J = p~1(J;) € v(A). By

Theorem 11, J = Ker ¢ for some ¢ € I'(A), and so I C Ker ¢. O
Lemma 14. Let x1,...,x,,y be elements of a commutative Banach algebra A.
Then

n

Zr xiy) > d(T1, ... ) - T(Y).
=1

Proof. The inequality is clear if d(x1,...,x,) = 0.
Suppose that ¢ := d(z1,...,z,) > 0. Let B be the set of all formal power
series in variables ¢1,. .., ¢, of the form Zaem cat® satisfying Zaem llcall < o0,
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where o = (av1,..., ), ¢cq € Aand t* =t -0 (a € Z7). Together with the
naturally defined algebraic operations and the norm

| X ot = X leall

aEZi aEZi

B is a commutative Banach algebra containing A as a subalgebra of constants. Set
w= 1", x;t;. Then |juy|| > c¢-|ly|| for all y € A. We can show easily by induction

that N
: k
D ot ol =
a€ll 1 n
la|=k
and so
k! k!
Wl =| e = 2 el 2
7, Qe Qe agl !
Q€LY a€Zl
la|=Fk la|=k

for all y € A,k € N. Thus |[ufy*|| > ¢*||y*|| and r(uy) > c r(y) for all y € A.
Hence

cory) <rluy) <Y r(zty) <Y r(zy)
i=1 i=1
for every y € A, since r(t;) =1 (i = 1,...,n) and the spectral radius in B is
subadditive and submultiplicative. O

Corollary 15. Let A be a commutative Banach algebra. Then v(A) C {A) and
I'(A) C cor A.

Let A be a commutative Banach algebra. We have already studied the spec-
trum

o(x1,. .. o) = {(ap(xl), oo o(Tn)) e € M(A)}
and the approximate point spectrum
T(T1, ..., Tn) = {(c,o(acl)7 coyo(zg)) i p € Cor.A}.

Another important closed subset of M(.A) is the Shilov boundary I'(A). We
define the Shilov spectrum or for (z1,...,z,) € A" by

or(T1,...,xn) = {(go(xl),...,go(xn)) S F(.A)}.

It is easy to see that or has similar properties as the spectrum o and the ap-
proximate point spectrum 7. Later we formulate a result of this kind for general
spectral systems.

Theorem 16. Let * = (z1,...,2,) be an n-tuple of elements of a commutative
Banach algebra A. Then:
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(i) or(z) is a non-empty compact subset of C" and or(x) C 7(x) C o(x);
(ii) if f = (f1,..., fm) is an m-tuple of functions analytic in a neighbourhood of
o(x), then
or(f(z)) = f(or(z));

(i) max{|A|: A € op(z1)} =r(x1) for all 1 € A;
(iv) the polynomially convex hulls of or(x) and o(x) coincide, i.e.,

or(z) =5 (x) = o ().

In particular, Oo(x1) C or(x1) C o(z1).

4 Permanently singular elements and
removability of spectrum

Let A, B be Banach algebras. We say that B is an eztension of A if there exists
an isometrical homomorphism p : A — B. If we identify A with the image p(A)
we can consider A as a closed subalgebra of B and write simply A C B.

In fact, if the homomorphism p is only isomorphic, then we can renorm B
such that p becomes an isometrical embedding.

Theorem 1. Let (B, || - ||) be a Banach algebra and A C B a subalgebra. Let k > 1
and let | - | be an algebra norm on A satisfying

k= 'al < llall < Kla]  (a € A).

Then there exists an algebra norm |||-||| on B equivalent to ||-|| such that |||a||| = |a|
for every a € A.

Proof. Consider the bounded semigroup S = {a € A: |a| < 1}. By Theorem 1.32,
there exists an algebra norm || - ||" on B such that

KBl < [1Bll” < K[lbl]

for every b € B and ||a]|’ < |a| (a € A).
Define the new norm ||| - ||| on B by

bll = int{al + K2~ all + a € A}.
For a € A we have |||a||| < |a| and
lalll = inf{Jar| + K2la s s € A} > inf (Jor| + Kl — o)
a1

> inf — > |al.
> f (jax| +a — a1]) = |al

Hence |||a||| = |a| for every a € A.
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For b € B we have |||b]|| < k?||b]|" < k3||b]| and

|[[b]]| = inf{|a| + K*|[b—a|’ :a € A} > ggg(k—lnan +k[[b—al) = k70|

Hence ||| - ||| is & norm on B equivalent to || - ||.
It remains to show the submultiplicativity of ||| - |||. We have

el - Wl =, int (x| + K22 = @) - (laz] + k2 — as )

> inf A<|a1| “Jag| + E*(llax]l” - 1b2 — a2l + [|by — ax |’ - [laz|

ai,az¢€
+ by = a]l - b2 — azl)))

> inf <|a1a2|+k2||b1b2—a1a1||’) > |||b1b2||| O

T ai,az€A

By Theorem 1.27 (ii), a topological divisor of zero is singular (= non-invert-
ible) in any extension B D A. For commutative Banach algebras the opposite
statement is also true.

Definition 2. An element z in a commutative Banach algebra A is called perma-
nently singular if it is singular in each commutative Banach algebra B D A.

Theorem 3. Let x be an element of a commutative Banach algebra A. Then x is
permanently singular if and only if it is a topological divisor of zero.

Proof. Let z € A be a topological divisor of zero and let B be a commutative
extension of A. Then there exists a sequence (ug)72; C A, lugl| =1 (k=1,2,...)
such that limy_, o, uxz = 0. Suppose on the contrary that x is invertible in B, so
there exists y € B such that zy = 1. Then 1 = ||ux| = |Jurzy|| < ||urz] - ||yl — O,
a contradiction.

In the opposite direction, suppose that = € A is not a topological divisor of
zero. Let ¢ = (d*(z)) ™!, so ||a|| < g|laz]|| for all a € A. Consider the algebra C of
all power series E;’ZO a;b* with coefficients a; € A in one variable b such that

o0 o0
|2 at|| = X llaillg’ < .
=0 =0

With the multiplication given by

<§%aibi>- 2a;bj zibk Z aia; ,
= j= =

i+i=k

C is a commutative Banach algebra containing .4 as a subalgebra of constants.
Let J be the closed ideal generated by the element 1 — zb and set B = C/J.
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Let p : A — B be the composition of the embedding A — C and the canonical
homomorphism C — B =C/J. Then

pz)- b+ J) = (z+J)(b+J) =14+ J = 15,

and so it is sufficient to show that p is an isometry, i.e., that for each a € A we
have ||alla = ||p(a)|5-

Obviously, ||p(a)||s = inf.cc ‘||a + (1 —zb)|lec < ||a||A

Conversely, let ¢ = > a;b" € C. So Y ;2 [laill¢" < oo and

lla+ (1 —ab)cllc =

(a+ao) + Z b'(a; — a;_1)
i=1 Y

oo oo
= lla+aoll + Y llai — ai—1zllg* > lal| — l|aoll + Y _ ¢ (llai—1zll — [la:)
=1 =1

o0
> |lal| = llaoll + > (¢ a1l — ¢'llaill) = Jim ([la]l = ¢*llax)) = lla.
i=1
Hence p is an isometry and B is the required extension of A. O

Corollary 4. Let x be an element of a commutative Banach algebra A. Then

(@) = [ o)

BDA

(the intersection of all subsets of C that are of the form o®(x) for some commu-
tative extension B O A).

In fact, a stronger result is true — there is a single extension B O A such that
74(a) = 0B(x). To show this we need several lemmas.

Lemma 5. Let A be a commutative Banach algebra, x € A, let G be an open
connected subset of C\ 7(z), let U be a non-empty open subset of G. Suppose
that f : G — A and g : U — A are analytic functions satisfying

fz)=(z—=2)9(z) (z€0). (1)

Then it is possible to extend g to an analytic function on G (it is clear that the
extension, denoted also by g, satisfies (1) for all z € G).

Proof. Denote by Gy the set of all z € GG such that there exists an analytic solution
of (1) in a neighbourhood of z. Since for z € G the value of g(z) is determined by
(1) uniquely, it is sufficient to show that Gy = G.

Let A € G and let ¢ : (0,1) — G be a continuous function with ¢(0) € U C
Go and (1) = X Let Z = {p(t) : t € (0,1)} and let r be a positive constant
satisfying dist{Z,C\ G} > r and inf.cz d(z — z) > r. Let M = max{|[|f(z)] :
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dist{z, Z} < r}. Let p € Go N Z. Then there exist a neighbourhood Uy of y and
an analytic function g : Uy — A such that Uy C G, f(2) = (v — 2)g9(2) (z € U),
and f(z) =Y oo, filz—p)', g(z) = Y iy gi(z—p)" (2 € Uy) for some coefficients
firgi € A (i = 0,1,...). By the Cauchy formulas, ||fi| < ¥ (i =0,1,...).
Furthermore,

S ie— )i = £ = (@ — 2)g() = (2 — ) — (5 — ) S gl — o)
i=0 =0
=(@—pgo+ Y (z—p'((x—wg —gi1)
=1

for all z € Uy. Thus fo = (x—p)go and (z—p)g; = gi—1+fi (i > 1). Hence ||go|| <
d( — )" foll < 7'M and ||gi|| < d(@ — p) " (lgi-all + 1fill) < v~ (llgi-all +
Mr~%). It is easy to show by induction that ||g;|| < (i+1)Mr=C+D  (i=1,2,...).
Thus the series .o gi(z — p)" converges for |z — pu| < 7, and so {z : |z — u| <
T} C Go.

Let to = sup{t € (0,1) : (s) € Gy for every 5,0 < s < t}. It is easy to check
that tg = 1, and so A € Gy. Hence Gy = G. O

Lemma 6. Let a,z be elements of a commutative Banach algebra A, let U be an
open neighbourhood of 7(x) and let g : U — A be an analytic function satisfying
a=(x—=z2)g(z) (z2€U). Thena=0.

Proof. Let G be a component of C\ 7(z). Obviously, UNG # . By Lemma 5, there
is an analytic function gg : G — A satisfying a = (z — 2)gg(z) (z € G). Since
the function g¢ is uniquely determined on G, it coincides with g on G N U. Hence
the function g can be extended to an entire function (denoted also by g) satisfying
a=(z—2)g9(z) (z¢€C).For |z| > ||| we have g(z) = (z—2)"ta. Thus g(z) — 0
as z — 00. By the Liouville theorem, g = 0, and so a = (z — 2)g(z) = 0. O

Let A be a commutative Banach algebra and let U be an open subset of the
complex plane. Denote by H* (U, A) the algebra of all bounded analytic functions
f:U — A with the norm || f|lu = sup{[|f(2)| : z € U}. Clearly, H*(U, A) is a
commutative Banach algebra.

Lemma 7. Let A be a commutative Banach algebra, x € A, let U be an open
neighbourhood of T(x), Then there exists a constant k > 0 such that ||a|| < k-||g||v
whenever a € A, f,g € H®(U, A) anda=g(z)+ (x — 2)f(z2) (z€U).

Proof. Without loss of generality we can assume that U is bounded. Suppose on
the contrary that there exist a,, € A, fn, g, € H*(U, A) (n=1,2,...) such that

an, = gn(2) + (x — 2) frn(2) (reUmn=12,...),

lan =1, and |gnllv — 0 (n — o0).
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Consider the algebra Q(A) = ¢>*(A)/co(A) defined in Section 3. The
elements of @Q(A) are bounded sequences of elements of A with the norm
[ (un)ll@eay = limsup, . [|unl; we identify sequences (uy) and (v,) in Q(A)

Write @ = (a,) € Q(A). Then |[|a| ) = limsup; . [lai|| = 1. Define
G:U — Q(A) by §(2) = (9n(2))n. Since ||gn|lu — 0 we have g = 0. Let Z =
{z € U : dist{z,7(x)} > 1/2dist{r(x),C \ U}. The continuity of the function
z — d(x — z) implies that d(x — 2z) > r (z € Z) for some positive r. Thus, using
the maximum modulus principle,

sup [|fn(2) v = sup [ fn(2)l|z < r! sup (2 — 2) fn(2)l|z

=r"lsup larn — gn(2)|lz < 0.
n

Define f : U — Q(A) by f(2) = (fu(2)). Let A € U, 0 < s < dist{)\,C\ U},
M = sup,, || fn|luv and let

Fa(2) = failz =N (]2 = A < dist{\,C\ U}).
=0

Then | fn:ll < %, and so fi == (fni)n € Q(A) for all i > 0. Furthermore,
f(2) =32, fai(z=N)7 (Jz2—A| < ). Thus f : U — Q(A) is a bounded analytic

function. Further, @ = (z — 2)f(2) (2 € U) and U D 74(z) = 79 (z). By the
previous lemma, we have a = 0, which is a contradiction. O

Proposition 8. Let A be a commutative Banach algebra, x € A, let U be an open
neighbourhood of T(x). Then there exists a commutative Banach algebra B D A
such that o®(x) C U.

Proof. Consider the Banach algebra H>° (U, A) of all bounded analytic functions
f:U — A Let J C H*®(U, A) be the closed ideal generated by the function
z—x—z-14andlet B=H>(U, A)/J. Let p: A — B be the composition of the
natural embedding A — H>(U, A) and the canonical projection H*(U, A) — B.
Clearly, ||p(a)||s < |lalla (a € A). On the other hand,
=  inf —(z — b cA),
lo@ls = _nt  fla= (=2, =k el (€A
where k is the constant from the previous lemma. Thus p is an isomorphism.
Let A ¢ U. Then z +— (2 — A\) 114 € H*®(U, A) and

(z—/\)fl(x—/\):(z—/\)fl((z—)\)—k(z‘—z)):1—&—(33—2)(7:—/\)7161,4—&—(],

and so p(z) — A is invertible in B. Thus % (p(z)) C U.

By Theorem 1, it is possible to renorm B such that it becomes an extension
of A. O
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Let A be a commutative Banach algebra and let x € A. We construct by
transfinite induction algebras A, (a < wi) by Ay = A, Aut1 = Q(A,) and
for a limit ordinal « let A, be the completion of UB <aAp. Here wy is the first
uncountable ordinal. Note that we consider each .4, to be a subalgebra of A,+1 =
Q(Aa), so we have A, C Ag whenever a < 3.

Set A" = A,,. Note that A" = (J,.,, Ao Indeed, let (z,) be a Cauchy
sequence in UQ<W1 Agy. Then z,, € A,, for some oy, < w;. Let o = sup a,. Then
the sequence (z,,) is convergent in A, C A’.

By Theorem 3.6, it is easy to show that d*(a) = d*(a) for all a € A and
o < wy. Consequently, 74 (z) = 74 ().

Lemma 9. Let A be a commutative Banach algebra, x € A, let Uy,Us, ... be open
subsets of C such that Uy D Us D -+ D 7(x). Let A’ be the algebra constructed
above. Then there exist numbers 1 < ki < ko < --- with the following property:
ifneN,ae A, a#0, fe H*U,,A"), g; € H*U;,A") (i=1,...,n) and

a=Yg()+@-2)f() (€U,
i=1

then ||a|| < 1, killgi]

Ui+
Proof. We find the numbers k; inductively. The existence of k; was proved in
Lemma 7.

Suppose that the statement of Lemma 9 is true for n, so there are positive
constants k1, ..., k, such that

lall <> killgillu, (2)
=1

whenever a = (z — 2) f(2) + >, gi(2) (2 € Uy) for some non-zero a € A" and
bounded analytic functions f : U, — A" and g; : U; - A (i =1,...,n). We
prove (2) for n 4+ 1. Suppose on the contrary that there is no constant k4, for
which (2) were true. Then there exist elements (") € A’ of norm 1 and analytic

functions f) : U1 — A, QET) :U; — A (i=1,...,n+ 1,7 € N) such that

a" = (- Z)f(r)(z) + Zgir)(z) (2 € Unt1)

and
n
> killg llo 47 llg v, < 1.
i=1
In particular, ||gr(:31||UnJrl <r~!and ||g§r)||Ui <k' (i=1,...,n,7r€N).
Passing to a subsequence if necessary, we can assume that the sequences

U9 0)e21s -+ (19 110, )32, are convergent.
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It is easy to see that there is an ordinal 3 < w; such that a(”) € A and the
functions f("), gfr) are Ag-valued for all r and ¢ (to see this, note that a continuous
function h is Ag-valued if h(z) € Ag for all z in a given countable set dense in the
domain of definition of h).

Let @ = (a(™). Then @ can be considered as element of Q(Ag) = Agy1 C A
with |a|| = limsup, .. ||| = 1. In the same way we define functions f:
Uni1 = Q(Ap) and i : Ui = Q(Ag) (i = 1,...on+1) by f(2) = (f0(2)%
and §;(2) = (9" (2))32,. We have

v, = sup limsup ¢ (=) < k7' (i=1,....n)

1]
zeU; r—oo
and
|Gns1lle,,, = sup limsup|lgi), (2)] < limsupr—t =0,
z€Up41 T—00 r—00

80 gn+1 = 0. As in the proof of Lemma 7 we can show that functions f (") are
uniformly bounded on U, 41, and so g1y 3n; f are bounded analytic fgnctions.
We have a = > i, Gi(z) + (x — 2)f(2) (2 € Unt1). By Lemma 5, f can be
extended to U,. Since Q(Ag) = Agy1 C A’, by the induction assumption we have

n
L= a] <> killgil
i=1

n n
< Y kitimsup g7 o, = lim 3 killgllo, < 1,
i=1 el B

v, = > ki sup limsup g (2)]
‘ i—1 zeU, !

i T—00

a contradiction. O

Theorem 10. Let x be an element of a commutative Banach algebra A. Then there
exists a commutative extension B O A such that 7 (z) = oB(x).

Proof. For i =1,2,... set U; = {z € C: dist{z,74(x)} < 1/i}. Then U; are open
subsets of C, Uy D Uy D -+ and ;2 U; = 74(x). Let k1, ko, ... be the positive
numbers constructed in the previous lemma. Let C be the algebra of all A-valued
functions analytic on a neighbourhood of 7#(x) (more precisely, the algebra of all
germs of analytic functions). For h € C define |||h]|| by

el = inf{lella + > killgllo, .
=1

where the infimum is taken over all n € N, ¢ € A and over all bounded analytic
functions g; : U; — A (i =1,...,n) such that, for some f € H>*(U,, A),

h(z)=c+Zgi(z)+(x—z)f(z) (z € Up).

We identify elements of A with the corresponding constant functions; so A C C.
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Let a € A. We have |||a||| < ||a]| 4 and, by the preceding lemma,

lalll = inf{ llella + D" Killgillos 0 =+ 3 gi(2) + (2 = 2)(2) |
i=1 i=1
> — > .
2 inf{[lefla+la —clla} = [lall.a

Thus |||a||| = ||a||4 for all a € A.

It is clear that [[[h + A/[[| < [[|hl]] + [[[W'[|] and [|lekl]| = |af - [[[2]]] for all
h,h' €C, a eC.

We show that ||| - ||| is submultiplicative. Let h, A’ € C and ¢ > 0. By the def-
inition of ||| - |||, there are ¢,c’ € A, n,m € N and functions g; € H*(U;, A) (i =
L...,n), f € H*(Uy, A), g5 € H*(U;, A) (j = 1,...,m), f' € H®(Up, A)
such that

h(2)20+zgi(2)+(x—2)f(z) (2 € Un),
h'(2) :c’—&—Zg;-(z)—k(az—z)f'(z) (2 € Up),
j=1

1Al < &+ llella+ Y killgil

i=1

Ui

and

m
RN < e+ llella+ Y killgjlo,
j=1

For some function v € H*(Upax{n,m},-A) We have
(hh')(2) = e + D dgi(z) + > cgi(2) + D> 9i(2)gj(2) + (x — 2)u(2)
i=1 j=1 i=1 j=1

for z € Unax{n,m}- By definition,

n m
BRI < Nell- 1€l + D Ralle!l] - Ngille + D Ejllell - 19511,
i=1 j=1

n m
+ Z Z Finax(i.i} 19:95 | Unnani sy

i=1 j=1
n

< {llell+ > killgi
=1

Since € > 0 was arbitrary, we have [||hR/||| < |||R]|] - [||P/]]]-

o} - {4+ 22 ksl o, § < CUIRITE+ )R+
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Let J ={h € C:|||h]|| = 0}. It is clear that J is an ideal in C. Denote by B
the completion of C/J. Then B is an extension of 4. Furthermore, (x — 2)f € J
for each f € C. Let A € C\ 74(z). Then

=AM z=-N=E-AN"z-2)+(Ez-N)=1+(@-2)(z—A)""el+

and so x — A is invertible in B. Hence o5 (x) C 7 (z) and the opposite inclusion
is clear. 0

The following theorem is an analogue of the spectral radius formula.

Theorem 11. Let x be an element of a commutative Banach algebra A. Then the

limit limy_, o d(z*)Y/* exists and
klim d(z®)V* = sup d(z*)/* = min{|\| : A € 7(x)}. (3)
—oo keN

Proof. If 0 € 7(z), then 0 € 7(2*) for all k by the spectral mapping theorem, and
both sides of (3) are equal to 0.

Suppose that 0 ¢ 7(z). By Lemma 3.1, d(z**!) > d(2*)-d(z") for all k,1 € N.
By Lemma 1.21, the limit limy_, o, d(z*)'/* exists and is equal to the supremum.

Let A € C, |\| < d(z). Then d(z —\) > d(x) — |\| > 0, and so A ¢ 7(x). Thus
d(z) <min{|A|: A € 7(x)}. Similarly,

d(z*) < min{|u| : p € 7(@*)} = min{|A : A € 7(2)}"

for each k € N. Hence

lim d(z*)/* < min{[A| : XA € 7(2)}.

k—oo

To prove the opposite inequality, let B D A be a commutative extension of
the algebra A satisfying o®(2) = 74 (z). Then z is invertible in B, and so

min{|A| : A € 74(2)} = min{|\| : A € B (2)} = r(z1) !

= lim o787 = dim @B (@)t < lim a4 (2t) R, 0

5 Non-removable ideals

The notion of permanently singular elements can be generalized to ideals.

Definition 1. An ideal I in a commutative Banach algebra A is called non-re-
mowvable if in every commutative Banach algebra B D A there exists a proper ideal
JDOI.

Non-removable ideals are closely related to permanently singular elements.
Clearly, © € A is permanently singular if and only if the ideal x4 is non-removable.
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It is easy to see that an ideal consisting of joint topological divisors of zero
is non-removable.

Our goal will be to show that the opposite statement is also true, so there is
an analogy with the characterization of permanently singular elements.

Theorem 2. Let uy,...,u, be elements of a commutative Banach algebra A such
that d(ui,...,u,) > 0. Then there exist a commutative Banach algebra B D A
and elements by, ...,b, € B such that Z?:l ub; = 1.

Proof. For n = 1, the result was proved in Theorem 4.3. Assume that n > 2. The
extension B O A will be constructed in a similar way.

We may assume that ||ui| = -+ = ||Ju,| = 1. Let ¢ = (d(u1,...,u,))" ", so
2] < ¢ i llzui| for every z € A. In particular, for = 14 we get gn > 1.

Set R = 8(n — 1)%(nqg)*"™!. Let C be the ('-algebra over A and adjoined
elements by, ..., b, such that ||b1]| = -+ = ||bn|| = R. More precisely, the elements
of C are power series Zaezi anb]t -+ - b% in n variables by, . . ., b, with coefficients

ao €A (a=(a,...,0an) € ZT) such that

> aabft-bgn

Q€LY

=) Jaa| R < 0.

Q€

The multiplication in C is defined by

(Z b) . (Z aglﬁ) -y ( 3 aaag)m

a€Zl BEZLL YEZY “atf=vy

where b® stands for b - - - bn.

It is clear that C is a commutative Banach algebra containing A as a subal-
gebra of constants.

Let z=1—wu1by — -+ — upb, and let J be the closed ideal in C generated
by z.

Set B=C/J.Let p: A — B be the composition of the embedding A — C and
the canonical homomorphism C — B. Then p(u1)- (b1 +J)+- -+ p(un) - (bn+J) =
13, so it is sufficient to show that p is an isometry.

Obviously, ||p(a)|ls < |lal|.4 for all a € A. Suppose on the contrary that there
exists a € A such that

lall.a > [lp(a)lls = inf [|a + czlc.
ceC

Thus there exists ¢ = ZanL; aqb® such that

a-+z Z aq,b”

Q€

lall >

C
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Since the polynomials are dense in C, we can assume that only finitely many
coefficients a,, are non-zero and

la]| > |la + 2 Z asb®|| =|la+ (1 —uibr + -+ + unby) Z aob”
€Ll ¢ €Ly ¢
—latao+ 3 fubel| =llataol+ 3 Nall - RS
a€Z} ¢ A€
la|>1 la]>1
> |lall = llaoll + > Il fall - BRI,
ani
la|>1
where
fa = Qg — Z Qoey,..yap—1,...,0, Ut (Oé S Zi7 |Oé| Z 1) (1)
1<t<n
a#0
Thus
laoll > D [l fall R
acZly
la]>1
Without loss of generality we can assume that ||ag|| = 1. For k € N write
Sp="Y_ Ilfall- R,
a€ll
la|=Fk

SO > peq Sk < 1. We will show that this is impossible.

The idea of the proof is to express a, in terms of f,’s (which are small in the
norm) and a,’s with |y| > |a| (which are equal to zero for || large enough since
only finitely many of the elements a- are non-zero).

First, we need some technical lemmas.
We will use the standard multi-index notation, see Appendix A.2. For j,n > 1

and o € Z%} write
(|a|+j—1) ]!
mjao = . : .
j—1 o!

! i—1
Note that mj o = ‘Z,' , and 80 mj 4 = (Ia‘jtjl ) - mia.
Lemma 3. If o € Z7} and || > 1, then

mia = E mi,g-

Bla
18l=|al—1
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Proof. We have

(Jof = 1)!
| E =l | E
! mip = O0q- Q- a1!~--(at—1)!"‘an!

BLla 1<t<n
1Bl=lal-1 ar#0
n
=3 aullal = 1) =lal!
t=1
which implies the statement of Lemma 3. g

Lemma 4. For all o € Z"} and s > 0 we have

E myq =n’.

n
Q€LY
la|=s

Proof. The proof follows from the identity

(‘Tl ++(En)5 = g mLax?l ...xzn
acZl
lal=s

by substituting x1 =--- =, = 1. O

Note that for n = 2, the statement of Lemma 4 reduces to the well-known
identity >°,_, (7) = 2°.

Lemma 5. For j > 1 and o € Z} we have

Mja = E my,pMj—1,a—4-
BELY
BLa

Proof. The number m; , is the number of ways to order n elements zi,...,z,
into a sequence of length || in which every element x; occurs exactly ; times
(permutations with repetition). The number m; , is the number of ways to divide
these sequences into j (possibly empty) subsequences (combinations with repeti-
tion), i.e., in how many ways it is possible to form j sequences s1, ..., s; from the
elements z1,...,x, such that z; occurs in them altogether a; times (sequences
s1, s2 and sa, s1 are counted twice).

The right-hand side is the same number obtained in another way: for § < «,
m1,8Mj—1,a—g is the number of ways how to form these subsequences in such a

way that x; occurs in the first subsequence exactly G;-times (t = 1,...,n). O
For a = (ai,...,a,) € 27} we write o = (a1, .., ay—1). Similarly, we write
u' = (ug,...,up—1) and v'* = uft - -up "t
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Lemma 6. Let k,j > 1, o € Z, |a| = k. Then

aqubti = Z (—1)W‘mjgaa/_ﬁ@ﬁ‘mﬂu’ﬁuffWI
B<a’
j
+1 ktj—p—
Y D my g far g+ Pl P
p=1pB<a’

Proof. Note that all terms aﬂyu‘S and f7u5 which appear in the statement of
Lemma 6 satisfy v+ 6 = (o/,a, + k + j). In order to simplify the notation,
for v = (7', ) € Z7 with v < (o, o, + k 4 j) write

_ 10’ =y ant+k+i—y
dy = ayu up” ,

(2)

’ ’ -
gy = f,yu’a v ugﬁ-kﬂ Tn

Using this notation, the statement of Lemma 6 can be rewritten as

j
do = > (=1)1'm; pdar_p o, sioi + D D (=D my 59050118100 (3)
B<al =1 <o

We prove (3) by induction on j.
For j =1, (3) becomes
da = Z (—I)Mﬂmlﬂ (da/,57an+|3\+1 - ga'—ﬁ7an+|,6’\+l)- (4)

BLa!

By (1) and (2) we have
gs = ds — Z d'y
v<d
lvl=l6]—1

for every ¢. Thus (4) can be rewritten as

do = > (=1)"Imy g > d,. (5)

B Y<(o =B an+]B]+1)
[v|=le]

The condition v, < aj, + |3] + 1 means |y| — |¥| < |a] — |&/| + |8] + 1, and so
|B] > |’ — 4’| — 1. Thus (5) becomes

do= Y dv< > (—1)|ﬂm1ﬁ>. (6)

1| =lel p<a’—
¥ <a 1B1>]a’—~"|-1

By Lemma 3, the expression in the parenthesis is equal to 0 whenever 7/ # «'.
This proves (6), and also (3) for j = 1.
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Suppose that (3) holds for some j > 1. We prove it for j + 1. Substituting
(4) into the induction assumption (3) yields

o= (=D)Pm;g 3 (=1)Plmy

B<a’ y<a'=p
: (dﬂ/*ﬁ*’Y B+ + I+ — Gol— B+ Bl+i+ |y |+1)
+1
+ Z Z 1)l Mp,B9a’ —B,0n+|6]+p
p=1p<a’
Using Lemma 5, the first sum can be rewritten as

Z Z DIF+m;5my -

B<a’ y<a'—p

(do— By, cont1B14+ 171 45+1 — Go'—B—rscun+ ]8I+ 17| +i+1)

= (X momy

§
) )‘ ‘(da/757an+|6|+j+1 - ga/757an+|6|+j+l)
<o’ “B+vy=4s

=3 () (o

8,040 +5+1 — ga/fé,an+\6\+j+1)-
i<a’

Thus (replacing 6 by ) we have

do =Y (=D)"Imji15(dar—pantisi4i1 = Jor—BantiBlsitn)
BLla!

+1
+ Z Z 1)l Myp,BYa’ —B,0n+| Bl +ps

p=1p<a’
which is (3) for j + 1. This finishes the proof of Lemma 6.
For k,j € N set
sk, = max max [aqu”||.
a€Zl PELY
lal=k |B]=j
Corollary 7. If k,j > 1, o,y € Z% and |a| = k, then
k+j
laaul u || < 29 (n = 1) sppjpyien +25(n = DFRTETE Y S,
p=k+1
Proof. By the previous lemma, we have

lagul ™ u| <>~ mygllaa—p.a,+ o us 1Pl ||
B<a

J
+ Z Z My, 6l for—g,an+181+5]-

p=1p<a’
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We have
-1
mp,p = (|ﬂ|p+—p1 )mlvﬂ < 2Pt (p — Pl < 2Pt — 1)F
and ‘
domip < Y mygmiag=mjiie <2 (-1
B! B<a’
Thus

J
laaub ]| < 264 (n = ¥y on + 250 = D5 ST ST 227 gt
p=1p<a’

Furthermore,

J
Z 2p_1||fa’fﬁ7an+|,6’\+p”

p=1p<a’

) .
= RE+1 ZRP 1 Z ||f0/ ﬁan+‘5|+P”R

B<a’

2r—1 o
< Rk+1 ZRpflsk"‘P < Rk+1 Z Sps

p=k+1
which gives the statement of Corollary 7. 0
For k € N set r, = sg,nk-
Corollary 8. If kK € N, then

2k

1
T < R1T2k+ k Z Sp7
RR; p=k+1

where Ry = 4(n — 1)(ng)" L.
Proof. For each =z € A we have
n
loll < -3 Jaull < anmax{llou : 1 <t < n}.

t=1

It is easy to show by induction on j that
]| < (gn)? max{||zu”| : v € Z%, 7| = j}.
Let a, 3 € 27, |a| = k, |3| = nk. Then
laau?| < (gn)™ max{||la,u’7| : v € 77, |y = nk}.

Since |8 + v| = 2nk, there exists an index ¢, 1 < ¢ < n such that (8 + v): > 2k.
Since the situation is symmetrical in indices, we can apply Corollary 7.
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Thus, for j =k,

2k
laau?|| < (qn)™* (22k(n — 1)*sopank—n +25(n— DFRTFL Y Sp)

p=k+1
2k
< (qn)"™* <4k(n — D)*(gn)*rop +28(n — 1)*R7FL Z Sp>
p=k+1
1 (gn)"*2k(n — 1)k 1 &
= Rirax + R 8k(n—1)%(qn) 2nk+k Z Sp = Rira + RRY Z Sp- U
p=k+1 p=k+1
Continuation of the proof of Theorem 2:
We prove by induction on j that
. 1 2j
Ryry < RY oy + R Z:;Sp. (7)

For 7 = 1 this follows from Corollary 8. If the statement is true for some j > 1,
then, by the induction assumption and Corollary 8§,

27 +1 2]+1

J 1 Jt+1
2 _ 2
Riry < RY (R Toi+1 + 2 E S, ) E Sp roi+1 + E Sp,

=2i+1

which gives (7) for j + 1.

Since r;, = 0 for k sufficiently large, we have Rir; < 11%22022 Sp < 11% and
1

RR;y"

Furthermore, we have

r <

n n
laoll < a ) llaous|l < QZ(HGOW.’ ol + llaous — ag,...0.10,...0ll)
— 1 N J
— t—1
S _ (@)™«
qnsl@‘*‘QZ”fO,.\.; ooll < (an)™ o+ T < B <L
t—1
which is a contradiction. 0

Theorem 9. An ideal in a commutative Banach algebra is non-removable if and
only if it consists of joint topological divisors of zero.

Proof. Let I be an ideal in a Banach algebra A consisting of joint topological
divisors of zero. Then there exists a net {z,} C A of elements of norm 1 such
that zox — 0 for every x € I. Let B D A be a commutative extension and let
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J=A{ax1by+ - 4+ xpby :n € Njay,. ...z, € I,by,...,b, € B} be the smallest
ideal in B containing I. Suppose on the contrary that J is not proper, and so
1p =x1b1 + - - + z,b, for some x1,...,2, € I,b1,...,b, € B. Then

n n
> zawibil| < llzaws| - bill = 0,
i=1 =1

which is a contradiction. Hence I is non-removable.

Conversely, let I ¢ }(A). It means that there are elements u1, ..., u, € I such
that d(u1,...,un) > 0.

Let B D A be the extension constructed in Theorem 2. Clearly, I is contained
in no proper ideal in B, and so [ is a removable ideal. O

L=zl =

Corollary 10. Let ¢ be a multiplicative functional on a commutative Banach alge-
bra A. The following statements are equivalent:

(i) ¢ € cor A;
(ii) for every commutative Banach algebra B O A there exists a multiplicative
functional ¢ € M(B) such that ¢ = | A;
(iii) for every commutative Banach algebra B D A there exists a multiplicative
functional ¢ € cor B such that ¢ = | A.

Proof. (i) = (iii): Let ¢ € cor.A and B D A. Since Ker ¢ € }(A), there exists a
net (zq)a of elements of A of norm 1 such that zz, — 0 for every z € Ker . Let
I={y€B:yza — 0}. Then I D Kery and I € }(B), so there exists a maximal
ideal J € }(B) containing I. The corresponding multiplicative functional ¢ € cor B
satisfies ¥| A = .

(iii) = (ii): Clear.

(ii) = (1): If B D> A and ¢ € M(B) extends ¢, then Ker ¢ C Ker. Hence Ker ¢
is a non-removable ideal, and ¢ € cor A. O

Corollary 11. Let A be a commutative Banach algebra, ¢ € I'(A) and let B be a
commutative extension of A. Then there exists i € I'(B) such that ¢ = |.A.

Proof. By Theorem 3.11, Ker(¢) € 7(A). By Lemma 3.12, there exists a net
(2x)a C A such that r(z,) = 1 for every « and lim, r(zz,) = 0 for all € Ker ¢.
Let I = {b € B :limy r(bzy) = 0}. Then I € v(B) and there exists a multiplicative
functional ¢ € I'(B) such that Ker ¢ C I C Ker. Thus % is the required extension

of . O
The following result is an easy consequence of Theorem 2.
Theorem 12. Let x4, . .., x, be elements of a commutative Banach algebra A. Then
TA(I'h cey ) = ﬂ 06(1'17 cey ),
BDA
(the intersection of all subsets of C" that are of the form o5 (x1,...,x,) for some

commutative extension B D A).
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6 Axiomatic theory of spectrum

In Section 1 we studied the basic properties of the set-valued function a — o(a)
defined on a Banach algebra A. Since there are many naturally defined set-valued
functions with similar properties, in this section we introduce an axiomatic spectral
theory.

The ordinary spectrum of an element a € A is defined by means of invertible
elements, o(a) = {\ : a — A ¢ Inv(A)}. In the same way we define a generalized
spectrum by means of “regular elements”.

Definition 1. Let A be a Banach algebra. A non-empty subset R of A is called a
reqularity if it satisfies the following conditions:

(i) fa€e Aandn €N, then a € R < a" € R;

(ii) if a,b, ¢, d are mutually commuting elements of A and ac + bd = 14, then

abe R< a€ Rand b€ R.

A regularity R C A assigns to each a € A a subset of C defined by
or(a)={AeC:a—-\¢&R}.
This mapping will be called the spectrum corresponding to the regularity R.
Proposition 2. Let R be a regularity in a Banach algebra A. Then:
(i) 14 € R;
(ii) Inv(A) C R;
(ii) Ifa,b € A, ab=ba and a € Inv(A), then ab € R < b € R.
In particular, if a € R and A € C,\ # 0, then \a € R;
(iv) or(a) C o(a) for all a € A;
(v) or(a—A) =ogr(a) — A for alla € A X € C.
Proof. (i) Choose b € R. We have 14-14+b-0=14and 14-b € R. Thus 14 € R.
(ii) Let ¢ € Inv(A). Thenc-c ' +c¢1-0=14and c- ¢t € R by (i). Thus ¢ € R.
(iii) We have a-a~1 +b-0 = 14, so we can apply property (ii) of Definition 1.
(iv) and (v) are clear. O
In general, or(a) is neither compact nor non-empty.

Theorem 3. Let A be a Banach algebra. Then:

(1) if (Ra)a Is a family of regularities in A, then R = (|, Ra Is a regularity. The
corresponding spectrum satisfies

or(a) =|Jor, (a).
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(ii) if (Ra) is a directed system (i.e., for all o, 3 there exists v such that Ry D RoU
Rg) of regularities in A, then R' = |J,, R is a regularity. The corresponding
spectrum satisfies

or(a) = ﬂ or, (a);

(iil) if J is a closed two-sided ideal in A, m : A — A/J the canonical projection
and R a regularity in A/J, then 7~ R is a regularity in A.

Proof. Clear. O

In many cases it is possible to verify the axioms of a regularity using the
following criterion:

Theorem 4. Let R be a non-empty subset of a Banach algebra A satisfying

abe R&acR and beR (P1)
for all commuting elements a,b € A. Then R is a regularity.
Proof. Clear. g

Examples 5. Let .4 be a Banach algebra. The following sets are regularities since
they satisfy (P1).

(i) Ry = A; the corresponding spectrum is empty for every a € A.
(ii) Ry = Inv(.A); this gives the ordinary spectrum og(a).
(iii) The sets R3 = Inv;(.A) and Ry = Inv,(A) of all left (right) invertible elements
of A.
(iv) The sets Rs and Rg all elements of A which are not left (right) topological
divisors of zero.
(v) The sets R7 and Rg of all elements that are not left (right) divisors of zero.

Definition 6. The spectra corresponding to the regularities R3—Rg are:
the left spectrum

ofa)={AeCia—-A#£Inv(A)} ={reC:14¢ Ala—N)};
the right spectrum
or(a)={reC:a-A#Inv,(A)} ={Ae€C:14¢ (a—NA};
the left approzimate point spectrum
7i(a) = {A € C:a— Xis a left topological divisor of zero};
the right approrimate point spectrum
7r(a) = {\ € C:a— X is a right topological divisor of zero};

the left point spectrum m(a) = {\ € C:a— X is a left divisor of zero} and
the right point spectrum m,(a) = {)\ € C:a— \is aright divisor of zero}.
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Obviously, m(a) C 7(a) C oy(a), mr(a) C 7r(a) C or(a) and do(a) C 7(a) N
7r(a). Theorems 1.14 and 1.17 imply that oy, 0,,7 and 7, are always closed and
non-empty. The point spectra m; and 7, can be both empty and non-closed.

Further examples of regularities will be given later.

Every spectrum defined by a regularity satisfies the spectral mapping theo-
rem:

Theorem 7. (spectral mapping theorem) Let R be a regularity in a Banach algebra
A and let or be the corresponding spectrum. Then

or(f(a)) = f(or(a))

for every a € A and every function f analytic on a neighbourhood of o(a) which
is non-constant on each component of its domain of definition.

Proof. Let p € C. It is sufficient to show that

p ¢ or(f(a)) & p ¢ flor(a)). (1)

Since f — p has only a finite number of zeros A1, ..., \, in o(a), it can be written
as f(z) —p = (2 — M) - (2 — A\)F - g(2), where g is a function analytic on
a neighbourhood of o(a) and ¢g(z) # 0 for z € o(a). Then f(a) — p = (a —
)R- (@ — Ay)F - g(a) and g(a) is invertible by the spectral mapping theorem
for the ordinary spectrum.

Thus (1) is equivalent to

fla) = peR<a— N ER (i=1,...,n). (2)

Since g(a) is invertible, by Proposition 2 (iii) and Definition 1 (ii), this is equivalent
to
(a=A)" - (a=A)f"eRe (a—\)" eR (i=1,...,n). (3)

Since for all relatively prime polynomials p, ¢ there exist polynomials p1,q; such
that pp1 + qq1 = 1, we have p(a)p1(a) + g(a)q1(a) = 14 and it is possible to apply
property (ii) of Definition 1 inductively to get (3). This completes the proof. [

We will see later that the assumption that f is non-constant on each compo-
nent is really necessary. However, in many cases this condition can be left out. The
question whether the spectral mapping theorem is true for all analytic functions is
closely related to the non-emptiness of the spectrum (clearly the spectral mapping
theorem for constant functions cannot be true if og(z) = () for some z € A and
0 ¢ R. We give a simple criterion (in the most interesting case of the algebra
B(X)) which is usually easy to verify.

Let X be a Banach space, let R be a regularity in B(X) and let X = X; ® Xo».
Let us write Ry = {T1 € B(Xy) Tl € R} and Ry = {Tg € B(Xq) : I®T, € R}.
If X; # {0}, then R; is a regularity in B(X;) (i = 1,2). Indeed, to see condition (ii)
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of Definition 1 (e.g., for Ry), note that if A;Cy + By Dy = Ix, for some commuting
Ay, B1,Cy, Dy, € B(X;), then

(AeDCrel)+BLel)(D160)=Ix.
If Ty € B(X1) and T € B(X3), then
TheTh,eReTi € Ry and T € Rs.
Indeed, this follows from the observation that
(ie(0a )+ (I T)(I®0)=Ix.

Note that in all examples given above the regularities R;, Re are defined in a canon-
ical way: for example, if R = {T" € B(X) : T is left invertible}, then we have Ry =
{Tn € B(Xy) : T} is left invertible} and Ry = {Ty € B(X3) : Ty is left invertible}.

Theorem 8. Let X be a Banach space, let R be a regularity in B(X) and let
or be the corresponding spectrum. Suppose that for all pairs of complementary
subspaces X1, X2, X = X1 & X, such that Ry = {S; € B(X1): S1 &1 € R} #
B(X1) the corresponding spectrum og,(T1) = {\ : T1 — A ¢ Ry} is non-empty
for every Ty € B(X1). Then or(f(T)) = f(or(T)) for every T € B(X) and every
function f analytic on a neighbourhood of o(T).

Proof. Let 1 € C. It is sufficient to show that

p ¢ or(f(T) < p ¢ f(or(T)).

Let Uy, Us be open subsets of the domain of definition of f such that U; U Us D
o(T), f|Ux is identically equal to u and (f — u)|Usz can be written as (f — p)|Us =
p(2)g(z), where p is a non-zero polynomial and ¢ is analytic and has no zeros in
UsNo(T). Let X1, X2 be the spectral subspaces corresponding to Uy and Uy, i.e.,
X=X1X, T=T1&Ts where T; = T|Xz and O'(ﬂ) cU (Z = 1,2), see
Corollary 1.38.

Let Ry C B(X1) and Ry C B(X3) be the regularities defined above and let
OR,,OR, be the corresponding spectra. It is clear that or(T") = og, (T1)Uor, (T2).

The following statements are equivalent:

p ¢ or(f(1)); f(T) = p e R;

0 € Ry and f(Tn) — ulx, € Ro; Ry = B(X1) and p(T2) € Ro;

or, (T1) = 0 and 0 ¢ p(op, (12)); n ¢ flor, (Th) Uor,(T2));

n ¢ flor(T)). O

We are now going to study the continuity properties of spectra.
For basic definitions and properties of semicontinuous set-valued mappings
we refer to Appendix A .4.
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Let R be a regularity in a Banach algebra A and let o be the corresponding
spectrum. We consider the following properties of R (or og):

)

(P2) “Upper semicontinuity of og”:
An — A, then A € or(a).

ifap,a € A, a, — a, A\, € og(a,) and

(P3) “Upper semicontinuity on commuting elements”: if a,,a € A, a,, — a,
ana = aay, for every n, A, € or(a,) and A, — A, then A € og(a).

(P4) “Continuity on commuting elements”: if a,,a € A, a,, — a and ana =
aa, for every n, then A € og(a) if and only if there exists a sequence
An € or(ay) such that A\, — A.

Evidently, either (P2) or (P4) implies (P3). If o satisfies (P3), then, by
considering a constant sequence a,, = a, the spectrum og(a) is closed for every

ac A

Proposition 9. Let R be a regularity in a Banach algebra A, let o be the corre-
sponding spectrum. The following conditions are equivalent:

(i) (P2);
(ii) or(a) is closed for every a € A and the mapping a — or(a) is upper semi-
continuous;

(iii) R is an open subset of A.

Proof. (iii) = (i): Let an,a € A, an — a, A\, € or(an) and A, — A. Then
an — A\p ¢ R. Since A\ R is closed, we conclude that a — A ¢ R. Hence A\ € og(a).

(i) = (iii): We prove that A\ R is closed. Let a, € A\ R, a,, — a. Then
0 € or(an) for each n. From (i) we conclude that 0 € og(a). Hence a € A\ R.

(i) e (ii) follows from Theorem A.4.3. O

Proposition 10. Let R be a regularity in a Banach algebra A and let o be the
corresponding spectrum. The following conditions are equivalent:

(i) (P3);
(ii) or(a) is closed for every a € A, and for each neighbourhood U of o (a) there
exists € > 0 such that og(a+u) C U whenever u € A, au = ua and ||ju|| < &;

(iii) If @ € R, then there exists € > 0 such that v € A, ua = au and ||u|| < ¢
implies a +u € R.

Proof. Analogous to Proposition 9. g

Recall that for two sets L, M C C we write A(L, M) = sup;¢y, dist{l, M}.
The Hausdorff distance is defined by A(L, M) = max{A(L, M), A(M,L)}.
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Proposition 11. Let R be a regularity in a Banach algebra A, let or be the corre-
sponding spectrum.

(i) Suppose that, for every a € A,
inf{|z| : z€C,a— 2z ¢ R} =inf{||ul| :u € A ub=bu,a—u¢ R}.

Then A(og(a),or(b)) < |la— b|| for all commuting a,b € A.

(ii) If ogr(a) is closed for every a € A and A(or(a),or(b)) < |la — 0| for all
commuting a,b € A, then op satisfies (P4).

Proof. (i) Let a,b € A, ab = ba and let A € or(a). We prove dist{\,or(b)} <
lla — b]|. This is clear if A € or(b). If A ¢ or(b), then

lla=bll = l[(a=X) = (=N
> inf{|juf :u € Aulb—A) = (b—Au, (b—\) +u ¢ R}
=inf{|z|: z € op(b— A\)} = dist{0,0r(b — A\)} = dist{\,or(b)}.

Thus
A(og(a),or(b)) = sup dist{\,or(b)} <|la— b
Ae€or(a)

and, by symmetry, A(og(a),or(b) < |la —b]|.

(ii) Let ana = aan, ap — a, Ay, € or(a,) and A, — A. Then, for each n, there
exists puy, € og(a) with |u, — A\,| < ||lan — a|. Clearly, p,, — A, and so X € or(a)
since or(a) is closed. This proves the upper semicontinuity.

If we restrict or to the set {a,a1,as,...}, then the lower semicontinuity
follows from Theorem A.4.4. O

In general, the left and right point spectra are not closed, and so they do
not satisfy (P3) (and therefore neither (P2) nor (P4)). On the other hand ¢y, 0, 7y
and 7, are defined by open regularities, so these spectra satisfy (P2). They satisfy
also (P4) (we prove a more general result in the next section).

The upper semicontinuity on commuting elements enables us to weaken the
axioms of regularity.

Theorem 12. Let R be a non-empty subset of a Banach algebra A satisfying (P3)
and

(i) ifa € R andn € N, then a™ € R,

(ii) if a,b,c,d, are mutually commuting elements of A and ac + bd = 14, then
abe R ae Randbe R.

Then R is a regularity.
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Proof. 1t is sufficient to show the implication a™ € R =a € R (n > 2). By (P3),
a™ — pa = a(a™ ! — u) € R for some non-zero complex number p. Since

(@™ = p) - (=p ) +a(u ") =14,
we have a € R by (ii). O

Let R be a regularity in a Banach algebra A and og the corresponding
spectrum. We say that og is spectral-radius-preserving if og(a) is closed and
max{|A| : A € or(a)} = r(a) for each a € A.

Theorem 13. Let R be a regularity in a Banach algebra A such that the corre-
sponding spectrum og is spectral-radius-preserving. Then do(a) C og(a) for all

ac A.

Proof. Suppose on the contrary that Ao € do(a) and there exists e > 0 such that
{z:]z2=Xo| < e}nogr(a) = 0. Choose A1 € C\ o(a) with |A\g — A1| < £/2. Consider
the function f(z) = (2 — A1)~ . Then

dist{\1,0r(a)} ™" = sup{|f(2)| : z € or(a)} = sup{|2| : 2 € or(f(a))}
=7r(f(a)) =max{|f(2)|: z € o(a)} > ! 2

> .
|/\0 — >\1| 3
Thus there exists Ay € ogr(a) with |[Ay — A\1| < £/2, and so [A2 — Xg| < &, a
contradiction. O

Upper semicontinuous spectra have always many continuity points.

Theorem 14. Let R be a regularity in a Banach algebra A satisfying property (P2)
(upper semicontinuity). Then the set of all discontinuity points of the set-valued
function a — ogr(a) is of the first category.

Proof. For every complex number A let f : A — (0, 00) be the function defined by
fala) = dist{\,or(a)} (if or(a) = 0, then we set fr(a) = co). The result follows
from the following three statements:
(a) f is lower semicontinuous for every \.
(b) The mapping a — og(a) is continuous at z if and only if fy is continuous at
x for every A from a dense subset of C.
(¢) The set of all discontinuity points of a lower semicontinuous function f : A —
(0, 00) is of the first category.

(a) Let a € A, A € C. We must show that fy(a) < liminf,_, fy(z). This
is clear if fi(a) = 0. Suppose that fy(a) > 0 and choose r, 0 < r < fi(a) =
dist{\,or(a)}. Then or(a) C C\{z: |z — A| < r}, so there exists § > 0 such that
or(z) C C\{z: |z — Al <r} for every x € A with ||z — a|| < §. For z in this
neighbourhood we have fy(x) > r and liminf, ., fa(z) > r. Since r < fi(a) was
arbitrary, we have liminf, ., fx(z) > fa(a) and fy is lower semicontinuous.
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(b) Suppose that  — or(z) is continuous at a € A. Let A € C. We show that
[ is continuous at a. By (a), it is sufficient to show that f(a) > limsup,_,, fr(x).
This is clear if fy(a) = oo, i.e., if cg(a) = (). Suppose that or(a) # 0. Let € > 0. By
lower semicontinuity of o, there exists § > 0 such that dist{\,or(z)} < fa(a)+e¢
whenever ||z—al| < §. Thuslimsup,_,, fx(z) < fi(a)+e and, since ¢ was arbitrary,
we have limsup,_,, fi(z) < fa(a). Hence fy is continuous at a.

Conversely, let © — or(z) be discontinuous at a. Since op is upper semi-
continuous, there exist an open set U C C and points z1, %2, -+ € A such that
Unog(a) # 0, 2, — a and U Nogr(z,) = 0 for every n. Choose A\g € U Nor(a)
and let r be a positive number with {z : ||z — Xo|| < r} C U. Choose X in the
dense subset of C with [A — Ag| < r/3. Then fi(a) = dist{\,or(a)} < r/3 and
falxy) > 2r/3 for every n. Hence fy is not continuous at a.

(c) Let f: A — {(0,00) be a lower semicontinuous function. Suppose f is
not continuous at a point @ € A. Then f(a) < limsup,_,, f(z). Find a rational
number 7 such that f(a) < r < limsup,_, f(z). Then f~'((0,7)) is a closed
subset of A and a € 9f ! ((0, r)) Hence the set of all discontinuity points of f is
contained in (J{0f~*((0,7)) : r rational}, which is of the first category. O

7 Spectral systems

In Section 3 we studied the spectrum, approximate point spectrum and the Shilov
spectrum defined for n-tuples of elements of a commutative Banach algebra. In this
section we introduce and study general spectra defined for commuting n-tuples in
a (in general non-commutative) Banach algebra.

Let A be a Banach algebra. Denote by ¢, (A) the set of all n-tuples of mu-
tually commuting elements of A and set c¢(A) = [J . cn(A).

n=1

Definition 1. Let R be a subset of ¢(A), R = (J,—, R,, where R,, C ¢,(A). The set
R is called a joint regularity if it satisfies the following conditions (for all n > 1):

(i) if (z1,.. -, Tn,Y1,---,Yn) € c(A) and > x;y; = 14, then (z1,...,2,) € Ry;
i=1

(ii) if (z1,...,2,) € R, and x,41 commutes with z; (1 < ¢ < n), then
(T1,..., &Tn, Tnt1) € Rpga;
(iil) if (wo,21,...,2n) € ¢(A) and (g — A\, x1,...,2,) € Ryyy for every A € C,

€c
then (z1,...,2,) € R,.

Proposition 2. Let R = |J;2, R,, be a joint regularity in a Banach algebra A and
let (z1,...,2,) € Ry. Then (x5(1),...,%x(n)) € Ry for every permutation 7 of the
set {1,...,n}.

Proof. By (ii), we have (z1,...,%n, Tr(1),- -+ Tr(n)) € Ron. Let X € C, XA # 0.
Then 7 appears in the n-tuple T (1), ..., Trn) and A Hw = A) +0xg + - +
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0z, + A~ ta; = 1 4. Thus, by Definition 1 (i),
(Il - A75[727 s Ty L) - - - amﬂ'(n)) € Ray.

By (iii), we conclude that (z2,...,Zn, Tr(1),. -+, Tr(n)) € R2n—1. By repeating this
argument we get (73,...,%n, Tr(1),- - Tr(n)) € Ron_2, and finally, (v, ...,
xﬂ(n)) € R,. O

Corollary 3. Let R be a joint regularity in a Banach algebra A, let n > 2 and
1 <k <n. Then:

(i) if (z1,...,2n) € cn(A) and (z1,...,Tk—1,Tht1,--.,Tn) € Rp_1, then
(z1,...,2Zn) € Ry;
(ii) if (z1, .-+, Th1,Tk — A\, Tt 1,---,Tpn) € Ry for all X € C, then
(T1y -y Th1, Tht 1y - -y Tn) € Rpp1.

Definition 4. Let A be a Banach algebra. A spectral system is a mapping which
assigns to every finite family z1,...,x, of mutually commuting elements of A a
subset 6(x1,...,zy) C C™ that satisfies the following conditions:

(i) if © = (#1,...,2n) € cn(A) and (z) is the algebra generated by z1,..., Ty,
then &(x) C o' (z);

(ii) (projection property) if 1 < m < mn, 1 < i3 < iz < -+ < iy, < n and
(T1,...,2p) € cp(A), then 6(z;,,. .. ,mlm) = Qo (z1,...,T,) where Q : C* —
C™ is the projection defined by Q(A1,...,An) = (Niy, .-+, iy, )-

Spectral systems are in one-to-one correspondence with the joint regularities.
Theorem 5. Let A be a Banach algebra. Then:
(i) if R C ¢(A) is a joint regularity, then or defined by

JR(xh...,xn):{()\17...,)\,1)E(C":(acl—)\h...,xn—)\n)¢Rn}

is a spectral system;
(ii) if & is a spectral system, then R =|J,-_| R, defined by

R, ={(x1,...,2n) €cn(A): (0,...,0) ¢ o(x1,...,20)}

is a joint regularity.

Proof. (i) If (z1,...,7,) € ca(A) and A= (A1, ..., \,) ¢ 0@ (x), then Y7 (2; —
Ai)y; = 1 4 for some yl, .+ s Yn € (). Then, by Definition 1 (i), (x1 — A1,..., 2y
An) € Ry, and so (A1,...,\,) € or(21,...,Tn).
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Let 1 < k < nandlet P: C* — C" ! be the projection defined by
PA1, -5 ) = (A1, ooy Ap—1, Akt 1, - - -, A ). By Corollary 3, we get

UR(acl,...,xk,l,xk+17...,xn) = PO’R(Ih...,{En).

The projection property can be obtained by a repeated use of this observation.

(ii) Conversely, let & be a spectral system and let R be defined by R =
Ur” o Rn, where R, = {(z1,...,2,) € ¢u(A) : (0,...,0) ¢ 6(z1,...,2,)}. Then R
is a joint regularity. Indeed, axioms (ii) and (iii) of Definition 1 follow immediately
from the projection property. Let (z1,...,Zn,Y1,.--,Yn) € Con(A), D @iy; =
14. Then

(9, o 79) ¢ 0<m1,--.,zmy1,---,yn>(zl, ),
~
n

and so, by the projection property of the spectrum in the commutative Banach
algebra (T1,...,Zn, Y1, -+, Yn),

(Oa s 707 >\17 (RS An) ¢ a<117...7zn7y17”.7yn>(Ih e Ty Y1y 7yn)

for all (A1,...,A,) € C™ Thus (0,...,0,A1,...,An) & (1, -, Ty Y1y -+, Yn)
and, by the projection property, (0,...,0) ¢ &(z1,...,x,). Hence (x1,...,2,) €
R,. O

Proposition 6. Let R C ¢(A) be a joint regularity and or the corresponding
spectral system. The following conditions are equivalent:

(i) {0} & Ry;
(ii) or(x1,...,z,) is non-empty for all (z1,...,z,) € c(A);
(iii) there exist (z1,...,2,) € c(A) such that og(xy,...,2,) # 0;
(iv) R # c(A).
Proof. (i) = (ii): Let = (z1,...,x,) € ¢(A). We have 0 € or(0) and so, by the
projection property, there exists A € C™ such that (0, A) € or(0,z). Again by the
projection property, A € or(x).
The implications (ii) = (iii) and (iii) = (iv) are trivial.
(iv) = (i): Let (21,...,25) € ¢(A) and suppose that 0 € R;. Then A-14 €

R; for every A € C, and so (A\,z1,...,2,) € R for all A € C. Consequently,
(x1,...,2,) € R. O

An arbitrary spectral system possesses the spectral mapping property.

Theorem 7. Let A be a Banach algebra, ¢ a spectral system in A and suppose
that * = (z1,...,2,) € ¢(A). Let f = (f1,..., fm) be an m-tuple of functions
analytic in a neighbourhood of ¢‘*)(z). Then

&(f(x)) = f(&(x)), where flx) = (fl(ac)7 .. .,fm(x)).
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Proof. We have

5(, f(z)) C oI N (@, f(2)) = o) (2, f(2))
= {(p(@), p(f(@) : 0 € M(@)} = {(2, f(2)) : 2 € s (@) }.

The following statements are equivalent:
we f(5();
there exists z € d(x) such that w = f(z);
there exists z € 6(x) such that (z,w) € &(z, f(x));
w e a(f(x)). O

Theorem 8. Let R be a joint regularity in a Banach algebra A. Then Ry = {x; €
A :{x1} € R} is a regularity satisfying property (P1).

Proof. Let a,b € A, ab=ba. If a,b € Ry, then

or(ab) = {Ap: (A u) € or(a,b)} C{A\u: A€ ogr(a),n €or(d)}
C{Au A p#0} CC\ {0},

and so ab € R;.

Conversely, if a ¢ Rj, then 0 € ogr(a) and there exists A € C such that
(0,X) € ogr(a,b). By Theorem 7,0 = 0- A € ogr(ab) and ab ¢ R;. Similarly,
b ¢ Ri = ab ¢ R;.

This proves (P1) and also that R; is a regularity. O

Remark 9. Condition (P1) provides a criterion whether a spectrum given for single
elements can be extended to commuting n-tuples, cf. C.7.4. Questions of this type
appear frequently in spectral theory.

Theorem 10. Let 6 be a spectral system in a Banach algebra A. Then
(T1,...,xn) — 0(x1, ..., Tp)

is also a spectral system.

Proof. Obviously, &(z) C o' (z) for every z € c(A).

Let 1 <i3 <-++ < iy <nandlet @Q:C" — C™ be the projection defined by
QAM, .., ) = (Nigs -5 iy, ). Since 6(ziy, ..., mi,) = QF(21,...,xy,), we have
QG (x1,...,2n)) Co(Tiy, .., T,).

The equality follows from the fact that Q(&(w1,...,%,)) is compact and

contains &(x;,,...,x;, )- O
A spectral system & will be called compact-valued if (1, . . ., x,) is a compact
subset of C™ for all (x1,...,2,) € ¢(A). The most important spectral systems

satisfy this property.
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Theorem 11. Let A be a Banach algebra. Then:

(i) if (Ra)a Is a family of joint regularities in A, then R = N, R, Is a joint
regularity. The corresponding spectral system satisfies

or(a) =Jor.(a)  (a €c(A));

(ii) if (Ra) is a directed system (i.e., for all o, B there exists vy such that Ry D
R, U Rg) of joint regularities in A such that the corresponding spectral
systems are compact-valued, then R’ = J, R, is a joint regularity. The
corresponding spectral system satisfies

or(a) = ﬂaRa (a € ¢(A));

(iii) if J is a closed two-sided ideal in A, w : A — A/J the canonical projection
and R a joint regularity in A/J, then 77 'R = {a € ¢(A) : 7(a) € R} is a
joint regularity in A.

Proof. (i) and (iii) are clear.

(i) The first two axioms of Definition 1 are clear. To prove the third axiom,
let (xo,21,...,2,) € ¢(A) and suppose that for each A € C there exists a such
that (zo — A\, 21,...,2n) € Ro. Thus (v — p,21,...,2,) € Ry for all p in a
certain neighbourhood of A. From the compactness of {®0:@1:»#n)(24) and the
fact that (R, ) is a directed system we conclude that there is a 3 such that (zo —
Wy T1, ..., Ty) € Rg for all p € C. Hence (x1,...,2,) € Rg C R. O

In the commutative case it is possible to describe all compact-valued spectral
systems easily. They are in 1-1 correspondence with compact subsets of M(A).
For x = (21,...,2n) € cn(A) and ¢ € M(A) write p(z) = (¢(x1),...,0(xn)).

Theorem 12. Let A be a commutative Banach algebra. Then:

(i) if K is a compact subset of M(A), then the mapping
v € c(A) > 5(x) = {p(x) : ¢ € K)

is a compact-valued spectral system;

(ii) if Ky, Ky are compact subset of M(A) and K; # Ko, then there exists a
finite family x € c¢(.A) such that

{o(@): pe K1} #{p(z) 1 ¢ € Ka};
(iii) if ¢ is a compact-valued spectral system, then
K(5) ={p e M(A): p(x) €5(x) for all z € c(A)}

is a compact subset of M(A);
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(iv) if & is a spectral system in A, then &(z) C o (x) for all v = (21,...,7,) €
c(A);
(v) if ¢ is a compact-valued spectral system, v = (z1,...,T,) € cp(A) and

A= (A1,...,A\n) € (), then there exists ¢ € K(&) such that o(x) = A.

Proof. The proof of (i) is clear.
(ii) For = € ¢(A) write

gi(z) = {p(2) :p € K1} and 6a(2) = {p(2) : p € Ka}.

Suppose on the contrary that 1(z) = d2(x) for every z € ¢(A).

Let ¢ € K. For z € ¢(A) set M, = {¢) € K : ¢(z) = ¢(z)}. By assumption,
p(x) € 61(x) = &2(x), and so M, is a non-empty compact subset of M(.A). Since
M, "M, = M, for all 2,y € c(A), the system {M,},cc(4) has the intersection
property and we have ﬂwec () Mz # 0. Let ¥ € (,c.a) Mo Then ¢ € K3 and
Y(x1) = p(x1) for every x1 € A. Thus ¢ = ¢, ¢ € K3 and K C Ko.

By symmetry, we get K1 = Ko, which is a contradiction.

(iii) Clearly, {p € M(A): p(x) € 6(x)} is a compact set for every z € c(A),

and so
N {oeMA): o) € 5()}
z€c(A)

is a compact subset of M(A).

(iv) Let # = (z1,...,2n) € c¢(A). Suppose on the contrary that there is a
A= (M,..., \n) €6(x)\0(2). Then there are elements 1, . ..,y € A such that
Yoy (@i — N)y; = 1. Write y = (y1,...,yn). By the projection property for &,
there is a € C™ such that (\, p) € 5(z,y) C o'®¥ (x,y), a contradiction.

(v) Let @ € c¢(A) and A € (). For every y € c(A) set M, = {¢ € M(A) :
plz) = N\ply) € &(y)}. By the projection property, there exists p such that
(\, ) € 6(x,y) C o*(z,y). Hence M, # 0 and it is clearly a compact set. Fur-
thermore,

MyNM. DMy, #0  (y,z € c(A)),

so the system {M,},c.(4) has the intersection property and Nyeeay My # (0. Let
© € Nyee(ay My- Then p(z) = X and ¢(y) € 5(y) for every y € c(A). O

Corollary 13. Let A be a commutative Banach algebra. Then the mapping

G K(3)={p € M(A) : p(z) € 6(x) for every x € c(A)}
is a one-to-one correspondence between the compact-valued spectral systems and
compact subsets of M(A).

For all (z1,...,2,) € c(A), 6(z1,...,2n) = {(p(@1),....0(xy)) : ¢ €
K(@)}.
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Any spectral system behaves continuously (even uniformly continuously) on

commuting elements. For the definition of Hausdorff distance A see Definition
A.4.2.

Theorem 14. Let & be a spectral system in a Banach algebra A and let Ry = {x; €
A:0¢ 6(x1)}. Then:

(i) ifa,u € A, au = ua, a € Ry and
inf{|z| : z € g(a)} > sup{|z| : z € 6(u)},
then a +u € Ry;
(ii) ifa € A, then
dist{0,5(a)} = inf{[jul| : v € A,ua = au,a+u & Ry };
(iii) if a,b € A are commuting elements, then
A@(a),5(0)) < fla =]l

Proof. (i) Denote by A the commutative Banach algebra generated by a and w.
By Theorem 12, there exists a compact subset K C M(Ap) such that (y) =
{p(y) : p € K} for all y € Ap. In particular, 6(a +u) = {¢(a+ u) : ¢ € K}. For
p € K we have

lp(a+u)| = |p(a)| = le(u)| = inf{lp(a)] : ¢ € K} —sup{l(u)| : ¢ € K} > 0.
Thus 0 ¢ 6(a +u) and a +u € R;.
(ii) Clearly, dist{0,5(a)} > inf{|ul| : v € A,ua = au,a +u ¢ Ry }.
To prove the opposite inequality, let u € A, ua = au and |lu|| < dist{0, 5(a)}.
Then
sup{|z| : z € 6(u)} < |lu]| < dist{0,5(a)} = inf{|z| : z € 5(a)},

and so a +u € Ry by (i).
The third statement follows from Proposition 6.11. 0

Corollary 15. Let & be a compact-valued spectral system in a Banach algebra A.
Then Ry = {x € A:0¢ 6(a)} is a regularity satisfying property (P4) (continuity
on commuting elements).

Theorem 16. Let & be a spectral system in a Banach algebra A and let Ry = {a €

A:0¢6(a)}. Let a € Ry and let u be a quasinilpotent (i.e., r(u) = 0) commuting
with a. Then a +u € R;.
Proof. Since &(a,u) C &(a) x &(u) = &(a) x {0}, the projection property of & gives
that &(a,u) = &(a) x {0}.

By the spectral mapping property (Theorem 7), we have (a4 u) = {)\ +
(A p) €d(a,u)} =d(a). O
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Definition 17. We say that a spectral system & in a Banach algebra A is upper
semicontinuous, if &(a) is closed for all a € ¢(A) and the mapping (a1, ...,a,) €
cn(A) — d(aq,...,a,) is upper semicontinuous for all n € N.

Theorem 18. Let R = |J,~_,, R, C cn(A) be a joint regularity in a Banach algebra
A. The following conditions are equivalent:

(i) Ry, is open in ¢, (A) for allm € N,
(ii) the corresponding spectral system is upper semicontinuous.

Proof. Straightforward (cf. Appendix A.4). O

By definition, each upper semicontinuous spectral system is compact-valued.

In commutative Banach algebras, a spectral system is compact-valued if and
only if it is upper semicontinuous (and if and only if it is continuous).

Let A be a commutative algebra and ai,...,a, € A. Let La(a1,...,an)
denote the smallest ideal in A containing the elements aq, . .., a,. It is easy to see

that T4(a1,...,an) = {Z?:l agb; :b1,...,b, € A}.

Proposition 19. Let K be a compact Hausdorff space and A a subalgebra of C(K).
LetneN, f1,..., fn,g9 € A and suppose that I4(f1,..., fn) consists of functions
which achieve zero on K. Then there exists p € C such that Io(f1,..., fn,g — 1)
consists of functions which achieve zero on K.

Proof. Suppose on the contrary that for each u € C there are functions hg“ ), R
hgffgl € A such that

SR fi b (g - )
i=1
does not vanish on K. Clearly g(K) is a compact subset of the complex plane. Let
A be the polynomially convex hull of g(K).
For m 6 N let U,, be the set of all u € A such that there are functions

P, ) € Anwith A, < m and
g[S HO R0 +HEL o) )| > 1 0
Clearly, the sets U, are open, Uy C Uy C --- and U U,, = A. Therefore

there exists mo € N such that U,,, = A, i.e., for each p € A there are functions
h:(L“)7 ey hgffgl € A satisfying (1) and ||an+1 | < mo.

Find a finite subset {v1,...,v5} C A such that dist{y, {r1,...,v}} < Tio
for each p € A. For j =1,...,k let

u; —Zh“’”mhiﬁ( — ).

=1

Then u; € A. Since inf.ck |u;j(z)| > 1, we have ||u;1|| <1
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Let B be the smallest subalgebra of C(K) containing A and the functions
url, ... ,u,;l. Let I = Ip(f1,..., fn). Every function v € I can be expressed as

v= Z Z fiv” b a, (2)

=1 a€ZY

where the second sum is finite, b;, € A for all ¢ and «, and u® stands for
For v given by (2) find 5 € Z’j_ such that 5 > a whenever b; o, # 0 for some
1. Then

’U’Ltg = Z Z fiuﬁ_abi7a S IA(flv" 7f’rl)

= k
=1 Q€LY

By assumption, vu? vanishes on K, and so does v. Thus I is a closed ideal in the
Banach algebra B consisting of functions singular in B, and so I # B. Therefore
there exists a multiplicative functional ¢ € M(B) with I C Ker ¢.

Set 1o = ¢(g). Then uy € 0B(g) c 5°F)(g) = g( ) = A. Therefore there
exists j € {1,...,k} such that |y — v;| < Tio. Then

w _Zh ) f1+hn+1 g — ko) Zh ") f1+hn+1( Vi) + hgjjr)l( = o)
=1

=1

=uj + hgjfr)l( — o)

We have ||u;1|| < 1and

lwuy =1 = B34 (v = po)u; | < 1.

Thus wuj_1 is invertible in B and so w € Inv(8B). This is a contradiction with the
fact that ¢(w) = 0. This completes the proof. O

Theorem 20. Let A be a commutative Banach algebra. Let Ry C A be an open
regularity satisfying (P1). Then the following conditions are equivalent:

(i) there is a joint regularity R in A such that Ry = RN c¢i(A) and the corre-
sponding spectral system is compact-valued;
(ii) for every x € A\ Ry there exists ¢ € M(A) such that © € Kerp C A\ Ry;
(iii) if I C A is an ideal satisfying I C A\ Ry, then there exists ¢ € M(A) such
that I C Kerp C A\ Ry;
(iv) ifay,...,an € A, Ia(a1,...,a,) C A\ Ry and b € A, then there exists y € C
such that I4(a1,...,an,0—p) C A\ Ry.

Proof. (iii) = (ii): Let € A\ R;. Since R; satisfies (P1), we have I4(z) = {za :
a € A} C A\ R:. By (iii), there exists ¢ € M(A) such that € Kergo C A\ R;.
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(ii) = (i): Let K = {p € M(A) : Kerp C A\ R;}. Since

K= [){peMA): ¢ € or, ()},
zeA

K is a compact subset of M(A).

Let « € A. By (ii), we have # ¢ Ry if and only if there exists ¢ € K with
o(x) = 0. Hence og,(z) = {p(x) : ¢ € K} for each z € A, and so the joint
regularity corresponding to K extends R;.

(iv) = (iii): Let I be an ideal satisfying I C A\ R;. Consider the set of all
ideals in A which are contained in 4 \ Ry ordered by the inclusion. By the Zorn
lemma, there exists an ideal J D I which is maximal among those contained in A\
R;. It is sufficient to show that codim J = 1 since the corresponding multiplicative
functional will satisfy the required properties.

Suppose on the contrary that codim J > 2. Let b € A satisfy b ¢ J+C- 1 4.

For a finite subset F' = {a1,...,an} of J let

Mp={peC:Is(ar,...,an,b—p) C A\ R;.

By assumption, Mg # (). Clearly Mp C o*(b), and so My is bounded. If py €
Mp (k € N) and pr — p, then every element of I4(ay,...,a,,b — 1) can be
written as a limit of elements of I4(a1,...,an,b — ux) C A\ Ry. Since A\ R; is
closed, p € Mp, and so Mp is compact. Furthermore, Mp Mpyp Mpr D Mpap: #
(b, and so the system (Mp)pr has finite intersection property. Thus there exists
p € (g Mp. It means that the ideal generated by J and g — p is contained in
A\ Ry and is strictly greater than J. This contradicts to the assumption that J
was maximal in this class of ideals and proves (iii).

(i) = (iv): Let K € M(A) be a compact set satistfying + € A\ Ry if and only
if there exists ¢ € K with ¢(z) = 0. Let a1,...,a, € A, I4(a1,...,a,) C A\ Ry
and let b € A. Consider the algebra G(A)|K = {G(z)|K : € A} and the
functions G(a1)|K,...,G(a,)|K,G(b)|K € C(M(A)). By Proposition 19, there
exists p € C such that I4(a1,...,an,0—p) C A\ Ry. O

As an application of the previous theorem, consider the regularity consisting
of all elements that are not topological divisors of zero. We get the following
analogy of Corollary 3.8.

Corollary 21. Let A be a commutative Banach algebra, let I C A be an ideal
consisting of topological divisors of zero. Then there exists a maximal ideal J D I
consisting of topological divisors of zero.

Proof. Follows from the implication (i) = (iii) of Theorem 20. O

Theorem 22. Let A be a Banach algebra and let o1, 09 be compact-valued spectral
systems in A satisfying o1(x) C o2(x) and

max{|A| : A € o1(2)} = max{|A| : A € 02(2)}



68 Chapter I. Banach Algebras

for all x € A. Then T'(o2(ay,...,a,),P(n))C oi(ai,...,a,) for all commuting
n-tuples ay,...,a, € A.

In particular, the polynomially convex hulls of the sets o1(a1,...,a,) and
oa(a1, ..., ay) coincide.
Similarly, the closed convex hulls of o1(ay,...,a,) and os(as,...,a,) coin-

cide.

Proof. Let A € I'(02(a1, . ..,a,), P(n)) and let U be a neighbourhood of A in C™.
By the definition of the Shilov boundary, there exists a polynomial p € P(n) such
that

sup{|p(z)| :zeUnos(a,.. .,an)} > sup{|p(z)| tz €og(ar,. .. an)\ U}.
Write y = p(ai, ..., an). Then

max{[p(2)| : z € o1(ay,...,an)} =max{|u| : p € 51(y)}
= max{|u| : p € o2(y) } = max{[p(2)| : 2z € o2(a1,...,an)}.

Thus U N oy(ay,...,a,) # 0. Since U was an arbitrary neighbourhood of A

and oq(a,...,a,) is closed, A\ € o1(as,...,a,). Consequently, o1(ay,...,a,) =
82((11, ey an).

By considering the linear polynomials, we obtain in the same way that the
closed convex hulls of o1(as,...,a,) and o9(aq,...,a,) coincide. O

We say that a spectral system & in a Banach algebra A is spectral-radius-
preserving if &(a) is closed for all a € ¢(A) and max{|\| : A € 6(a1)} = r(a) for
each a; € A.

In Section 3 we studied already three spectral-radius-preserving spectral sys-
tems in commutative Banach algebras: the spectrum o, the approximate point
spectrum 7 and the Shilov spectrum or.

From the properties of the Shilov boundary it follows easily that op is the
smallest spectral system with this property:

Theorem 23. Let ¢ be a spectral-radius-preserving spectral system in a commu-
tative Banach algebra A. Then or(a1,...,a,) C 6(a1,...,ay,) for all commuting
n-tuples ay,...,a, € A.

8 Basic spectral systems in Banach algebras

We now introduce the basic spectral systems in non-commutative Banach algebras.

Definition 1. Let A be a Banach algebra, x = (x1,...,2,) € ¢(A). We define the
left spectrum o;(x) as the set of all A = (Aq,...,A,) € C™ such that

A@r = M) 4+ Azn — An) £ A
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Equivalently,
Aeo(r) <= 1a¢ Alxy — A1)+ + A(xn — An).
The right spectrum o, (x) is defined analogously:

Aeo(r) <= (@m—-—MA+-+(@,—\)A#A
<= 1A¢(xl—)\l)A+~--+(xn—)\n)A.

The Harte spectrum o(z) is defined as the union of the left and right spec-
trum, og(x) = oy(z) Uor(x) (z € c(A)).

For single elements the Harte spectrum coincides with the ordinary spectrum
and Definition 1 coincides with Definition 6.6. If A is a commutative Banach
algebra, then oy(z1,...,2,) = 0p(21,...,2n) = 0(T1,...,Tpn).

Proposition 2. Let A be a Banach algebra, (zo,z1,...,2,) € c(A) and let
0, ..., 0,) € oy(x1,...,zn). Then there exists A € C such that (X,0,...,0) €
o1 (T, T1y -+, Tn)-

Proof. Let J = Axy + --- + Ax,. Clearly, J is a proper left ideal. Consider the
Banach space X = A/J and the operator T': X — X defined by T'(a+J) = azo+
J (a+J € X). The definition is correct since Jzg C J. Choose A € doBX)(T).

By Theorem 1.28, (T'— \)X # X. Thus J + A(xg — \) # A, which finishes the
proof. O

Theorem 3. Let A be a Banach algebra. Then oy, 0, and oy are upper semicon-
tinuous spectral systems.

Proof. Forn > 11let R, = {(xh cosp) €Ecp(A) i 1g €1 A+ -—|—an}. Clearly,
R = J;~, is a joint regularity (the only non-trivial part was proved in Proposition
2) and oy is the corresponding spectral system. Further, R, is open in ¢, (A), and
So 07 is upper semicontinuous.

For the right spectrum the result follows by symmetry and for the Harte
spectrum oy = 0; U o, by Theorem 7.11 (i). O

Definition 4. For z = (z1,...,1,) € c(A) let

dy(x) = inf { Z lzjull :uwe A lul| = 1}

j=1

and

d,(x) = inf { Z luz;|| - u e A, lu| = 1}.

j=1
The left and right approzimate spectra are defined by

T(z) = {)\ eC":di(z— ) = 0} and 7.(x) = {)\ eC":dy(x—MN) = 0}.
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It is easy to see that 7;(z) C oy(x) and 7,.(x) C op(x). For single elements
ni(z1) = {A1 € C: z1 — Ay is a left topological divisor of 0} and 7,.(z1) = {\1 €
C : 1 — A1 is a right topological divisor of O}. For commutative Banach algebras

T (T, .y Tn) =T (X1, ..y Tn) = T(T1, .-, Tn).

The next lemma enables us to reduce problems for non-commutative Banach
algebras to the commutative case.

Lemma 5. Let A be a closed commutative subalgebra of a Banach algebra BB. Then
there exists a commutative Banach algebra C containing A as subalgebra such that
dB(x1,...,my) = d°(21,...,3y,) for every (z1,...,2,) € A"

Proof. Let C = Ax B = {(a,b) : a € A,b € B}. Define in C algebraic operations
(for all a,a’ € A,b,b' € B,a € C) by

(a,0) + (d', V) = (a +a', b+ 1),
a(a,b) = (aa, ab),
(a,b)- (a',b") = (ad’,ab’ + a'b)

and the norm ||(a,b)|| = |la|| + ||b||- It is easy to show that C is a commutative
Banach algebra with the unit element (14, 0). If we identify a € A with (a,0) € C,
then A is a subalgebra of C. Let (z1,...,2,) € A" Then

dC((g;l,O),...,(xn,O)) = inf{z [[(x:,0)(a,b)|| : a,b € A, |lal| + ||b]] = 1}

= inf { Z(H%GH + ||z:b|]) s a,b € A, |la|| + ||b]] = 1} =dP (xy,...,2,). O

=1

Corollary 6. Let A be a Banach algebra, (zo,z1,...,7,) € c(A), and let d; (z1,
..., ) = 0. Then there exists A € C such that d; (xog — A\, z1,...,2,) = 0.

Proof. The statement follows from the previous lemma and the corresponding
result 3.7 for commutative Banach algebras (in fact, the proof of Theorem 3.7
works without any change in the non-commutative case, too). O

Corollary 7. The left and right approximate point spectra are upper semicontinu-
ous spectral systems.

Proof. Let Ry, = {z1,...,2n) € cu(A) : di(z1,...,2,) > 0}. Using Corollary 6 we
can see that R = Jo—, Ry, is a joint regularity. Furthermore, R,, is an open subset
of ¢,(A), and so 7; is an upper semicontinuous spectral system.

The statement for 7. follows by symmetry. O
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Thus all results for general spectral system apply for o;,0,, 0,7 and 7,.. In
particular we have:

Theorem 8. Let A be a Banach algebra. Let & stand for any of oy,0.,01, T, Tr-
Then, for all x = (z1,...,xy,) € ¢,(A) we have:

(i) o(x) is a non-empty compact subset of C"*, 1(x) C oy(x), 7-(z) C op(x),
o (z) =o(z)Uo.(x);

(i) if (xo,®1,...,%n) € Cny1(A), then 6(z1,...,2,) = Pé(xg,21,...,2,) where
P :C"*t! — C" is the projection onto the last n coordinates;

(ii) if f = (f1,.-., fm) Is an m-tuple of functions analytic in a neighbourhood of
o) (xq,...,z,), then

flo(z) =a(f(2));

(iv) do(x1) C mi(x1) N7r(x1) for all x1 € A;
(v) T(o% (2), P(n)) C () N7 (2);

(vi) the polynomially convex hull of &(z) is equal to o'®) (x).
Theorem 9. Let x be an element of a Banach algebra B. Then

lim dy(zF)Y* = sup d;(«*)/* = min{|\| : A € 7 (z)}.
k—o0 keEN

Similarly,

lim d,(z")* = sup d,(zF)/* = min{|A| : A € 7,.(z)}.
k—o0 kEN

Proof. Let A = (z) and let C be the commutative Banach algebra constructed in
Lemma 5.

Since dP (y) = d“((y,0)) and 77 (y) = 7¢(y, 0) for every y € (z), the proof of
the first statement follows from Theorem 4.11 for the algebra C.
The second statement follows by symmetry. 0

In Section 1 we have proved that o(ab) \ {0} = o(ba) \ {0} for all elements
a,b in a Banach algebra A. Similar relations are also true for other spectra.

Proposition 10. Let a,b be elements of a Banach algebra A, let A € C, A # 0.
Then:

(i) ab — X is a left (right) divisor of zero if and only if ba — X\ is a left (right)
divisor of zero;

(ii) ab— X is a left (right) topological divisor of zero if and only if ba — X is a left
(right) topological divisor of zero.



72 Chapter I. Banach Algebras

Proof. (i) Let ab— A be a left divisor of zero. Let € A,  # 0 and (ab— \)z = 0.
Then abx = A\x # 0, and so bx # 0. We have

(ba — N)bx = b(ab — \)z = 0,

and so ba — A is a left divisor of zero.

The converse implication and the statement for right divisors of zero follow
by symmetry.

(ii) Let ab— X be a left topological divisor of zero. Let z, € A, ||z, =1 (n=
1,2,...) and (ab — N)z, — 0. Then lim,_ ||abz,|| = lim,— |[Azn] = [N > 0,
and so liminf,,_. ||bz,| > 0. Further,

(ba — A\)bzy, = b(ab— Nz, — 0,

and so ba — A is a left topological divisor of zero.
The rest follows by symmetry. O

Corollary 11. Let a,b be elements of a Banach algebra A. Then &(ab) \ {0} =
&(ba) \ {0}, where & stands for any of oy, oy, 71, Tr, T, Tr.

Proof. For g; and o, the statement follows from Theorem 1.29, for the remaining
spectra from the previous proposition. O

Comments on Chapter 1

By C.i.j we denote the jth comment on Section i.

C.1.1. Let A be an algebra without unit, i.e., A satisfies only axioms (i)—(iii) of
Definition 1.1. Then it is possible to define the unitization A; of Aby A; = {a+a :
a € C,a € A}, with the algebraic operations

(a+a)+ (B+b) = (a+B) + (a+b),
(a+a)-(B+b)=af+ (ab+ fa+ ab),
a-(B+b)=af+ab

for all a,b € A,a, 8 € C. Then A; is an algebra with the unit element 1 4+ 0 4.

If || - || is an algebra norm on A, then ||a + a|| = |a| + ||a|| defines an algebra
norm on A;, and A; contains an isometrical copy of A. In this way it is possible
to define the spectrum of elements of an algebra without unit as the spectrum in
its unitization.

An alternative approach uses the concept of quasi-inverses, see [BD].

C.1.2. Let A be a real algebra, i.e., suppose that A satisfies all axioms of Definition
1.1 with the complex field replaced by the field of real numbers. Then it is possible
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to define the complezification A. = {a+ib: a,b € A} with the algebraic operations
defined by

(a+ib)+ (c+id) = (a+c¢)+i(b+d),
(a +1b) - (c +1id) = (ac — bd) + i(ad + be),
(a+1if) - (a+1ib) = (aa — Bb) + i(ab+ Ba)

for all a,b,c,d € A, a,8 € R. Then A, is a (complex) algebra with the unit
element 14 +17-04.
If || -] is a (real) algebra norm in A, then it is possible to extend it to A, by

lla +ib||a, = inf{z IAj] - llaj]| :n e N, A; € C,a; € A and Z)\jaj = a+ib}.
=1

Jj=1 Jj=

In this way it is possible to define the spectrum of an element a of a real algebra A
as the spectrum of @ + i - 0 in A.. Note that the spectrum is still complex in this
case.

C.1.3. Let A be an algebra (in the sense of Definition 1.1) and let || - || be a norm
on A which makes of A a Banach space such that the multiplication is (jointly)
continuous (a,, — a, b, — b implies a,b,, — ab). Thus || - || satisfies conditions (i),
(ii) and (v) of Definition 1.2 and condition (iii) is replaced by a weaker condition

(iil"): there exists k > 0 such that ||zy|| < kllz| - ||yl (z,y € A).
Define a new norm ||| - ||| on A by ||[al|| = sup{|laz| : z € A, ||z|| < 1}. It is
easy to check that ||| -||| is equivalent to the original norm || - ||, and ||| - ||| satisfies

all conditions of Definition 1.2.

Thus the definition of Banach algebras which uses the continuity of the mul-
tiplication (this definition is natural in the context of topological algebras) is
essentially equivalent to Definition 1.3. Also, the axiom ||1.4]] = 1 is not essential.

The condition (iii’) of joint continuity of multiplication can be replaced by a
seemingly weaker assumption that the multiplication is only separately continuous,
i.e., that the operators L,, R, : A — A defined by L,x = ax, R,z = xa are
continuous for every a € A. Indeed, an easy application of the Banach-Steinhaus
theorem gives the joint continuity of the multiplication.

C.1.4. The most important generalizations of Banach algebras are locally convex
algebras and m-convex algebras, see [Mi], [Zell], [Zel4].

A locally convex algebra A is a locally convex space A together with a jointly
continuous multiplication which makes of A an algebra. Equivalently, the topology
of A can be given by a system of seminorms {|| - ||o : @ € A} satisfying:

(i) the system {|| - || : @ € A} is directed, i.e., for all a, 5 € A there exists vy € A
such that
max{[|lzfo, [zllg} < [zlly  (z € A), (1)
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(ii) for every o € A there exists 8 € A such that
leylla < lzlls-lluls  (z,y € A).

If A is a metrizable locally convex algebra, then its topology can be given
by means of a sequence {| - || : n € N} of seminorms satisfying (for all n € N,
z,y €A
[2lln < [[@]lnsa
and
lzylln < [|@llntr - [[Yllnta-

Complete metrizable locally convex algebras are sometimes called By-algebras.

C.1.5. A locally convex algebra A is called m-convez (multiplicatively convex) if
its topology can be given by means of a system of seminorms {|| - [lo : @ € A}
satisfying (1) and

lzylla < llzlla-llyla (€A zy e A).

Then, foreacha € A, J, = {x € A : ||z|lo = 0} is a closed two-sided ideal and
(A/Ja, || - |la) is & normed algebra. In this way it is easy to show that complete
m-convex algebras are projective limits of Banach algebras. This enables us to
generalize many properties of Banach algebras to complete m-convex algebras.

Complete metrizable m-convex algebras are called Fréchet algebras.

C.1.6. The openness of the set of all invertible elements in a topological algebra is
sometimes called property Q. Obviously, property Q implies the compactness of
the spectrum.

An example of a Fréchet algebra where the invertible elements are not open
is the algebra of all entire functions with the topology given by a sequence of
seminorms || f||, = max <, [f(2)] (n=1,2,...).

C.1.7. The mapping = +— 2~ ! is continuous for every m-convex algebra. For

locally convex (even By) algebras this is not true. An example is the algebra
L¥ =, >, LP(0,1) with the topology given by seminorms of L™ (n=1,2,...),
see [Arﬁ,_[Zell].

For By-algebras the continuity of the mapping x +— z~
condition that the set Inv(A) is G5, see [Zell].

C.1.8. Let A be a Banach algebra and let a € 0Inv(A). By Theorem 1.14, there
is a sequence (z,,) of norm 1 elements of A such that both z,a — 0 and az,, — 0.

On the other hand, it is possible (example of P.G. Dixon, see [BD, p. 13])
that an element b € A is both left and right topological divisor of zero and yet
there is no sequence (u,) of norm 1 elements of A with both u,b — 0 and bu,, — 0.

C.1.9. By Theorem 1.14, do;(a) C 7.(a). On the other hand, the inclusion do;(a) C
7;(a) is not true in general, see [Pil, pp. 367-368], [Bul, Example 1.11] or [Mii20].

1 is equivalent to the
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C.1.10. The basic properties of the spectrum including the spectral radius for-
mula were proved by Gelfand [Ge]. The Gelfand-Mazur theorem (Corollary 1.19)
appeared in [Ma] and [Ge] (the Mazur’s proof was not published from technical
reasons).

C.1.11. The spectrum of an element a in an algebra A can be defined in the same
way as in Banach algebras by o(a) = {A € C: a — X is not invertible}.

Let A be a normed algebra. Considering its completion gives easily that
the spectrum in normed algebras is always non-empty. In general, however, it is
neither bounded nor closed (consider for example the algebra of all polynomials
p(z) = 3, ciz® with the norm ||p|| = 3, |¢;| and the polynomial p(z) = z, or the
algebra of all “trigonometrical polynomials” .. , c;2* with the same norm; all
sums are finite).

Similarly, it is easy to see that the spectrum in m-convex algebras is always
non-empty.

The spectrum in locally convex algebras (even in By-algebras) can be empty.
However, if we define the set X(a) = o(a) Uo'(a) Uo™>(a) C CU {oo}, where
o'(a) ={\: 2+ (a—z)~! is discontinuous at \} and

€L

o 0 2+ (1 — za)~! is continuous at 0,

o (a) = :
{0} otherwise,

then X(a) # 0 for all elements a in a locally convex algebra, see [Zel4]. For similar

concepts of spectrum in locally convex algebras see [Wa], [Alll] and [Neul], [Neu2].

C.1.12. By the Gelfand-Mazur theorem, the complex numbers are the only Banach
algebra where all non-zero elements are invertible. For real Banach algebras the
situation is more complicated. There are three such examples: the real numbers,
complex numbers and the field of quaternions, see [Ric, p. 40] or [BD, p. 73].

C.1.13. By the Gelfand-Mazur theorem and Theorem 1.14, a Banach algebra ei-
ther possesses non-zero one-sided topological divisors of zero or it is isometrically
isomorphic to the complex field. An analogous statement fails even for Fréchet
algebras.

However, each m-convex algebra different from the complex field possesses
generalized topological divisors of zero, i.e., there is a neighbourhood U of zero
such that 0 € (A\ U)2. On the other hand, this is no longer true for locally convex
algebras [AZ].

C.1.14. In general neither the spectrum nor the spectral radius in a Banach algebra
is continuous.

Let H be the Hilbert space with an orthonormal basis {e; : i € Z}. Let
T,T, € B(H) be the bilateral weighted shifts defined by The; = e;y1 (i # 0),
Theo =n"ter, Teg=0and Te; = e;41 (i #0). It is easy to see that | T}, — T —
0, o(T) =D and o(T},) = T for all n, hence the spectrum is discontinuous.
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In the previous example the spectral radius behaves continuously. An example
of discontinuous spectral radius was given by Kakutani, see [Ric, pp. 282-283].

Let K be the Hilbert space with an orthonormal basis {e1,ez,...}. Let T €
B(K) be the weighted shift defined by Te,, = wpey, 41, where w,, = 27 if n can be
written as n = 2 -m with m odd. It is a matter of routine to verify that »(T') > 0
but T is a limit of nilpotent operators: define Ts by Tse,, = wpent1 if wy, > 277,
and Tye,, = 0 otherwise. Then T2 = 0, and so r(T,) = 0 for all s.

C.1.15. An example of a Banach algebra with continuous spectral radius but dis-
continuous spectrum was given by Apostol [Ap4]. In [Miil] it was given an example
that the spectrum (and the spectral radius) in a Banach algebra can be discon-
tinuous even on straight lines. For details and further examples see [Aul].

C.1.16. The upper semicontinuity of spectrum in Banach algebras was proved in
[New]. Although the spectral radius and the spectrum are in general discontinuous,
there are plenty of continuity points. By Theorem 6.14, the set of all continuity
points is dense and residual.

Let a be an element of a Banach algebra and let U;,Us be disjoint open
subsets such that o(a) C Uy UUs and o(a) N Uy # 0. Then Uy No(b) # O for all b
sufficiently close to a [New]. Indeed, let f =1 on U; and f = 0 on Us. Then f(b) is
defined for all b in a neighbourhood of a, f(b)? = f(b) and lim;_., f(b) = f(a) # 0.
Consequently, o(b) N Uy # 0.

In particular, the spectrum is continuous at a if the spectrum of a is totally
disconnected, [New].

For a survey of results concerning the continuity of spectrum and the spectral
radius see [Bu2].

C.1.17. Let G be an open subset of the complex plane and let f : G — A be an
analytic function. Although the function z € G — r(f(2)) can be discontinuous,
by [Vel] it is always subharmonic (a function f : G — R is subharmonic if it is
upper semicontinuous and f(z) < . 0% f(z + reit) dt whenever G contains the
ball {w : |z—w| < r}). Moreover, the function z +— logr(f(z)) is also subharmonic
[Ve2].

The subharmonicity of these functions has many interesting consequences,
see [Aul]. For example, it implies the maximum principle for the spectral radius.
Furthermore, r(f(z)) = limsup,,_,, 7(f(w)) for all z € G.

C.1.18. The functional calculus for one operator was first used by Riesz [Ril]
for construction of the spectral projections of a compact operator. The general
spectral mapping theorem was proved by Dunford [Dul].

C.1.19. Various types of radical were studied intensely in the ring theory; the
radical defined in Definition 1.42 is due to Jacobson [Ja]. For a detailed information
about the history of radical see [Pal].
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C.2.1. The basic results concerning commutative Banach algebras are due to
Gelfand [Ge]. It is possible to formulate the Gelfand theory for algebras with-
out unit. The maximal ideal space for a non-unital Banach algebra A is only
locally compact; the maximal ideal space of the corresponding unitization 4; (see
C.1.1) is the one-point compactification of M(A).

C.2.2. By Theorem 2.6, every multiplicative functional on a commutative Banach
algebra is automatically continuous. A much more general result of this type was
proved by B.E. Johnson [J]:

Let A, B be Banach algebras, B semisimple and let ¢ : A — B be a surjec-
tive homomorphism. Then ¢ is continuous. In particular, all algebra norms on a
semisimple Banach algebra are equivalent.

This result was further generalized by Aupetit [Au4], Theorem 5.5.1:

Let A, B be Banach algebras, B semisimple, let ¢ : A — B be a surjective
linear mapping satisfying r(p(z)) < r(z) for all z € A. Then ¢ is continuous.

It is an open problem whether it is sufficient to assume in the above results
that ¢ has only dense range. For details on automatic continuity see [Sin], [Dal].

C.2.3. Let A be a commutative Banach algebra. It is easy to see that the Gelfand
transform is an isometry if and only if r(a) = |la|| for all a € A. Equivalently,
lla?|| = |la]|> (a € A). Algebras with this property are called function algebras.

Another possible definition is that function algebras are closed subalgebras
of C(X) that contain the constant functions and separate the points of X, where
X is a compact Hausdorff space.

C.2.4. Tt is easy to see that every commutative m-convex algebra has at least
one continuous multiplicative functional. This is not true if the algebra is not m-
convex. The algebra L“ defined in C.1.7 is an example of a By-algebra without
multiplicative functionals, see [Zell].

C.2.5. It is a longstanding open problem (see Michael [Mi]) whether each multi-
plicative functional on a commutative Fréchet algebra is automatically continuous.
This is true for finitely generated Fréchet algebras [Ar3]. The Michael problem is
not true if we drop the assumption of metrizability. An example of a complete
commutative m-convex algebra with a discontinuous multiplicative functional is
the algebra C(T,,) of all continuous functions with the compact open topol-
ogy on the compact space T,,, where wy is the first uncountable ordinal, and
Ty, = {a: a < wp} with the order topology.

C.2.6. Denote by @ the set of all quasinilpotent elements of a Banach algebra A,
Q ={z € A:r(z) = 0}. By Theorem 2.9, @ = rad.A for commutative Banach
algebras.
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For non-commutative Banach algebras this is no longer true. An extreme
example was given by [Di]: there exists an infinite-dimensional semisimple Banach
algebra such that the closure of the nilpotent elements is an ideal of codimension 1.

Theorem 2.9 implies that a subalgebra of a semisimple commutative Banach
algebra is also semisimple. For non-commutative Banach algebras this is not true:
consider the semisimple algebra of all n x n matrices and its subalgebra of upper
triangular matrices.

The radical of a non-commutative Banach algebra can be characterized as
follows [Zel], [Ze3], [Zed):

Theorem. a € rad A if and only if a + Q C Q.

C.2.7. It is easy to see that the spectral radius and the spectrum are continuous
in Banach algebras that are commutative modulo the radical. An example of
a semisimple non-commutative Banach algebra with continuous spectrum is the
algebra of all n X n matrices.

In [Au2], see also [PZ], [Ze2], the following result was proved:

Theorem. Let A be a Banach algebra. The following properties are equivalent:

(i) the spectral radius is uniformly continuous on A;
(ii) r(z +y) <r(@) +r(y)  (x,ycA);

(iii) r(zy) <r(x)-r@y)  (,y € A);

v)

(iv) the algebra A/rad A is commutative.

C.2.8. The Gleason-Kahane-Zelazko theorem was proved in [Gle] and [KZ]. The
same statement is true also for non-commutative Banach algebras, see [Zel2].

The following stronger version of the Gleason-Kahane-Zelazko theorem was
proved in [KS]:

Theorem. Let A be a commutative Banach algebra and let ¢ : A — C be an
arbitrary function. Suppose that ¢(0) = 0 and ¢(x) — ¢(y) € a(x y) for all
x,y € A. Then ¢ is a multiplicative functional.

C.2.9. The Gelfand theory can be generalized to Banach algebras satisfying a poly-
nomial identity (PI-algebras). An important role for PI-algebras play the standard
identities e, (x1,...,2,) = 0 for all x1,...,x, in the algebra, where

en(xla cee 7xn) = Z(_I)Signﬂxﬂ(l) © Tr(n)

s

and the sum is taken over all permutations 7 of the set {1,...,n}. If an algebra
satisfies any polynomial identity, then it satisfies some standard identity.

Note that es(x1,22) = 1292 — 2221, and so commutative Banach algebras
are PI. By [AL], the algebra of all n x n matrices satisfies the standard identity
ean(A1, ..., A2,) = 0 for all matrices Ay,..., As,. Thus the Pl-algebras include
also the matrix algebras.
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For PI-algebras it is possible to develop the Gelfand theory (with multiplica-
tive functionals replaced by finite-dimensional representations), see [Kr].

C.2.10. The multivariable functional calculus in commutative Banach algebras
was constructed by Arens, Calderon [AC|, Waelbroeck [Wa] and Shilov [Sh2]. For
simpler proofs see [BD] or [Gal.

The calculus is uniquely determined by properties (i), (ii), (iii) and (v) of
Theorem 2.20, see [Zam)]. In Section 30 we show a weaker unicity property.

C.2.11. The concept of the Shilov boundary is due to Shilov [Shl].

It is easy to see that the Shilov boundary of the algebra C(K) is equal to its
maximal ideal space, I'(C(K)) = M(C(K)) ~ K.

The maximal ideal space of the disc algebra A(D) can be identified with D;
the Shilov boundary then coincides with the topological boundary of D.

C.3.1. The construction of the algebra Q(A) is attributed in [Hab] to Berberian
[Ber] and Quigley, see [Ric], page 25. It was simplified by Wolff, see [ChD].

C.3.2. Theorem 3.7 and its consequences (Corollary 3.8 and the projection property
for the approximate point spectrum) were proved in [S11] and [ChD].

C.3.3. The cortex cor A was defined by Arens [Ard] as the set of all elements of
M(A) that admit an extension to a multiplicative functional on any commutative
extension B D A. The present definition is equivalent, see Section 5.

C.3.4. The inclusion I'(A) C cor A was proved in [Zel5], cf. also [Sh1].

The class v(A) and the characterization of the Shilov boundary given in
Theorem 3.11 are new, but the ideas are present already in [Zel5]. The definition
of the spectrum or is also new.

C.3.5. The analogue of the Gleason-Kahane-Zelazko theorem for the cortex is not
true as the following example of Zelazko shows. Let A be the Banach algebra of
all functions analytic on the unit ball B = {(\,u) € C? : |A\]?2 + |u|?> < 1} and
continuous in B. For (A, u) € B let £, ;, be the evaluation functional on A defined
by Exu(f) = f(\, ). Then T'(A) = {&x,, : (A, ) € OB} and

g0,0(f) = f(OvO) € {f(A’:u) : (/\hu’) € 8B} = {@(f) HINS F(A)} C T(f)

for all f € A. On the other hand, it is easy to see that & ¢ cor A since z1, 29 €
Ker &y o and (z1, z2) are not joint topological divisors of zero since || z1 f||+ || z2f || >

IIf]] for all f € A.

C.4.1. Theorem 4.1 was proved for commutative Banach algebras in [Li] and for
general Banach algebras in [FM].

The characterization of permanently singular elements (Theorem 4.3) is due
to Arens [Ar2].
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C.4.2. If F is a finite subset of a commutative Banach algebra A such that no
f € F is a topological divisor of zero, then their product in not a topological
divisor of zero either. Using Theorem 4.3 for this product, we see that there exists
a commutative extension B D A such that all f € F' are invertible in B.

This result was generalized by Bollobds [Bol] for countable sets, i.e., it is
always possible to adjoin inverses to a countably many elements of a commutative
Banach algebra that are not permanently singular.

In general, this is not possible for uncountable sets, see [Bol] or [Mii5].

C.4.3. The statement analogous to Theorem 4.3 is not true in non-commutative
Banach algebras. By [Miil0], there exists a non-commutative Banach algebra A
and an element a € A such that |az| > ||z|]| (x € A) (ie., a is not a left
topological divisor of zero) but a is left invertible in no Banach algebra B O A.

C.4.4. By [Mi8], there exists a (non-commutative) Banach algebra A, an element
a € A and two extensions By DO A and Bs D A such that a is left invertible in
B, right invertible in By but a is invertible (both left and right) in no extension

B> A.

C.4.5. Theorem 4.10 was proved by Read [Re2] who gave a positive answer to a
problem posed by Bollobds [Bo3].

C.4.6. If z,y are elements of a commutative Banach algebra A, then in general
there is no extension B O A such that both ¢®(z) = 74(x) and o®(y) = 7*(y),
see [Mii5], [Re5].

Consequently, by the spectral mapping theorem for both ¢ and 7, there is no
extension B O A where o8(x,y) = 7(z,y). On the other hand, we always have
7 (2,y) = Ngoa o5 (2, y) by Theorem 5.12.

C.4.7. The “inverse” spectral radius formula (Theorem 4.11) was proved in [MZ]
(using the sheaf theory) and in [Mii4] (by combinatorial methods). The present
proof is based on the above-mentioned result of Read (Theorem 4.10). Note that
for the proof of Theorem 4.11 it is sufficient to use only the simpler result of
Proposition 4.8.

C.5.1. Removable and non-removable ideals were introduced and studied by Arens,
[Ar2], [Ar4], [Ar5] and further by Zelazko [Zel3], [Zel5]. The problem whether an
ideal in a commutative Banach algebra is non-removable if and only if it consists
of joint topological divisors of zero was raised in [Ar4]. A positive answer was
given in [Mu2]. The present proof follows the line of [Mii2] but the estimates are
essentially improved here.

C.5.2. Let uy,...,u, be elements of a commutative Banach algebra A and ¢ a
positive constant such that Y . | |lu;z|| > ¢+ ||z]| (x € A). An interesting open
problem is what are the smallest norms of elements b; in a commutative extension
B > A for which Y"1 | u;by = 1.
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By Theorem 4.3, if n = 1, then it is possible to take ||b1|| = ¢~ (which is also
the smallest possible norm). For n > 2 the situation is much more complicated. In
the simplest non-trivial case of n = 2,¢ = 1 the present proof gives the existence
of elements by, by € B D A with byu; + bous = 1 and ||b;|| < 28 (the original proof
only gave ||b;|| = 2'7).

On the other hand, rather surprisingly, in general it is not possible to find
an extension B and by,by € B with ||b;]] <1 (i = 1,2), see [Bo2]. Thus there is
still an enormous gap between the upper and lower estimates.

C.5.3. Let I1,I5,... be a countable family of removable ideals in a commutative
Banach algebra A. Then there exists a commutative extension B O A in which all
ideals I, I5, ... are removed (= neither of them is contained in a proper ideal in the
extension), see [Mii6]. This generalizes the corresponding result of Bollobds [Bol]
for non-permanently singular elements, cf. C.4.2.

C.5.4. A stronger version of Theorem 4.3 (with essentially the same proof) says: if
u, v are elements of a commutative Banach algebra A and c¢ is a positive constant
such that ||ux| > c¢-|lvz| (x € A), then there exists a commutative extension
B D> A and b € B such that ub = v. The analogous result is not true for n-tuples
[Mii3]: it is possible to have v, u1,us € A with ||uiz| + [lugz| > |lvz|| (z € A)
and yet there is no extension B D A and by, by € B such that u1b; + ugbs = v.

C.6.1. The notion of regularity and the corresponding axiomatic spectral theory
was presented in [KM2].
For other related approaches see [GL] and [Ru].

C.6.2. Theorem 6.14 for the ordinary spectrum in the algebra of operators on a
Hilbert space was noted in [CM]. In general form it was proved in [Rn], Proposi-
tion 3, see also [LvS]. The argument is based on a classical result of Kuratowski,
cf. [Aud], p. 50.

C.7.1. The definition of spectral systems for n-tuples of commuting elements (Def-
inition 7.4) is a slightly modified concept of Stodkowski and Zelazko [SZ1] and
Zelazko [ZelT], see also Curto [Cu4].

C.7.2. By [SZ1], it is possible to replace condition (i) of Definition 7.4 (cg(z) C
o{®)(x) for all n-tuples = of commuting elements) by the same condition only for
commuting triples of elements.

Using the Kowalski-Stodkowski theorem (see C.2.8) it is even sufficient to
require this only for commuting pairs. On the other hand, it is not sufficient to
require in Definition 7.4 the condition 6(x) C o(x) for single elements = only; an
example is the product &(x1,...,2,) =[], o(z;).

C.7.3. Let 6 be a compact-valued spectral system in a Banach algebra A. It is
possible to extend & to infinite commuting subsets of A. Indeed, let 6((za)aea)
be the set of all (Ag)aea such that (Aay,...,Aa,) € 6(Zay, - -, Za, ) for all finite
subsets {a1,...,a,} C A, see [SZ1].
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A compactness argument gives that ¢((z)aen) is non-empty for all com-
muting families (z4)aea-

C.7.4. An interesting problem is to characterize those regularities that can be
extended to joint regularities (equivalently, which spectra & defined for single
elements can be extended to n-tuples of commuting elements).

Necessary conditions are property (P1), stability of the spectrum under
commuting quasinilpotent perturbations (Theorem 7.16), and the property that
3(&(@), (b)) < |la — b for all commuting a,b (uniform continuity on commuting
elements, see Theorem 7.14).

C.7.5. By [SZ2], a complex-valued function ¢ defined on a Banach algebra A is
called a semicharacter if its restriction to any commutative subalgebra of A is a
multiplicative functional (sometimes also called a character).
Any set K of semicharacters on a Banach algebra A defines a spectral system
by
or(at,...,an) = {(p(ar),...,¢(an)) : ¢ € K}.

On the other hand, it is not possible to describe all spectral system in this way
since there are Banach algebras (for example the algebra of all 3 x 3 matrices)
without semicharacters.

Clearly, each multiplicative functional is a semicharacter. An example of a
discontinuous semicharacter can be found in the algebra of all 2 x 2 matrices [SZ2].
An example of a continuous semicharacter which is not a multiplicative functional
was found in [KM4].

It is an open problem whether a uniformly continuous semicharacter is al-
ready automatically a multiplicative functional.

C.7.6. Proposition 7.20 and Corollary 7.22 were proved in [Waw].

C.8.1. The one-sided and one-sided approximate point spectra for n-tuples of ele-
ments in a Banach algebra were introduced and studied by Harte [Hal] and [Ha2].

C.8.2. The one-sided and one-sided approximate point spectra can be defined,
using exactly the same definitions, for non-commuting n tuples of Banach algebra
elements, see Harte [Hal]. However, in this case the spectrum can be empty. The
simplest example are the matrices

0 1 0 0
w=(a) =00
in the Banach algebra of 2 x 2 matrices. It is easy to verify that A? = A3 = 0 and
A1 Ay + Ay Ay = 1. Thus Ul(Al, Ag) = O’T(Al7 Az) = 0.

Similarly, the projection property is not satisfied since o(A;) # 0. In general,
for non-commuting n-tuples there is only one inclusion.
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C.8.3. Let A be a Banach algebra. By [FS1], oy(a1,...,a,) # 0 for all (non-
commuting) n-tuples ay,...,a, € A" if and only if there exists a multiplicative
functional on A.

Further, (a1, ...,a,) # 0 for all n-tuples as,...,a, € A" if and only if
there exists a multiplicative functional on A whose kernel consists of joint left
topological divisors of zero, see [So3].

Similar statements are true also for the right spectra.

C.8.4. By [FS2], a Banach algebra A is commutative modulo its radical if and only
if oy(a,...,an) C or(a1,...,ay) for all n-tuples ay,...,a, € A.

C.8.5. By Theorem 8.9, it is possible to calculate the distance of 0 to the left
(right) approximate point spectrum of a Banach algebra element.

An interesting problem is to obtain a similar formula for the distance of 0 to
the left (right) spectrum. In [Ze5] it was conjectured that

dist{0, 07(a)} = sup{r(b)~* : ba = 1}. (2)

If a is invertible, then this reduces to the spectral radius formula. Also, (2) is true
in the algebra B(H) of all bounded operators on a Hilbert space H, see [BM].

In general, it is easy to see that the inequality > in (2) is always true; the
opposite inequality is an open problem. By [Ze5], the conjecture is also equivalent
to another interesting problem:

For each compact subset K of the disc {z € C: |z| < sup{r(b)~' : ba = 1}}
there exists an analytic A-valued function g defined on a neighbourhood U of K
such that

g()a—2) =1
9(2) = g(w) = (z — w)g(z)g(w)
for all z,w € U (so-called left resolvent of a), cf. C.13.2.
Note that the resolvent z +— (a — z)~! defined on the complement of o(a)

satisfies the resolvent identity (a —2)"! — (e —w) ! = (z —w)(a — 2) " a—w)~1,
cf. Theorem 1.16.
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Operators

In this chapter we study the Banach algebra of all operators acting on a Banach
space. All Banach spaces are assumed to be complex and non-trivial, of dimension
at least 1. By an operator we always mean a bounded linear mapping between two
Banach spaces.

Let X,Y be Banach spaces. Denote by B(X,Y") the set of all operators from
X to Y. Write for short B(X) = B(X, X). For T € B(X,Y) define the operator
norm || T|| = sup{||Tz| : # € X, ||z|| < 1}. It is clear that B(X,Y’) with this norm
becomes a Banach space and B(X) is a Banach algebra. The unit element in 5(X)
is the identity operator denoted by Ix (or simply [ if no confusion can arise).

For basic results and notations from operator theory see Appendix A.1.

9 Spectrum of operators

In this section we reformulate the results from Section 8 for the algebra B(X) of
all operators acting on a Banach space X.
We start with the left and right point spectra m; and ;.

Theorem 1. Let T be an operator acting on a Banach space X and let A € C.
Then:

(i) A € m(T) if and only if X is an eigenvalue of T (i.e., Ker(T — \) # {0});
(ii) A € m(T) if and only if (T — \)X # X.
Proof. (i) It X € m(T'), then (T'— A\)S = 0 for some S € B(X), S #0. Let x € X

satisfy Sz # 0. Then (T — A\)Sz = 0, and so Sz is an eigenvector of 7T'.

Conversely, let (T'— A)a = 0 for some non-zero z € X. Let f € X* satisfy
f(z) =1 and define S € B(X) by Sy = f(y)r (y € X). Then Sx =z;50 5 #0
and (T'—X)S = 0.
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(ii) Let S(T'— A) = 0 for some S € B(X), S # 0. Then (T'—A)X C
Ker S # X.

Conversely, if (T'— A\)X # X, then there exists a non-zero functional f € X*
such that f|(T — A\)X = 0. Let € X be any non-zero vector and define S € B(X)
by Sy = f(y)-x. Then S # 0 and S(T — \) = 0. O

Corollary 2. Let T € B(X). Then m(T) C m-(T*) and 7, (T) = m(T™).
Proof. Follows from Theorem 1 and Appendix A.1.15. g

In general, m(T) is not equal to m,.(T*), since it is possible that 7" is an
injective operator such that RanT* is not dense (in general, Ran7T™ is only w*-
dense). As an example, consider the operator (a,) — (n"'a,) acting in L.

The equality m;(T") = 7. (T*) is true for operators in reflexive Banach spaces.

Characterizations similar to those in Theorem 1 are also true for the approx-
imate point spectra. We start with the definition of two quantities connected with
an operator. Recall that Bx denotes the closed unit ball in X.

Definition 3. Let X,Y be Banach spaces and let T € B(X,Y). We define the
injectivity modulus of T (sometimes also called the minimum modulus) by

H(T) = inf{|[Te]] -z € X, ] = 1}
and the surjectivity modulus by
k(T) = sup{r >0:TBx Dr- By}.
We say that T is bounded below if j(T') > 0.
Clearly, j(T) < ||T|| and k(T) < ||T|| since TBx C ||T|| - By. Furthermore,

1Tz
|

j(T):inf{ :xEX,ac;éO}.

Theorem 4. An operator T € B(X,Y') is bounded below if and only if it is one-to-
one and RanT is closed. T is onto if and only if k(T') > 0.

Proof. If T is onto, then k(T") > 0 by the open mapping theorem. If T" is not onto,
then k(T") = 0 by definition.

If T is one-to-one and RanT is closed, then j(7T") > 0 by the open mapping
theorem. Conversely, if j(T') > 0, then T is one-to-one and T : X — RanT is an
isomorphism. Thus RanT is complete and therefore closed in Y. O

Theorem 5. Let T € B(X,Y). Then T is bounded below if and only if T* is onto.
T is onto if and only if T* is bounded below.

Proof. Follows from Corollary A.1.15 and Theorem A.1.16. g
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Theorem 6. Let X,Y, Z be Banach spaces, T € B(X,Y) and S € B(Y, Z). Then:

(i) J(ST) < IS - 3(T)
(i) J(ST) = §(S) - 5(T);
(ili) K(ST) < k(S) - |T]];
(iv) k(ST) > k(S) - k().

Proof. (i) j(ST) = inf{ Hﬁfﬁ”“ x e X,z # 0} < ISl -inf{ HHI;T‘H xeX,x# O}
151 - 3(T).

(ii) For z € X we have ||STz| > j(S)-||Tz| > 7(S)j(T)| |, and so j(ST) >
7(8)j(T).

(iii) The statement is clear if k(ST) = 0. Suppose that ST is onto, and so

T #0.Let z € Z, |2 < kﬁ‘;? Then there exists z € X such that STz = z

and ||z|| < |T||7". Then y = Tx € By and Sy = 2. Thus k(S) > kﬁ‘;?, which

gives (iii).
(iv) The statement is clear if either k(T') or k(S) is equal to 0. Let both T
and S be onto and let £ > 0, ¢ < min{k(S), k(T")}. We have

(ST)Bx D S((1 —e)k(T)By) = (1 — &)k(T)SBy D (1 —)’k(T)k(S)Bx.
Thus k(ST) > (1 — €)?k(S)k(T). Letting € — 0 gives k(ST) > k(S)k(T). O
Theorem 7. If T € B(X,Y) is bijective, then j(T) = || T~ = k(T).

Proof. We have

§(T) = in {”” ”” eXx;«éO} (sup{””;y”ixeXﬁC#ODI

17~y - C1yj-t

Let ¢ > 0. The following statements are equivalent:
¢ <k(T); ¢ 'TBx D By;
c'Bx DT 'By; |T7Y <l T >e
Hence k(T) = sup{c > 0:c < k(T)} = || T~ O
Theorem 8. Let T' € B(X,Y). Then j(T) = k(T*) and k(T') = j(T™).

Proof. (a) By Theorem 5, j(T) = 0 if and only if k(T*) = 0. If 5(T') > 0, then
RanT is closed and T = JTy, where Ty : X — RanT is induced by T and
J :RanT — Y is the natural embedding. Clearly, 5(T) = j(To) = ||T5 '||~' =
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| T34~ = k(Tg). Further, T* = TgJ* where J* : Y* — (RanT)* assigns to
each functional f € Y* the restriction f|RanT, cf. A.1.19. By the Hahn-Banach
theorem, J*By+ = BRranT)+- Thus k(J*) =1 = ||J*||, k(T*) = k(1) by Theorem
6, and k(T*) = §(T).
(b) By Theorem 5, k(T") = 0 if and only if j(7™) = 0. Suppose that k(T") >
0; so T is onto. Then T = TpQ, where @ : X — X/KerT is the canonical
projection and Tp : X/ KerT — Y is one-to-one and onto. We have k(Tp)k(Q) <
k(T) < k(To)[| Q|- Since Q| = 1 = k(Q), we have k(T) = k(To) = | T '|| " =
I(Tg) Y|~ = 4(Ty). Further, T* = Q*T¢ where Q* is the natural embedding of
(X/KerT)* = (KerT)* into X*, see A.1.20. Therefore j(T*) = j(Tg) = k(T).
O

Proposition 9. Let T, S € B(X,Y). Then |j(T) — j(S)| < |T — S| and |k(T) —

k(S )‘ < |IT — SJ|. In particular, the injectivity and surjectivity moduli are contin-
uous.

Proof. Let x € X, |z|| = 1. Then ||Sz|| > |Tz| — (T — S)z|| > 5(T) — ||T — 95|,
and so j(T) — j(S) < ||T' — S||. The symmetry implies the first statement of
Proposition 9 and the second one follows from Theorem 8. g

Proposition 10. Let T' € B(X,Y). Then:
(i) j(T) =sup{r > 0:T — S is bounded below for all S € B(X,Y),||S| < r};
(ii) k(T) =sup{r > 0:T — S is onto for all S € B(X,Y), S| < r}.

Proof. (i) Let S € B(X,Y), ||S]| < j(T). Then j(T'— S) > j(T) — ||S|| > 0, and so
T — S is bounded below.

Conversely, let € > 0. Then there exists g € X of norm 1 such that || Tz <
J(T) + e Let f € X* satisfy ||f|| = 1 = f(xo). Define S € B(X,Y) by Sz =
f(x) - Txo. Then ||S| = || Tzol| < j(T)+¢ and (T — S)xo = 0. Hence T — S is not
one-to-one.

(ii) The statement is clear if k(1) = 0. Suppose that k(T") > 0.

Let S € B(X,Y), ||S|| < k(T). Then k(T — S) > k(T) — ||S|| > 0, and so
T — S is onto.

Conversely, let ¢ > 0 and let y € Y satisfy ||y|| < k(T) + ¢ and y ¢ TBx.
Choose z¢p € X such that Tzg = y. It is clear that dist{zg,KerT} > 1. Let
f € (KerT)* satisfy ||f|| = 1 and f(x¢) = dist{xo, KerT} > 1. Define S by
Sz = f(z)f(z0) 'Txo. Then ||S|| = ||[Txol|f(x0)"* < k(T) + . We show that
y ¢ Ran(T — S). We have (T — S)zo = 0, and so Ran(T' — S) = T Ker f. Suppose
on the contrary that there is an x € Ker f such that y = Tz. Then z — 2y €
KerT C Ker f and 0 = f(x) = f(xo) > 1, a contradiction. O

Recall that for an n-tuple (44, ..., A,) of operators in a Banach space X we
write

0 an = {31485 € BO ) < 1)

i=1
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and .
B (A, A) = inf{z |SA:] : S € B(X),||S| < 1}.
1=1

Theorem 11. Let A = (A4, ..., A,) be an n-tuple of mutually commuting operators
on a Banach space X. Then:

() a7 () =it { X, | izl 2 € X, Jof = 1

(ii) dﬁ(x)(A) =sup{r: A;Bx +---+ A.Bx DrBx}.
Proof. (i) Let x € X, ||z|| = 1 and let f € X* satisfy f(z) = 1 = ||f||. Define
SeB(X)by Sz=f(2)-x (2 € X). Then ||S]| =1 and

n

Z I|A; S| = Zsup{HAiSzH ize X, |z =1} =
i=1

i=1
= sup{[f()| - | Aizl s z € X, ||zl = 1} < > || Asa|.
i=1 =1
Thus
di(A) < inf { > Al € X, |lz] = 1}.
=1

To show the opposite inequality, let S € B(X), ||S|| = 1. For each £ > 0 there
exists y € X, |ly|| = 1 such that ||Sy|| > 1 —e. Then HEZH is of norm 1 and

mf{z | Asall : @ € X, o]l = 1} <3 ”” Syﬁ” <@-97 YA
=1 =1

=1

Since S and € were arbitrary, we have

i=1

inf { Z |Asz| : z € X, ||z| = 1} < d;(4).

(ii) Suppose that A1Bx +---+A,Bx D rBx.Let S: X — X be an operator
of norm 1 and € > 0. Then there exists y € X, ||y|| = r such that ||Sy| > (1 —e)r
and z1,...,2, € Bx such that y = >""" | A;x;.
We have
STISA =D IS A > |ISyll > (1 —e)r.
i=1 i=1
Thus
d.-(A) > Sup{r :Ai1Bx +---+A,Bx D TBx}.
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Conversely, let z € X, ||z||=1and 2 ¢ r—!-(A;Bx +- - -+ A, Bx). For every
e>0wehave x ¢ (r +e)"tA;Bx + -+ + A, Bx. By the Hahn-Banach theorem
A.1.3, there exists a functional f € X™* such that

flx)=1>(r+e) ! sup{‘f (i&%‘)
i=1

Define S € B(X) by Sz = f(z)-z (2 € X). Then ||S|| = ||f]| > 1 and

S s = sup{Z 1S A 5 € X, flerl] = - = ]| = 1}
=1

=1

_ sup{z ()]l = - = flzn]) = 1}
=1

—sup{ |1 (3 dsee) sl =+ = ol =1} <+
i=1
Thus
d.(A) <sup{r:A;Bx+---+ A,Bx DrBx}. O

Remark 12. The symmetry between the left and right spectrum is rather lost in
the algebra B(X). The left point spectrum of an operator is much more important
than the right point spectrum. Therefore in operator theory the left point spectrum
is usually called just the point spectrum; the right point spectrum is rather the
point spectrum of the adjoint operator.

Similarly, the left approximate point spectrum of an operator is much more
important than the right approximate point spectrum. Therefore the left ap-
proximate point spectrum in B(X) is usually called only the approzimate point
spectrum. The right approximate point spectrum is called the surjective spectrum
(sometimes also the defect spectrum).

The point, approximate point, and surjective spectrum of a commuting n-
tuple A = (A, ..., A,) of operators on a Banach space X are denoted by o,(A),
ox(A) and o5(A), respectively.

The notation is not consistent with the notation used in the Banach algebra
theory, but since it is generally accepted and is also quite convenient (it is not
necessary to remember which spectrum is left and which is right), we are going to
use it.

Corollary 13. Let A = (A4,...,A,) be an n-tuple of mutually commuting opera-
tors on a Banach space X. Then

o, (A) = {/\ ecCn: ﬁ Ker(A; — \;) # {0}},

=1
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or(A) = {)\ cCm: mf{fj (A — X)z|| : 2 € X, ||z = 1} - o},
=1

o5(A) = {)\GC” L (A, —)\1)X+~-~+(An—)\n)X7éX}.

In particular, for a single operator T € B(X) we have 0,(T) = {p € C: T —
w is not one-to-one}, o (T) = {p € C: T — u is not bounded below} and o5(T) =
{n € C:T — u is not onto}.

Let A = (44,...,A4,) be a mutually commuting n-tuple of operators on a
Banach space X. Denote by X" and X7, the Banach space X @ --- @ X with the
~

n

norms .
Iz @ @ aalli = |2l
i=1
and
|1 ® - ® xnlloo = max{||zi]| : i =1,...,n},
respectively.

Denote by d4 : X — X7 the operator defined by
dar=Ax® - DApx (x € X).

By Theorem 11, we have dj(A) = j(d4). Similarly, d,.(A) = k(na) where na =
X2 — X is defined by

nA(x1®-~-®xn):ZAixi (z1,...,2n € X).
i=1

Corollary 14. Let A = (A4,...,A,) be an n-tuple of mutually commuting oper-
ators on a Banach space X. Write A* = (A7,...,A%) € B(X™*). Then 0,(A*) =
o5(A) and 05(A*) = 0,(A)

Proof. Let 04 : X — X7 and let na : X2 — X be the operators defined above.
Similarly define operators d4- : X* — (X*)? and na- : (X*)% — X*. Clearly,
04« = (na)* and na» = (64)*. Thus

a7 (%) = §(0a-) = Kna) = &7 (4)

and 5ix

dP (A7) = k(na-) = (6a) = 4 (4),
Consequently, 0,(A*) = 05(A) and o5(A*) = 0(4). O
Remark 15. Note that there are two different conventions of taking adjoints. We

are using the Banach space convection: for an operator 7' on a Banach space X
and o € C we have (T — alx)* =T" — alx-.
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If X is a Hilbert space, then X* is usually identified with X and with this
(Hilbert space) convention (T — al)* = T* = al. In this notation we have rather
ox(T*) ={zZ: 2z € 05(T)} and a similar change must be done in all duality results.

Theorem 16. Let X, Y be Banach spaces and T' € B(X,Y). Then there exists and
operator S : Y — X satisfying ST = Ix if and only if T is bounded below and
RanT is a complemented subspace of Y.

Similarly, there exists an operator S : Y — X with T'S = Iy if and only if T
is onto and Ker T is a complemented subspace of X.

Proof. Let S : Y — X, ST = Ix. Then (T'S)?> = TS and RanT D> RanTS D
RanT ST = RanT. Hence T'S is a projection onto RanT and RanT is a com-
plemented subspace of Y. In particular, RanT = Ker(I — T'S), which is closed.
Clearly, T is one-to-one and hence bounded below.

Conversely, let T be bounded below and let P € B(X) be a projection onto
RanT'. Let Sy : RanT — X be the inverse of T. Set S = SoP. Then ST = Ix.

Suppose now that T'S = Iy for some S : Y — X. Then T is onto and (ST)? =
ST is a projection satisfying Ker(ST) = KerT. Hence KerT is a complemented
subspace of X.

Conversely, let T be onto and let X = KerT' @& M for some closed subspace
M C X. Therestriction T|M : M — Y is one-to-one and onto; let Sy be its inverse.
Let J : M — X be the natural embedding and S = JSy. Then T'S = Iy. 0

Theorem 17. Let A = (A1, ..., A,) be an n-tuple of mutually commuting operators
on a Banach space X. Then:

(i) (0,...,0) ¢ o0y(A) if and only if j(d4) > 0 and the space 64X is comple-
mented;

(ii) (0,...,0) ¢ o.(A) if and only if 21X + -+ A, X = X and Kernga Iis
complemented.

Proof. (i) Let j(64) > 0 and let 64X be a complemented subspace of XJ". By the
preceding theorem, there exists an operator S : X{* — X such that So4 = Ix. If
we express S in the matrix form as S = (B, ..., By), we have B1A1+- -+ B, A, =
Ix. Hence 0 ¢ o;(A).

Conversely, if Y B;A; = Ix for some B; € B(X), then S04 = Ix for
S X7 — X defined by S(z1®--- D xp) = > Bix;. By the preceding theorem, ¢ 4
is bounded below and Rand 4 complemented.

The second statement can be shown similarly. O

Corollary 18. Let A = (A4,...,A,,) be an n-tuple of mutually commuting opera-
tors on a Hilbert space H. Then

o1(A) = 0. (A) and or(A) = o5(A).

Proof. The spaces H{', H are isomorphic to a Hilbert space, so every closed
subspace is complemented. O
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Example 19. The preceding result is not true for Banach spaces. An example is
based on the well-known fact that the space ¢q is not complemented in £°°.
Let X = ¢o @ £ and let T € B(X) be defined by

T((I17x27"')®(y13y27"')) = (0307-")@(xlayl7x27y27--')'

It is easy to see that T is an isometry and Ran T is not complemented in X. Thus
0€a(T)\ or(T).
A similar example can be constructed to show that in general o, # 0.

Theorem 20. Let T be an operator in a Banach space X. Then
o(T) =0p(T)Uos(T) = 0,(T") Uox(T).

Proof. Evidently, o,(T)Uos(T) C o(T). If A ¢ 0,(T) Uos(T), then T — X is both
one-to-one and onto. Thus T' — A is invertible by the open mapping theorem.
The second equality can be proved similarly. O

Remark 21. The equality o(a) = 7(a) Un,(a) = 7-(a) U m(a), which is true for
operators by Theorem 20, is not true for Banach algebras.

An easy example is the algebra of all formal power series Y .° a;x' with
complex coefficients a; such that || > c;zf|| = Y |au| < oo. It is easy to check
that o(x) = {z € C: |z| < 1}, (z) = 7 (x) = {z € C : |z] = 1}, and so even
o(z) # n(x) Ut (x).

Note that for any Banach algebra element « we have a weaker relation o(x) =
o(z) Ump(X) = or(z) Um(x). Indeed, suppose that yr = 1 and z is not a right
divisor of zero. Then (zy — 1)z = 0, and so zy = 1. Hence z is invertible.

Examples 22. (i) Let H be a Hilbert space with an orthonormal basis {e;};>o.
The weighted unilateral shift with weights w; > 0 is the operator on H defined by
Te; = w;e;+1. Its adjoint (satisfying T*ey = 0 and T*e;+1 = w;e; for ¢ > 0) is the
weighted backward shift. If H has an orthonormal basis {e; };cz and T is defined by
Te; = wie;p1 (i € Z), then T is called the weighted bilateral shift with weights
w; > 0.

Weighted shifts are an important source of examples and counterexamples.

For weighted shifts all spectra are circularly symmetrical since ¢T" is unitarily
equivalent to T for |c| = 1.

Let T be a weighted unilateral shift. Then

IT[| = sup wi,
J(T) = inf w;,

r(T) = limsup(w; - - U/i+n71)l/n7

(
o(T) = {z eC:|z| < T(T)}7
ox(T)={2€C:m(T) <|z| <r(T)},
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where m(T) = lim,, inf; (w; - - - an,l)l/". Furthermore,
{0yu{z€eC:|z| <1 (T)} Cop(T*) C {z€C:|z| <'(T)}
where 7/(T) = lim inf (wg - - - w,_1)"/™.
For bilateral weighted shifts there are similar formulas but little bit more
complicated. For example, o(T) = {z € C: m(T) < |z| < r(T)} and o4(T) can
be in general a union of two annuli. For details see [Shl].

(ii) Weighted shifts play an important role in analysis. Let H? be the Hardy
space of all functions analytic on the open unit disc satisfying

1 2m .
IfI2= . sup / F(re)[2 dt < oo,
27 o<r<1 0

Then H? is a Hilbert space and the operator of multiplication by the variable z is
a unilateral shift (with weights equal to 1). Many deep results in analysis can be
formulated in the language of operator theory, see [Ni].

Similarly, weighted shifts can be considered as multiplication operators in
various spaces of analytic functions (e.g., Bergman spaces), see [Shl].

(iii) An important example of commuting n-tuples of operators are multishifts
and weighted multishifts. Let H be Hilbert space with an orthogonal basise, (« €
M), where M is a “translation invariant” subset of Z™, (i.e., me€ M,1 <j <n =
m+e; € M where ¢; = (9, .. .,9, 1,0,...,0)). Define operators Si,...,S, € B(H)

~

j—1
by

Sjem = emye; (m e M).
Then (S1,...,S,) is a commuting n-tuple of operators.

More generally, we can define Sje,,, = W j€m1e;, Where wp, ; (m € M,j =
1,...,n) are positive weights such that wp, jWm+e, ; = Win,jWmae;,i for all m, i, j.

The most important examples of the index set M are Z" and Z' but there
are many other possibilities (e.g., for n = 2 the sets {(¢,) : i +j > 0} or {(4, J) :
either 1 > 0 or j > 0})

Weighted multishifts can be frequently interpreted as n-tuples of multiplica-
tions by variables z1, ..., 2, in various spaces of analytic functions of n variables
(e.g., in the Hardy and Bergman spaces over the unit polydisc, unit ball etc.).

(iv) An operator T on a Hilbert space H is called selfadjoint if T* = T and
normal if TT* = T*T. A normal operator is selfadjoint if and only if its spectrum
is contained in the real line.

The structure of a normal operator is described by the spectral decomposition

T= /sz(z)
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where F is the spectral measure of T and supp F' = o(T'). Normal operators satisfy
IT|| =r(T) and o(T) = 0,(T) = o5(T).

Commuting n-tuples of normal operators have similar properties. If T' =
(T1,...,Ty) is an n-tuple of mutually commuting normal operators, then T;T} =
T;T; (i,j = 1,...,n) by the Fuglede-Putnam theorem and o.(T) = o5(T) =
o(T). Furthermore, it is possible to express T' as

Ti:/ z; dE(z) (i=1,...,n)
a(T)

where F is the joint spectral measure of (71,...,7T,).

(v) Let H be a Hilbert space with an orthonormal basis {e; }i>0; let (¢;)i>0 be
a bounded sequence of complex numbers. Let 7' € B(H) be the diagonal operator
defined by Te; = c;e;. Then ||T|| = sup{|ei| : ¢ > 0} = (1), 0,(T) = {¢; : i > 0}
and o(T) = 0,(T) =05(T) ={c; : 1 > 0} .

Theorem 23. Let T be an operator on a Banach space X. Then there exists a
Banach space Y containing X as a closed subspace and an operator S € B(Y)

such that S|X = T and oBY)(S) = o2XN(T)  (clearly, o4(T) C 0,(S) C o(S)
whenever S € B(Y),S|X =T).

Proof. Let A be a closed commutative subalgebra of B(X) containing T'.

Set B = A& X. Define the norm and multiplication in B by ||[A & z| =
|Al+ ||z]] and (A z)(A'@2') = AA @ (A’ + A'z) (A, A" € A,x,2’ € X). Then
B is a commutative Banach algebra and A — A @0 (A € A) is an isometrical
embedding A — B.

Let A € C. It is easy to show (cf. Lemma 8.5) that

(T =N ®0) =71 - ),

and so
(T @ 0) = oB(T).

By Theorem 4.10, there exists a commutative Banach algebra C D B such that
o (T®0)=785(Ta0) =0, (T).
Consider the operator S : C — C defined by Sc = (T'®0)c (c € C). Then
0B (8) c (T @ 0) = 0 (T).
For x € X we have
SO0oz)=T®0)(0dz) =00 Tx.

If we identify z € X with 0@z € BCC, then S|X =T and ¢(S) =0,(T). O
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Theorem 24. Let T' = (11, ...,T},) be an n-tuple of mutually commuting operators
on a Banach space X, let 0 ¢ o,(T). Then there exist a Banach space Y D X and
commuting operators S, ..., Sy, V1,...,V, € B(Y)" such that S;|X =T; (i =
1,...,n)and Y i S;Vi =Iy.

Proof. We use the construction from the previous theorem and Theorem 5.12. O

Theorem 25. Let T € B(X). Then
dist{0,0,(T)} = lim j(T™)Y" and dist{0,05(T)} = lim k(T™)*/™.

Proof. Since dlB(X)(T") = j(T™) and df(x)(T") = k(T™), the statement is a
reformulation of Theorem 8.9. g

The theory of Banach algebras and operator theory are closely related. Ob-
viously, every result for Banach algebras holds also for operators. On the other
hand, it is possible to generalize many results for operators to general Banach
algebras in the following way:

Let A be a Banach algebra and let b € A. Define operators Ly, Ry: A — A
by Lyx = bz, Ryz = zb (z € A). For an n-tuple a = (a1, ...,a,) € c(A) write
Lo = (Lay,---,La,), Ra = (Ray, .-, Ra,) € ¢(B(A)). The spectrum of a € c(A)
in the algebra A and the spectra of L,, R, in B(.A) are closely related.

Theorem 26. Let A be a Banach algebra and a € c¢(A). Then:
(i) 7*(a) = 07V (La). 7(a) = 07V (Ra);

(i) 07 (a) = 05V (L) = 02(La), 0f(a) = 05V (Ra) = 0(Ra).
Proof. (i) By Corollary 13, we have

oBA(L,) = {)\ € C" : inf { > La-nzl c2 € A, 2] = 1} = o}
i=1

= {)\ cC” :inf { Z l(a; — X\)z|| -z € A, ||z]| = 1} = 0} = TlA(a)'
i=1
Similarly, of(A)(Ra) =714(a).
(ii) We have
¥ (La) = (N Loy p At Loy r, A# A
= {)\E(Cn : (al—)\l)A“r""‘r(an_)\n)A%l} :JTA(Q)‘

Since a € A — L, € B(A) is an isometrical embedding, we have o?(A)(La) C
o (a) = JE(A)(LQ) C O’?(A)(La), which proves the first statement of (ii).

T
The second statement can be proved analogously. O
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10 Operators with closed range

Operators with closed range play an important role in operator theory. The fol-
lowing quantity is closely connected with the closeness of the range.

Let X,Y be Banach spaces and let T': X — Y be a non-zero operator. The
reduced minimum modulus of T is defined by

Y(T) = inf{||Tz| : z € X, dist{z,Ker T} = 1}.

Formally we set v(0) = oco.

If T is one-to-one, then clearly v(T') = j§(T).

An operator T' : X — Y defines naturally the operator Ty : X/ KerT —
RanT by To(x + KerT) = Tx.

Lemma 1. v(T') = j(To).
Proof. We have

§(To) = mf{||To(2 + Ker T)|| : ||z + Ker Tl| x ke = 1}
= inf{|| Tz : dist{z,Ker T} =1} =~(T). O

The notion of the reduced minimum modulus is motivated by the following
characterization:

Theorem 2. Let T : X — Y be an operator. Then RanT is closed if and only if

~(T) > 0.
Proof. The statement is clear for T = 0. If T' # 0, then Ran7T = RanT, and
Ran Ty is closed if and only if j(Tp) > 0. O

Theorem 3. v(T') = v(T™*) for every operator T : X — Y.

Proof. By Theorem 2, v(T) = 0 if and only if v(T*) = 0.

Let v(T') > 0; so RanT is closed. We have T' = JTpQ, where Q : X —
X/KerT is the canonical projection, Ty : X/KerT — RanT is one-to-one and
onto and J : RanT — Y is the natural embedding. The corresponding decompo-
sition for T is T* = Q* Ty J*. We have v(T) = j(Ty) = | Ty |~ = |T¢ 7! =
J(T5) = ~(T7). O
Corollary 4. Let T' € B(X,Y). Then

Y(T) =sup{c>0:TBx D c¢-(By NRanT)}. (1)

In particular, if T' is onto, then v(T') = k(T).

Proof. Let T = JTpQ be the canonical decomposition of T' as above. Suppose
first that RanT is closed. Then (T) = j(To) = ||T5Y|~" = k(Tp). Further,
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k(To)k(Q) < k(ToQ) < k(To)[|Q and k(Q) =1 = [|Q|; so
k(To) = k(ToQ) = sup{c > 0: ToQBx D ¢ (By NRanT)}
= sup{c >0:TBx Dc¢(By N RanT)}.
If RanT is not closed, then v(T') = 0. We show that the right-hand side of
(1) is also equal to 0. Suppose on the contrary that there is a ¢ > 0 such that

TBx D c¢-(By NRanT). Then T induces an isomorphism from X/KerT onto
RanT. Thus RanT is complete and hence closed, a contradiction. O

The reduced minimum modulus = is closely connected with the gap function:
Definition 5. Let M, L be subspaces of a Banach space X. Define
§(M,L) = sup dist{z, L}.

zeM
llzll<1

The gap 8(M, L) is defined by §(M, L) = max{6(M, L), 5(L, M)}.

The gap measures the “distance” between two subspaces. Clearly,

~ -~

0<6(M,L)<1, 6(M,L)=06(M,L) and 6(M,L)=45§M,L).
For closed subspaces M and L we have §(M,L) = 0 if and only if M C L and

-~

O(M,L)=0< M = L.
The following result is a kind of triangular inequality.

Lemma 6. Let My, My, M3 be closed subspaces of a Banach space X. Then
5(M1, Mg) < (5(]\417 MQ) + 5(M2, Mg) + 5(M1, M2)5(M27 Mg).

Proof. Let © € M, ||z|| < 1. Then there exists y € Ms with ||z — y|| < §(M1, Ma).
Clearly, |lyl| < |lz|| + ||z — y|| < 1+ §(M1, M3) and there exists z € Mz with
ly — 2|l < (1 + 6(My, My))3(Ms, Ms). Hence

dist{z, M3} < [|o — z|| < [lz — yl| + [ly — 2||
< §(My, M) + 0(Ma, M3) + §(My, M3)d(Ma, Ms). O
Lemma 7. Let M be a closed subspace of X, x € X and f € X*. Then:
(i) dist{z, M} =sup{|[(z,g)| : g € M*,|lg]| < 1};
(i) dist{f, M} = sup{|(m, f)| : m € M, [lm|| < 1}.

Proof. (i) Let @ : X — X/M be the canonical projection. By Theorem A.1.20,
Q* : (X/M)* — X* is an isometry with range M*. Then

dist{z, M} = [|Qz| = sup{[{Qz, h)| : h € (X/M)*,||h|| <1}
= sup{[(z,Q"h)| : h € (X/M)",||n| <1}
= sup{[{z,g)| : g € M*,||g| < 1}.
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(ii) Let J : M — X be the natural embedding. By Theorem A.1.19, for
f e X* we have J* f = fIM and ||J*f|| = ||f + M| x-as+. Thus

dist{f, M} = |If + M|l x+jnee = 1F1M]|ns-
= sup{|(m, f)| : m € M, [|m]|| < 1}. =

Theorem 8. Let M, L be closed subspaces of X. Then §(M, L) = §(L*, M~*) and
5(M, L) = 3(L+, ML),

Proof. We have

6(M,L) = sup dist{z,L} = sup sup |(z,g)]
r€B ZDEBMQEBLL
= sup sup |[{z,9)| = sup dist{g, M+} =5(L*+, M™1). O
geB, L z€BM 9€B, 1

The following result is intuitively clear but the proof is surprisingly deep; it
uses essentially the Borsuk antipodal theorem A.1.26.

Lemma 9. Let M and L be subspaces of a finite-dimensional Banach space X such
that dim M > dim L. Then there exists m € M such that |m|| =1 = dist{m, L}.

Proof. Suppose first that X is strictly convex, i.e., || “3"| < 1forallu,v € X, ||ul| =
[lv]| =1 and u # v.

Let Spy = {m € M : ||m|| = 1} be the unit sphere in M. For m € Sy let
d(m) = dist{m, L}. It I € L, ||l|| > 2, then ||m — || > ||I|| = [|m| > 1 > d(m);
so d(m) = inf{|lm —1|| : I € L,||I]| £ 2}. From the compactness of the ball
{l € L : || < 2} it follows that there is a vector g(m) € L nearest to m,
lm — g(m)|| = d(m).

Moreover, g(m) is determined uniquely by this property. Indeed, if [,1’ € L,
1 #1 and ||m—1|| = |m — V|| = d(m), then Hm— ey ’ - H (m=0+ (m—1") H < d(m),
a contradiction. Consequently, g(—m) = —g(m).

We show that ¢ is continuous. Suppose on the contrary that there is a se-
quence (my) in Sy converging to an m € Sy such that g(my) 4 g(m). Passing
to a subsequence if necessary, we may assume that g(myg) — [ for some [ € L,
L# g(m).

Set e = ||m — || — |lm — g(m)||. By assumption, ¢ > 0. Choose k such that
|lmx — m|| < &/3 and ||g(my) — ]| < /3. Then

[me —g(m)|| < [lmx —ml| +[lm —g(m)|| <e/3+|m —1]| —¢
< lm =1 = llm = mel| = [T = g(m) | < [[mr = g(mu)|l,

which is a contradiction with the definition of g(my). Hence g : Sy — L is
continuous.
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By the Borsuk antipodal theorem, there exists m € M with |m| = 1 and
g(m) = 0. Thus dist{m, L} = ||m — g(m)|| = ||m]| = 1.

In the general case choose any Hilbert norm ||| - ||| on X and define strictly
convex norms || - ||, = || - || + } ||| - ||| for n € N. Let m,, € M be vectors satisfying
lmnlln = 1 = dist,{my, L}, where dist,, means the distance in the sense of | - ||,.
Evidently, ||m,|| < 1 for all n. Passing to a subsequence if necessary, we can assume
that (m,,) is a convergent sequence. Its limit m clearly satisfies the conditions
required. O

Corollary 10. Let M, L be subspaces of a Banach space X. If §(M,L) < 1, then
dimM < dim L. If §(M, L) < 1, then dim M = dim L.

Proof. The first statement is clear if dim L = co. Suppose on the contrary that
0(M,L) < 1, dimL < oo and dim M > dim L. Choose a subspace My C M
with dim My = dim L + 1. By the previous lemma for the finite-dimensional space
My + L, there exists m € My C M with |m| = 1 = dist{m, L}, which is a
contradiction with the assumption that §(M, L) < 1.

The second statement follows from the first one. 0

Note that the dimension of a subspace is either finite or it is equal to co (we
do not distinguish different infinite cardinalities).

In most of the applications it is sufficient to replace the preceding result by
the following statement which can be proved quite elementarily: if L. C X, then
there exists € > 0 such that §(M, L) < ¢ = dim M < dim L.

Complemented subspaces are also stable under small perturbations.

Theorem 11. Let M be a complemented subspace of a Banach space X. Let P €
B(X) be a projection with Ran P = M and let M’ C X be a closed subspace
satisfying 6(M, M') < |\Pﬁ+1' Then M’ is also complemented.

More precisely, there exists a projection Q € B(X) satisfying Ran@Q = M’
and Ker () = Ker P.

Proof. Write L = Ker P. We show first that M’ N L = {0}.

Suppose on the contrary that € M’ N L, ||z|| = 1. Then there exists y € M
— el
TPl

On the other hand, |Py|| = [|P(y — 2)|| < ||P] - |ly — || < |\1|i‘>1\|34‘|-17 a contradiction.
Hence M’ N L = {0}.
We show now that M’ + L = X. Let zp € X, ||z = 1. Set lo = (I — P)xo.
is ; [l Pol| 21l
There exists my, € M’ with ||m6—P;r30|| < I\P\Iil < Pl
Then ||z1] = [[Pzo — my|| < | pih,. We have [lio]] < [P + 1 and [lmy] <

P
1Pl + lmh — Paol| < 1P + 41, -

with [le—y|| < ol Therefore |Py|| = ly]| > le|~ o=yl > 1 oL,
[|P]| [|P]|

Set x1 = Io—(m6+l0).
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By induction we can construct elements m), € M’, l,, € L and z,, := z,_1 —

(mfy s + Lnmr) € X such that [leall < (1) = (= Paw, 1l < (1P] +

P
Dllznl and [l < (1P + 5L, ) <l

Set m’ = > >" ymy, and I = Y7 1,. Clearly these series are convergent,
m’ € M’ and [ € L. Further g = m’ + 1. Hence M’ ® L = X. a

Lemma 12. Let 7,7’ € B(X,Y) and let RanT be closed. Then:
(i) 6(KerT",KerT) <~(T)~ T —T"||;
(ii) 6(RanT,RanT’) < ~(T)~H|T —T'|.
Proof. Let s be a positive number, s < (7).
(i) Let € KerT”, ||z|| = 1. Then |Tz| = (T — T")z|| < ||T— T"||. There

exists 71 € X such that Txqy = Tz and ||21]] < s7Y|Tz|| < s71||T — T”||. Since
x —x1 € KerT, we have

dist{z, Ker T} < [lo — (z — 21)|| = [|lza]| < s7HT — T,

and so §(KerT",KerT) < s71||T — T"||.

Hence §(Ker 7", Ker T') < ~(T)~ YT — 1"

(ii) Let y € RanT, |ly|| = 1. Then there exists € X such that Tz = y and
lz]| < st So

dist{y, RanT"} < |}y — T'z| = | (T — T')al| < s~ 1T = T'|

and §(RanT,RanT"’) < s~ Y|T — T"|.

Hence 6(RanT,RanT") < ~(T)~ YT — T"|. O
Lemma 13. Let 7,7’ € B(X,Y) and §(Ker T, KerT") < 1/2. Then

1T =T +~(T")
< .
V(T) < 1 —20(KerT,KerT")

Proof. If T = 0, then the inequality is clear. If T = 0, then the assumption
§(KerT,KerT’) < 1/2 implies that 7" = 0; so the inequality is also clear. Suppose
that T # 0, T # 0. Let € be a positive number, ¢ < 1 — 2§(Ker T, Ker T”). Find

2’ € X \ KerT’ such that dist{‘g/i!‘m/} < (1 4 &)y(T"). Find * € X such that
T'z=Ta and ||z|| < (1+¢)dist{z',KerT'} = (1 +¢) dist{z, Ker T"}. Obviously,
x # 0. We have

1T"z]| < (14 e)y(T") dist{z, Ker T"} < (1 + &) |z[|7(T").
Furthermore,

dist{z,Ker T} = inf{||z — u| : u € Ker T, |Ju| < 2|z| }.
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For every u € Ker T with ||u|| < 2|lz| there exists z € Ker T’ such that
llu — z|| < 2||z||6(Ker T, Ker T").

Then ||z —ul| > ||z — z|| — |lu — z[| > dist{z, Ker T"} — 2||z||§ (Ker T, Ker T"). Thus
dist{z, Ker T} > dist{z, Ker 7"} — 2||z||6(Ker T, Ker T") and

v ’
N L I (¢ OE P
dist{z,Ker T} — dist{x, Ker T’} — 2||z||d(Ker T, Ker T")
1T =T - lzll + A + )l (T") (T =T+ (L +e)y(T")
~ (1+e) Yz - 2||z||0(Ker T, Ker T") (1 +¢)~1 —26(Ker T, Ker T")"
Letting ¢ — 0 gives the required inequality. O

Theorem 14. Let ¢ > 0. Then the set {T € B(X,Y) : v(T) > ¢} is closed.

Proof. The statement is clear for ¢ = 0. Suppose that ¢ > 0, v(T,) > ¢ and
IT — T,|| — 0. We prove that v(T) > ¢. By Theorem 3, it is sufficient to show
that v(T*) > c.

Let y* € Y* and 0 < € < c. For each n find y;; € Y* such that Ty, = T, y*
and ||y || < (c—e)7 || T*y*||. Since closed balls in Y* are w*-compact, there exists
a w*-accumulation point u* of the sequence {y*}.

We show that T#u* = T*y*. Let * € X. Then there exists a subsequence
(yy,,.) such that (Tx,yy ) — (T'z,u*). We have

(x, T*u") = (Tz,u*) = klim (T:my:;k) = klim <Tnkx,y:‘lk>
= klim (z, T y") = klim (Th,z,y") = (Tx,y*) = (x, T"y").

Hence T*u* = T*y* and

lu|| < limsup [y | < (¢ — &)~ Ty .
n

Thus v(T*) > ¢ — €. Letting € — 0 gives v(T') = ~v(T*) > c. O

Corollary 15. The function v : B(X,Y) — (0, 00) is upper semicontinuous.

Example 16. In general, the function « is not continuous. Let T, = (é 19n> and

0 0

Theorem 17. Let X,Y be Banach spaces, T, T}, € B(X,Y) (k= 1,2,...), sup-
pose that T has closed range and let limy_.o || T — T'|| = 0. Then the following
statements are equivalent:

(1) Y(T) = limg— o0 Y(Tk);
(i) liminfx_ oo v(Tk) > 0;

T = (1 0). Then v(T,,) =1/n, T, — T and v(T') = 1.
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(iii) limp— oo 0(Ker T, KerTy) = 0;
(iv) limp_o0 0(Ker T, Ker Ty) = 0;
(v) limg_ 00 6(RanTy, RanT) = 0;

o~

(vi) limg_oo 6(RanTy, RanT) = 0.
Proof. We have klim d(KerTy,KerT) = 0 and klim d(RanT,RanTy) = 0 by
Lemma 12. This means that (iii) < (iv) and (v) < (vi).

The implication (i) = (ii) is clear.

(ii) = (iii): There exists a positive constant s such that y(T%) > s for all
k large enough. By Lemma 12, we have §(Ker T, Ker T}.) < v(Ty) || T — T <
s~ YTy — T|, and so limy_, 6(Ker T, Ker T}) = 0.

(iii) = (i): For k large enough we have §(Ker T, Ker T};) < 1/2. By Lemma 13,

Y(Ty) > (1-20(Ker T, Ker Ty,) ) y(T') — || T —T||, and so lim infj oo ¥(T%) > 7(T) >

0. Since v(T") > limsupy,_, ., 7(T%) by Corollary 15, we have v(T") = limp_ o0 7(Tk%)-

(v) < (i): The following statements are equivalent:

limy_.o 0(Ran Ty, RanT') = 0;

limg_ oo ( RanT)*, (RanTy) ) =0;

limy_ 00 6(Ker T, Ker ) =0;

limyg o0 Y(T37) = A(T7);
limy— oo ’y(Tk) =~(T). O

Corollary 18. Let T, T}, € B(X) (k=1,2,...), let
Ty —T|| - 0 and d(KerT,KerTy)— 0.

Then v(T}) — (7).

Proof. If v(T') = 0, then the upper semicontinuity of v implies that (T%) — (7).
If v(T') > 0, then Ran T is closed and the statement follows from the previous
theorem. g

Corollary 19. Let 7,1}, € B(X,Y) (k= 1,2,...), limp— [|[Tx — T|| = 0 and
let limsupy,_, . v(Tx) > 0. Suppose that y € Y and y € RanT} such that
limg oo Yy = y. Then y € RanT.

Proof. Without loss of generality we can assume that infy_, v(Tkx) > 0. By
Corollary 15, we have v(T) > limp—oo7(Tk) > 0. Thus RanT is closed and
0(RanTy,RanT) — 0. For every k find a vector y;, € Ran T such that ||yx —y;|| <
|yl - (§(Ran Ty, RanT) + k~1). So

dist{y,RanT} < |ly — i |l < lly — yrll + [lyr — vl
<y — vkl + llyx]l - (§(Ran Ty, RanT) + k1) — 0

as k — oo. Since Ran T is closed, we have y € RanT. g
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Corollary 20. Let € > 0. Then the function T +— ~(T') is continuous on the set
{TeB(X,Y):»(T) >¢}.

Definition 21. Let M be a metric space, let T : M — B(X,Y’) be a norm-continuous
function and let w € M. We say that the function T is regular at w if the range
of T(w) is closed and the function z — ~(T(2)) is continuous at w. We say that
T is regular in M if T is regular at each point w € M.

The following theorem is an easy consequence of Theorem 17.

Theorem 22. Let M be a metric space, let T : M — B(X,Y’) be a norm-continuous
function and let w € M. Suppose that RanT(w) is closed. Then the following
statements are equivalent:

(i) T is regular at w;

(ii) liminf, ., v(T(z)) > 0;

), KerT'(2)

), Ker T'(2)
z),Ran T (w

), RanT'(w

(iii) lim,—, & (Ker T'(w
(

)
)
(iv) lim,_q, 0 (KerT w z
)
)

) =
)=
(v) lim.—, 6(RanT ))
(vi ))

Corollary 23. A norm-continuous function T : M — B(X,Y) is regular at w € M
if and only if the function z € M — T(z)* € B(Y™*,X") is regular at w. The set
{w € M : T is regular at w} is open.

(
lim,_,, 0 (Ran T(z

Examples 24. (i) Let T be an operator on a finite-dimensional Banach space X.
Then
Ker(T — 2z) ={0} <= 2 ¢ o(T) < Ran(T — z) = X.

Thus the function z — T — z is regular on the set C\ o(7") and it is not regular
at the points of spectrum.

For A € o(T') both Ker(T — z) and Ran(T — z) are discontinuous: Ker(T'— \)
is “larger” than Ker(T' — z) and Ran(7 — A) is “smaller” than Ran(T — z) for z
close to A.

By Theorem 22, this is a general fact for norm-continuous functions with
closed range: continuity of the range is equivalent to the continuity of the kernel.

(ii) Let M be a metric space, let T : M — B(X,Y) be a norm-continuous
function, w € M and suppose that T'(w) is bounded below. Then T'(z) is bounded
below in a certain neighbourhood U of w, so KerT'(z) = {0} for z € U and T is
regular at w.

(iii) Similarly, if T'(w) is onto, then there is a neighbourhood U of w such
that T'(z) is onto for z € U. So RanT'(2) =Y for z € U and T is regular at w.

(iv) Let X,Y,Z be Banach spaces, let T : M — B(X,Y) and S : M —
B(Y, Z) be norm-continuous functions satisfying S(z)T'(z) = 0 for z € M. Let
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w € M, and suppose that Ker S(w) = RanT'(w) and Ran S(w) is closed. Then
lim, ., 6(RanT(w),RanT(z)) = 0 and lim._.,, §(Ker S(z),Ker S(w)) = 0 by
Lemma 12. Thus

§(RanT(z),RanT (w)) = §(RanT'(z), Ker S(w)) < &(Ker S(z), Ker S(w)) — 0.

Similarly, 6(Ker S(w), Ker S(z)) < §(RanT(w),RanT(z)) — 0. Hence T and S
are regular at w.
In fact, (ii) and (iii) are particular cases of (iv) for either X =0 or Z = 0.

If the function T is not only continuous but also Lipschitz, then we have a
better information about the behaviour of the function z — (T'(z)).

Theorem 25. Let M be a convex subset of a Banach space Z, let k > 0 and let

T: M — B(X,Y) be a regular function satistying ||T(z) — T(w)| < k- |z —

w| (z,w € M). Then |y(T(2)) —v(T'(w))| < 3k - |z —w| for all z,w € M.

Proof. Fix z,w € M and € > 0. Let § : (0,1) — B(X,Y) be defined by S(¢) =

T(z+t(w—2)). So S(0) = T(2), S(1) = T(w) and ||S(t) —S(s)|| < k|t—s]|-]|z—w]|.
We first prove that for every ¢t € (0,1) there exists n; > 0 such that

VS(#) =v(S(s)) < B+e)klt —s|- [z —w| (s €Uy,

where Uy = {s € (0,1) : [s —t| < n:}. To see this, take 7, such that zggg <
14+¢/2 (s €U) and np < 2k\|z1—w\| -min{y(S(u)) : uw € (0,1)}. For s € U; we
have
15(t) = S(s)ll < mikllz —wl < ; min{y(S(u)) : u € (0,1)}.
So, by Lemma 12, §(Ker S(t), Ker S(s)) < 1/2. By Lemma 13,
15() = S(s)| +~(S(s))
YW S ) 95 (Ker S(t), Ker S(s))
and so
Y(S(1) =(S(s)) < IS(t) = S(s)Il +27(S () (Ker S(t), Ker S(s))
V(S(¢

v(S(s
< (B+e)k|t —s|-[lz —wl.

< [IS5(#) = Sl +2 )))) 15(#) = S(s)ll < B+ )[S(t) = S(s)

Let tp = max{s € (0,1) : 7(S(0)) — v(S(s)) < B+ e)ks|lz — w|}. If tx < 1,
then for ¢; with to < t1 < to + m, we have y(S(0)) — v(S(t1)) < v(S(0)) —
Y(S(t0)) +7(S(to)) —¥(S(t1)) < (3 +e)ktollz — wl| + (3 + €)k(ts — to)||z — w|| =
(3 + e)kt1]|z — w]|, a contradiction with the maximality of ¢o. Thus ¢, = 1 and
T (2)) = AT (w)) = 1(S(0) — 7(S(1)) < (3 +2)k|}2 — w||. Letting £ — 0 gives
AT () = 4(T(w)) < 3k]12 — w].

The statement of the theorem now follows by symmetry. O
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11 Factorization of vector-valued functions

In this section we study in more details regular and analytic regular functions.

Theorem 1. Let M be a metric space, let T : M — B(X,Y) be a regular function
and let f : M — Y be a continuous function satisfying f(z) € RanT(z) (z €
M). Let ¢ > 0. Then there exists a continuous function g : M — X satisfying
T(2)g(z) = f(2) and ||g(2)|| < | f(2)I| - V(T(2)) " + € for all z € M.

Moreover, if wg € M and x¢g € X satisfy T(wp)zg = f(wg) and ||zo| <
| f(wo)|| - v(T(wo)) ™1 + €, then it is possible to choose g : M — X in such a way
that g(wo) = xo.

Proof. Note that the function z — ~(T(z)) is continuous and positive in M.
We first prove an approximate version of the theorem.

Claim A. Let T': M — B(X,Y) be regular, f : M — Y continuous, let f(z) €
RanT(z) for all z € M, let ¢ > 0, wg € M, g € X, T(wo)xo = f(wo) and ||xo|| <
|| f(wo)||-v(T (wo))~t +¢. Then there exists a continuous function h : M — X such
that h(wo) = o, |T'(2)h(2)— [ (2)|| < e (T(2)) and [|A(2)|| < [1f (2)l|-4(T(2)) " +e
for all z € M.

Proof of Claim A. For every w € M find a vector x,, € X with T'(w)z,, = f(w) and
lzwl| < |If (W)||[7(T(w))~t +¢; for w = wq set x4, = x9. Choose a neighbourhood
Uy of w such that || T(2)zw, — f(2)|| < e-v(T(2)) and ||z < [|f(2)||7(T(2)) "t +¢
for all z € U,,.

For w # wp we can also assume that wy ¢ U,. Then {U,, : w € M} is an
open cover of M.

Let {¢n} be a partition of unity subordinate to this cover, i.e., ¢, : M —
(0,1) are continuous functions, for each « there exists a point w, € M such
that supp po C Uy, , for each z € M there is a neighbourhood V' of z such that
supp o NV #  for only a finite number of o’s, and >~ pa(2) =1 (2 € M), see
A3.1.

Set h(z) = >, ¥a(2)Zw, . The sum is well defined, the function h(z) : M —
X is continuous and

IT(z)h(z) = f(2)] =

S TE)eal)tu, - F(2)

Q:ZESUPP P
| ¥ @@, - 160)| £ Eea)-e a2
Q:ZESUPP Pa o
for all z € M.
Furthermore,

h(wo) = Y ¢alwo)ru, = w0

wo ESUPP Pa
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and

Ir@I=] Y el

Q:ZESUPP P

<

= [T ()" +e.

Y @al@)(IF@INT ()" +e)

2€Us,,

Proof of Theorem 1. Using A, we can find a continuous function h; : M — X such

that | T(2)h1(2) = f(2)|| < €/3-4(T(2)), I ()| < [ f ()] (T (2)) " +e/3 (2 €
M) and hq(wo) = xo.

Set f1(2) = f(2) = T(2)h(2). So f1(2) € RanT(2), [|A(2)l| <~(T(2)) /3
for all z € M, and fi(wo) = 0. For i = 2,3,... we construct inductively functions
hi, fi : M — X such that || f;—1(2) — T'(2)hi(2)]] < e37y(T'(2)),

b < [l fima (- H(T(2)) " + 35

hi(wo) = 0 and fi(2) := fi—1(2) — T'(2)hi(2) € RanT(z) for all z € M. Thus
hi(2)|| <37 e 437 .

Set g(z) = Y.:2, hi(2). The sum converges uniformly in M, and so g :
M — X is a continuous function. We have g(wg) = h1(wp) = o,

lg(z |<leh < IF G- AT ()~ + +Z(3zl 5)
N AT ) e

and

z) = ZT(Z)hi(Z) = f(z) = fi(2) + Z(fifl(z) — fi(2)) = f(2)
i=1 =2

for all z € M. O

An alternative proof of Theorem 1 can be done using the Michael selection
theorem, see A.4.5. In fact, the method of the present proof can be used to prove
also the Michael selection theorem.

Lemma 2. Let X,Y,Z be Banach spaces, let T : X — Y and S :' Y — Z be
operators satisfying ST = 0. The following statements are equivalent:

(i) RanT = Ker S and Ran S is closed;

(ii) RanS* = KerT™* and RanT™ is closed.

Proof. (i) = (ii): It is clear that RanT is closed, and so is RanT™*. We have
T*S* =0, and so Ran S* C Ker T™.
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Let y* € KerT*. For all z € X we have (T'z,y*) = (z,T*y*) = 0. Define a
functional z7 € (Ran S)* by

(Sy,21) = (y,y") (Y eY).

If Sy =0, then y € RanT and (y,y*) = 0, so 2] is well defined.
We show that z] is continuous. Let 0 < s < v(S) and z € Ran S, ||z|| = 1.
Then there exists y € Y with [|y|| < s™! and Sy = z. We have

{2, 20)1 = [{Sy, 21| = Ky, )] < Myl -yl < s7Hly" -

Hence 2] is continuous. By the Hahn-Banach theorem, we can extend zj to a
functional z* € Z* with the same norm. Furthermore, for all y € Y we have
(y,S*2*) = (Sy,z*) = (y,y*), and so y* = S*2* € RanS*. Hence KerT* =
Ran S*.

(ii) = (i): Ran.S* is closed, and so is Ran.S. Similarly, RanT is closed. By
the previous implication, Ran T** = Ker S**. Hence, by Corollary A.1.17,

RanT =RanT**NY =Ker S™ NY = Ker S. O

The following lemma is useful in many situations:

Lemma 3. Let X,Y,Z be Banach spaces, let T : X — Y and S :' Y — Z be
operators satisfying RanT = Ker S and let Ran S be closed. Let 0 < ¢ < 1. Then
there exists ¢ > 0 such RanT' = Ker S’, v(T") > ¢ - v(T) and v(S") > ¢ - v(S5)
for all pairs of operators T’ : X — Y and S’ :' Y — Z satisfying |T’ — T|| < e,
IS = S|| < e and S'T' = 0.
Proof. Consider the metric space
A={(T,8):T e B(X,Y),S" € B(Y,2),5'T' =0}

with the metric dist{ (7", 5),(T",S")} = max{||T" — T"||,[|S" — S”||}. Let Q1 :
A= B(X,Y), Q2 : A — B(Y, Z) be defined by Q1(T7,5") =T', Q2(T',5") = 5.

By Example 10.24 (iv), the functions @1, Q2 are regular at (7,.5), and so
they are regular in a certain neighbourhood of (7,S5). In particular, there is a
positive &’ such that (I7,5") € A, |T' —T|| < ¢ and ||S" — S|| < &’ implies that
WT) > ¢ 4(T) and A(S") > ¢+ 1(S).

Let ¢ = min{e’, }v(T), 37(9)}, [|[T" = T|| < ¢ and ||S" — S|| < e. By Lemma
10.12, we have §(Ker S/, Ker S) < 1/3 and 6(RanT,RanT”) < 1/3. Furthermore,

d(Ker S, RanT")
< §(Ker S’,Ker S) + 6(Ker S, RanT’) + §(Ker S’, Ker S) - §(Ker S, RanT")
<1/3+4/3 6(Ker S,RanT’) =1/3+4/3 §(RanT,RanT") < 1.

Since RanT’ C Ker S’, we conclude that RanT’ = Ker S’. O
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Theorem 4. Let M be a metric space, let T : M — B(X,Y) be a continuous
function such that RanT'(z) is closed for all z € M. The following statements are
equivalent:

(i) T is regular in M;
(ii) there exist a Banach space Z and a continuous function S : M — B(Z,X)
such that Ran S(z) = KerT(z) (2 € M);

(iii) there exist a Banach space Z' and a continuous function V : M — B(Y, Z')
such that RanT(z) = Ker V(z) and Ran V() is closed for all z € M.

Proof. By Example 10.24 (iv), either (ii) or (iii) implies (i).

(i) = (ii): Let (ga)aen be the set of all continuous functions go : M — X
such that T'(2)ga(2) = 0 and ||go(2)|| <1 (2 € M). By Theorem 1, for allw € M
and x € Ker T'(w) with [|z]] < 1 there exists o € A with g,(w) = z.

Let Z be the ¢! space over the set A, i.e., Z is the set of all functions ¢ : A — C
with |lc]| = >, le(@)| < 0o and define S(z) : Z — X by S(z)(c) = D cp cla) -
Jga(z) (2 € M). It is clear that

1S)ell < D le(@)] - lga()ll < D le(@)] = llell,

acA aEA

and so ||S(z)|| < 1. Further, Ran S(z) = KerT'(z) for all z € M.

(i) = (iii): The function T* : M — B(Y™*, X*) defined by T*(z) = (T'(2))*
is regular in M, and so, by (ii), there exist a Banach space Z and a continuous
function S : M — B(Z,Y™*) such that RanS(z) = KerT*(z) (¢ € M). By
Lemma 2, Ran(T'(z))** = Ker(S(2))* (2 € M). Let V. : M — B(Y, Z*) be the
restriction V(z) = (S(2))*|Y. By Corollary A.1.17,

RanT(z) =Y NRan(T'(2))™ =Y NKer(S(z))" =KerV(z) (2 € M).

It remains to show that Ran V' (2) is closed.

Fix z € M. Write E = Y/* Ran S(z) and let Q : Y — E be the canonical pro-
jection. By A.1.11, E* is isometrically isomorphic to (+ Ran S(z))* = RanS(z),
since Ran S(z) = KerT'(z)*, and therefore it is w*-closed. Furthermore, Q* is
an isometrical embedding of E* into Y*. Thus we can write S(z) = Q*Sy for
the operator Sy : Z — E* induced by S(z). It is clear that Sy is onto. Con-
sequently, S(z)* : Y** — Z* can be written as S(z)* = S§Q**. Then we have
RanV(z) = S§Q*'Y = S§QY = S{E. Since S§ is bounded below, we conclude
that Ran V(z) is closed. O

In the following we study analytic regular functions.
For w = (w1, ...,wy) € C™ and r > 0 we write

A(w,r) ={(z1,...,20) €C" i |zi —w| <r (i=1,...,n}

and
Alw,r) ={(z1,...,20) €C": |zi —wi| <7r (i=1,...,n}.
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For simplicity we start with functions of one variable.

Theorem 5. Let G be an open subset of C, let T : G — B(X,Y) and f : G — Y be
analytic functions, let w,w, € G (k=1,2...), klim wg = w, lim supv(T(wk)) >
— 00 k*)OO

0 and f(wg) € RanT(wg) (k= 1,2,...). Then there exist a neighbourhood U
of w and an analytic function g : U — X such that T'(z)g(z) = f(z) (z €U).

More precisely, if r and s are positive numbers such that A(w,r) C G,s <
min{1,y(T(w))} and M = max max{1,||T(2),]|f(z)||}, then we can take U =
eA(w,r)

z

A(w,r") where ' = )5 . If x € X satisfies T(w)x = f(w), then there exists an
analytic function g : U — X such that g(w) = z,T(2)g9(z) = f(2) and ||g(z) —z| <
A max{L, ||z} for all 2 € U.

Proof. Without loss of generality we can assume that w = 0. Then ~(7°(0)) >
lim supy,_, o ¥(T'(wg)) > 0.

Let 7,5, M and z satisfy the conditions of the theorem. Let T'(z) = Y. T;2°
i=0

and f(z) = > fiz" be the Taylor expansions of T and f about 0. Then ||T;|| < er
i=0

and [[fi < 2 (i=0,1,..0). Set 1’ = J5 and U = A(0,1"),
To find the required analytic function g : U — X, it is sufficient to construct

its coefficients g; € X (¢ =0,1,...) such that go = =z,
i=0

and ||g;|| < r'~*max{1,]||z|/} for all i > 0. Indeed, if g; (i =0,1,...) satisfy (1),
then g(z) = > ioy gi2" is convergent in U, g(0) =z, T(z)g(z) = f(z) and

oo oo
- . I
lo(=) =l = > gi'|| < DNl 1= <, max{1, .
i=1 i=1

lEl

We construct the vectors g; € X (i =0, 1,...) satisfying (1) inductively. Suppose
that we have already found elements go = x,¢1,. .., gm—1 € X with properties (1).
For k large enough we have |wg| < 1" < r. Set

3

yr = f(wg) — wi T (wg)g: € Ran T (wy,)

and
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Clearly, y;. is an approximation of y and

o) ) m—1 o)
skl = | Y gk =S ui( X wkn)a
j=m+1 =0 l=m—i+1
o) m—1 0o
M, ) M
<> Y Y fwl Tl < e et
j=m+1 1=0 l=m—i+1

where ¢ is a constant independent of k.

Set u = f,, — Z;-n:_ol Tin—jg;- Using the induction assumption, we have

m—1 m—1 i
wite =i | = Y Tjgs | + Y wi | fi= Y Tisjg; | = vt
j=0 i=0 j=0

Furthermore, Y: € RanT(wy) and
k

!
+ lim Yk = u.
k—oo U/”kn

!

. k . K —
lim Yo _ lim y Yk
k—oo '[UZL k—oo '[UZL

By Corollary 10.19, v € RanT'(0). Thus there exists a vector g,, € X with
T(O)gm =u= fm - Z;n:Bl Tmfjgj and

m—1
M M 1
-1 1
lonll <57l <574 (4 32, a1 el )
J

m—1 : P
M/ 1 27 M7
<max(n el 2 (L4 X 20 )

j=0
Mm™ m—1
< . J) = .
<max(Lfal} - o, (1420 2) =7 max(1, ]}
7=0
This finishes the induction step and also the proof. O

Corollary 6. Let G be an open subset of C, w € G and let T : G — B(X,Y) be an
analytic function. Then:

(i) the limit lim v(T(z)) exists;

(ii) T is regular at w if and only if lim v(T'(z)) > 0.

Z—w

Proof. Both statements are trivial if lim supw(T(z)) =0.

Z—w

If limsup~y(T'(z)) > 0, then there exists a sequence (wy) converging to w
Z—w

such that limsup (7' (wy)) > 0. Thus (T (w)) > 0.
k
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We show that T is regular at w. Let f : G — Y be identically equal to 0
and let U be the neighbourhood of w constructed in the previous theorem. For
x € KerT(w), ||z|| = 1 we can find an analytic function g : U — X such that
g(w) =z, T(2)g(2) =0 (2 € U) and [|g(2) - z|| = [|lg(2) — g(w)|| < e(2) - [z — ],
where ¢(z) is a constant independent of z and limsup,_,,, ¢(z) < co. Since g(z) €
KerT(z), we have dist{z,KerT'(2)} < ¢(2)|z — w|, and so

lim §(Ker T'(w), Ker T'(z)) = 0.

Hence T is regular at w and lim,_,,, y(T(2)) = v(T'(w)). O

Corollary 7. Let G be an open subset of C and let T : G — B(X,Y) be an analytic
function. Then the set of all w € G such that RanT (w) is closed and T is not
regular at w is at most countable.

Proof. For k = 1,2,... denote by M}, the set of all w € G such that (T (w)) > 1/k

and T is not regular at w. The previous theorem implies that every w € My, is an

isolated point of My, so the set My, is at most countable. The same is clearly true

for the union J M. O
k=1

Corollary 8. Let G be an open connected subset of C, let T : G — B(X,Y) be

an analytic function regular in G and let f : G — Y be an analytic function. Let
wyawg, € G (k= 1,2,...),klim wr = w and f(wg) € RanT (wy) for all k € N.

Then f(z) € RanT(z) for all z € G.

Proof. Let u € G. Connect w and u by a continuous curve ¢ : (0,1) — G such
that ¥(0) = w and (1) = w. Since z — v(T'(2)) is a continuous positive function
in G, it is bounded below on the curve {¢(t) : 0 < ¢ < 1}.

Let M = {t € (0,1) : f(¥(t)) € RanT(4(t)) for all 5,0 < s < ¢} and
to = sup{t : t € M}. Theorem 5 implies that ¢, > 0 and also, using a standard
argument, one can see that to = 1. Thus f(u) € RanT'(u). O

Similar results can be proved for analytic functions of n variables.

Theorem 9. Let G be an open subset of C",w € G, let T : G — B(X,Y) be
an analytic function. Suppose that T satisfies the following condition: if wy € G,
wr — w, yp € RanT(wg) and yr — y, then y € RanT(w) (in particular, this
condition is satisfied if T is regular at w).

Let f : G — Y be an analytic function satisfying f(z) € RanT(z) (z €
G). Then there exists a neighbourhood U of w such that, for each x € X with
T(w)x = f(w), there exists an analytic function g : U — X satisfying T(z)g(z) =
f(z) (z€U) and g(w) = z.

Proof. The argument is similar to the proof of Theorem 5. We can assume that
w = 0.
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Considering the constant sequence wy = 0 gives that Ran7'(0) is closed.
Let r,s and M satisfy A(0,r) C G, r < 1,0 < s < min{l,v(7(0))} and M =
max_ ¢ 5 (o, Max{L, [ T(z)[, |/ (2)[[}. Set U = A(0, 437,,)-

For z € A(0,r) we can express T'(z) and f(z) as power series T'(z)

o Toz® and f(z) = > faz®, where f, € Y, T, € B(X,Y), |fall <
A€y a€ly
and || T, || < 1| for all o € Z1.

We define a new order < on Z%. If 3,y € Z7, then write 3 < « if either
|8] < |71, or |8] = || and there exists 7,1 < j <mn such that 3, =~v; (1 <i<j)
and (; < ; (i.e., < is the lexicographic order on each set {a € Z', |a| = const}).

Let x € X satisfy T'(0)x = f(0).

Let go = x. We construct inductively (with respect to the order <) points
ga € X (a € Z7) such that

M

rlol

fa= Tapys (2)
Bl
and [|gal| < (*37)* max{L, jo]}.
Let o € Z,|a| = m > 1 and suppose that we have already found points
g € X (¢ < «) satisfying (2).

1
For € > 0 set w. = ( I+ 51+(M+1>2 e ,51+<m4:1>" ) It is clear that w. €
G for all € small enough. Set y. = f(w:) — > w?T(w.)g, and let y. be its
<o
approximation
S - Yur Y it
1B1<m Y= [8[<m—]y]

Obviously, y. € RanT'(w;).

We have card{3 € Z% : |3| = j} = ("?71)- For j > n we have (n+§71) <
(2;) < 2% = 4J. For 2 < j < n we have ("+;:_1) < (n+3j—1)7 <(2n)l. Thus
card{3 € Z" : |8] = j} < (2n)? for all j.

For all £ small enough we have

ly- =gl =1 D fowl=Y_ > wlt'Tsg,

|Bl=m+1 YR |§|>m—|y|+1
M M
18l [6+~] .

< > AsE T DD DR Lot ol

|Bl>m+1 YR |§|zm—|y[+1

o0 o0

oM en)t Y0 Y PR MR 2n)F|g, |

k=m+1 Y= k=m—|y|+1
S C: €m+1a

where ¢ is a constant independent of €.
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Set u= fo — > y<a Ta—vgy-
gkalss
Using the induction assumption we have

Yy = Z w? fa— Z Tg—gy | = wlu+ Z w? fa— Z Ts—~9~
|Bl<m v<B |B|=m v<B
Y=o B y<a
If |8 = m = |al, 8 = «, then there exists j < n — 1 such that 3; > a; and
ﬁi:ai (’L':].7...,j—].).SO
B
£
‘wg‘

5.7'70‘.7" no Bi—ey 1 m 1
= g (m+1)I . g= =it (my1)t < g (mt1)d (m+1)J+1 < & (mt1)itt < 5177

where b = (m + 1)~™. Similarly,

gmtl —3r X 1
’ =g &=t <gmir < gb
we'
So
o /
el
we' we' we'
B
w
<cie’+ Y e D Tooagy| <
|Bl=m € <P
Bra Y=o

where ¢ is a constant independent of e.
Since ’;, € RanT(w.) and liI(I)l e =u, we conclude that v € RanT'(0).
€ E— + €

Thus there exists go € X such that Toge = u = fo — Y v<a Ta—vgy, e,

YFo
fa = E’yga TO‘—’Yg’Y'
We can choose the point g, in such a way that

lgall < s™Hlull < s7*

[v]
M M 4Mn
rlal T ; lal=l ( rs ) ~max{L, [}
y<La

YFo

M la|
< 1 1 vyl
< (rs) max{1, ||z| } + E n

TS
85alst
m m—1 m
M - , 4M
< <m> max{1, ||z| } (1 + ; n'4". (2n)m_l> < ( TS") max{1, ||z| }

(we used the estimate card{y < a : |y| =i} = card{y < a: |y| = m —i} <
(2n)"7).
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Define now g(z)= ) gaz®. This series converges for all zeU=A(0, ,17,.)-
Q€LY

For z € U we have

z) = Z Tpz" Z%ZW = Z 2% ZTQ*%‘M = Z faz® = f(2)

gezy Nezy aEgZy y<a A€ 0

Theorem 10. Let G be an open subset of C*,w € G and let T : G — B(X,Y) be
an analytic function such that RanT(w) is closed. The following statements are
equivalent:

(i) T is regular at w;
(ii) there exist a neighbourhood U of w, a Banach space Z and an analytic
function S : U — B(Z,X) such that RanS(z) = KerT'(z) (2 € U), (ie.,
the sequence ZﬁX ¢ )Y is exact for z € U);
(iii) there exist a neighbourhood U of w, a Banach space Z' and an analytic
function S’ : U — B(Y, Z') such that RanT'(z) = Ker S’(z) (i.e., the sequence
X2 YS Bz is exact) and Ran S'(z) is closed for all z € U.

(iv) there exist a neighbourhood U of w, a Banach space Z' and an analytic
function S’ : U — B(Y, Z') such that RanT(z) = Ker S’(z) (2 € U).

Proof. Clearly, (ii) implies (i) by Example 10.24 (iv).

(i) = (ii): Let T be regular at w. By Theorem 9, there exists a neighbour-
hood U; of w and a system {ga}aca of analytic functions, g, : Uy — X, such
that {ga(w),a € A} = KerT'(w) and T'(2)ga(2) =0 (2 € Ur,a € A). Let Uy be
a neighbourhood of w such that Uy C U;. Let Z = (1(A), i.e., Z is the space of
all complex valued functions ¢ : A — X such that ||c|]| := > |lc(e)|| < oo. For

a€eA

z € Uy, define S(z): Z — X by

S(Z)(C) _ Z c(a)ga(z)

aeh max{1, ||904||U2}.

Then S : Uy — B(Z,X) is an analytic function, T'(2)S(z) = 0 (z € Usz) and
Ran S(w) = KerT'(w). By Lemma 3, there exists a neighbourhood U of w such
that Ran S(z) = KerT'(z) for all z € U.

The implication (i) = (iii) can be proved as in Theorem 4 using the duality
argument.

The implication (iii) = (iv) is trivial.

(iv) = (i): If wx € G, wpy — w, yp € RanT(wy) and yr — vy, then
S(wi)yy = 0 for all k and [|S(w)y|| = [|S(w)y — S(wr)yrl < [1S(w)(y — yr)ll +

[|(S(w) —S(wk))yk|l — 0. Hence y € Ker S(w) = RanT'(w). Thus the conditions of
Theorem 9 are satisfied and we can prove (ii) as in the implication (i) = (ii). O
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Let G C C™ be an open set. A subset M of G is called analytic if for every
w € C™ there exists a neighbourhood U of w and a family {f,} of analytic scalar-
valued functions defined in U such that M NU = {z : fa(z) = 0 for all a}.

Corollary 11. Let G be an open subset of C*, let T : G — B(X,Y)and f : G - Y
be analytic functions and let T' be regular in G. Then the set {z €eG: f(z) €
RanT(z)} is analytic.

Proof. Let w € G and let U be a neighbourhood of w, M a Banach space and
S:U — B(Y, M) an analytic function satisfying RanT'(z) = Ker S(z) (z € U),
see Theorem 10. For z € U we have f(z) € RanT'(z) if and only if S(z)f(z) =0,
which is equivalent to the condition (S(z)f(z),m*) = 0 for all m* € M*. Thus
{z € G: f(z) e RanT(2)} is an analytic set. O

A typical problem of complex analysis is to construct from local solutions
(Theorem 9) a global analytic solution. The global version is also true. We state
the results without proof since it involves rather advanced techniques of complex
analysis (cf. C.11.2). Note that the next theorem applies in particular to any
domain in C.

Theorem 12. Let G be a domain of holomorphy in C", let T : G — B(X,Y) be an
analytic function regular in G. Then:

(i) for every analytic function f : G — Y satisfying f(z) € RanT(z) for each
z € G there exists an analytic function g : G — X such that T(z)g(z) =
f(z) (z€@G);

(ii) there exist a Banach space Z and a regular analytic function S : G — B(Z, X)
such that RanS(z) = KerT(z) (z € G);

(iii) there exist a Banach space Z' and a regular analytic function S’ : G —
B(Y,Z') such that RanT(z) = Ker S’(z) for all z € G.

Corollary 13. Let G C C™ be a domain of holomorphy, let T : G — B(X,Y) and
f: G =Y be analytic functions, and let T'(z) be onto for all z € G. Then there
exists an analytic function g : G — X such that T'(z)g(z) = f(z) (z € G).

Proof. If T'(z) is onto for every z € G, then T is regular in G. The rest follows
from Theorem 12. O

Corollary 14. Let A be a Banach algebra, let G C C be an open set and let
a : G — A be an analytic function such that a(z) is right invertible for every z € G.
Then there exists an analytic function b : G — A such that a(2)b(z) =1 (z € G).

Proof. Consider the analytic function z — L,y € B(A). Since L) is onto for all
z € G, by the previous theorem there exists an analytic function b : G — A such
that a(2)b(z) = La)b(2) =1 (2 € G). O

Using the algebra with the reversed multiplication we can formulate the anal-
ogous result for left inverses.
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12 Kato operators

In this section we study the regularity of the function z — T — z where T is an
operator on a Banach space X.

We start with a simple purely algebraic lemma.

Lemma 1. Let T € B(X), k,n € N,k < n. Suppose that KerT®* C RanT"~*.
Then Ker T7 ¢ RanT™ 7 for all j,1 < j < n.

Proof. Tt is sufficient to show two implications:

(i) if 1 <k <n—2and KerTF C RanT" ¥, then Ker T*+1 C RanT"*~1;
(ii) if 2 <k <n—1 and Ker Tk c RanT™ %, then Ker T%~1 ¢ Ran T *+1.

To prove (i), suppose that 1 < k < n — 2 and KerT* C RanT™*. Let
x € KerTF+1. Then Tx € KerT* € RanT™ %, so Tx = T" %y for some y € X.
Thus

z—T" "1y e KerT c KerT" ¢ RanT" % ¢ RanT" %71,

and so x € RanT"F~1,

To prove (ii), let 2 < k <n —1, KerTF ¢ RanT" % and let 2 € Ker Tk 1.
Then 2 € KerTF ¢ RanT™ %, and so ¢+ = T" %y for some y € X.
Since TFT™—*=1y = TF=1z = 0, we have T" %=1y € KerT* C RanT"* and
Tr=F=ly = T2 for some z € X. Thus & = T" Fy = T(T" "+ 1y) = Tn"k+l;y ¢
Ran T k+1, U

For T € B(X) write R™(T) = (\,2; RanT™ and N>*(T) = |J,—, KerT™.
Clearly both R*>°(T") and N°°(T") are linear subspaces of X but in general neither
R*>*(T") nor N*°(T') is closed.

Theorem 2. Let T' € B(X) and let RanT be closed. The following conditions are
equivalent:

(i) the function z — (T — z) is continuous at 0;
(ii) limsup, ,ov(T —z) > 0;
(iii) lim,_o 5(KerT Ker(T — z)) = 0;
(iv) lim,_o 5(Ran( z),RanT) = 0;
(v) KerT C R>®(T);
(vi) N*°(T) C RanT;
(vii) N>(T) € R=(T);
(viii) KerT C R>(T).

Moreover, if any of the previous conditions is satisfied, then RanT* is closed for
all k € N.
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Proof. The equivalence of the first four condition is true in general, see Theorem
10.17 and Corollary 11.6.

The equivalence of (v), (vi) and (vii) follows from the previous lemma and
the implication (v) = (viii) is obvious.

(i) = (v): The function z — (T — z) is regular at 0. Let z € KerT. By
Theorem 11.5, there exist a neighbourhood U of 0 and an analytic function f :
U — X such that f(0) =z and (T —2)f(2) =0 (z €U). Let

f(z):inzi (z€U)
i=0

be the Taylor expansion of f. Then o =« and z; = Tz;41 (¢ =0,1,...). Thus

r=x9="Tw; =T?*vy="---,and so v € R®(T).
(vi) = (iii): Let s be a positive number, s < v(T') and let € KerT C RanT,
lz|| = 1. We construct inductively a sequence xg = x, 21, Z2,... of points of X

such that Tz, 1 = x; and ||ziq]] < s7 |2 for all i (clearly, for every i we
have z; € N®°(T) C RanT). Thus ||z;|| < s (i € N). For |z| < s define
f(z) =302 w:2". Clearly, (I' — z) f(z) = 0 and

dist{z,Ker(T — 2)} < ||z — f(2)]| = Hi z;2
i=1
YA
<;<s) s — 2|

Thus 6 (Ker T, Ker(T — z)) < =l and lim,_o §(Ker T, Ker(T — z)) = 0. Since

s—|z|

oo
<> laill - 11
i=1

lim,_o 6 (Ker(T — z), Ker T') = 0 is true in general by Lemma 10.12, we have (iii).

(viii) = (v): We prove by induction on k that RanT* is closed for all k > 1.
This is assumed for k = 1.

Suppose that k > 1, RanT"* is closed and Ker T C R (T) C RanT*.

Let v € Ran Tk+1. By the induction assumption, u € RanT*, and so v = T*v
for some v € X. Furthermore, there are vectors v; € X (j =1,2,...) such that
T, — u (j — o0). Thus T(T*v; — T* 1v) — 0. Consider the operator
T : X/KerT — RanT induced by T. It is clear that T is bounded below and
T(T*v; — T* v + KerT) — 0, so TFv; — TF"'v + Ker T — 0 (j — o) in the
quotient space X/ KerT'. Thus there exist vectors w; € KerT' C Ran T* such that
Tkvj +w; — Tk=1y. Since RanT* is closed, we have TF*~'v € RanT*. Hence
uw=T*y € RanT**! and RanT**! is closed.

Thus R>(T) = 5, RanT* is also closed and (viii) implies (v). O

Definition 3. Let T' € B(X). We say that T' is Kato if RanT is closed and T'
satisfies any of the (equivalent) conditions of the previous theorem.
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Corollary 4. T' € B(X) is Kato if and only if T* is Kato. If T is Kato, then T — z is
Kato for all z in a neighbourhood of 0. Moreover, dim Ker T' = lim,_,o dim Ker(T —
z) and codimRan T = lim,_,o codim Ran(T — z).

Proof. See Corollary 10.23. The last statement follows from Corollary 10.10. O

Example 5. Any operator that is either onto or bounded below is Kato. In partic-
ular, the isometrical shift S on a Hilbert space H is Kato. Note that in this case
R>(S) = {0} = N>(9).

Similarly, S* is also Kato and R*°(S*) = H = N>=(9).

The direct sum S @ S* is an example of a Kato operator that is neither onto
nor bounded below.

Proposition 6. Let T, S € B(X), TS = ST. If TS is Kato, then both T and S are
Kato.

Proof. Tt is sufficient to show that 7' is Kato. We have KerT" C Ker(7'S)" C
Ran(T'S) Cc RanT for all n, and so N*°(T') C RanT.

It remains to show that RanT is closed. Let zp € X and Tz, — v for
some v € X. Then STz, — Sv, and so Sv = STwu for some v € X. Thus
v—Tu € KerS C Ker(T'S) C Ran(T'S) C RanT, and so v € RanT. O

Theorem 7. Let T € B(X). The following conditions are equivalent:
(i) T is Kato;
(ii) T™ is Kato for all n € N;
(iii) T™ is Kato for some n € N.
Proof. (ii) = (iii): Clear.
(iii) = (i): The implication follows from the preceding proposition.
(i) = (ii): Since KerT C KerT? C ---, we have N®°(T™) = N°°(T) for all
n € N. Similarly, R (T™) = R*>°(T'). Thus N*°(T™) C R>(T").
Moreover, Ran T™ is closed by Theorem 2, and so T™ is Kato for each n. [

To show that the set of all Kato operators is a regularity, we need the following
lemma, which will also be useful later.

Lemma 8. Let A, B,C, D be mutually commuting operators on X such that AC +
BD = I. Then:

(i) for every n there are Cy,, D,, € B(X) such that A™, B",Cy,, D,, are mutually
commuting and A"C,, + B"D,, = I;

(ii) Ran(A"B™) = Ran A”"NRan B™ and Ker(A™B") = Ker A™ +XKer B™ for each
n. Consequently, R*°(AB) = R™®(A) N R>®(B) and N*(AB) = N*°(A) +
N*>(B);

(iii) N*°(A) C R>®(B) and N*°(B) C R>*(A);

(iv) Ran(A™B") is closed if and only if Ran A™ and Ran B™ are closed.
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Proof. (i) We have

2n—1

m—1\ . . , ,

I = (AC+BD)2W71 _ Z ( TL' )AzCzB2nlzD2nlz = A"C,, + B"D,,

i
i=0

for some C,,, D, € B(X) commuting with A™, B™.

(ii) Clearly, Ran(AB) C Ran ANRan B. If z € Ran ANRan B,z = Au = Bv
for some u,v € X, then set w = Cv + Du. Then

Bw=BCv+ BDu=Czr+u— ACu = u,

and so z = Au = ABw € Ran(AB). Thus Ran(AB) = Ran A N Ran B.
By (i), we have Ran(A™"B™) = Ran A™ N Ran B™ for all n and

R*(AB) = [ Ran(A"B") = [ |(Ran A" NRan B") = R*(A) N R*(B).

n

Similarly, Ker A+Ker B C Ker(AB). If ¢ € Ker(AB), then x = ACx+ BDzx,
where ACz € Ker B and BDz € Ker A. Thus Ker(AB) = Ker A + Ker B and, by
(i), Ker(A™B™) = Ker A™ + Ker B™. Hence

N>*(AB) = | JKer(A"B") = | J(Ker A" + Ker B") = N**(A) + N*(B).

n

(iii) If © € Ker A, then x = BDx € Ran B. Thus Ker A C Ran B and, by
(i), Ker A C Ran B" for all n. If m > n, then Ker A" C Ker A™ C Ran B™,
so Ker A C R*(B). Consequently, N*°(A) C R*(B). The inclusion N*°(B) C
R>(A) follows by symmetry.

(iv) If Ran A™ and Ran B™ are closed, then clearly Ran(A"B™) = Ran A" N
Ran B™ is closed.

Suppose that Ran(A"B™") is closed and let (z1) be a sequence of elements
of X such that A"x; — v € X. Then A"B"x;, — B"v, and so B"v = A"B"u
for some v € X. Thus v — A"u € Ker B® C Ran A", and so v € Ran A™. Hence
Ran A™ is closed. O

Theorem 9. The set of all Kato operators is a regularity.

Proof. The first axiom of regularities was proved in Theorem 7 and one implication
of the second axiom follows from Proposition 6. Thus it is sufficient to show that if
A, B,C, D € B(X) are mutually commuting operators, AC+BD = I and A, B are
Kato, then AB is Kato. By Lemma 8, Ran(AB) = Ran ANRan B, and so Ran(AB)
is closed. Since A, B are Kato, we have Ker A C R*(A) and Ker B C R>(B). By
Lemma 8, Ker A C R*(B) and Ker B C R>*(A). Thus

Ker(AB) =Ker A+ Ker B C R™(A)NR>*(B) = R*(AB).
Hence AB is Kato. O
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Definition 10. For T' € B(X) denote by ok (T') = {\ € C: T — X is not Kato} the
Kato spectrum corresponding to the regularity of all Kato operators.

Theorem 11. Let T € B(X). Then:

(i) ok (T) is a non-empty compact subset of the complex plane;
(i1) 9o(T) C o (T) Cox(T)Nos(T) C o(T);
(i) ox (f(T)) = f(ox(T)) for every function f analytic on a neighbourhood of
o(T);
(iv) ox(T*) = ox(T).
Proof. (i) and (ii): The set of all regularity points of the function z — T — z is open,
so ok (T) is closed. Since the operators that are bounded below or onto are Kato,
we have o (T) C 0 (T)Nos(T). To show that ok (T') is non-empty, it is sufficient
to prove 9o(T) C ok (T). Suppose on the contrary that there exists A € 9o(T)
and A ¢ ox(T). By Corollary 4, dim Ker(T' — X) = 0 = codim Ran(T — X). Thus
T — ) is invertible, a contradiction.
(iii) If X = X; ® Xo for closed subspaces X1, X2 of X and Ty € B(X3),
T2 S B(XQ), then O'K(Tl D T2) = O'K(Tl) U O'K(TQ). By (1), O'K(Tl) 7é @ whenever
X1 # {0}, and so the spectral mapping theorem follows from Theorem 6.8.

(iv) is clear from Corollary 4. O

Theorem 12. Let T € B(X) and let A be a complex number. Then the limit
lim, .\ v(T — 2) exists and A € o (T) if and only if lim,_,» y(T — z) = 0.

Proof. See Corollary 11.6.
Theorem 13. The set {\ € ox(T) : Ran(T — A) is closed} is at most countable.
Proof. See Corollary 11.7.

Examples 14. (i) By the preceding theorem, the set
{X€ ok (T):Ran(T — X) is closed }

is at most countable. The following example shows that this set can contain a
convergent sequence.
Let H be a separable infinite-dimensional Hilbert space, let T' € B(H @ H)
be given in the matrix form by
D I
= (0 4)

where D (with respect to an orthonormal basis) is a diagonal operator, D =
diag(1,1/2,1/3,...). Note that Ran(T'— z) = H® H for z ¢ {0}U{1/n: n € N},
codimRan(T" — 1/n) = 1 and RanT = H & 0. Thus Ran(T — X) is closed for



122 Chapter II. Operators

all A and the Kato spectrum o (T') = {0} U {1/n : n € N} contains a convergent
sequence.

(ii) The product of two commuting Kato operators need not be Kato in
general. Thus the set of all Kato operators does not satisfy condition (P1) of
Section 6. In particular, it is not possible to extend reasonably the Kato spectrum
to n-tuples of commuting operators.

Let H be a Hilbert space with an orthonormal basis {e; ; : i,j € Z,ij < 0}.
Define T € B(H) by Te; ; =0if i =0, > 0 and T'e; ; = e;41,; otherwise.

Similarly, let Se; ; = 0if j = 0,4 > 0 and Se; ; = e; ;41 otherwise. It is easy
to verify that T'S = ST, both T and S are Kato but their product T'S is not.

(iii) The set of all Kato operators is not open, so the Kato spectrum is not
upper semicontinuous.

Let H be a Hilbert space with an orthonormal basis {e; j : 4 > 1,5 > 0}. Let
T € B(H) be defined by Te; ; = e; j+1, i.e., T is a direct sum of countably many
isometrical shifts. Let S € B(H) be defined by Se; o = i~ 'e;o and Se; ; = 0 for
j=>1

For each € > 0, the range of T'+ ¢S is non-closed. So T' is Kato while T'+ ¢S
is not.

Theorem 15. Let T' € B(X) be a Kato operator. Then:

(i) R>=(T) is closed;

(ii) if x € X and Tx € R>®(T), then x € R>*(T);

(iii) TR®(T) = R®(T).
Proof. (i) Since R*(T') =(,, RanT™ and RanT™ is closed for all n by Theorem 2,
we have (i).

(ii) Let n € N. Then Tax = T" 1y for some y € X. Thus z — T"y € Ker T C
RanT™, and so x € RanT™. Since n was arbitrary, we have x € R*(T).

(iii) Clearly, TR>*(T) C R>(T).If x € R>°(T), then x = Ty for some y € X.
By (ii), y € R¥(T), and so R*®(T) = TR®(T). O

Remark 16. The space N°°(T') need not be closed even for Kato operators. The
simplest example is the backward shift in a separable Hilbert space.

Theorem 17. Let T' be a Kato operator on a Banach space X. Then:

(i) R®(T*) = N>(T)*;
(ii) R®(T) = +-N>(T");
(iii) No°(T) = LROO (T*);
(iv) Noo(T*)" = R>(T)*.
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Proof. (i) We have

N®(T)* = (D KerT”)L - ﬁ Ker ™)+ ﬂ RanT*" = R®(T*).
n=1 n=1

n=1

(iii) LR>(T*) =+ (NOO(T)l) = Noo(T).
(i) and (iv) can be proved similarly using A.1.11 and A.1.12. O

Theorem 18. Let T' € B(X) be Kato and let G be an open connected subset of
C\ ok (T) containing 0. Then:

(i) B=(T) = N.cq Ran(T = 2);
(ii) Noo(T) =V e Ker(T — z).

Proof. (i) Suppose that 2 € (), ., Ran(T — z). By Theorem 11.5, there exist a
neighbourhood U of 0 and an analytic function g : U — X satisfying (T —2)g(z) =
z (z € U). Let g(z) = > ;opxiz" be the Taylor expansion of g about 0. The
equality (T' — 2)g(z) = = implies that Tz = « and T'z; = x;_; for all i > 1. Thus
v ="Trg=T?*r; =T33 =---,and so x € R®(T).

In the opposite direction, let € R*>°(T). Let s be a positive number, s <
~(T). By Theorem 15, we can find inductively a sequence of points xy € R (T)
such that Twg = x, Tay = x,—1 (k= 1,2,...) and ||zx|| < s7!|zx—1]. Then
the series g(2) = Y o, ¥kz" converges for |z| < s and (T' — 2)g(z) = z. Thus
x € Ran(T — z) for all |z| < s, and so for all z € G, by Corollary 11.8.

(ii) We have

N<(T) = L(R®(T%)) = (ﬂRan )
zeG

D \/ LRan(T* — 2) = \/ Ker(T —

zeG zeG

Conversely, let n € N and « € KerT". Let s be a positive number such that
s<y(T)and {z€C:|z|<s} CG. Set w, =2, vt =Tz (k=1,2,...,n—
1). Since z € KerT"™ C R*>(T), we can find inductively points z, 1, Zn12, -+ €
R>®(T) such that Tz;11 = x; and [|@;q1]| < s7Y|@i|. Set g(z) = Y oo, x;2". This
series converges for |z| < s and (T — z)g(z) = 0. Thus g(z) € Ker(T — 2) and, by
the Cauchy formula,

x:xn—l/ ()d 6\/Ker —2). O

n+1
21 |z|= 3/22 2eG
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Corollary 19. Let T € B(X) and let G be a component of C\ o (T). Then:

(i) the mapping A — R*(T — \) is constant on G;
(ii) the mapping A — N°(T — )) is constant on G;
(iii) for all A € G and x € Ker(T — \) there exists an analytic function f : G — X
such that f(A\) =z and (T —2)f(z) =0 (z € G).
Proof. The first two statements follow from the previous theorem, the constants
are (),cq Ran(T — z) and /. Ker(T' — z), respectively.
(iii) follows from Theorem 11.12. O
In fact, if T' € B(X) is Kato, then R>®(T 4+ S) = R>®(T") and N>°(T + S) =
No=(T) for all S commuting with T" such that ||S|| is small enough. We postpone
the proof to Section 21.

Theorem 20. Let T € B(X) be an operator with closed range. The following
conditions are equivalent:
(i) T is Kato;
(i) RanT > (1, Ran(T — 2);
(iii) KerT C V, o Ker(T — 2).
Proof. (i) = (ii) and (i) = (iii): Let G be the connected component of C\ o (T')

containing 0. Let G’ be an open subset of G such that 0 ¢ G’ and let w € G'.
Then

RanT D R®(T) = R®(T — w) ﬂ Ran(T — z) O | Ran(T —
2€G’ 2#£0
and
KerT C N(T) = N*(T —w) = \/ Kex(T —z) ¢ \/ Ker(T —
2€G! 2#£0

(iii) = (i): Let A # 0 and = € Ker(T — A). Then Tz = Az and = = j;,f” €
RanT™, so x € R*°(T'). Thus KerT' C \/,,, Ker(T' — z) C R>°(T') and T is Kato.
(ii) = (i): Let z € KerT™ and z # 0. Then

(T —2)(T" 42T 2 4 2" D =T"2 — 2"z = —2"x,

and so z € Ran(T' — z). Thus N>°(T') C (), Ran(T — 2) C RanT and T is
Kato. g

Theorem 21. Let T' € B(X). Then T is Kato if and only if there exists a closed
subspace M C X invariant with respect to T such that T|M is onto and the
operator T : X/M — X/M induced by T is bounded below.

For the space M it is possible to take R*(T).
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Proof. Let T be Kato and set M = R*°(T). Then M is closed. By Theorem 15,
TM = M and the operator T : X/M — X/M induced by T is one-to-one.

Moreover, RanT is closed and M C RanT'. Then RanT = RanT+M , which
is is closed. Indeed, let z,2, € X and Tz, + M — z + M in X/M. There are
my € M such that Tx, + m,, — x. Thus z € RanT and x + M € Ran T. Hence
T is bounded below.

Conversely, let M be a subspace of X with the required properties. The
condition T'M = M implies that M C R>*(T'). If Tx =0, then T'(z + M) = 0 and
the injectivity of T implies that € M. Thus KerT'C M C R>(T).

It remains to prove that T has closed range. Let Q : X — X/M be the
canonical projection. We show that RanT" = Q! Ran T.If y € RanT,y =Tz for
somez € X, then Qy = T2+M = T(x+M) € RanT,and so RanT C Q' RanT.
Ify € X and Qy € Ranf7 then y + M = Tz + M for some x € X, and so
y € Tex+ M C RanT, since M C Ran7'. Thus RanT = Q~'RanT, which is
closed, since RanT is closed and () continuous. O

Corollary 22. The regularity of all Kato operators satisfies (P4), so ok Is contin-
uous on commuting elements.

Proof. Let T € B(X) be Kato. Let ¢ = inf{|z| : T — z is not Kato} and M =
R>(T). Since R*®(T — X\) = M for |\ < ¢, we have (T — \)M = M and the
induced operator T—X: X/M — X /M is bounded below.

If UT =TU and |U|| < €, then UM C M and we can define the operator
U : X/M — X/M induced by U. Clearly, |U| < |U]|| < e. By Theorem 7.14 (i)
for the spectral systems o, and o5, we conclude that (T'+ U)M = M and T+U
is bounded below. By Theorem 21, T'+ U is Kato.

By Theorem 6.11, the regularity of all Kato operators satisfies property (P4).
O

Corollary 23. Let T, Q € B(X), TQ = QT, let T be Kato and ) quasinilpotent.
Then T + Q is Kato.

Proof. Let M = R*°(T). Then QM C M. Let T and Q be the operators acting in
X/M induced by T and Q, respectively. By the spectral radius formula, Q1 = Q|M
is a quasinilpotent operator commuting with 7y = T'|M and @ is a quasinilpotent
operator commuting with T. Theorem 7.16 for the spectral systems o, and o
implies that 77 + @ is onto and T+ Q is bounded below. Consequently, T'+ @ is
Kato. g

Theorem 24. Let T € B(X) be Kato. Then v(T™*™) > ~(T™) - v(T") for all
m,n € N.

Proof. Fix ¢ > 0 and let x € RanT™"™. Then there exists y € X such that
Ty = x and |jy|| < (v(T™) — &)~ !||z|. Further, z = T""™z for some z € X.
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Thus T"z —y € KerT™ C RanT", and so y € RanT™. There exists u € X such
that T"u = y and

lull < (4 (T™) =)yl < ((T™) = &) (H(T™) = &) |-
Hence v(T™t™) > (y(T™) — &)(v(T™) — €). Letting e — 0 yields v(T"T™) >
V(T - A(TT). R
Lemma 25. Let T € B(X) be Kato. Suppose that T is neither onto nor bounded
below. Let M = R>®(T), let Ty : M — M and T : X/M — X/M be the operators
induced by T. Then the limit lim,, . v(T™)"/™ exists and
lim ~(T™)Y" = min{ lim k(7)™ lim j(f”)l/"}

n—oo n—oo

Proof. By the preceding theorem and Lemma 1.21, the limit lim, v(T”)l/"

exists. By Theorem 21, T; is onto and T is bounded below, so the limits on the
right-hand side exist by Theorem 9.25.
Since KerT"™ C R>*°(T) = M, we have Ker T{* = Ker T". Thus

1T |

: M\ Ker T7"
dist{z, Ker T*} © € M\ Ker 1}

k@mzﬂﬂw=M{

: 77|
= inf : M\ KerT™ 3 > ~(T™).

m {dist{ac,KerT”} © € M\ Ker =z (")
Since TM = M, we have

1T (2 + M)|
=+ M| .ng}

1T + M|

. I T™x + T"m|| . 1Tyl
= inf o ¢ Myme My =inf y g M
m{ dist{z, vy T FMmE ) gise(y, a0y Y F

. [Ty

> inf Ly @ MY > (T,

_m{dist{%KerT“} ygMp 217

Thus v(T™) < min{k(T?), j(T")} and
nan;OV(T")l/” < min{nllrlgo k(T{L)l/”,nlin;Oj(f”)l/"}.
To prove the opposite inequality, let
0<s< min{nlLII;O k(Tf)l/”,nILI%Oj(f”)l/"}.

We prove that lim,, ..o v(T")l/” > s.
Let n > 1, 2 = 20 € RanT™, ||#]| = 1 and let £ > 0. Then = + M € RanT™
and

IT~ (@ + M| < T+ M| < (T (i=1,...,m).
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Thus there exist vectors z; € f’l(x + M) such that
| < §(TH) (1 +¢) (i=1,...,n).
Fori=20,...,n—1 write m; = Tx;4; — x;. Then
lmall < VTN - Nl + il < (0 +e) (ITNHTH) T+ 5T 7)
for all ¢ = 0,...,n — 1. Further, fi(mi + M) =TH 2,y —Tiz; + M = M, so
m; € M for each i. We have

Z Tim,; = (T"z,, — T"_lxn,l) + (T”_lxn,l — T”_2xn,2) +

o (Tay — o) =Tz — .

Since T : M — M is onto, there exist vectors m} € M such that T"~'m} = m;
and [ml]| < (1+ )R(Ty—") " mi]. Thus

n—1 n—1
T"(zn — Zmi) =T"x, — ZTimi =z
=0 =0
and
n—1 R n—1 ) N N
on =Y omi]| < @+ @) 1 Y e (TG 5T ).
i=0 1=0
Thus
YT (4T 4+ 3+ k(@) (ITIG @)+ 5T 7))
=0

Find ng such that k(T?) > st and j(fi) > st for all i > ng. Set

=1 i
K = | max max{k(T7)~ ", j(T") ", s}

For n large enough we have

’I’Lo*l
VT < (1 +s>2(s—” £ ST K + K)
n—nmo—1 =0
3 (s sy e S (s =)
i=ngo i=n—ngo

< (1425 (K 4 2noK (T - K + K) + (n— 200) (K - [T + K)
<(1+e)%s™ "K',
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where K’ is a constant independent of n. Hence

lm y(T™)Y" > lim s = =s.

n—oo n—0oo

Letting
s — min{ Tim KTV, tim (7Y}

n—oo

yields the required equality. 0

Theorem 26. Let T' € B(X) be Kato. Then

dist{0,0x(T)} = lim ,V(Tn)l/n _ Supv(T")l/”.

Proof. By Theorem 24 and Lemma 1.21, the limit lim v(7")"/™ exists and equals
to the supremum.

Set r = dist{0, ok (T")}. Suppose first that T is neither onto nor bounded
below. Let M = R>(T), let Ty = T|M and T : X/M — X /M be the operators
induced by T. If X is a complex number satisfying

I\l < lim ~(T™)Y/" :min{ lim k(7)Y lim j(f”)l/"},

n—oo n—

then T7 — A is onto and T — ) is bounded below. Thus T'— ) is Kato by Theorem 21
and lim,, o y(T)/™ < 7.

Conversely, by Corollary 19, R (T — \) = M for |A| < r. If |A\] < r, then
(T — MM = M and T-A=T-X\: X/M — X/M is bounded below. Thus
limy, oo k(T7)Y™ > 1 and lim, o §(T™)/™ > r. Hence lim,, o0 v(T™)/™ > r by
Lemma 25.

If T is bounded below, then lim y(T™)Y/" = dist{0, o, (T)} < dist{0, 05 (T)}
by Theorem 9.25. Moreover, N®(T — z) = N>(T) = {0} for all z with |z| < r,
and so dist{0,0,(T)} = dist{0, ok (T)}.
Similarly, if T is onto, then lim (7)™ = dist{0, 05(T)} = dist{0,0x(T)}. O
Theorem 27. Let T € B(X) be Kato. Then

YT) =T = 2) < 3|2

for all z € C.

Proof. The inequality is trivial if |z| > «(T'). By the previous theorem, the function
z+— T —zisregularin {z : |z| < y(T)}. Thus the inequality for |z| < v(T) follows
from Theorem 10.25. g
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Proposition 28. Let T, S € B(X), A € C, A # 0 and k € N. Then:

(i) Ker(ST — \)¥ = SKer(TS — \)¥;

(ii) Ran(ST — \)* = T~ Ran(T'S — \)*;
(iii) dim Ker(ST — \)*¥ = dim Ker(T'S — \)*;
(iv) dimRan(ST — \)* = dim Ran(T'S — \)*.

Proof. We have (ST —\)S = S(T'S— \) and so (ST —\)¥S = S(T'S — \)* for each
k> 0.

(i) If x € Ker(TS — \)*, then (ST — \)kSz = S(T'S — A\)kz = 0. Hence
SKer(TS — \)* c Ker(ST — \)* for each k.

We prove the opposite inclusion by induction on k. This is clear for k = 0.

Suppose that S Ker(T'S — A\)* = Ker(ST — A\)* and let € Ker(ST — \)*1.
Then (T'S — \)*'Tx = T(ST — Nz = 0. So Tz € Ker(T'S — A\)**! and
STx € SKer(TS — \)*+1. By induction assumption, (ST — \)x € Ker(ST — \)* =
SKer(TS — \)* ¢ SKer(T'S — \)**1 and so

z=-X"(ST — Nx + X"1STx € SKer(TS — N\,

Hence Ker(ST — \)F1S = SKer(T'S — \)F+1.

(iii) Since Ker(ST — A\)¥ = SKer(T'S — \)¥, we have dim Ker(ST — \)* <
dim Ker(T'S — \)*. The equality follows by symmetry.

(ii) Let € Ran(ST — \)¥, ie., z = (ST — \)*y for some y € X. Then
Tx = T(ST — \)*y = (TS — \)*T'y € Ran(T'S — \)*. Hence Ran(ST — \)* C
T~'Ran(TS — \)* for all k.

We prove the opposite inclusion by induction on k. This is clear for k = 0.
Suppose that Ran(ST—\)¥ = T~ Ran(T'S—\)* and let z € T~ Ran(T'S—\)*+1.
Then Tz = (TS — \)k*ly for some y € X and STz = S(TS — \)ktly = (ST —
A)F+1Sy € Ran(ST — \)*+1.

By the induction assumption, x € T~! Ran(T'S — \)¥*! ¢ T~!'Ran(T'S —
A)¥ = Ran(ST — M\)*, and so . = —A\"Y(ST — Nz + A~1STx € Ran(ST — \)F+1,
Hence Ran(ST — A\)**! = T—1Ran(T'S — \)F*1.

(iv) Since Ran(ST—\)¥ = T~ Ran(T'S—\)*, we have codim Ran(ST—\)* <
codim Ran(T'S — A\)*. The equality follows by symmetry. a

Proposition 29. Let T, S € B(X), A € C, A # 0 and k € N. Then:

(i) Ran(T'S — \)¥ is closed if and only if Ran(ST — \)* is closed;

(i) Ker(T'S — \) C R®(T'S — A) if and only if Ker(ST — \) € R®(ST — ).
Proof. (i) Suppose that Ran(ST — A\)* is closed. Let z,, € Ran(T'S — \)*, 2, =
(TS — \)Fy,, for some y,, € X (n=1,2,...) and z,, — .

Then Sz,, — Sz, where Sz,, = S(T'S — A\)*y,, = (ST — \)*Sy,, € Ran(ST —
MF and so Sz = (ST — \)ky for some y € X. We have T'Sx = T(ST — \)Fy =
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(TS —\)*Ty € Ran(T'S — \)*. Therefore (T'S)z € Ran(T'S — \)¥ for all j > 1. We
have (TS — Az = (=\)Fz+ 325, (5)(T'S)/(=\)* 7z, and so » € Ran(T'S — \)~.

(ii) Suppose that Ker(T'S — ) C R>®(T'S — A). It is sufficient to show that
Ker(ST — \) C Ran(ST — \)¥ foe each k € N.

We have T'S Ker(T'S — \) C Ker(T'S — )\) C Ran(T'S — \)¥, and so Ker(ST —
A) = SKer(TS — \) € T~ 'Ran(T'S — \)* = Ran(ST — \)*. O

Corollary 30. Let T,S € B(X). Then o (T'S) \ {0} = ok (ST) \ {0}.

13 General inverses and Saphar operators

Let X,Y be Banach spaces and T' € B(X,Y) an operator. An operator S : Y — X
is called a generalized inverse of T if TST =T and STS = S.

It is easy to see that if S : Y — X is a one-sided inverse of T' (i.e., either
TS =1y or ST = Ix), then S is a generalized inverse of T'.

Proposition 1. Let X,Y be Banach spaces, let T : X — Y be an operator. The
following conditions are equivalent:

(i) T has a generalized inverse;
(ii) there exists an operator S : Y — X such that TST =T;

(iii) RanT is closed and both KerT and RanT are complemented subspaces of
X and Y, respectively.

Proof. (ii) = (i): Let T'ST = T for some operator S : Y — X. Set §' = STS. It is
easy to check that TS'T =T and S'TS' = 5'.

(i) = (iii): Let TST = T and ST'S = S. Then (T'S)? = TS and RanT D
Ran(T'S) D Ran(T'ST) = RanT, so T'S is a projection onto RanT'.

Similarly, ST is a projection with Ker(ST) = Ker T

(ili) = (ii): Let X = KerT @& M and let P € B(Y) be a projection onto
RanT. Then T|M : M — RanT is one-to-one and onto. Set S = (T|M)~1P.
Then TST = T(T|M)~'PT = T. 0

Corollary 2. Let T' € B(H;, H2) where Hy, Hy are Hilbert spaces. Then T has a
generalized inverse if and only if RanT is closed.

The difference between the left spectrum and the approximate point spectrum
(the right spectrum and the defect spectrum) consists in the requirement that
certain subspace should be complemented. This is a typical situation; frequently
spectra in B(X) appear in pairs that differ in this way.

In this section we study the “complemented” version of the Kato operators.

Definition 3. An operator T' € B(X) is called Saphar if T is Kato and has a
generalized inverse.
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Equivalently, T is Saphar if and only if 7" has a generalized inverse and
KerT C R>(T).

Obviously, in Hilbert spaces the Saphar operators coincide with the Kato
operators.

Our aim is to show that the set of all Saphar operators is a regularity. This
will be an immediate consequence of the following three lemmas, which are of
independent interest.

Lemma 4. Let A € B(X) be a Saphar operator, let S € B(X) satisfy ASA = A
and let n € N. Then A"S™A™ = A™. In particular, A" is a Saphar operator.

Proof. Let S € B(X) satisfy ASA = A. We prove by induction on n that
AMSTAT = A,
Suppose that n > 1 and A"S™A™ = A™. Then
An+15n+1An+1 _ A(Ansn(SA_I) +An5n)An

Since A"S"A™ = A™ and ASA = A, we can check easily (cf. the proof of Propo-
sition 1) that A™S™ is a projection onto Ran A™ and I — SA is a projection onto
Ker A € Ran A™. Thus

An+lsn+1An+l _ A((SA _ I) + Ansn)An = A-A"S"A™ = An+1.
Hence A™*! is a Saphar operator. O
Lemma 5. Let A, B,C, D be mutually commuting operators on a Banach space X

satisfying AC'+ BD = I. Then AB has a generalized inverse if and only if both
A and B have generalized inverses.

Proof. Suppose that ASA = A and BT B = B for some S,T € B(X). Then

ABTSAB = ABT(CA+ BD)SAB = ABTCASAB + ABTBDSAB

= ABTCAB+ ABDSAB = ABT(I — BD)B + A(I — AC)SAB

= ABTB — ABTBDB + ASAB — ACASAB

= AB — ABDB + AB — ACAB = 2AB — A(BD + CA)B = AB.

For the converse, let ABZAB = AB for some Z € B(X). Then
A(C+BZ(I - AC))A = ACA+ ABZA— ABZACA

= ACA+ ABZA(I — CA)
=ACA+ ABZABD = ACA+ ABD = A,

and similarly, B(D + AZ(I — BD))B = B. O

Lemma 6. Let T' € B(X) be a Saphar operator. Then there exists € > 0 such that
T — U has a generalized inverse for every operator U € B(X) commuting with T
such that ||U|| < e.

More precisely, if T is Kato, TST = T, UT = TU and ||U| < ||S||~!, then
(T-0)SI-US) " (T-U)=T-1U.
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Proof. Let TST =T, UT =TU and |U]| < ||S| %

We first prove by induction on n that U(SU)" Ker T' C Ker T™"!. This is clear
for n = 0. Suppose that U(SU)" 1 KerT C KerT™ C RanT and let z € KerT.
Then U(SU)" 1z = Tw for some v € X, and

T U (SU) 2 = TP USTv = T"UTSTv = T"UTv = UT"U(SU)" 'z =0

by the induction assumption. Thus U(SU)" Ker T C Ker T"*! for all n.
Since I — ST is a projection onto KerT', we have

USU)(I — ST)X Cc KerT"™ c RanT (n > 0),

and so
(I-TSYUISU)"I—-ST)=0 (n=>0).

Then

(T -U)S(I-US)™ (T -U)=(T-U)S i(US)i(T —U)
=0
=T8T —UST —TSU +TSUST

+) (TSUS) T — USUS) T — TS(US) U + US(US)'V)
1=0

=T -UST —TSU+TSUST +» (I -TS)(US)"'U(I - ST)
=0
=T-U+{I-TSU(I-ST)=T-U.

Hence T'— U has a generalized inverse. 0

Theorem 7. The set of all Saphar operators in X is a regularity satisfying (P3)
(upper semi-continuity on commuting elements).

Proof. The proof follows immediately from Theorem 6.12 and the preceding three
lemmas. g

For T € B(X) denote by ogap(T) = {A € C : T — X is not Saphar} the
corresponding spectrum. Property (P3) implies that ogap (1) is always a compact
set. Further, 0o(T) C ok (T) C 0sap(T), and so ogap(T') is non-empty.

If X = X; & X, is a decomposition of X and T € B(X;), then it is easy to
verify that 73 is Saphar if and only if 77 & Ix, is Saphar. By Theorem 6.8, this
gives the spectral mapping property.

Corollary 8. Let T' € B(X). Then osap(f(T)) = f(osap(T)) for every function f
analytic on a neighbourhood of o(T).

If T is a Saphar operator, then T'— z is Saphar, and therefore has a generalized
inverse, for every z in a certain neighbourhood of 0. In fact, the generalized inverse
can be chosen in such a way that it depends analytically on z.



13. General inverses and Saphar operators 133

Theorem 9. Let T' € B(X). The following conditions are equivalent:

(i) T is Saphar;
(ii) there exist a neighbourhood U C C of 0 and an analytic function S : U —
B(X) such that (T' — z)S(z)(T —2) =T — z.
More precisely, it is possible to take S(z) = S(I—29)~t =Y 72, Si1z0
for |z| < ||S|| 7, where S is a generalized inverse of T

Proof. (i) = (ii): Let S € B(X) satisfy TST = T. For |z| < |||~} set S(z) =
S(I —28)~t. By Lemma 6, (T — 2)S(2)(T — 2) =T — z for all |z| < ||S||~* .

(ii) = (i): Let S(z) be a function analytic on a neighbourhood U of 0 satis-
tying (T'— 2)S(2)(T —2) =T —z (z € U). It is sufficient to show that KerT C
R>(T). Let x € KerT'. Since T'S(0)T =T, I — S(0)T is a projection onto Ker T
Set g(z) = (I — S(z)(T — 2))x (2 € U). Clearly, (T — 2)g(2) =0 (z € U) and
g(0) = z. Let g(z) = Y =, z:2" be the Taylor expansion of g about 0. The above
relations give 7g = z and Ta; = x;_1 (i > 1). Thusz =29 = Txy = T?29 = - - -,
and so z € R>®(T). O

The next theorem shows that it is possible to find a global analytic general
inverse of T — z.

Theorem 10. Let T € B(X). Let G = {z € C : T — z is Saphar}. Then there exists
an analytic function S : G — B(X) such that

(T—2)SET —2)=T-=2

and

S(2)(T — 2)S(z) = S(2) (z € G).

Proof. The set G is open by Theorem 9. For z € G let ®(z) : B(X) — B(X) be
the operator defined by

B()A= (T —2)A(T —z) (A€ B(X)).

Evidently, ® : G — B(B(X)) is an analytic function and T' — z € Ran ®(z) for all
z €.

We show that ® is regular at each point A € G. By Theorem 9, there is
a neighbourhood U of A and an analytic function S; : U — B(X) such that
(T —2)5 ()T —2)=T—2 (2 €U).ForzeUle¥(z): B(X) - B(X)
be the operator defined by U(z)A = (T' — 2)51(2)AS1(2)(T — z) — A. It is clear
that U is analytic and ¥(2)®(z) = 0 (2 € U). If A € Ker¥(z), then A =
(T — 2)S1(2)AS1(2)(T — z) € Ran®(z) for all z € U.

Thus Ran ®(z) = Ker ¥(z) and ® is regular in U by Theorem 11.10.

Hence @ is regular in G. By Theorem 11.12, there exists an analytic function
Sg : G — B(X) such that ®(2)S2(z) =T — z, ie, (T —2)S2(2) (T —2) =T — =
for z € G. Set

S(z) = So(2)(T — 2)52(%) (z € G).
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Then
(T—2)SE)T —2)=(T —2)S202)(T — 2)Se(2)(T —2)=T — z
and
S(2)(T — 2)5(z) = S2(2)(T — 2)S2(2)(T — 2)S2(2)(T — 2)S2(2)
= S2(2)(T — 2)S2(2) = S(2)
for all z € G. O

Proposition 11. Let T, S € B(X), A € C, A # 0. Then T'S — X\ has a generalized
inverse if and only is ST — A has a generalized inverse.

Proof. Let A € B(X) satisfy (T'S — N)A(TS —\) =TS — \. Set B = —-\"'1+
A"1SAT. Then

(ST — N)B(ST — \) = A" H(ST — \)SAT(ST — \) — A" 1(ST — \)?
=A"1S(TS — NA(TS — )T — A\ H(ST — \)?
=A18(TS —NT =AY ST)? +2ST —A=ST - \. O

Corollary 12. Let T,.S € B(X). Then 0g.p(ST) \ {0} = 05ap(T'S) \ {0}.

Theorem 9 enables us to extend the notion of Saphar spectrum for elements
in a Banach algebra.

Let A be a Banach algebra, a,b € A. As in the case of operators, we say that
b is a generalized inverse of a if aba = a and bab = b.

Definition 13. An element a in a Banach algebra A is called Saphar if there exist
a neighbourhood U of 0 in C and an analytic function f : U — A such that
(a—2)f(z)(a—2)=a—2z (z€U).

For the study of Saphar elements in a Banach algebra A it is useful to consider
the operator of left multiplication L, : A — A defined by L,z = az (z € A).
Clearly, if @ € A is Saphar, then L, is also Saphar (as an element of B(.A)).
The opposite is not true: let A be the algebra of all power series Y .o a;a® with
complex coefficients ; such that || Y ;2 aza’|| = > || < oo. Then L, is bounded
below and Ran L, is complemented in A, since it is of codimension 1. Thus L, is
Saphar. On the other hand, aba € a®A for every b € A, so a has no generalized
inverse and thus it is not Saphar.

We have the following characterization:

Theorem 14. An element a € A is Saphar if and only if it has a generalized inverse
and Ker L, C R™(L,,).

Proof. If a € A is Saphar, then it has a generalized inverse and L, is Saphar, so
Ker L, C R*(L,).
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Conversely, let a have a generalized inverse b € A. Then Lj is a generalized
inverse of L, and L, is Saphar. By Theorem 9, Y .2/ L;flzi is an analytically

dependant generalized inverse of L, — z for |z| < [[Ly[|~" = [|b]|~'. Note that
S o Littat = Ly(,y where b(z) = .52, b 127, and so b(z) is a generalized inverse
of a — z depending analytically on z. O

Theorem 15. The set of all Saphar elements in a Banach algebra A is a regularity
satisfying (P3) (upper semicontinuity on commuting elements).

Proof. Recall that a € A is Saphar if and only if it has a generalized inverse and L,
is Kato. The Kato operators form a regularity satisfying (P3), see Theorem 12.9.
To prove that the set of all Saphar elements satisfies the conditions of Theorem
6.12 it is sufficient to show:

(a) a is Saphar, n € N = a" has a generalized inverse;
(b) if a, b, ¢, d are mutually commuting elements of A such that ac+bd = 1, then

ab has a generalized inverse <= a, b have generalized inverses;

(c) if a € A is Saphar, then there exists ¢ > 0 such that u € A, ua = au and
|lu|| < e implies that a — u has a generalized inverse.

Note that an element « € A has a generalized inverse if and only if L, has a
generalized inverse which belongs to the set {L, : y € A}. This is really the case
if we apply Lemmas 4, 5 and 6 to the operators of left multiplication. In this way
we obtain (a), (b) and (c), which finishes the proof. O

It is easy to see that Proposition 11 and Corollary 12 are also true for elements
of a Banach algebra.

In commutative Banach algebras the class of Saphar elements coincides with
the invertible elements.

Theorem 16. Let A be a commutative Banach algebra. An element a € A is Saphar
if and only if it is invertible.

Proof. Clearly, invertible elements are Saphar.

Let a € A be Saphar and let b(z) = > ;2 b;z* be a function analytic on a
neighbourhood of 0 satisfying (a—z2)b(z)(a—z) = a—z. Comparing the coefficients
at z we get —1 = a?by — 2abg = a(ab; — 2by). Hence a is invertible. O

14 Local spectrum

Further important examples of regularities are provided by local spectra.

Let x be a vector in a Banach space X. Denote by R,(X) the set of all
operators T' € B(X) for which there exists a neighbourhood U of 0 in C and an
analytic function f:U — X such that (T — 2)f(z) =2 (2 €U).
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If f(z)=2>0120 Tit1 2" is the Taylor expansion of f in a neighbourhood of 0,
then (I'—2)f(z) = Tx1+ > oo 2'(Twiy1 — i), s0 Twpg =x; (i=1,2,...) and
Tx1 = xz. Thus T € R,(X) if and only if there exist vectors z1,x2, -+ € X such
that Ta; = 2,1 (i =1,2,...), where zg = z, and sup;s, ||lz:]|'/* < cc.

We start with the following lemma which is a refined formulation of Lemma
12.8 (ii).

Lemma 1. Let A, B,C, D be mutually commuting operators on a Banach
space X such that AC + BD =1 and let u,v € X satisfy Au = Bv. Then there
exists w € X such that Aw = v, Bw = v and |Jw| < (||C||+ || D||) - max{||u||, [|v||}.

Proof. Set w = Du + Cv. Then ||w| < (||C|| + ||D]]) - max{||ul|, ||v]|}, Aw =
ADu+ ACv = ADu+ (I — BD)v = DAu+ v — DBv = v and similarly, Bw =
BDu+ BCv=u— ACu+ BCv = u. O

Theorem 2. Let z be a vector in a Banach space X. Then R, (X) is a regularity.
Moreover, for each T' € R, (X) there exists € > 0 such that T+ U € R, (X) for all
U € B(X) commuting with T such that |U|| < e.

Thus R, (X) satisties (P3) (upper semicontinuity on commuting elements).

Proof. Clearly I € R,(X), and so R;(X) is non-empty.

Suppose that T € R,(X) and let n be a positive integer. Write g = =
and let 2; € X satisfy Ta; = ;01 (i = 1,2,...) and sup;>, [|2i||*/* < oo. Set
yi=an; (i=0,1,...). Then T"y; =y;_1 (i=1,2,...), yo = = and

sup lyil| /" < (sup ||| /*)" < oo
i>1 i>1

Thus T € R, (X).

Let AB = BA € R,(X). Let z; € X satisfy ABx; = x;-1 (i = 1,2,...)
with 2o =  and let sup,~; ||z;||'/* < oco. Set y; = Bix;. Then yo = z, Ay; =
ABlIZ = Bi_lﬂj‘i_l = yi—l_ (Z =1,2,.. ) and

sup [|y | /" < || BI| - sup [l /" < oo.
i>1 i>1

Thus A € Ry(X) and similarly B € R,(X). In particular, 7" € R,(X) implies
T € Ry(X).

Let A, B,C, D be mutually commuting operators with AC + BD = I and
let A,B € R,. Let T;i0,T0,; € X (Z,j =1,2,.. ) satisfy A.Z‘l"o = x;—1,0, Bxo; =
zoj—1 (i,j > 1), where 290 = z and ||z; || < k%, ||z0,;|| < k7 for some k, 1 < k <
oo. Using Lemma 1 inductively, we can construct elements x; ; = Dx;_1 j+Cx; j—1
such that Al‘iﬂ‘ =Ti-1,5, B(Ei)j = Tj,j—1 and

lzisll < (ICI+ DI - max{|zs g ||, e sll} - (G5 =1).
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It is easy to show by induction that ||z, ;| < (k- max{1,|C| + ||D||})Z+]||x|| Set
y; = ;. Then ABY; = y;—1, yo = « and sup llyil|'/? < o0, s0 AB € R,.. Hence R,
is a regularity.

To prove property (P3), let T' € R, (X), let x; € X satisfy Tw; = a1 (i =
1,2,...), o = 2 and sup;s; ||z;]|"/* = k < oo. Let U € B(X),UT = TU and
|U|| < &' Set g(\) = 3020 (A — U)iaiy1. This series is convergent for |\ <
k=1 —||U|| and we have

(T+U—=Ng(\) =Ta1+ Y TA=U)wig1— Yy A=U)Hay =Ty =
=1 =0
Thus T+ U € Ry(X). O

Denote by v, the spectrum corresponding to the regularity R,(X). Since
R, (X) satisfies (P3), v,(T) is always closed. Obviously, v, (T") C o(T).

Remark 3. The standard notation is vy (). For our approach, however, the nota-
tion 7, (T") seems to be more natural. The set v, (T) is called the local spectrum of
T at x.

Corollary 4. Let x be a vector in a Banach space X, let T € B(X). Then

for each function f analytic on a neighbourhood of ¢(T') which is non-constant on
every component of its domain of definition.

Examples 5. (i) v,(7') can be empty.

Let H be a Hilbert space with an orthonormal basis {e; : ¢ > 0}, let S be
the unilateral shift (Se; = e;11) and let S* be its adjoint, S*e; = e;-1 (i > 1),
S*eg = 0. Clearly, 5*S = I. Let x = >°7° 2 "¢;. Then S*z = . For |z| > 1/2 set

fz)=-372, f;:gf Clearly,

s S*i+1 oo S*z
(5" —2)f(z2) == Ziﬂx +y Zf =z (2] > 1/2).

i=0 =0

Further, set g(z) = Y =, S*"'2z*. This sum is convergent for |z| < 1 and
(8" —2)g(z) = Z Slxzt — Z Sty — g,
i=0 i=0
Hence v,,(S*) = 0.

(ii) The previous example also shows that in general it is not possible to find
a global analytic solution of the equation (S* — z)h(z) =z (2 ¢ 7(T)).
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Suppose on the contrary that there exists an entire function h satisfying
(8* = 2)h(z) =z (z € C). Since for |z| > 1 = r(S*) the function h is uniquely
determined by h(z) = (S* — z) "'z and (S* — 2) "'z — 0 as z — oo, the Liouville
theorem gives h = 0. So z = 0, a contradiction.

(iii) The assumption in Corollary 4 that f is non-constant on each component
is really necessary, since 7, (7T) might be empty and ~,(I) # 0.

(iv) Rz(X) does not satisfy (P2) (upper semicontinuity of 7). To see this,
consider a 2-dimensional space X with a basis z,y, and let

(1 0)

(2 §)#rw

for each € > 0. Hence R;(X) is not open, and so 7, does not satisty (P2).

Then T' € R,(X) and

(v) Rz(X) does not satisfy (P4) (continuity on commuting elements).
Consider the operator S* and the vector = from (i). Then Sn — 0 and
%(5;:) = () for all n. On the other hand, ,(0) = {0} # 0.

(vi) R, does not satisty (P1):

Let H be a Hilbert space with an orthonormal basis {ei,j 24> 0orj >0}
and let the operators A, B € B(H) be defined by Ae; ; = e;11,;, Beij = €; 1.
It is clear that AB = BA. Let x = eg. It is easy to see that A,B € R, and
AB ¢ R,, since = ¢ Ran(AB).

Consider now the subset R(X) C B(X) defined by: T ¢ R(X) if and only if
there exists a function f : U — X analytic on a neighbourhood U of 0 such that
f is not identically equal to 0 and (T'— z)f(2) =0 (z € U).

As above, it is easy to see that T ¢ R(X) if and only if there exist vectors
xz; € X (i=1,2,...) not all of them equal to 0 such that Tx; = z;_1 (i =
1,2,...), where 2o = 0 and sup;~ |lz;||'/* < co. We can assume that x; # 0.

Evidently, if T ¢ R(X), then there is an open neighbourhood of 0 consisting
of eigenvalues of T'. The simplest example of an operator T' ¢ R(X) is the backward
shift.

Theorem 6. R(X) is a regularity.

Proof. The set R(X) is non-empty, since I € R(X).

Let A,B € B(X),AB = BA ¢ R(X). We prove that either A ¢ R(X) or
B ¢ R(X). Let x; € X satisfy ABx; =x;—1 (i=1,2,...), where g =0, 1 # 0
and sup;s, [|zi]|'/? < co. Set u; = Blz; (i =0,1,...). Then ug = 0, Au; = u;_y
for all i > 1 and SUp;>1 luill/? < co. If uy # 0, then A ¢ R(X).
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Suppose on the contrary that u; = Bx; = 0. Set vg = 0,v; = A* " 'z; for all
i € N. Then Bv; = v;1 (i = 1,2,...), sup;s, ||lvi]|'/* < oo and vy = 27 # 0.
Thus B ¢ R(X). Hence A, B € R(X), AB = BA implies AB € R(X).

In particular, A € R(X) = A™ € R(X) for all n.

Let A ¢ R(X) and let x; € X satisfy the conditions required. Then y; = xp;
satisfy all the required conditions for A, and so A™ ¢ R(X). Hence A” € R(X) =
A€ R(X).

Suppose that A, B, C, D are mutually commuting operators satisfying AC' +
BD =1 and A ¢ R(X). Let z;9 € X satisfy Ax; 0 = x;_10 for alli=1,2,...,
x0,0 =0, 710 # 0 and sup;>, l|2i.0]|* < 0.

Setzp; =0 (j=0,1,...). Using Lemma 1 inductively, we construct vectors
zij = Dxi_1j +Cxi -1 (i,j € N). As in the proof of Theorem 2 we can show
that ABx;; = x;—1,-1 (i > 1), 21,1 # 0 and sup,; ||xm-||1/i < 0o0. Thus AB ¢
R(X) and AB € R(X) = A,B € R(X).

Hence R(X) is a regularity. O

Denote by So(T") the spectrum of T corresponding to the regularity R(X).
Clearly So(T) is the union of all open subsets U C C for which there is an analytic
function f : U — X not identically equal to 0 satisfying (T'—z)f(z) =0 (2 € U).
Obviously, So(T) is contained in the point spectrum of T'. In general, So(T') is not
closed (on the contrary, it is always open), and so R(X) cannot satisfy (P2), (P3)
or (P4). Neither does R(X) satisfy (P1). To see this, let X be a separable Hilbert
space, A = 0 and let B be the backward shift. It is easy to see that 0 = AB € R(X)
and B ¢ R(X).

The closure of Sy(T) is called the analytic residuum of T and denoted by
S(T). An operator T is said to have the single value extension property (SVEP)
if So(T') is empty.

Corollary 7. Let T € B(X) and let f be a function analytic on a neighbourhood of
o(T') which is non-constant on each component of its domain of definition. Then

So(f(T)) = f(So(T))  and  S(f(T)) = f(S(T)).

The set S(T") U v5(T") will be denoted by o, (T); this set is also called the
local spectrum (the standard notation is again rather op(x) instead of o, (T)).

Proposition 8. Let T' € B(X ),z € X,z # 0. Then So(T')U~,(T') # 0. In particular,
0o (T) 0.

Proof. Suppose on the contrary that So(T) U, (T) = (). Then for every w € C
there exists a neighbourhood U, of w and an analytic function f,, : U, — X such
that (T —2)fw(2) =z (2 € Uy). Since So(T') = 0, functions f,, and f, coincide
on Uy, NUy,  (w,w" € C), so we have an entire function f : C — X such that
(T—-2)f(x) =2 (AeC).

For |z| > 7(T) we have f(z) = (T — z)~'x, so lim,_,. f(A) = 0. By the
Liouville theorem, f = 0, and so x = 0, a contradiction. O
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Theorem 9. Let T € B(X),z € X,z # 0 and let f be a locally non-constant
function analytic on a neighbourhood of o(T'). Then

So(f(T) Ura(f(T) = f(So(T) U f(7(T))  and  0o(f(T)) = f(ox(T)).

Proof. Since R, (X) N R(X) is a regularity, we have

So(f(T) U (F(T)) = f(So(T)) U f (7 (T)).

Taking closures on both sides we get
oz (f(T)) = f(So(T)) U f(7(T)) = f(So(T) U f(7(T)) = fo=(T)). O

Example 10. (i) The assumption that f is locally non-constant is really necessary.
This does not contradict to Theorem 6.8 since o, (') is non-empty only for = # 0;
if x =0, then 0, (T) can be either empty or non-empty.

For an example, let S* be the backward shift on a separable Hilbert space H
and let u be a non-zero vector in H. Consider T' = S* @ 2] € B(H & H) and
z = 0@ u. It is easy to verify that S(T') = {z € C: |z] < 1} and 7, (T) = {2}.
Let f = 0 on a neighbourhood of {z : 2] < 1} and f = 1 on a neighbourhood
of {2}. Then f(c,(T)) = {0} U {2}. Further, f(T) = 0® 21, S(f(T)) = § and
02 (f(T)) = 7 (f(T)) = {2}. Hence 0. (f(T)) # f(o2(T)).

(ii) The local spectrum has a natural meaning for normal operators. Let
T = [ zdE(z) be a normal operator on a Hilbert space H, let z € H. Then T has
SVEP and o, (T) is the support of the scalar measure ||E(-)z||?> = (E(-)x, ).

Proposition 11. Let 7, U € B(X). Then So(TU) = So(UT) and S(TU) = S(UT).

Proof. Let X\ € C, XA # 0. Suppose that A € So(TU). Then there are x1,x9,--- € X
such that 21 # 0, (TU = N)z; = x_1 (i > 2), (TU = X)z1 = 0 and sup ||z;]|/* < oo.

Sety; =Ux; (i=1,2,...). Fori>2wehave (UT —\)y; = (UT—\)Uz; =
UTU — Nz; = Uzi—1 = yi—1 and (UT — N)y1 = U(TU — AN)z1 = 0. Further,
TUzy = Az #0, and so y; = Uz # 0. Clearly sup ||y;||*/* < co. Hence for A # 0
we have XA € So(TU) < X € So(UT).

The same equivalence is true also for A = 0. Let 0 € So(TU). Let z; € X
satisfy TUx; = x;_y (i > 2), TUx; = 0, 21 # 0 and sup ||z;||"/? < oco. Set
Y; = U.CCZ Then UTyi = UTUIZ = U.CCi_l = Yi—-1 (7, Z 2) and UTyl = UTU.Tl =
0. We have sup ||yi]|'/* < oo and Ty = TUxy = x; # 0. Hence y» # 0 and
0e So(UT). O

Definition 12. Let T be an operator on a Banach space X and let x € X. The local
spectral radius 7, (T) is defined by 7, (T) = limsup,, . |[|T"z||*/™.

The standard notation of the local spectral radius is r(T, z); we choose the
present notation in order to have an agreement with the notation for the local
spectra.
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The formula defining the local spectral radius is similar to the spectral radius
formula r(T) = lim | T"||*/™. Tt is easy to see that in general the limit lim |77z /™
does not exist. The meaning of the local spectral radius is the following: the
series f(2) = — Y 0y ZTfl is convergent for |z| > r,.(T) and (T — 2)f(z) = z; for
|z| > r(T) we have f(z) = (T — z) " 'a.

The connection between the local spectral radius and the local spectra is the
following:

Theorem 13. Let T' € B(X) and « € X. Then
max{|A| : A € v,(T)} < rp(T) < max{|A| : X € 0,(T)}
(if 75 (T) = 0, then the left maximum is considered to be 0).

Proof. Set f(z) = = 2, ZTﬁ This series converges for |z| > r,(T) and (T —
2)f(z) = x. Thus |z| > 75 (T") implies = ¢ ~v;(T"), which is the first inequality.

For |z| > max{|A| : A € 0,(T)} there is a unique analytic function g(z)
satisfying (T — 2)g(z) = x. For |z| > r(T) necessarily g(z) = (T — 2)"tax =
=320 Thzz= D and so lim, .« g(2) = 0.

Consider the function h(z) = g(1) (0 # |2| < max{|A| : X € o, (T)}71),
h(0) = 0. Clearly, h(z) = Yoo (T x)z""* for 2| < max{|A| : A € 0,(T")} . Since
the radius of convergence of the series Y (T%x)z**! is equal to

. i q11/d -t -1
(11msup||T133|| Z) = (r(T))7,

11— 00

we conclude that 7,(T)~! > (max{|A| : X € ax(T)})_l. Hence 7, (T) < max{|A| :
€ 0, (T)). 0

Example 14. In general, the inequalities in the previous theorem are strict. Con-
sider the backward shift S* € B(H) and the vector z = ;2,2 %e; which were
studied in Example 5 (i). We have S*z = 7, and so

; -1
72(S*) = limsup ||S*z||}/¢ = o

Further, v,(5*) = 0, and so max{|A| : A € 7,(S*)} = 0. Finally, the function
g(z) = i 2'e; is convergent for 2| < 1 and (S* — 2)g(z) = 0. So 0,(5*) = {z:
|z| <1} and max{|A|: A € 0,(S*)} = 1.

The relation between the local spectral radius and the local spectra is closer
for operators with SVEP. In this case 7, (T") and 0,(T") coincide, and so we have

Corollary 15. Let T' € B(X) be an operator with SVEP and x € X. Then

max{|A| : A € 1, (1)} = rx(T) = max{|\| : A € 0, (T)}.
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In general, 0,(T) C o(T) and 7,(T) < r(T'). Our next goal is to show that
there are always many points x € X with the local spectrum o,(T") equal to the
global spectrum o (7).

We start with the following observation:
Proposition 16. Let T' € B(X) satisty TX = X and 0 € o(T). Then 0 € So(T).

Proof. Since 0 € o(T) and TX = X, there exists a non-zero vector xg € X with
Txy = 0. By the open mapping theorem, there is a constant £ > 0 such that
TBx D k- Bx. We can construct inductively vectors x1,x2, - € X such that
Tx; = z—1 and ||z;|| < k7| @iza]], so [|il| < k7%|zol|. Set f(z) = Yoo ziz"
This series is convergent for |z| < k and (T — z) f(z) = 0. Since f(0) = zg # 0, we
have 0 € So(T). O

Corollary 17. o(T) = So(T) U{A € C: (T — N\)X # X }.
Recall that the set {\ € C: (T—\)X # X} is the surjective spectrum o5(7T).

Theorem 18. Let T' € B(X). Then the set {z € X : 6,(T) # o(T)} is of the first
category.

Proof. Let {A\1,Az2,...} be a countable set dense in o(T). Set M; = {x e X :
Ai ¢ 0.(T)}. Since {z € X : 0,(T) # o(T)} = U;2, M;, it is sufficient to show
that each set M; is of the first category. If x € M;, then \; ¢ So(T"), and so
(T — X\)X # X. Furthermore, \; ¢ ~,(T), which implies z € (T — X\;)X. Thus
M, C (T — X)X # X. By A.1.8, M; is of the first category. O

Theorem 19. Let T € B(X). Then the set {x € X : 05(T) \ 7.(T) # 0} is of the
first category.

In particular, the set {z € X : 0o(T) \ 74(T) # 0} is of the first category.

Proof. Choose a countable subset {A1, Aa,...} dense in o5(T) and let M; = {x €
X A\ & 7:(T)}. Since

{z€ X :05(I1)\ 7(T) £ 0} = | M,
=1

it is sufficient to show that each M; is of the first category. Let « € M;. Since
i € 05(T), we have (T'— \;) X # X. Further, A\; ¢ v,(T'), and so x € (T — X\;) X.
Thus M; C (T — X)X, which is of the first category by A.1.8. O

Corollary 20. Let T € B(X). The set of all x € X for which 0,(T) = o(T),
rx(T) = r(T) and v,(T) D os(T) is residual (= complement of a set of the first
category), and therefore dense in X.

Proof. Follows from Theorems 13, 18 and 19. g
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Theorem 21. Let T' € B(X). Then the following statements are equivalent:

(i) T has SVEP;

(ii) v2(T) # O for every non-zero z € X.
Proof. (i) = (ii): If T has SVEP, then v,(T) = 0,(T) for all z € X and the
statement follows from Proposition 8.

(ii) = (i): Suppose that T" has not SVEP. Then there exist a non-empty
open subset U C C and a non-zero analytic function f : U — X such that
(T—-2)f(z)=0 (z€0).

Fix A € U such that f(\) # 0 and let f(z) = > .2, fi(z2 — A)* be the Taylor
expansion of f about A. Then (T'—A)fo = 0 and (T' — \)f; = fi—1 for all i > 1.
We show that 7y, (T') = (. We have

(T=2)> filz=N"" = (T =N+ =2) 3 il =N

=Y fialz =N =Y iz =N = fo
i=1 i=1

in a neighbourhood of A, and so A ¢ 74, (T"). On the other hand, for z # X we have

(T_Z)(/\JEJ,Z> :(T_A)()\Jéz) +()\_Z)(/\J§z> = o

and so 5, (T') C {\}. Hence vy, (T) = 0. 0

Comments on Chapter 11

C.9.1. The basic results concerning the approximate point spectrum and the sur-
jective spectrum of n-tuples of operators are due to Harte [Hal], [Ha2], [Ha3].

Theorem 9.17 is a folklore (but, surprisingly, it seems that it has never been
published in this form).

C.9.2. Let T = (T1,...,T},) be a commuting n-tuple of operators on a Hilbert
space. By the Dash lemma [Das],

o(T) = 0.(T) = {/\ eC™: Z(Tj — X)) (T; — Aj) is not invertible}
j=1
and

or(T) =0s(T) = {)\ eC": Z(Tj — )T — A;)" is not invertible}.

Jj=1
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C.9.3. Theorem 9.23 was proved in [Mii8] and [Re5]; it gives a positive answer to
a problem of Bollobas [Bo4].

By [Red], if T is an operator on a Hilbert space H, then it is possible to find
a Hilbert space K D H and an extension S € B(K) such that o(S) = o,(T).

C.9.4. The basic results concerning the spectra of the multiplication operators L,
and R, (Theorem 9.26) are due to Harte [Ha3]. More generally, let (a1, ..., ay) and
(b1,...,by) be commuting n-tuples of elements in a Banach algebra A. Operators
of the form x — Y. | a;xb; (x € A) are called elementary operators; they have
been studied intensely, see, e.g., [LR], [DR], [Cub], [Fil], [Fi2], [CF].

C.9.5. Let T be an operator on a Banach space X such that 7(T') < 1. Then there
is an n € N such that [|7"]| < 1. Define a new norm on X by

[l]] = sup | T"]]. (1)
n>0
Clearly, ||| - ||| is equivalent to the original norm and [||Tz||| < |||z||| for each
z € X. Thus T : (X, ||| - |I|) = (X, ]| - |]]) is a contraction.

Hence for an operator T' € B(X) we have r(T) = inf{|||T|||} where the
infimum is taken over all operator norms that arise from the norms on X equivalent
to the original one. This is a stronger result than the corresponding statement for
Banach algebras, see Corollary 1.33.

If X is a Hilbert space, then it is possible to consider only equivalent Hilbert
space norms on X: we can replace (1) by

n—1 . /
el = (3 1ra?)
=0

C.9.6. Complemented and uncomplemented subspaces play an important role in
spectral theory. The uncomplemented subspaces are quite common. In fact, the
following result is true, see [LT].

Theorem. All closed subspaces of a Banach space X are complemented if and only
if X is isomorphic to a Hilbert space.

On the other hand, it is not easy to construct concrete examples of uncom-
plemented subspaces. The best-known example of an uncomplemented subspace
is the space ¢y in £°°.

C.9.7. Tt is easy to see that if T' € B(X) is left (right) invertible, then T* € B(X™)
is right (left) invertible. The converse implications are true in reflexive Banach
spaces but not in general, see [Pil, pp. 366-367].

Thus in reflexive Banach spaces 0/(T) = 0,.(T") and 0,.(T) = 0;(T*). In
general, we have only o;(T") D o.(T") and o.(T) D o;(T™).
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C.9.8. If X is a finite-dimensional Banach space, then o(T") = 0;(T) = 0(T) for
each operator T' € B(X). By [GwM] there is an example of an infinite-dimensional
Banach space with the same property (compare with C.8.4).

C.10.1. The notion of gap was introduced and the fundamental lemma 10.9 proved
in [KKM], see also [GhK1], [Katl].

For a survey of results concerning the reduced minimum modulus and the
gap see [Kat2].

~

C.10.2. Instead of the gap §(M, N) between two subspaces M, N C X it is possible
to consider the Hausdorff distance A(Sjps, Sy) between their unit spheres, see
Appendix A.4. These two quantities are closely related by

5(M,N) < A(Sar, Sy) < 26(M, N), (2)

see [GhM]. The advantage of A is that it satisfies the triangular inequality. On
the other hand, the gap § is more convenient to work with.

By (2), the gap and the Hausdorff distance A define the same topology on the
set of all closed subspaces of a Banach space. Moreover, this topology is complete.

C.10.3. Theorem 10.14 is due to Apostol [Ap3]. Theorem 10.17 was proved by
Markus [Mar].

C.10.4. A subspace M of a Banach space is called paraclosed if there are a Banach
space Y and T € B(Y, X) with RanT = M. Paraclosed subspaces (sometimes also
called paracomplete or operator ranges) were studied by a number of authors, see,
e.g., [FW], [Em], [Cr].

Equivalently, a subspace M of (X, |- ||) is paraclosed if and only if there is a
complete norm ||| - ||| on M which is greater than the original norm || - ||.

Clearly, each closed subspace is paraclosed but the opposite is not true. Al-
though there are many linear subspaces of X that are not paraclosed, practically
all subspaces that appear in operator theory are paraclosed.

If M and L are paraclosed subspaces of X, then both M N L and M + L are
paraclosed. Thus paraclosed subspaces form a lattice.

C.10.5. Let M, L be closed subspaces of a Hilbert space H. Then the gap between

-~

M and L can be expressed in a simpler way by 6(M, L) = ||Pys — Pr|| where Py,
Pr, are orthogonal projections onto M and L, respectively.
Consequently, in Hilbert spaces the gap satisfies the triangular inequality.
By [Ap6], for T € B(H) we have v(T) = inf(o(|T]) \ {0}) where |T| =
(T*T)'/2.

C.11.1. The factorization of continuous vector-valued functions (Theorem 11.1)
was proved by Taylor [Tal] (formulated for exact sequences).
Lemma 11.3 is a folklore; the proof is, e.g., in [Fa2] or [Va5].
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C.11.2. Factorization of analytic vector-valued functions was proved for exact se-
quences by Taylor [Tal] and in general by Slodkowski [Sl4], see also [Jan]. Here we
presented a different proof of the local result Theorem 11.9. The original proof of
Stodkowski was done by induction and based on the following linearization result
[GKL], [Boe]:

Theorem. Let U C C be an open connected set. Let T : U — B(X,Y) be a function
analytic on U. Then there exist a Banach space Z, operators S,V € B(X®Z,Y®Z)
and analytic functions C; : U — B(X @ Z), C2 : U — B(Y @ Z) such that C1(2)
and Ca(z) are invertible operators and

Co(2)(T(z)®I7)C1(2) =S — 2V (z€U).

The global result (Corollary 11.12) uses a result of Leiterer [Le]; its proof is
based on the operator version of the classical Cartan lemma.

Corollary 11.14 was proved by Allan [All2], [All3], see also [Shu]. In this case
an elementary proof is available.

C.11.3. Note that the statement of Theorem 11.9 is weaker than the corresponding
one-dimensional result Theorem 11.5. In Theorem 11.5 we assumed only that
inf y(T'(wy)) > 0 for a convergent sequence (wy); in Theorem 11.9 we assumed in
fact that inf,cy v(T'(2) > 0 for some neighbourhood U of w € G. This suggests
the following

Conjecture. In Theorem 11.9 it is sufficient to assume that inf,cpr v(T'(2)) > 0 for
some set M C G with the property

f analytic in a neighbourhood U of w, f[(M NU)=0= f =0 on U.

C.11.4. A factorization result analogous to Theorem 11.1 for C'°°-functions was
proved by Mantlik [Man].

C.12.1. Kato and Saphar operators were studied under various names by a number
of authors, see, e.g., [Katl], [Kal], [GIK], [Grl], [Ap6], [Mbl], [MO1], [MO2],
[Miil15], [Sm1], [Sm2], [Sap], [Rad]. Many authors call Kato and Saphar operators
semi-regular and regular, respectively. In the present monograph we prefer the
names introduced by Schmoeger, since the words like “regular” are overused in
mathematics (by a regular operator many mathematicians would understand an
invertible operator).

C.12.2. For T € B(X) it is possible to define a family of ranges R, (T") indexed by
ordinal numbers by Ro(T) = X, Rat1(T) = TRa(T) and Ra(T) = (5., Bs(T)
for limit ordinals «.. The transfinite ranges form a monotone family; its intersection
co(T) is called the couer of T. Properties of the transfinite ranges were studied in
[Sap]. It is easy to see that T'co(T) = co(T) and co(T’) is the maximal subspace
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(not necessarily closed) with this property. Clearly, co(T") C R*(T'). For Kato
operators we have co(T) = R*(T) but this equality is not true in general.

C. 12.3. Propositions 12.28, 12.29 and 13.11 implying &(7'S) \ {0} = 6(ST) \ {0}
for many types of spectrum were proved by Barnes [Ba3].

C.13.1. For information about generalized inverses see Groetsch [Gro]. The gener-
alized inverses originated in the Moore-Penrose inverses of matrices [Mo], [Pe].

C.13.2. Let T' € B(X) be Saphar and let S : U — B(X) be the analytic generalized
inverse S(z) = Y oo, Sz constructed in a neighbourhood U of 0, see Theorem
13.9. Tt is easy to verify that Ker S(z) and RanT'(z) are constant and S satisfies
the resolvent identity

S(z) — S(w) = (2 —w)S(2)S(w) (z,w e U)

cf. C.8.5. It is an interesting open question, see [ApC1], [ApC2], whether there
is a global analytic generalized inverse defined on C \ ogap(T") (or at least on a
neighbourhood of a given compact set K C C\ ogap(T)) satistying this additional
condition. For a positive answer in Hilbert spaces, see [BM].

C.13.3. The existence of a global analytic generalized inverse on the complement
of the Saphar spectrum (Theorem 13.10) was proved in [Shul, see also [Miil5].

C.13.4. The Saphar spectrum in Banach algebras was studied in [Kol] and [Mb2].

C.14.1. The local spectral theory was originated by Dunford [Du2]. It was mo-
tivated by the theory of scalar and decomposable operators that were studied
intensely by a number of authors, see, e.g., [CF]. For a recent survey see [LN].

The spectral mapping property is due to Vasilescu [Val], see also [Vr]; the
present proof was given in [KM2]. The existence of many points with the local
spectrum equal to the (global) spectrum was proved by Vrbovd [Vr].

C.14.2. Let T € B(X) and 2 € X. In general, the limit lim,, o, ||7"x'/™ does not
exist. In fact [Dan], the set of all accumulation points of the sequence (||T"z||*/™)
is the whole interval (liminf | T"z||*/™, r,(T)).

C.14.3. Let T € B(X) and = € X. Then the local resolvent g : C\ 0,(T) — X
satisfying (T' — z)g(z) = ¢ (z € C\ 0,(T)) is a uniquely determined analytic
function.

For functions f analytic on a neighbourhood of o, (T") define the local func-
tional calculus by

fTe= o [ 1@

where T is a contour surrounding o, (7T'). In general, f(7T') is defined only for those
x € X such that o, (7T) is contained in the domain of definition of f.



Chapter III

Essential Spectrum

In this chapter we study various types of essential spectra of operators on a Banach
space X . They are closely connected with the Calkin algebra B(X)/K(X), where
K(X) denotes the ideal of compact operators.

We start with the classical theory of compact and Fredholm operators.

15 Compact operators

Definition 1. Let X,Y be Banach spaces. An operator ' € B(X,Y) is called
compact if the set TBx is totally bounded (i.e., if TBx is compact, where Bx
denotes the closed unit ball in X).

We say that T is of finite rank if dimRanT < oo.

The set of all compact (finite-rank) operators from X to Y will be denoted
by K(X,Y) and F(X,Y), respectively. If Y = X, then we write K(X) = K£(X, X)
and F(X) = F(X, X) for short.

Clearly, T € B(X,Y) is compact if and only if for every € > 0 there exists a
finite set {x1,...,2,} C Bx such that min{||Te — Tz;|| : 1 <i < n} <¢ for all
x € Bx.

The next theorem summarizes the basic properties of compact and finite-rank
operators.

Theorem 2. Let X and Y be Banach spaces. Then:
(i) K(X,Y) is a closed subspace of B(X,Y);

(il) F(X,Y) is a subspace of B(X,Y) and F(X,Y) C K(X,Y);

(iii) if X1 and Yy are Banach spaces, U € B(X;,X), T € K(X,Y) and S €
B(Y,Y1), then STU € K(X1,Y1). If T € F(X,Y), then STU € F(X1,Y1);
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(iv) in particular, if Y = X, then F(X) is a 2-sided ideal and KC(X) is a closed
2-sided ideal in B(X);
(v) if T € K(X,Y), then T is of finite rank if and only if RanT is closed.

Proof. (i) Let T, S € K(X,Y) and let ¢ > 0. Then there exist finite subsets
{z1,...,zp}and {2}, ..., 2}, } of Bx such that min{||Tz—Tz;|| : 1 <i <n} <e/2
and min{||Sz — Sz/j|| : 1 < j < m} < £/2 for every x € Bx. Consider the finite

j
set {Tx¢+Sx;:1§i§n,1§j§m}. For = € Bx we have

min{||(T + S)z — (Tz; + S2j)|| : 1 <i<n,1<j<m}<e.

Since € was arbitrary, the set (7" + S)Bx is compact.

In a similar way it is possible to show that the set K(X,Y") is closed and that
a scalar multiple of a compact operator is compact.

(ii) The inclusion F(X,Y) C K(X,Y) follows from the fact that closed balls
in finite-dimensional Banach spaces are compact.

(iii) Let U € B(X1,X), T € K(X,Y) and S € B(Y,Y1). Then TBx and
S(TBx) are compact. Hence the set (STU)Bx C ST(||U||- Bx) = ||U|| - S(T'Bx)
is also compact and STU € K(X,Y).

The statement for finite-rank operators is clear.

This implies also (iv).

(v) Clearly, each finite-rank operator has closed range.

For the converse, let T': X — Y be compact and RanT closed. By the open

mapping theorem, there is a positive constant k with TBx D k- Bran- Since T
is compact, we conclude that k - Bran 7 is compact. Hence dim Ran T < oc. O

Proposition 3. If T € K(X,Y), then RanT is separable.

Proof. We have RanT = (|Jy—, ¥T'Bx)~ and kT Bx is totally bounded for every k.
U

Theorem 4. Let T € B(X,Y). Then T is compact if and only if T* is compact.

Proof. Suppose that T' is compact and let € > 0. We must show that there exists
a finite subset {y7,... ,y;} C By~ such that for every y* € By~ there exists r,
1 <r <pwith [|[T*y* — T*y¥| <e.

Since T is compact, there exists a finite subset {z1,...,z,} C Bx such that
min{||Tz — Tz;|| : 1 < j < n} <e/3 for every x € Bx.

The set {((T2z1,y*),...,(T2n,y*)) : y* € By~ } is a bounded subset of C",
therefore there exists a finite subset {y7,...,y,;} of By~ such that for each y* €
By~ there exists r € {1,...,p} with the property

(T y" —y)l <e/3  (1<j<n). (1)

We show that {yj,...,ys} is the required subset of By-.
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Let y* € By-. Find r € {1,...,p} with (1). Let « € Bx. Then there is
aje€{l,...,n} such that |Tz — Tz;|| < /3 and we have

< o=, Ty") [ 4 (2, T (" — g )| + [z — 2, Ty
=Tz =Ty, y") + [Tz, y" —yi)| + (Ta; — Tx,y)| <e.

Thus
IT*y* — T*yy|| = sup{[(z, T"y" —T*y;)| : v € Bx} <e

and T™* is compact.
Suppose now that T* is compact. Then T** is compact and so is T = T**| X,
since TBx = T**(Bx++ N X) C T**Bx++, which is compact. O

Theorem 5. Let T' € B(X,Y'). The following conditions are equivalent:

(i) T is compact;
(ii) if (za)a is a net of elements of Bx and x, — 0 weakly, then | Tx.| — 0;

(iii) the restriction T|Bx is a continuous mapping from Bx with the weak topol-
ogy into Y with the norm topology;

(iv) for every € > 0 there exists a closed subspace M C X with codim M < oo
such that sup{[|Tz| : x € M, ||z =1} <e.

Proof. (1) = (ii): Let (x4 ) be a net of elements of Bx, zo — 0 weakly. It is easy to
show that also Tz, — 0 weakly. Suppose on the contrary that ||Tx| 4 0. Then
there exists a positive constant ¢ and a subnet (x4, )g such that || Tz, | > c for all
B. Since T Bx is compact, the net (T'z,,) has an accumulation point y. Clearly,
llyll > c. On the other hand, Tz, — 0 weakly and so y = 0, a contradiction.

(ii) = (iii): Let (zo) C Bx, xq — x weakly. Then z, — x — 0 weakly, and
so ||[Tz — Tzo|| — 0. Hence Txy — Tz in the norm topology.

(iii) = (iv): Suppose that (iv) is not true, so there exists ¢ > 0 such that, for
every closed subspace M C X of finite codimension, there exists xp; € M with
lzaz]| = 1 and ||Tzar|| > c¢. Consider the net (xpr)ar directed by the inclusion,
M>M & M cC M'. 1t is easy to see that xpr — 0 weakly and ||[Tzz]| # 0.

(iv) = (i): Suppose that T is not compact, so there exists ¢ > 0 such that
T Bx can not be covered by a finite number of balls of radius ¢. Choose x; € Bx
arbitrarily and construct inductively a sequence (x;) of points in Bx such that
|Txz; — Txj|| > cfor all i,j € N,i # j. Clearly, ||z; — ;|| > TR

Let M C X be a closed subspace of finite codimension and let P € B(X) be
a projection onto M. Let € > 0. Since dim Ran(/ — P) < oo, we can find j, k € N,
J # k such that ||(I — P)z; — (I — P)zg|| <e. Then

[P(z; — )|l < [lwj — oell + [|(I = P)(z; —zp)|| <2+¢
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and
|TP(x; —xp)l| 2 [|[Txy — Takl| — [|[T(I — P)(x; —zp)|| = ¢ — || T
Thus

ITP(zj —xp)] o c—elT]

sup{||Tu| : uw € M, |ju]| =1} > >
p{ITul Il =12y pa 2 2 2 se

Letting € — 0 gives sup{||Tu|| : u € M, |lu|| = 1} > ¢/2 and (iv) is not true. O

Corollary 6. Let T' € B(X,Y) be a compact operator and (x,) a sequence of
elements of X, x, — 0 weakly. Then ||Tz,|| — 0.

Proof. A weakly converging sequence is bounded by the Banach-Steinhaus theo-
rem. g

Theorem 7. Let T € B(X) be a compact operator and A\ € C,A # 0. Then
Ran(T — \) is closed.

Proof. Let M be a subspace of X of finite codimension satisfying the condition
sup{||Tz| : z € M, ||z[| = 1} < 1}, Then

A
1T = Nal| > [N [lal| — | T]| > '2' ]

for all x € M. Thus the restriction (T' — A\)|M : M — X is bounded below
and (T — A)M is closed. Let N be a finite-dimensional subspace of X such that
X=M&N.Then (T —A\)X = (T —ANM + (T — A\)N, where dim(T — \)N < oc.
Hence Ran(T — )) is closed. O

Lemma 8. Let X be a Banach space, let M C X be a closed subspace, M # X
and let € > 0. Then there exists x € X such that ||z|| < 1+ ¢ and dist{z, M} = 1.

If codim M = oo, then there exists a sequence (;)$2, of elements of X such
that ||zx| <1+ ¢ and dist{@wr1, M V \/f:1 x;} =1 for every k.

Proof. Choose any xo € X with ||zg + M| x/p = 1. Since 1 = [Jzg + M || x/n =
inf{||zo + m| : m € M}, we can find m € M such that & = z¢ + m satisfies
dist{x, M} = dist{zg, M} =1 and |jz|| <1 +e.

Using the first statement repeatedly gives the second statement. 0

Theorem 9. Let T' € B(X) be a compact operator and let A € C, A # 0. Then
dim Ker(T' — \) < o0.

Proof. Suppose on the contrary that dim Ker(T' — A\) = co. By Lemma 8, there

exists a sequence (z;):2, of elements of Ker(T' — A) such that ||zx|| = 1 and
dist{zp+1, \/f:1 z;} > 1/2 for all k. Then (z;) is a bounded sequence and (Tz;)
contains no convergent subsequence, since ||Ta; —T'z;|| = |[[Az; — Azj|| = |A|- ||z —

zj|| > ‘;" for all i # j. O



15. Compact operators 153

Theorem 10. Let K € B(X) be a compact operator. Then:

(i) there exists k € N such that Ker(I + K)¥! = Ker(I + K)*;
(ii) there exists j € N such that Ran(I + K)’™! = Ran(I + K)’;
(iii) dim Ker(I + K) > codim Ran(I + K).

Proof. (i) Write T = I + K. We have KerT C KerT? C --- . Suppose on the
contrary that Ker T**! # Ker T* for all n. Using Lemma 8 inductively we find a
sequence of elements x;, € Ker T* such that ||xx|| < 2 and dist{zy, Ker T*~1} =1
for each k. For i > j we have

||K.Z‘j — K.TJlH = ||T.Z‘J —xj — Tx; + Iz” > dist{xi,KerTi_l} =1,

since Tw; —x; — T'x; € Ker T"~1. Thus the sequence (Kz;) contains no convergent
subsequence, which is a contradiction with the compactness of K. Hence there is
a k € N such that Ker T#+! = Ker T'*.

(ii) For each k > 0, the operator (I + K)* can be expressed as I + K’ for
some compact operator K’ € B(X). Thus Ran(I + K)* is closed for each k.

By (i), there exists j > 0 such that Ker(Ix- + K*)I*! = Ker(Ix« + K*)J.
Thus Ran(I 4+ K)7+! = + Ker(Ix« + K*)7T! = L Ker(Ix- + K*)? = Ran(I + K)7.

(iii) Let T = I + K and let k satisfy Ker T**! = Ker T*. By Theorem 9, we
have dim KerT' < oo. Since T* = (I + K)*, we can write T* in the form I + K’
for some compact operator K’, and so dim Ker T* < oo.

Let aq,...,a;, be a basis of KerT and let aq,...,am,@mt1,-..,a6, be its
completion to a basis of Ker T* = Ker TF+!. Since T Ker T* C KerT*, we have
TKerT* C \/{Tam+1,-..,Ta,}, and so dim T Ker T* < r — m. Choose another
basis by, ..., b, in Ker T* such that by, 1, ..., b, is a basis of T Ker T*. Thus r—n =
dimTKerTF < r — m, and so m < n. We now prove that codimRanT > n. To
show this, it is sufficient to prove that by, ..., b, are linearly independent modulo
RanT.

Suppose on the contrary that Y ., a;b; € RanT for some a; € C. Let
b € X satisfy Y7 a;b; = Tb. Since Y- | a;b; € Ker T*, we have b € Ker TF+! =
KerT%. Thus Tb € T Ker T* and Tb is a linear combination of bn+1,---,by. There-
fore &y = -+ = a;, = 0. Hence codimRanT > n > m = dim KerT. O

Theorem 11. Let K € B(X) be a compact operator and let A € C, A # 0. Then

dim Ker(K — \) = dim Ker(K* — X)
= codim Ran(K — \) = codim Ran(K™ — A).

Proof. By A.1.14 and Theorem 7, dimKer(K — \) = codim Ran(K* — \) and
dimKer(K* — X\) = codimRan(K — \A). By the preceding theorem, we have
dim Ker(K — X) > codim Ran(K — \) = dim Ker(K™* — X). Since K* is also com-
pact, dim Ker(K* — \) > dim Ker(K** — \). Further, K — A = (K** — ))| X, and
so Ker(K — \) C Ker(K** — \). Hence dimKer(K — A\) =dimKer(K* —X). O
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Lemma 12. Let T' € B(X), let A1, A2, ... be distinct non-zero eigenvalues of T', and
let 1, 2, ... be corresponding non-zero eigenvectors. Then the vectorsz; (i € N)
are linearly independent.

Proof. We prove by induction on n that x4, ..., z, are linearly independent. This
is clear for n = 1 since 1 # 0.

Suppose that x1,...,x, are linearly independent and z1,...,z,41 are lin-
early dependent. So x,+1 = Z?:laixi for some «; € C. We have x,11 =

—1 oy —1 n ) .— n Xicvi .. Mg . . .
M TTnyr = Ny Dl = )7 ST Thus o; = Ao which implies

a; =0fori=1,...,n. Hence z,41 = 0, a contradiction. O

Theorem 13. Let K € B(X) be a compact operator, A € o(K) and A # 0. Then A
is an isolated point of o(K).

Proof. Suppose on the contrary that there exists a sequence (A;) C o(K) converg-
ing to A\. By Theorem 11, A\; are eigenvalues of K. Let xj, be corresponding eigen-
vectors, i.e., xx # 0, Tz, = M\yzy (K € N). For k € Nlet My, = \/{x1,..., 25}
By Lemma 12, My # My # ---. Clearly, KM, C My and (K — A\g)M; C
My—1 (k € N). By Lemma 8, we can find elements y; € M}, such that |yz| < 2
and dist{yx, M_1} =1 (k> 2). For i > j > 1 we have

1K y: — Kyl = [[Aiyi + (K = Ny = Ay — (K = Ayl = dist{Xiys, Mi—1} = [Adl-
Since A\, — A # 0, the sequence (Ky;) contains no convergent subsequence. This
is a contradiction with the compactness of K. O

Corollary 14. Let K € B(X) be a compact operator. Then o(K) is at most count-
able. If A € o(K), A # 0, then \ is an isolated point of o(K) and

0 # dimKer(K — A) = codim Ran(K — \)
= dimKer(K™* — X\) = codim Ran(T™ — \) < occ.
Examples 15. (i) An important example of compact operators are integral opera-
tors.
Consider the Banach space C{(a, b) of all continuous complex-valued functions

on a bounded closed interval (a,b) with the sup-norm.

A continuous function K (s,t) defined on (a,b) x {a,b) defines an operator T
on C{a,b) by

b
(Tf)(s) = / K (s, 1) f(t)dt.

It follows from classical results of analysis that T" is a compact operator.
The classical Fredholm integral equation is

b
A (s) - / K(s,0)f(t)dt = g(s)  (a<s<b),

where g € C{a,b) is given, A is a parameter and f is unknown. Clearly, we can
write the equation as (Al —T)f = g.
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This was the original motivation that led to the study of operators of the
form A\ — T where T is compact, see Riesz [Ri2]. The theory of these operators is
sometimes referred to as the Riesz-Schauder theory.

(ii) Let X,Y be Banach spaces, z* € X* and y € Y. Denote by y ® z* :
X — Y the operator defined by (y ® 2*)z = (z,z*)y (2 € X). Obviously,
ly@a*|| = llyll - "] and dim Ran(y © 2~) = 1.

Finite-rank operators are precisely finite linear combinations of operators of
this form.

Operators that can be expressed as Y .~ y;®z} for some y; € Y and 27 € X*
with Y. [lys || - |}]| < oo are called nuclear. It is easy to see that nuclear operators
are norm-limits of finite-rank operators and therefore they are compact.

Nuclear operators acting on X form a non-closed two-sided ideal.

(iii) A diagonal operator diag(cy, ca,...) acting on a separable Hilbert space
is compact if and only if lime¢; = 0; it is nuclear if and only if > |¢;| < oo. The
same characterization is true for unilateral weighted shifts with weights c;.

(iv) Let H be a Hilbert space with an orthonormal basis (e;);>1. Opera-
tors T' € B(H) defined by Te; = 2511 a;je; (j > 1), where o;; € C satisfy
Do lavi ;| < oo, are called Hilbert-Schmidt. Clearly, Do lovi | = > | Te;|%
this number does not depend on the choice of an orthonormal basis (e;).

Hilbert-Schmidt operators are an important example of compact operators.

(v) The Volterra operator V : L?(0,1) — L2(0,1) is defined by (V f)(z) =
Jy f(y)dy. V is an example of a compact operator with (V) = {0}.

(vi) Let 1 < p < ¢ < oo. By the Pitt theorem, every operator T : ¢4 — (P
is compact. Furthermore, if X is reflexive, then each operator T € B(X, ') or
T € B(cg, X) is compact.

16 Fredholm and semi-Fredholm operators

Definition 1. Let X,Y be Banach spaces, let T' € B(X,Y’). We say that:

(i) T is upper semi-Fredholm if RanT is closed and dim KerT' < oo;
(i1) T is lower semi-Fredholm if codim RanT < oo;
(i) T is Fredholm if dimKerT < oo and codimRanT < oc.

The set of all upper semi-Fredholm, lower semi-Fredholm and Fredholm op-
erators will be denoted by &4 (X,Y), ®_(X,Y) and ®(X,Y), respectively. Obvi-
ously, ®(X,Y) =@, (X,Y)NP_(X,Y). Operators in & (X, Y)UP_(X,Y) will
be called shortly semi-Fredholm. If Y = X, then we write ®(X) = ®(X, X) and
similarly @ (X) and ®_(X) for short.

The definition of semi-Fredholm operators is seemingly asymmetrical. How-
ever, the condition codim RanT" < oo implies that the range of T is closed.
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Lemma 2. Let T € B(X,Y) and let F' C Y be a finite-dimensional subspace.
Suppose that RanT + F' is closed. Then RanT is closed.
In particular, if codim RanT < oo, then RanT is closed.

Proof. Let Fy = RanT' N F and choose a subspace F; such that Fy & Fy = F. Let
S:(X/KerT) @& Fy — Y be the operator defined by S(z +KerT) & f = Tz + f.
Then RanS = RanT + F and S is one-to-one. Hence S is bounded below, and
consequently, the space RanT = S(X/KerT & {0}) is closed. O

Definition 3. Let T' € B(X,Y) be an operator with closed range. We write a(T) =
dim Ker T"and 5(T") = codim Ran T'. If T' is semi-Fredholm (either upper or lower),
then the index of T is defined by ind(T) = «(T) — B(T).

Clearly, if T' is Fredholm, then ind(T) < co. If T' € & (X,Y)\ ®(X,Y), then
ind(T) = —c0. H T € ®_(X,Y)\ ®(X,Y), then ind(T) = +cc.
Theorem 4. Let T € B(X,Y’) be an operator with closed range. Then o(T*) = (T
and 3(T*) = o(T'). Thus:

Ted(X,Y) & T ed* X",
Ted, (X,Y) & T ed (Y X");

Ted (X,Y) & T ed, (VX"
T =

If T is semi-Fredholm, then ind —indT.

Proof. We have
B(T) = dim Y/RanT = dim (Y/ RanT)* = dim Ran T+ = dim Ker T* = o(T™).
Similarly,
a(T) = dimKer T = dim (Ker T)*
= dim X*/(Ker T)* = dim X*/RanT* = §(T*). O
Theorem 5. Let X,Y and Z be Banach spaces, T € B(X,Y) and S € B(Y, Z).
Then:

(i) if T and S are lower semi-Fredholm, then ST is lower semi-Fredholm;
(ii) if T and S are upper semi-Fredholm, then ST is upper semi-Fredholm;
(i) if T and S are Fredholm, then ST is Fredholm.
Proof. (i) Let Yy C Y and Zy C Z be finite-dimensional subspaces such that

RanT+Yy=Y and RanS+Zy = Z. Then Z = Zy+SY = Zy+ SRanT + SYy =
Ran(ST) + (Zo + SYy), where dim(Zy + SYp) < co. Thus ST € ¢_(X, Z).

(ii) If 7\, S are upper semi-Fredholm, then 7%, S* are lower semi-Fredholm
and, by (i), T"5* is lower semi-Fredholm. Thus ST is upper semi-Fredholm.

(iii) Follows from (i) and (ii). O
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Theorem 6. Let X,Y and Z be Banach spaces, T € B(X,Y) and S € B(Y, Z).
Then:
(i) if ST is lower semi-Fredholm, then S is lower semi-Fredholm;
(ii) if ST is upper semi-Fredholm, then T is upper semi-Fredholm;
(iii) if ST is Fredholm, then S is lower semi-Fredholm and T is upper semi-
Fredholm.
Proof. (i) We have Ran S D Ran(ST), so codimRan S < codim Ran(ST) < oc.
(ii) If ST is upper semi-Fredholm, then its adjoint (ST)* = T*S* is lower
semi-Fredholm, so T* is lower semi-Fredholm and T is upper semi-Fredholm.
(iii) Follows from (i) and (ii). O
Corollary 7. The sets ®(X), ®(X) and ®_(X) are regularities.

Proof. T, S € B(X) and T'S = ST, then the previous two theorems imply
TSecd(X)eTed(X)and S € P(X),

and analogous equivalences also for @ (X) and &_(X).
Thus the sets of all Fredholm, upper and lower semi-Fredholm operators
satisfy property (P1) of Section 6. O

The corresponding spectra are called essential, essential approrimate point
and essential surjective, respectively:

0 (T)={AeC:T—\¢dX)}
Jﬂe(T) :{AGCT—A¢(I)+(X)}’
05e(T)={AeC:T-\¢g ®_(X)}.

Properties of these important spectra will be studied later where we also
show that they can be extended to commuting n-tuples of operators.

Clearly, \ € os5.(T) if and only if codim Ran(T — A) = co. The name of the
essential approximate point spectrum is justified by the following result:

Theorem 8. Let T' € B(X,Y). Then T is upper semi-Fredholm if and only if there
exists a closed subspace M C X of finite codimension such that inf{||Tz| : z €
M, ||lz|| = 1} > 0. Consequently, A € ox(T) if and only if

inf{|(T — Nz|| : 2 € M, ||lz]| =1} =0

for each closed subspace M of finite codimension.

Proof. Let T € @ (X,Y). Then dim Ker T < oo and we can find a closed subspace
M C X such that X = Ker T@M. The restriction T'|M : M — RanT is one-to-one
and onto, and so it is bounded below.
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Conversely, let M C X be a closed subspace of finite codimension and
inf{||Tx| : z € M, ||z|| =1} > 0. Since Ker TNM = {0}, we have dimKer T < cc.
Let F be a finite-dimensional subspace of X such that F & M = X. Then
RanT = TF + TM, where TM is closed since T|M is bounded below and
dim TF < oo. Hence RanT is closed. Therefore T is upper semi-Fredholm. O

Theorem 9. Let T' € B(X,Y) and K € K(X,Y). Then:

) Ted (X, Y)=T+Kecd, (X,Y);
(i) TeP_(X,)Y)=T+Kecd_(X,Y);
(i) Te®(X,Y)=T+ K e &(X,Y).

Proof. (i) Let T € &, (X,Y) and let M; be a closed subspace of X such that
codim My < oo and inf{||Tz|| : € My,||z]| = 1} = ¢ > 0. Since K is compact,
there exists a closed subspace My C X with codim M < oo and sup{ |Tx| : x €
My, ||z = 1} < ¢/2. Set M = M; N M. Then codim M < oo and inf{[|(T +
K)z|| : x € M,|z| =1} > inf{||Tz| — |Kz| : € M,||z]| = 1} > ¢/2. Hence
T+Ked (X,Y).

(i) UHTed_ (X,Y)and K € K(X,Y), then T* is upper semi-Fredholm and
K* is compact. By (i), T* + K* is upper semi-Fredholm, and so T'+ K is lower
semi-Fredholm.

(iii) Follows from (i) and (ii). O

Theorem 10. Let T € &, (X,Y) and let M be a closed subspace of X. Then T M
is closed.

Proof. Let X = Ker T'® Mj; so T|M; be bounded below. Then M = (MNM;)+ My
for some finite-dimensional subspace M. Thus TM = T(M N My) + T My where
T(M N M) is closed since T|M; is bounded below, and dimT My < oco. Hence
TM is closed. 0

Theorem 11. The sets ¢ (X,Y), ®_(X,Y) and ®(X,Y) are open.

More precisely, if T € ®(X,Y) (T € ®_(X,Y)), then there exists ¢ > 0
such that a(T + S) < o(T) (B(T + S) < B(T)) for every S € B(X,Y) with
IIS|| < e. In particular, the functions a: 4 (X,Y) — (0,00) and 5 : ®_(X,Y) —
(0, 00) are upper semicontinuous.

Proof. Let T € ®(X,Y). Let M be a closed subspace of X such that X = Ker T'®
M. Then T|M is bounded below. If S € B(X,Y) satisfies ||.S|| < j(T|M), then
(T+S)| M is bounded below, and so T+S € &, (X,Y). Since Ker(T+S)NM = {0},
we have a(T + 5) = dimKer(T' + 5) < codim M = dimKerT = «o(T).

By taking adjoints we get the corresponding statements for lower semi-
Fredholm operators. Finally, the set ®(X,Y) = &, (X, Y)N®_(X,Y)isopen. O

We show later that it is possible to take £ = «(T") in the previous theorem.
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Theorem 12. Let S € B(X,Y) and T € B(Y,Z). If both S and T are lower semi-
Fredholm (or both are upper semi-Fredholm), then ind T'S = ind T + ind S.

Proof. Let us first suppose that both T and S are Fredholm. Let Yy = Ran S N
KerT. Then dim Y, < co. Choose subspaces Y7 and Y5 such that RanS =Y, ®Y;
and Ker T' = Yy®Y5. We have YonRan S € Ker TNRan S = Yp, and so YoNRan S =
{0}. Choose a finite-dimensional subspace Y3 such that Y = RanS ¢ Y, ¢ Y5 =
Yo@ Y1 ®Ys @ Y3 Then

TY =TY1 @TYs =T(Y1®Yy) ®TY3 = TRanS G T3,

and so codim Ran(7T'S) = codimRanT + dim 7T'Ys = codim RanT + dim Y3.
Furthermore, dim Ker T = dimYy + dim Y5 and codimRan S = dAim Yo +
dim Y3. Cousider the operator S = S| Ker(T'S) : Ker(T'S) — Yj. Clearly, S is onto
and Ker § = Ker S. Hence dim Yy = dim Ker(T'S) — dim Ker S. Thus
ind(7'S) = dim Ker(T'S) — codim Ran(T'S)
=dim Yy + dim Ker § — codimRanT — dim Y3
=dimKerT — dim Y5 + dim Ker S — codim RanT — codim Ran S + dim Y5
=indT +ind S.

IfSed (X,)Y)\ 2(X,Y), then dimKer(7T'S) > dimKerS = oo, and so
ind(T'S) =00 =indT +1ind S.

Let S be Fredholm and T € ®_(Y, Z) \ ®(Y, Z). Then dim Ker T = co. Since
codimRan S < oo, we have dim(RanS N KerT) = oo. Since S maps Ker(7T'5)
onto Ran S N KerT, we conclude that dim Ker(T'S) = oco. Hence ind T'S = —oco =
ind7T +ind S.

Thus indT'S = —oo = ind T'+ind S if both S and T are lower semi-Fredholm.

If S and T are both upper semi-Fredholm, then the statement follows by
duality. O

Theorem 13. Let T' € B(X,Y). The following statements are equivalent:

(i) T is Fredholm;
(ii) there exist S € B(Y, X), F1 € F(X) and Fy € F(Y) such that ST = Ix + F}
and TS = Iy + Fy;
(iii) thereexist S € B(Y,X), K; € K(X) and Ko € K(Y) such that ST = Ix+ K,
and TS = Iy + K>.

Proof. (i) = (ii): Let @ € B(Y) be a projection onto RanT, let M be a closed
subspace of X such that X = KerT @& M. Then T|M : M — RanT is one-
to-one and onto. Let S; : RanT — M be its inverse and set S = S1Q. Then
(ST — Ix)m =0 for all m € M, and so ST — Ix € F(X).

Further (T'S — Iy)|RanT = 0, and so T'S — Iy € F(Y).

(ii) = (iii): Clear.

(iii) = (i): Since ST = Ix + K1 € ®(X), we have T' € &, (X,Y"). Similarly,
TS =1y + Ky € ®(Y) implies that T € ®_(X,Y). Hence T is Fredholm. O
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Thus the Fredholm operators are precisely the operators invertible modulo
the ideal of compact operators. Next, we characterize also the one-sided invertibil-
ity.

Theorem 14. Let T' € B(X,Y). The following conditions are equivalent:

(i) T € ®4(X,Y) and RanT is complemented;
(ii) there exist S € B(Y,X) and F € F(X) such that ST = Ix + F;
(iii) there exist S € B(Y,X) and K € K(X) such that ST = Ix + K.

Proof. (i) = (ii): Let Q € B(Y) be a projection onto RanT, let M be a closed
subspace of X such that X = KerT @ M. Then T|M : M — RanT is one-
to-one and onto. Let S; : RanT — M be its inverse and set S = S1Q. Then
(Ix — ST)|M =0, and so Ix — ST is a finite-rank operator.

(ii) = (iii): Clear.

(ili) = (i): Let ST = Ix + K for some S € B(Y,X) and K € K(X). Then
ST is Fredholm and T € &4 (X,Y’) by Theorem 6.

By Theorem 15.10, there exists k such that Ran(ST)* = Ran(ST)**+!. Set
M = Ran(ST)*. Since (ST)* € ®(X), codimM < oo. Let P € B(X) be a
projection onto M. Write To = T|M : M — Y and Sp = PS : Y — M. Then
SoTo = (ST)|M = Iy + K|M, K|M is compact and SgToM = M. By Theorem
15.11, SoTy € B(M) is invertible, so (SoTp) 1SoTo = Ipr. By Theorem 9.16,
RanTy = TM is complemented in Y. Since RanT = TM + T(I — P)X and
dimT(I — P)X < oo, Lemma A.1.25 (iii) implies that RanT" is complemented.
This finishes the proof. U

Operators satisfying any of the conditions of the previous theorem will be
called left essentially invertible. The right essentially invertible operators can be
characterized similarly.

Theorem 15. Let T € B(X,Y). The following conditions are equivalent:

(i) T e ®_(X,Y) and Ker T is complemented;
(ii) there exist S € B(Y,X) and F € F(Y) such that TS = Ix + F;
(iii) there exist S € B(Y,X) and K € K(Y') such that TS = Ix + K.

Proof. The proof is analogous to the previous theorem. 0

It is clear that the sets of all left (right) essentially invertible operators from X
to X satisfy (P1) and therefore they are regularities. We define the corresponding
left (right) essential spectra of T' € B(X) by

01e(T) = {A € C: T — X is not left essentially invertible},
ore(T) = {X € C: T — X is not right essentially invertible}.

Again, we will show later that these spectra can be extended to commuting n-
tuples of operators.
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For operators on a Hilbert space the left (right) essential spectrum coin-
cides with the essential approximate point spectrum and the essential surjective
spectrum, respectively (from this reason, some authors call o, and o, the left
and right essential spectrum even for Banach space operators; this terminology is
rather confusing).

Theorem 16. Let T' € B(X,Y") be a semi-Fredholm operator and let K € K(X,Y).
Then T + K is semi-Fredholm and ind(T + K) = ind T

Proof. By Theorem 9, ®(X,Y), &, (X,Y) and ®_(X,Y) are invariant under com-
pact perturbations.

Let T € ®(X,Y). By Theorem 13, there exist S € B(Y, X) and K; € K(X)
such that ST = Ix + K;. By Theorem 12 and Corollary 15.14, ind T + ind S =
ind(Ix + K1) = 0, so indT = —ind S. Further, S(T + K) = Ix + (K1 + SK),
where Ky + SK € K(X), and so ind S + ind(T' + K) = 0. Hence ind(T + K) =
—ind S =indT.

T e d (X,Y)\®X,Y), then T+ K € &,(X,Y)\ &(X,Y), and so
ind(T + K) =indT = —o0.

The statement for T € ®_(X,Y) \ ®(X,Y) can be proved similarly. O

Theorem 17. Let T' € ®(X,Y'). Then there exists € > 0 such that T+ R € ®(X,Y)
and ind(T 4+ R) = ind T for every R € B(X,Y) with ||R| < e.

Proof. By Theorem 13, there exist S € B(Y, X) and K € K(X) such that ST =
Ix + K; we can assume that S is Fredholm. Thus ind 7T + ind S = ind ST = 0. If
R e B(X,Y), |R|| < ||S|~*, then S(T + R) = (Ix + SR) + K. Since Ix + SR is
invertible, we have ind S + ind(T + R) = ind(Ix + SR) + K = ind(Ix + SR) = 0.
Thus ind(T'+ R) = —ind S = ind 7. O

The stability of the index for semi-Fredholm operators is true too; it will be
proved later. Moreover, the precise estimate of € will be given.

Theorem 18. Let T' € B(X,Y). The following conditions are equivalent:

() T € ®y(X,Y);
(ii) dimKer(T — K) < oo for every K € K(X,Y);
(iii) there exists € > 0 such that dim Ker(T — K) < oo for every K € K(X,Y)
with [|[K|| <e.
Proof. (i) = (ii) and (ii) = (iii): Clear.
(iii) = (i): Suppose that T ¢ ®,(X,Y), so j(T|M) = 0 for every subspace
M C X of finite codimension. Let € > 0. We construct inductively points x; € X,
z;, € X* (k€ N) such that (zx,x}) = O, [lzll = 1, |25]| < 27 and [T <
£-272 for all j, k € N. The existence of 1 with ||z1]| = 1 and ||T'z1|| < /4 follows

from the fact that j(7') = 0. By the Hahn-Banach theorem there exists 7 € X*
such that ||z7|| = 1 = (1, 27).
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Suppose that we have constructed vectors zi,...,z, € X, 27,..., 2 € X*
satisfying all the conditions required. Consider the space M = (!, Ker z}. Since
codimM < oo, we can find x,11 € M such that ||z 41| = 1 and ||[Tzpi1] <

£-272 ) Let g € X* satisfy ||g|| = 1 = (zny1,9). Set 231 = g— > iy (2, g)a}
Then (a5, 1) = Ginst and 2, | < 1+ 30, 2] < 2741,

Let z1, € X and = € X* be the vectors constructed above. For n € N define
F, € B(X) by Fpoo =>_1" (x,2})Tx;. For m > n and x € X we have

=1

m

|(Fon = F)ll = || D (x,2])Ta; Z ]| - {7 1l - 17|
i=n+1 i=n+1
<lall- 32 <all-e 3 2 < 2ol
1=n+1 1=n—+1

Thus the sequence (F},) is convergent (in the norm) and its limit K is a compact
operator. Further, Kz = Y ;2 (z,25)Tx;, | K| < & and (T — K)z; = 0 for all .
Since the elements z; are linearly independent, we have dimKer(T—K) = oco. O

Theorem 19. Let T € B(X,Y). The following conditions are equivalent:

(i) Ted_(X,Y);
(ii) codimRan(T' — K) < oo for every K € K(X,Y);
(iii) there exists € > 0 such that codim Ran(T — K) < oo for each compact oper-

ator K € K(X,Y) with | K| < e.

Proof. (i) = (ii) and (ii) = (iii): Clear.

(iii) = (i): The argument is similar to the previous proof. Suppose that 7' is
not lower semi-Fredholm, so T* ¢ &, (Y™*, X*) and for every subspace M C Y*
of finite codimension we have j(T*|M) = 0. Let ¢ > 0. We construct inductively
points yr. € Y, y; € Y*  (k € N) such that (yg,y;) = dkj, ykl < 4k, lyill =1
and [|[T*y;|| < e87F for all j,k € N. The existence of y; with [jyj|| = 1 and
IT*y5|| < e/8 follows from the fact that T* is not bounded below. We can find
y1 € T such that [|11]] <4 and (y1,y]) = 1.

Suppose that we have constructed vectors yi,...,yn € Y, y7,...,y5 € Y*
satisfying all the conditions required. Consider the space M = {y1,...,yn}*. Since
codim M < oo and j(T™|M) = 0, we can find y;; , ; € M such that ||y || =1 and
| T*ys 4] < e8~("+1). There exists y € Y such that |jy|| < 2 and (y, Y1) = L.
Set Yni1 =y — >or (Y, yF)yi. Then we have ||y, < 24 >0, 247 < 4nFL
Wnsts¥is1) = W ypan) = Land (i1, y) = (o yl) — Som (s yi) (yayl) = 0 for
1<j<n.

Let y, € Y and y; € Y™ be the vectors constructed above. For n € N define
F, € B(X,Y) by Fpo=>"" (z, T*y})y;. For m > n and z € X we have

m

1=n+1

[(Fom — Fo)z|| = Z l]|e8™" - 4° < J|lzfle27™,

1=n+1
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so the sequence (F,) is convergent, its limit K is a compact operator and | K| < e.
Further, Kz = Y2, (z, T*y})y; and (Kz, yi) = (x, T*y;) = (Tz,y;) forallz € X
and k € N. Thus y; € Ran(T — K)* for all k. Since the elements y; are linearly
independent, we have dim Ran(7 — K)* = codim Ran(T — K) = co. O

We finish the section with the Kato decomposition of semi-Fredholm opera-
tors. We start with the following lemma:

Lemma 20. Let T' € B(X) be an operator with closed range. Suppose that for
each k € N there exists a finite-dimensional subspace Fj, C X such that KerT C
RanT* + F},. Then:

(i) RanT"* is closed for each k € N;

(ii) either T' is Kato, or there exist closed subspaces Y1,Ys C Y invariant with
respect to T such that X =Y; ®Ys, 1 <dimY; < oo and T'Y; is nilpotent.

Proof. (i) We prove by induction on k that RanT* is closed for all k.

By assumption, this is true for k& = 1. Suppose that k£ > 1, RanT* is closed
and let KerT C RanT**1 + Fy,; for some finite-dimensional subspace Fj11. We
may assume that Fj; C KerT.

Let u € Ran Tk+1, By the induction assumption, u € RanT*, and so u = T*v
for some v € X. Further, there are vectors v; € X (j = 1,2,...) such that
T*; — u (j — o). Thus T(T*v; — T*"1v) — 0. Consider the operator
T: X/KerT — RanT induced by T. Clearly, T is bounded below and f(Tkvj —
T lv+KerT) — 0,80 T*vj+TF " tv+KerT — 0 (j — o) in the quotient space
X/ KerT. Thus there exist vectors w; € Ker T such that T%v;+w; — T*~1v. Since
w; € KerT'C Ran T*+Fjy1 and Ran T*+F). 1 is closed, we have T*~ 1y = Tk + f
for some € X and f € Fyy C KerT. Hence u = T*v = TF*+12 € Ran T*+! and
Ran T+ is closed.

(ii) Let k& > 1 be the smallest integer such that Ker T ¢ RanT*; so Ker T C
RanT%~1. Since Ker T ¢ RanT* + Fy,, for all uy, ..., u, € Ker T with n > dim Fj,
there is a non-trivial linear combination Z?:l a;u; € RanT* N KerT. Thus
dim KerT//(Ker TN RanT*) < dim F}, and there is a finite-dimensional subspace
Li_1 such that

KerT = L1 & (KerT'NRanT").

Let r =dimLg_1. Then 1 <r < oo.

As Ly_1 C KerT c RanT*~!, we can find a subspace Lg such that dim Ly =
rand TF 'Ly = Ly_;. Fori=1,...,k — 1 set L; = T"Lq. Clearly, L; C RanT"
and L; N RanT! = {0} for all i. Therefore the subspaces Lo, L1, ..., Ly_1 and
RanT* are linearly independent in the following sense: if [; € L; (0 <i <k — 1),
r€R(T*) and x4+ 1lo+- - +Ilp_ 1 =0,thenz=1lp=---=1_1 =0.

Let z1,...,x, be a basis in Lg. Since TF 1zq,...,T* 1z, are linearly in-
dependent modulo Ran T¢ + Lo + -+ + Li_a, we can find linear functionals
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fiooo fr € (RanT® + Lo+ -+ + Lk_g)L such that (T*~lz;, f;) = d&;; for all
i,7=1,...,7. Set

k—1 k—1 r
Vi=\/L and Yy=[)[)Ker(T*f)).
i=0 1=0 j=1

Clearly, dimY; < oo, TY; C Y; and (T|Y1)* = 0. Further, TY> C Y,. Indeed, if
r € Yy, then

(T, T*f;) = (&, T*FVf) =0 for 0<i<k—2

and <Tac,T*(k_1)fj> = (Tkx,fj> =0.
Since

sz} T*z L\ = Tz+z X, fir) = ’ )

(T, fi) = 5 i) {O otherwise,

the sets {Tz;:0<i<k—1,1<j<r}and {T*f;:0<i<k—-1,1<j<r}
form a biorthogonal system. Thus it is easy to show that X =Y; @ Y5. 0

Theorem 21. (Kato decomposition) Let T' € B(X) be semi-Fredholm. Then there
exist closed subspaces X1, Xo C X invariant with respect to 1" such that X =
X1 @ Xo, dim X7 < oo, T|X; is nilpotent and T| X5 is Kato.

Proof. Suppose first that T is upper semi-Fredholm. If T" is Kato, then we can take
X, ={0}, Xo = X.

If T is not Kato, then we can use the previous lemma to find a decomposition
X=Y1®Yssuchthat TY; CY; (i=1,2),1<dimY; < oo and T|Y7 nilpotent.
Let T; =T|Y; (i =1,2). Clearly, KerT' = Ker T} @ Ker 75, and so dim KerT5 <
dim Ker T'. If T5 is Kato, then the proof is finished, otherwise we can repeat the
same construction for the operator 7. After a finite number of steps we obtain
the required decomposition.

If T is lower semi-Fredholm, then we can proceed similarly. In this case

codim RanT, < codim RanT; + codim Ran T, = codim Ran T

Again, after a finite number of steps we obtain the required decomposition. O

17 Construction of Sadovskii/Buoni, Harte, Wickstead

In this section we introduce a construction which is very useful in the study of
Fredholm operators and essential spectra.

Let X be a Banach space. Denote by £>°(X) the set of all bounded sequences
of elements of X. It is clear that ¢°°(X) with the natural algebraic operations and
with the norm ||(z;)52,; || = sup;en ||| is a Banach space.
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For & = (x;) € £>°(X) let ¢(Z) be the infimum of all € > 0 such that the
set {x; : i € N} is contained in the union of a finite number of open balls with
radius €.

It is easy to see that ¢(Z) = 0 if and only if the set {z; : i € N} is totally
bounded (i.e., its closure is Compact) So ¢ is a “measure of non-compactness”.
Let further m(X) = {Z € £>°(X) : =0}.

The basic propertles of ¢ and m(X ) are given in the next lemma.

Lemma 1. Let X be a Banach space. Then for all ,§ € ¢*°(X) and A € C we
have:
(i) q(z) < [lz]l;
i) q(Z+9) <q(Z) +q(7), ¢(AL) = |Mq(Z) (so q is a seminorm on £>*(X));
(111) m(X) is a closed subspace of £>°(X);
iv)

Af\

m(X) is the closure of the set of all sequences (x;) € ¢*°(X) such that
dim \/{z; : i € N} < o0;

(v) q(&) = inf{||Z +m| : m € m(X)}.

Proof. Straightforward. O
Lemma 2. Let M, N be closed subspaces of a Banach space X and let M C N.
Then:

(i) if dim N/M < oo, then £°(M) 4+ m(X) = £>°(N) + m(X);

(ii) if dim N/M = oo, then dim(£>°(M) + m(X))/(¢*°(N) + m(X)) = oc.
Proof. (i) Let P: N — M be a bounded projection onto M. If n = (n;) € £>°(N),
then (n;) = (Pn;) + ((I — P)n;), where (Pn;) € ¢>°(M) and ((I — P)n;) €
£>°(Ker P) C m(X).

(ii) By Lemma 15.8, there exist vectors x1,22,... in N such that ||ag] <
2 and dist{ka,M \Y, {xl,...,xk}} = 1 for every k. Consider the sequences
M @) ... € (°(N) defined by 2% = (zp41, Tryo,...).

We show that these sequences are linearly independent modulo £°(M) +
m(X). Suppose on the contrary that for some k there are m = (m;) € EOO(M)7
[ = (l;) € m(X) and aq,...,ap—1 € C such that 7R = w4+ 1+ Zi:l a; 79,
Equivalently,

lj = karj — mj — Z Oéil'i+j
for all 5 > 1. Thus for 1 < j < j' we have

1l =Ll =

Thtjr — Thij — My + M5 — E QT — E Tt j
> dist{xk+j/, MV {xh e 7xk+j’fl}} > 1,

and so [ ¢ m(X), a contradiction. O
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For a Banach space X write X = ¢°°(X)/m(X). Thus the elements of X can
be viewed as bounded sequences of elements of X with the new norm ¢(Z); we
identify & and ¢ if ¢(& — g) = 0.

Let X,Y be Banach spaces and let T : X — Y be an operator. Define
T (X)) = L2(Y) by T°°(z;) = (T'z;). It is easy to see that

q(T>=(z)) <[IT[|-q(z) (2 €>(X)),
and so T*m(X) C m(Y).
Let T: X — Y be the operator defined by T'(Z + m(X)) = Tz 4+ m(Y).

Lemma 3. Let T € B(X,Y), S € B(Y, Z). Then:

@ I < I7ll;

(ii) ST = ST;

(iii) if Ix is the identity operator on X, then Ix = Ig;

(iv) T =0 if and only if T is compact.
Proof. Straightforward. O

Lemma 4. Let T : X — Y be an operator with closed range. Then RanT*> =
(>*(RanT).

Proof. Tt is clear that RanT* C ¢*°(RanT). The opposite inclusion is a conse-
quence of the open mapping theorem. O

Theorem 5. Let X,Y be infinite-dimensional Banach spaces and let T : X — Y
be an operator. Then:

(i) if T is onto, then T is onto. More precisely, k(T) > k(T), where k is the
surjectivity modulus;
(ii) if T is bounded below, then T is bounded below. More precisely, j(T) >
%j(T), where j is the injectivity modulus;
(iii) if RanT is closed, then RanT is closed.

Proof. (i) If T'is onto, then T is onto by the preceding lemma. Let §j = (y;) € £°(Y)
satisfy ¢(g) < 1. Then there are a finite number of elements z1,...,2, € Y such
that dist{yi,{zl,...,zn}} <1 (i € N). For every j = 1,...,n choose u; € X
such that T'u; = z;. For i € N find j(i) € {1,...,n} such that |[y; — 2| < 1
and v; € X such that Tv; = y; — zj() and ||vg]| < k(T)~'. Set & = (), where
T; = v; + w;;). Then Ta; = y; and dist{x;, {u1,..., un}} < |lzi — uj) | = [Jui]| <
k(T)~'. Thus ¢(&) < k(T)~" and k(T) > k(T).

(ii) Let (z;) € €°°(X) and let ¢((Tx;)) < 1. Then the set {Tx; : i € N} can

be covered by a finite number of balls By, ..., B, of radius 1. We can assume that
each ball B; contains at least one element T'z;,. Then {T'w; : i € N} C Uj_ 1 {y €
Y:||y—Tx¢j||§2}.Wehave{xi:i€N}CU Hz e X t|lz—ay| <25(T)71},

and so ¢((2;)) < 2§(T)~*. Hence j(T) > 53 (T).
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(iii) Let RanT be closed. Then T' can be expressed as the composition T' =
15Ty, where Ty : X — RanT is induced by 7', and T : RanT' — Y is the natural
embedding. By (i) and (i), T} is onto and T5 is bounded below. Thus T = T5T1,
and so RanT = TQ Ran ’f’l, which is closed. O

The factor ; in Theorem 5 (ii) is really necessary, see Example 24.6.
Theorem 6. Let T : X — Y. The following statements are equivalent:

(i) T is lower semi-Fredholm (i.e., codimRanT < 00);
(ii) T is onto;
(iit) T is lower semi-Fredholm;
(iv) RanT is dense in Y.
Proof. Suppose that T" is lower semi-Fredholm. Since Ran7T" is closed and of finite
codimension, we have £>*°(RanT) 4+ m(Y) = £>°(Y) by Lemma 2. Thus T is onto.
Conversely, suppose that T is not lower semi-Fredholm. By Theorem 16.19,

there exists T1 € B(X,Y) such that 7' — T} is compact and codim RanT; = oo.
Then T =T, RanT7° C ¢*°(RanT}) and, by Lemma 2,

dim £>°(Y) /(£ (RanTy) + m(Y)) = oc.

Thus codim Ran Tl = 00 and T is not lower semi-Fredholm.

Also, there exists a sequence § = (y;) € €°°(Y) such that ||y;|| < 2 and
dist{yi,RanTl Vv {yl,...,yi_l}} = 1 for all ¢ € N. Thus for all Z € ¢*°(X) and
i # j we have ||(y; — Tva;) — (y; — Tix;)|| > 1, and so q(§ — (T7°%)) > 1/2. Hence
j+m(Y) ¢ RanT; = RanT and RanT is not dense in Y. O

Lemma 7. Let (z;) € m(X). Then there exist numbers 1 < ny < ng < --- with
the property that

dist{z;, {21,..., 20, }} <27F
for all k,i € N.

Proof. We construct the numbers ny inductively. Let k& € N. There exists a finite
set ' C X such that dist{z;, F} < 2=*+1 for each i. We can assume that F
is a minimal set with this property. For every f € F' choose iy € N such that
@i, — fll < 1. Choose ny, > max{is : f € F} such that nj > nj_1. Obviously,
dist{z;, {z1,..., @, }} < 27F for each i. O
Lemma 8. Let T : X — Y be an operator with closed range, let (z;) € £>°(X)
and (Tx;) € m(Y'). Then there exists a sequence (x}) € m(X) such that z; — x} €
KerT (i € N). In particular, Ker T = (> (Ker T) + m(X).
If T is onto, then T*m(X) = m(Y).

Proof. Let (z;) € £°(X) and (Tz;) € m(Y). Let 0 < s < 4(T). By Lemma 7,
there exist numbers 1 < n; < ng < --- such that

dist{Tx;, {Ta1,...,Tan, }} <27%  (kieN).
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We construct inductively points 2 € X such that T'z; = T'z; and
: 1 . .
dist{x}, {a},..., 2, }} < o ok (kyi € Nyng <@ < nggr). (1)

For i < nj set z} = x;.

Suppose that k£ > 1 and the points x,..., 2 satisfying (1) have already
been constructed. For each i, ny < i < ngy1, there exists j(i) < ng such that
|T2; — Tyl < 27%. Find u; € X such that Tu; = Ta; — Tz and [u] < 2

5.2k *
Set z} = x/ )+ i Then Txj = Txj;) + Tu; = Tx; and we have ||z} — 95;(2')” =

i@
|uil| < , b Thus @} satisfy (1) and we can continue the induction.

Note that the sequence () satisfying (1) also satisfies

1
dist{z}, {#},... 2}, }} < P (k,i € N). (2)

This is clear for i < ng4q. Let n; < i@ < nyyq for some I > k + 1. Then there
exists ji < ny with ||z} — 2% || < .5 and we can construct inductively indices

Jiot -1y gk < mgosuch that [Jof — 2 1< g 2, — 2l S g
Thus
) o1 1 o1
la =@l < 521 + 5-20=2 Tt 5.2k = g.2k-1"
Clearly, (2) implies that (z}) € m(X). O

Theorem 9. Let T' € B(X,Y). The following conditions are equivalent:

(i) T is upper semi-Fredholm;

(ii) T is one-to-one;

(iii) T is bounded below;

(iv) T is upper semi-Fredholm.
Proof. Suppose that T' is upper semi-Fredholm. Then RanT is closed. By Lemma 8,
KerT = (*°(KerT) + m(X) = m(X). So T is one-to-one and therefore bounded
below.

Conversely, if T is not upper semi-Fredholm, then there exists a compact
operator K : X — Y such that T3 = T + K satisfies dim Ker7; = oo. Clearly,
Ker Tt° = (>°(Ker T1) and, by Lemma 2, dim(Ker T7° 4+ m(X))/m(X) = cc. So
dim Ker 77 = oco. Thus T' = T is neither one-to-one nor upper semi-Fredholm. [
Corollary 10. Let T € B(X). Then o(T) = 0o(T), 0x(T) = 0c(T) and o5(T) =
ose(T).

Theorem 11. Let X,Y,Z be Banach spaces, let T : X — Y, S :Y — Z be
operators such that ST = 0. The following conditions are equivalent:

(i) dimKerS/RanT < oo and Ran S is closed;

(ii) RanT = Ker S;

(iii) dim Ker S/ RanT < co.
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Proof. Suppose that (i) is true. Then RanT is closed and
RanT> +m(Y) = RanT) + m(Y) = £*°(Ker S) + m(Y) = Ker S + m(Y').

Thus RanT = Ker S by Lemma 8.

Conversely, suppose that (i) is false. Suppose first that dim Ker S/RanT =
00. By Theorem 16.19, there exists 77 : X — Y such that T — T} is com-
pact, RanTy C KerS and dimKerS/RanT} = oo. Thus RanTy® 4+ m(Y) C
>*(RanTi) +m(Y) and

dim (€>°(Ker S) +m(Y))) /(¢ (Ran Ty + m(Y))) = oc.

So dimKer S/ RanT = dim Ker S/ Ran T} =

Suppose now that dimKerS/RanT < oo and Ran S is not closed. Then
RanT is closed. Consider the operator S’ : Y/RanT — Z induced by S. Since
Ran S’ = Ran S, which is not closed, S’ is not upper semi-Fredholm and there
exists operator S} : Y/ RanT — Z such that S’ — 5] is compact and dim Ker S{ =
o00. Let P : Y — Y/RanT be the canonical projection and S; = S;P. Then
S1T =0, dimKerS;/RanT = oo and S — S; = (S’ — S1)P, which is compact.
Hence dim Ker S/ RanT = dim Ker S}/ RanT = oo. O

18 Perturbation properties of Fredholm and
semi-Fredholm operators

In this section we give quantitative stability results for Fredholm and semi-Fred-
holm operators.

Lemma 1. Let T € 0®(X,Y). Then T ¢ &, (X,Y)Ud_(X,Y).

Proof. Let T;, € B(X,Y) be a sequence of Fredholm operators that converges in
the norm topology to 7' ¢ ®(X,Y). Then the operators T,, are invertible, T), — T
and T is not invertible, and so T is neither one-to-one nor onto. Thus 7' is not
semi-Fredholm. g

Corollary 2. Let T' € B(X,Y) be a semi-Fredholm operator. Then there existse > 0
such that T + S is semi-Fredholm and ind(T + S) = ind T for every S € B(X,Y)
with ||S|| < e.

Proof. If T is Fredholm, then the result was proved in Theorem 16.17. Suppose
that T € ®4(X,Y) \ ®(X,Y). Then indT = —oo. Since the set of all upper
semi-Fredholm operators is open and, by Lemma 1, T is not a limit of Fredholm
operators, ind(T + .5) = —oo for every S with norm small enough.

The same argument can be used for lower semi-Fredholm operators. 0

Corollary 3. The index is constant on every component of connectivity of

(X, Y)UD_(X,Y).
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Proof. Let G be a component of connectivity of @, (X,Y)U®_(X,Y). Fix Ty € G.
By Corollary 2, function T + ind 7' is continuous on G. Therefore the set {T" €
G :indT = ind Ty} is both open and closed, and thus it is equal to G. Hence the
index is constant on G. 0

Theorem 4. If T € B(X,Y) is semi-Fredholm and S € B(X,Y) satisfies ||S|| <
~v(T), then T + S is semi-Fredholm, ind(T' + S) = ind T, a(T + S) < o(T') and
BT +S) < B(T).

Proof. Suppose that T is upper semi-Fredholm and ||S|| < v(T).

By Lemma 10.12, §(Ker(T + S),Ker T') < ~(T)7!||S|| < 1, and so, by Corol-
lary 10.10, (T + S) = dim Ker(T 4+ S) < dimKer T = «(T).

From the same reason dimKer(T + S + K) < dimKerT < oo for every
compact operator K with || K| < v(T) —||S||. By Theorem 16.18 we conclude that
T + S is upper semi-Fredholm.

By Corollary 3, ind(7'+ S) =ind T

For lower semi-Fredholm operators the statement follows by duality. O

Proposition 5. Let T' € ®(X,Y). Then

Y(T) =sup{s > 0: (T + S) < a(T) for every S with ||S|| < s}.
IfT € ®_(X,Y), then

Y(T) = sup{s > 0: B(T + S) < B(T) for every S with ||S| < s}.

Proof. Let T € ®,(X,Y)U ®_(X,Y) and € > 0. We show that there exists
S € B(X,Y) such that ||S|| < v(T)+e¢, Ker(T'+5) D Ker T, Ran(T'+.5) C Ran T
and both inclusions are strict.

By the definition of the reduced minimum modulus there exists zg € X
such that dist{zg, KerT} = 1 and ||Tzo|| < ¥(T) + ¢. Let z* € (Ker T)= satisfy
(xo,2*) =1 and ||a*|| = dist{zo, Ker T} = 1. Let S be defined by Sz = —(z, z*) -
Tzo (x € X). Then ||S|| = ||lz*||-[|Tzo|| < v(T)+e and Ker(T+S) D Ker TU{zo}.

Furthermore, Ran(T' + S) = (T + S)Kerz* vV {(T' + S)zo} = TKerz* and
RanT = T Kerx* V {Txo}.

We show that Tzy ¢ T Kerz*. Suppose on the contrary that there is an
2’ € Kerz* such that Tx' = T'zg. Then g — 2’ € Ker T and

1 = (zg,2") = (xg — 2/, 2") = 0,
a contradiction. Thus Ran(T + S) is strictly smaller that RanT'. O

Remark 6. In general, it is possible that v(T') is strictly smaller than the number
sup{s > 0: T+ S € ®,(X,Y) for every S with ||S| < s}. Consider the diagonal
operator diag(1,2,2,2,...) on a separable Hilbert space. Then y(7") = 1 and T+ S
is Fredholm for every S with ||S]| < 2.
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By Theorem 4, semi-Fredholm operators are inner points of the set of all
operators with closed range. Conversely, if T': X — Y is not semi-Fredholm and
e > 0, then using the technique of Theorem 16.18 it is possible to construct an
operator S : X — Y with ||S|| < € such that the range of T'— S is not closed.

Theorem 7. (punctured neighbourhood theorem) Let T' € & (X)U ®_(X). Then
there exists € > 0 such that the functions o(T — z) and B(T — z) are constant for
0< |zl <e.

Proof. Let X = X; & X3 be the Kato decomposition of T, i.e., dim X; < oo,
both X; and X, are invariant with respect to T, T'|X; is nilpotent and T'|Xs
Kato. Let Ty = T|X; and T = T|X5. By Corollary 12.4, there exists € > 0 such
that dimKer(T» — z) and codim Ran(T; — z) are constant for |z| < €. Also, for
z # 0, Ty — z is invertible. Thus for 0 < |z| < &, a(T — 2z) = dimKer(T — z) =
dim Ker(Ty — z) = const and (T — z) = codimRan (7T, — z) = const. O
Theorem 8. Let T € B(X) be upper semi-Fredholm. Then lim,, o, v(T™)Y/" exists
and is equal to

sup{s > 0:T — z € &, (X) and (T — z) is constant for 0 < |z| < s}.

An analogous statement is true for lower semi-Fredholm operators (with «
replaced by [3).

Proof. Let T € ®(X). By Theorem 16.21, there exists a decomposition X =
X1 ® X such that dim X; < 00,77 = T|X; is nilpotent and Tp = T| X5 is Kato
and upper semi-Fredholm (the Kato decomposition). Let P be the projection with
Ran P = X5 and Ker P = X;. Let x5 € X5. For n > dim X; we have

dist{x2,KerT3'} = inf{||a:2 —yoll s y2 € Xo, Tq'ys = O}
<|IP|linf{{lys @ (22 — y2)|l : y1 € X1, y2 € Xo, Ty'ya = 0}
= || P|| dist{zo, Ker T"} < || P|| dist{za, Ker Ty'}.
Then
75 22|
dist{xz2, Ker T5'}
RO AN

{
= {dlst{ac27 Ker T}
{

= inf

1T € XQ\KerTgl}

A

T X9 € XQ\KerT"}

1T (21 & x2)||
dist{x1 & z2,Ker T}

= inf

1T D X2 GX\KerT"} =~(T")

and
|75 22|
dist{x2, Ker "}
|75 |
dist{xo, Ker T3'}

Hence lim,,_, V(Tn)l/n = limy—oo W(Tzn)l/n~

~(T™) < inf{ 1T € Xg\KerTQ"}

< [P inf{ 122 € Xo\Ker T3 } = || P(T).
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By Theorem 12.26, the limit 7 = lim(y(73"))"/™ is equal to
sup{s > 0: Ty — z is Kato for every z € C, |z| < s}.

For 0 < |z| < r we have a(T — z) = dim Ker(T — z) = dim Ker(Tz — z), which is
constant. Denote this constant by a.

On the other hand, there exists w € C with |w| = r such that T — w is not
Kato. We prove that either T — w ¢ ®,(X) or a(T — w) > a. Suppose on the
contrary that T'— w is upper semi-Fredholm. Then Tp — w = (T — w)| X2 is also
upper semi-Fredholm. Since T> — w is not Kato, the Kato decomposition of T —w
is non-trivial, and so a(T2 —w) > lim,_,o a(T2 —w + z) = a. Hence a(T —w) > a.

The statement for lower semi-Fredholm operators follows by duality. 0

19 Essential spectra

We assume in this section that X is an infinite-dimensional Banach space (for
finite-dimensional spaces all results would be trivial).

In Section 16 we showed that the sets of all Fredholm, upper (lower) semi-
Fredholm and left (right) essentially invertible operators in X form regularities.
Recall that the corresponding spectra — the essential spectrum, essential approz-
imate point spectrum, essential surjective spectrum and left (right) essential spec-
trum — were defined by

0. (T)={AeC:T—-\¢ d(X)},
orelT) = ]AEC: T =X ¢ &, (X)},
o5 (T) = (A€ C:T— A ¢ & (X)),
(T)={A € C:T — Xis not left essentially invertible},
(T) ={X € C: T — X is not right essentially invertible}.

The essential spectra satisfy the same relations as the one-sided and approx-
imate point spectra:

Proposition 1. Let T' € B(X). Then ox¢(T) C 01e(T"), 05¢(T) C 0ve(T), 0o(T) =
O1e(TYU 0re(T) = 0re(T) U 05e(T), 00e(T) C 0re(T) Nose(T).

Proof. All statements with the exception of the last one are trivial. The inclusion
00(T) C 07e(T) Nose(T) follows from Lemma 18.1. O

Definition 2. Let T' € B(X). The essential spectral radius of T is defined by r.(T) =
max{|A| : A € 0.(T")} and the essential normby ||T||e = inf{||T+K]| : K € £(X)}.

Clearly, ||T||e is the norm of the class 7"+ K(X) in the Calkin algebra
B(X)/K(X), and 0.(T") is the spectrum of the class T' + IC(X) in this algebra.



19. Essential spectra 173

Corollary 3. Let T € B(X). Then re(T) = lim, .o || T||&/™ = inf,, | T7||2/".
Since r.(T) = r(T) where T is the operator considered in Section 17, we also have
re(T) = limy, o0 || 77|}/ = inf,, || T7]|*/".

Theorem 4. Let T' € B(X), let G be a component of C\ o.(T'). Then either
G C o(T) or GNo(T) consists of at most countably many isolated points.

Proof. Let A € GNo(T). By the punctured neighbourhood theorem, there is an
open neighbourhood U of A such that either U No(T) = {A} or U C o(T).
Denote by G the union of all open subsets of G which are contained in o(T).
Obviously, Gy is both open and relatively closed and therefore either Gy = G (in
this case G C o(T)) or Go =0, so GNo(T) has no limit point in G and therefore
it is at most countable. g

Remark 5. The punctured neighbourhood theorem implies similarly that if G is a
component of C\ (0x¢(T)Nose(T)), then both a(T — z) and B(T — z) are constant
in G with the exception of at most countable many isolated points of G.

In particular, either G C 0,(T) or GN o, (T) consists of at most countably
many isolated points. An analogous statement is also true for os.

Theorem 6. Let T, S € B(X). Then 6(TS) \ {0} = 6(ST) \ {0}, where & stands
for any of 0c, Ore, Ose; Ole; Ore-

Proof. For o, ore and os, this follows from Propositions 12.28 and 12.29.

For 0/, and 0, note that an operator is left (right) essentially invertible if and
only if it is upper (lower) semi-Fredholm and has a generalized inverse, see Theo-
rems 16.14 and 16.15. Thus the statement follows from Proposition 13.11. g

Clearly all spectra o, Ore, 05e, 0le and o, are invariant with respect to
compact perturbations. Thus:

oe(T) C [ Wo(T+ K) : K € K(X)};
0re(T) C(ox(T+ K) : K € K(X)};
5e(T) C [ os(T + K) : K € K(X)};
01e(T) C [ WouT + K) : K € K(X)};
ore(T) C [ {on(T+ K) : K € K(X)}.

In general, the opposite inclusions are not true. The next result characterizes the
above intersections.

Theorem 7. Let T € B(X). Then T can be expressed as T = S + K, where
S,K € B(X), K is compact and S is invertible (bounded below, onto, left in-
vertible, right invertible) if and only if T' is Fredholm with indT = 0 (T upper
semi-Fredholm with indT" < 0, T lower semi-Fredholm with indT > 0, T is left
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essentially invertible with indT < 0, and T is right essentially invertible with
indT >0, respective]y). Thus:

ﬂ{a(T+K);KeIC(X)}: (TYU{X € C:ind(T —\) #0};
(VWox(T+K): K € K(X)} = 0re(T)U{A € C:ind(T — A) > 0};
(Wos(T+ K): K € K(X)} = 05(T) U{A € C:ind(T — \) < 0};
(Wou(T + K): K € K(X)} = 01e(T) U{\ € C:ind(T — ) > 0};
(Won(T+K): K € K(X)} = 0e(T) U{A € C:ind(T — \) < 0}.

The compact operators in all statements can be replaced by finite-rank operators.

Proof. If T = S + K where S is invertible and K compact, then T is Fredholm
and ind7T = ind S = 0.

Conversely, suppose that T is Fredholm and ind7 = 0. Then dim KerT =
codimRanT < oo. Let P € B(X) be a projection onto KerT. Let z1,...,2,
be a basis in KerT and let yi,...,y, be linearly independent vectors in X such
that RanT V {y1,...,yn} = X. Let U : KerT — X be the operator defined by
Uzi =y, (i=1,...,n)andlet ' = UP. Then F is a finite-rank operator and
T + F is invertible.

The remaining statements can be proved similarly. 0

The sets described in the previous theorem do not satisfy in general the
spectral mapping property; for their properties see Section 23.

Recall that the essential spectrum of an operator T € B(X) is equal to the
ordinary spectrum of the class T+ K(X) in the Calkin algebra B(X)/K(X). This
suggests the following definition:

Definition 8. Let T7,...,7, be a commuting n-tuple of operators on X. Denote
by Q : B(X) — B(X)/K(X) the canonical projection. We define the left (right)
essential spectrum of (Ty,...,T,) by

Ule(Tl7 ceey Tn) =0l (Q(Tl)a tety Q(Tn))7

O'T’e(Th LS Tn) =0r (Q(Tl)a RS Q(Tn))

The essential Harte spectrum of Ty, ..., T, is defined by

O—HE(T]_; R ,Tn) = O’H(Q(Tl), Ceey Q(Tn)) = Ule(Tla ce ,Tn) UO’Te(Tl, ce ,Tn)

We say that (T1,...,T},) is left essentially invertible if and only if there are K €
K(X) and operators Sy, ...,S, € B(X) such that S1T1+---+ 5,1, = [ + K. The
right essentially invertible n-tuples are defined analogously.

The following properties of the essential spectra follow easily from the defi-
nition.
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Theorem 9. 0., 0, and o are upper semicontinuous spectral systems.

For a commuting n-tuple T = (T4, ...,T},) € B(X)" the sets 01(T), ore(T)
and oy (T) are non-empty compact subsets of C", 01 (T) C 0(T), 04(T) C (T
and o (T) C oy (T).

Although in general F(X) # K(X), Theorem 16.13 gives for 71 € B(X) that
GB(X)/K(X)(Tl) - GB(X)/f(X)(Tl)_

An analogous equality also holds for n-tuples of operators.

Theorem 10. Let T = (T1,...,T,) be a commuting n-tuple of operators on a
Banach space X. Then

GBEVRX (T = BT ().

The same equalities are also true for o, and o .

Proof. Tt is sufficient to show that (0,...,0) ¢ oy.(T1,...,T,) if and only if
0,...,0) ¢ oPXVFXN (T,

If (0,...,0) ¢ 0y(Th,...,Ty), then there exist operators Si,...,S, € B(X)
and K € K(X) such that " | S;T; = I + K. By Theorem 16.13, there ex-
ist operators A € B(X) and F € F(X) such that A(l + K) = I + F. Thus
S (AS)T, = A(I+ K) =1+ F and (0,...,0) ¢ o>/ 7y 1),

The opposite implication is clear. O

Definition 11. Let 7' = (T3,...,T},) be a commuting n-tuple of operators in a
Banach space X. We say that the n-tuple T is upper semi-Fredholm if there exists
a subspace M C X of finite codimension such that

inf{z |Tiz| : 2 € M, ||z|| = 1} > 0.

i=1
T is called lower semi-Fredholm if codim(T1 X + -+ + T, X) < oo.

Clearly, T = (T4, ...,T},) is upper semi-Fredholm if and only if the operator
o7 : X — X" defined by érx = (Thz,...,T,x) is upper semi-Fredholm. Similarly,
the n-tuple T is lower semi-Fredholm if and only if the operator np : X" — X
defined by nr(x1,...,2,) = >y Tiz; is lower semi-Fredholm. As in the proof of
Corollary 9.14 we get:

Corollary 12. Let T = (14,...,T,) be a commuting n-tuple of operators on a
Banach space X. Then:

(Th,...,Ty) is upper semi-Fredholm < (T7,...,Ty) is lower semi-Fredholm;

(T, ...,Ty) is lower semi-Fredholm < (TI7,...,T)) is upper semi-Fredholm.
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In the following we use the construction T € B(X) — T € B(X), which was
defined in Section 17; for this purpose it is more convenient to consider the space
X™ in the definition of operators é7 and np with the ¢°° norm.

With this convention £°°(X™) can be identified with (£°°(X))" and X" with
X", Thus 67F = (Tv&, ..., Tp&) and 77(F1, ..., @n) = Sor, Tidi.

Using the corresponding results for the operators d; and np (Theorems 17.6
and 17.9) we get:

Corollary 13. An n-tuple T' = (11, ...,T,) is upper semi-Fredholm if and only if
inf{>7" , |T:z| : 2 € X,||Z| = 1} > 0. T is lower semi-Fredholm if and only if
WX+ -+T,X=X.

Definition 14. The essential approximate point spectrum and the essential surjec-
tive spectrum of T = (Ty,...,T,) are defined by

ore(T) = {A € C": T — X is not upper semi-Fredholm},
05e(T) = {A € C" : T — X is not lower semi-Fredholm}.

Theorem 15. Let T' = (T1, ..., T,) be an n-tuple of commuting operators acting on
a Banach space X. Then One(Th, ..., Tp) = on(Th,...,Tn) and o5e(T1, ..., T,) =
O'[s(Tl, e ,Tn)

In particular, o, and os. are upper semicontinuous spectral systems.
Proof. Follows from Theorems 17.6 and 17.9. 0

Corollary 16. Let T = (T4,...,T,) be an n-tuple of commuting operators on a
Banach space X. Denote by P(n) the algebra of all polynomials in n variables.
Then I'(oge(T), P(n)) C 0re(T) Nose(T). In particular, the polynomially convex
hulls of oge(T), oze(T) and o5.(T") coincide.

Proof. Follows from Theorem 8.8 and Corollary 9.13. g

Theorem 17. An n-tuple T = (11, ...,T,) is left essentially invertible if and only if
T is upper semi-Fredholm and the operator 7 has complemented range. T is right
essentially invertible if and only if T is lower semi-Fredholm and the operator np
has complemented kernel.

Proof. Let K € K(X) and Sy,...,S, € B(X). Then S1Th + -+ ST, =1+ K
if and only if ngdpr = I + K, where g : X™ — X is defined by ns(z1,...,z,) =
Z?:l S;x;. By Theorem 16.14, i is essentially left invertible if and only if dr is
upper semi-Fredholm and Ran é7 is complemented in X™.

The second statement can be proved similarly. O

For a single operator T; the set o(T1) \ 0.(T1) can be easily described, see
Theorem 4. For n-tuples of operators the situation is more complicated.
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Theorem 18. Let T' = (11,...,T,) be an n-tuple of commuting operators on an
infinite-dimensional Banach space X. Let A\ = (A1,..., ) € ou(T) \ oue(T).
Then:

(i) A is an isolated point of o (T);

(ii) A is a joint eigenvalue of operators T1, ..., T, of finite multiplicity, i.e.,
n
1 < dim [ Ker (T} — \) < 0.
i=1
In particular, o (T) \ 0u.(T) is at most countable.

Proof. (i) Let A € o (T)\ Gre(T'). Then there exists a polynomial p of n variables
such that [p(A)| > max{|p(u)| : p € ope(T)}. By the spectral mapping theorem
for the Harte spectrum we have p(\) € o(p(T)) and

max{|u| : g € oc(p(T))} = max{[p(u)| : p € oe(T)} < Ip(N)].

Thus p(A) lies in the unbounded component of C \ o.(p(T)), and so it is an
isolated point of o(p(7")). This means that there is a neighbourhood Uy of A such
that p(o (T) N Uo) = {p(N)}.
Let € be a sufficiently small positive number, so that
(V)] > max{|g; ()| : p € ome(T)}  (i=1,...,m),

where ¢; are polynomials of n variables defined by
qi(z1,- .y 2n) =p(21, ..., 2n) + €2

Repeating the same considerations for g; instead of p, we get that there are
neighbourhoods U; of A such that ¢;(cg(T)NU;) = {@(A)} (i =1,...,n). Let
W =NioU; and let pp = (p1,...,pn) € o (T) N W. Then p(p) = p(\) and

p(p) +epi = qi(p) = gi(A) = p(A) + e

Sopi=A (i=1,...,n) and pr = X. Hence X is an isolated point of o5 (T).
This implies that the set o5 (T) \ Tpe(T') is at most countable.
(ii) Let p be the polynomial constructed in part (i) such that

PN > max{|p(u)| : 1 € ope(T)}-

So there is an open neighbourhood V' of Gg.(T) such that [p(A)| > sup{|p(p)] :
p €V} By (i), og(T)\ V is a finite set, o (T) \ (V U{A}) = {AD, .. A0}
Find polynomials qi, ..., g, such that ¢;(A®) =0 # ¢;(\) (i =1,...,k). Then,
for a positive integer s large enough, the polynomial h = p®q; - - - i satisfies

(M| > sup{|h(p)] : p € V} = sup{|h(n)| : p € o (T) \ {A}}.
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Thus A € I'(ou(T), P(n)). By Corollary 9.13 and Theorem 8.8, A € o.(T), and
so the operator dp_y : X — X" defined by dr_xz = ((T1 — M)z, ..., (T — An)z)
is not bounded below. Furthermore, A ¢ op.(T), and so dr_) is upper semi-
Fredholm. In particular, Kerdy_) = ﬂ?:l Ker(T; — );) is finite dimensional and
Randr_ is closed. Thus Ker dr_y # {0}.

This completes the proof. O

20 Ascent, descent and Browder operators

Let T be an operator on a Banach space X. It is easy to see that Ker T C KerT? C
Ker73 C--- and RanT D RanT?> --- .

Lemma 1. If k > 0 and Ker T*+! = Ker T*, then Ker T? = Ker T* for every p > k.
Similarly, if RanT**1 = RanT*, then RanT? = RanT* (p > k).

Proof. We show the implications Ker T+ = Ker T* = Ker T**2 = Ker T**+! and
RanTF+! = RanT* = RanT%**2 = RanT**!; the rest follows easily by induction.
Suppose that Ker TF+1 = Ker T and let € Ker T%*+2. Then

Tz € Ker TF = Ker T*,

and so x € Ker TF+1,
Similarly, if RanT**! = RanT* and z € RanT**!, then x = T**1y for
some y € X and T*y € RanT* = Ran T**!. So x = T(T*y) € RanT*+2. O

Definition 2. Let 7' € B(X). The ascent of T is defined by
a(T) = min{n : Ker T" = Ker 7" "'}
(if no such n exists, then we set a(T") = 00). Similarly, the descent of T' is defined by

d(T) = min{n : RanT" = RanT""'}.

The following simple lemma is useful in many situations.

Lemma 3. Let T € B(X,Y), let M be a closed subspace of Y such that both
M + RanT and M NRanT are closed. Then RanT is closed.

Proof. Write for short N = M NRanT and L = T~ !'N. Clearly, L is a closed
subspace of X. Let ® : (X/L)® (M/N) — (RanT + M)/N be the operator
defined by

®((x+L)®d(m+N))=(Tz+m)+ N.
It is easy to check that the definition of ® is correct, ® is onto and one-to-one.
Thus @ is bounded below, and so ®(X/L) is closed.

Let Q : RanT + M — (RanT + M)/N be the canonical projection. Then
RanT = Q' (RanT/N) = Q '®(X/L), and so RanT is closed. O
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Theorem 4. Let T € B(X), k > 0 and suppose that Ker 7! = KerT* and
RanT**! = RanT*. Then RanT* is closed and X = KerT* @ RanT*.

Proof. We must show that Ran T* N Ker T* = {0} and RanT* + Ker T = X.

Let 2 € Ran T*NKer T*. Then 2 = T*y for some y € X and 0 = TFz = T%Fy,
Thus y € Ker T?* = Ker T* and # = T*y = 0. Hence Ran T* N Ker T* = {0}.

Let 2 € X. Then T*z € RanT* = RanT?*, and so T*z = T?*y for some
y € X. Consequently, x = T*y + (z — T*y) where T*y € RanT* and x — T*y €
Ker T,

Lemma 3 for the operator T% now implies that RanT* is closed. O

Corollary 5. Let T € B(X) and let a(T) < co and d(T") < oo. Then a(T) = d(T).
If k= a(T) = d(T), then X = Ker T* @ RanT"*.

Proof. Let k = max{a(T),d(T)}. By Theorem 4, X = KerT* & RanT* and
both RanT* and Ker T* are invariant with respect to 7. Write Ty = T|Ker T* :
KerTF — KerT* and Ty, = T|RanTk : RanT* — RanT*. Then RanT, =
TRanT* = RanT**! = RanT*. Further, if € Ker Ty, then z = T*y for some
y € X,s0y € KeeTF*! = KerT* and x = T*y = 0. Thus 75 is invertible.
Furthermore, Tf = 0. Hence

a(T) = a(Ty) = min{n : T7* = 0} = d(T1) = d(T). O

Definition 6. We say that an operator T' € B(X) is upper semi-Browder if it is
upper semi-Fredholm and has finite ascent.

Similarly, T is lower semi-Browder if it is lower semi-Fredholm and has finite
descent. An operator T' is Browder if it is both lower and upper semi-Browder.
Equivalently, this means that 7" is Fredholm and has finite both ascent and descent.

By Section 15, any operator of the form K +AI where K : X — X is compact
and A # 0 is Browder.

Theorem 7. Let T € B(X). Then:

(i) T is upper semi-Browder < T* is lower semi-Browder;
(ii) T is lower semi-Browder < T* is upper semi-Browder;
(iii) T is Browder < T* is Browder.

Proof. Follows from the corresponding results for semi-Fredholm operators and
Theorem A.1.14.

Recall that R>(T") = (), RanT™ and N>°(T) = J,, Ker T™.
Proposition 8. Let T' € B(X). Then:

(i) T is upper semi-Browder < RanT is closed and dim N*°(T') < oo;
(ii) T is lower semi-Browder < codim R (T') < oo;
(iii) T is Browder < dim N*°(T') < oo and codim R*°(T") < co.
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Proof. If T is upper semi-Browder, then RanT is closed and k = a(7T") < co. Since
T* is upper semi-Fredholm, we have dim N*°(T) = dim Ker T* < oc.

Conversely, if RanT is closed and dim N*°(T") < oo, then T is upper semi-
Fredholm. Further, KerT C KerT? C --- C N°°(T), and so there exists k with
Ker Tk*! = Ker T*. Hence a(T) < oc.

The remaining statements can be proved similarly. O

Lemma 9. Let T € B(X) be upper semi-Browder and Kato. Then T is bounded
below. If T' is lower semi-Browder and Kato, then T is onto.

Proof. Suppose that there exists a non-zero vector zp € KerT'. Since KerT C
RanT, there exists 1 € X such that Tz; = xy. Further, ;1 € KerT? ¢ RanT
and we can construct inductively vectors x; € X satisfying Ta; = x;—1 (i > 1).
It is easy to show that the vectors x; are linearly independent and z; € N°*°(T),
a contradiction with Proposition 8.

The second statement can be proved by duality. O

Theorem 10. An operator T' € B(X) is upper semi-Browder (lower semi-Browder,
Browder) if and only if there exists a decomposition X = X; @ Xo such that
dim X; < o0, TX; CX; (i=1,2),T|X; is nilpotent and T| X5 is bounded below
(onto, invertible, respectively).

If T is upper semi-Browder, then the space X1 is uniquely determined and
X1 = N®°(T). If T is lower semi-Browder, then Xo = R*°(T). If T is Browder,
then the decomposition is unique: N*°(T') & R>*(T).

Proof. Suppose that T' € B(X) is upper semi-Browder and let X = X; & X5 be the
Kato decomposition, i.e., dim X; < oo, T'|X; is nilpotent and To = T'| X5 is Kato.
Evidently, T5 is upper semi-Browder, and so 75 is bounded below by Lemma 9.
Clearly, X; C N°°(T). Furthermore, if T"(z1 ®x2) = 0 for some n, then T"zy = 0,
and so g = 0. Thus Ker 7" C X; for all n and hence X; = N*°(T).

In the opposite direction, it is easy to see that an operator that can be written
as a direct sum of a finite-dimensional nilpotent and an operator bounded below
is upper semi-Browder.

The statements for lower semi-Browder and Browder operators can be ob-
tained similarly. 0

Corollary 11. If T is upper semi-Browder, then indT < 0. If T is lower semi-
Browder, then ind T > 0. If T' is Browder, then indT = 0.

Proof. Let T € B(X) be upper semi-Browder, and let X = X; @& Xs be the
decomposition from the preceding theorem: dimX; < oo, TX; C X; (i =
1,2), T|X; nilpotent and T'|Xs bounded below. Then ind7 = ind(7T|X3) =
—dim X5/ RanT, < 0.

The statements for lower semi-Browder and Browder operators can be proved
analogously. (]
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It is not difficult to show that the Browder and upper (lower) semi-Browder
operators form regularities. Our aim is to prove a stronger result and to extend
these notions to commuting n-tuples of operators.

We discuss the lower semi-Browder case; the upper case will be dual.

Let T = (T1,...,T,) be an n-tuple of mutually commuting operators on a
Banach space X.

For k=0,1,2,... set My(T) =RanTF +---+RanT¥ and let M (T) be the
smallest subspace of X containing the set (J{RanT : a € Z", |a| = k}. Clearly,
X = Mo(T) D M(T) D Ma(T) D --- and X = My(T) D M{(T) D M5(T) D
Furthermore,

7/1(k—1)+1(T) C My(T) C My(T). (1)
Indeed, if & = (aq,...,0p,) € Z7 and |a] = n(k — 1) 4+ 1, then there exists i,
1 < ¢ < nsuch that o; > k. So RanT® C Ran Tik C My (T). This proves the first
inclusion of (1) and the second inclusion is clear.

Let R*(T') = 2o Mi(T) = MpZo My (T).

If M{(T) = M;_,(T) for some k, then it is easy to see by induction that
M) (T) = M (T) for every m > k, and so R™(T") = M (T).

We say that T = (T4,...,T,) is lower semi-Browder if codim R*(T) <
0o. It is clear that the lower semi-Browder n-tuples are contained in <I>(_n)(X ),
where @@(X ) denotes the set of all lower semi-Fredholm n-tuples of commuting
operators on X.

Define the corresponding lower semi-Browder spectrum by

op_(T)={X € C": T — Xis not lower semi-Browder}.

By Theorem 19.15, (T1,...,T,) € "™ (X) if and only if (TF,...,T%) € " (X).
Thus codim M1 (T') < oo implies codim My (T") < oo for all k.
Theorem 12. Let T = (T4, . ..,T},,) be an n-tuple of mutually commuting operators
on a Banach space X. The following statements are equivalent:

(i) T is lower semi-Browder;

(ii)) Ted ")( X) and there exists k such that M (T) = M;_,(T);

)
(iti) T € "™ (X) and there exists k such that My(T) = My41(T);
)

(iv) there exists a closed subspace Y C X invariant with respect to all T; (i =
1,...,n) such that codimY < oo and ThY +---+T,Y =Y. It is possible to
take Y = R>(T).

Proof. (ili) = (ii): Let My (T) = Mg41(T) for some k. Using the same argument

as in the proof of (1) it is possible to show that M’ ne—1)+1(L) = Mr'l(k 42D
(ii) = (i): Let M(T) = M;_,(T) for some k. Then M(T) C M(T) =

R>(T). Moreover, T € <I>(_n)(X)7 which implies that codim M(T') < oo, and so T

is lower semi-Browder.
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(i) = (iv): Set Y = R>®(T). Clearly Y is invariant with respect to T; (i =
1,...,n), codimY < oo and Y = My(T) = My4+1(T) for some k. If y € Y, then,
for some x1,...,x, € X, we have

y=S T2, = S T(TFa,) € Y +--- + ToY.

i=1 i=1

(iv) = (iii): Since M1 (T) D M1 (T|Y) =Y, we have codim M;(T) < oo, and
so T € @™ (X). Further, R°(T) O Y, and so codim R=(T) < oc. O

Theorem 13. Let T' = (T4,...,T,,) be a lower semi-Browder n-tuple of operators
on a Banach space X. Then there exists € > 0 such that S is lower semi-Browder
for every commuting n-tuple S = (S1,...,S,) € B(X)™ with " | |S; — T;|| < e.

Proof. Choose k such that My(T) = R®(T) and codim R®(T') < k. Then (T},
..., T € ™ (X). Consider the operator 1 : X™ — X defined by

n
(1, .., Tn) = ZTZ“JFIJ:Z'.
i=1

Clearly,
codim Ran n = codim My 41 (T") = codim R*°(T) < k.

By Theorem 16.11, there exists v > 0 such that codim Rann’ < k for each operator
n X — X" with |/ —n|| <v. If S =(51,...,5,) is a commuting n-tuple of
operators in X close enough to 7', then (S¥1 ... Sk+1) ¢ <I>(_n)(X) and

codim M, (S¥ ..., S% 1) < codimn < k.

Since M;(S) D M2(S) D -+ D Mp4+1(S) and codim My1(S) < k, there exists
j < k such that M;(S) = M;41(S). Consequently, S is lower semi-Browder. [

Proposition 14. Let Ty, ...,T,,S1, ..., S, be mutually commuting operators on X
such that Y ;| T;S; = I. Then the n-tuple (T4, ...,T,) is lower semi-Browder.

Proof. Clearly M1(Ty,...,T,) = X = Mo(T1,...,Ty), and so (T1,...,T},) is lower
semi-Browder. O

Lemma 15. Let Ty, 11, . . ., T, be mutually commuting operators on a Banach space
X. Suppose that codim R*(Ty,...,T,) = oo and let k € N. Then there exists a
complex number A such that

codim(Ran(Tp — N 4+ RanTf 4 --- + Ran Tvlf) > k. (2)
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Proof. Using condition (iii) of Theorem 12, we can distinguish two cases:

(a) Let (T1,...,Ty) ¢ <I>(_n)(X). By the spectral mapping property for the
essential surjective spectrum (Theorem 19.14), there exists A € C such that (T —
AT, ... Ty) ¢ " (X). Thus

codim (Ran (T, — M+ RanTf 4 --- + Ran Tff)
> codim(Ran(To —A) +RanTy +---+ RanTn) = o0.
(b) Suppose that T = (T1, ..., T,) € ®™(X) and codim R>(T) = co. Then
codim M;(T) < oo for all j. Since codim R*(T") = oo, we have M;(T) # M, (T)

for all j > 1.

Fix £ € N. Then there exists 7,1 < i < n such that Raanfl ¢ My(T)
(otherwise My_1(T) = My(T)). Let Y = X/M},(T), and let S : Y — Y be defined
by S(x + My(T)) = Tiz + My(T). Clearly, dimY < oo, S¥ =0 and S*~! # 0.

Consider the operator U : Y +— Y defined by U(z + My (T)) = Tox + My (T).
Obviously, US = SU. Let Z be a subspace of Y satisfying Z @ Ker S*~! =Y. In
this decomposition U can be written as

U11 0
U= .
(U12 U22>
Choose an eigenvalue A of Uj; — A and let z € Z be a corresponding eigenvector;
so z# 0 and (U — \)z € Ker S¥~1. Since 2z € Ker S* \ Ker S¥71, we have

SFz € Ker §7\ Ker §971 (G=1,...,k).
Furthermore,
(U —=NS* Iz =83 (U - Nz € S¥ T Ker S¥~! ¢ Ker 5771

Let 1 < j < k and write M = KerS7~! v {§*772}. Then M C Ker S’ and
(U—=XNM C (U—-N/"tKer S/~ ¢ M. We have

dim (Ker §7 /(U — A)’ Ker §7) = dim Ker ((U — A)’|Ker 57)
> dimKer (U — A\)/[M) = dim(M/(U — Xy’ M)
> dim (M /(U — A) " 'Ker $771) = dim (Ker $7~ /(U — )" 'Ker $771) + 1,

since S*~7z ¢ Ker S7~1. Thus, by induction,
dim(Ker 87 /(U — A\ Ker§7) >j  (j=1,...,k).
In particular, dim(Y/(U — A\)*Y) > k. Consequently,

codim(Ran(Ty — A\)*) + RanTf + -+ - + RanT}}) > k. O
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Corollary 16. Let Ty, Ty, ..., T, be mutually commuting operators on a Banach
space X. Suppose that codim R (T4, ...,T,) = co. Then there exists A € C such
that

COdimROO(TO — )\,1117 . ,Tn) = OQ.

Proof. For each k > 1 we can find A\; € C such that

codim R (Ty — Ag, Th, ..., Ty)
> codim(Ran(Tp — Ax)* + Ran T + -+ - + RanT)}) > k.

It is clear that Ay € o(T}) for every k. Thus we may assume (by passing to a
subsequence if necessary) that the sequence (\g) is convergent, \y — A € o(Tp).
We have

lim codim R*(Ty — Mg, T1,...,Ty) = 0.

k—oo

By Theorem 13, this implies that codim R>*(Ty — \, 11,...,T,) = oo. O
Corollary 17. op_ is an upper semicontinuous spectral system.

Upper semi-Browder n-tuples can be defined similarly. Let 7' = (T4, ...,T,)
be an n-tuple of commuting operators on a Banach space X . Recall that T is upper
semi-Fredholm if the mapping d7 : X +— X™ defined by érz = (Thz,...,Thz) is
upper semi-Fredholm. We say that T is upper semi-Browder if T is upper semi-
Fredholm and dim N°°(T') < co, where

N*(T) = | (KerTf 0+~ NKer Ty).
k=1

We say that T is Browder if it is both upper and lower semi-Browder.
Write T* = (T, ..., T) € B(X*)".

Theorem 18. Let T = (T4, . ..,T},,) be an n-tuple of mutually commuting operators
in a Banach space X. Then:

(i) T is lower semi-Browder <= T™* is upper semi-Browder;
(ii) T is upper semi-Browder <= T* is lower semi-Browder;

(iii) T is Browder <= T™* is Browder.

Proof. The corresponding equivalences for semi-Fredholm n-tuples were proved in
Corollary 19.12. Furthermore,

KerT{ N---NKerTF = +(RanT7* + - + Ran ;).

and
(RanTF + -+ RanTF) " = Ker Ty* -+ N Ker T,

The statement of Theorem 18 is now an easy consequence of these identities. O
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For a commuting n-tuple T' = (T1,...,T,,) € B(X)™ we define the upper
semi-Browder spectrum of T by

o, (T) ={A € C": T — X is not upper semi-Browder}
and the Browder spectrum
op(T)={A € C" : T — Xis not Browder} =op_(T)Uop, (T).

By the previous theorem, it is easy to see that op, and op satisfy the same
properties as op_.

From the general theory of spectral systems it is easy to deduce the following
properties:
Theorem 19.

(i) oB_, o, and op are upper semicontinuous spectral systems.
(ii) (spectral mapping property) If (T4, ..., T,) is a commuting n-tuple of opera-
tors on a Banach space X and p = (p1,...,pm) is an m-tuple of polynomials,

then: (
UB+(p(T1,...,Tn)) (UB+(T1,...,TH));
O'B,(p(lenaTn)) (O'B,(lenaTn));
O’B(p(Tl, . ,Tn)) :p(O'B(Tl, . ,Tn))

(iii) (continuity on commuting operators) If {Tp}32, C B(X), T € B(X),
limTy, =T and TRyT =TTy, k=1,2,..., then:

=P
=P

ANeop (T) <= thereexist \y € op_(T)) such that A\ — X;
A€op, (T) <= there exist \y € op, (T}) such that A\, — X;
A€op(T) <=  thereexist \y € op(T)) such that A — A.

(iv) (property (P1) of Section 6) Let T, S € L(X), TS = ST. Then TS is lower
semi-Browder (upper semi-Browder, Browder) if and only if both T and S
have the same property.

(v) 00e(T) C o, (T)Nop_(T). In particular, max{|z| : z € op, (T)} = max{|z]| :
z€op (T)} =max{|z|: z € op(T)} =r.(T) for all T € B(X).
(vi) Let T,S € L(X), TS = ST. Then:

A(op_(T),05_(5)) <
A(op, (T),08,(S)) <re(T - S);
E(O'B(T)7JB(S)) <

where A denotes the Hausdorff distance and re the essential spectral radius.

(vil) If T € B(X) is upper semi-Browder (lower semi-Browder, Browder), U €
B(X), UT =TU and r.(U) = 0, then T 4+ U is upper semi-Browder (lower
semi-Browder, Browder, respectively).

In particular, this is true if U is either quasinilpotent or compact.
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For single operators we have another characterization of the Browder and
semi-Browder spectrum.
Denote by acc L the set of all accumulation points of a set L C C.

Corollary 20. Let T € B(X). Then:

o5(T) =0.(T)Uacco(T);
0B, (T) = 0xe(T) Uaccor(T);
op_(T) = 0s.(T) Uaccos(T).

Proof. We prove the statement for the Browder spectrum; the remaining state-
ments can be proved similarly.

Suppose that A ¢ op(T), so T — X is Browder. Let X = X; & X5 be the
Kato decomposition of T'— A, so (T' — )| X7 is a finite-dimensional nilpotent, and
(T — )| X2 is invertible. Clearly, T' — p is invertible for all 1 # X close enough to
A. Thus A is not an accumulation point of o(T"). Also, A ¢ 0.(T) since T — X is
Fredholm.

Conversely, let A ¢ o.(T)Uacco(T). Then T—\ is Fredholm. Let X = X180X,
be the Kato decomposition of T'— A, so (T'— \)| X7 is a finite-dimensional nilpotent
and (T — A\)|X; is Kato. By assumption, T' — p is invertible for all p sufficiently
close to A, p # A, and so (T — u)| X2 is invertible. Since (T' — A\)|X2 is Kato,
(T — X\)| X2 is also invertible. Thus 7' — A is Browder. O

Theorem 21. Let T € B(X). Then:
op_(T) = {os(T+K): K € K(X),TK = KT};
o5, (T) = Wox(T+ K): K € K(X),TK = KT};
op(T) = {o(T+K): K € K(X), TK = KT}.

Proof. By Theorem 19 (vii), op_ (T') = op_(T'+K) C 05(I'+ K) if K is a compact
operator commuting with 7. Thus op_(T)C({os(T+K): K e K(X),TK=KT}.

Conversely, let A ¢ op_(T); so T — \ is lower semi-Browder. Let X = X;® X,
be the Kato decomposition of T'— X satisfying dim X; < co, TX; C X; (i =1,2),
(T — \)| X7 is nilpotent and (T — N\)| X2 onto. Set K = I @ 0. Clearly, K is a
compact (even finite rank) operator commuting with 7" and T'— A + K is onto.
Thus A ¢ o5(T + K).

The statements for the upper semi-Browder and Browder spectrum can be
proved similarly. O

Clearly, the compact operators in the last theorem can be replaced by finite-
rank operators.

Theorem 22. Let T, S € B(X). Then 6(T'S) \ {0} = 6(ST) \ {0}, where ¢ stands

for any of op, op_, 0p, .

Proof. Follows from Propositions 12.28 and 12.29.
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21 Essentially Kato operators

Recall that an operator T' € B(X) is Kato if Ran T is closed and KerT' C R*(T)).
For equivalent conditions see Theorem 12.2.

In this section we study an essential version of this class of operators.

For subspaces M, N of X we write M cN (M is essentially contained in N)
if there exists a finite-dimensional subspace F' C X such that M C N + F.

Similarly, we write M<N if both MCN and NCM.

We recall one simple algebraic result.

Lemma 1. Let M, N be subspaces of a vector space X. Then dim M /(M N N) =
dim(M + N)/N.

Proof. The identity operator induces an isomorphism from M/(M N N) onto
(M + N)/N. O

We summarize the basic properties of the relation c.
Proposition 2. Let M, N, L be subspaces of a Banach space X. Then:
(i) MEN = dimM/(M NN) < oo & dim(M + N)/N < co < there is a
finite-dimensional subspace F' C M such that M C N + F;
(i) MCN, NCL = MCL;
(iii) MCN, LEN = M + L C N;
(iv) MCN, MCL = MCN N L.
Proof. A simple verification. O

Theorem 3. Let T' € B(X) be an operator with closed range. Then the following
conditions are equivalent:
(i) Ker TER® (T);
Ker TC R (T);
N*(T)C RanT;
N>®(T)CR®(T);
(Kato decomposition) there exists a decomposition X = X; & Xy with the

properties that TX; C X1, TXs C Xo, dim X; < oo, T|X; is nilpotent and
T| X, is Kato;

(vi) Ker TC V.o Ker(T — 2);

(vii) Ran TS M.z0 Ran(T = 2);

Proof. Clearly (v) implies any of the remaining conditions (see the corresponding
properties of Kato operators, Theorems 12.2 and 12.20).

(i) = (v): By Lemma 16.20, either T' is Kato or there exists a decomposition
X =YL ®Y; such that 1 < dimY; < o0, TY; C YV; (¢ = 1,2) and T|Y7 is
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nilpotent. Write 7; = T'|Y; (i = 1,2). We have dim(Ker T/(KerT N R>*(T))) <
00, R®(T) = R*(T3) and Ker T = Ker T; @& Ker T5; so

dimKerT/(KerT N R*(T)) = dim Ker T1 + dim Ker Ty /(Ker To N R (13)).

Thus dim Ker T3/ (Ker T, N R*(T3)) < dimKer T/ (Ker T'N R>(T)).

Using the construction of Lemma 16.20 for T, repeatedly, after a finite num-
ber of steps we obtain a decomposition X = X; ® X5 such that dim X; < oo,
TX, C X1, TXy C Xy, T|X; is nilpotent and Ker(T'|X2) C R*(T|X32), i.e., T| X2
is Kato.

(ii) = (i): By Lemma 16.20 (i), R(T"*) is closed for all k, and so is R>(T).

(iii) = (v): We prove by induction on k that Ker T RanT*. This is clear for
k=1. Let k > 1 and suppose that the statement is true for all [ < k. Thus there
are finite-dimensional subspaces F; C KerT such that KerT C fgan T' + F, (1=
1,...,k). We prove the statement for k& + 1. We have Ker T**1C Ran T, so there
is a finite-dimensional subspace G such that Ker T ¢ RanT + G. So

KerT C (KerTNRanT") + F, = T*Ker T*™ + F, C Ran T + T*G + F,.

Hence Ker TC Ran T*+1 which completes the induction step.

By Lemma 16.20, either T is Kato or there is a decomposition X =Y; G Y;
such that 1 < dimY; < oo, TY; C Y; and Th = T|Y7 is nilpotent. Write T; =
T|Y; (i =1,2). Since dim N> (T)/(N>°(T) NRanT) < co and N>*(T) = Y1 @
N (T3), we have

dim N*°(T)/(N*(T) NRanT)
= dim Yl/ RanTl + dim NOO(TQ)/(NOO(TQ) n RanTg),

so dim N*°(T3)/(N>°(Tz) NRanTy) < dim N*°(T)/(N°°(T) nRanT).
Thus, using the same construction for 75, after a finite number of steps we
obtain the required decomposition X = X; & Xs.

The implication (iv) = (i) is clear.
(vi) = (ii): It is easy to see that Ker(T — z) C R*>(T) for z # 0. Thus

Ker TC \/ Ker(T — z) C R=(T).
z#0

(vii) = (iii): Let € KerT™ and z # 0. Then
(T —2) (T 427" 2 4 2" D = (T" — 2"z = —2"x,

and so z € Ran(T" — 2). Thus N*°(T') C (1, Ran(T" — z)é RanT
This completes the proof. O
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Definition 4. We say that an operator 7' € B(X) is essentially Kato if RanT is
closed and T satisfies any of the equivalent conditions of Theorem 3.

Clearly, any semi-Fredholm operator is essentially Kato.
Theorem 5. Let T' € B(X). Then:

(i) if T is essentially Kato, then T™ is essentially Kato for every n;
(ii) T is essentially Kato if and only if T* € B(X™) is essentially Kato.

Proof. (i) Let X = X; @ X5 be the Kato decomposition of T (see condition (v)
of Theorem 3). The same decomposition is clearly also the Kato decomposition of
.

(ii) Suppose that T is essentially Kato, so N>°(T) C RanT + F for some
finite-dimensional subspace F' C X. Then RanT"™ and RanT*™ are closed for all
n and

R (T™) ﬂ RanT"" = ﬂ (Ker T™)* ( U Ker T")

= n=1

= N>°(T)+ D(RanT+F) = RanT)*NF+ =KerT* N F+.

Since codim F < 0o, we have Ker T*CR>® (T*), and T™ is essentially Kato.

Conversely, if T is essentially Kato, then RanT™ and RanT*" are closed
for all n and T** € B(X™) is essentially Kato; so Ker T**CR"O(T**) Further,
KerT' = Ker T**NX and RanT" = RanT"*"NX for all n, so R*(T') = R>*(T"*)N
X and Ker TCR>(T). O

Theorem 6. Let A, B € B(X), AB = BA. If AB is essentially Kato, then A and
B are essentially Kato.

Proof. We have Ker A C Ker(AB)ERO"(AB) C R*(A), so it is sufficient to prove
that Ran A is closed.

There exists a finite-dimensional subspace F© C X such that Ker(AB) C
Ran(AB) + F. We prove that Ran A + F' is closed. Let v; € X, f; € F and Av; +
f; — u. Then BAv; + Bf; — Bu and Bu € Ran(AB)+ BF since Ran(AB) + BF
is closed. Thus Bu = ABv + Bf for some v € X and f € F; so

Av+ f —u € Ker B C Ker(AB) C Ran(AB) + F C Ran A + F.

Hence u € Ran A + F and Ran A + F is closed.
The closeness of Ran A follows from Lemma 16.2. O

The following lemma is an analogue of Theorem 12.21 for essentially Kato
operators:
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Theorem 7. Let T' € B(X). The following conditions are equivalent:
(i) T is essentially Kato;
(i) there exists a closed subspace M C X such that TM = M and the operator
T:X/M — X/M induced by T is upper semi-Fredholm;
(iil) there exists a closed subspace M C X such that TM C M, T|M is lower

semi-Fredholm and the operator T : X/M — X/M induced by T is upper
semi-Fredholm.

If T is essentially Kato, then it is possible to take M = R*>°(T') in (ii) or (iii).

Proof. (i) = (ii): Let T be essentially Kato. Set M = R*(T). If X = X; & X5 is
the Kato decomposition of 7' (dim X7 < 00, TX; C X1,TXs C Xo, 171 =T|X is
nilpotent and To = T'| X5 Kato), then M = R®(T3) C Xo and TM = ToM = M.
If z = 21 Do satisfies Tz € M, then Towy € M, and so z3 € M. Thus z € Xy +M
and KerT C X; + M. Hence dimKerT < dim X; < oo.

Let @ : X — X/M be the canonical projection. Since M C Ran7 and
RanT = {Tx+ M : 2 € X} = QRanT, the range of T is closed. Thus 7T is upper
semi-Fredholm.

(ii) = (iii): Clear.

(iii) = (i): We first prove that RanT is closed. Let @ : X — X/M be the
canonical projection and let F' be a ﬁmte dimensional subspace of M satisfying
M = TM + F. Clearly, RanT C Q 'RanT.If y € X and Qy € RanT7, then
y € RanT + M C RanT + F'. Thus RanT' is a subspace of finite codimension of
the closed space Q@ ~* RanT By Lemma 16 2, RanT is also closed

Since Q KerT C Ker T and dimKer T < 00, we have Ker TEM. Thus there
is a finite-dimensional subspace F; C KerT such that KerT' C Fy + (KerT'N M).
Thus .

KerT C Fiy + KerTIMCR>®(T|M) C R>(T).

Hence T is essentially Kato. O
Theorem 8. Let T' € B(X) be essentially Kato. Then lim,, ., v(T™)"/™ exists and

lim ~(T™)Y"™ = max{r : T — X is Kato for 0 < [A| < r} = dist{0, o (T)\{0}}.

Moreover, if S € B(X), ST = TS and ||S| < lim, o y(T™)Y/", then T + S is
essentially Kato and (T + S)R*>(T) = R>*(T).

Proof. Let X = X; @ X3 be the Kato decomposition of T (i.e., dim X; < oo,
TX, C X1, TXy C Xy, Ty = T|X; is nilpotent and Tp = T'| X5 is Kato). As in the
proof of Theorem 18.8 we can show that

lim ~(T™)Y™ = lim ~(T3)/™.

n—oo n—oo

By Theorem 12.26, this limit is equal to dist{0, ok (12)}.
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If A # 0, then T'— X is Kato if and only if 75 — A is Kato. Then

max{r: T — X is Kato for 0 < |A| < r} = dist{0,0x(T2)} = lim A (T™)™,

Let S € B(X), ST =TS and ||S|| < lim,, oo y(T™)/". Write M = R*®(T).
Clearly TM = M and SM C M. Denote by Ty, Syr € B(M) the restrictions of T'
and S to M, respectively. Similarly, let ﬁ Se B(X/M) be the operators induced
by T and S, respectively.

If M = X, then T is onto and (T'+ S)M = M = X by Theorems 9.25 and
7.14 (ii).

If M = {0}, then T is upper semi-Fredholm and so is 7'+ S by Theorems
18.8 and 17.14.

Suppose that {0} # M # X. By Theorem 7, Tjs is onto and T is upper
semi-Fredholm. Using lemma 12.25 for T» and the proof of Theorem 18.8 we have

klim ~(TFVE = min{klim ’y((TM)k)l/k,klim ’y(fk)l/k},

Clearly || Sar|| < |IS]| < limp—oo ¥((Tar)*)*/*. By Theorem 9.25, Tas + S is onto,
ie., (T +S)R™(T) = R=(T).

Similarly, ||S]| < ||5]| < limp—s0 ¥(T%)'/%. By Theorems 18.8 and 7.14, T+ S
is upper semi-Fredholm. By Theorem 7, T' 4 S is essentially Kato. O

Theorem 9. Let T, A € B(X),TA = AT, let T be essentially Kato and let A be
either compact or a quasinilpotent. Then T + A is essentially Kato.

Proof. Let T be essentially Kato and let A be an operator commuting with 7'.
Let M = R>®(T),Th = T|M and let T : X/M — X/M be the operator induced
by T. Since AM C M, we can define the operators 4; = A|M and A X/M —
X/M induced by A. Suppose that A is either compact or quasinilpotent. Then
both A; and A _have the same property, and consequently, 71 + A; is lower semi-
Fredholm and 7 + A is upper semi-Fredholm. Thus 7'+ A is essentially Kato by
Theorem 7. U

Theorem 10. The set of all essentially Kato operators in X is a regularity satisfying
(P3) (upper semicontinuity on commuting elements).

Proof. By Theorems 5, 6 and 6.12, it is sufficient to show that if A,B,C,D €
B(X) are mutually commuting operators satisfying AC + BD = I and A, B are
essentially Kato, then AB is essentially Kato. By Lemma 12.8, we have Ran(AB)

Ran A N Ran B, and so Ran(AB) is closed. Further, Ker ACRO"(A) and Ker A C
R>(B). So KerACROO(A) N R>*(B) = R*(AB). By symmetry, we also have
Ker BCR>(AB), and thus Ker(AB) = Ker A 4+ Ker BCROO(AB) Hence AB is
essentially Kato. O
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Denote by
oke(T) ={A € C:T — X is not essentially Kato}

the corresponding spectrum.
Theorem 11. Let dim X = oo and T € B(X). Then:

(1) oke(T) C ok (T) and o (T) \ oke(T) consists of at most countably many
isolated points;
(i) oke(T) is a non-empty compact set;
(i) 00e(T) C oke(T) C One(T) Nose(T) C 0e(T);
(iv) oke(f(T)) = f(oke(T)) for every function f analytic on a neighbourhood of
)-

o(T

Proof. (i) Let A € o (T')\0xe(T). Then T — A is essentially Kato, so there exists a
decomposition X = X1®Xs with TX; C X7, T X2 C Xo, dim X5 < oo, (T—N)| X1
nilpotent and (T' — A\)| X2 Kato. Then (T — z)| X5 is Kato for all z in a certain
neighbourhood U of A and (T — 2)|X; is Kato (even invertible) for every z # A.
Thus T — z is Kato for z € U — {A\} and ) is an isolated point of ok (T).

Clearly, ok (T') \ oke(T) is at most countable.

(ii) By Theorem 8, o (T) is closed.

The non-emptiness of ok (T) follows from the inclusion do.(T) C ok (T),
which will be proved next.

(iii) Suppose A € 0o(T) and A ¢ oge(T). Then T — X is essentially Kato,
so Ran(T — ) is closed and there exists a decomposition X = X; @ X5 such that
dim X; < oo, TX; C X1, TX2 C Xo, (T — N\)| X1 is nilpotent and (T' — \)| X3 is
Kato. Choose a sequence A, — X such that A\, ¢ o.(T), i.e., T — A\, is Fredholm.
We have

dim Ker(T' — A\p,)| X2 < dimKer(T — A,) < o0

and, since T'| X5 is Kato, we conclude that
dim Ker(T — )| X2 < 00

and dim Ker(T — \) < oo

Similarly, we can prove that codim Ran(T — A) < oo, so T — A is a Fredholm
operator and \ ¢ o.(T), a contradiction.

Thus do.(T) C ok (T).

Since semi-Fredholm operators are Kato, we have 0 (T) C 07 (T)Nose(T).

(iv) f X = X1 ® Xe and T; € B(X;) (i = 1,2), then oge(Th & Ts) =
oke(T1) Uoke(T2). The non-emptiness of ok, and Theorem 6.8 imply (iv). O

Theorem 12. Let T € B(X) be essentially Kato and let F' € B(X) be a finite-rank
operator. Then T + F' is also essentially Kato.
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Proof. Clearly, it is sufficient to consider only the case of dimRan F' = 1. Thus F
is of the form Tz = f(x)v for some v € X and f € X*.

Since Ran(7T + F)=RanT, Ran(T + F) is closed and it is sufficient to show
only the algebraic condition in the definition of essentially Kato operators for
T+F.

Since T is essentially Kato, RanT* is closed for all k. The existence of the
Kato decomposition implies that there exists d € N such that Ker 7 N RanT? C
R®(T). Let M = RanT? and Ty = T|M. Then KerT; = KerT N RanT?¢ C
R>(T) = R**(T1), and so T} is Kato.

It is sufficient to show that

Ker Ty CR®(T + F). (1)
Indeed, since
Ker Ty = Ker TN Ran T%= Ker(T + F) N Ran(T + F)?,
(1) implies that
Ker(T + F) N Ran(T + F)'CR®(T + F).
Consequently,
Ker(T + F)<Ker TC Ker T N Ran T%< Ker(T + F) N Ran(T + F)‘{CR>®(T + F)

and T + F' is essentially Kato.
To prove (1), we distinguish two cases:

(a) Let N°°(Ty) C Ker f. Let a9 € KerT). Since T is Kato, there exist
vectors x1, xg, - - - € R%(T1) such that Tz; = x;_1 for all i. By assumption, f(x;) =
0, and so Fx; = 0 for all i. For n € N we have

(TH+F)'zy,=(T+F)" 2, 1= =(T+ F)x; = xo,

and so zp € Ran(T + F')". Since n was arbitrary, Ker T} C R®(T + F).
(b) There exists k > 1 such that Ker Tf ¢ Ker f. Choose the minimal k& with this
property, so Ker Tf_l C Ker f and there exists u € Ker TF with f(u) = 1.
Denote by Y the set of all vectors z¢p € Ker T} N Ker f for which there exist
Z1,...,2p—1 € M NKer f satisfying Ta; =x;—1 (i=1,...,k—1).
Clearly, Y= Ker T}, and so it is sufficient to show Y € R®(T + F).
Let zg € Y. We prove by induction on n the following statement:

there exist x,, € M such that

T "z, = xo and Tz, €Kerf (i=0,...,n—1). (2)
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If (2) is proved, then of course
(T+ F)nxn = (T+F)n71T1'n == (T+ F)Tnil‘rn = 2o,

and so xp € Ran(T' + F)™ for all n. Thus Y C R>*(T + F') and the theorem is
proved.
Statement (2) is clear for n < k — 1. Suppose (2) is true for some n >

k — 1, so there is an z, € M such that 7"z, = o and Tz, € Ker f (i =
0,...,n —1). Since T} is Kato, we can find z;, , € M such that T'z], ,; = x,. Set
Tng1 = @y — f(@)q)u. Clearly, T" oy 1 = Tz, — f(al, )T u = zo and
f(zng1) = 0. For i > 1 we have f(T'wp41) = f(T 1 zy,) — f(aly) f(THu) = 0
since T%u € Ker TF ™! C Ker f.

This finishes the proof of (2) and also of the theorem. O

Theorem 13. Let T, S € B(X). Then ok.(TS)\ {0} = 0k(ST) \ {0}.

Proof. Let A € C, A # 0. By Proposition 12.29, Ran(7'S — \) is closed if and only
if Ran(ST — A) is closed.

Suppose that T'S — X is essentially Kato, i.e., N*°(T'S — \) C Ran(T'S — \).
By Proposition 12.28,

N®(ST - \) U Ker(ST — \)" (U Ker(T'S — A)" )és Ran(T'S — \)
e Ran(ST — \) € Ran(T'S — ). O

Let T be essentially Kato. We can write N°°(T) = F + (R*(T) N N>°(T)),

where F' is a finite-dimensional subspace and F'N R*(T) = {0}. Then N=(T) =
F+ R*(T)NN>(T) and

R>®(T) N N°°(T) = R>=(T) N N>=(T). (3)

Similarly, by Appendix 1.22, one can show that

* *

R®(T*) N Noo(T*)" = Roo(T*) N No(T*)" . (4)

Theorem 14. Let T' € B(X) be essentially Kato, let S € B(X), ST = T'S and
S]] < lim~y(T*)Y/*. Then T + S is essentially Kato,

R*¥(T+S)NN>®(T +8)=R*(T)NN>(T)

and
R*¥(T+8)+ N>(T'+S)=R>(T)+ N>=(T).

Proof. By Theorem 8, T'+ S is essentially Kato and (T + S)R>*(T) = R>(T).
Thus R>*(T + S) D R™(T).
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(a) No(T 4+ S) C N>(T).
Proof. We have

R®(T) = [ RanT" = [| * KerT** = + | J Ker T** = *N>(T*)
k=0 k=0 k=0

and

oo

N(T) =+ (N=(D)*) =+ () (Ker TH)*) = l(ﬁ RanT"*) = ~R(T").
k=0 k=0

The analogous equalities are true also for the operator 7'+ .S. By duality argument,

we have
No(T) = LR>®(T*) D *R™®(T* + 5*) = N°(T + 9).

(b) R(T + S)YNN>®(T +5) C R>™(T).
Proof. Using (3) for T+ S it is sufficient to show that R>(T + S) NKer(T + S)* C

R>(T) for k=1,2,.... We will do this by induction on k. The statement is clear
for Kk =0. Let k£ > 1 and assume that the inclusion holds for k — 1.

Let mg € R™(T + S) N Ker(T + S)*. Since T + S maps R™(T + S) onto
itself, we can find an infinite sequence xg,z1,... in R*(T + S) such that (T +
S)x; = z;—1 (j = 1,...). This sequence is contained in N>°(T') by (a). We
have N>(T)CR>*(T), i.e., m := dim N°°(T")/(R>°(T) N N>°(T)) is finite. Thus
Zg, - - -, Ty are linearly dependent, i.e., there exists a non-trivial linear combination
z:=Y " ayz; € R(T). Let | be such that ay # 0and a; = 0 for j = I+1,...,m.
We obtain

-1
(T +S) 'z =amo+ Y (T + 8)'a; € o + (Ker(T + )" N R¥(T + 5)).
j=0
Since R*>(T) is invariant for 7' and S, we have (T + S)'z € R*>(T). Therefore
x9 € R*® (T)

Let M = R>*(T). Let Ths and Syy € B(M) be the restrictions of 7" and S to
M, respectively.

(c) Let ¢ be a positive number such that S’ = ¢S satisfies ||S’|| < 37(Tar). Then
R*(T)NN>(T) C N=(T + 5).

Proof. By (3), it is sufficient to show that R>*(T) N KerT™ C N>(T + 5’) for
all n.

Let n > 1 and 29 € KerT" N M. Since TM = M, SM C M and || 5] <
¥(Tn), we have (T'+ S")M = M and

(T + SHM) =2 ~(Tw) — 157 > ;V(TM)-

Therefore we can find inductively vectors z1,xs, - € M such that (T + 5" )xy =
zp—1 and |zg|| < 2v(Tar) Y| zk—1] for all k > 1.
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For k > n set yg —ﬁCo—E ( )TJS"C Jz,. Then y, € M and we have
(T+S/) yk— T+S/ Io—Z()T]S/k on—O
§=0

Thus y, € N°°(T + ') for all k. Moreover,
1/ 4 ,
I — ol = HZ ()rrssm] <X ()i 11 ol
=0
2|57l (’f) ||TJ|| ol
< . ) ) — 0
<(n) Z; i) s

as k — oo. Thus xg € N®*(T 4+ 57), and so N*(T)N R>®(T) C N>(T + 57).

Proof of Theorem 14. By statements (a)—(c), the spaces R®(T+2S)NN>°(T + 25)

are constant for all complex numbers z with |z| small enough (|z| < 72(&1 gl”)) By

a standard argument, these spaces are constant on each connected set for which
T + 28 is essentially Kato. In particular,
R®(T+S)NN®(T+S)=R>®(T)NN>=(T).

The second statement can be obtained by duality argument. As in (a), we
1 w*
have N°(T)+ = R=(T*) and R®(T)* = (lNOO(T*)) = Noo(T¥)
By (4), we have
o) o) _ 1 %) %) 1 _ 1 o) € %) iR
N(T) + R*(T) =+ ((N(T) + B=(T))") = +(N>(T)* 0 B=(T)*)
= (BT AN ) = (BT A Ne(T)

Similarly,

*

N®(T+8)+ RE(T +8) =+ (R*(T" + 5 A N*(T* + 59)

and so
N®(T +8S)+ R®(T+S)=N>(T)+ R™(T). O

Corollary 15. Let T € B(X) be Kato, S € B(X), ST =TS and
1] < tim (T,

Then T + S is Kato, R*°(T +S) = R®(T) and N*(T + S) = N>=(T).
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22 Classes of operators defined by means of
kernels and ranges

In this section we give a systematic survey of various classes of operators that are
defined by means of kernels and ranges of powers of an operator. Some of the classes
were already introduced; we mention them again for the sake of completeness of
the survey.

For an operator T € B(X) we have already defined o(7T) = dimKerT
and B3(T) = codimRanT. More generally, for every n > 0 we define numbers
an(T) = dimKer 7" /Ker T" and 3,(T) = dimRan7"/RanT""!. In this no-
tation a(T") = a(T') and Bo(T') = B(T).

Write further k,,(7) = dim(RanT™ NKerT)/(RanT™** N KerT).

Lemma 1. Let T € B(X) and n > 0. Then a,(T) = dim(RanT" N KerT) and
Bn(T) = codim(RanT + Ker T™).

Proof. Clearly, T™ induces an isomorphism from Ker T"*!/ Ker T™ onto the space
RanT™ NKerT. Thus o, (T) = dim(RanT™ NKerT).

In the same way, T™ induces an isomorphism from X/(RanT 4 Ker T™) onto
RanT"/RanT" ™!, and so (3, (T) = codim(RanT + Ker T™). O

To characterize the numbers k,, (T'), we need the following elementary lemma.

Lemma 2. Let U,V and W be subspaces of a Banach space X and let U C W.
Then (U+V)NW =U+(VNW).

Proof. A simple verification. O
Lemma 3. Let T be an operator on a Banach space X and n > 0. Then k(T
defined by k,(T) = dim(RanT™ NKerT)/(RanT"** NKerT) is equal to any of

the following quantities:

(i) the dimension of the kernel of the operator
T:RanT"/RanT"' — RanT"™"'/Ran T2

induced by T'; this operator is onto;

(ii) the codimension of the range of the operator
T : KerT" 2/ Ker T — Ker T/ Ker T"

induced by T'; this operator is one-to-one;
(iii) dim(RanT + KerT"*)/(RanT + Ker T™).
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Proof. Clearly, T is onto and T” is one-to-one. By Lemmas 2 and 21.1, we have

dimKer T = dim(7~! Ran7"*? N RanT") / Ran T"+!
= dim((KerT +RanT""") NRanT")/ Ran 7"
= dim((KerTNRanT") + RanT"*") /RanT"*!
=dim(RanT" NKerT)/(RanT" "' NKer T) = ky(T).

Similarly,

codimRan7" = dim Ker 7" %" /(T Ker T"** + Ker T")
= dimKer 7""!/((RanT N Ker T"*') 4+ Ker T™)
= dimKer 7""!/((RanT + Ker T") N Ker 7" ")
= dim(RanT + Ker 7"*") /(RanT + Ker T").

Finally, 7™ induces an isomorphism from
KerT"*!/((RanT NKer T" ') + Ker T7)

onto the space (RanT™ NKerT)/(Ran T NKerT). As we have proved above,
the former space is isomorphic to (RanT + Ker T"*1) /(RanT + Ker T™). O

Corollary 4. Let T € B(X). Then ao(T) > a1(T) > az(T) > -+ and [o(T) >
Gi(T) > . If apt1(T) < oo, then ky (T) = oy (T) — an41(T). Similarly, if
Br+1(T) < 0o for some n > 0, then kny(T) = Bp(T) — Bn41(T).

Proof. The inequality £,+1(T) < 8,(T) follows from the surjectivity of the oper-
ator T. If Bp4+1(T) < oo, then ky(T) = Bn(T) — Bnt1(T) by Lemma 3 (i). The
analogous statements for a,, follow from Lemma 3 (ii). O

Note that if a,(T) = an41(T) = oo, then k,(T) can be arbitrary. For an
example, let 0 <m < oo and T = Pio, S & EB;”Zl Sy4+1 where S is the backward
shift on a separable Hilbert space and Sy,4; is a shift on an (n + 1)-dimensional
space. Then o, (T) = ap+1(T) = o0 and k,(T) = m.

In general, direct sums of various shift operators can serve as model examples
for all classes considered in this section.

Sequences «;(T), 5;(T) and k;(T) give rise to three families of reasonable
classes of operators.

A. Descent

We start with the numbers §;(T). Recall that the descent of T is defined by
d(T) = min{n : 8,(T) = 0}. Similarly we define the essential descent d.(T) =
min{n : B,(T) < co} = min{n : RanT"H'=RanT"}. If d = d.(T) < oo, then
RanT9<RanT" for all n > d (of course Ran T¢<R>(T) is not true in general;
an example is the unilateral shift).
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The following two lemmas enable us an easy verification of axioms of regu-
larity:

Lemma 5. Let T € B(X), m > 1, n > 0. Then B,(T™) = X7"5" Bnti(T). In
particular,
Proof. We have

Bn(T™) = dim(Ran T™"/ Ran T ™)

m—1 m—1
= Y dim(RanT™" "/ Ran T™" ) = Y™ B 14(T) . O
i=0 =0

Lemma 6. Let A, B,C, D be mutually commuting operators on a Banach space X
satisfying AC + BD = I and let n > 0. Then

max{f,(A), Bn(B)} < Bn(AB) < Bn(A) + Bu(B) .

Proof. We first prove 3, (A) < B,(AB). This is clear if 3,,(AB) = co. Suppose that
Bn(AB) < 0. Set m = (,(AB) + 1 and let x4, ...z, be arbitrary elements of
Ran A™. Then B™z; € Ran A"B™ (i =1,...,m), and so there exists a non-trivial
linear combination

ZciB”xi S Ran(A"HB”H).
i=1
By Lemma 12.8, we have

m
Z cizi € Ran(A" ™ B) + Ker B" C Ran A",
i=1

Since the vectors z1, ..., x,, were arbitrary, we conclude that

Bn(A) = dim(Ran A"/ Ran A" ™) < 3,,(AB).

This implies the first inequality.

The second inequality is clear if 8,(A) + (,(B) = oco. Let 3,(A) + Bn(B) be
finite. If m > B, (A4)+6,(B) and 1, . .., x,, are arbitrary vectors in Ran(A"”B™) =
Ran A™ N Ran B™, then there exists a non-trivial linear combination such that
S ciw; € Ran A" and Y ¢z € Ran B" T By Lemma 12.8, Y7 ¢z €
Ran(A"T1B"*1). Hence 3,(AB) < 3.(A) + B.(B). O

Let us consider the following classes of operators:
(1) R ={T € B(X) : d(T') = 0}.
Equivalently, T € R} < Go(T) =0 < (,(T) =0 for all n < T is onto.
(2) R ={T € B(X):d(T) < o0 and d.(T") = 0}.
Equivalently, Y%, 6;(T) < oo < Bo(T) < oo and there exists d € N such

that G4(T) = 0 < T is lower semi-Fredholm and 7" has finite descent < T is lower
semi-Browder.
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(3) R ={T € B(X) : de(T) = 0}.

Equivalently, 8o(T) < 0o < (,(T) < oo for every n < T is lower semi-
Fredholm.
(4) R ={T € B(X) : d(T) < oc}.

Equivalently, there exists d € N such that 8,(T) =0 (n > d) < T has finite
descent.
(5) Rg ={T € B(X) : de(T) < o0}.

Equivalently, there exists d € N such that 8,(T) < co (n > d) < T has
finite essential descent.

In case of ambiguity we write R¥(X) instead of R (i =1,...,5).

It is easy to see, by Lemmas 5 and 6, that the sets R{, ..., Rg are regularities.
So the corresponding spectra satisfy the spectral mapping theorem (for locally
non-constant analytic functions).

The conditions defining the sets RY,..., R¢ are purely algebraic (therefore
we use the upper index a). We could define these classes for linear mappings in
an arbitrary vector space. The spectral mapping theorem would remain true (of
course, for non-constant polynomials only).

An operator T € B(X) with codim RanT < oo has automatically closed
range (and in this case RanT™ is also closed for every n). This is not the case for
operators with finite descent.

Example 7. Let H be a separable Hilbert space and let K € B(H) be an operator
with non-closed range. Consider the operator 1" : @;-, H — @;-, H defined by
T(ho,h1,ha,...) = (Khy,ha, h3,...). Clearly, RanT? = RanT and RanT is not
closed.

From the point of view of operator theory it is more interesting to combine the
algebraic conditions defining regularities R} and R§ with a topological condition —
closeness of Ran T'%. It is easy to see that if 34(7T) = dim(Ran 7%/ Ran T%*!) < oo,
then RanT? is closed if and only if RanT%*! is closed. Thus, by induction, if
Ba(T) < oo and RanT™ is closed for some n > d, then RanT" is closed for every
i>d.

The classes of operators which we are really interested in are the follow-
ing ones (the first three sets remain unchanged since the topological condition is
already implicitly contained in the definition; we repeat them only in order to
preserve the symmetry with the subsequent situations):

Ry ={T € B(X): T is onto};

Ry ={T € B(X) : T is lower semi-Browder};

Rz = ¢_(X);

Ry ={T € B(X):d(T) < oo and RanT4") is closed};

Rs = {T € B(X) : d.(T) < 0o and RanT%(") is closed} .
Obviously, Ry C Ro = R3N Ry C R3 U R4 C Rs.
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It is easy to see that the sets Ry,..., Rs are regularities, cf. Lemma 12.8.
The first three of them were already studied and it was shown that they can be
extended to commuting n-tuples of operators. The classes R4 and R5 are new.
Denote by o; (i =1,...,5) the corresponding spectra.

Corollary 8. Let T' € B(X) and let f be a function analytic on a neighbourhood
of o(T). Then:

(i) o:(f(T)) = fou(T))  (i=1,2,3);

(ii) if f is non-constant on each component of its domain of definition, then

oi(f(T)) = f(oi(T))  (i=4,5).

B. Ascent

Similar considerations apply to the dual situation.
Recall that the ascent of T is defined by

a(T) = inf{n: a,(T) = 0} = inf{n : Ker 7" = Ker T"}.
The essential ascent is defined similarly by
ae(T) = inf{n : a,,(T) < oo} = inf{n : Ker T" "< Ker T"}.
As in Lemmas 5 and 6 it is possible to show that
o (T) < oy, (T™) < m - apm(T) (m>1,n>0)
and, for commuting A, B, C, D satisfying AC' + BD =1,
max{a,(A), an(B)} < ap(AB) < an(A) + a,(B) .
The dual versions of the regularities R{,..., R are the following classes:

(X) : T is one-to-one};

(X) :dimKerT < oo and a(T) < oo};
R ={T € B(X):dimKerT < oo};

(X): a(T) < oo};
o ={T € B(X):a.(T) <0} .

It is easy to see that the sets Rg, ..., R{, are regularities. So the correspond-
ing spectra satisfy the spectral mapping theorem (for locally non-constant analytic
functions). Note that RE defines the point spectrum (= the set of all eigenvalues).

If we consider the topological versions of these regularities, there is a small
difference from the dual case, since the ranges of operators in Rg§, R and R§ need
not be closed.
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The dual versions of Ry,... R5 are:

Rs ={T € B(X) : T is bounded below};

R; ={T € B(X) : T is upper semi-Browder};

Rs = ¢4 (X);

Ry ={T € B(X) : a(T) < 0o and RanT*+! is closed};
Rio = {T € B(X) : a.(T) < oo and RanT*T)*1 is closed}.

Obviously, Rs C R = RsN Ry C RgU Ry C Ryp.
To explain the exponents in the definitions of Rg and R1yp we need the fol-
lowing lemma:

Lemma 9. Let T be an operator on a Banach space X with a.(T) < co. Then the
following two statements are equivalent:

(i) there exists n > ae(T) + 1 such that RanT™ is closed;

(ii) RanT™ is closed for allm > a.(T).
Proof. The implication (ii) = (i) is trivial.

(i) = (ii): Let n > a.(T) + 1 and let RanT™ be closed. We first prove
that Ran7™ ! is also closed. To see this, note that Ran 7™ NKer T is closed and
kn—1(T) = an—1(T) — an(T) < oco.

Thus Ran 7" NKer T is of finite codimension in Ran 7"~ 'NKer T by Lemma. 3,
and so RanT" ! NKer T is closed. Further, RanT"~! + Ker T'= T~ !(RanT™) is
closed. By Lemma 20.3, we conclude that Ran 7"~ ! is closed.

Repeating these considerations, we get that RanT" is closed for all i with

ae(T) <i<n.
Furthermore, T| Ran7™ ! is an upper semi-Fredholm operator; so
RanT" = Ran((T|RanT" "))
is closed for all ¢ > n. O

It is easy to see that the sets R; (i = 6,...,10) are regularities; so the
corresponding spectra o;(T) = {\ : T — X ¢ R;} satisfy the spectral mapping
theorem (in the case of i = 6,7, 8 for all analytic functions; in the case of i = 9,10
for analytic functions which are locally non-constant).

Further, T € B(X) belongs to R;(X) (i = 1,...,5) if and only if T* €
Riy5(X™*). Similarly, T € R;(X) (i =6,...,10) if and only if T* € R;_5(X™).

Moreover, since the intersection of two (or more) regularities is again a reg-
ularity, we can obtain the spectral mapping theorem for a large number of com-
binations of Ry, ..., Rig. Of particular interest are the symmetrical combinations
RNRiys (i=1,...,5).
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Clearly, R1 N R = R{ N Rg is the set of all invertible operators, Re N R7 =
R$ N R is the set of all Browder operators, and Rz N Rg = R§ N Rg is the set of
all Fredholm operators. We characterize the remaining combinations R4 N Ry and
Rs N Ryp.

Theorem 10. Let T' be an operator on a Banach space X . The following statements
are equivalent:
(i) T € R4N Ry;
(ii) T € Ry N R;
(iii) a(T) < oo and d(T') < oo;
(iv) T can be written as Ty @& Ty where T is nilpotent and Ts invertible;
)

(v

either T' is invertible or 0 is an isolated point of o(T") and T'|X; is nilpotent,
where X is the spectral subspace corresponding to {0};

(vi) either T is invertible or the resolvent z — (T — z)~! has a pole at 0;

(vil) there are S € B(X) and n € N such that ST =TS, STS = S and T"ST =
T™ (such an operator T is sometimes called Drazin invertible; the operator
S with properties described here is called the Drazin inverse of T');

(viii) there are S € B(X) and n € N such that ST =TS and T"*1S =1T".
Proof. The implication (i) = (ii) and the equivalence (ii) < (iii) are clear.

(iii) = (i): Follows from Theorem 20.4.

(ili) = (iv): By Theorem 20.4, we have X = KerT™ @ RanT"™ where n =
a(T) = d(T'), and RanT™ is closed. Let T} = T|KerT™ and T5 = T'| RanT™. Then
T = 0. Since Ker 7" = Ker T" and Ran 7" = RanT™, it is easy to see that
T5 is invertible.

(iv) = (v): If X = X; & X, with T|X; nilpotent and T'| X5 invertible, then
either T is invertible or 0 is an isolated point of o(T'). It is easy to see that the set
X7 ={z € X : r,(T) = 0} is the spectral subspace corresponding to {0}.

The implication (v) = (iv) is clear.

(iv) = (vi): In a punctured neighbourhood U of 0 we have

(T—2)"'=(Ti—2)"e (-2 =) Tz e (-2,
i=0
where (T — z) 7! is analytic in U U {0}. Thus the resolvent z — (T — z)~! has a
pole at 0 of order n = min{j : T{ = 0}.

The implication (vi) = (v) can be proved similarly.

(iv) = (vii): Set S = 0@ T, * and let n satisfy TJ* = 0. Then S satisfies (vii).

(vii) = (viii): Obvious.

(viii) = (iii): We have RanT™ = Ran(T""1S) C RanT"*!. So d(T) < n
Let € Ker T" ", Then T"z = ST" "2 =0, so 2 € Ker T™ and a(T) < n. a
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Lemma 11. Let T' € B(X) satisty a.(T") < oo and d.(T") < oo. Then a.(T) = d(T')
and RanT% (D) js a closed and complemented subspace of X .

Proof. Let n=max{a.(T),d.(T)}. The operator from KerT?"/KerT™ to Ker T™ N
RanT™ induced by T™ is onto, so

dim(Ker 7" NRanT™) < dim Ker T%"/ Ker T"

2n—1 2n—1
= Y dimKer T/ Ker T = > (T < oc.

Similarly, the operator from X/(RanT™+KerT™) to Ran 7™/ RanT?" induced by
T™ is one-to-one, and so codim(Ran7T™ + Ker T") < dim Ran 7"/ Ran T?" < oc.
Let F be a finite-dimensional subspace satisfying F@(RanT"+KerT") = X.
Lemma 20.3 for the spaces RanT"™ and Ker T™ + F implies that RanT™ is closed.
Let L be a closed subspace satisfying L & (RanT™ N KerT™) = Ker T™. Tt
is easy to see that RanT™ @ L = RanT™ + KerT™ and X = RanT" & (F + L).
Hence RanT™ is a complemented subspace.
This is clear if n = 0. Sup-
and a,_1(T) — an(T) =
< Bn—1(T) < oo. Since
de

(). O

It remains to show that a.(T) = d.(T) = n.
pose that n > 1. We have a,,(T) < oo, B,(T) < oo,
kn-1(T) = Bn-1(T) — Bn(T). Thus ozn_l(T) < 0
n = max{ae(T),d.(T)}, we conclude that a.(T) =n =

Next we characterize the intersection Rs N Rjg. Operators in this class are
sometimes called B-Fredholm.

Theorem 12. Let T' be an operator on a Banach space X . The following statements
are equivalent:

(i) T € Rs N Ryp;

(ii) T € R¢ N RYy;

(iil) ae(T) < 0o and d.(T) < oo;

(iv) there exists n such that RanT™ is closed and T|RanT™ is Fredholm;
)

(v

(Kato decomposition) there are closed subspaces X1, X9 such that X = X; ®
Xo, TX; C X; (i=1,2), T|X; is nilpotent and T|Xs Fredholm.

Proof. The implication (i) = (ii) and the equivalence (ii) < (iii) are clear. The
implication (iii) = (i) follows from Lemmas 9 and 11.

(V) = (iV): Let X = X716 Xo, TX; C X; (Z = ].72), Tanl = 0 and let

T|X4 be Fredholm. Then RanT™ = RanT"|X5, which is of finite codimension in
Xs. Therefore RanT™ is closed. It is easy to see that T| RanT™ is Fredholm.
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(iv) = (iii): Let RanT™ be closed and T = T|RanT™ Fredholm. Then
on(T) =dimKerTNRanT™ = a(T3) < oo

and
Bn(T) = dimRanT™/ Ran T" " = B(T}) < oo.

Hence a.(T) < oo and de(T') < 0.

(iii) = (v): Since a;(T) and §;(T) are finite for all j sufficiently large, and
these sequences are non-increasing, there exists n € N such that o;(T') = o, (T) <
oo and 3;(T) = B,(T) < oo for all j > n. Therefore k;(T)) = 0 for j > n and
KerTNRanT™ C R*(T). By Lemma 11, Ran 7™ is closed. By Lemma 12.1 for the
restriction T| RanT™, we also have N°°(T|RanT") = N°°(T)NRanT" C R>(T).

If n = 0, then T is Fredholm and the decomposition is trivial. In the following
we assume that n > 1.

Since dim(RanT™ N KerT') = oy, (T') < oo, there exists a closed subspace L
such that X = L @ (RanT" N KerT).

We define closed subspaces N; (j =0,...,n) inductively by Ny = {0} and
Nj+1 :T_leﬂL (]<TL)

Clearly, TNj;+1 C N;NRanT'. Conversely, let z € N;NRanT. Then x = T'u
for some u € X. Express u = [+ v with [ € L and v € KerT N RanT™. Then
u—v=Il€eLand T(u—v)=Tu=z. Thusu—v € N1 and x € TN,y;.

Hence

TNjy1=N;NRanT (j <mn).

We prove by induction on j that N; C N;41. The statement is clear for j = 0.
Suppose that j > 0, N; C Nj41 and let * € Njy1. Then Tx € N;j C Nj4q, and so
x € T7'Nj4q. Since z € Nj41 C L, we conclude that x € Nj .

Hence

NjCNj_H (j:O,l,...,n—l).

One can see easily that N; C Ker TV for all j.
We now prove by induction on j that

Ker7V C N; + (Ker 77 N RanT™). (1)

The inclusion is clear for j = 0. For j = 1 we have KerT = (Ker TN L)+ (KerT'N
RanT™) = Ny + (Ker T NRanT™). Let j > 1, Ker 77 C N; + (Ker77 N RanT™)
and let z € Ker 7!, Then Tz € KerT7, and so Tx = vy + vy for some v; € N;
and vy € KerT? NRanT"™ = Ker 77 N Ran T"*! = T(Ker 77! N RanT™). Thus
v1 € NyNRanT = TN, and
x € Njy1+ (Ker 77" ' NRanT™) + Ker T
= Nj11 + Ker T N RanT™) + (Ker TN L) + (Ker TN RanT™)
= Nj11 + (Ker 77T A Ran T™).

Hence (1).
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Finally, we prove by induction that N;N RanT"™ = {0}. This is clear for j = 0.
Let j > 0, N;NRanT™ = {0} and let € N;;1NRanT”. Then Tx € N;NRanT™
and so, by the induction assumption, Tz = 0. Thus z € KerT N RanT™ and
z € Nj41 C L, and so x = 0. Hence

N; NRanT" = {0} (7 <n).

Set N =N,,. Then TN C N and N C KerT". Further, N+RanT"™ D KerT™
by (1), and N NRanT™ = {0}. Note also that N + RanT" = Ker 7" + RanT" =
T~"Ran(T?"), which is closed, since RanT?" is closed by Lemma 9.

Consider the dual operator T* € B(X*). It is easy to see that Ran(T*7) is
closed, a; (T*) = 3;(T) and §;(T*) = o;(T) for all j > n. Thus we can use the
same construction for 7.

Since dim(Ker T* N RanT*") = «,,(T™*) = B,(T) < oo, there exists a finite-
dimensional subspace G C X such that +(KerT* NRanT*") & G = X. Set L' =
G*. Then L' is a w*-closed subspace and L' @ (Ker T* N RanT*") = X*.

Define subspaces Mg C M] C --- C M, C X* by Mg = {0} and M, =
T*~'M; N L. By induction, M} is w*-closed for all j.

Set M’ = M. As above we have T*M' C M’ C Ker T*", M'NRanT*" = {0}
and Ker T*" C M’ + RanT*". Moreover, M’ + RanT*" is a closed subspace.

Set M =+M'. Then TM € M and M = +M’' >+ Ker T*" = RanT™.

Further,

RanT" =+ KerT*" > (M’ + RanT*") = *M' N+ RanT*" = M NKer T"
and M +KerT" = +M'++ RanT*" = +(M'NRanT*") = X (the middle equality

follows from A.1.13).
Thus

M+NDM+RanT"+ N DM+ RanT" + KerT" = X

. MNNcCMnKerT"NN C RanT" NN = {0}.
Hence X = N& M, TN € N, TM C M and (T|N)" = 0.
Let T, = T|M. We have
KerTy = Ker TN M C KerT" N M =+ (RanT*" + M’)
= L(RanT*" + Ker T*") = Ker T" NRanT"™ C R>(T).
Thus k;(T2) = 0 for all j > 0. Hence the sequences «;(T%) and 3;(T%) are constant.

Since ap(T2) = an(T) < 00 and G, (T2) = Bn(T) < 0o, we conclude that a(Ts) <
oo and ((T2) < co. So T is Fredholm.

Proposition 13. Let T, S € B(X). Then o;(TS) \ {0} = 0;(ST) \ {0} for i =
1,2,...,10. The same relation is true also for all unions of these spectra, in par-
ticular for o4 U og and o5 U 01g.

Proof. Follows from Propositions 12.28 and 12.29.
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C. Kato, essentially Kato and quasi-Fredholm operators

In this section we replace the numbers 3,(T) = dimRan7™/RanT"*! and
an(T) = dimKer T/ Ker T™ by the numbers
kn(T) = dim(RanT + Ker T7"™') /(Ran T + Ker T")
= dim(Ker T NRanT™)/(Ker T N RanT" ).

Note that k,(T) = 0 if and only if KerT' N RanT™ C Ran T+, Similarly,
kn(T) < oo if and only if Ker TN RanT™"C Ran T" 1.
We start with an analogue of Lemmas 5 and 6.

Lemma 14. Let A, B,C, D be mutually commuting operators on a Banach space
X satisfying AC + BD = I and let n > 0. Then:

(i) Ran(A"B"™) NKer(AB) = (Ran A" N Ker A) + (Ran B” N Ker B);
(i1) max{k,(A),k,(B)} < kn(AB) < k,(A) + k,(B).
Proof. (i) By Lemma 12.8, we have

Ran(A"B™) N Ker(AB) = Ran A” N Ran B" N (Ker A + Ker B)
> (Ran A" NRan B" N Ker A) + (Ran A" N Ran B" N Ker B) (2)
= (Ran A" NKer A) + (Ran B" N Ker B).

On the other hand, if x € Ran A™ N Ran B™ N (KerA + Ker B), then z =y + 2
for some y € Ker A C RanB™ and z € Ker B C Ran A™. Thus we also have
y=x—z2¢€ RanA"™ and z =2 —y € Ran B"™. So

T € (Ran A" N Ran B" N Ker A) + (Ran A" N Ran B" N Ker B)

and we have equality in (2).

(il.a) We prove kpn(A4) < kn(AB). If x1,..., 2, € Ran A™ N Ker A where m >
kn(AB), then B"z; € Ran(A"B"™) N Ker A C Ran(A"B™) N Ker(AB) for all i =
1,...,m. Thus there exists a non-trivial linear combination

ZciB"xi S Ran(A"+1B”+1) C B"Ran A",
i=1
So .
Z ciri € Ran AT + Ker B® C Ran A" 1.

i=1
Hence ky,(A) = dim(Ran A" NKer T')/(Ran A" NKer T) < k,,(AB).

(ii.b) To prove the second inequality, let x1,...,2, € Ran(A"B™) N Ker(AB)
where m > k,(A) + kn(B). By (i), we can write ; = y; +2; (i =1,...,m)



208 Chapter III. Essential Spectrum

for some y; € Ran A" N Ker A and z; € Ran B™ N Ker B. Thus there exists a non-
trivial linear combination such that >/, ¢;y; € Ran A" ™ NKer A and Y"1 | ¢;2; €
Ran B! NKer B. Hence >\ | ¢;z; € Ran(A"" B" ™) NKer(AB) and k,(AB) <
m. This proves the second inequality. O

Lemma 15. Let T' € B(X), n > 0 and m > 1. Then
En(T™) = kpn(T) + 2kmn+1(T) + 3kmnt2(T) + - - + mkmntm—1(T)
+ (m = Dkmntm(T) + - -+ + kmntam—2(T).
In particular,
kmn(T) < kn(T™) < m® o8 Knei(T).
Proof. Consider the mapping
fj :RanT?/RanT9T™ — Ran T7T!/ Ran 79 ™!
induced by T. By Lemmas 2 and 21.1, we have
dimKer Tj = dim (7' Ran 79+ N Ran77) / Ran T9+™
= dim((KerT + RanT7"") NRanT7)/RanT7+™
= dim((KerT NRanT?) + RanT7*™) /RanT7+™
-1

=dim(KerT NRanT”)/(Ker T NRanT7*™) = ¥ ki (7).
Since the mapping Ran T™"/ Ran T™"*+*™ — Ran Tm"+m/ Ran 7™ +2m ip-

duced by T™ is equal to the composition Tmn+m 1Tmn+m 9+ Tmn and all these
mappings are onto, we have

3

Il
<

mn+m—1 mn+m—1m—1
kn(T™) = Y dimKerTj= > Y kji(T)
Jj=mn j=mn =0
which gives the statement of the lemma. O
We now define the classes of operators analogous to RY, ..., Rg:

L ={TeB(X )k( ) =0 for all n > 0};
Riy ={T € B(X Zk ) < ool

Ris;={T e B(X): n(T) < oo for all n > 0};
R{, ={T € B(X) : there exists d € N such that k,(T") = 0 for all n > d};
15 = {T € B(X) : there exists d € N such that k,(T") < oo for all n > d}.
The condition in R{; means that
KerT =KerTNRanT = KerTNRanT? = --- = Ker T N R (T),
and so R}y = {T : KerT C R*(T)}.
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Similarly, >°.° ki (T') < oo means that there is a d € N such that
KerT=KerTNRanT=KerT NRanT?% ... =KerTNRanT? = Ker T'N R (T),

and so R, = {T : Ker TCR™ (T')} . The condition defining R{; can be rewritten
as KerT"™C RanT™ for all m,n € N. The condition in R{, is equivalent to KerT'N
RanT? C R>(T).

It follows from Lemmas 14 and 15 that the sets R{, - - - R{; are regularities;
so the corresponding spectra satisfy the spectral mapping theorem (for locally
non-constant analytic functions).

Before we introduce the topological version of R{,..., R{; we state several
simple lemmas.

Lemma 16. Let T' € B(X), m > 0 and n > i > 1. If RanT™ + Ker T™ is closed,
then Ran T % + Ker T™%* is closed.

Proof. 1t is sufficient to show that
RanT""* 4+ Ker T = T~*(RanT" 4+ Ker T™). (3)

The inclusion C is clear. Conversely, suppose that T?z € RanT" + Ker T™,
so T'z = T"x 4+ u for some € X and v € KerT™. Then u € RanT?, and so
u = T for some v € Ker 7%, Consequently, z — T" "z — v € KerT*. Thus
z€RanT"  + KerT™* + Ker T = RanT" % + Ker T™%" and we have equality
in (3). O

Lemma 17. Let T € B(X) and let n > 0. If RanT™ is closed and RanT + Ker T™
is closed, then RanT"t! is closed.

Proof. Let u; € X (j = 1,2,...) and let T""'u; — 2 as j — oo. Then z €
RanT™, z = T™u for some v € X and T" (v — T'u;) — 0.
Consider the operator Tn: X /KerT™ — X induced by T™.

Clearly, T™ is one-to-one and has closed range, therefore it is bounded below,
and T"(u — Tuj; + KerT") — 0 (j — oo) implies v — Tu; + KerT™ — 0 in
X/KerT". Thus there are elements v; € Ker T™ such that Tu; + v; — u, and so
u € RanT + Ker T". Hence z = T"u € RanT" 11, O

Lemma 18. Let T' € B(X), d € N and let k;(T) < oo for every i > d. Then the
following statements are equivalent:

(i) there exists n > d+ 1 such that RanT™ is closed;

(ii) RanT™ is closed for all n > d;

(iil) RanT™ + Ker T™ is closed for all m,n with m +n > d.

Proof. Clearly, (ili) = (ii) = (i). The implication (ii) = (iii) follows from Lem-
ma 16.
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(i) = (ii) : If RanT" is closed, then, by Lemma 16, RanT + Ker 7"~ Lis
closed. Since Ran T+ Ker T"~1C Ran T+ Ker T"C , we get that Ran T+ Ker T
is closed for every ¢ > n. Thus, by Lemma 17, we get inductively that RanT" is
closed for every i > n.

To show that RanT" is closed for all i, d < i < n, we can proceed exactly as
in the proof of Lemma 9. g

We use the following notation:

Ry ={T € B(X):KerT C R*(T) and RanT is closed};
Ryp = {T € B(X) : Ker TCR®(T) and RanT is closed};
Ri3 ={T € B(X) : kn(T) < o for every n € N and RanT is closed};
Ry, ={T € B(X) there exists d € N such that
En(T) =0 (n>d)and RanT%"! is closed};
Ris ={T € B(X): there exists d € N such that
En(T) < 0o (n > d) and RanT9"! is closed} .

The sets R11 and Rpo are the classes of all Kato and essentially Kato operators,
respectively. The operators in Ry4 are called quasi-Fredholm.

Clearly, Ri1 C Ris = RigsN Ry C RisURyy C }3157 Ri URg C R117
Ry UR7; C R3URg C ng, Ry URyg C R4 and Rs U Ri9 C Rss.

It is easy to see that the sets Ry - - - Ri5 are regularities.

Let o; (i = 11,...,15) be the corresponding spectra defined by o;(T) =
{N:T—-X¢R;}. If X =X; & X, is a decomposition of X with closed X1, X
and if T} € B(‘le)7 T, € B(Xz), then

O’i(Tl@TQ):O'i(Tl)UO'»L’(TQ) (i=11,...,15) .

Since 011(T1) # 0 & X3 # {0}, and 0;(T1) # 0 < dim X; = oo for ¢ = 12,13, we
have the following spectral mapping theorems:

Theorem 19. Let T' € B(X) and let f be a function analytic on a neighbourhood
of o(T). Then

oi(f(T)) = flo(T))  (i=11,12,13).

If f is non-constant on each component of its domain of definition, then
oi(f(T)) = f(oi(T)) (i =14,15).

Examples 20. Let S,, be the shift in an n-dimensional Hilbert space. A typical
example of an operator in the class Rz is T = @, Sy; then k,(T) = 1 for all
n > 0.

An example of a quasi-Fredholm operator (class Ry4) is T/ = EB;L Sp, where
n € N is fixed. Then k,,—1(T") = oo and k;(T7) =0 (i #n—1).

The operator T” =T @ T’ is an example of an operator in the class Rjs.
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Lemma 21. If T € B(X), n € N and RanT", RanT"*! and RanT"*? are closed,
then ky, (T*) = k,(T).

Proof. The space Ran T+Ker T™ = T~" Ran T" ! is closed, and similarly, Ran T+
Ker T"*! is closed. Thus

kn(T) = dim(RanT + Ker 7" ) /(Ran T + Ker T™)
= dim(RanT + Ker T")* /(Ran T + Ker T"1)+
= dim(Ker T* NRanT*")/(Ker T* N Ran T*" 1) = k,, (T*). O

Corollary 22. T* € R, & T € R; for i = 11,...,15.

23 Semiregularities and miscellaneous spectra

Some spectra studied in literature satisfy the conditions required in Section 6 only
partially. We met some examples of this kind in the previous sections.

Recall that a non-empty subset R of a Banach algebra A is called a regularity
if it satisfies the following two conditions:

(i) ifee Aandn € N, then a € R < a™ € R,

(ii) if a,b, c,d are mutually commuting elements of A satisfying ac + bd = 14,
then ab € R < a,b € R.

Axioms (i) and (ii) can be divided into two parts, each of them implying a
one-way spectral mapping theorem.

There are many natural examples of classes of operators or Banach algebras
elements that satisfy only one half of the axioms of regularities. This motivates
the definition of semiregularities.

Lower semiregularities

Definition 1. Let R be a non-empty subset of a Banach algebra A. Then R is called
a lower semiregularity if

(i) ae A,neNa" € R=a€R,

(ii) if a, b, ¢, d are mutually commuting elements of A satisfying ac+bd = 1 4 and
ab € R, then a,b € R.

For a lower semiregularity R let or be the corresponding spectrum defined
by or by or(a) ={A€C:a— A ¢ R}.

Clearly the intersection R = ), R of any system of lower semiregularities is
again a lower semiregularity. The corresponding spectra satisfy or(a) = |, or. (a)
for all a € A.
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Note that also the union R = |, R, of any system of lower semiregularities
is again a lower semiregularity. The corresponding spectrum then satisfies or(a) =

Na R (a).
Lemma 2. Let R C A be a lower semiregularity. Then:
(i) 1a € R;
(ii) Inv(A) C R;
(i) ifa € R, b € Inv(A) and ab = ba, then ab € R;
(iv) or(a) C o(a);
(v) (translation property) ogr(a+ X) = A+ og(a).
Proof. (i) Let b€ R. Wehave1-14+b-0=1and1-b=b€ R. Thus 1 € R.
(ii) Let a € Inv(A). Thena-a ' +a'-0=1and a-a! =1 € R. Hence
a € R.
(iii) We have (ab) -0+b"1-b=1and (ab)-b~' =a € R, s0 ab € R.
The remaining statements are clear. 0
Remark 3. Suppose that R C A is a non-empty subset satisfying
a,b e A ab="ba,ab€ R = a,b € R. (1)
Then clearly R is a lower semiregularity.
Theorem 4. Let R C A be a lower semiregularity and a € A. Then
flor(a)) C or(f(a))
for each locally non-constant function f analytic on a neighbourhood of o(a).

Proof. Suppose on the contrary that A\ € f(ogr(a)) \ or(f(a)). Since the function
f(2) — X has only a finite number of zeros a1, ..., a, in o(a), we can write

F2)=A=(z—a)™ ... (2 = an)g(2),

for some k; > 1 and a function g analytic on a neighbourhood of o(a) such that
9(2) #0 (z € o(a)). Thus

fla) =X=(a—a)k ... (a—an)kgla),
where f(a) — A € R and g(a) € Inv(A). By Lemma 2 (iii),

(a—a)™ - (a—a,)™ €R.

Let i € {1,...,n}. For certain polynomials p, g we have
(=00 - p(:) + (T[ = 0)) -a2) = 1.
J#i

The corresponding identity for z replaced by a gives (a—a;)* € R. Thus a—a; € R
and a; ¢ og(a) (i=1,...,n). Hence A ¢ f(or(a)), a contradiction. O
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Corollary 5. Let R C A be a lower semiregularity and 0 ¢ R. Then p(cgr(a)) C
or(p(a)) for all polynomials p.

Proof. 1t is sufficient to verify the inclusion for the constant polynomials p(z) = A.
In this case we have p(ogr(a)) C {A} and or(p(a)) = or(A-14) = {A}. O

The assumption in Theorem 4 that the function f is locally non-constant can
be frequently omitted.

Theorem 6. Let R C A be a lower semiregularity satisfying the following condition:
ifc=c*€ R,a € Aandac = ca, then c+(1—c)a € R . Then f(or(a)) C or(f(a))
for all a € A and f analytic on a neighbourhood of o(a).

Proof. Let U be the domain of definition of f. Suppose on the contrary that
X € f(or(a)) \ or(f(a)). Let Uy be the union of all components of U where f is
identically equal to A\, and Uy = U \ U;. Let h be defined by

. 0 (ZGUl)7
h<2)_{1 (2 € Ua).

Then we can write

f(2) = A =h(z)(z = a1)* - (z = an)* - g(2)

where a1,...,a, € 0(a) NUs, g is analytic on U and g(z) # 0 (2 € o(a)). Set
p(z) = (z — a1)" -+ (z — an)™. Thus f(a) — A = h(a)p(a)g(a) = h(a)p(a)(1 —
h(a) + g(a)h(a)), where 1 — h(a) + g(a)h(a) € Inv(A). We have f(a) — X € R and
s0, by Lemma 2 (iii), h(a)p(a) € R.

Consider the function r defined by

"(z) = {p<z>—1 (= € Uh),
0 (Z S UQ)

Then p(a)(1—h(a))-r(a)+h(a)-1 =1 and p(a)h(a) € R and sop(a) € R,h(a) € R
As in Theorem 4, p(a) € R implies a —a; € R (i = ,n) and so a; ¢ or(a).

Since A € f(ogr(a)), thereisa § € UiNog(a). Further h(a) is an idempotent
in R and, by assumption, we have (a — 3)(1 — h(a)) + h(a) € R. Since (1 —h(a))+
(a — B)h(a) € Inv(A), we have

a—f=((a-B)(1-nha))+h(a))-((1-h(a)+(a—PBh(a)) € R.
This contradicts to the fact that 8 € or(a). O

Remark 7. In particular the condition of the previous theorem is satisfied if the
unit element is the unique idempotent in R.

Another typical application is when A is the algebra of all bounded opera-
tors on a Banach space, all idempotents in R are projections onto subspaces of
finite codimension and R is invariant under finite rank perturbations (for example
Fredholm operators, upper (lower) semi-Fredholm operators etc.).
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Theorem 8. Let R C A be a lower semiregularity. The following conditions are
equivalent:
(i) R is open;
(ii) ogr(a) is closed for each a € A and the set-valued function a — or(a) is
upper semicontinuous.

Proof. Straightforward. O

Remark 9. Let R C A be a lower semiregularity. Then the spectrum o can be
extended to n-tuples of commuting elements of A in such a way that

plog(al,...,an)) Cor(plal,...,an))

for all commuting n-tuples a1, ...,a, € A and all non-constant polynomials p in
n variables. Indeed, define

orlar,...,an) ={(A1,..., \n) s p(a1,...,an) —p(A1,..., \n) ¢ R for all p}.

The extension is not unique; other (trivial) extension is og(a,...,a,) =0
whenever n > 2.

The first extension is maximal among all extensions satisfying the one-way
spectral mapping property (clearly the trivial extension is minimal).

We show now some examples of lower semiregularities. Of course every reg-
ularity is also a lower semiregularity. Therefore we restrict here only to examples
of lower semiregularities that are not regularities.

Let X be a Banach space. The set &, (X) U ®_(X) of all semi-Fredholm
operators is a lower semiregularity (since it is a union of two regularities). The
corresponding semi-Fredholm spectrum is defined by osp(T) = {A € C : T —
A is not semi-Fredholm}.

By Remark 7, the one-way spectral mapping f(osr(T")) C osr(f(T)) is sat-
isfied for all functions analytic on a neighbourhood of o(T').

Another example of a lower semiregularity in a Banach algebra A is the set
Inv;(A) U Inv,(A) of all one-side invertible elements.

Let T € B(X) and n > 0. Recall the definitions from the previous section:
an(T) = dimKer T/ Ker T™,
Bn(T) = dimRanT"/Ran T
kn(T) = dim(RanT™" N Ker T)/(RanT" ™! N Ker T').

Fix m > 0. It follows from the results in the previous sections that the
following subsets of B(X) are lower semiregularities:
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(i) {T € B(X):dimKerT < m} ={T :supa;(T) < m},
(i) {T € B(X) : dim N>®(T) <m} ={T: > a;(T) < m},
(i) {T € B(X) : limo;(T) < m},
(iv) {T € B(X):codimRanT < m} = {T : sup 5;(T) < m},
(v) {T € B(X):codim R®(T) <m} ={T:> 5:(T) <m},
(vi) {T € B(X) : lim 3;(T) < m},
(vii) {T € B(X) : supk;(T) < m},
(vili) {T € B(X): > ki(T) <m},
(ix) {T € B(X) : limsupk;(T) < m}.
(x) {T € B(X):dimKerT <m and RanT is closed},
(xi) {T € B(X):dimN>(T) <m and RanT is closed},
(xii) {T € B(X) : there is a j such that a;(T) < m and RanT7"! is closed},
(xiii) {T € B(X) : supk;(T) < m and RanT is closed},
(xiv) {T € B(X): > ki(T) <m and RanT is closed},
(xv) {T € B(X) : kn(T) <m and RanT™ is closed for every n > ng}.

Note that the ranges in classes (iv)—(vi) are closed automatically.
This shows that it is rather easy to find examples of lower semiregularities.

Upper semiregularities
Definition 10. A subset R of a Banach algebra A is called an upper semiregularity if

(i) ae R,neN=a" € R,
(ii) if a, b, ¢, d are mutually commuting elements of A satisfying ac+bd = 1 4 and
a,b € R, then ab € R,

(iii) R contains a neighbourhood of the unit element 1 4.

The definitions of upper and lower semiregularities are only seemingly asym-
metric. In fact, condition (iii) for lower semiregularities was satisfied automatically.

Clearly R is a regularity if and only if it is both a lower and upper semireg-
ularity.

Define again or(a) = {A € C:a — A ¢ R}. Clearly the intersection of any
family of upper semiregularities is again an upper semiregularity. Also the mapping
a — or(a) is upper semicontinuous if and only if R is open.

Remark 11. If R C A is a semigroup, then conditions (i) and (ii) of Definition 10
are satisfied. Thus a semigroup containing a neighbourhood of the unit element is
an upper semiregularity.

Lemma 12. Let R C A be an upper semiregularity, let a € RNInv(A). Then there
exists ¢ > 0 such that {b € A:ab=ba,|b—al| <ec} CR.
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Proof. Let 6 > 0 satisfy {c € A : ||c —14]| < 6} C R. Let a € RN Inv(A). Set
€= Haél\l' Suppose that b € A, ab = ba and ||b —a|| < e. Then [[a=1b— 1| =
la=t(b—a)| < |la™t|-|[b—al|| < 8, and so a~1b € R. Further, a-a=1+(a=1b)-0 =1,
hence b =a - (a~'b) € R. O
Lemma 13. Let R C A be an upper semiregularity, a, € RN Inv(A) (n =
1,2,...), a € Inv(A), a, — a and a,a = aa,. Then a € R.

Proof. For each n we have a,, - a,' + (a;'a) - 0 = 1. Further, a,;'a — 1, and so
a,la € R for n large enough. Thus a = a,, - (a,'a) € R. O

Theorem 14. Let R C A be an upper semiregularity, let a € A. Let M be a
component of C\ o(a). Then either M C og(a) or M Nog(a) = 0.

Proof. Let L = {a—X: X € M,a— X € R}. By Lemma 12, L is open and, by
Lemma 13, it is relatively closed in M. Thus either L =0 or L = M. O

Corollary 15. Let R C A be an upper semiregularity. Then \ - 14 € R for each
non-zero complex number \.

Proof. Consider the element @ = 0. The set M = {\ € C: X # 0} is a component
of C\ ¢(0). Further, 1 € R, so A € R for all A € M. O

Lemma 16. Let R C A be an upper semiregularity, let a € R, b € RN Inv(A) and
ab = ba. Then ab € R.

Proof. We have a-0+b-b~! =1, so ab € R. g

Theorem 17. Let R C A be an upper semiregularity, let a € A. Then or(a) C 7(a).
Further, og(a) \ o(a) is a union of some bounded components of C \ o(a

).
Proof. For |\| large enough we have 1 — { € R,soa — X = —\(1 — € R. By
Theorem 14 the unbounded component of C\ o(a) is disjoint with or(a) and thus
or(a) C 5(a). O

3
a)

Theorem 18. Let R C A be an upper semiregularity, let a € A. Then or(p(a)) C
p(ogr(a)) for all non-constant polynomials p.

Moreover, if or(b) # 0 for all b € A, then ogr(p(a)) C p(or(a)) for all
polynomials p.

Proof. Let p be a non-constant polynomial. Let A ¢ p(or(a)). Write p(z) — A =
B-(z—a) - (2 —ay)* wheren > 1 and ay,...,a,,3 € C, 3# 0. Thus

pla)=A=03-(a—a)" - (a— an)kn.

By assumption, a; ¢ or(a) (i=1,...,n). Thus a —a; € R and (a — a;)* € R.
As in Theorem 4 we have (2 — a;)* -+ (2 — a;,)*» € R and p(a) — X\ € R, i.e.,
X ¢ or(p(a)). Thus or(p(a)) C p(or(a)) for all non-constant polynomials.

Suppose that og(b) # () for all b € A. Let p(z) = X be a constant polynomial.
Then

or(p(a)) = or(A-1a) = {A} = p(or(a)). B
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Theorem 19. Let R C A be an upper semiregularity. Suppose that R satisfies the
condition

be RNInv(A) = b ' €R. (2)

Then or(f(a)) C f(or(a)) for all a € A and all locally non-constant functions f
analytic on a neighbourhood of o(a) U og(a).

Further, or(f(a)) C f(or(a)Uo(a)) for all functions f analytic on a neigh-
bourhood of or(a) Uo(a).

Proof. Suppose first that f is locally non-constant and suppose on the contrary
that thereisa A € or(f(a))\f(or(a)). Then f(a)—X = g(a)g(a) where q(a) = (2—
ai)k .- (a—a,)* and g is a function analytic and non-zero on a neighbourhood
of o(a)Uor(a). By assumption, f(a)—\ ¢ Rand «; ¢ ogr(a),ie,a—a; ER (i =
1,...,n). As in Theorem 4 we obtain that ¢(a) € R. Further, there are a compact

pn(2)
an(2)

V such that Z :8 — ¢(z) uniformly on V. We can assume that the polynomials

Dn, ¢n are non-constant and p,(z) # 0 on o(a) Uor(a).

neighbourhood V of o(a) U og(a) and rational functions with poles outside

By Theorem 18, this means that p,(a) € R, g,(a) € R. By assumption,
qn(a)™! € R. Thus we have p,(a)gn(a)™' € R and, by Lemma 13, g(a) =
limp,(a)g.(a)~! € R. Since q(a) € R and g(a) € RNInv(A), we have f(a)—\ € R,
a contradiction.

Suppose now that f is analytic on a neighbourhood of o(a) Uog(a) and X €
or(f(a))\ (f(c(a)Uog(a))). Let U be the domain of definition of f, U = Uy UU,
where Uy, Uy are disjoint open sets, f|U; = A and [ is not identically equal to A
on any non-empty open subset of Us. By assumption, (og(a) Uo(a)) NU; =0, so
Us; is an open neighbourhood of o(a) U or(a). The proof proceeds as in the first
part. O

In many cases the inclusion or(f(a)) C f(ogr(a)) is true for all analytic
functions. By Theorem 19, this is true if R satisfies (2) and R C Inv(A), i.e.,
or(a) D o(a) for all a.

Another typical situation is described in the following theorem.
Theorem 20. Let R C B(X) be an upper semiregularity satisfying (2) such that

(i) if T € R and F € B(X) is a finite rank operator commuting with T, then
T+ F €R,

(ii) if T € B(X), Ui, Uy are disjoint open sets, o(T) C Uy UUy and or(T') C Us,
then the spectral projection of T' corresponding to U; is of finite rank.

Then or(f(T) C f(or(T)) for all T € B(X) and f analytic on a neighbourhood
of o(T)Uogr(T).
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Proof. Let f be analytic on a neighbourhood of ¢(T") U or(T") and suppose that
thereis A € or(f(T))\ f(or(T)). Let Uy, Uz be disjoint open sets, f|U; = A and f
is not identically equal to A on any non-empty open subset of Us. By assumption,
or(T)NU; =0, so or(T) C Us. Let h be defined by

h(Z) _ 0 (Z S Ul)7
1 (Z € Uz).
By (ii), I — h(T) is a finite rank projection. We can write
F(2) = A=h(z)(z = a1)** - (2 — an) " g(2)

for some ay, ..., an € o(a) NUs, g analytic on Uy UUs and g(2) #0 (2 € o(a)).
Set q(2) = (2 —ar)* -+ (2 — an)*r.

We have o; ¢ og(T), so T —«; € R and, as in Theorem 4, ¢(T) € R.
As in Theorem 19 we get g(T) € RN Inv(B(X)), and so ¢(T)g(T) € R. By (i),
f(T)—AX=h(T)q(T)g(T) € R, a contradiction. O
Examples 21.

(i) Let R be the principal component of Inv(A), i.e., the component of Inv(.A)
containing the unit. Then R is an open semigroup and so an upper semireg-
ularity. The corresponding spectrum is the ezponential spectrum oeqp (the
name is justified by the fact that R = {exp(a1)---exp(a,) : n € Nyaq, ..
a, € A}).

By Theorems 17 and 19, o(a) C gezp(a) C o(a) and oezp(f(a)) C
fexp(a) for each function f analytic on a neighbourhood of cezp(a).

(ii) Let R = {T € ®(X) : indT = 0}. Then R is an open semigroup and thus
an upper semiregularity. The corresponding spectrum is the Weyl spectrum
(sometimes also called the Schechter spectrum) ow (T) ={A € C: T — \ ¢
®(X) or indT # 0}. By Theorem 19.7, ow (T) = (No(T + K) where the
intersection is taken over the set of all compact operators K. By Theorem
20, we have ow (f(T)) C f(ow(T)) for each function f analytic on a neigh-
bourhood of o(T).

In fact, the Weyl spectrum is closely related to the exponential spec-
trum. It is easy to see that T is a Fredholm operator with ind7T" = 0 if and
only if T lies in the principal component of ®(X).

9

(iii) More generally, let J be a closed two-sided ideal in a Banach algebra A and
R={a+b:acInv(A),be J}. It is easy to check that R is a semigroup
containing Inv(.A), and so an upper semiregularity.

(iv) Let A = B(X). Then the sets
O (X)={T€d, (X):indT <0} and
oH(X)={T € ®_(X):indT > 0}.
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are upper semiregularities. The corresponding spectra O and o4+ satisfy

T (T) = ﬂ{aﬁ(T + K) : K compact},
op+(T) = ﬂ{ag(T + K) : K compact}

and the one-way spectral mapping theorem for all analytic functions, cf.
Theorem 20.

Closed-range spectrum

Most of the classes of “nice” operators require that the operators have closed
ranges. Thus it is natural to consider the closed-range spectrum of an operator
T € B(X) defined by

oer(T) = {X € C: Ran(T — A) is not closed}.

This spectrum is sometimes called the Goldberg spectrum. However, the closed-

range spectrum has not good properties. For example, it is possible that RanT is

closed but RanT? is not. Conversely, it is also possible that Ran7T? is closed but

RanT is not. In particular, operators with closed range are not a semiregularity.
In fact it is possible to construct the following extreme example:

Example 22. Let M C N be any subset. Then there exists an operator T' acting
on a separable Hilbert space H such that RanT™ is closed if and only if n € M.

Construction: If M = N, then the statement is clear (take for example T' = I). So
we may assume that M # N.

Let K be a separable infinite-dimensional Hilbert space and fix an oper-
ator V € B(K) with [|[V|| = 1 and RanV non-closed (for example, let V =
diag(1,1/2,1/3,...)).

Let m € N. We construct an operator T, such that || T,,|| < 2, v(T2) = 1
for 1 <j <m—1, RanT/” is not closed and 7" ! = 0.

Set Hy, = @;~ _,, 1 K. The operator T,,, € B(H,,) will be defined by
Tm (I,m+1, Tom+2,--+yL—-1,20, L1, .. 7xm)
= (Ou Tom41, Tomt2s -+, T2, L1 + V(E], T2y Tm, 0)

Clearly ||T,]| <2 and T/* ! = 0.
For 1 < j <m — 1 we have
RanTJ, =0& - 000 K@ - dKa06 - 0.
N~ 7S ~ PN

7 2m—2j 7

Thus RanT7, is closed for j = 1,...,m — 1. It is easy to see that v(T7,) = 1.



220 Chapter III. Essential Spectrum

Further,
RanT' =06---®04RanV ¢ 0&--- 40,
N~ - N~ ~ -
m—1 m
and so Ran 7} is not closed.
Set now H = €D,y ar Hm and T' = B, e as Tm- Then

RanTV = @ Ran 79,
meN\M

for each j. Consequently, Ran 7V is closed if and only if m € M.

Note that the Kato spectrum, which has very nice spectral properties, is
not too far from the closed-range spectrum. Clearly o.-(T') C ok (T) and, by
Theorem 12.13, ok (T') \ 0¢(T) is at most countable. Thus the Kato spectrum can
be considered as a nice completion of the closed-range spectrum.

Generalized spectrum

Another type of spectrum considered in literature is the generalized spectrum,
04(T) = {X € C: T — X has not a generalized inverse}.

For operators on Hilbert spaces, the generalized spectrum coincides with the
closed range spectrum. Therefore the last example is also valid for the generalized
spectrum.

24 Measures of non-compactness and other
operator quantities

The basic operator quantities connected with an operator T' € B(X) are the norm,
the injectivity modulus j(7T") and the surjectivity modulus k(7).

In this section we study various essential versions of these quantities.

We start with the Hausdorff measure of non-compactness:

Definition 1. Let € be a bounded subset of a Banach space X. The Hausdorff
measure of non-compactness of € is defined by

gx () = inf{e > 0: there exists a finite set F C X such that Q C F +eBx}.

If no confusion can arise, then we write simply ¢(Q2) instead of ¢x ().
For sequences this definition coincides with the norm in the space X, see
Section 17.

Proposition 2. Let 2, ¥ be bounded subsets of X, let ¢ > 0. Then:

(1) ¢(2) = a(2);
(ii) ¢(Q2) =0 & Q is compact;
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(i) if @ C ¥, then ¢(Q) < q(P);
(iv) q(cQ) = cq();
(v) q(2+P) < q(Q) + q(V).

Proof. (v): Let § > 0. There are finite subsets F, F’ C X such that Q C F+(¢(Q)+
0)Bx and ¥ C F'+(q(¥)+0)Bx. Thus Q4+ ¥ C (F+F')+ (¢(2) +q(¥)+20)Bx
and ¢(Q + ) < q(2) + q(¥) + 20. Letting 6 — 0 yields (v).

The remaining statements are straightforward. O

Proposition 3. Let X be a closed subspace of a Banach space Y and let  C X be
a bounded set. Then gy (2) < ¢x(2) < 2gy (Q).

Proof. The first inequality is clear.

Let s > ¢y (£2) and let F' C Y be a finite set such that Q C F' + sBy. We can
assume that F' is a minimal set with this property. So for each f € F' there is an
xzy € Qwith ||f — x| <s.Set F' ={zy: f € F}. Clearly, F’ is a finite subset of
X. Let z € Q and let f € F satisfy ||z — f|| < s. Then

dist{z, F'} < [l — a4l < [lo = f + If — 2] < 2s.
Thus gx (Q) < 2s. Letting s — gy () yields ¢x (2) < 2gy (). O

Later we give an example that the estimates given in Proposition 3 are the
best possible.

Proposition 4. If X is an infinite-dimensional Banach space, then q(Bx) = 1.

Proof. Clearly, ¢(Bx) < 1. Suppose on the contrary that ¢(Bx) < s < 1. Then
there exists a finite set F' C X such that Bx C F + sBx. Thus Bx C F + s(F +
sBx) C (F +sF)+ s?Bx, and so ¢(Bx) < s%. Since s > ¢(Bx) was arbitrary, we
have ¢(Bx) < (¢(Bx))?. Hence ¢(Bx) = 0, and so By is compact, a contradiction
with the assumption that dim X = oo. O

Proposition 5. Let ) C X be a bounded set. Then
1
sup{q(C) : C C Q,C countable} > 2q(Q).

Proof. Let r < q(€2). Choose x1 € Q arbitrarily. Since {z1}+rBx 2 {2, there exists
x9 € Q such that ||ze—x1]|| > r. We can construct inductively a sequence z1, 2, . . .
of points of  such that ||z; —z;|| > r for all ¢, j € N,i # j. Set C = {1, 22,...}.
Since every closed ball of radius /2 contains at most one point of C', C' can not be
covered by a finite number of closed balls of radius r/2. Hence ¢(C) > r/2. O

Example 6. Let I be an uncountable set and let

X = {f : I — C:supp f countable, sup|f(i)| < oo}.
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Clearly, X with the sup-norm is a Banach space. Let Q = {e; : i € I'}. Then
q(2) =1 and ¢(C) = 1/2 for each countable subset C' C Q. Thus the estimate in
Proposition 5 is the best possible.

Let Y be the Banach space of all bounded functions f : I — C with the sup-
norm. Let y € Y be the constant function y(i) =1/2 (i € I). Then ||lw—yl|| = 1/2
for all w € Q; 50 gy () = 1/2 = 1/2¢x(2). Thus the estimate in Proposition 3 is
also the best possible.

Let M be a closed subspace of X. Denote by Jys the natural embedding
Jy i M — X and by Qpr : X — X/M the canonical projection.

Definition 7. Let T' € B(X,Y’). We consider the following quantities:

Tl = inf{||T + K| : K € K(X,Y)};
IT1};

T, = inf{||TJas|| : M C X, codim M < oo};
|7, = inf{||QNT]| : N C Y,dim N < oo}

(where T is the operator acting in £°°/m(X) which was studied in Section 17).

It is easy to see that all these quantities are seminorms.

The first quantity ||T|| = dist{T,K(X,Y)} is the essential norm of T.
Clearly, ||T||l. = 0 if and only if T is compact. Also, |T|| = 0 < T is compact <
IT|l, = 0 by Lemma 17.3 and Theorem 15.5. It will be shown later that the latter
three seminorms are equivalent. Thus, in particular, |T'||, = 0 < T is compact.

From this reason the quantities defined in Definition 7 are usually called
measures of non-compactness.

The first result gives the connection with the Hausdorff measure of non-
compactness:

Proposition 8. Let T' € B(X,Y). Then ||T||, = ¢(T'Bx).

Proof. Let ¢ > 0 and let F' C Y be a finite set such that dist{Tz, F'} < ¢(T'Bx) +
¢ (x € Bx). Let N be the subspace of Y spanned by F. Then

IQNT|| = sup inf ||Tz+u| < sup dist{Tz,F} < q(TBx)+e.
zeX UEN X

T
llzll=1 llzll=1

Thus ||T)|q < ¢(T'Bx) + ¢, and letting ¢ — 0 yields ||T]|q < ¢(T'Bx).

Conversely, let ¢ > 0 and let IV be a finite-dimensional subspace of Y. Let
F be a finite e-net in the ball in N with radius ||QnT| + € + ||T||. Let « € Bx
and y = Tz. Then |Qny|| = [|QnTz| < [|QNT||, and so there exists u € N with
ly—ull < |QnT||+e. Clearly, [[ul| < |ly—ul+|lyll < [QnT||+e+|T], and so there
exists 3’ € F with ||y’ —ul < e. Thus |ly —y/|| < |y —ull + u—y| < |QnT] +2.
Hence ¢(TBx) < ||@nT|| + 2¢. Since ¢ and N were arbitrary, we conclude that
q(TBx) < [|ITlg- B
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Proposition 9. Let T' € B(X,Y'). Then
||T|| = Sup{q(C’) :C cTBx,C countable}.

Consequently, | < ||T|, < 2|7.

Proof. By definition, ||T| = sup{q(TC) : C C X,C countable ,q(C) < 1} >
sup{q(T'C) : C C Bx,C countable}.

On the other hand, if C' = {x1,22,...} is a countable subset of X with
¢(C) < 1, then there are a sequence C' = {2} C Bx and a finite set F C X such
that x; — z € F for all i. Thus ¢(TC) C ¢(TC' +TF) = ¢(T'C") and we have the
equality ||T[| = sup{q(C) : C C TBx,C countable}.

The second statement follows from Proposition 5. O

Theorem 10. Let T € B(X,Y). Then:
@ N7 Nq =T :
(@) (71w < T llg < 20T [],.-
Proof. We have
[T, = inf{||TJn] : M C X, codim M < oo}
= inf{||J3,T*| : M C X,codim M < oo}
= inf{||Qn+T*| : M C X,codim M < oo}
> inf{||@NT*|| : N € X*,dim N < oo} = [|T7|,-
Similarly,
ITq =nf{||@~NT]| : N CY,dim N < oo}
=inf{||T"Jy+||: N CY,dim N < oo}
>inf{||T*Jr||: L CY", codim L < oo} = || T7|,.

Further, [|T||, > | T*|lq > |T**|| .. If M"” € X** and codim M" < oo, then M"NX
is a subspace of finite codimension in X and

|T**|| 0 = inf {||T** Jpp || : M" C X**, codim M" < oo}
> inf{||TJyrnx] : M” C X**, codim M” < oo} > ||T,..

Thus |T*[lq = || .-
Finally,

1Tl = 1T llg = v (T Bx-+) 2 ay--(T'Bx) 2 ,av(TBx) = [Tl O

Theorem 11. Let T € B(X,Y) and S € B(Y, Z). Then ||ST||y < ||S|lq - IT|lq and
STl < ST - 11T |
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Proof. Let € > 0 and let Fy C Y, Fy; C Z be finite sets satisfying TBx C Fy +
(IIT|lq 4+ €)By, SBy C Fz + (||S|lq + €)Bz. Then

STBx C S(Fy + (|T|lq+¢)By) C SFz + (|T|lq +¢)(Fz + (|S|q +€)Bz).

Thus [|ST[q < (1Tl + &)([IS]lq + €). Letting € — 0 gives [|ST[q < [|S]lql|Tlq-
Further,

STl = 1T"5"lq < IT*allS™ Mg = 1Sl Tl - =

Theorem 12. Let T' € B(X,Y). Then ||T||; < 2||T||, < 4||T||q-

Proof. | T||q < 2||T||,: Let € > 0 and let M C X be a closed subspace of finite
codimension such that || TJa| < ||T||,. + €. Let P be a projection onto M.
Since I — P is compact, there exists a finite set F* C Bx such that

min{[[(I = P)(z — 20)|| : 70 € F} <¢ (1)
for every x € Bx. Let € Bx and find x¢ € F satisfying (1). We have
1P(z = zo)ll < [l — ol + [(T = P)(x — mo)|| < [lz — 2ol + € <2+4¢
and

SNTP(z —zo)ll + T = P)(z — o)l
< (ITllu+e) - 1P(@ = zo) || + 17| - €
<N e+ TN +e)(2 +2).
Thus dist{TBx,TF} < 2|1, + e(|T|| + [|T]|x + 2 + €). Letting ¢ — 0 gives
IT]lq = a(TBx) < 2||T]|.-
|T||. < 2||T|lq: By Theorem 10 and the preceding inequality, we have

1T = 1T g < 20T < 2[T[g- O
The essential versions of the injectivity modulus of an operator T' € B(X,Y) are:

Je(T) =sup{j(T+ K): K € K(X,Y)};

J(T);
Ju(T) = sup{j(TJar) : M C X, codim M < oo}.

The first two quantities do not depend on compact perturbations. The same
is true for j,:

Lemma 13. Let T, K € B(X,Y) and let K be compact. Then j,(T + K) = j,.(T).
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Proof. Let € > 0 and let M C X be a closed subspace of finite codimension such
that j(T'Jar) > j,.(T)—e. By Theorem 15.5, there exists a closed subspace M’ C X
of finite codimension such that ||[KJy/|| < e. Thus

J(T + K)Jyanr) = 5T Ivamr) = 1K Invane || > Gu(T) — 2e.

Letting € — 0 yields j,(T + K) > j,.(T) and the opposite inequality follows by
symmetry. U

Theorem 14. Let T € B(X,Y). Then
J(T) < jel(T) < ju(T) < 2j(T) < 4ju(T).

Proof. j(T') < je(T'): Clear.
Je(T) < ju(T): For every K € K(X,Y) we have j(T + K) < j,(T + K) =
ju(T) and so ]e( ) < u(T).

j#(T) < 25(T): Let M C X be a closed subspace of finite codimension. Then
Jar : M — X is bounded below and onto, and so, by Theorem 17.5, J(TJIy) <
25(TJn) < 25(T)||Tu| < 25(T).

§(T) < 2§, (T): Let s > j,(T). Then for every closed subspace M C X with
codim M < oo there exists © € M with ||z|| = 1 and ||Tz|| < s. Choose 21 € X
with ||z1|| = 1 and ||Tz1|| < s. Let 7 € X* be a functional satisfying ||| =
1 = (z1,27) and set M; = Kerzj. Clearly, codim M7 = 1 < oo, so there exists
x9 € My with ||| = 1 and ||Tx2| < s. Further, ||z2 — z1|| > |(x1 — z2,27)| = 1.
We can construct inductively a sequence {z1,x2,...} C X such that ||z;]] = 1,
[Tz <s (i €N)and |z, — ;]| >1 (i #j). Let # = (z;) € X. It is easy to
see that ¢(#) > 1/2 and ¢(T%) = ¢((Tx;)) < s. Thus j(T) < 2s. Since s > j,.(T)
was arbitrary, we have j(T) < 24,(T). O

Theorem 15. Let T' € B(X,Y). Then:

(i) §u(T) > 04 j(T) > 0 < T is upper semi-Fredholm;

(i1) je(T) > 0 < T is upper semi-Fredholm and ind T < 0.
Proof. (i) The first equivalence follows from Theorem 14. The second one was
proved in Theorem 17.9.

(ii) Clearly, j.(T') > 0 if and only if T' can be written as T = S + K where
S is bounded below and K is compact. By Theorem 19.6, this is equivalent to the
condition that T is upper semi-Fredholm and ind7T" < 0. O

Theorem 16. The quantities j., j(*) and j,, are supermultiplicative, i.e., jo(ST) >
Je(9)je(T), J(ST) = j(9)j(T) and j,(ST) = ju(S) - ju(T) for all T € B(X,Y)
and S € B(Y, Z).

Proof. The first two statements follow immediately from the supermultiplicativity
of the injectivity modulus j.
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To prove the third inequality, let M C X and L C Y be closed subspaces of
finite codimension. Set M’ = M N T~ 'L. Then codim M’ < oo and

JSTInr) = §(TInr) - §(SJL).
O

Since M and L were arbitrary, we have j,(ST) > j,.(5) - j.(T).
The essential versions of the surjectivity modulus of an operator T' € B(X,Y)

are:
ke(T) =sup{k(T+ K): T € K(X,Y)};

k(T);
kq(T) = sup{k(QNnT): N CY,dim N < oo}.
It is easy to see that the first two quantities are supermultiplicative and do not

depend on compact perturbations. The same is true for &,.

Proposition 17.
(i) T e B(X,Y) and K € K(X,Y), then ky(T + K) = kq(T).

(i) If T € B(X,Y) and S € B(Y, Z), then ky(ST) > kq(S)kq(T)
Proof. (i) Let € > 0. Let F C Y be a finite set such that dist{ Kz, F'} < ¢ for all
x € Bx. Let N be the subspace generated by F. Then ||Q, K| < e and

ko(T + K) =sup{k(Qn/(T + K)): N'C N CY,dimN’ < o0}
> sup{k(Qn'T) — |[QnK| : N'C N CY,dimN' < oo} > ky(T) — €.

Letting ¢ — 0 gives k(T + K) < k4(T) and the second inequality follows by
Ssymmetry.
(ii) Let N C Y and N’ C Z be finite-dimensional subspaces. Then

kq(ST) = sup{k(QpST): F C Z,dim F < oo}
=sup{j(T*S*Jar) : M € N'+ 0 S*Y(N1), codim M < o0}

> (T Iys S Tyrs) = 5T Tn1)i(S* Tyrs) = K(QNT)k(QnS).
O

Taking the supremum over all N and N’, we obtain the required inequality.

Theorem 18. Let T' € B(X,Y). Then
K(T) < ko(T) < ky(T) < K(T) < 2k,(T).

Proof. k(T) < ke(T): Clear.
kq(T'): For every compact operator K : X — Y we have k(T + K) <

ke(T) <
= and so k.(T') < kq(T).

kg(T + K) /fq(T):
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ky(T) < k(T): Let N C Y, dim N < oc. Then Qn:Y — }7/7\/] is an isometry
onto Y/N, by Lemma 17.5, and so k(QnT) < k(@;TN) = k(7).

k(T) < 2ky(T): Let ¢ > 0 and let s be a number satisfying k,(T) < s.
Let N C Y be a finite-dimensional subspace. Then k(QnT) < s or, equivalently,
J(T*Jy1) < s.

Find y7 € Y* such that ||yf|| = 1 and ||T*y7|| < s. Choose y1 € Y such
that |ly1]] = 1 and (y1,yf) > 1 —e. We construct inductively vectors y €
{y1,-- - yim1}t and y; € Y such that [[yf[] = 1= [ly:]l, [T*y; || < s and (yi,y;) >
1—cforall i € N. Set § = (y;). Clearly, q(g) < 1. Let £ = (z;) € X satisfy
T% = §. Thus there exists a totally bounded sequence (u;) € £°°(Y') such that
Tx;—u; =y; (i €N). Passing to a subsequence if necessary, we can assume that
the sequence (u;) is convergent, and so |lu; — u;|| < e for all ¢, j sufficiently large.
For i > j we have

(zi —z;, Ty o 1 1—2e

Y

anq q(z) > ',2°. Consequently, E(T) < 25, - Letting e — 0 and s — kq(T) yields

k(T) < 2kq(T). O
Theorem 19. Let T' € B(X,Y). Then:

(i) kg(T) > 0 k(T) > 0 T is lower semi-Fredholm;
(ii) ke(T) > 0 < T is lower semi-Fredholm and ind T > 0.

Proof. (i) The first equivalence follows from the preceding theorem. The second
one was proved in Theorem 17.6.

(ii) Clearly, k.(T) > 0 if and only if T can be written as T' = S + K where
S is onto and K is compact. By Theorem 19.6, this is equivalent to the condition
that T is lower semi-Fredholm and ind 7T = ind S > 0. O

Theorem 20. Let T' € B(X,Y). Then ky(T*) = ju.(T) and ke(T) < j,(T*) <
16k4(T).

Proof. We have
Ju(T) = sup{j(TJar) : M C X, codim M < oo}
= sup{k(QMLT*) M C X, codim M < oo}
<sup{k(QNT*): N C X*,dim N < oo} = ko(T™).
Similarly,
kq(T) = sup{k(QNT): N CY,dim N < oo}
= sup{j(T*JNl) N CY,dmN < oo}
< sup{j(T*Jy) : M' CY*, codimM' < 0o} = j,(T").



228 Chapter III. Essential Spectrum

Further, j,(T) < ko(T*) < ju(T**). If M" is a subspace of X** of finite codimen-
sion, then M"” N X is of finite codimension in X. Thus

3 (T*) = sup{j(T** Jpr) : M" C X**, codim M" < oo}
< sup{j(TIprnx) : M" C X**, codim M" < oo}
<sup{j(TJy): M C X,codimM < oo} = j,(T).

Hence j,(T) = kq(T™).

The remaining inequality j,(T™) < 16k,(T') is clear if T is not lower semi-
Fredholm, see Theorems 15 and 19.

Suppose that T is lower semi-Fredholm, let Ty : X/ KerT — Y be the op-
erator induced by T and let Q : X — X/KerT be the canonical projection.
Then Ty is invertible, and so j,(Tp) < 2j(To) = 2k(Ty) < 4ky(Tp). Similarly,
Ju(Ty) < 4k(T§). We have T = ToQ and T* = Q*T§, where Q* is the em-
bedding of (X/KerT)* = (KerT): = RanT* into X*. It is easy to see that
Ju(T*) = ju(T§) and, by Theorem 9.6,

kq(T) = sup{k(QnToQ) : N C Y,dim N < oo}
=sup{k(QnTp) : N C Y,dim N < oo} = ky(Tp).

Hence

Ju(T7) = ju(T5) < 4ky(T5) = 4ju(To) < 16ky(To) = 16k,(T). -

Comments on Chapter 111

C.15.1. The results in section 15 are classical. The definition and basic properties
are due to Hilbert [Hi] and Riesz [Ri2]. Theorem 15.4 (T™* is compact < T is
compact) was proved by Schauder [Sd].

C.15.2. A Banach space X is reflexive if and only if Bx is compact in the weak
topology.

If X is a reflexive Banach space, ¥ a Banach space and T' € B(X,Y), then
TBx is a convex weakly compact subset of ¥ and therefore it is closed in the
norm topology.

Consequently, for reflexive Banach spaces it is not necessary to take the
closure T'Bx in the definition of compact operators.

C.15.3. For a long time it was an open question whether each compact operator
T € B(X) is a norm-limit of finite-rank operators. This is true for Hilbert spaces
and for most of naturally defined Banach spaces (including all Banach spaces
having a Schauder basis). The problem was solved by Enflo [Enl] who constructed
an example of a separable reflexive Banach space X where F(X) # IC(X).
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C.15.4. Let X,Y be Banach spaces, let T': X — Y be a linear mapping. Denote by
w the weak topology. The following statements are equivalent, cf. [Hall, Problem
130]:

(i) 5 (X, - ) = (¥, ] - |I) is continuous;
(ii) T : (X,w) — (Y, w) is continuous;
(i) T: (X,] - |I) = (Y,w) is continuous.

Further, T': (X, w) — (Y, || - ||) is continuous if and only if T is of finite rank.

C.15.5. If X is reflexive, then T' € B(X,Y) is compact if and only if 7' maps
weakly converging sequences to convergent sequences, cf. Theorem 15.6 (this was
the original definition of Hilbert of compact operators in ¢?; operators satisfying
this condition are sometimes called completely continuous).

C.15.6. The ideal F(X) is the smallest ideal in B(X). Every left, right or two-sided
ideal in B(X) contains the ideal of finite-rank operators.

C.15.7. If H is a separable Hilbert space, then (X)) is the only non-trivial closed
two-sided ideal in B(X), see Calkin [Ca]. The same is true for the spaces £ (1 <
p < o0) and ¢g, see Gohberg, Markus, Fel’”dman [GMF].

On the other hand, there are Banach spaces with a rich structure of closed
two-sided ideals in B(X), see [CPY, p. 80].

C.15.8. In general, the Calkin algebra B(X)/K(X) is not semisimple. An example
is the Banach space L!(m) of all Lebesgue integrable functions f on (0,1) such
that fol |f]dm < oo, see [CPY, p. 33].

Operators T with the property that T + K(X) € rad B(X)/K(X) are called

inessential. Clearly, the set I(X) of all inessential operators is a closed two sided
ideal.

The ideal I(X) can be characterized by T' € I(X) & T + ®(X) C ®(X).

C.15.9. An operator 7' : X — Y is called strictly singular if T'|M is not bounded
below for each closed infinite-dimensional subspace M C X.

Denote by S(X) the set of all strictly singular operators acting on X. Then
S(X) is a closed two-sided ideals in B(X) and K(X) C S(X) C I(X).

If X is a Hilbert space, then (X) = S(X) = I(X). In Banach spaces the
inclusions can be strict, see [CPY, p.101].

C.15.10. There is an example of a Banach space X with the property that each
operator T' € B(X) can be written as A + K for some A € C and a strictly singular
operator K, see [GwM].

It is an open problem whether there is a Banach space X with the property
that each operator on X can be expressed as a sum of a scalar multiple of the
identity and a compact operator.
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C.15.11. A particular case of Theorem 15.11 is called the Fredholm alternative: if
T € B(X) is compact and A # 0, then either T'— X is both one-to-one and onto,
or it is neither one-to-one nor onto (in the notation of Section 15, «(T'—\) =0 &

B(T = X) = 0).

C.15.12. An operator T' € B(X,Y) is called weakly compact if the weak closure
of TBx is compact in the weak topology of Y. By [DS, VI-4], an operator T €
B(X,Y) is weakly compact if and only if T**X** C Y (where we identify Y with
a subspace of Y**). If either X or Y is reflexive, then each operator in B(X,Y) is
weakly compact. Furthermore, T' € B(X,Y) is weakly compact if and only if T*
is weakly compact.

For any Banach space X, the weakly compact operators form a closed two-
sided ideal in B(X).

C.16.1. The basic ideas concerning Fredholm and semi-Fredholm operators ap-
peared in [At], [Gohl], [Goh2] and [Yol]. For a survey of results see [GhK1],
[Kat2], and [CPY].

Further results including detailed historical comments can be found in [RN].

C.16.2. Many results from the Fredholm theory can be extended to unbounded
closed operators. For a survey of results in this direction see [GhK1], [Kat2] and
[Sch2].

C.16.3. A generalization of the Fredholm theory to the Banach algebras setting
was done by Barnes [Bal], [Ba2]. For a survey of results see [BMSW].

C.16.4. The characterizations of semi-Fredholm operators given in Theorems 16.18
and 16.19 are due to Lebow and Schechter [LS].
Theorem 16.21 (Kato decomposition) was proved in [Katl].

C.17.1. The construction of Section 17 was given in [Sa] and independently in
[BHW], [HW].

A similar construction of the space ¢°°(X)/co(X) where c¢o(X) denotes the
set of all sequences of elements of X converging to zero was used by Berberien
and Quigly (we used this construction for Banach algebras, see C.3.1).

The latter construction can be used for reducing the approximate point spec-
trum to the point spectrum.

For properties of these constructions see also [FL].

C.17.2. If X is a Hilbert space, then it is possible to modify both constructions of
the previous comment in order to obtain again a Hilbert space.

Fix a Banach limit and denote it by LIM. Then |||(z,)||| = (LIM ||z, |2)"*
is a seminorm on £*°(X). Set N = {(z,) : |||(zn)||] = 0}. Clearly, N D co(X)
and the completion of (£>°(X)/N,||| -]||) is a Hilbert space (since it satisfies the
parallelogram law) containing X as constant sequences.



Comments on Chapter I1I 231

As for the construction of Section 17, set |||(z)|||" = limas |||(Parzn)]||, where
M C X is a subspace of finite codimension and Py is the orthogonal projection
onto M. Clearly, N’ := {(z,,) : ||[(zn)]||' = 0} D m(X) and the completion of
(6> (X)/N', || - |II') is a Hilbert space.

C.17.3. Let X be the £' space over the set {e;, f; 11 = 1,2,.. } Let M = \/{e; :
i € N} and L = \/{e; + | fi : i € N}. Then ¢>°(M) + ( ) = £2°(N)+m(X) and
M N L={0}. So M is not essentially equal to L.

Thus the condition M C L in Lemma 17.2 is necessary.

C.17.4. It is possible that T' € B(X) has not closed range but RanT is closed:
consider any compact operator with non-closed range.

We do not know whether each operator T' with RanT closed can be written
as T = 5+ K where Ran S is closed and K is compact.

C.18.1. The punctured neighbourhood theorem 18.7 was proved by Gohberg
[Goh2].

C.18.2. Using the linearization technique (cf. C.11.2) it is possible to prove the
following generalization of the punctured neighbourhood theorem [Mii21]:

Theorem. Let X, Y, Z be Banach spaces, let U be an open subset of C and w € U.
Suppose that S: U — B(X,Y), T : U — B(Y, Z) are analytic functions satisfying
T(2)S(z) = 0 (2 € U). Write a(z) = dimKerT(z)/RanS(z). Suppose that
a(w) < oo and RanT'(w) is closed. Then there exist € > 0 and a constant ¢ < a(w)
such that a(z) =cforall 2z, 0 < |z —w| < e.

Clearly, the classical punctured nelghbourhood theorem follows easily from
this generalization for the sequences 0 — X T2y and X3y — 0, respectively.

C.18.3. Theorem 18.8 was proved in [FK] and [Ze6]. For further results concerning
the stability of semi-Fredholm operators see [SW], [RZ].

C.19.1. It is clear that ||T*||c < ||T||e for each operator T' € B(X). For reflexive
Banach spaces the equality ||T*||. = ||T||e holds. This is no longer true for non-
reflexive Banach spaces. By [Ty2], these two quantities are even not equivalent.

C.19.2. The Calkin algebras B(X)/K(X) were first studied by Calkin [Ca] in the
most important case of a separable Hilbert space. The Calkin algebras over Banach
spaces were first studied by Yood [Yo2].

C.19.3. An operator T' € B(X) is called Riesz if 0.(T') = {0}. Riesz operators are
a generalization of compact operators and exhibit many of their properties.

C.19.4. Let T be a Riesz operator on a Hilbert space H. Then there exists a
compact operator K € IC(H) and a quasinilpotent operator ) € B(X) such that
T = Q@ + K (so-called West decomposition [Wesl]). The same statement is true
for the spaces /P and LP; it is not known for general Banach spaces.
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In general, it is not possible to require that @ and K in the West decompo-
sition commute.

C.19.5. The West decomposition is a particular case of the following more general
result [St], see also [Ap2]:

Theorem. Let T" be an operator on a Hilbert space H. Then there exists a compact
operator K € K(H) such that

oT'+K)= ﬂ o(T+ K') (= ow(T), see Section 23).
K'€K(H)

C.19.6. By Theorem 16.13, an operator T' € B(X) is Fredholm if and only if it is
invertible modulo the ideal of compact operators. A characterization of one-sided
inverses in the Calkin algebra was given in Theorems 16.14 and 16.15.

If X is a Hilbert space, then T' € &, (X) (T € ®_(X)) if and only if the
class T+ /(X)) is not a left (right) topological divisor of zero in the Calkin algebra
B(X)/K(X). In general, for Banach space operators there is no relation between
these notions, see [AT] and [Ty1].

C19.7. Let T € & (X) = {T € ®,(X) : indT < 0}. Then there is a finite-rank
operator F' such that T + F' is bounded below. In general, it is not possible to
choose F' commuting with T, cf. Theorem 20.21. It is always possible to find F
such that (TF — FT)? = 0, see [LW], [Se].

Similar statements are true for T € ®*(X) and for the intersection @7 (X)N
oT(X)={T € ®(X):indT =0}.

C.20.1. The ascent and descent were introduced and studied first in [Tay], [La]
and [Katl].

Heuser [He] proved the following relations between the ascent, descent and the
defect numbers o(7T") = dim Ker T, (T') = codim RanT' of an operator T' € B(X):

Let min{a(T), 8(T)} < oo. Then a(T) < oo = B(T) > «(T) and d(T) < o0 =
B(T) < a(T). Moreover, if a(T) = 5(T') < oo, then a(T) = d(T).

C.20.2. Semi-Browder operators were studied by a number of authors, see [Grl],
[KV], [Ra2], [Rab], [Ra6], [Wes2]. The name was introduced in [Ha8].
The Browder operators are sometimes also called Riesz-Schauder, cf. [CPY].

C.20.3. The extension of the Browder and semi-Browder spectra to commuting
n-tuples presented in Section 20 appeared in [KMR].

For a single operator A € B(X) we have op(A) = 0.(A4) Uacco(A) where
acco(A) denotes the set of all accumulation points of o(A). This equality was
used by Curto and Dash [CD] for other extension of the Browder spectrum to
commuting n-tuples:

O’b(Al7 .. ,An) = UTe(Ah .. ,An) U accaT(Al, S ,An),
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where op and op. denote the Taylor and essential Taylor spectrum, see Chap-
ter IV.

Then o}, defined in this way is also a spectral system, which in general differs
from op defined in Section 20, see [KMR].

Thus the extension of the Browder spectrum for single operators to a spectral
system is not unique.

C.20.4. Lemma 20.3 is due to Neubauer, see [Lab], Proposition 2.1.1. In fact, a
more general formulation is also true: if M7, M, are paraclosed subspaces of a
Banach space X (see C.10.4) and both M; N My, My + My are closed, then M
and M5 are closed.

C.21.1. Essentially Kato operators or similar classes of operators were studied by
a number of authors, see, e.g., [Kal], [GIK], [Gr2], [Rad], [Miil5], [Ko2], [KM3],
[BO].

C.21.2. Theorem 21.12 is due to Kordula [Ko2]. Theorem 21.15 was proved by
Livéak [Liv], implicitly it is also contained in papers of M.A. Gol’dman and S.N.
Krackovskii.

C.21.3. An operator T € B(X) is called essentially Saphar if Ker TCR> (T) and
T has a generalized inverse. Clearly, the essentially Saphar operators form a regu-
larity since they are the intersection of the classes of essentially Kato and Saphar
operators. Consequently, the corresponding spectrum satisfies the spectral map-

ping property.
C.22.1. The numbers k, (T) were introduced and studied by Grabiner [Gr2].
Most of the results in Section 22 are taken from [MM].

C.22.2. Let Ry,..., R5 be the regularities introduced in Section 22. The following
properties of them and the corresponding spectra were studied in [MM] (to avoid
trivialities we consider infinite-dimensional Banach spaces X only):

(A) 0,(T) # 0 for every T € B(X);
(B) 04(T) is closed for every T € B(X);

(C) if T € Ry, then there exists ¢ > 0 such that T+ U € R; whenever TU = UT
and ||U|| < e (this means property (P3), the upper semicontinuity of o; on
commuting elements);

(D) f T € R; and F € B(X) is a finite-rank operator, then T + F € R;;
(E) if T € R; and K is a compact operator commuting with 7', then T+ K € R;;

(F) it T € R; and Q € B(X) is a quasinilpotent operator commuting with 7',
then T+ Q € R;.

These properties for R; (i =1,...,5) are summarized in Table 1. For details we
refer to [MM].
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(A) (B) (©) (D) (E) (F)
0;#0  o; closed  small finite- commut.  commut.
comm. rank comp. quasinilp.
perturb.  perturb.  perturb perturb.

Ry
onto yes yes yes no no yes
Ry
¢—(X) and yes yes yes no yes yes
d(T) < o0
53 (X) yes yes yes yes yes yes
df%l“) - no yes no no no no
00
dRS(T) - no yes no yes no no
e o)
Table 1.

Since the properties (A)—(F) considered above are preserved by taking ad-
joints, the regularities Rg ... Ry satisfy exactly those properties as Ry, ..., R5. So
Table 1 remains valid for Ry, ..., Rs replaced by Rs, ..., Rip.

C.22.3. Drazin invertible operators (class Ry N Rg) were studied, e.g., in [RoS] or
[Kol]. B-Fredholm operators (class R5 N R1g) were introduced and studied in [Bel]
and [Be2].

C.22.4. The properties (A)—(F) of C.22.2 for regularities Ri1, ..., Ri5 are summa-
rized in Table 2. For details see [MM] and [KMMP].

C.22.5. Quasi-Fredholm operators (class R14) in Hilbert spaces were introduced
and studied by Labrousse [Lab]. Equivalently, an operator T on a Hilbert space H
is quasi-Fredholm if and only if there is a Kato decomposition H = H; & Hy with
TH; C H;, T|H; nilpotent and T|Hs Kato.

The same decomposition exists also for quasi-Fredholm operators on Banach
spaces under the additional assumption that the subspaces Ker 7 N RanT¢ and
KerT¢ + RanT are complemented, see Remark after Theorem 3.2.2 in [Lab]. In
fact, the proof of Theorem 22.12, (iii) = (v) is a simplified version of the proof of
Labrousse; without any change it works also for quasi-Fredholm operators.

C.23.1. The notions of upper and lower semiregularity were introduced and basic
properties proved in [Mii21].

C.23.2. Joint spectra satisfying the one-way spectral mapping property (see Re-
mark 23.9) were studied in [MW].
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(A) (B) (©) (D) (E) (F)
0;#0  o;closed  small finite- commut.  commut.
comm. rank comp. quasinilp.
perturb. perturb. perturb perturb.

R yes yes yes no no yes
Kato
R

yes yes yes yes yes yes
ess. Kato
Ri3 yes no no yes no no
R4 o ) .

yes no yes no no
q9
Ri5 no no no yes no no
Table 2.

C.23.3. The semi-Fredholm spectrum
osp(T) ={\ € C:T — X is not semi-Fredholm}

was studied by Kato [Kat2], Oberai [Ob2], Gramsch and Lay [GL], and others. It
is sometimes called the Kato essential spectrum; we used this name for something
else.

C.23.4. The exponential spectrum was introduced by Harte [Ha4].
For the Weyl/Schechter spectrum

ow(T) = {A\: T — X is not Fredholm or ind(T — \) # 0} = ﬂ o(T+ K)
K compact

see [Obl], [Schl]).

The spectrum corresponding to the regularity R = {a+b: a € Inv(A),b € J},
where J is a closed two-sided ideal in a Banach algebra A was studied in [Ha7]
under the name of T'- Weyl spectrum.

The spectra

op-(T) =[{o=(T + K): K € K(X)}

and
oo+ (T) = {os(T+ K) : K € K(X)}

were studied in [Ra2], [Ra3] and [Ze7] under the names of essential approzimate
point spectrum and essential defect spectrum.
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C.24.1. The operational quantities defined in Section 24 were considered by a
number of authors. The measures of non-compactness ||T'||,, and ||T||; were studied
in [GGM], [GIM] and [LS]. For remaining operational quantities and related topics
see [Sch4], [Ral], [Fad], [GnM1], [GnM2], [Mb3].

C.24.2. Further operational quantities closely related to those studied in Section
24 are (see [Pi2]): the approxzimation numbers

an(T) =inf{||T - L||: L € B(X,Y),dimRan L < n};

Gelfand numbers
en(T) = inf{||TJps]| : codim M < n};

Kolmogorov numbers
kn(T) = inf{||QFT| : dim F < n};

Berstein numbers
un(T) = sup{j(TJp) : dim M > n};

Muytiagin numbers
U (T) = sup{k(QnT) : codim M > n}.
All these numbers have lower analogues, see [RZ] and [RZi].
C.24.3. The essential version of the reduced minimal modulus
Ye(T) = sup{y(T + K) : K compact}

for operators on Hilbert spaces was studied in [MP].

It was shown that the supremum is attained for some compact operator K
and 7.(T) = inf o.(T) \ {0}, cf. C.10.5.



Chapter IV

Taylor Spectrum

In this chapter we introduce and study another important spectral system for
commuting operators — the Taylor spectrum. Although the definition of the Taylor
spectrum is rather complicated, the Taylor spectrum has a distinguished property
among other spectral systems, namely the existence of the functional calculus for
functions analytic on a neighbourhood of the Taylor spectrum. From this reason
many experts consider the Taylor spectrum to be the proper generalization of the
ordinary spectrum for single operators.

25 Basic properties

Let s = (s1,...,8,) be a system of indeterminates. Denote by A[s] the exterior
algebra generated by s1, ..., sp, i.e., A[s] is the free complex algebra generated by
S1,-..,8n, where the multiplication operation A in A[s] satisfies the anticommu-
tative relations s; A s; = —s; As; (4,7 =1,...,n).

In particular, s; A s; = 0 for all .

For F C {1,...,n}, F = {i1,...,ip} with 1 < i3 <ip < --- < i, < n write
sp = 8i; N+ A s;,. Every element of Afs] can be written uniquely in the form

§ OFSF
FcA{1,...,n}

with complex coefficients ap. Clearly, sg is the unit in A[s].

For p = 0,1,...,n let AP[s] be the set of all elements of A[s] of degree p,
i.e., AP[s, X] is the subspace generated by the elements sp with card F' = p. Thus
Als] = @,y A?[s], dim AP[s] = (Z) and dim Afs] = 2™.

Let X be a vector space. Write Afs, X] = X ® A[s]. So

A[s,X]z{ > apspiap EX};

FC{L,...n}
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to simplify the notation, we omit the symbol “®”. Similarly, for p =0, ..., n write
AP[s, X] = X ® AP; so

Ap[s7X]:{ > szF:xpeX}.

Fc{1,...,n}
card F=p

Thus AP[s, X] is a direct sum of (Z) copies of X and A[s, X] is a direct sum of 2"
copies of X.

In the following X will be a fixed Banach space. Then A[s, X] can be con-
sidered to be also a Banach space. For the following considerations it is not es-
sential which norm we take on A[s, X]; we can assume it to be ||> xpsp| =

(Sharl?) .

For j =1,...,nlet S; : Als,X] — Als, X] be the operators of left multipli-
cation by s;,

Sj (Z IFSF) = ZZ‘FS]' N Sp = Z (—l)card{iEF:i<j}IFSFu{j}. (1)
F F

Fc{1,...,n}
JEF

Clearly, S;9; = —S;S; (i,j =1,...,n). In particular, S? = 0 for all 4.
For an operator T € B(X) we denote by the same symbol the operator
T : Als, X] — A[s, X] defined by

T(Z J:FSF> = Z(T.I‘F)SF.
F F

Obviously, T'Sj = S;T for all j.
Let A= (A1,...,A,) be an n-tuple of mutually commuting operators on X.
Denote by d4 the operator d4 : Afs, X] — A[s, X] defined by

04 = i AiS;.
=1

Clearly,
(04)° = DD ASIA S = D AA (S8 + Si8) =0,
i=1 j=1 1<i<j<n

and so Rand4 C Kerd s (note that we have used the commutativity of the opera-
tors A;).

Definition 1. An n-tuple A = (A4, ..., A,) of mutually commuting operators on a
Banach space X is called Taylor reqular if Kerd4 = Rand 4.
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The Taylor spectrum or(A) is the set of all A € C™ such that the n-tuple
(A1 — A1, ..., Ay — A\y) is not Taylor regular.

Since §4AP[s, X] C APT[s, X] (p=0,1,...,n—1), we can define operators
8% + AP[s, X] — APT![s, X] as the restrictions of 4 to AP[s, X]. Thus 64 defines
the following sequence of operators

50 51 571—1
0 — A%s, X]-5A s, X]—5 - - - 25 A"[s,X] — 0, (2)
where 671187 = 0 for each p. A sequence of this type is called a complex; we are
going to study complexes in more details in one of the subsequent sections.
Complex (2) is called the Koszul complex of A. It is easy to see that A is

Taylor regular if and only if the Koszul complex is exact, i.e., if Ran §% = Ker 6f4+1
for all i, where we set formally 6% to be the zero operators for p < 0 or p > n.

Remark 2. (i) Let n = 1. We can identify A°[s, X] and Al[s, X] with X, and so
the Koszul complex of a single operator A; € B(X) becomes

0— X2Lx 0.

This complex is exact if and only if A; is invertible. Thus for single operators the
Taylor spectrum coincides with the ordinary spectrum.

(ii) Let n = 2 and let A = (A1, A2) be a commuting pair of operators on X.
Then the Koszul complex of A becomes

5% h
0—-X—>XeX—X —0,

where 69 and §Y are defined by 64z = Ajz @ Asz (z € X) and §(z @ y) =
—Asx+ Ay (z,y € X).

(iii) The most important parts of the Koszul complex of an n-tuple A =
(Ai, ..., Ay) are its ends. The first mapping 69 can be interpreted as 64 : X — X"
defined by 6%z = @), Aix (z € X), cf. Section 9. Thus the Koszul complex
of A is exact at A[s, X] if and only if 0 ¢ o,(A). Similarly, 6% " : X* — X
is defined by 6% '(z1 @ - @ x,) = Sor (—1)""1 A2, and so the exactness at
A"[s, X] means that 0 ¢ o5(A).

The main result of this section will be that the Taylor regular n-tuples form

a joint regularity, and so the Taylor spectrum is a spectral system.

Proposition 3. Let Aq,...,A,, B1,..., B, be mutually commuting operators on a
Banach space X satistying Y .~ A;B; = I. Then the n-tuple A = (Ay,...,Ay) is
Taylor regular.

Consequently, or(A) C o' (A) for all commuting n-tuples A.

Proof. For j =1,...,nlet H; : A[s, X] — A[s, X| be the operators defined by
Hj( Z (EFSF> — Z (_1)card{i€F:i<j}szF\{j}. (3)

Fc{1,...,n} Fc{1,...n}
JjEF
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‘We have

l)card{iEF:i<j}SjIFSF\{j} = xpsSp (,] c P’)7

(_
H;S;+ S;Hj)xpsp = o s
( W} J J) FoF {(_1)card{z€F.z<j}HijSFU{j}:xFSF (j ¢F)7

andso H;S;+ S;H; =1 (j=1,...,n).
Further, for ¢ # j, we have H;S; +5;H; = 0. Indeed, if either j € F ori ¢ F,
then (H;S; + SjH;)xsp = 0. Suppose that j ¢ F and i € F. Then

TSP = (_1)card{k€F:k<i}$Si A SE\{i}
and
(HiSj + SjHi)acsi N Sp\{5} = Hiacsj N SiNSp\(i} T ijSF\{i}
= —2Ss; Nsp\{i} T T5; N Sp\[3} = 0.

Suppose that Z?:l A;B; = I. As above, denote by the same symbols B; the
operators acting on Afs, X|. Let eg : A[s, X] — Als, X] be the operator defined
by EB = Z?:l Hij. Then

epda+daep = Z Z(HijSiAi + SiAiHij)
i=1 j—1

(]:IlSZBlAZ + SlHlAlBZ) + Z(HJSZ + SiHj)Bin
1 i#]

|

K2

BiA; =I5, x)-

I

Il
-

K2

Let ©» € Kerda. Then ¢ = (egda + daep) = daept), and so ¢ € Rand 4. Hence
Kerdy = Rand 4 and the n-tuple A is Taylor regular. O

Theorem 4. The set of all commuting Taylor regular n-tuples is relatively open in
the set of all commuting n-tuples.
Consequently, o (A) is a closed subset of C™.

Proof. Consider the sequence
Als, X]25A[s, X224 A s, X]
and apply Lemma 11.3. O

Lemma 5. Let Zy,Zs be Banach spaces, let B : Z1 — Z1, D : Z1 — Z5 and
C : Zy — Zy be operators satisfying DB = C'D, see the following diagram:

z 2 oz

o e

Z1 I Z2
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Suppose that DZy # Zs. Then there exists a complex number A such that DZy +
(C—N)Zy # Zs.

Proof. We reduce the statement of Lemma 5 to the projection property of the

surjective spectrum. Consider the Banach space Z = Zo & Z1 @ Z1 & --- (for

example with the £* norm) and operators U, V € B(Z) given in the matrix form by
0 D 0 0 cC 0 0

0 0 I 0 0 B 0

U= o0 0 o0 I and V= o 0 B

It is easy to check that UV = VU. Furthermore, UZ # Z since DZ; # Zy. By
the projection property for the surjective spectrum, there exists A € C such that
UZ+(V—-XNZ #Z.Since UZ D08 Z, & Z1 @ ---, this is equivalent to the
condition DZ1 + (O — )\)ZQ 7é ZQ. O

To prove the projection property for the Taylor spectrum we are going to
investigate the exactness of the Koszul complex in more details.

For k =0,...,n denote by I' ,(Cn) the set of all commuting n-tuples of operators
A= (Ay,...,A,) € B(X)" such that the Koszul complex of A is exact at A¥(X),

i.e., Ran 8%~ = Ker 0%. In agreement with our convention we set formally I‘(fl) to
be the set of all commuting n-tuples of operators.

Proposition 6. Let Ag, A1,..., A, be commuting operators on a Banach space
X,let 0 < k <nand (41,...,A,) ¢ F,(C”). Then there exists A\ € C such that

(AO - >\5A17" aAn) % Fl(qztl)

Proof. Write for short A = (A1,...,An), Ax = (Ao — N, A41,...,4,) (A€ C)and
s =(81,...,8,). Suppose that A ¢ F,(C"). We show that there is a A € C such that
(Ag— M\ A) ¢ F,(CTEI). Clearly, Ag Ker 6% C Ker §%. Consider the following diagram

5k—1
AF1s, X] 4> Kerdh
Ao AO

k—1

5
AF1s, X] 4> Kerdh.

By Lemma 5, there is a A € C such that Ran 6% + (49 — \) Ker 6% # Ker 6%. We
prove that Ran 6% = # RanKer/{™.

Let ¢ € Kerd% \ (Rand% ' + (4o — A) Ker 6% ). Then

080w = ((Ao = X)So + Y AiSi) Sot = Y AiSiSSotp = —Sodlywr = 0.
=1

i=1

We show that Spi) ¢ Rand% .
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Suppose on the contrary that there is a ¢ € A¥[sg, s, X] with 51’%@ = So1p.
Write ¢ = Sopr_1+p for o1 € AF s, X], or € AF[s, X]. Then Spp = 51’%@ =
So(—éfffl@kq + (4 — )\)apk) + 61’&0;@. Thus ¢y, € Keréi and ¢ = —dapk—1 +
(Ag — N)pr € Ran %71 + (49 — \) Ker 0%, which is a contradiction. O

Proposition 7. Let Ay,..., A, An,11 be commuting operators on a Banach space
X, let 0 < k < n. Suppose that (Ay,..., A,) € TV, AT Then

(A1, . Ap Ap) € F;(;Hl)-

Proof. Write A = (A1,...,4,), s = (s1,...,8n), and A" = (A1,..., Ap, Api1).
Suppose that Ker 857" = Ran %72 and Ker 6% = Ran %"
We prove that Ker 6%, C Ran 5271 (the opposite inclusion is always true).
Let ¢ € Kerd%,. Express ¢ = ny, + Spi1ms—1 for some n, € A¥[s, X] and
nk—1 € A*~1[s, X]. Then

n+1 n

0=k = Z AiSimi + Z A;SiSni1me—1 = 6%k + Spi1 (Anp1me — 65 tnp_1).
i—1 i=1

Thus 6%n, = 0, and so gy, = 551_15;@,1 for some &1 € A*"[sy, ..., s,, X]. Fur-
ther,
_ k—1 k-1
0=Ans1mr — 0y -1 =04 (Anp1e—1 — Me—1),

and so Ap118k—1 — NMk—1 = 5i_2§k_2 for some &;_o € Ak_Q[s,X]. Hence
Y=+ Sni1me—1 = 0% 11+ Spi1Ani1&eo1 — S0 26 o
=0k ey + 057818, € Ran gk . O
Corollary 8. The Taylor spectrum is an upper semicontinuous spectral system.

Proof. By Propositions 6 and 7, the Taylor regular tuples of operators form a joint
regularity. Thus the Taylor spectrum is a spectral system. The upper semiconti-
nuity follows from Theorem 4. O

In fact, we have proved more. For a fixed k£ > 0 and a commuting n-tuple
A= (A1,...,A,) of operators in X define

os.p(A) = {A ¢Cr:A—\¢ (k] r;")j}
=0

where A — X = (41 — Ay, ..., A, — Ay). Clearly, the condition in the definition of
05,1, means the non-exactness of the Koszul complex at some of the last £ positions.
By Remark 2 (iii), we have 05(A) = 050(A4) C 05,1(A) C -+ C g5.n(A) = or(4).
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Dually we define

k
ork(A) = {)\ ¢C":A-)\¢ ﬂ 1"§-n) or Ran ¢ is not closed}.
=0

Evidently, 07(A) = 0z0(A) C oz 1(A) C--- Corpn(4) =or(A).

Theorem 9. o5 and o, are upper semicontinuous spectral systems for each
k> 0.

Proof. By Propositions 6 and 7, o5 1, is a spectral system. The upper semicontinuity
follows from Lemma 11.3. The statements for o j, follow from the following duality
result. O

Theorem 10. Let A = (A;,..., A,) be a commuting n-tuple of operators on a
Banach space X and let 0 < k < n. Then:

(1) osk(Af,...,AL) = or (A1, ..., An);
(i) or (A5, ..., A%) =05 k(A1,..., Ap).

Proof. We may identify A[s, X*] with the dual of A[s, X|; the duality is given by
the formula

(=1)F) (g, %) ifG={1,...,n}\ F,

0 otherwise,

(xsp,x*sg) = {

where ¢(F) = > ,cp(i —1). For 1 < j < n denote by Sjx (Sjx-) the left
multiplication by s; in As, X| and in A[s, X*], respectively, see (1). Let = € X,
e X*and F,GC{l,...,n}. fje ForG#{1,....,5—1,5+1,...,n}\ F,
then

(Sjxxsp,x*sq) =0= (zsp,Sj x-x"sa).
Suppose that j ¢ Fand G={1,...,5—1,7+1,...,n} \ F. Then

<Sj7X.TSF7iU*SG> _ (_1)card{i€F:i<j} <xSFU{j}7x*SG>

_ (_1)card{i€F:i<j} (_1)C(F)+j—1<x7$*> _ (_1)card{i€G:i<j} (_1)C(F)<x7$*>

_ (_l)card{iEG:i<j} <xSF,33*3GU{j}> — <ISF, Sj,X*-T*SG>-

Thus (Sj,x)* = Sj,x+ and (64)* = 04+. More precisely, we have (AP[&X])*
A" P[s, X*] and (6%)* = 87",
Let 0 < k < n. By Lemma 11.2, the following statements are equivalent:

— Ais oy ) regular;
— the complex
51A 571—1

0 — A%[s, XA s, X] 22 - B A, X] = 0

is exact at A/[s, X] (j < k) and Rané¥ is closed;
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— the complex
5”:1 571:2 5() .
0 — A"[s, X*[LA s, X4 - 2N 5, XM 0
is exact at Al[s, X*] (j >n—k);
— A* is 05 p-regular.
This proves (i).
The second statement can be proved similarly. 0

Proposition 11. Let A = (Ay, ..., A,,) be a commuting n-tuple of operators acting
on a Banach space X. Let j € {1,...,n}. Then A;Kerds C Randa.

Proof. Let ¢ € Ker d4. Write ¢ = s; A1 + 1, where 12 does not contain s;. We
have
0=04v = S /\Aj’(/)Q—FZSi N s; /\Aﬂﬁl +ZSZ /\Ai’(/)Q.
i#j i#j
In particular, Ajyo — Ei# s; N Ajpp = 0. Thus

davy = S5 N Aj’(/)l + Z si N Ajp = S5 A Aj’(/ll + Aj’(/)z = A]’(/) O
i#]

Remark 12. The precise name of complex (2) is the cochain Koszul complex of A.
It is possible to assign to a commuting n-tuple A = (A1,...,A,) € B(X)" also
another “dual” complex (called the chain Koszul complez of A). As in the proof of
Proposition 3, for j = 1,...,n define operators H; : Als, X] — A[s, X| by (3) and
set €4 = Y5y AjHj : Als, X] — Als, X]. Equivalently, for 1 <i; < iz < -+ <
ip < n we have

P
EATSH N N8y, = Z(—l)kﬂAikxsil N N5 N N sy,
k=1

where the hat denotes the omitted term.

It is easy to verify that H;B = BH; for all B € B(X) and H;H; =
—H;H; (1 <i,j <n). Thus (£4)? = 0. Clearly, e4AP[s, X] C AP~ ![s, X] for
all p, and so €4 defines a complex

0 1 n—1
0 — A%s, X]<2A s, X]<4 - o 0 A A5, X] 0, (4)
where £f is the restriction of €4 to AP*![s,X] (p = 0,...,n). Complex (4) is

called the chain Koszul complex of A.

The chain complex can also be used for the definition of the Taylor spectrum
of A (in fact this was the original definition of Taylor). Fortunately, these two
definitions coincide since the chain Koszul complex of A is exact if and only if the
cochain Koszul complex is exact.
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To see this, denote by J : A[s, X] — Als, X|] the operator defined by
Jrsp = (—1)Pasg  (xe X,Fc{l,...,n}),

where ¢(F) =3, p(i — 1) and F = {1,...,n} \ F denotes the complement of F.
It is easy to see that J is an invertible operator.

Let z € X and F C {1,...,n}. If j ¢ F, then JH;zsp = 0 = SjJasp; if
j € F, then

S;Jusp = (_I)C(F)xsj Asp= (_I)C(F)(_1)card{k€ﬁ:k<j}x8ﬁu{j}

_ (_1)c(F\{j})(_1)card{k€F:k<j}$SFU{j} — JHJ$SF

Thus S;J = JH; (j = 1,...,n) and daJ = Jea. Consequently, Rands =
Ran(d4J) = Ran(Jes) = JRanea, Kerey = Ker(64J) = J 'Kerds and
Kerdys = JKerey. Thus Kerd4 = Randy if and only if Kere4 = Raney and
the exactness of both Koszul complexes is equivalent.

Note also that for 0 < p < n the exactness of one of the Koszul complexes at
AP[s, X] is equivalent to the exactness of the other Koszul complex at A" P[s, X].

26 Split spectrum

In this section we study a variant of the Taylor spectrum. The relation between
the split spectrum and the Taylor spectrum is analogous to the relation between
the left (right) spectrum and the approximate point (surjective) spectrum.

Definition 1. Let A = (Ay,..., A,) be an n-tuple of commuting operators on a
Banach space X. We say that A is split reqular if it is Taylor regular and the
mapping d4 : Als, X] — A[s, X| has a generalized inverse.

The split spectrum og(A) is the set of all A = (A1,...,A,) € C such that the
n-tuple (41 — A1,..., A, — Ay,) is not split regular.

The following result characterizes the split regular n-tuples of operators.

Proposition 2. Let A = (A4,...,A,) be an n-tuple of mutually commuting oper-
ators on a Banach space X. The following conditions are equivalent:

(i) A is split regular;

(i) A is Taylor regular and Ker ¢} is a complemented subspace of AP[s, X] for
eachp=0,...,n—1;

(iil) there exist operators Wy, Wy : Als, X] — A[s, X] such that W1d4 + 64AWo =
In(s, x5

(iv) there exists an operator V : Als,X]| — Als, X] such that Vs + 54V = 1I,
V2 =0 and VAP[s,X] C AP71[s,X] (p = 0,...,n). Equivalently, there
are operators V,, : AP*1[s, X] — AP[s, X] (see the dlagram below) such that
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Vp1Vp = 0 and V, 65 + 0%V, 1 = Izr(s,x) for every p (forp=0andp =n
this reduces to VydQ = Ipo [s,x] and 52_1Vn,1 = Izn[s,x], respectively).
8% &l ont
O—>AO[S,X] = AI[S,X] = ... = A"s,X]—0
Vo Vi Va1
Proof. (iv) = (iii) is clear.

(iii) = (i): If W14 + 04Wo = I, then 64W154 = 04, so §4 has gener-
alized inverse and Kerds is complemented. Furthermore, if x € Kerd,, then
x=0aWoxr € Rand 4, and so Kerd4 = Rand4. Hence A is Taylor regular.

(i) = (ii): Denote by J, : AP[s, X] — Als, X| the natural embedding, let
Qp : Als, X] — AP[s, X] be the natural projection and let P : Afs, X] — Kerda be
a bounded projection onto Kerd 4.

Clearly, Q,(Kerda) = Kerd’. Then Q,PJ, is a bounded projection from
AP[s, X] onto Ker 04.

(ii) = (iv): Let M, be a closed subspace of AP[s, X] such that Ker %) ® M, =
A?[s, X]. The operator 6% |M, : M, — Rané’ = Kerd%" is a bijection. In the
decompositions AP[s, X] = Ker &5 & M,, AP™[s, X] = Ker 657" @ M, we have

Kerd, M,
5 — Ran 6% 0 o% M,
AT My 0 0o )

Set
Randy  Mpiq

vo_ Ker 6% 0 0
PM, (05| M) 0 )

Then V,_1V, = 0 since RanV,, C M,, C Ker V,,_;. For x € M,, we have
(Vobh + 64 ' Vor)a = Vpbho = .
For = € Ker ¢} we have
(Vb + 0% Wy 1)a = 65 V1 =

Thus V,6% + 53_11/1,_1 = Ipr(s,x] for each p (for p =0 and p = n we set formally
V., =0 and V,, = 0). 0

Remark 3. For single operators on a Banach space the split spectrum coincides
with the Taylor spectrum (and with the ordinary spectrum).

By Proposition 2 (ii), the split spectrum coincides with the Taylor spectrum
also for n-tuples of commuting operators on a Hilbert space. For general Banach
spaces the split spectrum differs from the Taylor spectrum, see C.26.1.
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Theorem 4. Let A = (Aq,...,A,) be an n-tuple of commuting operators on a
Banach space X. Then ag(A) C o4 (A).

Proof. The result was essentially proved already in Proposition 25.3.
It is sufficient to show that if (0,...,0) ¢ o4 (A), then A is split regular.
Suppose that there are operators B, ..., B, in the algebra generated by A
satisfying Y. | A;B; = I. The operator ep : Als, X] — Als, X], see the proof of
Proposition 25.3, satisfies egd 4 + 465 = I. By the previous theorem, this implies
that A is split regular. O

More generally, it is possible to define analogues of the partial Taylor spectra
Or.k and 065,k

Definition 5. Let A = (A;,...,A4,) be an n-tuple of commuting operators on
a Banach space X, let 0 < k£ < n. We say that A is oy j-regular if Ker 534 =
Ranéi{l (j = 0,...,k) and the operators §9,8%,...,8% have generalized in-
verses.

Dually, A is called o, j-regular if Kerd’, = Randé’, " (j=n—k,...,n) and
the operators 57(’“*1, 51}\*’“, e 51’}\*1 have generalized inverses.

Write

o1:(A) = {)\ eC": (A1 —Ai,..., Ay — \p) is not oy regular}

and
ori(A) = {)\ eC": (A1 —A1,..., Ay — \p) is not o, regular}.

Then o7 ,(A) D ork(A) and o, x(A) D 05%(A4), and so all the sets o;,(A) and
oy, are non-empty. Furthermore,

GZ(A) = O'lyo(A) C 0171(14) c---C O'lyn(A) = (TS(A)

and
or(A) =0,0(A) Cop1(A) C -+ Copp(4) =05(4).

To characterize the spectra o, j, and o, x, we need the following modification
of Proposition 2:

Lemma 6. Let X,Y, Z be Banach spaces, and let A} : X — Y, Ay : Y — Z be
operators satisfying A3 A; = 0. The following statements are equivalent:

(i) Ay and Ay have generalized inverses and Ran A1 = Ker Ay;
(ii) there exist operators Vy : Y — X and Vo : Z — Y such that A1 V1 4+ Vo Ag =
Iy;

(iii) there exist operators Vy : Y — X and Vo : Z — Y satisfying V1V, = 0 and
AVi + VoAy = Iy
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Proof. (iil) = (ii): Clear.

(ii) = (i): If we multiply the relation A;V; + VoAs = Iy by Ay from the
left-hand side (by A; from the right-hand side), then we get AsVoAy = Ay and
A1V1A; = Aq. Thus A; and As have generalized inverses.

Furthermore, if y € Ker Ag, then y = A;Viy € Ran Ay, and so Ran A; =
Ker As.

(i) = (iii): As in the proof of Proposition 2. O

The next result shows the relations between the partial Taylor and split
spectra of an n-tuple A and left (right) multiplication operators L4 and R4. It is
a generalization of Theorem 9.26.

Theorem 7. Let A = (Aq,...,A,) be an n-tuple of commuting operators on a
Banach space X. Then, for all k, 0 < k < n:

(1) ork(A) =0sk(La) =0rk(La);

s

(ii) Ul,k(A) = U(syk(RA) = Ur,k(RA)-
In particular, 05(A) = op(La) = 0s(La) = or(Ra) = 0s(Ra).

Proof. (i) For ¢ = 3 pcqy 3 Trsr € Als,B(X)] and z € X it is natural to
define ¢z € Als,X] by Yo = Y pcqy  ,(Trz)sp. With this notation we have
(6LA¢)30 = da(Yz).
(i.1) Suppose that A is o, p-regular and let n —k < p < n. By Lemma 6, there are
operators V,_1 : AP[s, X] — AP~ ![s, X] and V,, : APT![s, X] — AP[s, X] satisfying
8% V1 + V¥ = Ipwfs x), see the diagram below.

ont B

AP7L[s, X] == AP[s, X] == APT![s, X]. (1)
p—1 P
For ¢ = p —1,p express V; in the matrix form as

VZI( Z I(;Sg> = Z Z VF,GIGSFa (2)

card G=q+1 card G=q+1 card FF’=q

where Vi p € B(X) are uniquely determined operators.
Define operators W, : A9+1[s, B(X)] — A4[s, B(X)] as the multiplication by
the matrices defining V. More precisely,

wo( Y Tase)= Y VecTosr

card G=q+1 card G=q+1 card F'=q

forq=p—1,p,Tc € B(X). So (W,)z = V,(¢z) for all z € X. It is easy to verify
that 67 ' Wy_1 + W% | = Ines.5x))-
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Consequently, if A is o, p-regular, then L, is o, j-regular. So
O'Tyk(A) o O'T’,k(LA) D) 0'5,k(LA)-

(i.2) We prove by induction on k that if L4 is o5 p-regular, then A is o, p-regular.
For k = 0 this was proved in Theorem 9.26.

Let £ > 1 and suppose that L4 is 05 ;-regular. By the induction hypothesis, A
is o, y—1-regular. In particular, 67(’“ has generalized inverse, and so there exists an
operator V,,_j : A" F1[s, X] — A" *[s, X] such that 6% *V,,_,6% " = 657" It
is sufficient to show that there is an operator V,,_j_1 : A" *[s, X] — A"+~ 1[5, X]
(see the diagram below) such that 52%71%—1@—1 + Vn_kéffk = Ipn—k[s,X]-

571—1971 571—19
An_k_l[S,X] /::> An_k[S,X] A:> An_k+1[S7X]
ankfl V’ﬂ*k

Set U =1V, 6% " : A" *[s, X] — A" *[s, X]. Express U in the matrix
form as

U.’ESG = Z Ug/7GxSG/ (.I S )(7 cardG =n — k), (3)
card G'=n—k

where Ugr.¢ € B(X).
For each G with card G = n—k set g = > Uc gsar € A¥[s, B(X)].
card G'=n—k
Then ¢Ygx = U(xsg) for all x € X and (01 ,¢¢)x = da(gr) = 0aUxsg = 0. So
Y € Kerdy * = Rand} *~'. Therefore there is an ng € A"#~![s, B(X)] such
that 62;’“717761 = 1g. Let VA, A" F[s, X] — A""*~1[s, X] be the operator
defined by V,,_g_1xs6 = ngx. We have

S W gqwsa = 67 (ngw) = (5Z;k_177G)5C = ter = Uzsg.

Thus 52_’“_1Vn_k_1 =U=1- Vn_kéz_k and A is o, p-regular.
By Lemma 6, this implies that o, x(A) C 05%(L ), which finishes the proof
of (i).

(ii) The proof of the second statement is similar to part (i). Since the left spectra
of A correspond the the right spectra of R4, we use instead of the cochain Koszul
complex of R4 rather the chain Koszul complex, see Remark 25.12. Recall the
operators e, : A [s, B(X)] — A%[s, B(X)] defined in Proposition 25.3,

E(IIQATSF — ZTAi(_1)card{j€F:j<i}SF\{i}
i€F
for T e B(X),Fc{l,...,n},cardF = q+ 1.

(ii.1) Let 0 < p < n and suppose that there are operators V,_1 : AP[s, X]| —
AP7Ys, X] and V,, : APT[s, X] — AP[s, X] satisfying 6%71‘/;,71 + Vol = Invs, X
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see (1). Express V,—1 and V), in the matrix form (2). For all x € X and G C
{1,...,n}, card G = p we have

xsG = (0% "Vpo1 + Vo8 )asg = %" Z Vegrsp +V, ZAixsi A sa

card F=p—1 i¢G
= Z Z AiVpgusi A sp + Z Z Vor qugiy Ai(—1)cmrdlieci<it s,
i¢ F card F=p—1 card G'=p i¢G

Z (Z AiVG’\{i},G(_1)Card{jec/:j<i}

card G’'=p “i€G’
+ Z VG/7GU{i}Ai(—1)Card{J€G:J<Z})xSG,’
i¢G

SO | -
Z AiVG'\{iLG(—l)Card{JEG j<i}
i€G’ |
eay<y _ )1 G=G (4)
+ ZVG/xGU{i}Ai(—1)Card{j€G'J<z} _ { /

Define operators Wp_; and W), (see the diagram below) by

W,Tsa= >  TVersr (¢=p—1,p,T € B(X),cardG = q).
card F=q+1
Wp—1 Wp
APs, B(X)] &= AP[s, B(X)] == AP (s, B(X)]
5117%; €Ra

By (4), we have
(Wo—reh, +eh, W) Tsc
= Wpo1 ) (~) @ UEHIDT A5y +ef, Y TVarse

1€G card F=p+1

— Z Z(_l)card{jEG:j<i}TAiVG\{i}7G/5G’
card G'=pieG

+ Z Z TVG,FAiSF\{i}(_1)Card{j€F:j<i}
i€ F card F=p+1

= 2 7 (Z AiVo (i (— 1) UEET<

card G'=p i€eG

+ Z VG7G/u{i}Az‘(—1)Card{jeal:j<i}> sar.
i¢a

By (4), the last expression is equal to T's¢, and so Wp,leﬁ;l +ely Wy = Ine[s,8(x)]-
This implies that o, (Ra) C o15(A).
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(ii.2) We prove by induction on k that the o5 p-regularity of R4 implies the oy j-
regularity of A. For k = 0 this was proved in Theorem 9.26.

Let £ > 1 and let R4 be o5 k-regular. By the induction hypothesis, A is
o1,k—1-regular. In particular, 65{1 has a generalized inverse, and so there exists
an operator Vi_1 : A¥[s, X] — AF~'[s, X] such that 6% 1V 16571 = 6571 Tt is
sufficient to show that there is an operator Vj, : A**1[s, X] — A¥[s, X] such that
Vké,]fl + 5271‘/]@_1 = IAk[S)X].

Set U = I — 6% "V;_y : A¥[s, X] — AF[s, X]. Express U in the matrix form
by

Uzsg = Z Ugr.grsa (x € X,cardG = k). (5)
card G'=k

For x € X and card F = k — 1 we have

0= Udi_1ISF = UZAixsi A Sp
igF
— Z Z(_l)card{jEF:j<i}UG’,FU{i}AiISG/-
card G'=k i¢ F

Hence

Z(—l)card{jeF:j<i}UG’,FU{i}Ai =0 (6)

for all G, F C {1,...,n} with card G’ = k and card F = k — 1. For each G with
card G = k define g € Ak[S,B(X)] by 1/)G = EcardG’:k UG,G/SG/- Then, by (6),

5RA77[JG _ Z Z UG,G/AiS(;/\{i}(—1)Card{j€G/:j<i}
card G'=k i€ G’

= 2 (Z Ug,rugiy Ai(=1)"U EFM})SF = 0.

card F=k—1 i¢F

Thus g € Kers%;l = Ranef,, and therefore e}, ng = g for some ng =
> card ki1 Lok sx € AFFHs B(X)]. For each G with card G = k we have

k k
E Ug,c'sar = Ya = €R, e =€R, E TG kSK
card G'=k card K=k+1

_ Z ZTG,KAiSK\{i}(_1)Card{j€K:j<i}~
card K=k+1 i€ K

Hence, for all G, G’ with card G = card G’ = k, we have

Usar = Y TaaruqnAi(—1)mlecmi<i, (7)
igc
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Define Vj, : AFl[s, X] — A¥[s, X] by Viasgx = Y cardar Ta,xkxsg. For x € X
and card G’ = k we have, using (6) and (5),

Vkéﬁxs(;/ =V Z A;xs; N sqr

i¢G’
e s
— § : § : TG,G’U{i}Ai(_l)Card{jEG .j<z}xSG
card G=k i¢G’
= E Ug,cxsg =Uzsgr.
card G=k

Hence Vkéﬁ = U and 65(1%,1 + Vkéffl = Ipk[s,x]- Thus A is oy g-regular. Hence
o15(A) Co5k(Ra) C oy (Ra), which finishes the proof. O

Corollary 8. 0,1, 01,1 and os are upper semicontinuous spectral systems for all k,
0<k<n.

Proof. The statement follows from Theorem 7 and from the corresponding state-
ments for o5 and o k. O

Proposition 9. Let A be a commutative Banach algebra and a = (a4, . ..,a,) € A™.
Let Ly = (Lay,- .-, La,) € B(A)", where Ly, : A — A is defined by L,;b =
a;b (be A,j=1,...,n). Then or(Ly) = 05(Lq) = o(a).

Proof. If 0 ¢ o(a), then > a;b; = 14 for some b; € A. Then > L,, Ly, = I4, and
so L, is split regular by the proof of Theorem 4. So og(L,) C o(a).

Conversely, by Theorem 9.26, o(a) = o,(a) = 05(Ly) C o7(Le) C 05(La).

O

27 Some non-linear results

A great advantages of Hilbert spaces is the existence of projections onto all closed
subspaces. In general Banach spaces it is sometimes possible to use non-linear
techniques instead of it. We have already used the Borsuk antipodal theorem; in
this section we give several other results which are based essentially on the Michael
selection theorem, see Appendix A.4. Some applications in operator theory will be
given in this and the subsequent sections.

Definition 1. Let X,Y be Banach spaces. Denote by H(X,Y) the set of all con-
tinuous mappings f : X — Y that are homogeneous (i.e., f(azx) = af(x) for all
a € C and = € X). Write for short H(X) instead of H(X, X).

Let f € H(X,Y). The continuity of f at 0 implies that f is bounded, i.e.,
sup{||f(@)]| : z € X, ||z]| < 1} < o0. Clearly, H(X,Y") with this norm is a Banach
space and B(X,Y) C H(X,Y).
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Lemma 2. Let X,Y be Banach spaces. For each x € X let G(z) C Y be a non-
empty closed convex set such that the mapping x — G(z) is lower semicontinuous
and | J{G(x) : x € X,||z|| = 1} is a bounded subset of Y.

Suppose further that G(ax) = aG(x) for all x € X and o € C. Then there
exists a mapping g € H(X,Y) such that g(z) € G(z) for all z € X.

Proof. Let Sx be the unit sphere in X. By Micheal’s theorem (see Theorem A.4.5)
there exists a continuous selection f : Sx — Y satisfying f(z) € G(x) for all
x € Sx. For x € Sx set

1

g(x) = o

27
/ e (et x)dt.
0
We have e~ f(eitz) € e G (e'z) = G(x). Since G(x) is closed and convex, g(x)
(as a limit of convex combinations) also belongs to G(z). Evidently, g : Sx — Y

is continuous by the Lebesgue dominated convergence theorem. It is easy to see
that g(Az) = Ag(z) for all z € Sx and A € C, |\ = 1.

Extend g to X by g(0) = 0 and g(z) = ||| “9(zy) (2 #0). It is easy to
see that ¢ is continuous and satisfies all the conditions required. O

Theorem 3. (Bartle-Graves) Let M be a closed subspace of a Banach space X
and let ¢ > 0. Then there exists h € H(X/M,X) such that ||h| < 1+ ¢ and
h(x 4+ M) € x + M for each class x + M € X/M.

Proof. For x + M € X/M, x + M # M set
Ge+M)={uveX:ucz+Mul| <(+e)lz+ M|} .

Let G(M) = {0}. Clearly, G(ax+ M) = aG(x+ M) and G(z+ M) is a non-empty
closed convex subset of X for all z € X and a € C.

We show that the mapping G is lower semicontinuous. Clearly, G is lower
semicontinuous at M. Let z € X \ M and let U be an open subset of X with
UNG(z+ M) # 0. Find u € U such that u € x + M and |lu|| < (1 + ¢&)|jz + M]].

Let 0 be a positive number satisfying {v € X : [[v —u|| < 6} C U and
lull < (1 +e)(J|Jz+ M| —26). If £ € X/M satisfies || — (x + M)|| < 4, then there
exists ' € £ such that ||’ —z|| < 0. Then 2’ +u—x € £ and ||[(z' +u — ) —u|| =
' — z|| <, and so &’ + u — x € U. Further,

" +u =z < Jlull + 2" — 2l < (1 +&)([la+ M| —20) +6
< (T +e)(llz+ Ml =) < (1 +e)lEll-

Thus ' +u — 2 € UNG(E) and G is lower semicontinuous.

By the previous lemma, there exists a homogeneous continuous selection
h:X/M — X. Clearly, h satisfies all the conditions required. O
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Corollary 4. Let M be a closed subspace of a Banach space X and let ¢ > 0.
Then there exists a continuous homogeneous mapping p : X — M such that
|z —pz|| < (1+¢)dist{z, M} and p(x+m) = p(z) +m for all x € X and m € M.

In particular, pm = m for all m € M, and so p is a (non-linear) projection
onto M.

Proof. Let h : X/M — X be the mapping constructed in Theorem 3. So h(x +
M) € 4+ M and |[h(xz + M)|| < (1 +e)|lxz + M|| for all x + M € X/M. Set
pxr = x — hQx where Q : X — X /M is the canonical projection. Then ||z — pz| =
1hQz| < (1 +¢)||Qx]| = (1 +¢)dist{z, M}. For z € X and m € M we have
plx+m)=z+m—hQ(x+m)=z+m—hQx =pz+m. O

Proposition 5. Let X,Y be Banach spaces and let T': X — Y be a bounded linear
operator with closed range. Then:

(i) if f € H(Y) satisfies f(Y) C RanT, then there exists g € H(Y, X) such that
f = Tg. In particular, if T is onto, then there exists g € H(Y, X) such that

Tg=1Iy;
(ii) if T € B(X,Y) is bounded below, then there exists g € H(Y,X) such that
gT = Ix.

Proof. (i) Let h : X/KerT — X be the selection given by the Bartle-Graves
theorem. Let Ty : X/ KerT — RanT be the operator induced by T. Set g =
hTO_lf. For y € Y we have Tgy = ThTO_lfy = fy,and so Tg = f.

(ii) Let T € B(X,Y) be bounded below. Let p € H(Y) be the non-linear
projection onto RanT constructed in Corollary 4. Then T 'p € H(Y, X) is the
required non-linear left inversion of 7. O

By the preceding proposition, the operators that are bounded below or onto
become one-sided invertible if we admit non-linear mappings. In the same way,
the Taylor regular n-tuples of operators get the split property.

Proposition 6. Let A = (A1,...,A,) be an n-tuple of mutually commuting op-
erators on a Banach space X. Then A is Taylor regular if and only if there are
mappings V; € H(A" s, X],Al[s, X]) (i =0,...,n — 1) such that

Voo = Iyops x1,
Vioh + 8 Vi = I xy (G=1,...,n—1),

52_1Vn—1 = IA"[S,X] .

Proof. Suppose that the mappings V; satisfy the conditions of the theorem. Let
¥ € Kerd,. Then ¢ = (V;&% + &% 'Vj_1)¢ = &% 'V;_19 € Rand’, " (note that
the same relation also holds for j = 0,n). Hence A is Taylor regular.

Conversely, suppose that A is Taylor regular. Since 5:}(1 is onto, by Propo-
sition 5 there exists V;,_1 € H(A"[s, X|, A" 1[s, X]) satisfying 6" 'V,,_1 = 1.
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We construct the mappings V; inductively. Suppose that 1 <j <n —1 and
the mappings V; and Vj4 satisfy V1 5f4+1 + 64 V; =1 (for j = n—1 set formally
V.. = 0). We have

OUT = Vioh) = 0 — 04Vl = % = (1 = Vi1 647)d% =0,

and so, by Proposition 5, there exists Vj_1 € H(A/[s, X], A7~ ![s, X]) such that
Wi =T = Vo, de, Vi) + 60V = I

At the end, suppose that Vo € H(A'[s, X], A%[s, X]) satisfies V1044094V = 1.
Then 6% = 64Vp0Y. Since §Y is injective, we have VpdY = 1. O

Let A = (A4,...,A,) be an n-tuple of commuting operators on a Banach
space X. By Theorem 26.7, or(La) = 0s(A), where Ly = (La,,...,La, ) and
L 4, are the operators of left multiplication by A; on B(X).

The situation changes if we consider the operators of left multiplication acting
on H(X).

Let L'y = (LYy,,..., L ), where L'y f = A;f (f € H(X),i =1,...,n).
Then L/, is an n-tuple of commuting operators acting on H(X).

Corollary 7. o (L) = or(A).

Proof. 1t is sufficient to show that A is Taylor regular if and only if L', is Taylor
regular. We can consider an element ¢ € A[s, H(X)] as a continuous homogeneous
mapping ¢ : X — A[s, X]. With this convention we have (61, p)r = da(p(z)) for
all z € X.

Let A be Taylor regular. Let V; (0 < j < n—1) be the mappings constructed
in Proposition 6. Define V' € H(A[s, X]) by V(EBZL:O @bi) =@, , Vi—1¢i. Then
Via+064V = Ip[s x). If we lift V naturally to a mapping acting on Afs, H(X)], we
have V(SL;’ + 5L/AV = IA[sﬂ-{(X)]- Let ’(/) S KeI'CSL;’. Then ’(/) = (5L/AV + V(;L/A)’(/) =
6L:4V1/J S RanéL/A.

Conversely, suppose that A is not Taylor regular. Then there exists ¢ €
Kerds \ Randy4. Let 2* € X* be any non-zero functional and let ¢ € Als, H(X)]
be defined by ¢(z) = 2*(z) -¢ (z € X). For each € X we have (0r, ¢)(z) =
dap(z) = x*(z) - 04 = 0. Hence ¢ € Kerdy, and similarly one can show that
¢ ¢ Randp, . O

The next result is a generalization of Corollary 10.10.

Theorem 8. Let R, Ry, N, N1 be closed subspaces of a Banach space X and let
R C N. Suppose that §(R, R1) + §(N1,N) + 6(R, R1)6(N1,N) < 1. Then

dlle/(Rl ﬂNl) < d1mN/R+d1mR1/(R1 ﬂNl).

In particular, if also Ry C Ni, then dim N1/R; < dim N/R. Consequently,

~ ~

if RC N, Ry C Ny, 5(R,R1) < ]./3 and 6(N17N) < 1/3, then dlle/Rl =
dim N/R.
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Proof. Suppose on the contrary that (R, R1) + 6(Ny, N) + (R, R1)6(N1,N) < 1
and
dile/(Rl ﬂNl) > d1mN/R+d1mR1/(R1 ﬂNl).

Let ¢ be a positive number small enough (the exact condition on & will be clear from
the proof). Let Qr : N — N/R and Qn,nr, : R1 — R1/(IN1NR;) be the canonical
projections, let h : N1 /(N1 N R;1) — N;i be the mapping constructed in Theorem 3
(in particular, h(n1 + (Nl N Rl)) € ny+ (Nl N Rl) and Hh(m + (Nl n Rl))H <
(I+¢)|ln1 + (N1 N Ry for all ng € Ny) and let py : X — N, pg, : X — R;
be the continuous non-linear projections constructed in Corollary 4 (in particular,
|z — pyz|| < (14 ¢)dist{z, N}, || — pr,z| < (14 ¢)dist{z, Ry} for all x € X).
Let ®: N1/(N1NRy) —» N/R® Ry/(N1 N Ry) be the mapping defined by

(I)(g) = QRpNh(g) D QNlanpth’(g) (5 € Nl/(Nl N Rl))

Clearly, ® is a continuous homogeneous mapping. By the Borsuk antipodal the-
orem, there exists & € Ni/(N1 N Ry) such that ||£]] = 1 and ®(£) = 0. Set
x = h(§) € N1. Then ||z|| < 1+¢, Qrpnr = 0 and Qn,nRr,Pr, T = 0; s0 pyx € R
and pr,x € N1 N Ry.

We have

lz —pne|| < (1+¢e)dist{z, N} < (1 +¢)||z||§(N1, N) < (1 +¢)*5(Ny, N)
and |pyz| < ||z|| + ||z — pyz|| < 146+ (1 +¢)%5(Ny, N). Thus

1=|¢|| =dist{z, Ny N R} < ||z — pr,z| < (1 +¢)dist{z, Ry}
< (1 +e)(]lz — pna| + dist{pnz, R1})
< (L+€)*8(Ny, N) + (1 +¢)lpva||6(R, Ry)
< (14¢)*(6(N1,N) +6(R,R1) + 6(N1, N)§(R, R1)) < 1

for € small enough. This gives a contradiction. O

The assumption R C N in the precedirelg theorem is not necessary. First, we
replace this condition by the assumption RCN.

Theorem 9. Let R, N be closed subspaces of a Banach space X, let RCN. Then
there exists € > 0 such that, for all closed subspaces R; and Ni of X with
0(R,R1) < e and 6(N1,N) < ¢, we have

dim Ny /(Ry N Ny) + dim R/(RNN) < dim N/(RN N) + dim Ry /(Ry N Ny).

Proof. For R C N this was proved in the previous theorem. We reduce the general
situation to this case.

Choose a finite-dimensional subspace F' C R such that (RNN)® F = R. Let
dimF =k < oo and let fi,..., fr be a basis in F with ||f1]| = --- = ||fx|| = 1.
Clearly, FN N = {0}.



27. Some non-linear results 257

For f = Ele a; f; € F where a; € C consider three norms: || f||, dist{f, N}
and Zle |a;]. Since these three norms are equivalent, there exists ¢ > 0 such that

k k k k
C'Z|ai| Sdist{Zozifi,N} S HZO&ZfZ SZ|O¢1|
i=1 i=1 i=1 i=1

for all ay,...,a € C. Clearly, ¢ < 1.

Set e = ¢. Let Ry and N; be closed subspaces of X such that §(R, Ry) < ¢
and 6(Ny, N) < e.

For i =1,...,k find elements g; € R; such that || f; — ¢i|]| < €. Then ||g;|| <
l+e (i=1,...,k).

Denote by G the subspace of R; generated by g1, ..., gk-

We prove that the elements g1, ..., gi are linearly independent modulo Nj.
Suppose that Zle a;g; € N7 for some «; € C. Then

Z|al|<cldlst{2a1fz, j<e <i|ai|||fi—g¢||+dist{ia¢g¢,]\7})
1=1 1=1 1=1

<c” €Z|az|+c Hzazgz
< (G0, Z| | < Z|az|

and so a3 = --- = a; = 0. In particular, dim G = k and GN Ny = {0}.
Write N' = N + F and N = N1 + G. Then N'=N + R D R.
We prove that 6(Ny, N') < 3/4. Let ny + E _, @ig; € Ni, where n; € Ny,

d(N1,N)

a; €C (i=1,...,k), and Hnl +Z¢:1ai9i = 1. Then
k
Inall <14+ (1 +e) ) ol
i=1

There exists n € N such that ||n1 —n|| <e¢|ni|| <e+e(l+e¢) Zle |cei|. We have
k k k
CZ || < dist{z aifi7N} < HZaifi —&-nH

i=1 i=1 i=1

k

< Hzaz(fz — i)
i=1
k k

k
<e) lul+1l+etel+e)) Joul <l+e+3e) |l

i=1 i=1 =1

k
+ HZ ;i +n1H + |ln — na||
i=1



258 Chapter IV. Taylor Spectrum

Thus
k

1 1
Sl 15 <

P c—3¢ ~ 4de

and

k k
dist{m + ZaiguN’} < llna—nll + Hzo‘i(fi —9i)
=1

=1

k k

11

§5+5(1+5)Z|a¢|+52|ai| < 16"
i=1

i=1
Hence 6(N{,N') < 3/4 and
§(N{,N') +6(R,R1) + 6(Ny, N)é(R,Ry) < 1.
By Theorem 8, we have
dim Ny /(Ry N Nj) < dim N'/R + dim R, /(R N Ny).
By Lemma 21.1,
dim N1/(Ry N Ny) = dim(Ny + Ry)/R1

= dim(N] + Ry)/Ry = dim N} /(Ry N NY)

and
dim N/(RN N) =dim(N + R)/R = dim N'/R.
Furthermore,
dimR/(RNN) =k
and

dlle/(Rl N Nl) = d1m(N1 + Rl)/Nl

= dim(Ny + Rl)/(Nl + G) + dim(Ny + G) /Ny
=dim(Ny + Ry)/N{ + k = dim Ry /(R; N N7) + k.

Thus, by (1)-(5), we have

dim N1 /(R; N N1) +dim R/(RN N)
=dim N;/(Ri N N{) +k
<dimN'/R+dim Ry /(R N Nj) + k
=dim N/(RN N) +dim Ry /(R; N Ny).

O

The assumption REN in the previous theorem can be omitted. To show this,
recall the construction of Section 17. Let m(X) C £°°(X) be the subspace of all

totally bounded sequences.
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We need the following lemma.

Lemma 10. Let M, L be closed subspaces of a Banach space X . Let M = (> (M)+
m(X) and L = ¢*°(L) + m(X) be the corresponding subspaces of {>°(X). Then
0(M,L) <2§5(M,L).

Proof. Let & = (x;) € M, [|Z|| = sup ||z;]| = 1. We can write z; = m; + g;, where
m; € M and (g;) € m(X). Let € > 0. Then there is a finite set F' = {f1,..., fu}
and indices j; € {1,...,n} such that |lg; — f;,|| < €. Replacing f; by some f; €
[j+M if necessary, we can assume that || f;|| < (14+¢)dist{f;, M} (j=1,...,n).
Thus we have

15l < (X +e)dist{f;,, M} < (L+2)[ fj; +mil

<@+ (I — gill + llzill) < (1 +e)?,
and so ||m|| = ||z —gi]| < ||xi||+||g’i_fji +1fj: || < 14+e+(1+¢)% Thus there are
l; € L with [|m; — ;]| <2(1+¢)?6(M, L). Let § = (I; +9i) € £°(L) +m(X). Then
|z — g|| = sup||m; — || < 2(1+¢€)%5(M, L) and so 5(M L) <2(1+¢)%5(M,L).
Letting € — 0 gives 5(M L) < 20(M,L). O

Theorem 11. Let R, N be closed subspaces of a Banach space X . Then there exists
€ > 0 such that

dim Ny /(Ry N Ny) + dim R/(N N R) < dim N/(N 0 R) + dim Ry /(Ry N Ny)
for all closed subspaces Ry, Ny C X with 6(R,R1) < e and §(N1,N) < e.
Proof. It RCN , then the statement (i) was proved in Theorem 9.
Suppose that dim R/(N N R) = oo. Let N1, R; C X be closed subspaces
satisfying 6(R, R1) < 1/6 and 6(N1, N) < 1/6.
It is sufficient to show that dim N/(NNR)+dim Ry /(N1NRy) = co. Suppose
on the contrary that Ry CN1 and NCR

Set
N = (®(N) + m(X),
R = (®(R) +m(X),
Ny = 0°(Ny) + m(X),
Ry = (™(Ry) + m(X).

—

By Lemma 17.2, Ry C Ny and N C R. By Lemma 10, 5(§,R1) < 1/3 and
5(N17 N) < 1/3. Thus

§(R,N) < 6(R,Ry) + 6(Ry, N) + 6(R, R1)5(R1, N)
<1/3+4/3 6(Ri,N)<1/3+4/3(N,,N)<1/3+4/9 < 1.

Therefore N = R. Since N CR, Lemma 17.2 implies that R=N, a contradiction.
O
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28 Taylor functional calculus for the split spectrum

The most important property of the Taylor spectrum is the existence of the func-
tional calculus for functions analytic on a neighbourhood of the Taylor spectrum.

As the construction of the Taylor functional calculus is rather technical, in
this section we introduce a simpler version for functions analytic on a neighbour-
hood of the split spectrum. Since the split spectrum contains the Taylor spectrum,
this split Taylor functional calculus is less rich. However, the construction of the
calculus is much simpler.

Note that for Hilbert space operators the split spectrum coincides with the
Taylor spectrum and so the corresponding functional calculi also coincide. The
split functional calculus is also sufficient for the construction of the functional
calculus in commutative Banach algebras, cf. Section 2.

Theorem 1. Let A = (A4,...,A,) be an n-tuple of mutually commuting operators
in a Banach space X . Suppose that A is split regular, i.e., Kerd4 = Rand4 and d4
has a generalized inverse. Then there exists a neighbourhood U of 0 in C™ and an
analytic function V : U — B(A[s, X]) such that V(A)da—x +a-aV () = Iz, x]
for every A € U.

Moreover, we may assume that V(A)2 =0 (X € U) and

V(NAP[s, X] C AP71[s, X] ANeUp=0,...,n).

Proof. By Proposition 26.2, there exists an operator V : A[s, X] — A[s, X] such
that V2 =0, 04V 4+ Vs = Iprs,x7, and VAP[s, X] C AP~1[s, X] for every p.

For A\ € C™ write Hy = d4_x — 4. Let U be the set of all A € C™ such
that ||[Hy|| < ||[V]|~!. Clearly, U is a neighbourhood of 0 in C" and, for A € U, the
operators I+H,V and I+V H) are invertible. We have V(I+H)\V) = (I+V H))V,
and so (I + VH)) "'V =V({I + H\V)™ Y For A € Uset V(\) = (I + VH)) V.
Then

da—2V(A) +V(N)da_x

= A+ HI)VI+H\V) '+ (I +VH)) V(s + Hy)

= (I-l- VH)\)il((I + VH)\)(5A + H)\)V
+V(©0a+H)I+HV))I +HV)™h

The expression in the middle is equal to

SAV + H\V + VH\0AV + VHV +Véa + VHy +VSAH\V +VH}V
= (I +VH\(I+H\V)+V(Hx04+ 0aHx + H})V
= +VH)I +H\V)+V((6a+ H\)?—(04)>)V=(I+VH)I+ H\V)

since (4)? =0 and (64 + H)? = (§4—x)% = 0. Thus
Ga-AV(N) +V(N)da—x=Ipsx) (AEU).
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Further,
VA2 =T+ VH)'V.VI+HV) =0

Finally, V(\) = Y2 (—1)"(V H))'V where
(VH))AP[s,X] C AP[s, X] (p=0,...,n),

and so
VVAP[s, X] C AP s, X]  (A€U,p=0,...,n). O

Corollary 2. Let A = (A4, ..., A,,) be an n-tuple of mutually commuting operators
on a Banach space X. Let G = C™\ 0g(A). Then there exists an operator-valued
C*>-function V' : G — B(A[s, X]) such that 64 \V(X) + V(X)da_x = Ip[s x] and

VVAP[s, X] C AP Hs, X]  (M€G,p=0,...,n).

Proof. For every pn € G there exists a neighbourhood U, of u and an ana-
lytic operator-valued function V,, : U, — B(A[s, X]) such that V,(X\)da_x +
04-AVu(A) = Iz[s,x) and

Viu(MAP[s, X] C AP s, X]  (AN€U,,p=0,...,n).

Let {1;}52, be a C*°-partition of unity subordinated to the cover {U,, u € G} of
G, i.e., ¥; are C*-functions, 0 < v; <1, supp; C Uy, for some p; € G, for each
1 € G there exists a neighbourhood U of p such that all but finitely many of the
functions ¢; are 0 on U and Y o, ¢;(u) = 1 for each p € G.

For A € G set V(A) = 372, ¥:(A\)V,; (). Then

o0

Sa AV +V(Nsax = (0aaVi(N) + Vi, (Nda—x)¥i(A) = Inpex)
=1

and
V(ANAP[s, X] € AP s, X]

foral A\ e Gand p=0,1,...,n. d

Remark 3. It is possible to require also that V(2)2 = 0 and V(2)d4_.V (2) = V(2)
for all z € G. In particular, in this case V' (z) is a generalized inverse of 4_,.
Indeed, let V : G — B(A[s, X]) be the C*°-function constructed in Corol-
lary 2, i.e., 04—,V (2) + V(2)da_. = I and V(2)AP[s,z] C AP~ [s, X].
Clearly, 64—,V (2)0a—» =84—.. Set V'(2) = V(2)d4_.V(z). Then

5A—ZV/(Z)5A—Z = 5A—ZV(Z)5A—ZV(Z)5A—Z = 5A—z
and

V'(2)04-V'(2) =V (2)64-.V(2)04-.V (2)04-,V(2) = V(2)da—.V (2)=V"(z).
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Furthermore,

5A,ZVI(Z) + VI(Z)5A,Z = 5A,ZV(Z)5A,ZV(Z) + V(Z)5A,ZV(Z)5A,Z
= 5A_ZV(Z) + V(Z)5A_Z =1.

Finally, we have
V'(2) = (V/(2)6a—s + 04—V (2))V'(2) = V'(2) + 64_.V'(2)?,

and so 64—.V'(2)? = 0. Thus V'(2)? = (V/(2)0a—> + 04—.V'(2))V'(2)? = 0.
These additional properties of the generalized inverse V', however, are not
essential for our purpose and we are not going to use them in the sequel.

In the following we fix a commuting n-tuple A = (Ay,..., A;) of bounded
linear operators on a Banach space X, the set G = C™\ 05(A4) and a C*°-function
V : G — B(A[s, X]) with the properties of Corollary 2.

Consider the space C*°(G, A[s, X]). Clearly, this space can be identified with
the set A[s, C*(G, X)].

The function V : G — B(A[s, X]) induces naturally the operator (denoted
by the same symbol) V : C°(G, Als, X]) — C>®(G, A[s, X]) by

(Vy)(z) =V (2)y(z) (z € G,y € C(G, A[S,X])).

Similarly, we define the operator d4_, (or § for short if no ambiguity can arise)
acting in C*°(G, A[s, X]) by

(0y)(z) = 04—, y(2) (z € G,y € C*(G, A3, X])).
Clearly, 62 =0, V6 + 0V = In[s,c=(a,x) and both V and ¢ are “graded”, i.e.,

VAP[s,C*(G, X)] € AP Y[s,C®(G, X)]  and
5AP[s, O (G, X)] € AP*L[s,C>=(G, X))

Consider now another indeterminates dz = (dz,...,dz,) and the space
Als,dz,C*(G, X)]. Let 0 : Als,dz,C*(G, X)] — A[s,dz, C*°(G, X)] be the linear
mapping defined by

n

_ 0

Ofsiy A-+-Nsi, ANdZj, A--- Adz, =) aidgk/\&l/\"'/\&p/\dgjl/\"'/\dgjq,
k=1

see Appendix A.3. Obviously, 9% = 0.

The operators V and ¢ can be lifted to A[s,dz, C*°(G, X)] in a natural way.
Clearly, the properties of V and § are preserved: 62 = 0, V§ + 8V = I and both
V and § are graded. Note also that §0 = —93 and (9 + §)? = 0.
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Let W : Als,dz,C*(G, X)] — A[s,dz, C*°(G, X)] be the mapping defined in
the following way: if ¢ € A[s,dz, C>*(G, X)], ¥ = o + - - - + ¥, where 1; is the
part of ¢ of degree j in dz, then set W =ng + - - - + 1,, where

o = VI/}Ou
m = V(¢1 — o),

Tin = V(djn - 5777171)'
Note that n; is the part of W1 of degree j in dz.

Lemma 4. Let W : Als,dz,C>(G,X)] — Als,dz,C>®(G, X)| be the mapping
defined by (1). Then:

(i) supp W C supp ¢ for all v;
(ii) if G’ is an open subset of G and ¢ € A[s,dz,C>(G, X)) satisfies (0+6)y =0
on G', then (0 + )W = on G';
(i) (D +6)W(D+6) =0 +4.
Proof. (i) Clear.

(ii) Let ¥ = 9o + - - + 9, where 1; is the part of ¢ of degree j in dz. The
condition (04 6)y = 0 on G’ can be rewritten as

61/}0 = 07
5¢0 + 51/}1 = 07

gwnfl + 61/}71 =0

(the condition 94, = 0 is satisfied automatically).
~ Let Wtp =mno+ - +npn, where n; are defined by (1). The required condition
(0 + 0)W1h = 1) becomes
6/’70 = ¢07
oo + on1 = 11,
: 3)

577n—1 + 577n = wn

on G’ (again, On, = 0 automatically).

By (1) and (2), we have 019 = 6Vpg = (6V + V )by = 1o and Oy + 6ny =
677() + 5Y(¢1 — 5770) 275770 + (I — V(E)(’(/)l — 577()) = — V5(¢1 — 5770) =11, since
6(¥1 — Ono) = 0tp1 + dno = 61 + o = 0.

We prove (3) by induction. Suppose that 0n;_1 + on; = 1; for some j > 1.
Then §(¢j11 — ;) = 641 + 9on; = 61 + 09 = 0 and, by the induction as-
sumption, 9n;+0n;11 = 0n;+6V (Yj41—0n;) = Onj+I=V0)(Yj11—0n;) = ¥jt1.

(iii) Since (0 + 6)? = 0, the statement follows from (ii). O
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Let P be the natural projection P : A[s,dz, C*(G, X)] — A[dz, C*(G, X)]
that annihilates all terms containing at least one of the indeterminates si, ..., s,
and leaves invariant all the remaining terms.

Let U be a neighbourhood of og(A). Let f be a function analytic in U. It is
possible to find a compact neighbourhood A of o5(A4) such that A C U and the
boundary OA is a smooth surface. Define f(A) : X — X by

-1
f(A)z = ) Pf(z)Wazs Adz (r € X), 4)
2mi)" Joan

where dz stands for dzy A--- Adz, and s = s1 A --- A s,. By the Stokes formula,
-1 _
f(A)z = ) / OpPf(2)Wxs Ndz,
(2mi)™ Ja

where ¢ is a C*°-function equal to 0 on a neighbourhood of og(A) and to 1 on
C™\ A (consequently, ¢ =1 also on 0A).
On C™\ A we have

OpPfWaxs =Pf(0+ ) Wxs = Pfrs=0.

Thus we can write
-1 _
f(A)z = (2mi)n /(Cn 0pPf(z)Waxs ANdz. (5)

It is clear from the Stokes theorem that the definition of f(A)x does not
depend on the choice of the function ¢ and, by (5), it is independent of A.

We show that f(A) does not depend on the choice of the generalized inverse V'
which determines W.

Suppose that Wy, Wy are two operators satisfying

(0 + 0)Wizs = s (1=1,2).
For those z where ¢ = 1 we have
(O +0)pf(2) (W1 — Wa)as =0,
and so the form 1 = (0 + 6)pf(2)(W1 — Wa)zs has a compact support. We have
OpPf(2)Wyixs Adz — 0P f(2)Woxs A dz
cn cn

= /n POof(2)(Wy — Wo)zs Adz = / PO+ 8)of(2) (W) — Wa)zs Adz

n

z/ Pypndz = PO+ 6WinAdz = OPWinAdz =0
n ([:'n/ C’Vl

by the Stokes theorem.
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In fact, in the same way it is possible to show that

-1 _
A)x = dpfPyY Nd 6
fe= o | Berpunds (6)
for any form 1 satisfying (0 + §)¢ = fas on C" \ o5(A).
It is possible to express the mapping PW that appears in the definition of
the functional calculus more explicitly. By the definition of W, we have

PWaxs = (=1)""'V (V)" las = (=1)"" V010 --- 0V, _1xs.

Note that we can write formulas (4) and (5) also globally:

f(A) = (Q;Z.l)n /Pf(z)WIs/\dz: (2;1,1)71 /&opf(z)WIs/\dz
Cn

(7)
_ (_1)71 3 Ay \n—1 s P
= (2o /&DfV(aV) Is Adz,

where I = Ix is the identity operator on X. The coefficients of forms in (7) are
B(X)-valued C*°-functions. Therefore f(A4) € B(X).

Proposition 7. For n = 1, the functional calculus defined by (7) coincides with the
classical functional calculus given by the Cauchy formula.

Proof. Let A € B(X) and let f be a function analytic on a neighbourhood of o(A).
Then Wxs = Vas = (A—2z)"La. Thus, for a suitable contour ¥ surrounding o(A),
we have

fA)= 27rz/ PfWIs/\dz— /f A—2)"tdz = 2;Z,/Ef(z)(z—fl)_ldz7

which is the Cauchy formula. O

We postpone the proof of basic properties of this functional calculus to Sec-
tion 30 where we prove it more generally, for functions analytic on a neighbourhood
of the Taylor spectrum.

It is worth to note that this simpler split functional calculus is sufficient for
introducing the functional calculus for n-tuples of elements in commutative Banach
algebras. Indeed, let A be a commutative Banach algebra and a = (a1,...,a,) €
A". Consider the n-tuple L4 = (La,,...,La,) € B(A)"™. Then o5(La) = 0% (a)
and for any function f analytic on a neighbourhood of o**(a) we may define
f(La) € B(A). Then the functional calculus for a may be defined by f(a) =
F(LA)(14). We postpone the details to Section 30.
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29 Local spectrum for n-tuples of operators

Definition 1. Let A = (4,,...,4,) be a commuting n-tuple of operators on a
Banach space X and let x € X. The local spectrum of A at the point x is the
subset v,(A) C C™ defined by: A = (A1,..., ) € 72(A) if and only if there exist
a neighbourhood U of A and analytic functions fi,...,f, : U — X such that
ST (Ai—z)fi) = (z € ).

Clearly, 7v,(A) is a closed subset of C". For single operators this definition
coincides with the definition given in Section 14.

Theorem 2. Let A = (A, ..., A,) be a commuting n-tuple of operators on a Ba-
nach space X, let v € X. Then A\ ¢ ~,(A) if and only if there exist a neighbourhood
U of X and ¢ € A" [s,dz,C>(U, X)] such that (0 4+ da—.)¢) = as (z € U),
where s = s1 A\ -+ A Sp,.

Proof. As in the previous section, write for short § instead of d4_.

Suppose that Y1 | (A; — 2;) fi(z) =2 (2 € U) for some analytic functions
fi : U — X.Set v = E?:l(—l)i’lfi(z)sl Ao NSi—1 ANSig1 A+ A Sp. Then
O+ 8y =060 =>" (A —2)fi(z)s1 A+ A sy = ws.

Let now U be a polydisc centered at A, and let ¢ € At [s, dz, C’OO(U7X)]
be a form satisfying (0 + )1 = xs. Write ¢ = 99 + - + ¢p—1, where ¢; is of
degree j in dz. Then

0Py = ws,
51[10 + 6/(/)1 = Oa

5¢n—2 + 5¢n—1 = Oa
577[17171 =0.

By A.3.5, the sequence

0 — H(U, X)-50 (U, X)-LA s, dz, (U, X)) -2
2L A"s,dz, O (U, X)] — 0

is exact, where j is the natural embedding. Thus there exists ,,_o of degree n — 2
in dz such that 9@, _2 = ¥,_1. Then 0 = 9,9 + 600p_2 = A(Vp_2 — 0n_2),
and so there exists ,_3 of degree n — 3 in dz such that 5<pn_3 = p_92 — 0Pnp_2.

If we continue in this way we can construct forms ¢; (i=n—2,n-3,...,0)
of degree i in dZ such that dp; = ;41 —0pir1. Set € = g — 5. Then O¢ = by +
600 = Opo + 01 = 0. Thus £ € A""![s,C°°(U, X)] has analytic coefficients,
E=3"0 fi(z)s1A- - ASi—1 ASip1 A+ -Asy for some analytic functions f; : U — X.
Further, 0§ = d1bp = xs, and so >, (=1)""Y(A; — ) fi(z)z =as (2 €U). O

Recall that o5(A) denotes the surjective spectrum of A.
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Theorem 3. Let A = (A4,...,A,) be a commuting n-tuple of operators on a
Banach space X and let x € X. Then:

(1) 72(A) C os(A) for all x € X;
(ii) the set of all x € X with ~,(A) = o5(A) is residual.

Proof. (i) Let x € X and A ¢ o05(A). Then there is an open neighbourhood U
of A disjoint with o5(A). Thus the operator 631 : A"~ ![s, X] — A"[s, X] is onto
for z € U. By Corollary 11.10, there is a neighbourhood V' of A and an analytic
function f : V — A" ![s, X] such that 6%~ f(z) = s (2 € V). This means
exactly that A ¢ ~,(A).

(ii) Let {w} be a countable dense subset of o5(A). For each j let M; =
(A — ng))X +-- 4+ (4, - wg))X. Since wl) € 05(A), we have M; # X, and so
it is a set of the first category by A.1.8. We have

{2 € X :7(A) #£05(A)} = U{x € X :wW ¢, (A)} C UMj,

which is a set of the first category. O

Next we define an analogue of the analytic residuum and the local spectrum
o for n-tuples of operators.

Definition 4. Let A = (A;,...,A,) be a commuting n-tuple of operators on a
Banach space X. Denote by p(A) the union of all open sets U C C™ with the
following property: the sequence

0 — A%[s,dz, C>(G, X)]| 22 A1 s, dz, (G, X)] 22

P\ [5,dz, C=(G, X)] )

is exact for each open subset G C U.
Let S(A) = C" \ p(A). For z € X define 0,(A) = v, (A4) U S(A).

For n = 1, this definition coincides with that in Section 14. Indeed, if A; €
B(X), G C C is open and the sequence

0 — A%[sy, dz1, C=(G, X)] 23N sy, dz1, (G, X))

is not exact, then there exists a non-zero C*°-function f : G — X such that
(0+9)f = 0. This means that f is analytic and (A; — 21)f(2) =0 (2 € G).

We show that S(A) is contained in the Taylor spectrum or(A), i.e., that
sequence (1) is exact for each open subset G C C™ \ o (A4).

The exactness of (1) for p = 0 is clear. If f € C>(G, X) and (9 +6)f = 0,
then f is analytic on G and §f = 0. Since d4_. is injective for z € G C C"\ o (A4),
we have f =0 on G.
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To prove the exactness of (1) for p > 1 we need several lemmas.

Proposition 5. Let w € C" \ op(4), 1 < p < 2n and let G C C" \ o7(A) be an
open neighbourhood of w. Let n € AP[s,dz,C>(G, X)] and (0 + &)y = 0. Then
there exists an open set G/, w € G’ C G and ¢ € A[s,dz, C*(G’, X)] such that
(0+ )y =mnonG'.

Proof. Let 1) € AP[s,dz,C*°(G, X)] and (0 + 6)n = 0. Let = 19 + - - - + 1, where
n; is the part of n of degree j in dz. The condition (0 + d)n = 0 means

577p =0,
577pr +dnp =0,

5770 + 6/’71 = 07
5?70 =0.

Let D be an open polydisc, w € D C G.

Since dn, = 0, there exists ¥,_1 € AP~ 1[s,dz, C°°(D, X)] such that 9,1 =
np by A.3.5. We have 9(1p—1 — 09p_1) = Onp—1 + 00¢p_1 = Onp—1 + 61, = 0, and
so there exists ¢,_2 € AP72[s,dz, C°°(D, X)] with 9¢p_o = 1,1 — 01p_1. In the
same way we construct inductively ¢; € A/[s,dz,C>®(D,X)] (j=p—1,...,0)
such that 81/)] = Mj+1 —5¢j+1 (] :p—l,...,O).

At the end we have 60y = 61y = —no, and so 9(6¢g — 1) = 0. Since the
degree of 01y — 1y in dZ is zero, the coefficients of g — 1y are analytic functions
and 6(0¢o —no) = 0. By Theorem 11.9, there are an open set G/, w e G’ C D C G
and ¢, on G’ whose coefficients are analytic functions such that 6y = d1)o — no.

Set ¢ = d)B_l 4+ o+ P+ Yo — ’(M) Then (6 + 5)’(/) e 8¢p_1 + (61/)p_2 +
0Pp_1) + -+ (0o + 091) + 0ho — oYy =np+ - +m + 1m0 =non G. O

Lemma 6. Let Uy,Us be open subsets of C" and let f € C*°(Uy N Usz). Then
f=f1— fa2 on Uy NU; for some functions f; € C*°(Uy) and fy € C*°(Us).

Proof. Let {¢;} be a C*-partition of unity subordinate to the cover {Ui,Us}
of Uy U Us. This means that 0 < ¢; < 1, Zj p; =1, each z € Uy UU; has a
neighbourhood intersecting only finitely many supports of ¢;, and either supp ¢; C
U, or supp ¢; C Us.

Define f1 € C*(U;) and fo € C*°(Us) by

fi(z) = D supp gy cu, F(2)0i(2) (2 € UrNUy),
0 (z€ U\ Uy)

and
f (Z) ={ ZS“PPSD_7'§ZU2 f(Z)(pJ(Z) (Z elin Ug),
’ 0 (z € U2\ U).
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Obviously, f1 — fa = f on Uy NUs and f; is smooth on Uy \ OUs. Let A € Uy NOU,
Then there exists a neighbourhood V' of A intersecting only finitely many supports
of ¢;. Thus there exists a neighbourhood V/ C V of A such that V' Nsupp ¢; = 0
whenever supp p; C Us. So f; vanishes on V’. Hence f; € C°(U).

Since supp ¢; ¢ Uz implies supp ¢; C Ui, the same considerations can be
done for fs. O

Lemma 7. Let 2 < p < 2n, let U1, Uy be open subsets of C™ and suppose that the
sequence

AP=2[s, dz, C(Uy N Uy, X)) 24P s, dz, C™(Uy N Uz, X)]
ERNP[s, dz, C™(Uy N Us, X)]
is exact. Let n € AP[s,dz,C>°(U; U U, X)| and (0 + 8)1; = n on U; for some
Y € AP71[s,dz,C>*(U;, X)] (i=1,2).
Then there exists a form ¢ in AP~![s,dz,C°°(Uy U Uz, X)] such that (9 +
0)Y =mn on Uy UUs.

Proof. We have (0+09)(¢1 — 1)) = 0 on Uy NUs, and s0 ¥ — 1o = (04 6)¢ for some
£eAr2 [57 dz, C* (U1 NUs, X)] By the previous lemma, we can write £ = & — &
on Uy NUs for some & € AP~2[s,dz,C=(U;, X)] (i =1,2). Define

W(z) = {¢1(Z)—(3+5)§1(z) (z € Uy),
Pa(2) — (0 + 6)&a(2) (z € U).

The definition is correct, since for z € Uy N Uy we have ¢1(z) — (9 + 6)&1(z) =
Y1(2) = (0+0)(§+62(2)) = Pa(2) — (0+0)&2(2). Clearly, 9 is the required solution
0f((3—|—5)1/)=770nU1UU2. O

Lemma 8. Let 2 < p < 2n and let G be an open subset of C". Suppose that the
sequence

AP=2[s,dz, C(G', X)| ZEAP-1[s, dz, € (G, X)]| ZE2AP s, d7, O (G, X)]

is exact for each open subset G' C G. Let n € AP [s, dz,C* (GEX)] and suppose
that, for every w € G, there are a neighbourhood U,, C G of w and a form
Y € AP7H[s,dz,C°°(Uy, X)) satistying (0 + 6)t, =1 on U,,. Then there exists
a global solution 1 € AP~![s,dz,C*>(G, X)]| satisfying (0 + 6)y =n on G.

Proof. Since every compact subset K C G can be covered by a finite number
of neighbourhoods U, the repetitive use of Lemma 7 gives that there exist a
neighbourhood Uk of K and a form ¢ € AP7L[C™(Uk, X),s,dz] with (9 +
0k =non Uk.

Let (K;)2; be an increasing sequence of compact subsets of G such that
U2, K; = G. We will construct inductively (p — 1)-forms t; defined on a neigh-
bourhood of K; such that (9 + &§)y; = n and ;11 = 1; on a neighbourhood
of KZ'.
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Suppose that 91, ..., have already been constructed and let Vi1 be an
arbitrary solution of (0 + §)y;,; = 1 on a neighbourhood of Kj1. Then (9 +
0)(¥} 41 —¥x) = 0 on a neighbourhood of Ky, and so ¢}, | —9y = (0+06)¢ for some
(p — 2)-form & defined on a neighbourhood V' of K. Let ¢ € C°°(G) satisfy ¢ =1
on a neighbourhood of K and ¢ = 0 outside V. Set ¢ 1 = 95 — (0+6)p€. Then
(3 + 0)¥g+1 = 1 on a neighbourhood of Kjy1 and ¥,1+1 = 1% on a neighbourhood
of K. Define 9(z) = limg_,o0 9 (2). Clearly, ¢ is the required global solution. O

Using Lemmas 5 and 8 inductively we get the following theorem.
Theorem 9. Let G C C™ \ o (A) be an open subset. Then the sequence

0 — A%[s,dz, 0 (G, X)) 22 ... 9FN2n s dz 0°(G, X)] — 0

is exact. In particular, S(A) C or(A) and 0,(A) C or(A) for all x € X.

Corollary 10. For each 2 € X there is a solution ¢ € A" ![s,dz,C>°(C" \
o, (A), X)] satistying (0 + )y = xs.

Proof. Use Lemma 8 for G = C"\ 0,(A) and p = n. The assumptions of Lemma 8
are satisfied by the definition of 0,(A) = S(A) U, (4). O

Corollary 11. Let G € C"\ or(A), n € Als,dz,C>(G, X)] and (0+ &)y = 0. Then
it is possible to find a form ¢ € A[s,dz, C*°(G, X)] such that (0 + é)y = n and
the support of v is contained in any given neighbourhood of supp 7.

Proof. Let V be a neighbourhood of suppn. By Theorem 9, there exists £ €
Als,dz,C*°(G, X)] such that (9+ )¢ =n on G. Then (9+6)¢ =0 on G \ supp7.
By Theorem 9, there exists £’ € A[s,dz, C°°(G\suppn, X)] such that (0+6)¢’ = &.

Let ¢ be a C°°-function such that ¢ = 0 on a neighbourhood of suppn and
¢ = 1 on a neighbourhood of C" \ V.. Set 1) = £ — (0 + 0)p¢’. Then (0 + 8)y =7
on G and suppy C V. O

Remark 12. Without any change it is possible to prove the preceding theorem in
a more general form. Let z — A(z) be an analytic function defined on an open
subset G C C™ such that the values A(z) are Taylor regular n-tuples of operators
on X for all z € G. Let ¢ € Als,dz,C>(G, X)) satisfy (0 + da())t) = 0. Then
there exists a form 6 € A[s,dz, C*°(G, X)] such that ¢ = (0+0(z))0. Moreover, 6
can be chosen in such a way that supp 6 is contained in any given neighbourhood

of supp 9.
As for single operators, o, (A) # () for each = # 0. We postpone the proof of
this fact till the next section.

Theorem 13. Let w = (w1, ..., wy,) ¢ S(A) and (A1—w1) X+ - +(Ap—wp) X = X.
Then A — w is Taylor regular.
Proof. We must prove the exactness of the Koszul complex

n—2 nl

0%
0 — A%s, X)Ar AL [s, X)L B A1 x) A An s X] S0, (2)
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The condition (A; —w;)X + -+ -+ (A, —w,)X = X means that 6" is onto and
the Koszul complex (2) is exact at A™[s, X].

We prove the exactness of the complex (2) by “downward” induction

Suppose that 1 < p < n and Kerd”,_ = Rand?_" . Let ¢ € Kerd} ', . By
Lemma 11.3, there exists a neighbourhood U of w such that Ker 5A7Z = Ran 5A7Z
for all z € U. By Example 10.24 (iv), the function z +— 5%:12 is regular and
analytic in U. Thus there exist a neighbourhood Uy of w and an analytic function
f: Uy — AP~![s, X] such that f(w) = 1 and 65 " f(z) = 0 (z € Up). Then
(0+6a—.)f =0 on Uy. We can assume that Uy N S(A) = ().

Since w ¢ S(A), there exists g € C*(Uy, AP~2[s,dz, X]) such that (9 +
da_.)g = f. Let go € C*(Uy, AP~2[s, X]) be the part of g of degree 0 in dz. Then
da—-90 = f. In particular, ¢ = f(w) = da—wgo(w) € Randy ",

Continuation of the induction argument gives that 7' — w is Taylor regular. O
Theorem 14. The set {x € X : 0,(A) # or(A)} is of the first category.

Proof. Let w € or(A). We prove first that {z € X : w ¢ 0,(A)} is of the
first category. Indeed, if w ¢ o,(A), then z = E?:I(Aj — z;)f;(2) for some
analytic X-valued functions defined on a neighbourhood of w. In particular, z €
(A4 —w) X + -+ (A, — z,)X = Ran 62:10. The previous theorem implies that
(A4 —w)X 4+ (4, —wy)X # X, and so {xeX:w%am } CRanéA ws
which is a set of the first category.

Let {w@)} be a countable dense subset of o7 (A). Then

{xeX:am ) # or(A } U{IEX wl ¢O’z(A)}a

which is of the first category. O

30 Taylor functional calculus

The most important property of the Taylor spectrum is the existence of the ana-
lytic functional calculus.

Let A = (A4,...,A,) be an n-tuple of commuting operators on a Banach
space X. Let G = C"™ \ o (A).

Let 2 € X. By Corollary 29.10, there exists ¢ € A[s,dz, C>(G, X)] such
that (0 + &)1 = ws. As it was noted in Section 28, this form can be used for the
definition of the Taylor functional calculus. However, it is possible to consider such
a form also globally, on the whole space X.

Fori=1,...,nlet L)y : H(X) — H(X) be defined by Ly f = A;f (f €
H(X)). Let Ly = (LYy,,..., Ly ). Clearly L'; is a commuting n-tuple of bounded
linear operators acting on the Banach space H(X).
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By Corollary 27.7, or(L’y) = or(A). By Corollary 29.10, there is a form
Wa € A" s, dz, C=(G, H(X))] such that (9 + o, )Wa(\) = Is, where I is
the identity operator on X. The form W4 can be also considered to be a mapping
Wa: X — A" s,dz,C®(G, X)]. Then (0 + Ja_x)Wa(\)x = zs for all z € X.

The definition of the Taylor functional calculus is analogous to the definition
of the split functional calculus.

Recall that we interpret the differential form

(20)7"dzy A - AdzZy Adzg A Adzy, (1)

as the Lebesgue measure in C"* = R?".

Let P be the natural projection P : A[s,dz, C*°(G, X)] — Aldz, C=(G, X))
that annihilates all terms containing at least one of the indeterminates s1,..., s,
and leaves invariant all the remaining terms.

Let U be a neighbourhood of o7 (A) and let f be a function analytic on U.
It is possible to find a compact neighbourhood A of or(A) such that A C U and
the boundary 0A is a smooth surface. Define f(A) : X — X by

-1
A) = PfWy ANdz. 2
A= oo | PIWana: @
By the Stokes formula,
A= IpPfWa Ad

where ¢ is a C°°-function equal to 0 on a neighbourhood of o7 (A) and to 1 on
C™\ A (consequently, ¢ = 1 also on 9A).
On C™\ A we have

P Wy = Pf(d+8)Wa=Pfls=0.

Thus we can write

flA) = OpPfWa Adz. (3)

(27T2)n Cn
It is clear from the Stokes theorem that the definition of f(A) does not
depend on the choice of the function ¢ and, by (3), it is independent of A.

We show that f(A) does not depend on the choice of the form Wy.
The following simple lemma will be used frequently.

Proposition 1. Let n € A"[s,dz,C>(G, X)] be a differential form with compact
support disjoint with or(A) such that (0 + 6)n = 0. Then

PnAdz=0.
C’Vl
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Proof. By Corollary 29.11, there exists ¢ € A[s,dz, (G, X)] with a compact
support disjoint with o7 (A) such that (6 + 9)1» = n. We have

Py = P(0+ &)y = Poy.

By the Stokes theorem, we have

Pnnadz= 0Py Adz = 0. O
cn cn

Let € X and let ¥, € Afs,dz, C®(G, X)] satisfy (6+0)11 = (0+0)1hs =
xs. Let ¢ be a C*°-function equal to 0 on a neighbourhood of o7 (A4) and to 1 on
C"\ U. Then

/590Pf¢1Adz—/5¢Pf¢2AdZ=/P(5+5)<Pf(¢1—¢2)/\dz'

On C"\ A we have ¢ = 1, and so (§ + 9)ef (1 — ) = f(6 + 0)(¢p1 — P2) = 0.
Thus the form (§ + 9)¢f(y1 — 12) has a compact support disjoint with o7 (A).
By Proposition 1, [ P(§ 4 0)¢f (11 — 12) Adz = 0. In particular, the definition of
f(A) does not depend on the choice of W4.

Note that for the definition of f(A)z we can use any form ¢ satisfying (0 -+
0a—2) = xs. This implies that for functions analytic on a neighbourhood of
o5(A) the Taylor functional calculus coincides with the split functional calculus
introduced in Section 28. By Proposition 28.7, for n = 1 the Taylor functional
calculus coincides with the standard definition used in Section 1.

Lemma 2. f(A) € B(X).

Proof. Clearly f(A) € H(X), so it is sufficient to show the additivity of f(A).
Let z,y € X. Then (6 + 9)(Waz + Way) = (z+y)s, and so f(A)(z +y) =
Jon OpPf(Waz + Way) Adz = f(A)z + f(A)y. O

Proposition 3. Let f be a function analytic on a neighbourhood of op(A), 1 < j <
n and g(z) = z; f(z). Then g(A) = A; f(A).

Proof. The statement is well known for n = 1. Suppose that n > 2. Then
—(2mi)" (A; f(A) — g(A)) = A; / OpPfWa Ndz — / OpPfz;Wa Adz
cn cn

= dof - (Aj — 2))PWa Adz.
(Cn

For F C {1,...,n}, F = {i1,...,ip} with i1 <ia < --- <1, write sp = s;; A+ A
si,. Express Wy € A""1[s,dz, C*(G, H(X))] as

Wa = Z SF /\§Fa

FC{1,..n}
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where £z contains no variable from sq, ..., s,. Since (5 +04_,)Wa = Is, for each
F #{1,...,n} we have

5§F + Z(_l)card{k’eF:k'<k}(Ak _ Zk)gF\{k} =0.
keF

In particular, for F = {j} we have

Oy = —(Aj — z)& = —(Aj — zj) PWa.

Thus
- Opf - (Aj — 2z))PWa ANdz = —/Cn o fOEjy Ndz
= —/Cn 0(p0f&r5) = IpfEzy) Ndz =0
by the Stokes theorem. Hence g(A) = A; f(A). O

Proposition 3 implies that the definition of the Taylor functional calculus for
polynomials coincides with the usual definition. This also implies that the local
spectrum o, (A) of any non-zero vector x is non-empty.

Theorem 4. o, (A) # ) for every = # 0.

Proof. Let x € X and suppose that 0,(A) = (). By Corollary 29.10, there exists
¥ € Als,dz, C*°(C™, X)] such that (0 + da_,)¢ = xs. We have

—2mi)"r = —(2mi)" [z = OPYAdz = PO+8&)yndz= | PxsAdz =0,
cr cr cr

and so x = 0. O

Proposition 5. Let A = (Ay,...,Ay) € B(X)", B = (By,...,Bn) € B(X)™.
Suppose that (A,B) = (A1,...,4,,B1,...,B,,) is a commuting (n + m)-tuple
and let f and g be functions analytic on a neighbourhood of or(A) and op(B),
respectively. Let h be defined by h(z,w) = f(2)-g(w). Then h(A, B) = g(B) f(A).

Proof. Write z = (21,...,2,) and w = (w1, ..., wy,). Denote by 9., 9, and 5Z7w
the 0 mapping corresponding to z,w and (z,w), respectively. We associate with
B another system t = (t1,...,t,) of exterior indeterminates when defining the
operator dg_,.

Choose forms Wy, Wi and W4 p corresponding to the tuples A, B and
(A,B). Let A’ and A” be compact neighbourhoods of or(A) and or(B) con-
tained in the domains of definition of f and g, respectively. Let ¢, and x be
C°°-functions equal to 0 on a neighbourhood of o7 (A) (o7(B) and o7 (A, B)), and
to 1 on a neighbourhood of C™\ A’ (C™\ A” and C"*™\ A’ x A", respectively).
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Denote by Ps and P; the projections which annihilate all terms containing at
least one of the variables s1,..., s, (t1,-..,tm, respectively) and leave invariant
the remaining terms. Set P = P, P;.

Let x € X. We have

f(A).T = ! 5z<PpstA-73 ANdz =

Py )
@) Jon §Adz

—1
(27‘(‘2)” cn
where € = (0, +0a_.)pfWaxz— fas. If o = 1, then £ = 0. Thus supp € is compact,
supp & C Int A’. Further,

9B A= o, o[ PG+ o)

- PEAdz) Adw.  (4)

C’Vl
On the other hand, —(2m¢)™ ™" h(A, B)x = [ Pm A dz A dw, where
m = (éz,w +04—2.B—w)XhWa px — hxs At.

Clearly, suppm C A’ x A”.

We have (0.0 +0a—2p-w)§ ANt = (0. +0a-2) At = 0. By Corollary

29.11, there exists a € A[s, t,dz, dw, O (C"t™ \ o (A, B), X)] such that (9., +
04—z B—w)a = & A't. Moreover, we can assume that suppa C A’ x C™. Let

N2 = (52,111 + 6Afz,Bf’w)¢ga - gg At.

We have (9,4 — 04—z B—w)(m —n2) = 0. Clearly, suppns C A’ x C™. Moreover, if
1 =1, then 72 = 0, and so supp 7z is compact. On a neighbourhood of o7 (A, B)
we have 1y = —gé At = fgzs At = —ny. By Proposition 1, we have [ P(n1 +n2) A
dz Adw = 0, and so

(27mi)"™ (A, B)x = / Pno Adz A dw

Cn+m

= (—1)’””/ (/ Pi(0:w + 05—w)gPsa A dz) A dw
cm NJen

by the Fubini theorem (the factor (—1)™" is caused by convention (1) defining the
Lebesgue measures in C*, C™ and C™*" respectively). By the Stokes theorem,
we have

2mi)™ " h(A, B)z = (~1)™ [ Pi(dy + 6371”)9( /

P A dz) A duw.
(C'm.

n

Consider the form

n

Nz = (—1)™"(0y, + 5B—w)g/ YPsa Adz — (O + 65_w)gWh / Péndz At
([:'n/
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Clearly, (O + 05_w)n3 = 0. If ¢» = 1, then, by the Stokes theorem,

N3 = (—1)’"”9/ Ps(gz,w + 04—z p—w)aANdz — (—1)""g 0,P,a A dz
" C’n

—g PS§/\dz/\t:(—1)m”g/ PiNtNdz—g [ PséENndzAt=0.
cr cn cr
Thus supp 73 is compact and disjoint with o7 (B). Hence [ Pz A dw = 0 and

(2mi)"™ ™ h(A, Bz — / Pi(Bu + 050 ) g Wi / Pog Adz A duw
m Cn
= (2mi)" " g(B) f(A)x
by (4). Hence h(A, B) = g(B) f(A4). O
We will use the following simple lemma:

Lemma 6. Let K be a compact subset of C™ and let f be a function analytic on an
open neighbourhood of K. Then there are functions h; (j = 1,...,n) analytic
on a neighbourhood of the set D = {(z,z) : z € K} such that

j=1
Proof. For j =1,...,n define g; by
gi(z1, ..., Zn, w1, .o, Wh)
:f(217"'7zj7wj+17"'awn)_f(Zh"'7Zj—17wj7"'7wn)'

It is easy to see that g; is analytic on a neighbourhood of D.

Let h;(z,w) = gzjj(f;:;) Clearly, h; is analytic at each point (z,w) with z; #
w;. By the Weierstrass division theorem (see [GR], p. 70), h; can be defined and
is analytic also on a neighbourhood of each point (z,w) with z; = w;. Thus h; is
analytic on a neighbourhood of D. Hence

n

D (2 —wp) - hi(z,w) =Y gi(z,w) = f(2) — f(w). a
j=1

Jj=1

Recall that Hi denotes the algebra of all functions analytic on a neighbour-
hood of a compact set K C C™ (more precisely, the algebra of all germs of functions
analytic on a neighbourhood of K).

Theorem 7. Let A = (A4, ..., A,) be an n-tuple of mutually commuting operators
on X. Then:

(i) the mapping f — f(A) is linear and multiplicative, i.e., the Taylor functional
calculus is a homomorphism from H,, 4y to B(X);
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(ii) if p is a polynomial, p(z) = Eaem caz®, then p(A) = Zaezi CaA%;

(iii) if f,, — f uniformly on a compact neighbourhood of or(A), then f,(A) —
f(A) in the norm topology;

(iv) f(A) € (A)" for each f € H,, ().

Proof. (i) The linearity of the mapping f — f(A) is clear. Let f and g be functions
analytic on a neighbourhood of or(A). Consider the (2n)-tuple (A, A). It is easy
to see that or(A, A) = {(z,2) : z € op(A)}. Define functions h1(z,w) = f(z)g(w)
and hs(z,w) = f(2)g(z). By Lemma 6, we can write g(z) — g(w) = > (2 —
w;)qi(z, w) for some functions ¢, .. ., ¢, analytic on a neighbourhood of o1 (A, A).
By Proposition 5, we have hy(A, A) = f(A)g(A) and ha(A4, A) = (fg)(A). Thus,
by Proposition 3,

n

(f9)(A) = F(A)g(A) = ha(A, A) = ha(A, A) =) (A — Ai)(fai) (A, A) = 0.

=1

Hence (fg)(A) = f(A)g(A).
(ii) The statement follows from Proposition 5.
(iii) Follows from the definition.

(iv) Let S € B(X) be an operator commuting with Ay, ..., A,. By Propo-
sition 5, it is possible to consider f(A) to be a function of the (n + 1)-tuple
(A1,...,A,,S). Therefore f(A) commutes with its argument S. Hence f(4) €
(A)". O

It follows from the general theory that the Taylor spectrum satisfies the
spectral mapping property for all polynomials (and consequently, for all functions
that can be approximated by polynomials uniformly on a neighbourhood of the
Taylor spectrum). In fact, the spectral mapping property is true for all analytic
functions.

By Proposition 25.11, each A; behaves as the zero operator on the quotient
Kerds/Rand 4. It is natural to expect that f(A) behaves as f(0) on this quotient
space. However, there is a technical difficulty because in general Rand 4 is not
closed, and so the quotient Kerds/Rand, is not a Banach space. Therefore the
proof is a little bit more complicated.

Lemma 8. Let A = (44,...,A4,) be a commuting n-tuple of operators on X, let
c=(c1,...,¢n) € op(A) and let f be a function analytic on a neighbourhood of
or(A). Consider exterior indeterminates t = (t1,...,t,) and the operator §4_ :
Aft, X] — A[t, X] defined by 64— 1) = Z;L:]_(Aj —¢j)t; AN for all ¢ € Aft, X].
Let n € Kerda_cq. Then (f(A) — f(c))n € da—c,Alt, X].

Proof. To define f(A), consider exterior indeterminates s = (s1,...,8,), the
mapping 04—, acting on A[s,dz, C>°(C" \ or(A), X)] defined by the formula
0a_ = E?:I (Aj — zj)s; A, and the mapping Wy corresponding to A. Note
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that 64—, and W4 are connected with variables s; the mapping d4_.+ is related
to variables ¢.

Without loss of generality we can assume that 7 is homogeneous of degree p,
0<p<n.

Since n € AP[t, X| and AP[t, X] is a direct sum of (Z) copies of X, it is possible
to define the form & := Wan € A[s,t,dz, C>®(G, X)]. We have (0 + §4_.)& =
sAn and (0 + 04—2)04—ci€o = —0a—ct(0 + 64—2)& = 0. Thus there exists
& € Als,t,dz, C>(G, X)] such that (9 + 6a—2)& = Sa—cio-

In the same way we can construct forms &1, ...,&,—p € Als,¢,dZ, C(G, X)]
such that (0 + d4_.)&ks1 = 04—c,t&k. Clearly the degree of & in tis p + k.

Set £ =3 _(—1)*¢, Then

n—p n—p
(5 + 5A—z + 5A—c,t)£ = Z(_l)k(é + 5A—z)§k + Z(_l)de—c,tgk =sA m,
k=0 k=0

since 04—c,t{n—p = 0.

Let A be a compact neighbourhood of o7 (A) contained in the domain of
definition of f. Let ¢ be a C*°-function equal to 0 on a neighbourhood of o7 (A)
and to 1 on a neighbourhood of C™ \ A. Let Ps be the projection annihilating all
terms that contain at least one of the variables s1, ..., s, and leaving invariant all
other terms.

Consider the integral

n—p
/(5 +6a_ct)PspE Ndz = /(6 04 e)Pop D (—1)F& A de.

k=0

Since &, has degree p+ k in t and n — k — 1 in (s,dz), the only relevant term in
the integral above is &. Thus

J@+sacopgendz = [@+bacPasto naz

= /5Ps<pWA77 Adz
— —(2mi)" f(A)n.

Consider now the n-tuple B = (¢11,...,¢,I) € B(X)™. Since f can be
approximated by polynomials uniformly on a neighbourhood of ¢, we note that
f(B)=f(e)- I

As above, consider the mappings dp_, and Wpg connected with variables s.
Let & = Wpn and inductively define &, € A[s,t,dz, C>®(G, X)] satisfying (9 +
6372)6;64.1 = 6Afc7t§;c'
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Let & =Y _Y(—1)*¢},.. As above, we have (0 +6p_ + 04—, )& = s An and
/(5+5A,c,t)P5go§'/\dz:/(6+5A et)PsoWpn A dz

= /5PS@WB17 ANdz = —2m)" f(B)n = —(2mi)" f(c)n.

To show that (f(A)—f(c))no € da—c i Alt, X], consider the linear mapping U acting
on Afs,t,dz, C>®(C" \ or(A), X)] defined by

U<tz'1/\"'/\tim/\¢) = (tiy = 8iy) Ao+ A (ti,, — Si, ) N

for all i1,...,9m and ¥ € Als,dz,C>(C" \ or(A), X)]. We have P;U = P, and,
for each ¢ € A[s,t,dz, C*°(C™ \ or(A), X)],

(5+5A z+5A Ct)d)
= UG+ (Aj = %) AUD + ) (Aj = ¢;)(t; — ;) AUY
= (0402404 c)U.
We have
— (2mi)" f(A)n :/(5 +0a—c,t)Psp€ N dz :/Ps(é +0a-z+0a-ca)pf Ndz

_ / PaU(D +6ars+ 04 ot)p€ Adz = / Py(D+ 0pn+ 6a_cr)pUE Adz,
Thus
—@r)" (J(A) = J@)1 = [ PO +nme+Saca)olUE—€) ndz = [ Paonz,
where 0 = (04 6p—. + 6a_ct)p(UE — &), If ¢ = 1, then

0= (5+6B,Z+5A,c)t)U§—s/\n = U(5—|—6A,Z—|—5A,c7t)§—v7 =U(sAn)—sAn =0;

so supp @ C Int A. Furthermore, 6 can be written as § = (0 +0p_. + da_c¢)V for
some form ¢ € Afs,t,dz, C>*(C", X)] with compact support. Indeed, by Remark
29.12, there exists a form ¥ € A[s,t,dz, dw, C>°(C?*", X)] with suppd C A x C"
such that (5Z7w +0p_,+0a—c)V =6.

Set 1(z) = ¥o(%, ¢), where ¥ is the part of ¥ containing none of the variables
dw;. Then supp®y C A and (0, +6p_. + d4—ct)y = 0. By the Stokes theorem,

/P30 ANdz = /Ps(éz + 5B—z + 5A—c,t)d) Adz
— [o.rwndst [ Poaciwnd:

= 6A,c7t /Ps/w ANdz € 6A,c7tA[t, X] O



280 Chapter IV. Taylor Spectrum

Proposition 9. Let A = (Ay,..., A,) be a commuting n-tuple of operators on X,
c=(c1,...,¢n) € op(A) and let f be a function analytic on a neighbourhood of
or(A). Then the (n + 1)-tuple (A1 — c1,..., Ay — ¢, f(A)) is Taylor regular if
and only if f(c) # 0.

Proof. To the (n+ 1)-tuple (A — ¢,f(A)) we relate exterior variables s1,. .., Spt1-
Write for short s = (s1,...,8,). Let da—. : Als, X] — A[s, X] be defined by
da—cth = > (Aj—cj)s; N (¢ € Als, X]). Wehave Als, sp41, X| = Als, X]®Bsn+1A
Als, X]. The operator 64 f(a) corresponding to the (n + 1)-tuple (A — ¢, f(A))
can be written in this decomposition in the matrix form

5 (64 O
A—c,f(A) — f( ) _5A—c .

We distinguish two cases:

(a) f(c) =0.

Since ¢ € or(A), there is a ¢ € Als, X]| such that d4_.¢p = 0 and ¢ ¢
da—cAls, X]. By the preceding lemma, there is an n € A[s, X] such that f(A)y =
da—cn. Then d4_¢ p(ay(V+5np1An) = 0and (Y+s,41AN) & 0a—c, paYAlS, Sny1, X]
since ¢ ¢ d4_.A[s, X].

Thus the (n + 1)-tuple (A — ¢, f(A)) is Taylor singular.

(b) f(c) # 0. Without loss of generality we can assume that f(c) = 1.

Let ¥,& € Als, X], 0a—c f(a) (¥ +5,41AE) = 0. Then 049 = 0 and f(A)p—
d4—c& = 0. By the preceding lemma, f(A)Y — ¢ € da_.A[s, X]. Since f(A)y €
da—cA[s, X], we have ¢ = d4_.n for some n € Als, X].

Further, da_.(f(A)n —&) = f(A)Y — 64— = 0. Thus there is a 6 € Afs, X]
with F(A)(F(A) - €) — (F(A)1 — €) = 4B Set 1/ = n — (f(A)q — £). Then
da—cn =0ba-cn =1 and f(A)n —da-c0 = f(A)n — f(A)(f(A)n — &) + da-cb =
f(A)N = (f(A)n =€) =& Hence 64— f(a) (0 — Sn1A0) = (¥ + sn11 A E) and the
(n + 1)-tuple (A — ¢, f(A)) is Taylor regular. O

Lemma 10. Let A = (A1, ..., A,) be a commuting n-tuple of operators on X, let f
be a function analytic on a neighbourhood of o1 (A). Denote by A the commutative
Banach algebra generated by Ap,..., A, and f(A). Let v be a multiplicative
functional on A such that p(B) € or(B) for all tuples B = (By,...,By,) of
operators in A. Then ¢(f(A)) = f(p(A)).

Proof. Consider the (n+ 1)-tuple (A1 — (A1), ..., Ay — p(An), f(A) —¢(f(A))).
By assumption, this (n + 1)-tuple is Taylor singular. By Proposition 9, we have
flp(A)) = p(f(A)) = 0. 0

Corollary 11. (spectral mapping property) Let & be a compact-valued spectral
system on B(X) which is contained in the Taylor spectrum. Let A = (Ay,..., Ap)
be a commuting n-tuple of operators on X and let f = (f1,..., fm) be an m-tuple
of functions analytic on a neighbourhood of op(A). Then &(f(A)) = f(6(4)).
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In particular, or(f(A)) = f(or(A)). Similarly, or,(f(A)) = f(oxk(A)) and
osik(f(A)) = f(osk(A)) for allk =0,...,n.

Proof. Consider the commutative Banach algebra A generated by Aq,..., A, and
f1(A), ..., fm(A). Since the restriction of & to A is again a compact-valued spectral
system, there is a compact subset K C M(A) such that 6(B) = {¢(B) : ¢ € K}
for each tuple B = (By,...,B) C A.

Then

a(f(A)) ={(e(f1(A), .-, o(fm(A))) : ¢ € K}
={(f1lp(A)), ..., fm(p(A))) : ¢ € K}
={f(e):cea(A)} = f(o(A)). 0

Theorem 12. (superposition principle) Let A = (A4,...,A,) be a commuting n-
tuple of operators on X, let f = (f1,..., fm) be an m-tuple of function analytic
on a neighbourhood of or(A), let B = f(A), let g be a function analytic on a
neighbourhood of or(B) and let h(z) = g(f1(2), ..., fm(2)). Then h(A) = g(B).

Proof. By Lemma 5, g(v) — g(w) = Z;n:l(vj — w;)rj(v,w) for some functions
T1,...,Tn analytic on a neighbourhood of the set {(v,v) : v € or(B)}. Thus
9(f(2))—g(w) = Zyll(fj(z) — wj)r;-(z, w), where r; (z,w) =71;(f(2),w)) and the
functions 7} are analytic on a neighbourhood of the set o7 (A, f(A)) = {(z7 f(z):
z € or(A)}. Thus h(A) — g(B) = Z;nzl(fj(A) — Bj)ri(A, B) = 0. Hence h(A) =
g(B). O

As a corollary of the Taylor functional calculus we obtain the properties of
the functional calculus in commutative Banach algebras which were formulated

without proof in Section 2. For convenience, we state them here once more in an
extended form.

Theorem 13. Let A be a commutative Banach algebra. To each finite family a =
(a1,...,a,) of elements of A and each function f € H,, it is possible to assign
an element f(a) € A such that the following conditions are satisfied:

(i) if f(z1,...,2n) = Zaem Cazyt -+ 28 s a polynomial in n indeterminates,
an

then f(ay,...,an) = ZaéZi cqait - adn;

(ii) the mapping f — f(a1,...,a,) is an algebra homomorphism from the algebra
Ho’(al,...,a") to A;

(iii) if U is a neighbourhood of o(x1,...,2y), [, fr (k € N) are analytic in U and
fx converge to f uniformly on U, then

felat, ..., an) — fla1,...,an);
(iv) if p € M(A) and f € Hy(q,.....q,), then
Qa(f(ala R aan)) = f(@(al), IR (p(an));
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(v) a(f(a1,...,an)) = f(6(a1,...,an)) for each compact-valued spectral system
in A;

(vi) if a1,...,am € A, n < m, [ € Hyq,,..a, and f e Hy(an,... a0 sat-
isfy f(zl,...,zm) = f(z1,...,2n) for all zq,..., 2y, In a neighbourhood of
o(ai,...,an), then

flar,...;am) = flar,...,an);

(Vii) iffl, e fm S Hg(a), b; = fi(a), g < Hg(bl)m’bm) and h € H(r(a) is defined by
h(Z) = g(fl(z)v EERE) fm(z)7 then h(a’) = g(b);
(viii) properties (i), (ii), (iii) and (vi) determine the functional calculus (a, f) —
f(a) uniquely.
Proof. For an n-tuple a = (a1,...,a,) € A™ consider the left multiplication
operators L,, € B(A) defined by L.,z = a;xz (x € Aji = 1,...,n). Then
L, = (Lq,,...,La,) is a commuting n-tuple of operators. Further, o(a) = or(L,)
by Proposition 26.9.
For a function f analytic on a neighbourhood of o(a) set f(a) = f(La)1l4.
Since f(Ly) € (La)”, for each b € A we have f(L,)(b) = f(La)Lp(1a) =
Lyf(La)(1a) =0b- f(a) = Lf(a)(b) Thus f(Lq) = Lf(a)~
Properties (i), (ii), (iii), (vi) and (vii) follow from the corresponding proper-
ties of the Taylor functional calculus; the multiplicativity follows from the obser-
vation that

(f9)(a) = (f9)(La)(1a) = f(La)9(La)(14) = Lg(a)9(a) = f(a)g(a).

Property (iv) follows from Lemma 10; this implies also (v).
It remains to show the uniqueness of the functional calculus (viii). Let f be
a function analytic in an open neighbourhood U of o(aq,...,ay).

(a) We first show that there are elements
Gptls---,0m € A such that 0<‘“"""“”>(a17 coap) CU
Set
Z={(z1,...,22) €C": |zj| < |laj]| (=1,...,n)}.
IfA=(A,...,\n) € Z\ U, then A ¢ 0(a1,...,a,), and so there exist

n

YUnts-sYan such that Y (a; — Ajyn, = L.
j=1

Thus
A ¢ O—(‘ll7---7anyy>\,17---vy>\,n>(al’ o ’an)
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and there exists an open neighbourhood U} of A such that
U)\ﬂo-(al ----- amyx,ly---yyk,w(al’_”7an) = 0.

Since Z\ U is compact, there are points A(*),... . \(™ € Z\ U such that |J", Uye) D
Z\U. If Ay is the algebra generated by a1, ..., a, where

{a'n-‘rla s 7am} = {y)\(l),la YA py e YN 15 ay)\(m),n}a
then o4 (ay,...,a,) C U.
Extend f to UxC™ " by f(z1,...,2m) = f(21,. .., zn). Clearly, f is analytic
on a neighbourhood of o4 (ay, ..., ay).

(b) Write K = o%9(ay,...,a,). By Theorem 2.18, K is a polynomially
convex set. We show that there is a polynomially convex neighbourhood V of K
such that V Cc U x C™~"™.

Choose r > 0 such that 6°(ay,...,a,) C A0,7) = {(21,...,2m) € C™ :
|z;| <ri=1,...,m}. Forevery A € A(0,r)\(UxC™ ™) there exists a polynomial
p such that |p(A)] > max{|p(z)| : z € K}. Using the compactness of the set
A(0,7) \ (U x C™ ™), we get that there exist a finite number of polynomials
p1,...,Ps and positive numbers €1, ..., &, such that

V={2€A0,7):|pi(2)| < llpillx +ei (i=1,....8)} CUxC™ "

Clearly, V is a compact polynomially convex neighbourhood of o4 (ay,. .., am).
Thus f can be approximated by polynomials uniformly on V. Consequently,
flar,...,a,) = f(a1,...,an) is determined uniquely. O

31 Taylor functional calculus in Banach algebras

A natural idea how to define the Taylor spectrum and Taylor functional calculus
for a commuting n-tuple a = (a1, ...,a,) in a (non-commutative) Banach algebra
A is to consider the n-tuple Ly = (L4,,...,La, ) € B(A)". However, if A = B(X)
for some Banach space X and A = (Ay,...,A,) € B(X)™ is a commuting n-tuple
of operators, then or(La) = og(A), which is in general bigger than the Taylor
spectrum of A. So this is not a proper way how to define the Taylor spectrum and
Taylor functional calculus for commuting elements in Banach algebras.

In this section we suggest a way how to overcome this difficulty. We introduce
the concept of semidistributive Banach algebras.

Definition 1. By a semidistributive Banach algebra we mean a Banach space
(A,]| - ]l) together with a multiplication in A satisfying the following conditions
(for all z,y,z € A, a € C):

(i) (zy)z = z(y2);
(i) (x+y)z =2z +yz;
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(il) (ax)y = a(zy) = z(ay);
(V) [yl < fl=l - [lyll;
(v) A has a unit 14 satisfying ||14]| = 1.

In other words, semidistributive Banach algebras satisfy all axioms of Banach
algebras except of one of the distributive laws.

Let A be a semidistributive Banach algebra. Denote by D(A) the distributive
center of A, i.e., the set of all elements = € A such that z(y + z) = zy + zz for all
y,z € A

Example 2. Let X be a Banach space and H(X) the set of all continuous ho-
mogeneous mappings ¢ : X — X. It is easy to check that H(X) with the norm
llell = sup{|lpz| : x € X, || < 1} is a semidistributive Banach algebra.

Let A € B(X). It is easy to see that A(p1+v2) = Ap1 + A, for all p1, s €
H(X). So A € D(H(X)). In fact, it is easy to check that D(H(X)) = B(X).

Let A be a semidistributive Banach algebra and a = (a4, ..., a,) an n-tuple
of commuting elements of D(A). Since a; € D(A), the mappings L,; defined by
Lyb=a;b (j=1,...,n,b€ A) are commuting bounded linear operators acting
on A. Let L, = (Lq,, - -, La, )-

Definition 3. Let A be a semidistributive Banach algebra and a = (a1, ...,a,) an
n-tuple of commuting elements of D(A). We say that a is Taylor regular if L, is
Taylor regular (in the sense of Section 25).

The Taylor spectrum o7+ (a) of a is defined as the set of all A € C™ such that
the n-tuple a—\ = (a;—A1, . .., a,—\y) is not Taylor regular, i.e., 05 (a) = o7 (Ly).

Clearly, the Taylor regularity and the Taylor spectrum depend on the choice
of the semidistributive algebra A.

Let X be a Banach space, A = (A1,...,A,) commuting linear operators
on X. Then {A,,...,A,} C D(H(X)) and, by Corollary 27.7, O’;-((X)(A) =or(A)
where o7 (A) is the Taylor spectrum of the n-tuple A of operators in the sense of
Section 25.

The basic property of the Taylor spectrum in semidistributive algebras is the
existence of the functional calculus.

Theorem 4. Let A be a semidistributive Banach algebra, let a = (a1,...,a,) be

a commuting n-tuple of elements of D(A). Let U be an open neighbourhood of

07 (a). Then there exists an algebraic homomorphism ® : H({U) — A, f + f(a)

such that
(i) if f =1, then f(a) = 14;
if f=zj, then f(a)=a; (j=1,...,n);
(ii) if f,, — f uniformly on U, then f,(a) — f(a);
(i) f(a) € D(A) for all f € H(U).
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Proof. We have or(L,) = o4 (a) C U. Thus for f € H(U) we can define f(L,) €
B(A) by the Taylor functional calculus constructed in Section 30.

Define f(a) € A by f(a) = f(La)(14). Clearly, the mapping f +— f(a) is
linear and satisfies (i) and (ii).

Let f € H(U) and b € A. Then the mapping R, : A — A defined by
Ryc = cb is linear and Lo, Ry = RyLa; (j = 1,...,n). Since f(Lq) € (La)", we
have f(L,)Ry = Ry f(L,). Hence

f(La)b = f(La)Ry(14) = Rof(La)(1a) = f(a)b

for every b € A. Consequently, f(La) = L(q)-
Let f,g € H(U). We have

(f9)(a) = (f9)(La)(1a) = f(La)9(La)(14) = Ly(ay9(a) = f(a)g(a).

Hence the functional calculus f — f(a) is multiplicative.

(iii) Let =,y € A. Since f(L,) is a linear operator, we have

fla)(z+y) = Lz +y) = f(L)(z +y) = f(La)z + [(La)y = fla)z + f(a)y.

Hence f(a) € D(A). O

32 k-regular functions

In Sections 10 and 11 we studied operator-valued functions with continuously
changing ranges and kernels. In this section we generalize this notion to operator-
valued functions with finite-dimensional “jumps” in the range (kernel).

Definition 1. Let L, N be subspaces of a Banach space X. Let k > 0. Set

ok(L,N) =inf{6(L,N') : N' > N,dim N'/N < k},
0x(L, N) = inf{3(L,N") : N' > N,dim N'/N <k}  and
Up(L,N) =inf{6(L',N): L' C L,dim L/L" < k}
Let M be a closed subspace of a Banach space X with codim M = k < cc.

Recall that there exists a projection P € B(X) with | P|| < k+1 and Ker P = M,
see A.1.25.

The quantities d; and 9y are closely connected.
Lemma 2. Let L, N be closed subspaces of X. Then:

(i) 6x(L,N) < (k + 2)9x(L, N);
(i) x(L, N) < (k + 1)26x(L, N).
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Proof. (i) Let L' C L, dimL/L" < k. Let P € B(L) be a projection satisfying
Ker P = L' and |P| < k + 1. Let F = Ran P. Then L = L' @ F and dim F < k.

We show that 6(L,N + F) < (k+2)-6(L',N). Let € L, ||z|| = 1. Then
z =1+ fforsomel’ € L' and f € F, and ||l'|| = ||(I — P)z|| < k+ 2. There is an
n € N with ||I' —n|| < (k+2)6(L', N). Thus

dist{z, N+ F} < |z —n— f]| = ||I' - nl| < (k + 2)6(L’, N).

Hence 6(L, N + F) < (k4 2)6(L’, N). This proves (i).

(ii) Let N' > N, dim N'/N < k. Let P € B(N') be a projection such that
KerP=N and ||P|| <k +1.Let F =RanP. Then dimF <k and N'=N O F.

By the Auerbach Lemma, see A.1.23, there is a biorthogonal system f; € F,
frer* (j=1,2,...,dimF) such that ||f;|| = 1 = | f/|| and (f;, f}) = ds; for
all 4, 5.

Extend f; to functionals on y on N’ by setting y;|N = 0. For z € N" we
have

(=, i) = (P, f)] < 1PI] - |l

By the Hahn-Banach theorem we can extend y; to a functional on X (denoted
by the same symbol y5) with the same norm [[y;|| < [|P|| < k + 1. Let L' =

LN Kery!. Clearly, dim L/L' < k.

We prove that §(L',N) < (k + 1)%6(L,N’). Let x € L' C L, |lz|| < 1.
Then there exists y € N’ with ||z — y|| < §(L,N’). Let Q@ € B(X) be defined
by Qv = > . (z,y;)f;. Then @ is a projection onto F, Ker@Q D L’ and [|Q| <
k- max{||ly; ||} < k(k+1). We have

dist{z, N} < [lz = (I = Q)yll < [[1 = QI - [[= — y||
< (1+k(k+1))8(L,N') < (k+1)*5(L, N').

Hence §(L', N) < (k + 1)25(L, N'). This proves (ii). O

Theorem 3. Let k > 0 and € > 0. Then there exists a positive number n = n(k, )
with the following property: if M, N, M’ are closed subspaces of a Banach space
X, McM,dimM' /M <k, §(M,N)<nand §(N,M’') <n, then there exists a

~

subspace G C X with dim G < k and §(N,M + G) <e.

Proof. We prove the statement by induction on k. For & = 0 the statement is clear
with G = {0} and 7(0,¢) = «.

Suppose that the statement is true for k — 1 > 0. Let &’ = n(k — 1,¢) be
the number given by the induction assumption; we may assume that 0 < &’ <
€ < 1. Choose n < 4(,5_“5_/2)2. Let M, N, M’ satisfy the conditions of the theorem, so
McM,dmM /M <k, 6(M,N)<nand 6(N,M') <n. Let P € B(M') be a
projection such that Ker P = M and |P|| < k+ 1. Set F = Ran P. So dim F < k
and M =M@ F.
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The statement is clear if §(IN, M) < ¢; in this case it is sufficient to take
G = {0}. Suppose on the contrary that 6(N, M) > ¢, so there is an x € N with
lz]| = 1 and dist{x, M'} > e. By assumption, there are mg € M and f € F such
that ||z — (mo + f)|| <n. We have ||mo + f|| < ||z — (mo + f)|| + ||z|| <1+ n and
lmoll = [|(I — P)(mo + f)]] < (k4 2)(1 + 7). Furthermore,

e < dist{x, M} < [lz —mol <[lx—(mo+ NI +IFII <n+IfI

and so || f]| >e—n.

Set My = M Vv {f}. Since dist{z, M} > ¢ and dist{z, M1} < n < &, we have
My, # M and dim M'/M; < k — 1. Tt is sufficient to show that 6(M;, N) < ¢’
Indeed, the induction assumption then gives the existence of G’ with dim G" < k—1
and §(M;7 + G,N) < ¢, and so we can take G = G’V {f}.

To show that 6(My,N) < &', let u =m+ af € My with ||ul| =1, me M
and o € C. Then ||m| = ||(I = P)u|]| < k + 2 and ||af|| = ||Pul| < k + 1. Thus

la| = HI\O}JTIH < ff}l Then there exists n € N with

[lm —n| < (k+2)6(M,N) < (k+ 2)n.
Similarly, there exists ny € N with
lmo — no|l < (K +2)(1+n)d(M,N) < (k+2)(1+n)n.
Thus
dist{u, N} < [[m + af —n —a(z —no)|| < [lm —nl + ol - [[f — 2+ nol
< [lm = nll + el (Ilf = 2 + moll + lIno — mol|)

k+1 an(k+2?

<(k+2)77+8_n(n+(1€+2)(1+n)n)< <e O

- €
Lemma 4. Let k > 0 and e > 0. Then there exists n > 0 with the following property:
if M, N, M’ are closed subspaces of a Banach space X, M C M', dim M'/M =k

o~

and 6(M’,N) < n, then there exists a subspace G C N such that dimG = k,

~

0(M+G,N) <¢e and

lm+gll =, max{lml,lgl} ~ (m e M,g€q).

1
(k+1)
Proof. We can assume that ¢ < 1. Let M, M’, N satisfy the conditions of the
lemma and let 7 be a positive number satisfying n < 4(kj_2)2.

Let P € B(M') be a projection satisfying Ker P = M and ||P|| < k + 1. Set
F = RanP. Then dimF = k and M’ = M @& F. Choose a biorthogonal system
fi,oo o fe € F, ff, .., fi € F* such that ||f;|| = 1 = [|f}]| and (fi, f}) = 0; for
alli,j. If o, € C (i=1,...,k), then

St (et )] = b
i=1 i=1
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for all j. Hence

k
max{|o;|:j=1,...,k} < HZaifi
i=1

k
< oyl
j=1

For each j=1,...,k there exists n; € N with ||n; — f;|| < n. Set G=\/{n1,...,nx}.
Then G C N.
Let ® : M + FF — M + G be the operator defined by

k 2
<I><m+2a¢fi>:m+2ami (me M,q; € C).
i=1 i=1

Let me M, f =Y a,;fi € F and let £ = m + f be an element of M + F of norm
one. Then |m| = ||(I — P)z| < k+ 2 and |a;| < ||f|| = ||Pz|| < k+ 1 for all
1=1,...,k. Hence

k
o = @al| = | 3 aulfs = o) | < k(k -+ 1),
i=1
Thus |®|| < 14+ k(k+1)n < 2. Further, ® is onto and ||®z| > 1—k(k+1)p > 1/2.
Hence ® is invertible and [|®~1|| < 2.
Let z=m+g€ M+G, ||z]| = 1. Let f =& 'g. Then

[mll = |(I = P)(m + )| < (k+2)[m+ fl| = (k+2)[ @ 2| <2(k+2)
and
lgll = 1 @fI < @[ [1P[| - [lm + fIl < 2(k+ 1)@ 2| < 4(k+1).

Hence

1
>

gl =y gy maximl ol
for all m € M and g € G.

We show that §(N,M + G) < e. Let n € N, ||n|| = 1. Then there exist
m € M and f =) «;f; € F such that |n —m — f|| <n. Thus [|m+ f|| <1+,
Im| = (I = P)(m+ f)ll < (k+2)(1+n) and |[f]| = [|P(m+ F)] < (k+1)(1+n).
Hence |o;| < (kK+1)(1 4+ n) for all i. We have

k
n — (m + Z ozim)
i=1

dist{n, M + G} <

k
<ln—(m+ HI+ el - 1fi = mall < m+ k(k + 1)1 +m)n <e.

=1

Hence §(N,M 4+ G) <e.
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Finally, we show that (M + G,N) <e. Let m € M, g = > a;n; € G and
|m-+g|| = 1. Then ||m]|| = ||(I — P)® ' (m+g)|| < 2(k+2) and there exists n € N
with [|m — n|| < ||m|| -7 < 2(k + 2)n. Further ||g|| < ||m]|| + [|m + ¢]| < 2k + 5 and

loul < [y csfi]| = 1279l < 2]l < 4k +10. Hence

k
dist{m + ¢, N} < [|m —n| + > lail - [Ini — fil
i=1
2(k+2)n+ k(4k+10)n < e. O

Theorem 5. Let X,Y be Banach spaces and U a metric space. Let T : U — B(X,Y)
be a norm-continuous function, w € U, k > 0 and suppose that Ran T'(w) is closed.
The following statements are equivalent:

(1) lmy_y, 6k(RanT( ),RanT'(w)) = 0;
(i) lim;—, 9% (RanT(2),RanT(w)) =0
(iil) lm,—y Ok (Ran T(z),

(iv) lim; ., 6 (Ker T'(w), Ker T'(2)) = 0;
(v) lim,_,, 19k (Ker T'(w),Ker T(2)) =
(vi) lim, . 0 i (Ker T(w), Ker T (2)) =

(vii) lim,_., 9% (RanT(2)*, Ran T (w)* ) 0.

Moreover, if any of condition (i)—(vii) is satisfied, then RanT(z) is closed for all z
in a neighbourhood of w.

Proof. By Lemma 2, (i) < (ii) and (iv) < (v).

Since §(RanT'(w),RanT'(z)) — 0 and 6(Ker T'(z),Ker T'(w)) — 0 by Lemma
10.12, the equivalences (i) < (iii) and (iv) < (vi) follow from Theorem 3.

(iii) = (iv): Let € be a positive number, ¢ < 1. By Lemma 4, there exists a
neighbourhood Up of w with the following property: if 2 € Uy, then there exists a
subspace F' C RanT(z) with dim F' < k, §(RanT(w) + F,RanT(z)) < £/6, and

IT(w)e+fll 2, max{ || T (w)z|, | ||} (1)

1
(k+1)

for all x € X and f € F. We may also assume that | T(z) — T'(w)|| < 48Ek+1)) for
all z € Up.

Fix z € Uy and F with the above-described property. Let Sy, 5, : X&F — Y
be defined by

Sw(x & f) = T(w)x +5(T(w)) - f,
S:(z & f) =T(z2)z++(T(w) - f

forallz € X , f € F; here X @ F denotes the ¢! direct sum of X and F.
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Clearly, Ran S,, = RanT'(w) + F and RanS, = RanT'(z) + F = RanT'(z).
Thus S(Ran Sw,Ran S,) < €/6.

We show that v(S,) > ’Y((T];Srui))) Let 0 < s < y(T'(w)) and let y € Ran S,, =
RanT'(w)+ F be a vector of norm one. Express y = T'(w)x+ f for some x € X and
f € F. Then there exists 2’ € X with T(w)2’ = T'(w)x and ||2'|| < s7|T(w)z||.
We have Sy, (z' & v(T(w)) ™' f) = T(w)x + f =y and, by (1),

2" @y (T (W)~ | <sT T (w)al| + | F1) <8(k+1)s™ T (w)a+ fl| =8(k+1)s™
< (T (w))

Hence y(Sy) > 8(k5+1). Letting s — v(T'(w)) gives v(Sw) > 8(e+1) -
By Lemma 10.13, we have

5) > 2(83) (1 - 20(Ker 83, Ker 57)) — |17, — 5|
w)(l—»&%Ranéﬁ,RanS@))——HSw——S;H
)

(T (w)) e\ _ ev(T(w)) _ (T (w))
Z8( (1_3>_48(k:+1)216(k+1)'

In particular, RanT(z) = Ran S, is closed for each z € U.
Furthermore,

16(k+1) ey(T(w))

§(Ker Sy, Ker S.) <(S.) 7| Sw — S| < VT (w))  48(k + 1)

Find a subspace G C X with T(2)G = F and dimG = dim F < k. We
have KerS,, = KerT(w) and KerS, = KerT(z) + {g ® —v(T(w))"'T(2)g
g € G} Consequently, dx (KerT ,KerT'(z ) < (KerT w),KerT(z) + G) <

(Ker S, Ker S, ) < €. Thus

lim 6y (Ker T'(w), Ker T(z)) = 0.

(iv) = (vii): Let ¢ > 0. Since lim,_.,, 6 (Ker T'(w),KerT'(z)) = 0, there
exists a neighbourhood Uy of w with the following property: if z € Up, then
RanT(z) is closed, and there is an N D KerT'(z) with dim N/ KerT'(z) < k and
§(KerT(w),N) < e. Thus §(N+,RanT(w)*) < & where N+ C RanT(z)* and
dimRanT'(z)*/N+ = dim N/ KerT'(z) < k. Hence 95 (RanT'(z)*, RanT (w)*) < ¢
and

lim Y5 (RanT'(z)*, RanT(w)*) = 0.

zZ—w

(vii) = (ii): Let € > 0. Then there exists a neighbourhood U; of w with the
following property: if z € Uy, then RanT'(z)* is closed and there is a subspace F’ C
X* with dim F” < k and §(RanT(2)*, Ran T (w)* + F’) < e. Hence &(Ker T'(w) N
LF', KerT(z)) < e. Consequently, 9, (Ker T'(w), Ker T'(z)) — 0. O
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Definition 6. Let X,Y be Banach spaces and U a metric space. Let T' : U —
B(X,Y) be a norm-continuous function. Let w € U and k > 0. We say that T is
k-regular at w if Ran T'(w) is closed and T satisfies any of the equivalent conditions
of Theorem 5.

Corollary 7. A function T : U — B(X,Y) is k-regular at w if and only if the
function z — T'(z)* is k-regular at w.

As we have seen in Section 10, regular functions are closely related to exact se-
quences. Similarly, k-regular functions are connected with “Fredholm sequences”.

Theorem 8. Let X,Y,Z be Banach spaces and U a metric space. Let T : U —
B(X,Y)and S : U — B(Y, Z) be norm-continuous functions satisfying S(z)T(z) =
0 forall z € U. Let w € U, let Ran S(w) be closed and dim Ker S(w)/RanT (w) =
k < 0o. Then both T and S are k-regular at w.

Proof. By Lemma 16.2, RanT'(w) is closed as a subspace of finite codimension in
Ker S(w). Let F' be a subspace satisfying Ker S(w) = RanT'(w)®F and dim F' = k.
We have

6x(RanT'(z),RanT(w)) < §(RanT(z),RanT(w) + F)
= §(RanT(z),Ker S(w)) < §(Ker S(z), Ker S(w)) — 0.

Thus T is k-regular at w.
Similarly, let M C X be a subspace of codimension k such that RanT'(w) =
Ker S(w) N M. Then

U (Ker S(w), Ker 5(z)) (Ker S(w) N M, Ker S(z)) = 6(Ran T (w), Ker S(z))

<4
< 6(RanT(w),RanT(z)) — 0.

Hence S is k-regular at w.

Definition 9. Let M, N be closed subspaces of a Banach space X. Suppose that
there exists a subspace M’ D M such that dim M’/M < oo and §(M’, N) < v/2—1.
Then we define jump(M, N) = dim M'/M.

The definition is correct: if M D M is another subspace with dim M” /M <
oo and 6(M"”,N) < v/2 — 1, then

o~ ~ ~ ~ ~

S(M',M") < §(M',N)+§(N,M")+6(M',N)-§(N,M") < 1.
By Theorem 27.8, this means that dim M'/M = dim M" /M.

Theorem 5 gives immediately an important result that for k-regular functions
the jump in the kernel is always equal to the jump in the range. This is well known
for operators in finite-dimensional spaces. Another classical result of this type is
for the function z — T — z where T is a compact operator, see Theorem 15.11. The
Kato decomposition gives the same result also for the function z +— T — z where
T is a semi-Fredholm operator, or more generally, an essentially Kato operator.
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Theorem 10. Let T : U — B(X,Y) be k-regular at a point w € U. Then there
exists a neighbourhood Uy of w such that

jump (Ker T'(z), Ker T'(w)) = jump(RanT'(w), RanT'(z))
for each z € Uy.

Proof. There is a neighbourhood U; of w such that gk (RanT(z),RanT(w)) <
V2 —1 and Sk(KerT(w),KerT(z)) < V2 —1for all z € Uy. For each z € Uy fix
subspaces F,, G, such that dim F, < k, S(Ran T(z),RanT(w) + F.) < V2 — 1,
F,NRanT(w) = {0}, dim G, <k, g(KerT(w), KerT(2)+G.) < v2-1and G.N
KerT(z) = {0}. Moreover, we can assume that lim,_,,, S(RanT(z), RanT'(w) +
F.) =0 and lim,_,, S(Ker T(w),KerT(z) + G.) = 0.

By definition, we have dim F, = jump(RanT(w),RanT(z)) and dim G, =
jump (Ker T'(z), Ker T'(w)).

We show that dim F, = dim G, for all z in a certain neighbourhood of w.
Suppose on the contrary that there is a sequence (z,) converging to w with

dim F,, # dimG,, . By passing to a subsequence if necessary we may assume
that dim F,, and dim G, are constant; denote this constants by a and b. By

assumption, a # b. We have lim,,_oc 0, (RanT(zy),RanT(w)) = 0, and so, by
Theorem 5, lim,, .o 0 (Ker T'(w), Ker T'(z,)) = 0. Thus for all n sufficiently large

we have b = jump (Ker T'(z,), Ker T(w)) < a. Similarly, it is possible to show that
a < b, which is a contradiction. Hence

jump (Ker T'(z), Ker T'(w)) = jump(RanT'(w), RanT'(z))
for all z in a certain neighbourhood of w. 0

Theorem 11. Let My, My and Ms be closed subspaces of a Banach space X, let
k,n > 0. Then

Stn (M, Mo) < 4(n + 2) max{ oy (My, Mo), 6, (Ma, M) }.

In particular, if max{gk(Mh Moy), gn(Mz, Ml)} < 4‘(/3;21), then

jump (Mo, M) = jump(Mo, My) + jump(My, Ma).

Proof. We may assume that max{gk (M, My), gn (M, Ml)} < 1/8, since the state-

ment is trivial otherwise. Let d > max{dy (M, Mp), 8,,(Ma, My)}. Then there ex-
ist subspaces Lo D My and L; D Mj such that dim Lo/My < k, dim Ly /My < n,

~ ~

0(Lo, M1) < dand 6(Lq1, M2) < d. Let P € B(L1) be a projection with || P|| < n+1
and Ker P = M;. Set F = Ran P.

~

We show that d(Lo + F, Mz) < 4(n + 2)d. We may assume that d < 4(n1+2).
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(a) Let x € My, ||z|| = 1. Then there exists l; € L1 with ||z—11]| < d. Express
l1 =my +f with m; € M7 and f € F'. Then ||m1|| = ||(I—P)l1|| < (n+2)||l1|| <
(n+2)(1+d), and so there exists lg € Lo with ||m1 — || < (n +2)(1 + d)d. We
have

dist{z, Lo + F} < [[z — (lo + f)Il < [[z — L]l + [llx — (o + f)]
<d+|mi =l <d+ (n+2)(1+d)d < 2(n+2)d < 4(n + 2)d.

Thus 6(Mz, Lo + F) < 4(n + 2)d.

(b) Let x € Lo+ F and ||z|| = 1. Express @ = ly + f with Iy € Lo and
f € F. Then there exists m; € M; with |[lop — m1| < |[lo]| - d, and so ||m1]| >
1ol = lllo — ma | > [|lo[|(1 —d). Since my = (I = P)(my + f), we have [[m1 + f[| =
m lo||(1—d
|\H1—1PH\| > | 02(4_2 ). Hence
1lolI(1 = d)

1= > — —lo|| >
1o+ Il = llma + £l = [m1 = lol| nt 2

1
— |[lo]ld > ||I .
Hence ||lp]] < 2(n + 2) and there exists mq1 € M; with |[lo — mq|| < 2(n + 2)d.
Therefore ||m1 + f|| < |llo + f|| + [|m1 — lo]] < 1+ 2(n + 2)d and there exists
me € My with |[mg — (m1 + f)|| < (2(n + 2)d + 1)d. Hence

dist{z, M2} < [[lo + f — mal| < [[lo — mual| + [[m1 + f — ma||
<2(n+2)d+2(n+2)d? +d < 4(n+2)d.

Thus §(Lo + F, Ms) < 4(n + 2)d and $0 0y n (Mo, Mo) < 4(n + 2)d.

Suppose now that maX{Sk(Ml,Mo),gn(Mg,Ml)} < 4‘(/3;21). Using the pre-
vious construction we have jump(Mo, M) = dim Lo/My and jump(My, My) =
dimL,/M; = dim F. It is sufficient to show that F' N Ly = {0}. Indeed, this
will imply that jump(My, M2) = dim(Ly + F)/My = dimLo/My + dim F =
jump (Mo, M) + jump(My, Ms).

Suppose on the contrary that F'N Lo # {0}. Let f € FN Ly, || f|| = 1. Then

there exists my € M; with ||mq — f]| < 4‘(/3;21). Hence [|[P(m1— f)||= |- fl| =1
and so || P|| > 4\(;;:21) > n + 2, a contradiction with the assumption that ||P]| <
n+ 1. O

33 Stability of index of complexes

Recall the most important stability results concerning the index ind7T = o(T") —
B(T) = dimKerT — codimRan T of a semi-Fredholm operator T': X — Y

(a) there exists ¢ > 0 such that a(T”) < «(T") and B(T") < B(T") for all T" :
X =Y with |[T7 — T < &;
(b) if K: X —Y is a compact operator, then ind(T' + K) = ind T}
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(c) there exists € > 0 such that ind7” = indT for all 77 : X — Y with
IT" =T <&

(d) there exists ¢ > 0 such that both «(T — A) and G(T — \) are constant in the
punctured neighbourhood {A € C: 0 < |A| < €}.

In this and the next sections we discuss generalizations of these properties
to complexes of Banach spaces.

Definition 1. By a complez K = (X;,v;)}_, we mean an object of the following
type:

.wn—Q wnfl

0— Xoox, 2. 2y, X, -0 (1)

where X; are Banach spaces and v; : X; — X, 1 operators satisfying 1;1¢; =0
for all 4. Formally we set X; = {0} for either ¢ < 0 or ¢ > n. Similarly, v; is the
zero operator if either ¢ < 0 or ¢ > n. Write «;(K) = dimKert;/Ran;_1. In
particular, ag(K) = dim Ker ¢ and «, (K) = codim Ran 1,,_1.

Complex (1) is called Fredholm if «;(K) < oo for all 4. Obviously, in this case
the operators ¥; have closed ranges.

The indez of a Fredholm complex K is defined by

ind K = " (—1)'e;(K). (2)
=0

A complex K is called semi-Fredholm if the operators v; have closed ranges and
the index ind K is well defined by (2) (either 400 and —oo does not appear in the
formula).

Note that this definition generalizes the classical definition of the index of a
semi-Fredholm operator T': X — Y. It is easy to see that ind 7T is equal to the
index of the semi-Fredholm complex 0 — X Ly —o.

For two complexes K = (X, ;)" and K' = (X;,¥))™, we set dist{/, L'} =
max{||¢j —fg/}}” :j=0,...,n— 1}.

Property (a) for semi-Fredholm complexes was essentially proved in Section
27 even in a more general form.

Theorem 2. Let X,Y,Z be Banach spaces, let S : X — Y and T : Y — Z be
operators with closed ranges. Then there exists n > 0 such that
dim Ran S/ (Ran S N Ker T) + dim Ker Tl/(Ran S1 N Ker Tl)

3
< dim Ran Sl/(Ran S1 N Ker Tl) + dim KerT/(RanS N KerT) ®)

for all operators Sy : X — Y, Ty : Y — Z with closed ranges such that | 11T < n
and ||S1 — S| < 7.

Proof. Set N = KerT and R = RanS. Let € be the number constructed in
Theorem 27.11. Set n = max{'y(g),v(T)}‘
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IfS;: X —-Yand Ty : Y — Z are operators with closed ranges satisfying
IS — Si|| < n and |T — Ti|| < 7, then, by Lemma 10.12, §(RanS,RanS;) <
v(S)7HS — Si]| < & and §(KerTy,KerT) < ~(T)7Y|T — Ti]| < . Thus the
inequality follows from Theorem 27.11. O

Corollary 3. Let K = (X;,¢:)], be a semi-Fredholm complex. Then there exists
€ > 0 such that a;(K") < a;(K) (i=0,...,n) for each semi-Fredholm complex
K = (X;,¥))™, satisfying dist{K', K} < e.

In particular, the functions K — «;(K) are upper semicontinuous.

Next, we show the stability of index under finite-rank perturbations.

Lemma 4. Let X; and X5 be Banach spaces, let T,T' € B(X1, X2) be operators
such that T — T" is a finite-rank operator and let Z; C X1, Zo C X3 be closed
subspaces such that Z,=KerT, Zoy=RanT. Then

dimKerT/(Z; NKerT) —dim Z, /(Zy N Ker T)

—dimZy/(Za NRanT) + dimRanT/(Zy NRanT)
=dimKerT"/(Zy NKerT") — dim Z, /(Z; N Ker T")

—dim Zy/(Zs NRanT’) + dimRanT"/(Zy N RanT").

Proof. Set

M, = KerT NKerT' N Z1,
My =ZyNnRanT NRanT’,
Y, =KerT + KerT' + Z; and
Y, =Zy+RanT +RanT’.

Then dimY;/M; < oo and dimY3/Ms < oo. Note that RanT and RanT”’ are
closed. Denote by L and R the expressions at the left- and right-hand sides of (4),
respectively. Then

L= d1mKerT/M1 - dlle/Ml - dlmZ2/M2 + diHl}{a,sz/]\fg7
R =dimKerT’/M; — dim Z; /M; — dim Z3 /M5 + dim Ran T’ /M,

and

L — R =dimKerT/M; — dim Ker T’ /My + dim Ran T /M5 — dim Ran T’ /M.

Let f, T X1/M; — Y> be the operators defined by f(xl + M) =Tz, and
T'(l‘l + Ml) =T’z for all 1 + M; € Xl/Ml. Clearly, T7T/ S <I)+(X1/M1,Yv2),
RanT = RanT, RanT’ = RanT’, T — T" is a finite-rank operator and

dim Y3 /My =dim Y2/ Ran T + dim Ran T'/Ms=dim Y5/ Ran T’ + dim Ran T" /M.
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Thus
L—R=dimKerT — dimKer 7’ + dim Ran7/M, — dim Ran 7" /M
= dimKer T — dimKer 7" — codim Ran T + codim Ran 7"
=ind7 —ind7" =0
by the stability of index of semi-Fredholm operators, see Theorem 16.16. 0

Theorem 5. Let K = { X, ¥;}, K' = { X, ¥/}, be semi-Fredholm complexes
such that 1; — 1, are finite-rank operators for all i = 0,...,n — 1. Then ind X =
ind K'.

Proof. If ind K = +o00, then £00 appears in the expression defining the index of .
Clearly, the corresponding term for K’ is also equal to o0, and so ind K = ind K'.
Therefore we can assume that both complexes are Fredholm.

For j =0,...,n define

Jj—1
¢ = Z(—l)ioci(lC’) + (—1)7 dim Ker v; / (Ker 1, N Ran®_;)

=0 -1

— (=1)/ dimRan v, /(Kery; NRanv)f_;) + > (=1)'ai(K).

i=j+1
We have .
co = dim Ker ¢ + Z(—l)iai(lC) =ind K,
i=1

and similarly,

n—1
e = D (=1 a(K') + (~1)" dim X,/ Ranv,_; = ind K.
i=0
Thus it is sufficient to show that ¢;4+1 = ¢; forj =0,...,n—1.Fix j,0 < j <n-—1.
We have

(=1 (¢j = ¢j41)
= dim Ker;/(Kery; NRan;_;) — dim Ran;_, /(Ker; N Ran;_,)
— dimKer ¢,/ Ranp; — dimKer v/ Ranvj_,
+ dimKer ;41 /(Ker ;41 N Ran)}) — dim Rany} /(Ker ;41 N Rany)}) = 0

by Lemma 4 for Z; = Ranv
completes the proof.

;—_1, Z2 = Ker ¢j+la T = ’(/)j and T = ’(/); This
0
The stability of index under compact perturbations is also true but the proof

is much more complicated. We state the result here without proof; for an outline
of the basic ideas see C.33.4.
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Theorem 6. Let K = (X, )", K' = (X;,¥))", be semi-Fredholm complexes
such that v; —1)) are compact operators for alli = 0, ...,n—1. Then ind K = ind K'.

The stability of index of Fredholm complexes under small perturbations fol-
lows from the results of the previous section.

Theorem 7. Let I = (X;,v¢;)]—, be be a Fredholm complex. Then there exists
e > 0 such that ind K’ = indK for each Fredholm complex K' = (X;, ¥/,
satisfying dist{C, K’} < e.

Proof. Let k = max{a;(K) : j = 0,...,n}. Let U be the metric space of all
Fredholm complexes (X;, ;)i with the distance defined above.

By Theorem 32.8, the functions (X;, &), — &; are k-regular at K for all
J =0,...,n— 1. By Theorem 32.10, there exists £ > 0 such that, for all j and
all complexes K’ = (X;, ;) with dist{K’, L} < e, we have 0y (Ker ¢}, Kervp;) <

LolEre s O(Ran g, Raney;) < /25, and
jump(Ker ¢}, Ker ;) = jump(Ran 1;, Ran ).

Fix a complex K’ with dist{K’, K} < e. Let ¢; = jump(Ker ¢}, Kert;) =
jump(Ran);, Ran @ZJ;) Then ¢; < k. Formally set c_; = 0 = ¢,.
Using Theorem 32.12 twice we get

0(K) = jump(Ran 1, Ker 1)
= jump(Ranv;_1,Ranvj_,) + jump(Ranv;_;, Ker ) 4 jump(Ker ¢}, Ker1);)
=Cj—-1 + Oéj(’C/) + Cj.

Hence
ind K => (=1Ya; =Y (=1)(¢j1 +a)+¢;) =D (~1)af =indK". O
0 =0

Jj= J

n
=0

Corollary 8. Let K be a Fredholm complex and 0 < m < n. Then there exists
€ > 0 such that, for each Fredholm complex K' with dist{K’, K} < e, we have:

(i) if m is odd‘, then E;":O(—l)jaj(ﬁ’) > E;nzo(—l)jaj(lC) and
2o (=1 i (K') = 32000 (1) an—;(K);
(ii) if m is even, then E?:O(—l)jaj(lC") < Yko(=1)Ya;(K) and
Zj:o(_l)jan—j(’c/) 2 Zj:o(_l)Jan—j(’C)~
Proof. Let k = max{a;(K) : j =0,...,n} and let € be the number constructed in

the previous theorem. Let K’ be a Fredholm complex satisfying dist{K’, K} < e.
As in the previous proof we set

¢j = jump(Ran ¢, Ran ) = jump(Ker ¢}, Ker ;).
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‘We have
D (1o (K) = (=1 (¢jo1 + i (K) +¢) = D> (=1 a;(K) + (1)

[}

7=0 7=0

AN

This proves the first inequalities both in (i) and (ii).
The remaining statements can be proved similarly. U

The previous stability result can be extended to semi-Fredholm complexes.
We need the following lemma.

Lemma 9. Let X, Y be Banach spaces, let S : X — Y andT : Y — X be operators
with closed ranges such that Ran S = Ker T and RanT C Ker S. Then there exists
€ > 0 such that

dim Ker S/RanT = dim Ker S/ Ran T}

for all operators S1 : X — Y and Ty : Y — X such that ||S1—S| < e, |T1—T| < ¢,
Ran S; € KerT; and RanT; C Ker S;.

Proof. The sequence X Sy T, X is exact in the middle. By Lemma 11.3, there
exist positive constants €1 > 0 and c¢ such that RanS; = Ker Ty, v(S1) > ¢ and
v(Th) > c for all operators S1 : X — Y, T1 : Y — X satisfying ||S1 — S < e1,
ITh — T|| < 1 and RanS; C KerTy.

Set ¢ = min{ey, g}. Let S; and T; be operators satisfying ||S; — S|| < ¢,
Ty — T|| < e, Ran Sy C KerTy and RanT) C Ker S;. Then, by Lemma 10.12, we
have d(Ker S, Ker 1) < ¢=1||S;— S|| < 1/9 and 8(RanT,RanTy) < ¢~ T1 —T|| <
1/9. By Theorem 27.8, we have the required equality. O

Theorem 10. Let K = (X;, ;) be a semi-Fredholm complex. Then there exists
€ > 0 such that ind X' = ind K for every semi-Fredholm complex K' satisfying
dist{K',K} < e.

Proof. To simplify the statement, set

X=Pxi v=xi, T= v ad S=P v

i even i odd i even i odd

Then
TS=0, ST=0 and indK=dimKerT/RanS —dimKerS/RanT.

__ Consider the operators T:X —>Y and S:Y — X defined in Section 17. So
ST =0and TS =0.
Let K' = (X;,¢})i-, be a semi-Fredholm complex close to K and define

similarly the operators 77 : X — Y and S’ : ¥ — X corresponding to K'. So
TS’ =0, 8T =0 and max{||T" = T|,||S" — S|} = dist{K', £}.
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We distinguish two cases:

(a) Let dimKerS/RanT = oo. Since the complex K is semi-Fredholm,
we have dimKerT/RanS < oo, and so KerT = RanS. By Theorem 17.10,
dim Ker S/RanT = co. By the previous lemma, dim Ker S’/ RanT’ = oo for each
semi-Fredholm complex K’ sufficiently close to K. So dimKer S’/ RanT’ = oc.
Hence ind K’ = co = ind K.

Similar considerations can be done if dim Ker7T/ Ran S = oco.

(b) It remains the case dim Ker7/Ran S < oo and dimKer 5/ RanT' < oc.
Then K is a Fredholm complex, and so Ran S =KerT and RanT = Ker S.

By Lemma 9, RanS’” = Ker7” and RanT’ = Ker S’ whenever 77,5 are
operators induced by a semi-Fredholm complex X’ which is sufficiently close to K.
Thus K’ is also a Fredholm complex.

The equality ind X’ = ind K for Fredholm complexes K’ close enough to K
was proved in Theorem 7. O

Corollary 11. Let A = (A1, A3) be a pair of commuting operators on a Banach
space X. Then dor(A) C 0-(A) Uos(A).

Proof. Let A € dor(A)\ (07 (A)Uos(A)). Then the Koszul complex of the pair A—X
is semi-Fredholm. Furthermore, there is a sequence A7) € C?\ o7 (A) converging to
A. Thus the Koszul complex K(A—X)) of A—A\1) is exact, and so ind K(A—A0)) =
0 for all j. By the continuity of the index we have ind C(A — X\) = 0. Since
A ¢ 0.(A) Uos(A), the Koszul complex IC(A — X) is exact, and so A ¢ or(A),
which is a contradiction. O

34 Essential Taylor spectrum

Definition 1. Let A = (44,...,4,) be a commuting n-tuple of operators on a
Banach space X. The essential Taylor spectrum or.(A) is the set of all A =
(A1,--.,An) € C™ such that the Koszul complex of A— X = (A1 —A1,..., 4n— )
is not Fredholm.

Clearly, orc(A) C or(A). For single operators we have ore(A1) = 0e(A1).

Let X = (®(X)/m(X) and A = (A;,...,A,) € B(X)" be the construction
studied in Section 17. By Theorem 17.10, the Koszul complex of A is Fredholm if
and only if the Koszul complex of A is exact. Thus o7.(A) = o7 (A).

Corollary 2. The essential Taylor spectrum is an upper semicontinuous spectral
system.

Another corollary of the equality or.(A) = op(A) is:

Theorem 3. Let A = (A4,...,A,) and B = (By,...,B,) be commuting n-tuples
of operators on a Banach space X such that operators A; — B; are compact for
i=1,...,n. Then op.(A) = ore(B).
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For one operator the difference 0(A1) \ 0.(A1) can be characterized easily. It
consists of whole components of C\ o.(A;) and at most countably many isolated
points, see Theorem 19.4.

The difference o7 (A) \ o7e(A) for n-tuples of operators can be more compli-
cated. As in Theorem 19.17 one can show that the set o7 (A) \ 07(A) consists of
countable many isolated points.

We are going to show that or(A) \ or.(A) is always an analytic set.

Let U C C™ be an open set. Recall that a subset M C U is called analytic
in U if for every w € U there exists a neighbourhood Uy of w and a family
{fa:a €A} C H{Up) such that M NUy ={z € Uy : fo(z) =0 for all @ € A}.

The set {fa} can be always chosen to be finite, see [GR, p. 86].
We start with the following lemma:

Lemma 4. Let U C C™ be an open subset, let T : U — B(X,Y) be an analytic
function, let k € N. Then the set {z € U : dimRanT'(z)) < k} is analytic.

Proof. If 1,...,2 € X, y},...,yf € Y*,z € U and dimRanT'(z) < k, then the
vectors T(z)z1, ..., T(2)zy, are linearly dependent and det((T'(z)z;, yj>) =0.

On the other hand, if dim RanT'(z) > k, then there are vectors 1, ...,x € X
and yj,...,y; € Y such that (T'(z)x;,y;) = dij, and so det((T(z)xi,yﬁ) £ 0.
Thus

{z €U :dimRanT(2)) < k}
= {z eU: det((T(z)xi,y;» =0forall zq,...,2x € X,u7,...,y; € Y*}7

which is an analytic set. U

Corollary 5. Let X, Y, Z be Banach spaces and let U be an open subset of C". Let
S:U—B(X,Y)andT :U — B(Y, Z) be analytic functions and k € N. Then the
set {z € U : dimRan S(z)/(Ran S(z) NKer T'(z)) < k} is analytic.

Proof. We have dim Ran S(z)/(Ran S(z) NKer T'(z)) = dim Ran(T'(2)S(z)), so the
corollary follows from the preceding lemma. 0

Lemma 6. Let U be an open subset of C", let S : U — B(X,Y) and T : U —
B(Y, Z) be functions regular in U. Suppose that Ker T'(z)=Ran S(z) for all z € U.
Then the function « defined by

a(z) =dimKerT(z)/(Ker T'(z) N Ran S(z))
—dim Ran S(z)/(Ker T'(z) N Ran S(z))

is constant on each component of U.
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Proof. Let Uy be a component of U. If there is no w € Uy with a(w) < oo, then
clearly a(z) = oo on Uyp.

Let w € U satisfy a(w) < co. Then lim,_,,, S(Ker T(w),KerT(z)) = 0 and
lim, g(Ran S(w),Ran S(z)) = 0 by Theorem 10.21 (iv) and (vi). Thus, by
Theorem 27.8, a(z) = a(w) for all z sufficiently close to w.

A standard argument gives that «a(z) is constant on the whole component of
connectivity Up. g

Lemma 7. Let U be an open subset of C", let S : U — B(X,Y) and T : U —
B(Y,Z) be analytic functions satisfying T'(2)S(z) = 0 (z € U). Suppose that
there are Banach spaces X; and Z; and regular analytic functions Sy : U —
B(X1,Y), Th : U — B(Y,Z,) satisfying KerT1(z) C RanS(z) C KerT(z) C
Ran S1(z), see the diagram below. Suppose that dimRan S1(z)/ KerTi(z) < oo
for all z € U. Then the set {z € G : dimKerT(z)/ Ran S(z) > k} is analytic in U
for each k > 0.

X1
S1(z)

9y T 4

lTl(Z)

Al

X

Proof. We can assume that U is connected. For each j set
Aj={z€U:dimRanS(z)/KerTy(z)) < j}

and
Bj ={z €U :dimRanS;(z)/KerT(z) < j}.

By Corollary 5, A; and B; are analytic sets. By Lemma 6, there is a constant c
such that dimRan S1(z)/ KerT1(z) = ¢ in U. Thus

{z € G:dimKerT(z)/RanS(z) > k}
= {2z € G :dimRan S;(z)/ KerT'(z) + dimRan S(z)/ Ker Ty (z) < ¢ — k}

c—k
e U AN Be_g—;.

i=0

The last set is clearly analytic. 0
Theorem 8. Let U be an open subset of C*, let S : U — B(X,Y) and T :
U — B(Y, Z) be analytic operator-valued functions. Suppose that T'(z)S(z) = 0,

dimKerT'(z)/ RanS(z) < oo and the operators S(z) and T'(z) have generalized
inverses for all z € U. Let k € N. Then the set {z € G : a(z) > k} is analytic.
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Proof. Let w € U. Let V be a generalized inverse of S(w), so VS(w)V =V and
S(w)VS(w) = S(w). Set P =1 — S(w)V. Then P is a projection and Ker P =
Ran S(w).

The operator I+ (S(z) —S(w))V is invertible for all z close to w. Set P(z) =
P(I + (S(z) — S(w))V)_1 € B(Y). Since RanS(z) = Ran P is constant, the
function z — P(z) is regular at w. We prove that Ker P(z) C RanS(z). Let
y € Ker P(z). Then

(I—|— (S(z) — S(w))V)ily € Ker P = Ran S(w),

and so y € <I+ (S(z) — S(w))V) S(w)X = S(2)VS(w)X C Ran S(z).

Similarly, let W be a generalized inverse of T'(w). Set Q = I —WT (w). Then
@ is a projection with Ran @ = Ker T'(w). For z close to w define Q(z) € B(Y)

by Q(z) = (I + W (T(z) - T(w)))ilQ. Since Ker Q(z) = Ker Q is constant, the

function » — Q(2) is regular. We have
WT(2) = WT(w) + W(T(z) - T(w)) = T — Q + W(T(2) — T(w))
and
(I +W(T(2) — T(w))) W) =1 - (I +W(T(z) - T(w)))_lQ —I1-Q2).
Consequently, Ker T'(2)  Ran Q(z). Thus we have
Ker P(z) C Ran S(z) C KerT'(z) C Ran Q(z)
and
dim Ran Q(w)/Ker P(w) = dim Ran Q/Ker P = dim Ker T(w)/Ran S(w) < oo.

The rest follows from Lemma 7. O

In particular, if A = (A4,...,A,) is an n-tuple of commuting Hilbert space
operators, then the difference o1 (A) \ or.(A) is an analytic set.

To show the same statement for Banach space operators is a little bit more
complicated. We need the following two lemmas.

Lemma 9. Let U be an open subset of C", let S : U — B(X,Y) and T : U —
B(Y,Z) be analytic functions satisfying T'(z)S(z) = 0 (z € U). Suppose that
there are Banach spaces X1, Z;, finite-dimensional Banach spaces F,G and reg-
ular analytic functions S1 : U — B(X1,Y @ F) and Ty : U — B(Y @ G, Z1)
with the property that RanSi(z) D KerT'(z), RanS(z) + G D KerTi(z) and
dim(Ran S1(2)+G)/KerTi(z) < oo (z € U), see the diagram below. Let k € N.
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Then the set {z € U : dimKerT(z)/ Ran S(z) > k} is analytic in U.

53]
G

Proof. Set Y =Y @ F & G. For z € U define operators S’(z) : X @ G — Y/,
T(z): Y - ZoF, Si(2) : X10G—->Y and T{(2) : Y — Z1 @ F by

Xl Sl(z) {
x — vy ™ 7
S(z) }

S'(2)(z @ g) = S(z)x +g,
T'(z)ye fog)=T(z)y+ f,
Si(z)(x1 ®g)=S51(2)z1 + g and
Ti)yefeg) =Tiz)y@g) + f

forallz € X, f € F, g € G and 1 € X;. Thus RanS’'(z) = RanS(z) + G,
KerT'(z) = KerT'(z) + G, Ran S{(z) = Ran S1(z) + G and Ker T} (z) = Ker Ty (z).
We have Ran S} (z) D KerT’(z) D Ran S’(z) D KerTj(z). Clearly, S| and T} are
regular functions.

By Lemma 7, the set {z € U : dimKerT'(z)/RanS’(z) > k} is analytic
in U. This set, however, is equal to {z € U : dimKer T'(z)/ Ran S(z) > k}. O

Lemma 10. Let U be an open subset of C", let S : U — B(X,Y) and T :
U — B(Y,Z) be analytic operator-valued functions satistying T'(2)S(z) = 0
and dimKerT(z)/RanS(z) < oo (z € U). Let w € U. Suppose that there
are finite-dimensional spaces G, H, a neighbourhood Uy of w and a regular an-
alytic function Ty : Uy — B(Y @ G,Z & H) such that T1(z)|Y = T(z). Then
there exist a finite-dimensional space F', a neighbourhood Us of w and a regular
analytic function S : Us — B(X @ F,Y & G) such that S1(z)|X = S(z) and
Ran S1(z) = KerT1(z) D Ker T'(z).
S(z) T(z)

Xy — Yy — Z
@ — D — @D
F Sl(z) G T1 (Z) H

dimKer T3 (z)/ Ran S(z) = dimKer T3 (z)/ Ker T'(2)
+ dimKerT'(z)/Ran S(z) <oo

Proof. We have

Let y1,...,y, be linearly independent vectors in Ker 77 (w) such that
Ran S(w) V{y1,...,yr} = Ker T1 (w).

Since T is regular, for i = 1,...,r there exists a (Y & G)-valued analytic function
i defined in a neighbourhood of w such that T1(z)p;(z) = 0 and ¢;(w) = y;. Let



304 Chapter IV. Taylor Spectrum

F be an r-dimensional space with a basis f1,..., f, and define S1(z) : X @ F —
Y &G by

$i2)(v 0> Bifi) = S()e+ Y Biil) (€ X, B €C).
i=1 i=1

We have T7(2)S1(z) = 0 and Ran 51 (w) = Ker T} (w), so there is a neighbourhood
of w where KerT}(z) = RanS;(z). Thus S; is regular in a neighbourhood of w
and satisfies all the conditions required. O

Theorem 11. Let Xy, X1,...,X,, be Banach spaces, U an open subset of C". Let
0— XO(S()—(>Z)X1M X -6n_—1(>Z)Xn —0

be a Fredholm complex analytically dependent on z € U.
Let 0 < j <n and k € N. Then the set {z € U :dimKerd;/Rand;_; > k}
is analytic in U.

Proof. Let w € U. Using Lemma 10 repeatedly it is easy to see by downward
induction that there are finite-dimensional spaces F;_1,F; and a regular an-
alytic function S(z) : X,;_1 & Fj_1 — X, & F; defined on a neighbourhood
of w such that S(z)|X;_1 = 6;—1(2) and RanS(z) D Kerd;(z). In particular,
dimRan S(z)/ Kerd;_1(z) < .
Consider the “adjoint” complex
0— X8 xi® | By g

where we write for short 67 (z) instead of (J;(2))*. Since this complex is also Fred-
holm, similarly as above there exist finite-dimensional spaces G; and G;4; and a
regular analytic function 7'(2) : X7 © Gj+1 — X & G; defined in a neighbour-
hood of w such that RanT'(z) D Kerd;_;(z) and
dim RanT'(z)/ Kerd;_;(z) < 0.
Further, the operator S(2)* : X7 & F — X, ® F;_; satisfies
Ker S(2)* = (Ran S(z))J‘ C (Ker 5j(z))l + F = Rand;(z) + F;.
By Lemma 9, the set {z : dim Ker 67_1(2)/ Randj(z) > k} is analytic. Since
dim Ker 67_;(z)/ Ran ¢} (z) = dim Ker d;(z)/ Ran ;1 (z),
this finishes the proof. O

Corollary 12. Let A = (A4,...,A,) be an n-tuple of commuting operators on a
Banach space X. Then the set or(A) \ or.(A) is analytic in C" \ or.(A).
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Comments on Chapter IV

C.25.1. The Taylor spectrum was introduced by J.L. Taylor in [Tal]. The “partial
Taylor spectra” o, and o were defined by Slodkowski [S12].

The projection property for the Taylor spectrum was proved in [Tal]; we
followed a simpler argument from [S12].

C.25.2. Let A, B be C*-algebras, A C B and let a = (aq, ..., a,) be commuting el-
ements of A. Consider the n-tuples L' = (L', ..., LA ) and LB = (L5 ,... LB )
of multiplication operators by a in the algebras A and B, respectively. By [Cu2],
or(L{) = o7 (LB). This phenomenon, which is well known for single elements, is

called the spectral permanence.

C.25.3. Let A = (44,...,A,) be commuting operators on a Banach space X. Let
M C B(X) be a commutative algebra containing A1, ..., A,. Then M is contained
in the commutant (A)" of A. As in Proposition 25.3 one can show that

or(A) c o™ (4) c oM(A).

There is an example in [Tal] (for n = 5) that the first inclusion is strict. Thus
in general the Taylor spectrum is smaller than the spectrum in any commutative
subalgebra of B(X) containing Ay,..., A,.

The example was improved by Albrecht [Al2] who constructed a commuting
n-tuple A = (A1,...,A,) (for n > 2) such that the Taylor functional calculus is
richer (it contains more analytic functions) than the calculus in any commutative
algebra containing A. Moreover, there are two maximal commutative subalgebras
M, My containing A such that the spectra 01 (A) and 02(A) are different.

C.26.1. The split spectrum is a natural modification of the Taylor spectrum. It
was considered, e.g., in [Es3] and [Ha6]; some ideas appeared implicitly already in
the original paper of Taylor [Tal].

In Hilbert spaces the Taylor spectrum and the split spectrum coincide. The
same is true for commuting tuples of operators in £>° and ¢!, see [Ha6].

In general, these two spectra are different. An example of a commuting pair
of operators A = (A1, A2) with 0g(A) # or(A) was given in [Miil7]. The example
also shows that in general there is no inclusion between the Taylor and Harte
spectrum, cf. [BS].

C.26.2. Theorem 26.7 was proved in [Cub], see also [EP].

C.26.3. Equivalently, it is possible to use for the definition of o, and o0y the
chain Koszul complex, see Remark 25.12. From the considerations there it is easy
to see that 0% has generalized inverse if and only if ¢’ ¥ has generalized inverse.

C.27.1. Theorem 27.3 is usually attributed to Bartle-Graves [BG], see also [ZKKP)].
Theorem 27.7 is due to Fainshtein [Fa3]; the partial case of Ry C Ny was proved
in [FS2], see also [Va7]. Theorem 10 was proved in [Miil8].
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C. 28.1 The split functional calculus for Hilbert space operators was constructed
by Vasilescu see [Va3], [Va6]. For Banach space operators it was generalized in
[KM1].

For Hilbert space operators it is possible to choose V = (64—, +46%_.)"! in
Corollary 28.2. Formula (7) defining the Taylor functional calculus is then quite
explicit.

C.29.1. Definition 29.1 is due to Albrecht [All]. An alternative definition of the
local spectrum was given by Frunza [Fr] as the complement of the union of all
open sets U C C™ on which there is a solution of the equation xs = (0 4 d4_.)v.

The equivalence of these two definitions (Theorem 29.2) was shown by Es-
chmeier [Es2].

C.29.2. An n-tuple A of commuting operators on X is said to have property SVEP
(single value extension property) if S(A) = (. By Definition 29.4, A has SVEP if
and only if the sequence

0 — A%[s,dz, C*(G, X)) 22N [s, dz, (G, X)) 222

2 AnTs, dz, C (G, X))

is exact for each open set G C C".
By [Esl], see also [Fr], this is equivalent to the condition that the sequence

0—A"[s, H(G, X)]-25A"[s, H(G, X)] -2 - - - A5, H(G, X)]
is exact for each open polydisc G C C".

C.29.3. Let A = (44,...,A4,) be a commuting n-tuple of operators on a Banach
space X and let € X. As in the case of one operator (cf. C.14.3) it is possible to
define the local functional calculus, see [Esl]. If f is analytic on a neighbourhood
of 0,(A), then define

-1

f(A)r = (2mi)n

/ Pfi Adz,

r

where (0+9)y = zs and T is a smooth surface surrounding o, (A). As in the case of
n =1, f(A) is defined only for those x for which f is analytic on a neighbourhood
of 0, (A).

C.29.4. The local spectrum ~,(A) does not satisfy the projection property. As an
example, take Ay € B(X) and x € X such that v,(A1) = 0 (see Example 14.5 (1)),
and let Ay = Ix. Then 7,(As) # 0, which contradicts to Proposition 7.6.

A similar argument shows that neither the analytic residuum S(A) nor the
local spectrum o, (A) = v,(A) U Sa satisfy the projection property. For example,
let A be the backward shift and As = I'x; then S4, # 0 and S4, = 0. For o,, see
Example 14.10 (i).
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Trivially, vz(A1,...,4,) D QVz(A1,..., Ay, Api1) where Q : C*TE — C»
is the natural projection. On the other hand, as in [Esl] one can show that
S(Ah...,An) C QS(A1,~~-,AmAn+1) and O'z(Al7 . ,An) C QO’m(Al, e AmAn+1)-

A better situation is for the n-tuples A with SVEP. Then o,(f(4)) =
f(oz(A)) for all z € X and all m-tuples f = (f1,..., fm) of functions analytic on
a neighbourhood of 0, (A), see [Esl].

C.29.5. Theorem 29.12 was proved in [Va4].

C.30.1. The Taylor functional calculus was constructed in [Ta2]. For simplified
versions of the calculus see [Levl], [Vad], [Hell], [Hel2], [Alb], [EP] and [An].

C.30.2. There are many variants of formulas (2), (3) in Section 30 defining the
Taylor functional calculus that differ from each other in the sign in front of the
integral. There are several sources of differences:

(i) Instead of the n-tuple A—z = (A1 —21,..., A, — z,) it is possible to consider
the n-tuple z — A (which appears naturally in the Cauchy formula). In this
approach the additional factor (—1)™ in front of the integrals (2), (3) appears.

(ii) Instead of (1) it is possible to use the convention that the Lebesgue measure
in C™ is (2¢)7"dz; Adz1 A--- AdZ, A dz,. With this convention the Fubini
theorem becomes more natural. In formula (2), however, the additional factor
(—1)(3) would appear.

(iii) It is also possible to modify the definition of the mappings 6% in the Koszul
complex as in [Levl]: fws;, A+ Asi, = > Ajwsiy A+ A s, Asj. This
convention results also in the additional factor (—1)(;) in formula (2).

(iv) In order to obtain more symmetrical formulas, it is possible to replace the

variables s1,...,5, by dzi,...,dz,. In this case § and O act in the space
Aldz,dz, C>(G, X)] and the projection P in formulas (2), (3) can be omitted.

C.30.3. The commutativity of the Gelfand transform with the Taylor functional
calculus (Lemma 30.10 and Corollary 30.11) was proved by Putinar [Pu3], see also
[AS].

The superposition principle (Theorem 30.12) is also due to Putinar [Pul].

C.30.4. Let A € B(X)™ be a commuting n-tuple and U an open neighbourhood of
or(A). By [Pu2], there is exactly one continuous functional calculus from H(U) to
B(X), which satisfies the spectral mapping property. Thus the Taylor functional
calculus is uniquely determined (in the above sense).

C.32.1. By Theorem 11.4, an operator-valued function T : U — B(X,Y) is regular
z) S(z
if and only if it can be completed to an exact sequence = Lz
Let T: U — B(X,Y) be k-regular at a point w € U. In general, it is not pos-
. . T(z) S(z) L. . .
sible to complete it to a Fredholm sequence — —= (the opposite implication was

proved in Theorem 32.8). The reason is that, for all z in a certain neighbourhood
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of w, RanT(z) is close to RanT'(w) + F, for some finite-dimensional subspace F,
but the space F, depends on z. If T' can be completed to a Fredholm sequence
T(z) S(z) L. .

—— —, then it is possible to take F. to be constantly equal to a complement of

RanT'(w) in Ker S(w).

Example: Let H be a Hilbert space with an orthonormal basis {e; : i € N},
let U = {1/n:n € N}U{0}, T(0) = 0 and let T(1/n) : H — H be defined
by T(1/n)e, = n'e, and T'(1/n)e; = 0 (j # n). Then we have gl(RanT(O),
RanT(1/n)) = 0 for all n and T is a l-regular function. It is easy to see that it
can not be completed to a Fredholm sequence. Indeed, if S(2)T(z) = 0 for all z,
dim Ker S(0) < oo and S(0) has closed range, then Ker S(1/n) D {e,} and

1 = limsup 6 (Ker S(1/n), Ker S(0)) < liisogpv(S(O))*lHS(l/n) - S(0)]] =0,

n—oo
which is a contradiction.

C.33.1. The concepts of a Fredholm complex and its index (sometimes called the
Euler characteristic) appeared in [Cul], [Va5] and [FS1]; it is a particular case of a
more general concept of Fredholm complexes of vector bundles [Seg]. An important
motivation for the study of Fredholm complexes was the Taylor spectrum.

The index of Fredholm complexes of Hilbert spaces can be reduced to the
index of a certain operator, see [AV]. In the context of Banach spaces the situation
is much more complicated.

C.33.2. The basic stability results for index of Fredholm complexes of Banach
spaces (Corollary 33.3 and Theorem 33.7) were proved by Vasilescu [Va5], see also
[AV]. Here we present a new proof based on k-regular functions. The stability of
index under compact perturbations (Theorem 33.6) was a long standing problem,
which was answered by Ambrozie [Am?2]. His proof is quite technical and he was
forced to consider more general stability results for Fredholm chains, see below.

C.33.3 By a Fredholm chain we mean a sequence K = (X, ¢;)i, of the following
type:

.wn—Q wnfl

0 Xo o x, .2y, Yl L, (1)

where X; are Banach spaces and 1); operators satisfying Ker ;1= Ran 1; for all 4.
Clearly, in this case the operators ; have closed ranges.
The indez of a Fredholm chain K is defined by

ind K = " (—1)'as(K), (2)
=0

where

a;(K) = dimKer;/(Kery; NRan;_;) — dim Ran;_, /(Ker¢; NRan;_1).
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A sequence K of the form (1) is called a semi-Fredholm chain if operators v;
have closed ranges and the index ind K is well defined by (2) (either 400 and —oo
does not appear in the formula).

For semi-Fredholm complexes the definition coincides with Definition 33.1.

An advantage of semi-Fredholm chains is that they are closed under finite-
rank perturbations.

The stability results for index can be generalized to Fredholm and semi-
Fredholm chains.

Some of the results were essentially proved already in Section 33. Let K be
a semi-Fredholm chain. Then:

(1) a;(K') < @ (K) for all semi-Fredholm chains sufficiently close to K (see
Theorem 33.2).

(ii) ind K" = ind K if K = (X;,¢:), and K = (X;,¢])1, are semi-Fredholm
chains such that ¢; — 1. are finite-rank operators for all 7, see Lemma 33.4.

The stability of index of Fredholm chains under small perturbations was proved
by Ambrozie [Am1].

C.33.4. The stability results for the index of Fredholm chains under small and
finite-rank perturbations give immediately the stability of the index of Fredholm
chains under perturbations that are limits of finite-rank operators. The stability
of the index of Fredholm chains under compact perturbations is more difficult. It
was proved by Ambrozie [Am2].

Let K = (X5, ¢;)i, and K" = (X;,9}), be a Fredholm chains and suppose
that ¢; — ¢} is compact for all ¢. As in the proof of Theorem 33.10, set X =
D cven Xis Y =B, cqa Xi» T = @B, cyen Vi and S = P, qq ¥i; similarly define
T’ and S'.

The main idea is to consider X and Y as subspaces of greater spaces E D
X and F D Y such that T — T’ and S — S’ are already limits of finite-rank
operators X — E (Y — F, respectively). As E one can take the space (X X
C(0,1))/{(z,Jz) : € Ran(T’ —T)} where J : Ran(T" —T) — C(0,1) is an
isometrical embedding. The space F' can be constructed similarly.

C.33.5. All stability results can be extended to semi-Fredholm chains in a way
similar to Theorem 33.10. It was done in [AV] and [Mii23].

C.33.6. The inclusion dor(A;1, As) C 0.(A1, A3) Uos(A41,A2) (Corollary 33.11)
for Hilbert spaces was proved in [ChT], for Banach spaces see [Wr] and [Cu3].

For more than two commuting operators the inclusion is not true, see [Cu3].
For an n-tuple A of commuting operators we have

907(A) C 0 k(A Uospora(A)  (k=0,...,n—2)

and dor(A) C orpn—1(A) Nosn_1(4), see [Miil4)].
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More generally, I'y (o7 (A), P(n)) C 02(A) Nosi(A) and T'y(or(A), P(n)) C
Onk Uosi—j—1(A) (0<j<k<n-—1), where I'y(or(A), P(n)) are the higher
Shilov boundaries of the set o (A); for details see [Miil4].

C34.1. Let S : U — B(X,Y) and T : U — B(Y,Z) be analytic operator-
valued functions defined in an open set U C C™. Suppose that T(z)S(z) = 0
and dimKerT'(z)/ RanS(z) < oo (2 € U). Let k > 0. The following problem is
open:

Problem. Is the set {z € U : dimKerT(z)/Ran S(z) > k} analytic?

By Theorem 34.8, the answer is positive if Ran S(z) is complemented for all
z € U. By [Kabl], [Kab2], the answer is positive if either S(z) = 0 or T'(z) = 0;
so the remaining function is semi-Fredholm-valued.

For a discussion about this problem see [Mii23].

C.34.2. The essential Taylor spectrum was studied in [Levl] and [Fal]. The fact
that the difference o7 (A)\)ore(A) is an analytic set was announced without proof
in [Levl], [Lev2]. The present proof is taken from [Mu23], see also [Pu4].
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Orbits and Capacity

Let T be an operator on a Banach space X. By an orbit of T" we mean a sequence
(T"x)2,, where x € X is a fixed vector. This notion, which originated in the the-
ory of dynamical systems, is closely related to the concepts of local spectral radius
and capacity of an operator. Further motivations come from stability problems of
semigroups of operators and the invariant subspace problem.

In this chapter we give a survey of results concerning orbits and related
concepts. The main tool for most of the results will be the properties of the essential
approximate point spectrum.

35 Joint spectral radius

One of the most important concepts of the spectral theory is that of the spectral
radius of a Banach algebra element. In this section we generalize this notion to
commuting n-tuples.

Two difficulties arise for n > 2: there are many reasonable spectra for com-
muting n-tuples and there is not a unique norm in C™.

The first difficulty is not a serious problem. We will see later that all reason-
able spectral systems give the same joint spectral radius.

As for the norm in C", we consider the ¢P-norms: for z = (z1,...,2,) € C"

1/p
define |z|o = max{|z;| : i =1,...,n} and |z|, = (Z?:l |zi|p> for 1 <p < oo.

Definition 1. Let a = (a1, . .., a,) be a commuting n-tuple of elements in a Banach
algebra A. For 1 < p < oo define the spectral radius by

rp(a) = max{|A|p : A € om(a)},

where o (a) is the Harte spectrum of a, see Definition 8.1.
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Since the Harte spectrum is a compact set, the maximum really exists. For
a single Banach algebra element a; € A the just defined spectral radius r,(a)
does not depend on p and coincides with the ordinary spectral radius r(a;) =
max{|A\1|: A\ € o(a1)}.

The Harte spectrum can be replaced by any other spectral-radius-preserving
spectral system (i.e., any compact-valued spectral system & satisfying max{|\;] :
A € 6(a1)} = r(aq) for each single element aq).

Proposition 2. Let 6 be a spectral-radius-preserving spectral system in a Banach
algebra A. Let ||| - ||| be any norm in C™. Then

max{|||)\||| DY 6(a1,...,an)} = max{|||/\||| Y= o’H(al,...,an)}

for all commuting n-tuples a = (aq,...,a,) € A".
In particular, max{|A|, : A € 5(a1,...,an)} =rp(as,...,a,) for 1 < p < oo.
Proof. By Theorem 7.22, we have convé(as,...,a,) = conv og(a,...,a,). Thus
max{[[[A|[| : A € &(a1,...,an)} = max{[|[]|| : A € convi(ay,...,a,)}
=max{|[|[A||| : A € conv o (ai,...,a,)}
=max{[|[A]|| : A € o (a1,...,an)}. O

The most important result for a single element a1 of a Banach algebra A is
the spectral radius formula,

r(a1) = lim [laf|"/* = inf [|af(|"/*.

Our goal is to generalize this formula for commuting n-tuples.

Let a = (a1,...,a,) be a commuting n-tuple of elements of a Banach alge-
bra A. Instead of powers of a single element it is natural to consider all possible
products of aq, ..., ay,.

Denote by F(k,n) the set of all functions from {1,...,k} to {1,...,n}. Let

/ — ‘e
Shoo(0) = max r(aga)--asu)

and y
P
spla) = ( > Plapay- "af(k))> (1<p<oo)
fEF (k,n)

(for short we write r?(z) instead of (r(z))P). Similarly, let

1"
- .
Shoo(a) = max laga) - ag|

and

1/p
sz,pw):( 3 ||af<1>---af<k>||f’) (1<p< o).

fEF (k,n)
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Using the standard multi-index notation, we can simplify the definitions of
sﬁw, and sgyp. For o = (a1, ..., ) € Z7 write |a] = a1+ -+ g, ol = ar!- - ay!
and a® = a7’ ---ad~. If k is an integer, k > |a, then write

(Z) B oz!(k]i! lal)!

(for n =1 this definition coincides with the classical binomial coefficients).
Using this notations, the definitions of s’ and s’ for a commuting n-tuple
a=(ay,...,a,) € A" assume a simpler form:

Sk.oo(@) = max{r(a®) : a € Z%,|a| = k},

s%yoo(a) = max{||ao‘|| ra el |al = k}7
and, for 1 < p < oo,
. k 1/p . k 1/p
p@= (X (D))" ma @ (X (D)
|| =k || =k

We will use frequently the following formula (for commuting variables z;):

(14 +z) = (S)x“

|| =k
In particular, for #; = -+ =z, = 1 we have 37, _; (’;) = nk.
Lemma 3. Let a = (a1, ...,a,) be a commuting n-tuple of elements of a Banach

algebra A, let 1 < p < oo. Then s, ,(a) < s} (a) - s;,(a) and sj,; (a) <
sppla) - s (a) for all k,l € N.

Proof. The second statement is obvious for p = co. For p < co we have
P
(stp(@-stp(@) = 3 lagay w2 laga-ag”
fEF(k,n) geF(l,n)

> lary - apiaga - agmlI” = (st1,(a)".
fig

The statements for s}, can be proved similarly using the submultiplicativity of the
spectral radius for commuting elements. 0

By Lemma 1.21, the previous lemma implies that limy,_, o (Sk,p(a))l/k exists

and is equal to infy, (s,’k’p(a))l/k. Similarly,

Jim (s, (a)" = inf (57, () "
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This leads to the following definition:

Definition 4. Let a = (a1, . .., a,) be a commuting n-tuple of elements in a Banach
algebra A. For 1 < p < oo we write

(@) = lim (s}, ,(a)""*
and
r(a) = lim (sf,(a) """
Thus
r(a) = klirgo(max{r(aa) ol = k})l/k
and

oo

r (a) = klim (max{[|a®|| : |o| = k})l/k.
For 1 < p < oo we have
1/pk k 1/pk
/ . . «a
Tp(a) = kli»nolo< Z rp(af(l) .. 'af(k))> = kl:n;()( Z <a>r1’(a ))
JEF (k,n) | =k
and
1/pk k 1/pk
" : . o
@ =i (5 oy carl?) = gim (5 (D))
FEF (k) |al=k
We start with the spectral radius formula in the simplest case of p = co.

Theorem 5. Let a = (a1, ...,ay,) be an n-tuple of mutually commuting elements
of a Banach algebra A. Then

Too(a) = max{r(a;) : i =1,...,n} =1, (a) =17 (a).

Proof. (i) The inequality 77_(a) < 7/ (a) is clear.

(i) rZ (a) < max{r(a;):i=1,...,n}: Write R = max{r(a;) : i = 1,...,n}. Let
€ > 0. There exists k¥ € N such that [|a!|| < (R+¢)’ forall j > k and 1 <i < n.
Let

Mzmax{”af”(R—i—s)fj 11<i<n,0<j <k}

Then M > 1 and ||a?|| < M(R+¢)? for all j e N,1 <i < n.
Let o € Z . Then

n
la®| < T llag

H (R+e) = M"(R+¢)el,

Thus s” < M" R +¢) and 1 (a) = lim;j o (s (a i . R + ¢. Letting
j =
71 )

j,00
e—0 glves f)’o(
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(iii) max{r(a;) ;i =1,...,n} <ro(a): Let i € {1,...,n} and let p € o(a;) satisly
|| = r(a;). By the projection property, there exists A = (A1,...,\,) € om(a) such
that A\; = . Thus reo(a) > [Meo > | M| = r(a;).

(iv) reo(a) < 7l(a): Let A= (A1,...,\,) € og(a) and k € N. Then

Shoo =max{r(a®) :a € 2, |a| = k} > max{r(a}) :i=1,...,n}
> max{|N|"i=1,...,n} = |\L.
Thus 77 (a) = limg_, s’,lc/:o > Moo, and so 75 (a) > reo(a). O

Similar formulas are also true for p < oo; the proofs, however, are more
complicated.

Theorem 6. Let a = (a1, ...,a,) be an n-tuple of mutually commuting elements
of a Banach algebra A. Let 1 < p < oo. Then

rp(a) =ry(a) =ry(a).

Proof. The inequality r,(a) < r,(a) is clear.
We show that r,,(a) < 7,(a).
Let A = (A1,...,A\n) € om(a). Denote by Ag the closed subalgebra of A

generated by the unit 1 and the elements aq,...,a,. Let h : Ag — C be a multi-
plicative functional such that h(a;) =X; (j=1,...,n). Then

oty = X (F)ra = 3 (5w

lee|=k

k [e3% [e% k
=2 <a>|hl” Ve P = (AP D) = AR
|| =k

So (s},,(@))/* > ||, and

rp(a) = lim st ()" > max{|Al, : A € o7(a)} = ry(a).

For the proof of the remaining inequalities it is convenient to reformulate the
definitions of 7, (a) and ) (a).

Recall that the number of all partitions of the set {1,...,k} into n parts is
equal to (kigr_ql) <(k+n-1)""L

We have

k k k+n—-1 k
o (1) o] <X L e E I



316 Chapter V. Orbits and Capacity

Note that "
—1
lim (k o ) —1.
k—o0 n—1
Thus
k 1/kp
r(a) = kh_}rgo max ( (a) r(ao‘)p> .
Similarly,

k 1/kp
ryta) = tim s ((FYjeee)

We now prove the inequality r,(a) < 7p(a):

Choose k and o € Z, |a| = k. Let p € o(a®) satisfy |u| = r(a®). By
the spectral mapping property, there exists A\ = (A1,...,A,) € og(a) such that
p=At - A% Then

(Z) rP(a®) = (Z) lpul? = (2) IAL[P12 [ AP

k
< 30 () I = (e ) = A < 2 )
|Bl=k

v (a) = lim max((i)rp(ao‘)>l/kp < rp(a).

k—oo |a|=k

Thus

The remaining inequality 7}, (a) < r;,(a) will be proved by induction on n.

For n = 1, Theorem 6 reduces to the well-known spectral radius formula for
a single element.

Let n > 2 and suppose that the inequality r;' < r;, is true for all commuting
(n — 1)-tuples. Let a = (a1, ...,a,) be a commuting n-tuple of elements of A.

For each k there is an o € Z7, |a| = k such that

() = s ()11

Using the compactness of (0,1)™, we can choose a sequence

{a()}Z) = {(ea(d), .., an(i)}zl czZy

such that lim; . |a(?)| = oo,

('aEZ:;|>|Ia°‘(“||p: max ('a(m)HGBHP (i=L2..) (@

ai 181=|a( B
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and the sequences {f;j((f))‘ } _, are convergent for j = 1,...,n. Write k(i) = |a(i)|
and - )
t; = lim O‘j((;)) c0,1) (Gj=1,...,n).

By (1), we have

P (a) = g?o((zg;) ||aa(i)||p> 1/k(i).

We distinguish two cases:

(a) There exists j € {1,...,n} such that t; = 0. Without loss of generality
we can assume that t,, = 0.
Write @’ = (a1, ..., an—1), &' (i) = (a1(i), ..., an-1(i)) € Z" and

k(i) = | (i)| = k(i) — o (d).

We have lim; o ’Z((ii)) =1 and [|a®D| < |’ @ - [|a,||*"@. Then

k' () . 1/k' ()
ry?(a’) > lim SW((w@) la” <”||p) > Ly~ Ly Ly,

where
K (3))\ 1/k (%) . 1/ (4)
o’ (i . k ]
L; = limsup (k((,))) , Ly = lim (( (Z)> ||aa(l)||p>
oo (a(li)) e\ \ald)
and

L3 = lim ||an||*0¢n(i)p/lc'(i).

Since lim;_, o C;;((;)) =0, we have L3 = 1.

Furthermore,

A\ k(@)/K (4)
. k(i . 1/k (%)
Y (e
Finally,

. . 1/K'(4) aun (i) O (4) 1/K' (4)

/ |. | n

L, =limsu K(0)! .ozn(z). > limsu ( 3 ) )
oPL k() 2P k()o@

an (i) | k(i)

; k(i) k! (3)
= lim sup(?):]:((z) ) =1,
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. . k(i
since lim;_, k,((l,)) =1 and
() D‘k"(()i) T
o (i i T
: n — — z(lnz—In3) _

Thus 7} (a") > 7 (a).
By the induction assumption, we have r;(a’) = r,(a’) = ry(a’) and, by
definition, rp,(a") < rp(a) = r,,(a). Hence 7/ (a) < r,(a).

a; (i)

(b) It remains the case t; > 0 (j = 1,...,n), where ¢t; = lim,; ") -
Choose € > 0, € < mini<j<n té For i sufficiently large and j =1,...,n we have
e a;(i)
tp— < N <ty 2
1T 45 k() y @)
We approximate t1,...,t, by rational numbers. Fix positive integers d and
c1,...,Cpy such that
€ ¢ €
ti— < 7 <tj— j=1,...,n).
1T 9= 4 g U=len)
Let v = (¢1,...,¢n) and u = a¥ = af'---a%. For each ¢ we can write k(i) =

m(i)d + z(z), where 0 < 2(i) < d — 1. For & bufﬁClently large we have

G o 9y (4) o (1) G~ 3e

d S k@) k@) 4= 4

and

Thus, for 1 < j < n and for ¢ large enough,

0% as(i) — mli)e; < K(D)°; +e; < k() 3)
and so .
0 < k(i) = m(i) = _(a;(i) — mli)e) < enk(i). (4)
J=1
We have
Ja® @ < [laf" P - a@n - flay OO lay | on OO

< ”um(z)” . Knsk(i)’
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where K = max{1, ||ai||,-.., ||ax|}. Then
1/m(d) |~
rp(a) > h?iil.fp(( (())M) ?(a m“”))
m(i)|y| 1/m(i)|v
= limsup ( mii)y ) cr(u)P/ 1l

()| | ) 1/m(i)|v|
:limsup(( mii)y )Hum(z)”p) > Ly Lo- Ls,

where
(m(i)m) 1/m(i)|v|
e (a(i))
k(i ) 1/m(i)|v|
Ly = liminf(< (Z)> ||aa(z)||p>
2 \Nal)
and

L3 = lim inf K —"ePk@/m)]

1— 00

By (4), we have
k(i) 1
<

1<
= i)y = 1-ne

for all 4 sufficiently large. Thus L3 > K~ e

Since ,
. k(l) a(i)||p HR _ . Ip
s (X 1ae0r) =),
(

we have Ly > min{r)?(a), (r}? a))t/1=ne),

To estimate L1, we use the well-known Stirling formula

I'=1'e"V2rl(1 4 o(l)).

Consequently,
(1) @ (D)/m(i)|v] m(i (1) @ (D)/m(i)|v]
(1_€)<%6(2)> i "< (a; )™M < (HE)(aJe(Z)) i i
for j = 1,...,n and for all 7 sufficiently large. Similar estimates we can use for

(m(t)c;)!, ( ( )|v)! and |eu(3)|!. Thus, for i sufficiently large, we have (to simplify
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the expressions we write m, k and « instead of m(i), k(i) and af(i), respectively)

((%'3))1/“' (D! ag! >1/m|w
(2) El(me)!- - (mep)!

(1 _ 5)n+1 mly| - a8/ ML /M gk/mi L ger/In] L gen /1]
“\l+¢ e-eor/mhl. .. ean/miyl . gk/mIvl . (mep)er/V L (mey, )en/ I
_ (1 —5)”“( a )Cl/‘”'...( an )C"/‘”'aml—mcn/mw...
T \1l+e mcy mcy, !

aan=menmirl 1|

kk/ml|vyl
1 —e\n+t1 o\ (ea—mer)/mly| o\ (en—mcn) /m|y] m|’y|
G () (%) v

>

By (3) and (5), we have

aj —me;  a;—me;  k €

frng . < s
mly| k mly[ ~ 1—ne
and so, by (2),
]_ _ n+1 e
Liz (] B ) et - /) (b — /)
Hence
1 —€ ntl —Ens
@z (| 0) A=ne) (/) (b —e/4)
KT min{r2? (a), (r? (a))/1 "< ).
Letting & — 0 yields r,(a) > r,(a). O
We now apply the previous result to the case of n-tuples of operators.
Let T = (T1,...,T,) be an n-tuple of commuting operators on a Banach
space X. Set

IT)eo = sup{||Tjac|| j=1...,nx e X, |z|| = 1}

and, for 1 < p < oo,

n 1/p
171, = sup{ (Z ||zj||f’) ‘2 e X, |z = 1}.
j=1

Equivalently, ||T'|[, is the norm of the operator d7 : X — X, where X is the

direct sum of n copies of X endowed with the /P-norm, and érx = T1x®H--- BT x.
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Let T = (Th,...,Ty) € B(X)” and S = (S1,...,5m) € B(X)™. Denote by
TS the mn-tuple
TS = (1151, ..., T15m, 1251, ..., ToSm, ..., TnS1, ..., TnSm).

Further, let 72 = TT and T**! = T-T* (k € N). With this notation we can
state the spectral radius formula in a familiar way:

Theorem 7. Let T' = (T4, ...,T,) be an n-tuple of mutually commuting operators

on a Banach space X, let 1 < p < co. Then r,(T) = limy_ ||Tk||zl,/k.

Proof. For p = oo the statement follows directly from Theorem 5. Suppose that

1 <p < 0. We have
N k 1/p
7= s (3 () irea)

llz[|=1 la|=Fk

k l/kp k l/kp
— 3 o |lp — : a||p
(1) = Jim (Elj (Fizere) ™ = i ma ((F)i7ee)
1/kp
lim max sup (( ) T p)
k—oo |a|= k‘|‘| 1 ” ”
1/kp
= lim sup max(( >||To‘ac||p>
k‘#OOHmH 1 |la|=k

1/kp
i swp (55 (D)) = g e

b lzll=1\ 2,

and

O

36 Capacity

In this section we study the notion of capacity in Banach algebras. This notion
was inspired by the classical capacity of compact subsets of C that is studied in
potential theory.

We start with the capacity of single Banach algebra elements.
For k € N denote by P} the set of all complex polynomials in one variable of
degree k with leading coefficient equal to 1 (these polynomials are called monic).
Let a be an element of a Banach algebra A. For k& € N set cap,a =
inf{||p(a)|| : p € P}}. Since the product of two monic polynomials is again monic,
we have
CaPR 1, O < CAD G - CAD,, G

for all k,m € N. By Lemma 1.21, this implies that the limit limy_..(cap, a)'/*
exists and is equal to infy (capy a)/*.
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Definition 1. The capacity of an element a of a Banach algebra A is defined by

capa = lim (capy a)'/* = inf(cap, a)'/*.
k—o0 k

Clearly, there is an analogy between the capacity and the spectral radius
r(a) = limg_ o [|@”||V/™ = infy, ||a®||*/*. We have cap, a < ||T*| for all k, and so
capa < r(a).

The capacity in Banach algebras is closely related to the classical capacity
of compact subsets of C. If K is a non-empty compact subset of C and k € N,
then we set cap, K = inf{|[p|x : p € P}}. As above it is easy to see that the
limit limg_. o (cap,, K)* exists and is equal to the infimum. The capacity of K is

defined by
1/k

cap K = lim (cap, K)Y* = inf(cap,, K)
k—o0 k

The use of the name capacity for Banach algebras elements is also justified

by the following observation: if C'(K) is the algebra of all continuous functions on

K with the sup-norm, and a € C(K) is defined by a(z) = z (2 € K), then the

capacity of a in the Banach algebra C(K) is equal to the classical capacity of the

set K. Thus, in some sense, the capacity in Banach algebras is a generalization of
the classical capacity of compact sets.

The next theorem shows that these two capacities are connected even more:

Theorem 2. Let a be an element in a Banach algebra A. Then:

1/k 1/k

(1) capa = limy_ o (cap) a)'/* = infy(cap}, a)'/*, where

capj, a = inf{r(p(a)) ip € 77,1};

(ii) capa = capo(a).

Proof. (i) If k,l € N, p € P} and ¢ € P}, then pg € P, and r((pg)(a)) <
r(p(a)) - r(q(a)). Thus capj_; a < cap) a - cap;a. As above, this implies that the
limit limy_ o (cap), a)'/* exists and is equal to the infimum.
Obviously, cap), a < cap,, a for all k, and so limj_.(capy, a)l/k < capa.
Conversely, let p € 79,1. For all m € N we have

(@)™ I"*™ > (capyy, a)'/*™ > capa,
and so r(p(a)) = lim,, o || (p(a))™||*/™ > (cap a)*. Thus r(p(a))'/* > capa and
(cap), a)'/* > capa for all k € N. Hence limy,_,, (cap}, a)'/* > capa.
(ii) For each p € P} we have
r(p(a)) = max{|u| : p € o(p(a)) } = max{|p(z)| : z € o(a)} = [Iplloa),
and so capj, a = capy o(a). Thus

1/k

capo(a) = kli_)nolo(capg a)'’* = capa. O
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We next generalize the concept of capacity to commuting n-tuples of Banach
algebra elements.

A polynomial of degree < k in n variables can be written as

P21,y 2n) = Z caz®,

a€Zl
la|<k

where, as usually, 2% = 2{* - - 2% and ¢, € C. We say that p is monic of degree k
if E\alzk |ca| = 1. The set of all polynomials of degree < k in n variables will be

denoted by Pj(n). Denote by P} (n) the set of all monic polynomials of degree k.

Let a = (a1, . ..,ay) be mutually commuting elements of a Banach algebra A.
As in the one variable case, for k € N set

capy, a = inf{||p(a)| : p € Pp(n)}.

For n > 2 there is a technical difficulty since the product of two monic polynomial
need not be monic. Therefore the sequence cap;, a is not submultiplicative and it
is not clear that the limit limy_, o (cap, a)'/* exists (we will see later that this is
still true). Therefore we define:

Definition 3. Let a = (a1, ..., a,) be a commuting n-tuple of elements in a Banach
algebra A. The capacity of the n-tuple a is defined by

cap a = lim sup(capy, a)*/*.
k—oo

For a compact subset K C C" define the corresponding capacity (sometimes
called the Tshebyshev constant) by

cap K = limsup(cap,, K)'/*,

k—oo

where
cap, K = inf{|lpllx :p € P,%(n)}

We show that the capacity can be expressed in another, more convenient way.
Denote by Qx(n) the set of all polynomials p(z) = >, <4 cuz" € Pr(n) such that

sup{’ Z cﬂz”‘ 1z € ']I‘”} =1,
\

v|=k

where T" = {2z = (21,...,2,) € C" : |21| = - -+ = |2,| = 1} is the n-dimensional
torus.
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Theorem 4. Let x4, ...,x, be mutually commuting elements of a Banach algebra
A. Then:
(i) cap (z1,...,%n) = limpoo capy(21,...,2,)Y* = inf inf{||p(z)|V/* : p €
Qr(n)};
(ii) cap (z1,...,2,) = infy inf{(cap p(z1,...,2,))"* : p € Qr(n)};
(iii) cap (z1,...,x,) =cap og(z1,...,2y).

Proof. (i) Let p = Z\mgk cvz” € Pi(n). By the Cauchy formulas, for each p € Z7}
with |u| = k we have
1z € ’]I‘"} =

leu] < max{

E vz E cz¥

lv|=k lv|=k ™
Further,
k+n-—1
v v
IR IED IS (il | D Or>t I
lv|=k )=k |v|=k
k+n—1

where (*F"7") is the number of coefficients ¢, with |u| = k. Write

o = inf{|lp(z1,...,2,)| : p € Qr(n)}.

Then
k4+n—

1
cap(x1,...,&n) < ap < ( 1 ) capy(T1,...,Zn)- (1)

n —

Let p € Qr(n) and let m, s be non-negative integers, 0 < s < k — 1.

Then ¢ = p™ - 2} € Qmi+s(n). Thus amrys < aft - |lz1]|%, a%ﬁkjs < ottt
max{1,||z]|*~1}/™k+s and limsup, . ar al" < al/k. So the limit limg_ o0 a,lc/k
1/k
exists and is equal to infy o;/".
By (1), the limit limy_o (cap(z1,.. ., mn))l/k also exists and
cap (z1,...,@,) = lim (capy(z1,... ,xn))l/k = lim a,lc/k
k—o0 k—o0

= ir}ifallc/k = igfinf{”p(xl, x|V ipe Qr(n)}.

(ii) Let p € Qk(n) and let ¢ = 2° + El 0 @iz' € PL(1) = Q4(1). Then
gop € Qsx(n), and so, by (i),

cap(@y,...,z0) < [(gop) (@, za)[[VF (g € Qu(1)): (2)
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Hence
cap (z1,...,xn) < irslfinf{Hq(p(acl, . ,gcn))||1/5}€ iq € Qs(l)}
= (cap p(x1,...,2,))/"
and
cap (z1,...,on) < irlifinf{(cap plxe,...,a))*ipe Qr(n)}.

On the other hand, cap p(x1,...,x,) < ||p(x1,...,2,)| for every p € Qk(n).
Together with (i) this gives

cap (x1,...,x,) = iréfinf{(cap plx1,...,z)*ipe Qr(n)}.
(iii) Let p € Qx(n). By (ii), we have

(cap(z1,...,20))* < capp(z1,...,z,) < r(plz, ..., x,))

=max{|p(z)|: z € og(z1,.. ., 2n)} = IPlloy(@r,.on)-
So
. k
cap (z1,...,xn) < 1r¢f 1nf{||p||t172(mh__7zn) :p€Qr(n)}
. k4+mn—1\"* 1/k
Sle( "1 > (capko’H(xl,...,xn)) .
Hence cap (z1,...,2,) < capog(x1,...,Zn).

On the other hand,

||p(331, o ,Z‘n)” > T(p(xl, o ,xn)) = ”pHO'H(zl,...,zn)
for each polynomial p € P(n), so

capy(Z1,...,Zn) > cap, oy (T1,...,Tn)

and
cap (1,...,&n) > cap og(x1,...,Tn). O

Theorem 5. Let A be a Banach algebra and let & be a compact-valued spectral
system satisfying cap &(x1) = cap o(x1) for each 1 € A. Then

cap 6(x1,...,2,) =cap og(z1,...,2,) =cap (z1,...,2Tn)
for all n-tuples x1,...,x, of mutually commuting elements of A.
Proof. Let x1, . .., x, be mutually commuting elements of A. Consider the algebra
C(K) of all continuous functions on the compact set K = &(x1,...,2,) C C”
with the sup-norm on K and let zq,..., 2, be the independent variables.
As |lqllx = llg(21, ..., 2zn)llc(x) for each polynomial g, it is easy to see that

cap K = cap(z1,...,2,) and cap p(K) = cap p(z1,...,2,) for all polynomials p.
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Thus

cap (w1, ) = inf inf{ (cap p( (@1, 20)) i p e Quin))
( p € Qr(n)}
= infinf{ (cap #(p(z1,.., @) : p € Quln)}
(
(

mfmf{ cap o(p(z1,... 7xn)))1/k

mfmf{ cap p(& xh...,xn)))l/k :p€Qr(n)}

mfmf{ cap p(z1,.. .,zn))l/k ip € Qk(n)}
=cap(21,...,2n) =cap d(x1,...,2y,). O

Corollary 6. Let ¢ be a spectral-radius-preserving spectral system in a Banach
algebra A. Then cap(as,...,a,) = capé(a,...,ay,) for all commuting n-tuples
(a1y...,ayn) € A.

Proof. By Theorem 7.22, do(a1) C 6(a1) C o(ay) for all a; € A. By the maxi-

mum principle, cap 6(a1) = capo(a1), so the statement follows from the previous
theorem. g

Another important example for which we can use Theorem 5 is the essential
spectrum.

Lemma 7. Let X be a Banach space. Then cap o.(T) = capo(T) for all T € B(X).

Proof. Clearly, cap o.(T") < capo(T).

Conversely, let £ > 0. There exists k¥ € N and p € P} such that sup{|p(z)| :
2 € 0.(T)} < (capoe(T) +e)*. Let U = {z € C : |p(2)| < (capoe(T) + £)*}.
Then o(T") \ U is a finite set, o(T)\ U = {A1,...,Ar}. Let n € N and set ¢(z) =
(p(2))"(z—=A1)---(z—Ap). Then g € P}, and

max{|q(z)|: z € o(T)} <max{|p(z)|: 2 € U}" - m < (capo.(T) + e)k” -m

where m = max{|(z — M)---(z — \)| : z € o(T)}. Consequently, we have
capo(T) < (capoe(T) + ¢) knde - mantr, If p — 0o, then we get capo(T) <
capoe(T') + €. Letting € — 0 yields capo(T") < capo.(T). O

Corollary 8. Let X be a Banach space, let & be a spectral system in B(X) satisfying
0c.(T) C &(T) for all T € B(X). Then

capo(Th,...,T,) =capoy(Ty,...,T,) = cap(T1,...,Ty)

for all commuting n-tuples T4, ..., T, of operators on X.
Proof. For all T € B(X) we have capo.(T) < capd(T) < capo(T) = capo.(T),
and so we can use Theorem 5. O

In fact, the condition 0o (T) C &(T) for all T' € B(X) was satisfied by all
spectral systems considered in this monograph.
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37 Invariant subset problem and large orbits

By an orbit of T' € B(X) we mean a sequence of the form (T"x)52,, where z € X
is a fixed vector.

Orbits of operators are closely connected with the most important open prob-
lem of operator theory — the invariant subspace/subset problem.

Let T € B(X). A non-empty subset M C X is called invariant for T if
TM C M. The set M is non-trivial if {0} # M # X (the trivial subsets {0}
and X are always invariant for any operator T € B(X)). The invariant subspace
problem may be formulated as follows:

Problem 1. Let T be an operator on a Hilbert space H of dimension > 2. Does
there exist a non-trivial closed subspace invariant for T'7

It is easy to see that the problem has sense only for separable infinite-
dimensional spaces. Indeed, if H is non-separable and = € H any non-zero vector,
then the vectors , Tz, T, ... span a non-trivial closed subspace invariant for T'.

If dim H < oo, then T has at least one eigenvalue and the corresponding
eigenvector generates an invariant subspace of dimension 1. Note that the existence
of eigenvalues is equivalent to the fundamental theorem of algebra that each non-
constant complex polynomial has a root. Thus the invariant subspace problem is
non-trivial even for finite-dimensional spaces.

Examples of Banach space operators without non-trivial closed invariant sub-
spaces were given by Enflo [En2], Beuzamy [Beal] and Read [Rel]. Read [Re6] also
gave an example of an operator T' (acting on ¢!) with a stronger property that 7'
has no non-trivial closed invariant subset.

It is not known whether such an operator exists on a Hilbert space. The
following “invariant subset problem” may be easier than Problem 1.

Problem 2. (invariant subset problem) Let T be an operator on a Hilbert space
H. Does there exist a non-trivial closed subset invariant for 7'?

Both Problems 1 and 2 are also open for operators on reflexive Banach spaces.
More generally, the following problem is open:

Problem 3. Let T' be an operator on a Banach space X. Does T have a non-trivial
closed invariant subset/subspace?

The existence of non-trivial invariant subspaces/subsets is closely connected
with the behaviour of orbits. It is easy to see that an operator T' € B(X) has
no non-trivial closed invariant subspace if and only if all orbits corresponding
to non-zero vectors span all the space X (i.e., each non-zero vector is cyclic).
Similarly, T € B(X) has no non-trivial closed invariant subset if and only if all
orbits corresponding to non-zero vectors are dense, i.e., all non-zero vectors are
hypercyclic.

Thus orbits provide the basic information about the structure of an operator.
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Typically, the behaviour of an orbit (T™z) depends essentially on the choice
of the initial vector x. This can be illustrated by the following simple example:

Example 4. Let S be the backward shift on a Hilbert space H, i.e., Seg = 0 and
Se; =e;—1 (i > 1), where {e; : 4 =0,1,2,...} is an orthonormal basis in H. Let
T =2S. Then:

(i) there is a dense subset of points € H such that [|T"z|| — O0;
(ii) there is a dense subset of points x € H such that [|[T"z|| — oo;

(iii) there is a residual subset of points x € H such that the set {T"z : n =
0,1,...} is dense in H.

Statement (i) is easy to show: any vector « which is a finite linear combination
of the basis vectors e; satisfies ||T"x| — 0. Statements (ii) and (iii) are not so
obvious. They will follow from the subsequent general results.

Note that it is very simple to find an operator such that almost all (up to a
set of the first category) vectors are hypercyclic, but it is very difficult to find an
operator such that all non-zero vectors are hypercyclic.

In this section we study orbits that are “large” in some sense (e.g., of type
(ii)). Note that orbits satisfying || T"z|| — oo provide a simple example of a non-
trivial closed invariant subset.

It is an easy consequence of the Banach-Steinhaus theorem that an operator
T € B(X) has unbounded orbits if and only if sup ||T"| = cc.

Another result of this type was proved in Section 14. For each operator
T € B(X) there are points € X with the property that the local spectral radius
ro(T) = limsup,, . ||T"x||'/™ is equal to the spectral radius (7). In particular,
for such points z there are infinitely many powers such that [|[T"z| is “large”
(asymptotically, || T™z|| ~ r(T)™).

More precisely, it is possible to prove the following stronger result:

Theorem 5. Let T € B(X), let (an)n>0 be a sequence of positive numbers such
that a,, — 0. Then the set of all x € X with the property that

IT"z|| > an||T™|] for infinitely many powers n

is residual.
Consequently, the set {x € X : 7,(T) = r(T)} is residual.

Proof. For k € N set
M, = {z € X : there exists n > k such that [|[T"z|| > a,[|T"|}.

Clearly, M}, is an open set. We prove that My, is dense. Let x € X and ¢ > 0.
Choose n > k such that a,e™' < 1. There exists z € X of norm 1 such that
|T"z|| > ane™t||T"|]. Then

2an||T™|| < [IT"(222)[| < |T"(x +e2)l| + [T (x — e2) ]I,
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and so either ||T"(z + €2)|| > an||T"|| or || T"(z — €2)|| > an||T™|. Thus either
x+ez € My or x—ez € My, and so dist{z, M} } < e. Since x and € were arbitrary,
the set M}, is dense.

By the Baire category theorem, the intersection (), My is a dense Gs-set,
hence it is residual. Clearly, each x € (\;—, M}, satisfies ||[T"z| > a,||T"| for
infinitely many powers n.

In particular, for a, = n=!

we obtain

17"
ro(T) = limsup || T"z||*/" > limsup< ) =7r(T)
n—oo n

for all x in a residual subset of X. O

In fact, a much stronger result is also true: there are points € X such that
all powers T"x are “large” in the norm.
The following lemma is a useful technical tool in many constructions.

Lemma 6. Let E be a finite-dimensional subspace of a Banach space X, let € > 0.
Then there exists a closed subspace Y C X of finite codimension such that

le +yll > (1 — &) max{|le], [ly[l /2}
forallee F andy €Y.

Proof. We can assume that € < 1. The unit sphere in F is compact, therefore there
exists a finite subset D C {e € E : ||e|| = 1} with the property that dist{e, D} < ¢
for all e € E, |le|| = 1. For each d € D there exists a functional fg € X* such that
(d, fa) = 1= || fall. Set Y = e p Ker fq. Clearly, codimY" < oo,

To prove the required inequality, let e € E and y € Y. We can assume that
|le]l # 0 since the assertion is clear for e = 0. Find d € D with Hd = e H <e.
Then

lle+yll = e +y, fa)| = [{e — llelld, fa) + (llelld, fa))|
> [lell = [le = llelld]| > flell (1 —e).

Furthermore,
1 2— 1 1
le+yl> (1= ety = ,a=e)(le+yl+, _ _le+yl)
1 1
> (1=)(lyl = llell + llell) = 5 (2 = 2)llyll O

If X is a Hilbert space, then we can take Y = E1. Thus the constructed
subspace Y C X substitutes the role of the orthogonal complement of a finite-
dimensional subspace for general Banach spaces.
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Lemma 7. Let T' € B(X), 7.(T) = 1, z € X and let {a;}32, be a sequence of
positive numbers satisfying lim;_. a; = 0. Let mg, m1, mo be integers, 0 < mg <
m1 < mg and let & > 0 satisfy sup{a; : j > mq + 1} < /3. Suppose that
|T9z| > a; (j=mo+1,...,mi1). Then there exists y € X such that ||y —xz|| < §
and |T7y| > a; (j=mo+1,...,ma).

Proof. Let A € 0.(T') satisfy |A| = 1. Then A € 00.(T') C 0,.(T), and so
inf{|(T — Nul| :uwe M, |lul| =1} =0

for each subspace M C X of finite codimension.
Let E=\/{T?2z:j=mo+1,...,m1}. Choose € > 0 such that

||Tj.73||(1 — 8) — m15€||T||j_1 > aj (] =mo+1,... ,ml)

and §+j||T|7"'e < § (j=mi+1,...,mz). Let Y be the subspace constructed
in Lemma 6, i.e., codimY < oo and [|e+u|| > (1—¢) max{|le|, ||u||/2} for all e € E
and v € Y. Find z € Y such that ||z|]| = 1 and ||(T — X)z|| < e. Set y = x + d=.
Clearly, ||y — z|| = 6 and

[T72 = Nz|| = |[|[(T7 + MNT772 + - NTIOY(T = N)z|| < 4IT)7 e
For j =mg+1,...,m; we have

T2yl = 1772 + 617 2] > || T7 + 6X 2| — [|6(T7 — N)z||
> (1= o)|T72] - 85T~ e > aj.

Similarly, for j =mq + 1,...,me we have

1Tyl = |77 + 6T 2| > | T2 + 6N 2] — |6(T7 — V)2
5

1 ; b 0
S S silTI e s 0 0 N
> 2(1 €)o —0j||T|' e > 9 g =3 W O

Theorem 8. Let T' € B(X), let (a;)72, be a sequence of positive numbers satisfying
lim; o a; = 0. Then:

(i) for each e > 0 there exists x € X such that |z|| <sup{a; : j=0,1,...} +¢
and | T7z| > a;r(T7) for all j > 0;

(ii) there is a dense subset L of X with the following property: for each y € L
we have |[|[T7y|| > a;r(T7) for all n sufficiently large.

Proof. We distinguish two cases:

(a) Suppose first that 7(T") > re(T).

Choose A € o(T) with |A| = r(T'). Then X is an isolated eigenvalue of T'. Let
x be a corresponding eigenvector, |z|| = s where s = sup{a; : j =0,1,...}. Then
|T9z|| = s-r(T) > a;r(TY9) for all j.
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To prove (ii), let F' be the spectral subspace corresponding to A, see Corollary
1.38, and let P be the corresponding spectral projection onto F'. Then dim F' < oo
and (T — A)|F is a nilpotent operator. Set L = {y € X : Py # 0}. Clearly, L is a
dense subset of X. Let y € L. Write z = Py. Then PT7y = T7z, and so

1Tyl > [P~ T2 (1)
for all j. Let k be the integer such that (T'— A\)*z = 0 and (7' — \)¥~1z # 0. Let
Q € B(F) be a projection such that Qz = z and QKer(T — \)*~' = {0}. Then
Q(T — \NT7~'z =0, and so QT7z = MQT?~ 'z for all j > 1. Thus, by induction,
QT7z = Nz and

T2 > QI r(T))llz (5 =0,1,2,...).
Using (1), this gives

r(17)|| Pyl
QI - 112

Hence ||T7y|| > a;r? for all j sufficiently large.

IT7y|| > (j=0,1,2,...).

(b) Let 7(T") = re(T). Replacing a; by sup{a; : ¢ > j}, we can assume that
ag > ay > ag > ---. Also, we can assume that r(T) = 1.

(i) For i = 0,1,... let n; be the smallest index such that a,, < 3042

Find A € 0.(T) with |A\| = 1. Then A € 90.(T) C 0x.(T), so there is an
approximate eigenvector xog € X satisfying ||xo|| = ao + &/2 and [[(T7 — M)xo| <
e/2 (j=0,1,...,n9). For 5 =0,1,...,n0 we have

IT7zoll > [N woll = (T7 = NM)oll > a0 +¢/2 — /2 = ao > a;.

Using the previous lemma repeatedly, we construct a sequence (z) of vectors in X
such that [|zpy1 — @x|| < 552 and [|[T92%]| > a; (j =0,1,...,n%). Denote by z
the limit of the Cauchy sequence (z). Then ||T7z| = limy oo |77z > a; for all
J = 0and [[z]| < [|zoll + |z1 —xol| +--- <aog+ 5+ 5+ =ao+e

(ii) Let z € X and 6 > 0. For i« = 0,1,... let n; be the smallest index
such that an, < 3.2‘§+1. Set yo = z. Using Lemma 7 repeatedly we construct a
sequence (yi) of vectors in X such that [|yrs1 — yrl < 55 and |[T9yx| > a; for
jg=mno+1,...,n Let y = limp oo yg. Then |y —z| < 5+ 5 +--- = € and
|T7y|| > a; for all j > ng + 1. This completes the proof. O

Taking a,, = n~! in the previous theorem yields the following corollary:

Corollary 9. The set {z € X : limsup,,_ ., [|T"||*/" = r(T)} is residual for each
T € B(X). The set {z € X : liminf, . [|T"2|/™ = r(T)} is dense.

In particular, there is a dense subset of points x € X with the property that
the limit lim,, o || T"z||*/" exists and is equal to r(T).
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Corollary 10. Let T' € B(X). Then

sup mf | T7||*/ ™ = 1nf sup [T/ = r(T).
zeX N> Zt xzeX
lz]|=1 l=|l=1

Proof. The statement is clear if 7(T') = 0. Let »(T) > 0 and let £ be a posi-
tive number, ¢ < r(T'). By Theorem 8, there is an € X of norm 1 such that
|T"z|| > (#(T) —¢)" for all n. Thus inf, [|T"z||*/™ > r(T) — . Letting ¢ — 0
gives sup| ;= infn>1 |T7z||Y™ > r(T).

The second inequality is clear. O

In general it is not possible to replace the word “dense” in Corollary 9 by
“residual”.

Example 11. Let H be a separable Hilbert space with an orthonormal basis {e; :
j =0,1,...} and let S be the backward shift, Se; = ej_1 (j > 1), Sep = 0.
Then r(S) = 1 and the set {z € H : liminf, . [|[S"z[/™ = 0} is residual.

1/n

In particular, the set {z € H : the limitlim, o [|S"z||*/™ exists} is of the

first category (but it is always dense by Corollary 9).

Proof. For k € N let
M, = {z € X : there exists n > k such that ||S"z|| < k™" }.

Clearly, My, is an open subset of X. Further, M} is dense in X. To see this, let
re€Xande > 0. Let x = 7% aje; and choose n > k such that 3277 |a,]* < €.
Set y = 37— ) ajej. Then |ly — z|| < & and S™y = 0. Thus y € M and My is a
dense open bubbet of X.

By the Baire category theorem, the intersection M = ﬂzozo My, is a dense
Gs-subset of X, hence it is residual.

Let x € M. For each k € N there is an ny > k such that ||S™ x| < k™",
and so liminf,, ., || S™2||*/™ = 0.

Since the set {z € H : limsup,_ . [|S™z||'/™ = r(S) = 1} is also residual,
we see that the set {z € H : the limit lim, .o ||S"2||'/™ exists} is of the first
category.

Remark 12. If »(T") = 1 and a,, > 0, a,, — 0, then Theorem 8 says that there
exists « such that |T™z|| > a, for all n. This is the best possible result since the
previous example S € B(H) satisfies S"x — 0 for all € H. By Theorem 8, there
are orbits converging to 0 arbitrarily slowly.

Theorem 8 implies that there is always a dense subset of points x satisfying

ZJ ‘L:(F;;fy = oo. In fact, the set of all points with this property is even residual.
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Theorem 13. Let T' € B(X), r(T) # 0 and let 0 < p < co. Then the set

{meX Z(IW%II) Oo}

is residual.

Proof. For k > 1 set

= frex ST )

Clearly, Mj, is an open subset of X. It is sufficient to show that M} is dense.
Indeed, by the Baire category theorem, the intersection

ka_ {xeX Z(IIT%H) _OO}

is a dense Gy set.

Fix x € X, e > 0 and k£ € N. We show that there is a u € X such that
lu—z| <eandue M.

By Theorem 8, there is a v € X of norm 1 such that | T7v| >
for all 7 > 0. We have

T3+ <o) + 1T — <) > mase{ Tz + <), |77 — o)}
> (I el I el (1Pl

(j+21)1/r' r(T7)

2 2
. P 7\p
= &P TP > € 7’"(T )
j+2
and ‘
= IITJ($+€U)|I>1’ (IITJ(x—év ||> =
. +
Z( (1) Z: (1 Zﬁz

iyl \P
Thus either y = z+ev or y = x—ew satisfies |y —z|| = ¢ and Zj’;o(”f;-’j;') = o0,

so y € My. Hence My, is dense and (), My, is residual. O
In Theorem 5 we proved an estimate of ||T™z|| in terms of the norm ||T"|.

It is also possible to construct points z € X with | T"z|| > a, - [|T™]| for all n; in
this case, however, there is a restriction on the sequence (ay,).

Theorem 14. Let X,Y be Banach spaces, let (T,) C B(X,Y) be a sequence of
operators. Let (a,) be a sequence of positive numbers such that Y~ | a, < 00.
Then there exists ¢ € X such that | T,z| > a,||Ty|| for all n.

Moreover, it is possible to choose such an x in each ball in X of radius greater

than Y | ap.
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Proof. Let v € X and € > 0. We find 2 € X such that ||z —u|| <>, a, +¢ and
ITnz|| > ay|| Ty for all n.

Without loss of generality we can assume that T, # 0 for all n.

Let s = .7 a, and a, = sit/g- Then S0 yal, < 1. For each n find
yn € Y* such that ||y = 1 and [|T3ys)l > |70 - *55% = Tl - 552 Let

”;*y |- Then |z |l =1 for all n.

By Theorem A.5.1, there exists 2 € X such that |2’ —u/(s +¢)|| <1 and
[(z', x2)| > al, for all n. Let © = (s+¢)z’. Then ||z —ul| = (s+¢)||a' —u/(s+e)| <
s + . Furthermore,

x*

I Tnzll = (Tnz, yp)| = (s + ) Tna’, yn)| = (s + )|, Tryn)|

, s—|—5/2

= (s + o), z0)| - [Tyl = (s + )ap, ITnll = an|Tul

for all n. O

Lemma 15. Let a, >0 (n=1,2,...),e >0 and let Y, a, < &. Then there
exist positive numbers 3, (n € N) such that 3,, — oo and ZZO:I Bnan < €.

Proof. Let § = ¢ — Y. | ay,. For each k € N let nj, be the smallest number such
that Y72 L a; <2727,

Let B; =1for 1 <i<mnjand 3 =2F (ny <i<ngy1). Then B; — oo and

iﬁiai:iai—i—iQk il al<Zal+Z Z Qkal
i=1 i=1 k=1 i=ngi+1 k=1i=ni+1
<€—5+i2_k5=€. O

k=1

Corollary 16. Let T' € B(X) satisfy Y .-, ||T"|| 7' < oo. Then there exists a dense
subset of points x € X such that ||T"z| — oc.

Proof. Let u € X and € > 0. Find ng such that 27 |T"[~' <e.
Find positive numbers 3, such that 3, — oo and > °° B n < & Let

n=no |77

Gy = HT"H Then Zf:no a, < €. By Theorem 14, there exists x € X such that
|z — u|| < e and | T™z|| > a,||T"|| = By for all n > ng. Hence | T"z|| — c0. O

Better results can be obtained for Hilbert space operators.

Theorem 17. Let H, K be Hilbert spaces and let T,, € B(H, K) be a sequence of
operators. Let a,, be a sequence of positive numbers such that -, a? < co. Let
€ > 0. Then:
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n=1"n

1/2
(i) there exists ¢ € H such that ||z|| < (z“’ a2) + e and || Toz|| > an||Toll
for all n;

(i) there is a dense subset of vectors x € H such that |T,z| > a,||T,| for all n
sufficiently large.

Proof. Without loss of generality we may assume that all operators T;, are non-
Zero.

1/2
(i) Let s = (220:1@721) . For each n we find y,, € K with ||y,| = 1 and

IT5ynll > *75/||T0ll. By Theorem A.5.2, there is a u € H with Jul = 1 and
T:yn Ay
‘<“ \|T::ynu> Z stes2r
[ Toz]| = (s + )| Taull > (s +&)[{Tuu, yn)| = (s + ) [(u, Tyyn)|
s+¢

2> an
= s+e/2

Let © = (s + €)u. Then ||z|| = s + € and

”T:ynn > anHTnH

for all n € N.

(ii) Let y € H, y # 0 and € > 0. We show that there is an z € H such that
lx — y|| < e and ||Thz| > a,||Ty| for all n sufficiently large.

Without loss of generality we may assume that ||y|| = 1. Indeed, for general
non-zero y € H replace y by HZH and the numbers a,, by ‘m.

Let |y =1,0 < e <1 and set § =1 — 2/2. Find ng such that

o0

> (20) <162

n=no

For each n > ng find y,, € K such that ||y,|| = 1 and ||Ty,|| > 3||T,[. By
Theorem A.5.2, there is a u € H such that ||u|| = 1, |[{u,y)| > § and

Tyyn >‘
u, > 2a, (n > ng).
‘< I Tynll

Set x = |§§Z§| -u. Then |z|| = 1 and (z,y) = |(u,y)| > §. Therefore ||z — y||* =
lz||? + |lyl|* — 2 Re(z,y) <2—26 = €2, and so ||z — y|| < e. Finally, for n > ng we

have

[Tnz]| = | Taull = (T, yn)| = [{u, Tyyn)| = 2an[|Tyynll = anl|Tnll. N

Corollary 18. Let T € B(H) be a Hilbert space operator and Y o, |T™| 72 < o0.
Then there exists a dense subset of points x € H such that | T"z| — oo.
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Proof. By Lemma 15, there are positive numbers [, such that 5, — oo and
Yo HTﬁ,’f”z < 00. By Theorem 17, there is a dense subset of vectors x € H such
that

1/2
Tl =\ 2 1T = 5,
1T
for all n sufficiently large. Hence ||T™z|| — oo. O

Corollary 19. Let T € B(X) satisfy > oo, |T™|| 7! < co. Then T has a non-trivial
closed invariant subset.

If X is a Hilbert space, then it is sufficient to assume that y ., || T"]| 72 < oo.

Proof. By Corollaries 16 and 18, there exists € X such that ||T™z| — co. Hence
the set {T* :n =0,1,...} is a non-trivial closed subset invariant for T'. O

Corollary 20. Let T € B(X) satisty r(T') # 1. Then T has a non-trivial closed
invariant subset.

Proof. If r(T') > 1, then there exists an € X with [|T"z| — oo. If #(T") < 1, then
|T™x|| — O for each z € X. In both cases there are non-trivial closed invariant
subsets. O

The previous results are in some sense the best possible.

Example 21. There exists a Banach space X and an operator T € B(X) such that
IT™| = n + 1 for all n, but there is no vector x € X with ||T"z| — oo.

There exists a Hilbert space operator T such that |T"|| = v/n +1 for all n
and there in no vector  with | T"z|| — oo.

Proof. We construct both operators simultaneously. Let either p =1 or p = 2. Let
(er)52, be the standard basis in the space X = (7. Let T' € B(X) be the weighted
backward shift defined by

k l/p
Tey, = (k71> ex—1 for k>1,

0 for k = 1.

Hence
n+1 k 1/p /
T = = 1)/p
=11 (,5,) =+
k=2
for all n. Suppose on the contrary that there is an @ = > - | cxex, € €F such that
2l = (Xpey lexl?) YP — 1 and |IT™z| — oo as n — co. Consequently,

1 2n—1
TIz||P — oo as n — 0o.
D
Jj=n
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Let us estimate the above arithmetic mean. We have

4 o0 EO\YP P
|77 x||P = Z (k ) CkCk—j
k=j+1 —J
2j
= > lexl” it Z Jewl”
k=j+1 k=2j+1

k

where the second sum can be estimated by 2[|z[|? < 2 since ", < 2 for k > 2j.

We have

2n—1 2n—1
Z IToa|P < 2n+ > Z exl”

Jj=n k=j+1

4n 4an
<2n+ Z |ck|pz <2n+ Z lek |PAn(1 + log 4n),
k=n+1 i=1 k=n-+1
and so
4n 2n 1
2+ 4(1+logdn) Y ekl > Z |77 z||P — co.
k=n+1

Hence, for all n large enough, the left-hand side is greater than 6, i.e., if we write

Sn = E;{l:inrl»l |Ck|p7 then
1

Sp > .
"= 1+logdn
But this is a contradiction since for such an n we have

o0

1:Z|ck|p > Sp + San + Sazp + Sazy + ...
k=1
> .= = 00. O
_; 1+4+logdin ; 1+logn + jlog4 o
It is also possible to consider orbits that are large in the sense of > H\CQ“;THH

Theorem 22. Let X,Y be Banach spaces, let (T;) C B(X,Y) be a sequence of
non-zero operators and let 0 < p < 1. Then the set

frex-2() =)

is residual in X.
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Proof. For k > 1 set

0o T P
Mk:{IEXtZ(H ﬂj”) >k}.
S\ Tl

Clearly, Mj, is an open subset of X. It is sufficient to show that M} is dense.
Indeed, the Baire theorem then implies that the intersection (), M) = {x € X:

NP
Zj<‘|\|:?’1|\“) = oo} is a dense Gy set.

Fix x € X, § > 0 and k € N. We show that there is a u € X such that
lu —z|| < § and u € M.

Let ¢ = 11) — 1. Then e > 0 and s = E;’;lpjlﬂg < o0o0. Fori =1,2,... set
€ = Sif5+5. So E;’;l gi=0dand Y o & = (g) Py 1 = 0. Fix n such that
e S > k.

Fori=1,...,n find u; € X of norm 1 such that ||T;u;|| > ||Ti]|/2. Set

A:{A:()\h,)\n)GCnP\ASEl (2217,71)}

For \ € A set ), = I+Zf:1 Aiug. Clearly, |lay—z| < E?:l g; < J for each \ € A.

L o (1Tex NP 1\
Forz-l,...,nletAl—{)\EA.< 7] ) <2<8> }
Let 1 < 4 < n and suppose that A\, € A; where A = (\q,...,\,) and
N = (/\1,. . .,/\i_l,/\;,>\¢+1, .. ;/\n) Then

Ez’)p (llTiIAH)p (”Tix)\/”)p { [Tixxll | Tizx || }p
> + > max ,
(8 |17l I T3] 1T Tl
- <||Ti9€A|| + ||Ti$x||>p - (llTi(m - fCN)H)p

2T T
T p —_\|p

N ARy

=P A'<2||TZ-|| >

Thus A = N[ < 5.
Consequently, for fixed Ay, ..., A\i—1, Ai+1,---, An, the set

{I/GC:(}\1,...,)\ifl,y7)\i+1,...7)\n) GAl}

is contained in a ball of radius % .
Let m be the Lebesgue measure in C". Then m(A) = [[}_,(we?) and, by the

Fubini theorem,
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— vy (T’
Set f(\) —Zizl( o ) . Then

1 _ | Tz || o3
by an = Z/( i) o (EPIER

Thus there exists A € A such that f(A\) > k, and so ) € M. Hence M}, is dense
and the proof is complete. O

Corollary 23. Let T € B(X) be a non-nilpotent operator and 0 < p < 1. Then the
set
o (1T ]| )p }
re X: ( ) =00
tree (e

The previous result is not true for p = 1.

is residual.

Example 24. There are a Banach space X and a non-nilpotent operator T € B(X)
such that Z —0 HT"H‘ <ooforallz € X.

Proof. Let X be the ¢! space with the standard basis {eg, e1, ... }. Let T € B(X) be
the weighted backward shift defined by Teg = 0 and Tey, = (kjgl er_1 (k>1).

For n € N we have
" 0 (n>k),
Ther =9 (41 <

(k—n+1)2 €k—n (n < k)

and ||T"]| = (n + 1)2.
Let z € X, z = > -, arer where D07 |ag| < co. Then

|| T |ak| k—i—l 1)2
HZ:O 7| ZZ (n+1 Z' k'; —n+1)2

n=0 k=
We have
i (k+1)2
o (n+1)2(k—n+1)2
I I (k+ 1)
- _ 2(L 2
= (n+1)2(k—n+1)? neilTa41 m+1)2(k—n+1)
[k/2] oo 2
4 4 1 4
< Z + Z 2 S 82 9 = :
"o (1) n=[k/2]+1 (k=n+1) = 3
Thus

— 1Tz Am?  Alz|n?
< || - = < o0. O
2 S =
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It is also possible to construct vectors z in a prescribed infinite-dimensional
subspace with all powers ||T™z| large.

Recall the quantity j,(T) = sup{j(T|M) : M C X,codim M < oo}, which
was studied in Section 24.

Lemma 25. Let T1,...,T, € B(X,Y), let X1 C X be an infinite-dimensional
subspace. Let € > 0. Then there exists © € X; of norm 1 such that ||T;z| >
iu(T)—e (i=1,...,k).

Proof. For i = 1,..., k there is a subspace M; C X of finite codimension such that
J(Ti|M;) > 5, (T;) — €. Let = be any vector of norm 1 in X4 N ﬂle M;. Then

[ Tixl| = §(T|M;) > ju(Ti) — €
foralli=1,...,k. O

Theorem 26. Let X,Y be Banach spaces, let T,, € B(X,Y) (n=1,2,...), let
(an) be a sequence of positive numbers such that lim; .. a; = 0 and let X; C X
be a closed infinite-dimensional subspace. Let § > 0. Then there exists a vector
z € X1 with ||z|| <sup;a; + 9 and | Tpz|| > an - ju(Ty) for all n € N.

Moreover, there is a subset Xo dense in Xy with the property that for each
z € Xy, ||Thz| > anju(Ty) for all n sufficiently large.

Proof. Without loss of generality we can assume that a3 > a9 > ---. Let €¢ > 0
satisfy (1—¢)?(a14$) > ay. For each k = 0,1,... find rj, with a,, < (12;?336. Find
2o € X1 such that ||zo|| = a1+d/2 and ||Thzol| > (1—¢)(a1+9/2)j.(T) (n < 19).

Let £ > 0 and suppose that zg,...,z2; have already been constructed. Let
By =\ {Tnzi : 0 < i <k1<n<rep}. Let My be a subspace of X of finite
codimension such that

le+m| = (1 —e)max{le],[|m|/2} (e € E,me M).

- k . . . . :
Since the space Ly = (;_, N4 T,;'M; < oo is of finite codimension, we can

choose 211 € X1 N Ly such that ||zx11]| = 62~ *+2) and
| Thzriall > (1—€)62”FH25(T,) (1 <n<rppa).
Set z =Y .2 z. Then z € X; and
1< 3 Nl < ar +8/2+ 627D — ay 4.5
i=0 i=1

Forn=1,...,79 we have

1Tzl = ‘ = (1 =) Tnzoll > a15u(Th) = anju(Tn).

o0
TnZO + Z Tnzi
i=1
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Let k>0 and 7, <n < rpy1. Then

o0 k+1
Tzl = |3 Tozi| = (1= 2)||> Tnz
i=0 i=0
(1—e)* (1-e® o .
2 9 1T zkr1ll > 9 . 2k+23u(Tn) > an - Ju(Th)-

Thus ||Thz|| > anju(Ty) for all n € N.

To show the second statement, let v € X; and € > 0. Find ng such that
a, < € for all n > ng. As in the first part, taking zg = u, construct a vector
z € Xy with ||z —ul| <e and ||Thz|| > anju(Tn) (n > no). O

Corollary 27. Let T;, € B(X,Y) satisfy that j,(T,,) — co. Let M C X be a closed
infinite-dimensional subspace. Then there exists a dense subset of vectors x € M
such that ||Tz| — oo.

Proof. There exists a sequence (3,) of positive numbers such that 3, — 0 and
Briu(Tn) — 0. O

Corollary 28. Let T € B(X), let inf{|\| : A € 0.(T)} > 1. Let M C X be a closed
infinite-dimensional subspace. Then there exists a dense subset of vectors x € M
such that ||T"z| — oo.

Proof. By Theorem 24.14, Corollary 17.10 and Theorem 9.25, lim j,(T™)Y/" =
limy, o0 j(T™)Y™ = inf{|A| : X\ € 0xe(T)} > 1. Thus j,(T") — oo and we can
apply Corollary 27. O

38 Hypercyclic vectors

In the last section we studied vectors z with “very regular” orbits (T"z). In this
section we will study the opposite extreme — vectors with very irregular orbits.

Definition 1. Let 7' € B(X) be an operator. A vector € X is called hypercyclic
for T if the set {T™xz : n € N} is dense in X. An operator T is called hypercyclic
if there is a vector hypercyclic for T'.

The notion has sense only in separable Banach spaces. Clearly, in non-
separable Banach spaces there are no hypercyclic operators.

It is easy to find an operator that has no hypercyclic vectors. For example, if
IT]| <1, then all orbits are bounded, and therefore not dense. On the other hand,
if T is hypercyclic, then almost all vectors are hypercyclic for T

Theorem 2. Let T' € B(X) be a hypercyclic operator. Then the set of all vectors
x € X that are hypercyclic for T is a dense G set, and hence residual in X .
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Proof. Let x € X be a vector hypercyclic for T. For any n € N, the vector T"x
is also hypercyclic for T' and therefore the set of all vectors hypercyclic for T is
dense in X.

Note that the space X is separable. Let (U;) be a countable base of open
sets in X. A vector u € X is hypercyclic for T' if and only if it belongs to the set

N (UOOZO T*”Uj)7 which is a Gs set. O

j=1 n
Lemma 3. Let T € B(X) be a hypercyclic operator. Then o,(T*) = 0.

Proof. Suppose on the contrary that A € C belongs to the point spectrum of T*.
Let * € X* be a corresponding eigenvector, i.e., x* # 0 and T*z* = A\z*.

Let z € X be a vector hypercyclic for T. Then the set {{(IT"z,z*) : n =
0,1,...} is dense in C. We have

{T"z,2*) :n=0,1,...} ={{(z,T™"2"):n=0,1,...}
={A\(z,2"):n=0,1,...}.
The last set is bounded if either |A\| <1 or (z,z*) =0. If |A| > 1 and (z,z*) # 0,

then |[A"(z, z*)| — oo. So the set {A\"(z,z*) : n=0,1,...} cannot be dense in C,
which is a contradiction. O

Corollary 4. Let dim X < oco. Then there are no hypercyclic operators acting in X .

Theorem 5. Let T € B(X) be a hypercyclic operator. Then there exists a dense
linear manifold M C X such that each non-zero vector x € M is hypercyclic for T'.

Proof. Let x € X be a vector hypercyclic for T'. Let
M = {q(T)x : q a polynomial}.

Clearly M is a dense linear manifold since it contains the orbit {T"z : n =
0,1,...}. We show that ¢(T")x is hypercyclic for T for each non-zero polynomial g.

Write ¢(z) = B(z — a1) -+ (2 — ), where n > 0, a1, ..., a, are the roots
of ¢ and 8 # 0. Since 0,(T*) = ), the operators T — «; have dense ranges. Hence
¢(T) has also dense range. We have

{IT"q(T)x:n=0,1,...} =q(){T"z:n=0,1,...},
which is dense in X, since {T"z : n =0,1,...} is dense in X. O

Hypercyclic vectors seem to be very strange and exceptional but in fact they
are quite common. The next theorem provides a criterion for hypercyclicity of an
operator.

Theorem 6. Let X be a separable Banach space. Let T' € B(X). Suppose that there
exists an increasing sequence of positive integers (ny) such that the following two
conditions are satisfied:
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(i) there exists a dense subset Xy C X such that limy_,.c T™x =0 (z € Xo);
(i) U, T™Bx = X.

Then T is hypercyclic.

Proof. To simplify the notation we write for short T, = 7™ (k € N). We first
show that for all ¢ > 0 and ko € N we have ;. Tk(cBx) = X. Let u € X, u #0

and € > 0, e < min{c, ||ul|}. Choose s > e~ }|u|| + max{||T;|| : 1 < i < ko}. Find
v € Bx and k € N such that HTkv— HS;JH H < 1. For k < ko we have HTkv— HS;JH >

s — || Twv|| > e jul| > 1. Thus k& > ko and HTk(””:”> - uH < ”ZH < ¢. Further,

vHSuH € ¢Byx.

We now show that T is hypercyclic. Let (x;)$2; be a sequence dense in X;
without loss of generality we can assume that each member of the sequence appears
in the sequence infinitely many times.

We construct vectors ux € Xo and an increasing sequence s (k € N) of
positive integers. Set formally sqg = 0.

Let £ > 1 and suppose that the vectors uq,...,ux—1 € Xo and numbers
so < 81 < --+ < si—1 have already been constructed. Since ui,...,ux—1 € Xo,
there exists m € N such that | Tju;| < .. (j >m,i=1,...,k—1). Find
sk > max{m, sx—1} and uj € Xy such that

1
[Jul| <
2k max{l, ||T51 ||7 RN ||T8k71 ||}
and
1
2k

Set u = >"°, u;. Clearly, the series is convergent. Further,

1T ur — x| <

k—1 )
||Tsku - xk” < Z ||Tsku1|| + ||Tskuk - xk” + Z ||Tsku1||
=1

i=k+1
k—1 0o
1 1 1 —k
<22i+k+2k+22i§3'2 .
1=1 i=k+1

Since each xy is contained in the sequence (z;) infinitely many times, u is a hy-
percyclic vector. O

The last criterion is usually easy to apply. For example, it implies easily
the hypercyclicity of the operator T' = 2S5, where S is the backward shift, see
Example 37.4.

In the same way it is possible to obtain the hypercyclicity of any weighted
backward shift with weights w,; which satisfy sup,, (w1 - - - w,) = oco.
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It was a longstanding open problem whether there are hypercyclic operators
that do not satisfy the conditions of Theorem 6. The problem has several equiva-
lent formulations. The simplest formulation is whether there exists a hypercyclic
operator T € B(X) such that T @ T € B(X @ X) is not hypercyclic. The prob-
lem was solved recently by [DeR], see also [BaM], where such an operator was
constructed in any space /7 (1 <p < o) or cp.

Theorem 7. Let X be a separable Banach space and let T € B(X). Then T is
hypercyclic if and only if, for all non-empty open sets U,V C X, there exists
n € N such that T"U NV # 0.

Proof. Suppose that T' is hypercyclic and let U, V' be non-empty open subsets of
X. Since the set of all hypercyclic vectors is dense, there is an € U hypercyclic
for T. Therefore there is an n € N such that T"x € V, and so T"U NV # (.

Conversely, suppose that T"U NV # § for all non-empty open subsets U, V
of X. Let (U;) be a countable basis of open subsets of X. For each j let M; =
Unen T7"Uj. Clearly, M; is open. We show that it is also dense.

Let y € X and € > 0. By assumption, therearen € Nand z € X, ||z —y| < ¢
such that T"x € U;. Thus € M; and M; is dense.

By the Baire category theorem, | ; M is non-empty and clearly each vector
inN ; M; is hypercyclic for T'. O

For T € B(X) and « € X write Orb(T,z) = {T"z:n=0,1,...}. Fory € X
and € > 0 denote by B(y,e) = {u € X : ||u — y|| < €} the open ball with center y
and radius e.

Theorem 8. Let T' € B(X), d > 0 and let x € X satisfy that for each y € X there
is ann € N with |T"z — y|| < d. Then T is hypercyclic.

Proof. Clearly, X is separable. Further, dim X = oo (if dim X < oo, then consider
the Jordan form of T'). Let U,V be non-empty open subsets of X. We show that
T"U NV # (0 for some n € N.

Choose u € U, v € V and € > 0 such that {y € X : |ly —u|| < e} C U and
{yeX:|ly—v||<e}cCV.

Let 2’ = 5. We show first that the set Orb(7',2") intersects each open ball
with radius £/3. If y € X, then there is an n such that || 7"z — 3?” || < d. Therefore
T2’ =yl < s IT"e = 2| < 5.

Next we show that Orb(T,z’) intersects each ball with radius € in an in-
finite set. Suppose on the contrary that there is a y € X such that the set
{n: ||T"a" — y|| < e} is finite. Since the ball B(y, %) cannot be covered by a
finite number of balls of radii § by Proposition 24.4, there is a y; € B(y, 235) such
that dist{y;, Orb(T,2")} > 5. Thus Orb(T,z’) N B(y1,¢/3) = 0, a contradiction.

Therefore there exist ny,ne € N such that 7™’ € B(u,e) C U, ng > ny
and T2’ € B(v,e) C V. Hence T~ ™T™g' € V, and so T"2 ™ U NV # (). By
Theorem 7, T' is hypercyclic. O
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Theorem 9. Let T' € B(X) and x € X. Suppose that Orb(T,z) has non-empty
interior. Then x is hypercyclic for T

Proof. Write F' = Orb(T,z) and let U be the interior of F. Without loss of
generality we can assume that € U. Indeed, there exists ng such that T"°z € U.
Clearly, the interiors of the sets Orb(T,Tmoz) and Orb(T,x) are equal and the
hypercyclicity of = is equivalent to the hypercyclicity of T™0x.

We prove the statement in several steps.

(a) 0,(T™) = 0 and ¢(T') has dense range for each non-zero polynomial q.

Proof. Suppose on the contrary that A € o,(T™*). Let 2* be a corresponding eigen-
vector of T*. Then {(T™z,z*) : n = 0,1,...}  has non-empty interior in C.
However,

(T, 2%)| = [(, T""2")| = |A\"] - [(z, 2")]|

and this sequence either converges to zero (for |A| < 1), or is constant (for |A| =1
or (xz,xz*) = 0), or tends to infinity (for |A\| > 1 and (x,z*) # 0). So the closure
{{T™x,2*) : n = 0,1,...}  cannot have non-empty interior. Hence o,(T*) = 0
and T — X has dense range for each A € C.

If ¢ is a non-zero polynomial, then ¢(7T") can be written as a product of a
finite number of operators with dense range. Hence ¢(7') has also dense range.

(b) The set {q(T)x : {q a polynomial} is dense in X.

Proof. The set {q(T)x : q a polynomial}~ is a closed subspace of X containing
Orb(T, z) which has non-empty interior. Note that the only closed subspace of X
with non-empty interior is the whole space X.

(c) T(X\U)C X\U.

Proof. Suppose on the contrary that there is a y € X \ U such that Ty € U.
Without loss of generality we can assume that y ¢ F. Indeed, if y € F'\ U, then
y € OF and we can replace y by a vector ¢y’ ¢ F close enough to y such that still
Ty €U.

Since the set {¢(T")x : ¢ a polynomial} is dense in X, we can change y' slightly
to obtain a polynomial ¢ such that ¢(T)z ¢ F and Tq(T)x € U.

Since U C F and TF C F, we have Orb(T,Tq(T)x) C F. However,
Orb(T,Tq(T)x) = {q(T)T™x : n = 1,2,...}. For n > 1 we have ¢(T)T"x =
Tmq(T)x € F. Since z is a limit point of {T"x : n > 1}, by continuity of ¢(T") we
get q(T)x € F, a contradiction.

(d) Let g be a non-zero polynomial. Then ¢(T")z ¢ OU.

Proof. Suppose on the contrary that ¢(T)z € OU C F. Let P be the set of all
polynomials p such that p(T)x € X\ F. Then {p(T)z:pe P}~ =X\ F = X\U.
Let M =U U {p(T)x:p € P}. Clearly M = X.
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Since ¢(T") has dense range, we have ¢(T)M = X. Each point in U is a limit
of {T"z : n = 0,1,...}. We have ¢(T)T"x = T"q(T)x Cc T"(X \U) Cc X\ U.
Thus ¢(T)U Cc X\ U.

Let p € P. We have

q(T)p(T)x = p(T)q(T)x € p(T)F = p(T){T"x:n=0,1,...}~
c{T"p(T)z:n=0,1,...}- C X\ U.
Hence ¢(T)M C X \ U, a contradiction.
(e) x is hypercyclic for T

Proof. The set {p(T)x : p a non-zero polynomial} is connected, contains points of
U (e.g., ) and contains no boundary points of U. Therefore

{p(T)z : p a non-zero polynomial} C U

and
F =U > {p(T)z : p a non-zero polynomial}~ = X.

Hence zx is hypercyclic for T. O

Corollary 10. Let T € B(X), k € N. Suppose that T is k-hypercyclic, i.e., there
are vectors xi,xs,...,xr € X such that Ule Orb(T, x;) is dense in X. Then T is
hypercyclic.

Proof. We have X = Ule Orb(T, x;) = Ule Orb(T, x;). By the Baire category
theorem, there is a j, 1 < j < k such that Orb(T, z;) has non-empty interior. By
Theorem 9, x; is hypercyclic for T'. 0

Corollary 11. Let T € B(X) be a hypercyclic operator. Then for every positive n,
the operator T™ is also hypercyclic. Moreover, T and T"™ share the same collection
of hypercyclic vectors.

Proof. Let x be hypercyclic for T. We have Orb(T, z) = U?;()l Orb(T™,T7z) and
as above, there is a k, 0 < k < n — 1 such that Orb(7™, T*z) has non-empty
interior. By Theorem 9, T*x is hypercyclic for T". Since T has dense range, the
set T"% Orb(T™, T*x) = Orb(T™, T"x) is also dense. So T™z is hypercyclic for
T™, and so x is also hypercyclic for T™. O

Let T € B(X) and let € X be a hypercyclic vector for T. Then z is also
hypercyclic for —T'. Indeed,

Orb(=T,z) D {(=T)*"z:n =0,1,...} = Orb(T?, z),

which is dense by Corollary 11.

Similarly, one can show that x is hypercyclic for each operator AT, where
A = 2™ with ¢ rational, 0 < t < 1. The next result shows that in fact z is
hypercyclic for each operator AT with || = 1.

It is easy to show that in general z is not hypercyclic for AT if |A] # 1.
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Theorem 12. Let T € B(X) be a hypercyclic operator and let A € C, |A] = 1.
Then AT is also hypercyclic. Moreover, T and NI share the same collection of
hypercyclic vectors.

Proof. For u,v € X set
F,,= {,u €T : pwv € Orb(A\T, u)}

Clearly F, , is a closed subset of the unit circle T = { € C: |u| = 1}.
The proof will be done in several steps:

(a) Let u € X be hypercyclic for T. Then F, , # () for all v € X.
Proof. There is a sequence (ny) of positive integers such that T"*u — v. Passing

to a subsequence if necessary, we can assume that (A\"*) is convergent, A\ — p
for some p € T. Then

[(AT)™ u — pol| < [J(AT)"*u — A" ol 4+ (A" — p)v[| — 0.
Thus p € Iy .

(b) Let w,v,w € X, p1 € Fy,, and pg € Fy 4. Then pipg € Fy .

Proof. Let € > 0. There exist nqy € N with ||[(AT)™v — pow| < /2 and ny € N
such that ||(AT)™2u — pyo|| < o7 |- Then

|AT) 2w — pyppw]| < ||(AT)™ ((AT)™2u — pav) || + || (AT)™ 0 — pow) || < e.
Hence pip2 € Fy .

Let z € X be a fixed vector hypercyclic for T. By (a) and (b), Fy , is a
non-empty closed subsemigroup of the unit circle T.

Suppose first that F, ;, = T. Then (a) and (b) imply that Fj , = T for each
y € X. In particular, 1 € F, ,, and so y € Orb(A\T, z) for all y € X. Hence « is
hypercyclic for \T'.

In the following we shall assume that F;, ; # T. We show that this assumption
leads to a contradiction.

(c) There exists k € N such that F, , = {e?™/F . j =0,1,...,k —1}.
Proof. Let s = inf{t > 0: e*™ € F, , }. Clearly, s > 0, since otherwise F , would
be dense in T. We have e?™* € F, ,. Let k = min{n € N: ns > 1}. If ks > 1,

then e2miks—1) ¢ F,»and 0 < ks — 1 < s, a contradiction with the definition of
s. Hence ks =1 and

FppD {2/ 5=01,... k—1}.

If there is an p € Fp . \ {e2™i/k . j = 0,1,...,k — 1}, then p = e*>™*
and jo/k < t < (jo + 1)/k for some jo, 0 < jo < k — 1. Then p - e~ 27W0/F =
e2milt—io/k) ¢ F, o where 0 < ¢t — jo/k < 1/k = s, which is again a contradiction
with the definition of s.

Thus F, , = {€2™/F . j=0,1,...,k —1}.
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(d) Let y € X be a vector hypercyclic for T'. Then there exists p,, € T such that
Fpy= {uye2”j/k :3=0,1,...,k—1}.

Proof. By (a), there are u € F, , and a € Fy 5. By (b), we have uF, , C F, , and
oly y C Fy ;. In particular, card F, , = card F; , and Fy , = ply » = {,uezmj/k :
i=0,1,...,k—1}

By the proof of Theorem 5, each non-zero vector y in the subspace generated
by = and Tz is hypercyclic for T. For such a y define f(y) = u* where u is any
element of F, ,. Clearly the function f is well defined by (d).

(e) f is a continuous function.

Proof. Suppose on the contrary that there exist non-zero vectors u,,u € \/{z, Tz}
such that u, — w and f(u,) / f(u). Without loss of generality we can assume
that the sequence (f(un)) converges to some a € T, a # f(u). Let p,, € Fy o,
Passing to a subsequence if necessary we can assume that u,, — p for some p € T.
Then ppu, € Orb(AT,z) and pnu, — pu. So we have pu € Orb(AT,x) and
p € Fy. Hence v = lim f(uy,) = lim puk = % = f(u), a contradiction. Hence f is
continuous on the set \/{z, Tz} \ {0}.

Proof of Theorem 12. Since z is hypercyclic for T', the vectors x and T'x are linearly
independent.

Let g : D — T be the function defined by g(z) = f(zz + (1 — |2|)Tx).
Clearly g is continuous. For all z satisfying |z| = 1 we have F, ,, = z_leJ
and g(z) = f(zx) = 27Ff(x) = 27F. It is well known that such a function g
cannot exist, see, e.g., [R], Theorem 10.40. Indeed, the function g would provide a
homotopy between the constant path 7 : (0,27) — T defined by 71 (t) = g(0) and
the path 7o : (0,27) — T given by () = g(e®) = e~*  which has the winding
number —k.

Thus F, , = T and the set Orb(AT), z) is dense in X. O

39 Weak orbits

By a weak orbit of an operator T' € B(X) we mean a sequence of the form
(T72,2%))32,, where z € X and z* € X*.

Some results concerning orbits also remain true for weak orbits. An example
is the statement of Theorem 37.5.

Theorem 1. Let T be an operator on a Banach space X, let (an)n>0 be a sequence
of positive numbers such that a, — 0. Then the set of all pairs (z,z*) € X x X*
such that

[Tz, x*)| > an||T"| for infinitely many powers n

is residual in X x X*.
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In particular, the set {(z,2*) € X x X* : limsup,, ., [(T"z,z*)|/" = r(T)}

is residual in X x X*.

Proof. For k € N set

M = {(z,2%) € X x X*: there exists n > k such that [(T"z,2*)| > a,|T"|}.

Clearly, My, is an open subset of X x X*. We prove that M} is dense. Let = €
X,z* € X* and € > 0. Choose n > k such that a, < 2. There is a vector
u € X of norm 1 such that || T"u| > 9% ||T"||. Let u* € X* satisfy [[u*|| = 1 and
(T™u, u*) = ||T™u||. We have
[(T™(x + eu),x* + eu™)| + {T™(x + eu), " — eu™)]
+ [(T"(x — eu), 2" +eu”)| + [(T"(z — eu), 2" — eu”)|
> (T (eu+ x),eu” + ) + (T"(eu + x),eu™ — z*)

+ (T"(eu —z),eu” + ") + (T"(eu — ), eu” — x™)

— (T e, eu)| = 42| T™u]| > dan||T"]).
Thus there is a pair
(v, y%) € {(z+eu, a* +eu”), (z+eu,a* —eu), (v —cu,z* +eu*), (v —cu,z* —cu*)}

such that [{T"y, y*)| > a,||T™|]. Hence (y,y*) € M), and M, is dense in X x X*.
By the Baire category theorem, the intersection M = (\;—, M, is a residual
subset of X x X* and all pairs (y,y*) € M satisfy [(T™y,y*)| > a,||T"| for
infinitely many powers n.
In particular, for a, = n~' we obtain that

A
limsup|<T"y,y*>|1/">limsup< " ) =r(T)

for all pairs (y,y*) in a residual subset of X x X*. O

The analogy of Theorem 37.8 for weak orbits is not true. If T' € B(X) and
an >0, a, — 0, then in general it is not possible to find z € X and z* € X* such
that |[(T™x,2*)| > a,r(T™) for all n, cf. C.39.4. However, it is possible to prove
some weaker results.

We start with the following lemma:

Lemma 2. Let X be a Banach space, T € B(X), r.(T) =1,n0 € N, e >0, m € N.
Then there are numbers ng < ni < --- < n,, such that in each subspace M C X
of finite codimension there exists a vector x € M of norm 1 with |T"z — z|| <
e (j=12,...,m).
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Proof. Let X € 0.(T), |\| = 1. Then A € 90.(T) C 0z(T). Find s € N such that
s> ng and |A° — 1| < e/2m. Then

AT =1 = A = 1[N0 xe0D 1) < /2

for j =1,2,...,m. Let € M be a vector of norm 1 satisfying || 7%z — Xz <
/2 (j=1,....,m). Then |[T¥z — x| < | Tz — X\z| + || Az —z| <e. O

Theorem 3. Let X be a Banach space, T' € B(X) and let (a;);>1 be a sequence of
positive numbers with a; — 0. Then there exist x € X, x* € X* and an increasing
sequence (n;) of positive integers such that

Re(T™z, ™) > aj - r(T)™
for all j > 1.

Proof. Without loss of generality we can assume that r(7) = 1 and that 1 > ag >
ap > ---. We distinguish two cases:

(a) Suppose that there are z € X, 2* € X* and ¢ > 0 such that |(T"xz,2*)| >
¢ for infinitely many powers n (i.e., T™ does not tend to 0 in the weak operator
topology).

Then

(T"z,2%)| < V2 -max{Re(T"z,z*),Re(T"z,iz*),Re(T"z,~z*),Re(T"x,—iz") }.

Thus there are ¢; > 0 and 2] € X* such that Re(T"x, x7) > ¢; for infinitely many
powers n. Hence we get the statement of Theorem 3 for a suitable multiple of x7.

(b) Suppose that (T"z,z*) — 0 for all x € X, 2* € X*.

Using the uniform boundedness theorem twice yields that M := sup{||T"] :
n = 0,1,...} < oo. The assumption also implies that there are no eigenvalues
of modulus 1, and so r.(T) = 1. Let s = 8M. Find numbers m;, € N such that
0=mg<mp <mg <--- and

1 .
aj S 1682k (k Z 07.] > mk)

We construct inductively sequences (ui)r>0 C X, (uf)r>0 C X* and an increasing
sequence of positive integers (n;) in the following way:

Set ugp = 0 and ug = 0. Let k£ > 0 and suppose that vectors uo, ..., ur € X,
Uy, - .-, uy, € X* and numbers ny,...,ny,, have already been constructed. Write
Tp = g g andxp =Y 0 ;f,l. Find gy such that [(T7zy, 25)| < 16i2k (j >
qx). Find numbers npm,, 11,...,%m,,, satisfying the properties of Lemma 2 for

€ = 1/16 such that

Max{ N, , @k} < Mnpt1 < Nmgt2 < -+ < Ny -
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Let B, = \/{T”jui 0< 1<k 0< ;< mk“}. By Lemma 37.6, there exists a
subspace Y}, of finite codimension such that

le+yll = max{llell/2, [lyll/4} (e € Ek,y € Y&).

Let upy1 € Yy N L<V{T*nju;ﬂ 1<i<k0<j< mk+1}) be a vector of norm 1
such that
1T up 1 = upa || <1/16 - (my <j < mppa).

Find uf,, € Ej such that [|u} | =1 and
(k1 Upqq) = dist{upqr, Ex} = 1/4.

Note that (T™u;, uj ;) = 0 and (T ug11,uj) =0 for all i <k and j < mypq1.
Continue the inductive construction, and set finally x = Efil gty and x* =

Ez?il 5?11 .
To show that x, z* and the sequence (n;) satisfy the properties required, let
k>0 and mg < j < mgy1. We have

Re(T™ z, ") = Re<T"-f (;ck +y° “;1),3:; +) ;jl >
i=k

i=k
= Re(T Tk, $k> + 8219 Re<T TUk41, Uk+1> + Z 2% RQ<T TUi41, ui+1>
i=k+1
- = 1652k =+ 52k (Re<uk+la uk+l> - Re<uk+1 =T TUk41, uk+l>) - i§1 g2t
1 ( 1 n 1 1 QM) S 1 S 0
_ _ _ Q..
826\ 16 4 16 s2 ) T 16s2k — 7

Corollary 4. Let X be a Banach space, let T € B(X), 0 < p < oo, 7(T) # 0. Then

the set - . . )
e $( T -]

n=0
is residual in X x X*.
Proof. For k € N set
My =1 (z,2%) € X x X*: i (T2, 2N
’ . n=0 T(Tn) .

Clearly My, is open in X x X*. To show that M}, is dense, let x € X, z* € X* and
€ > 0. By the previous theorem for a suitable sequence (a,,), there are u € X and
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n * p
u* € X* such that Z;’LO:(J(HTT(;;“) >|> = co. We can assume that ||u]| < & and
lu*|| < e. Since

(|<T"u,u*>|>p _ ‘ (T™(u + ), u* + z*) N (T™(u+ x),u* — z*)
r(Tm) 4r(T™) 4r(T™)
(T"(u —x),u* +2*)  (T"(u—x),u* —z*)|"
4r(T™) 4r(T™)
(T (u+ @), u” +a")| [(T"(u+ ), u” —a7)]
S R M
(T (u—z),w” +a%)] [(T"(u—z),u" — ") }p
(1) 7 (1) 7

gy \ P
we have that Zf:()(I(TT(%;}’) >|> = oo for at least one pair

(y,y") € {(x—i—um* +u"), (x+u,z* —u), (x —u,z* +u*), (r —u,z* —u*)}

Thus My, is dense in X x X* and

. (T, )\ P
M:OMkZ{(x,a:)eXxX () =
is residual in X x X*. ]

The following result is analogous to Theorem 37.14.

Theorem 5. Let X,Y be Banach spaces, let (T,,) C B(X,Y) be a sequence of

operators. Let a,, >0, Y07 | 1/2 < 0. Then there are x € X, y* € Y* such that
[(T"x,y*) > a,||T"| for all n. Moreover, given balls B C X B’ C Y* of radii

grater than ) . | an/ then it is possible to find x € B and y* € B'.

Proof. Lets:zmﬂa}/Q Letue X,v* € Y*ande > 0. Wefindx € X, y* € Y*
such that ||z —u|| < s+e, ||y* — v*|| < s+¢e and (Thz,y*)| > a,||Th|| for all n.
Without loss of generality we may assume that 73, # 0 for all n. For n € N

let al, = (s4e)2y2- Then S ;1/2 <1
For n € N find z, € X such that ||z,[| = 1 and ||T,2]| > *77/?|T,]. By
Theorem A.5.1 applied to X*, there exists y’* € Y* such that [ly"" — * || <1
and T
nTn /*> ;7 1/2
V)| 2 Ay
for all n.

Applying Theorem A.5.1 again to the functionals we obtain 2’ € X

”T* I*” )

*, !

such that [|2" — Y [| <1 and ’<Z‘ ) H;H*Z'*H >‘ > /Y2 for all n. Set x = (s + £)a’
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and y* = (s +¢)y’". Then ||z — ul| < s +¢ and ||y* —v*|| < s+e. For n € N we
have
(T, y™)] = (s + )2, Try'™ ) > (s +€)2al, 2| Ty |
> (s +e)2al, | (wn, Try ™) > (s + €)%, | (Taan, )]
(s+¢)? s+¢g/2

> (s 4oV anllTuenll 2 an 7 iy

ITnll > an||Toll. O

Corollary 6. Let X, Y be Banach spaces, T,, € B(X,Y), S°0 [T, 72 < 0.
Then there exist x € X and y* € Y* such that |(T,x,y*)| — co. Moreover, the
set of such pairs (x,y*) is dense in X x Y™*.

Proof. Let u € X, v* € Y*, € > 0. By Lemma 37.15, we can find positive numbers
f3,, such that 8, — co and s = | \|Tﬁﬁbl/2 < 0.

Find ng such that Y>" 3,]T,|~'/? < e. By Theorem 5, there are z € X
and y* € X* such that ||z —ul| <e¢, ||y* — v*|| < e and

(@) oI = 6
for all n > ng. Hence [(T™z, y*)| — oo. O
Corollary 7. Let X be a Banach space, let T € B(X). Then the set
{(z,2") € X x X" : liminf (T2, a*) |V = r(T)}

is dense in X x X*. In particular, there is a dense subset L of X x X* with the
property that the limit lim,, o |(T™x, z*)|*/" exists and is equal to r(T') for each
pair (z,z*) € L.

Proof. Let u € X, u* € X* and € > 0. Find ng such that > n=3/2 < e. By
Theorem 5, there are © € X and z* € X* such that ||z —u|| < e, ||z* —u*|| < e
and

(T2, a*)| > n 2T

for all n sufficiently large. Then

nILH;O |<Tnx,$*>|l/n > nlggo nfS/nHTnHl/n = (7).

So limy, oo [(T"x, z*) /™ = 7(T). O
Better results are true for Hilbert space operators.

Theorem 8. Let H, K be Hilbert spaces, let (T,,) C B(H,K) be a sequence of
operators. Let a, >0, >, a, < oo. Then:
(i) there are x € H, y € K such that |[(T"x,y) > a,||T"|| for all n.

(ii) there is a dense subset of pairs (x,y) € H x H such that |(T"z,y)| > an || Tl
for all n sufficiently large.
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Proof. (i) By Theorem 37.17, there exists x € H such that ||T,z|| > a}/2||Tn|| for

all n € N. By Theorem A.5.2, there is an y € H such that

T,x
’<||Tnx||’y>’ > a;l?

for all n € N. Then [(T,,z,y)| > a}/2||Tnx|| > a,||Ty|| for all n € N.

(ii) Let w € H, v € K and € > 0. By Theorem 37.17 (ii), there exists z € H,
x — u|| < € such that [|T},x|| > a}/2 T,.|| for all n sufficiently large.
[ = ull y larg

Consider the operators y — (T,,z,y) from K to C. Using Theorem 37.17 (ii)

again, there exists y € K such that ||y — v|| < £ and
(Toz,y)| = ai/zllTn%H = an|| Tyl

for all n large enough. 0

Corollary 9. Let H be a Hilbert space, T € B(H), > ", |[T™||~! < co. Then there
exist z,y € H such that [(IT"x,y)| — oco. Moreover, the set of such pairs (z,y) is
dense in H x K.

Proof. By Lemma 37.15, there are (3, — oo such that > 7, Hﬁ" < o0. By

Theorem 8, there is a dense subset of pairs (x,y) € H x H such thj;?cu
(@)= T = 6,
17
for all n large enough. Hence [(T™z,y)| — oc. O
Theorem 10. Let X,Y be Banach spaces, let T1,Ts, ... be a sequence of non-zero

operators from X toY and let 0 < p < 1/2. Then the set
e T: * P
{am ey (M) ool
2\
is residual in X x Y'*.
If X, Y are Hilbert spaces, then the same statement is true for all p, 0 < p < 1.
Proof. For k > 1 set
et T- * p
My = {(x,y*) EXXY*: Z<|< ﬂ;ﬁ >|> > k}
=1 !

Clearly, M} is an open subset of X. It is sufficient to show that My is dense.
Indeed, by the Baire theorem, the intersection (1), M = {(z,y*) e X xY*:

(Tjzy*) NP . ) ] .
Ej 751 = 00 is a dense G subset of X x Y*.
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Fixue X,v*eY* d>0and k€ N. Let ¢ = 1_172” and a, = n21+5. Then

e>0and) at/? < 0o. Let ng satisfy Z;L”:no ai/? < 6. By Theorem 5, there exist
u € X, v* € Y* such that ||z —u| <9, [|[y* —v*|| < ¢ and [(Tz,y*)| > an [Tyl
for all n > ng. Then

o0 p o0 o0
(T, y™)| 1
> ab = = 00.
S() R w2
Hence (x,y*) € My, and My, is dense in X x Y*.

The statement for Hilbert space operators can be proved similarly. O

We finish this section with an important partial case in which the statement
analogous to Theorem 37.8 is true for weak orbits. For simplicity we formulate it
only for Hilbert space operators; for Banach space analogy see C.39.4.

An operator T € B(X) is called power bounded if sup,, ||[T"| < co. T is of
class Cp. if |T™z|| — O for all x € X. T is of class C1. if there is no non-zero « € X
with ||T"xz|| — 0. T is of class C.o (C.1) if T™ is of class Cy. (C1.). Finally, T is
of class Cop (o, = 0,1) if T is both of class Cy. and C.5. We start with the
following lemma.

Lemma 11. Let K > 1. Then there exist positive numbers ¢; (i € N) such that
Syt =1land Y2, . ¢} >3Kc forall k > 1.

=1 "1

Proof. Note first that

Jim. K2y = o0, (1)
i=k+1

Indeed, we have Y22, i3 > [% 2743 dz = 3(k+1)7'/%, and so

o k2/3
lim k2/3 Z i3 > lim 3

= OQ.
—00 —00 + 1/3
k Papai] k (/ﬂ ].) /

By (1), there exists ko such that

) o) 1/2
AN D e 3K(Zi‘4/3> (2)
i=k+1 i=1
for all k > kg. For j € N set

0o —1/2
Cj:(j+ko)2/3< > i“”’) :

i=ko+1
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Then Y 02, ¢ = 1. Let k > 1. Then, by (2),

=1

00 00 1/2
w2 (et 3R (i)
> =" > % kot ko)~
i=k+1 S S8
i=ko+1 i=ko+1
—2/3
3K (k + ko) 3K e, -

R ( > i—4/3>1/2 B

1=ko+1
The next result is an analogy of Theorem 37.8.

Theorem 12. Let T be an operator of class Cy. acting on a Hilbert space H
such that 1 € o(T). Let (an)p, be a sequence of positive numbers such that
lim, .o a, = 0 and supa, < 1. Then there exists * € H of norm 1 such that
Re(T"x,x) > ay, for alln > 1.

Proof. By the Banach-Steinhaus theorem, T is power bounded. Let K =sup,, [|T"]|.
Clearly K > 1 and r(T) = 1.

Suppose first that 1 ¢ o.(T). Then 1 is an eigenvalue of T" and there exists
x € H of norm 1 such that Tx = . Then Re(T"x,z) =1 for all n.

Let 1 € 0.(T). Then 1 € 9o.(T), and so T — I is not upper semi-Fredholm,
see Proposition 19.1. Consequently, for all € > 0 and M C H with codim M < oo
there exists w € M of norm 1 such that ||Tu — u|| < e. Moreover, given ng € N,
we also can find v € M of norm 1 such that || T7v — v|| < € for all j < no.

Replacing the numbers a,, by sup{a; : i > n} we can assume without loss of
generality that 1 > a; > ag > ---. By Lemma 11, there are positive numbers ¢;
such that Y%, ¢ =1 and Y .2, ., ¢ > 3Kcy, for all k > 1.

For i = 1,2,... let §; be a positive number satisfying §; < 1;?1 and 0; <
min{, K%, ck=1,...,i+1}.

Find mo € N such that a,,, < Zi2 cf — 3K 1. We construct inductively an
increasing sequence (m;)2, of positive integers and a sequence (z;)2,; C H in
the following way:

Let k£ € N and suppose that x; € H and m; have already been constructed
for all 7 < k. Choose z € X of norm 1 such that

o LTx; (i <k,0<j<mip1) and [Tz, —apll <0 (5 < mp—1).
Find myj > my_1 such that
T2 <6, (i <kyj>my)

and

oo
U, < E 2 —3Kcpya.
i=k+2
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Suppose that x; and m; have been constructed in the above-described way.
Set @ = >, ¢;z;. Since (z;) is an orthonormal sequence, we have

Jall = (3 2) "~ 1.

=1

For n < mg we have

oo o0

Re(T"z,z) = ReZci<T”xi, x) = ReZci(@ci, z) — (x; — T";,2))

i=1 i=1
ZZC?—ZQ’”Z}'—T“IZ'” Zl—ZC¢5i >1—Z oi Y= a1 > ay.
i=1 i=1 i=1 i=1

Let k> 1 and mi_1 < n <myg. Then

k—1 00
Re(T"z,z) = Rez ci(T"x;, x) + Recp (T"xk, x) + Re Z ci{T"x;, x)
i=1 i=k+1
k—1
> — ZcZHT x;|]| — Kci + Re Z cl< X, x) — (x; —T"xi,a:>>
i=k+1
> — Zczék 1 — Ky, + Z c — Z cil|lwi — T
1= k+1 1= k+1
> —(k—1)0k1 — Keg + Z c; - Z 5;
i=k+1 i=k+1

o0
> Z cf —3Kck > am,y_, > Gn.
i=k+1

Thus Re(T"z,x) > a,, for all n > 1. O

Corollary 13. Let T € B(H) be an operator of class Cy. satisfying r(T') = 1. Let
an >0 (neN) and a,, — 0. Then there exists x € H such that |(T"z,z)| > ay,
for all n € N. Moreover, given € > 0, it is possible to find x € H with this property
such that ||z|| < sup,, an/ +e.

Proof. Let A € o(T), |\| = 1. Then 1 € o(A~!T) and the statement follows from
Theorem 12. 0

Let C be a subset of a Banach space X. We say that C'is a coneif C+C C C
and tC C C for all t > 0.

Theorem 14. Let T be an operator a Hilbert space H of class Cy. such that
1 € o(T). Then T has a non-trivial closed invariant cone.
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Proof. By Theorem 12, there is a non-zero vector x € H with Re(T"xz,x) > 0
for all n. Let C = {3/, T’z :n € Nyoy > 0for 1 <i <mn} . Clearly C is a
closed cone invariant for T. We have z € C, so C' # {0}. For each u € C' we have
Re(u,x) > 0, so C # H (for example, —z ¢ C). O

The assumption that T is of class Cj. is not essential. It can be omitted by
a standard reduction technique.

Let X,Y be Banach spaces, T' € B(X) and S € B(Y). We write T < S if
there is a one-to-one operator A : X — Y with dense range such that AT = SA.
We say that T is quasisimilar to S if T < S and S < T. It is easy to see that
T < S implies $* < T*. Furthermore, if T < S and S <V, then T < V.

Theorem 15. Let T' be a power bounded operator of class C11 acting on a Hilbert
space H. Then T is quasisimilar to a unitary operator.

Proof. Fix a Banach limit — a linear functional LIM : £>° — C such that, for all
(an) € £°°, we have LIM (ap+1) = LIM (ay), ap >0 (n €N) = LIM(a,) >0
and LIM (a,) = lim a,, whenever (a,,) is a convergent sequence.

Define in H a new norm ||| - ||| by |||z||| = LIM|T™z||. Clearly, |||x||| >
inf,, |T"z|| > 0 for each x € H, x # 0. Then H with this norm is a pre-Hilbert
space (since the norm ||| - ||| can be defined by the new scalar product [z,y] =
LIM(T"xz,T"y)). Let k = sup [T". Clearly [[[z[|| < k=[] and [||Tz[[| = [[=[]|
for all x € H.

Let K7 be the completion of the space (H, ||| - |||) and let U; € B(K7) be the
uniquely determined extension of the operator  — T acting in (H, ||| -|||). Then

U; is an isometry.

Since T is of class C1, the operator T* is one-to-one, and so T has dense
range. Consequently, U; has a dense range in K7, and so it is unitary. Let Wy :
H — K, be the operator induced by the identity on H. Clearly ||Wy| < 1, W is
one-to-one and has dense range. We have W1 T = Uy;W; and so T' < Us.

Applying the same considerations to T* instead of T, there are a Hilbert
space Ky and a unitary operator Uy € B(K3) such that T* < Us,. Consequently,
Uy <T < U; and so Uy < Uy. Let W : K9 — K; be a one-to-one operator with
dense range satisfying WU5 = U;W. By the Fuglede-Putnam theorem, WUy =
UW, which means Uy < U7. Thus Uy < Us. Hence Uy < U5 <T < Uy and T is
quasisimilar to Uj. g

Theorem 16. Let dim H > 2 and let T € B(H) be a power bounded operator of
class C11. Then T has a non-trivial closed invariant subspace.

Proof. By Theorem 15, T is quasisimilar to a unitary operator U € B(K). So there
are one-to-one operators Wy : H — K and W5 : K — H with dense ranges such
that WlT = UWl and TW2 = WQU

We have (W1W2)U = W]TW2 = U(W1W2)
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If U = A for some A\ € C, then W1Tx = AWz, and so Tx = Az for all
x € H. Hence T has non-trivial closed invariant subspaces.

If U is not a scalar multiple of the identity, then cardo(U) > 2. Let Ky C K
be any non-trivial spectral subspace of U. Then UKy C Ky and W1W12Ky C Ky,
since W1 Ws commutes with U.

Let Hy = Wy Ky. We have TWo Ko = WoUKy C WKy C Hy and so THy C
H,. Clearly Hy # {0}. Further, WiW2Ky C Ky, and so Wa K, C Wl_lKO and
Hy C WflKo. Since W; has dense range, WflKo # H, and so Hy is non-
trivial. O

Theorem 17. Let T' be a power bounded operator on a Hilbert space H such that
1 € o(T). Then T has a non-trivial closed invariant cone.

Proof. Let Hy = {x € H : T"x — 0}. Then H; is a closed subspace of H invariant
for T'. If Hy is non-trivial, then T has even a non-trivial closed invariant subspace.
If H = H, then the statement follows from Theorem 14. Therefore we may assume
that Hl = {0}

Let Hy = {z € H : T*"z — 0}. Then Hy is a closed subspace invariant for
T*, and so Hj is a closed subspace invariant for T'. If Hy is non-trivial, then the
theorem is proved. If H, = H, then, by Theorem 12, there is a non-zero vector
z € H with Re(T"z, ) = Re(x, T*"z) > 0, and so x generates a non-trivial closed
cone invariant for 7.

Hence we may assume that M7 = {0} = M5. So T is of class Cy;. If dim H >
2, then T has a non-trivial closed invariant subspace by Theorem 16. If dim H = 1,
then T' = I and the statement is clear. g

40 Scott Brown technique

The Scott Brown technique is an efficient way of constructing invariant subspaces.
It was first used for subnormal operators but later it was adapted to contractions
on Hilbert spaces and, more generally, to polynomially bounded operators on
Banach spaces. Some results are also known for n-tuples of commuting operators.

We are going to give two illustrative examples showing how this method
works.

The basic idea of the Scott Brown technique is to construct a weak orbit
{{T"x,z*) : n = 0,1,...} which behaves in a precise way. Typically, vectors
x € X and z* € X* are constructed such that

Equivalently,
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for all polynomials p. Then T has a non-trivial closed invariant subspace. Indeed,
either Tx = 0 (and = generates a 1-dimensional invariant subspace) or the vectors
{T™z : n > 1} generate a non-trivial closed invariant subspace.

The vectors x and x* satisfying the above-described conditions are con-
structed as limits of sequences that satisfy (1) approximately.

Let D = {z € C: |z| < 1} denote the open unit disc in the complex plane
and T = {z € C: |z| = 1} the unit circle. Denote by P the normed space of all
polynomials with the norm ||p|| = sup{|p(z)| : z € D}. Let P* be its dual with the
usual dual norm.

Let ¢ € P*. By the Hahn-Banach theorem, ¢ can be extended without chang-
ing the norm to a functional on the space of all continuous function on T with the
sup-norm. By the Riesz theorem, there exists a Borel measure p on T such that
lull = [1¢]l and ¢(p) = [ pdp for all polynomials p. Clearly, the measure is not
unique.

Let L' be the Banach space of all complex integrable functions on T with

the norm || f[|x = b [T | f(e™)|dt.

Of particular interest are the following functionals on P:

(i) Let A € D. Denote by £y the evaluation at the point A, i.e., £ is defined by
Ex(p) =p(\) (p € P). Clearly, ||€x] = 1.

(ii) Let f € L. Denote by M; € P* the functional defined by

1 [T , ,
Mi) = o [ pesEend pen),
Then [[Mg| <[]l
The evaluation functionals £, are also of this type. Indeed, for A € D we have
. 2
Ex = Mp,, where Py(e®) = Ii:‘;‘llg is the Poisson kernel. In particular, if g = 1,
then My(p) = p(0) for all p, and so M, is the evaluation at the origin.

(iii) Let £ > 0 and let T': X — X a polynomially bounded operator with polynomial
bound k, i.e., T satisfies the condition ||p(T)| < k||p|| for all polynomials p. Fix
x € X and z* € X*. Let x ® z* € P* be the functional defined by

(z@a")(p) = (p(T)z,2")  (p€P)

Since T is polynomially bounded, x ® z* is a bounded functional and we have
@z || < K] - f|=].

Of course the definition of z ® z* depends on the operator T but since we
are going to consider only one operator 7', this cannot lead to a confusion.

By the von Neumann inequality, any contraction on a Hilbert space is poly-
nomially bounded with polynomial bound equal to 1.
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Denote by L the space of all bounded measurable functions on T with
the usual norm. Since P C L = (L')*, the space P inherits the w*-topology
from L.

Of particular importance for the Scott Brown technique are those functionals
on P that are w*-continuous, i.e., that are continuous functions from (P, w*) to
C. Equivalently, these functionals can be represented by absolutely continuous
measures. For basic properties of w*-continuous functionals on P see Appendix 6.

Let T € B(X) be a polynomially bounded operator such that ||T™u| — 0
for all w € X. Then all the functionals x ® z* can be represented by absolutely
continuous measures. Equivalently, these functionals are w*-continuous.

For each polynomially bounded operator T' is is possible to extend the poly-
nomial calculus by continuity to the norm-closure of P, i.e., to the disc algebra
A(D). If T is of class Cy., then it is even possible to extend this functional calculus
to H*°. We summarize the results in the following theorem.

Theorem 1. Let T € B(X) be a polynomially bounded operator with polynomial
bound k. Suppose that ||[T"u|| — 0 for all uw € X. Then:

(i) z®x* can be represented by an absolutely continuous measure for all x € X
and x* € X*. Equivalently, x ® x* is w*-continuous;

(ii) there exists an algebraic homomorphism H*® — B(X), h € H>® — h(T)
such that

|R(T)|| < k||h| for each h € H>;

h(z)=1= h(T)=1I;

h(z)=z=h(T)=T;

if b, by € H®, hy-“h, then ||(hn(T)z — h(T)z| — 0 for each z € X;

(iil) the set {h(T)x : h € H*,|h|| <1} is compact for all z € X.

Proof. (i) Recall that a sequence (p,), C P is called Montel if sup ||p,|| < oo and
lim p,(z) = 0 for all z € D. We show that (p,(T)z,z*) — 0 for any Montel
sequence (py).

Without loss of generality we can assume that sup ||p,|| < 1, ||z|| < 1 and
[z*[| < 1. Let pn(2) = 32724 ¢n,j2°. By the Cauchy formula and the Lebesgue
dominated convergence theorem, we have lim, .o ¢, ; = 0 for each j > 0.

Let € be a positive number such that e < 2k. Choose I such that || T'z| <
¢/ 4k. There exists ng sufficiently large such that for every n > ny we have |c, ;| <

e/2lk (j=0,...,1). Fix such an n and write g(z) = Zé‘;é ¢n,j27. Then py(z) =
g(2) + z'h(z) for some polynomial h. Clearly |g|| < Z;;B leni| < €/2k and
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|l = |lpn — g||- Thus

[(pn (T2, 27)| < llpn(T)z]| < lg(T)z]l + [|(pn — 9)(T)z|
< kllgll + IR - |T']) < J +klpa —gll-
<o+ (pall +llgh) <.

Thus (p,(T)z,z*) — 0. By Theorem A.6.3, x ® z* is w*-continuous.

Note that we have proved even that ||p,(T)z| — 0 for each Montel sequence
(Pn)-

(ii) By (i) and Theorem A.6.3, for all z € X and z* € X* there exists
fezr € LY such that ||f]|1 < k|z| - |=*|] and (p(T)z,z*) = 217r O%p(e“)f(e“) dt
for all p € P.

For h € H* define Fj,(z,z*) = ;. fOQTr h(e®) fr .- (e')dt. Clearly, F), is a
bilinear form and |F},(z,z*)| < k||z|| - ||«*|| for all x € X and z* € X*. Hence F},
defines a bounded linear operator h(T') : X — X** by (h(T)z,z*) = Fy(z,z*).
Clearly, ||h(T)| < k||h|| and the mapping h +— h(T) is linear.

Moreover, for each k € N and p € P we have

1 o it 1kt
o | P () = v ()
= (p(T)T*w,z*) — (p(T)T*z,2*) = 0,
and so, for each h € H,
1 27 ) ) )
(") (T, z*) = 277/0 h(e™)e™ f, o(e™)dt
1

2m

= / R(e™) frig o (€) dt = (W(T)T*z, z*).
21 Jo ’

Hence (2*h)(T) = h(T)T*.

As in (i), we can prove that ||k, (T)z| — 0 for every € X and every Montel
sequence (hy,) C H*. For each h € H* there is a sequence (p,) C P such that
Pn——h. Hence h(T)x = limy oo Pn(T)z € X and h(T) € B(X).

We show that the mapping h — h(T") is multiplicative. Let h, h’ € H*>. There
exist sequences (p,,), (pl,) C P such that p,~——h and p/,~~~h'. Then p,p!,~——hh'
and

(hh)(T)x = nlgr;o pn(T)p (T)z = nh_{lgo oo (TN (T)z = W(T)I (T )z.

(iii) Let z € X and let (g,) C H* be a bounded sequence. Then there exists
a pointwise convergent subsequence gy, Xg for some g € H*®. Then In, (T —
g(T)x, which means that the set {h(T)z : h € H*®, ||h| < 1} is compact. O
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Proposition 2. Let T' € B(X) be a polynomially bounded operator with polynomial
bound k, let A\ € C, x € X, 2* € X*, ||z|]| =1 = ||Jz*|, e > 0 and |[(T — M)z|| < e.

Then
2ke

|z ® z* — Exlx, )| < Ll

Proof. We have

||5r3 Q" — 5>\<x,a:*>|| = ”sh1£)1|(p(T)x,a:*> —p(/\)<.73,33*>|.

. z)— A 2
For p € P, ||p|| = 1 write ¢(z) = * Z)f;\( ). Then ||q|| < 1J1|7>‘\|\ = 172”\'. Thus

[(p(T)z, 2*) — p(N){z, 2*)| = [{a(T)(T = Nz, z")|
2ke

< oDl =Nl < 7 =

The previous lemma shows that the points in the approximate point spectrum
of T are of particular interest for the Scott Brown technique. Even more useful
are the points of the essential approximate point spectrum. For simplicity, we
formulate the next result only for Hilbert space operators. However, it can be
adapted to Banach spaces easily.

Proposition 3. Let T' be a polynomially bounded operator on a Hilbert space H.
Let uy,...,un € H, A\ € 0,¢(T) and € > 0. Then there exists x € H of norm 1
such that L {uy,...,u,} and

lr@x—E <e,
lr@u||<e  (i=1,...,n),
|lui@z|<e  (i=1,...,n).

Proof. Since the set {p(T)x : p € P,|p|| < 1}~ is compact, there are vectors
V1,...,Um € H such that dist{p(T)z,{v1,...,vm}} < € for each polynomial p,
Ip|| < 1. Choose z € {u1, ..., tn, v1, ..., v}, 2] = Land [(T=N)z|| < <O M,
where k is the polynomial bound of 7. Then the first two inequalities are satisfied
by Proposition 2.

For the last inequality (note that the second and third inequalities are not
symmetricall), let i € {1,...,n} and p € P, ||p|| < 1. Find j such ||p(T)u;—v,|| < e.
Then

[p(T)us, )] < [(p(TYus — vy, 2)] < [p(T)a — vj]] < e. 0

Now we are able to give an illustrative example how the Scott Brown tech-
nique can be applied.

A subset A C D is called dominant if sup,c, [f(2)] = || f|| for all f € H*,
see Appendix 6.
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Theorem 4. Let T' be a polynomially bounded operator of class Cy. on a Hilbert
space H such that o(T) N'D is dominant in D. Then T has a non-trivial closed
invariant subspace.

Proof. Without loss of generality we can assume that neither 7" nor T™* has eigen-
values. In particular, o,.(T) = o(T).

By Proposition 3, we can approximate (with an arbitrary precision) the eval-
uation functionals & for A € o,.(T) by the functionals of the type x ® x with
x € H, ||z|| = 1.

We show first the following result:

(a) Let ¢ € P* be a w*-continuous functional, let x,y € H and £ > 0. Then there
are «’,y’ € H such that
||I/ ® y/ - d)” <g,
2 — 2|l < |z @y — |2,
Iy =yl < lz @y — |2

Proof. By Theorem A.6.4, there are elements \1,...,\, € 0xe(T) and non-zero
complex numbers aq, ..., a, such that Y1 | |a;| < ||z @ y — ¢|| and
HI@?J—1/)+ZQZ'8)\1. < 5/2.

i=1

Let § be a sufficiently small positive number.

By Proposition 3, we can find inductively mutually orthogonal unit vectors
Ui, ...,U, € H such that

|z ® u;l| < 0,
l[us @yl <4,
lus @usll <6 (i #J),
||u1 X U; — 8)\1- < 0.
Seta’ = z+Y 1, o172 Wi and Y = y+> 1, ||/ ?u;. Since the vectors ug, . . ., u,

are orthonormal, we have ||z’ — z|? = 31", |a;| < ||z ® y — 9|, and similarly,

lv' —y||? < || ® y — ¥||. Furthermore,
+ HZ i (us @ u; — Ey,) ’
i=1

+ ) il P lui @ yll + > el Pl @ will + Y el - oy - flus @ |
i1 i=1 itj

< 5/2+(5<Z |ovi] +QZ i |2 + Z |ai|1/2|aj|1/2> <e
i=1 i=1

i#]

lo' 0y =l < |z oy —v+ Y @i,
=1

provided 9 is sufficiently small.
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(b) There are z,y € H such that z @ y = &.

Proof. Set xy = 0 = yo. Using (a) it is possible to construct inductively vectors
zj,y; € H (j € N) such that

;@ y; — ol <277,
21 — 5]l < llo; @ y; — El/* <277 and
lyj+1 —yjll <277,

Clearly, the sequences (z;) and (y;) are Cauchy. Let z and y be their limits. It is
easy to verify that x @ y = &y. Indeed, for each polynomial p with ||p|| = 1 we have

[(p(T)z,y) = (P(T)2n, yn)| < [P(D)2,y = yn)| + [(P(T) (@ = 2n), yn) |
< klly = ynll - llz]l + Kllz = znll - f[ynl],
and so (p(T)z, y) = limp—oo (p(T)Tn; yn) = p(0).
It was shown above that (b) implies the existence of a non-trivial closed
invariant subspace. Indeed, M = \/{T"x : n > 1} is a closed subspace invariant

for T'. Since we assumed that o, (7T") is empty, we have Tz # 0. We have y # 0 and
(T™z,y) =0 for allm > 1, and so M # H. O

The condition that Tz — 0 for all x € H can be omitted by a standard
reduction argument.

Theorem 5. Let T be a polynomially bounded operator on a Hilbert space H such
that the spectrum o(T) N D is dominant in D. Then T has a non-trivial closed
invariant subspace.

Proof. Let My = {x € H : T"x — 0}. It is easy to see that M; is a closed subspace
of H invariant for T. If M; = H, then T has a non-trivial invariant subspace by
Theorem 4. Thus we can assume without loss of generality that M; = {0}.

Let My = {z € H : T*"z — 0}. Then M; is a closed subspace invariant for
T*. Consequently, M- is invariant for 7. If My = H, then T* has a non-trivial
closed invariant subspace by Theorem 4 and so has T'. Thus we can also assume
that M2 = {0}

Hence T is of class C11. By Theorem 39.15, T is quasisimilar to a unitary
operator. By Theorem 39.16, T has a non-trivial closed invariant subspace. 0

The assumption that the spectrum of 7' is dominant can be replaced by a
weaker assumption that o(7') D T. Note that the points A € o(T") with |A\| =1
cannot be used directly in the Scott Brown technique, cf. Proposition 2.

The following lemma gives the basic idea how to use the information that
o(T) D T for the Scott Brown technique.

Definition 6. A subset A C D is called Apostol if
sup{r € [0,1) : re? € A} =1

for all but countably many numbers 6 € (—m, 7).
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Theorem 7. Let T' be a polynomially bounded operator on a Banach space such
that o(T") D T and T has no non-trivial closed invariant subspace. Let € > 0. Then
the set

{\ €D : there exists u € X with ||ul| =1 and |Tu — | <e(1—[\)?}  (2)

is an Apostol set.

Proof. We can assume that T'— X is one-to-one with dense range for each A € C
(otherwise T' has a non-trivial closed invariant subspace). Thus T'— X is invertible
forall A\ € D\ A and ||(T — M) 71| < E(lfw)Q. Clearly, o(T) C D and for |A] > 1

we have ||(T— )7 = H— DA H S wk_p where k is the polynomial bound
of T.

Suppose that the set A defined in (2) is not Apostol. Then there exists an
uncountable set 2 C T such that, for each w € §2, there exists r,, < 1 such that
{rw:r, <r <1} Cc D\ A. Consequently, there exists a component G of the open
set D\ A and mutually distinct points wy, .. .,ws such that {rw:r, <r <1} C G
for j =1,...,4. Suppose that wy,...,ws are arranged in counter clockwise order.

It is possible to find two rectifiable simple closed curves I', TV such that I' N
I'=0,'NT = {wy,wa}, I’ NT = {ws,ws}, [' and I" intersect T along radial
segments and T'ND C G, IV ND C G.

Define operators

= 1./(z—w1)2(2—w2)2(2—T)_1dz
27 T
and )
A= / (z —w3)?(z —wy)?(z — T) ' dz.
27 T

By definition, A and A’ are well-defined operators commuting with 7. Hence AX
is a closed subspace invariant for T'. To show that AX is non-trivial it is sufficient
to show that A #£0, A’ #0 and A’A = 0.

Let A= {T, A, A’} (the bicommutant of {T, A, A, }). Then A is a commu-
tative Banach algebra and oA (T) = oB8(¥)(T).

Fix a point 7 € T surrounded by T'. Then n € o4(T) and there exists a
multiplicative functional ¢ € M(A) such that ¢(T) = n. We have

p(A) = 27172. /F(z —wi)?(z —w2)?p((z = T)" 1) de
- 271m' /F(Z —wi)?(z —w2)?(z =) Tdz = (n —w1)?*(n — w2)®

by the Cauchy theorem. Thus ¢(A) # 0, and so A # 0.
Similarly, A’ # 0.
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For the proof that AA” = 0 we use the resolvent equality. With the notation
p(2) = (2 = w1)?*(z — w2)?, ¢(2) = (2 — w3)*(z — wa)? we have

(27ri)2A’A:/,/Fp(z)q(w)(z—T)_l(w—T)_1 dzdw
:/ /p(z)q(w) ((z—T)’l—(w—T)*l) dzdw
Jr o w—=z

- /FP(Z)(Z - T)_l(/r, 5(1—”1 dw) a

_ / g(w)(w — T)—l(/F u]j(—Z)z dz) dw = 0

since the inner integrals are equal to 0 by the Cauchy theorem. g

Note that points A satisfying (2) provide less information than the points of
the approximate point spectrum. On the other hand, we have a larger set of such
points (any Apostol set is dominant but not conversely).

For every A € D, let Py(t) = &:Z‘ﬁz (t € R) denote the Poisson kernel.

Recall that ffﬂ Py dt = 27 and max; Py(t) = i‘li\\l\

For A = re? € D with [\| > 3/4, set I, = {e' : [t — 0] < 2(1 —r)} and define
the 27—periodic function Q@ on R by: Qx(t) = Px(t) if e € I, and Q(t) = 0
otherwise. Denote by m the Lebesgue measure both on the real line R and on the
unit circle T.

. T T
Lemma 8. For any A\ € D with |[\| > 3/4 we have [*_Qx(t)dt > 7.

Proof. Without loss of generality we can suppose that A = r > 3/4. We have
sin?(1 —r) <sin(l —7) <1 -7 If [t| < 7 and e € Iy, then

cost > cos2(1 —r) =1—2sin*(1 —r) >2r -1
and |r — e*|2 = (r — cost)? +sin®t < (1 — r)? 4 t2. Hence

T 2(1—1”) 1— ,',,2
Qu(t)di = / C
2(1—r) |7 — €[?

—T —

2(1—r)
=2(1—1% / d
0

Ir — eit|2
2(1—r) dt
> 2(1—r?
) 1 2(1—r)
( r){l—ramgl—r}0
7 7
:2(1+r)arctg222-arctg\/3: ér O
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Corollary 9. For each A € D with |A| > 3/4 we have

[ - < 2 [ awar

Proof. By Lemma 8, we have the estimates

" (PA(t) — Qa(t))dt " Py(t)dt -1
B0 - @ar_ [ Roa () et s
S Qu(t)dt J7Qa(t)dt 6 7
Lemma 10. Let A C D be an Apostol set. Let t1, tos € R with —w < t; < t5 < 7.
Let f(t) =1 ift; <t <tq, and f(t) = 0 otherwise. Then there is an ny > 1 such
that for every n > ng there exist a finite set F' C A and positive real numbers
ay (A € F) with the following properties:
(i) In C{e:t; <t < ty} for any \ € F;
(ii) the sets Iy (A € F') are pairwise disjoint;
(i) m(Urer In) 2 4o, (t2 = 11);
(iv) [A| > 3/4 and [\" — 1| < § for all A € F;
(v) Lnerpon <2775
)

(i) T > ser A PA(t) — f(t)| dt < e1 (t2 — t1), where c1 =1 — g5

Proof. For every n > 1, set M,, = {t € (t1,t2) : '™ — 1| < 1/10}. Clearly for all
n sufficiently large we have

to — 11
10-27° ®)
Fix n satisfying (3). Let ¢ > 0 satisfy m(M,,) —e > (t2 —t1)/207. Let S C (t1,t2)
be the exceptional set of the Apostol set A, i.e., sup{0 <7 < 1:7e? € A} =1 for
all 6 € (t1,t2) \ S. Since S is at most countable, it can be covered by a countable
union U of open intervals with m(U) < /2. Then the set M’ defined by

m(My,) >

M = (Mnﬂ<t1+5/4,t2—5/4>)\U

is compact with m(M') > (to—t1)/ 207. For each t € M’ we can find r, > 3/4 such
that A\, == re? € A, [\ — 1| < 1/9 and I, C {e* : t; < s < t2}. Then {e** : s €
M'} C Uersr In,- Since {€” : s € M'} is a compact subset of the 1-dimensional set
T, there exists a finite subcover of (Iy,)tcn- such that any three of these subsets
have empty intersection. Considering a cover of the minimal cardinality with this
property it is easy to see that there are numbers Ay, ..., Ay € A with \; = |); |etsi
such that t; < 51 < -+ < s < {9, U§:1 I\, D {e¥* : s € M'} and LNy, = 0 if
|7/ — 7] > 2. Let Fy = {\1,As3,...} and F» = {)a9, Ay, ...}. Let F be one of the sets
F17 F2 such that

(U 8) (U ). (U )

AEF AEF] AEF,
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Then Iy NIy = § for all distinct A, X" in F, and m(UAepb\) > m(M')/2 >
(ta —t1)/40m. For any X € F, set ay = (1 —|A])(1 + [A])~!. Then ay > 0 and

ZO&)\< Zl—|>\| 72 I)\ t2_t1

AEF )\EF AEF

Finally,

/_ S e Ba(t) — (1) ar

T XeF
Za)\)\n Py(t) — Qa(t) dt—‘r ZOZ)\P\H—HQ)\(t)dt

< / (P(1)
T NEF “TNEF

+/ (1—204,\62,\ dt< Za,\/ Qx(1)) dt

ty

/ZO&)\Q)\ )dt + (t2 — t1) / ZOO\QA

t1 \eF t \eF
5 1 t2 1 [
Sto—ti+ (04— 1)/ St <ty — tr — 7/ > aQa(dt
i aeFR t \eF
L= Al 7m ™

<ty <tot- TS

7 vy 1+ |)\| 6 12 =

™
=ty —t1 — 48 m( U IA) <ecita —t1),

AEF
where ¢1 =1— |- O

Corollary 11. Let ¢; be the constant from the previous lemma and let ¢y € (c1,1).
Let f : (—m,m) — (0,00) be an integrable function and let A be an Apostol set.
Then for any n sufficiently large there are a finite set F' C A and positive numbers
ay (A € F) such that:

(i) the sets (Ix)xer are pairwise disjoint;
(ii) [A| >3/4 and [A\" — 1| < | for all A € F;
(il) Yyepon < o [T f(t)dt
(iv) J™ AN Py (1) — f(t)‘ dt <o [ f(t)adt
Proof. Let € > 0 be sufficiently small (¢ < min{®;°, 7 —1}). Let g be a step

function g : (—m, ) — (0,00) such that ["_|f —g|dt <e [T f(t)dt. By Lemma
10, applied to each interval where g is constant, we can find a finite set ' C A




370 Chapter V. Orbits and Capacity

and positive numbers oy (A € F) satisfying (i), (ii) and

Zoz)\<7/ dt<; :f(t)dt+/_ﬂ|f—g|dt>

AEF

+€/f dt< f()

Further,

Z a A" Py(t) — g(t)‘ dt <y /Tr g(t) dt.

/777 —T
ANEF
I en we nave

/_ 3" A PA(t) - f(t)‘ at

T \eF

</,

> ann B0 - g0+ [ 150 - glo]ae

AeF -
§cl/ g(t)dt +¢ f(t)dt
<(e+2) [ fat<e [ o 0

Let b be the constant from the Carleson theorem, see Theorem A.6.5, i.e., if
F C {z:3/4 <|z| < 1} is a finite set with (I\)rer pairwise disjoint and ¢y €
C (X € F), then there exists a function f € H* such that f(A\) =¢x (A€ F)
and [|f|| <b-supyep leal.

Lemma 12. Let T € B(X) be a polynomially bounded operator with polyno-
mial bound k. Let F C D be a finite set with (Ix)xer pairwise disjoint and
[A] > 3/4 (XA € F). Suppose that there are vectors uy € X and complex
numbers py (A € F) such that lux|| = 1, [(T = Nuall < 4. (1 —|A])? and
| > aer tauxll = 1. Then |ux| < 2kb for all X € F.

Proof. Let A\g € F satisfy |ux,| = maxyer |pa]- By Theorem A.6.5, there is a
function f € H*™ such that || f]] <b, f(Ao) =1 and f(A) =0 for A € F\ {Xo}.
Let u =Y cp paux. Then || f(T)ul| < kbl|lul| = kb.
For A € F define gx(z) = f(zz:{\(A). Clearly g, is analytic on a neighbourhood
of D and [lgall < 2/ £|(1 — ]A)~" < 2b(1 — [A)~". Hence

B> @)l = | Y2 f O mun | = | D2 ia (FO) = £ Jua
AEF AEF

> [liagung | = D lal - lga(T)(T = Nun|
AEF
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1
> fping| = gl Y0 20001 = )T (1= )2
AEF

125
> g [(1- 3wt Jap) = el

AEF

since Y, cp(1—|A]) < im(U)\eFIA) < 7. Hence |ux| < |pa,| < 2kb for each
AeF. O

Let c3 be a constant satisfying ca < ¢3 < 1, where ¢ is the constant from
Corollary 11.

Theorem 13. Let T' : X — X be a polynomially bounded operator with polynomial
bound k, such that o(T) D T and T has no non-trivial closed invariant subspace.
Let f € L' be a non-negative function with ||f||; = 1. Then there is an ng such
that for any n > ng there exist x, € X and !, € X* with ||z,| < 1, ||Jzf|| <1
and ||[T"z, ® z}, — My|| < cs.

Proof. Let € > 0 satisfy ¢ < 33757, Let

A = {)\ € D: there exists u € X with |Jul| = 1 and ||(T — Mul|| < e(1 — |\])?}

which is an Apostol set, by Theorem 7. Let n € N be sufficiently large. By Corollary
11, there exist a finite set F' C A and numbers ay > 0 (A € F) such that (I))xer
are pairwise disjoint, . pax <1, [A] >3/4and [\" -1/ <1/9 (A€ F) and

/ Z APy (t) — f(e)] dt < ey f(e™)dt = 2me,.
~T\EF -
For A € F write A = rye’®* with ry, > 0 and —7 < 6 < 7. For each X € F, fix
uy € X with [Juy|| = 1 such that [|[(T — Nuy|| < (1 — |A])2. Slightly perturbing
and renorming the vectors u) makes them linearly independent without affecting
these inequalities. By the Zenger theorem, see Theorem A.5.3, there exist x € X,
r* € X* and numbers py (A € F) such that @ = ) p paun, [[z]] < 1, [J2*]] < 1
and {(uxux,z*) = «y for every A € F. By Lemma 12, we have the estimates
lx| < 2kb. Let g € L' be defined by g(e™) = 3, . p ax A" Pr(t).
We have

|7 © " — Myl| < HZ " @ MgH 10, — My

< sup ’Z AT p(T)ux, %) — ) axA"p(A ‘Jr lg = flla

pEP IPlI<1'\ep AEF

sup ’Z(m (T"p(T) — A" p(A))uA,m*>’ + ca.
peP llpll<1 AEF
The supremum can be estimated in a standard way. For A € F and p € P with
Ipll < 1, write
2"p(z) = A"p(A) = (2 = A)g(N),
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where g € P. Clearly,
lall < 2[lpll (X = A~ <21 =AD"
Then ||¢(T)|| < 2k(1 — |A])~!. Hence

[(T"p(T) = A"p(N))un|| = a(T)T = Nuall < la(D)] - (T = Nua|
<2k(1— | A)re(1 — |A))? = 2ke(1 — |A]).

It follows that

T 20 @ af, — Myl <) |pal - 2ke(1 = A) + 2

AEF
<3 akbe(1— ) +ep = K2 (J 1) + 2
AeF AEF
< 27k2be 4 ¢4 < cs. O

Theorem 14. Let T' : X — X be a polynomially bounded operator with polynomial
bound k, suppose that ||T"x| — 0 and || T*"z*|| — 0 for all x € X and z* € X*.
Suppose that o(T) D T and T has no non-trivial closed invariant subspace. Let
T1,...,ox € X, 2%,...,25 € X*, fe€ L', f >0ande > 0. Then there exist u € X
and u* € X* such that

(1) lu@u” = Myl <es- ||l
(i) [u@a}|| <eand |z; @u*|| <eforallj=1,....k;

(i) [lull < E|F11 and ]| < K| £/

Proof. Choose n large enough such that ||7"x;||- ||f||i/2 <ek™h [T ]|- ||f||i/2 <

ek (j =1,...,k) and such that, by Theorem 13, there exist v € X, v* € X*
. 1/2 3 . 1/2

with [[o] < £/ lo*]] < [£]1* and

IT*" @ v* — My|| < cs- || £l
Set v =T"v and u* = T*"v*. Then
lu@u® = My = |T" @ T*"v* — My|| = |T*"v @ v* — M| < cs]|f]ls-
For each j =1,...,k we have
lu@af| = [T @ 25| = lv@ Tz || < kljv]| - | Tzl <e
and similarly,
l2; @ u™|| = [lo; @ T™"0™|| = | T"x; @ v*|| < KI|T x| - lo*]| <e.

4 n 1/2 * *7 % 1/2
Finally, [[ul| = [T0] < k|| fIl}/* and [[u*]| = |T*0*|| < k|| f]7/%. O
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Fix a positive constant C' < 1 and a positive integer N such that we have
c3+7/N <C < 1. Set v=e>"/N Forany j =0,...,N — 1, let L; be the set of
all z = re® with r >0 and —7/N < t — 27j /N < m/N.

Lemma 15. For any f € L' there are non-negative functions go,...,gn_1 € L'
N-1
such that || f|ly =322, llgjll1 and
N-1

£ = va|, < a5
§=0

Proof. We use the above notation. Fix arepresentative of f and let A; = f~1(L;) =
{z € T: f(z) € L;}. Then the sets Ao,...,Ay—_1, f~'({0}) form a measurable
partition of T. Set g; = |f|x; where x; is the characteristic function of A;. Let
arg : C\{0} — (0,27) denote the argument. For all j and ¢t € (—m, ) with e’ € A;
we have
[F(e) =7 gy(e)] = f(e")] - e 28 ) — et2mi /]
<|f(e")]arg f(e') = 2mjNT! < |f(e)|aN 1
Hence
1

N—
|- 3 via], - E:Hfm-ﬂﬂ%m. > k- wv = =N
7=0

7=0
The equality | f||; = ZN " lg;ll1 is obvious. O

Theorem 16. Let T : X — X be a polynomially bounded operator of class Coyg
with polynomial bound k. Suppose that o(T) D T and T has no non-trivial closed
invariant subspace. Let x € X, * € X* and h € L'. Then there are y € X and
y* € X* such that
1/2
(@) lly - el < Nk|al,;
1/2
(i) ly* —2*|| < NHIIAl;
(iii) ly@y* —z@z" — M| < CllA].
Proof. By Lemma 15, there are non- negative functions go,...,gn—1 € L' such
that 370" lg;lh = 1kl and | — 3750 vigy|l < 7N~ 1||h||1

Let € be a positive number such that ¢z + n1N~! + N(N + 1)e < C. By
Theorem 14, find inductively vectors ug,...,uny—1 € X and ug,...ujy_; € X*

1/2 " 1/2
such that u;|| < kllg; /%, lugll < Kllg;ll1,

uj @ uj — Mg, || < ez lgjll1s
luj @ ugll <ellhlly (5 # k),
|z @ ujll < el|h1,
lu; @ z*[| < elAlls
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Set y =+ E;-V:Bl viuj and y* = a* + E;-V:Bl uj. Then

N—-1

1/2 1/2

ly — 2 < >~ kllg;1/* < Nk|nly
7=0

and
N—-1
ly* —2*1l < kllgilly/* < NE||R])}>.
j=0
Further,

ly@y” —z@z" — M|

N-1 N-1 N-1
S DICUETED SEETES SEITEEES ST
j=0 j=0 j=0

ik
N—-1 ] N-1 )
< S vy @ uf = Mysg, |+ | 30 vigs — || + (2N + NV = 1)zl
§=0 j=0 !
N—-1
< > asllgglh +7N"Hhll + NN + Dellh]
=0
< ||hll1(cs +7N"t+ N(N + 1)e) < C|[h|];. O

Theorem 17. Let T : X — X be a polynomially bounded operator of class Cyg
on a complex Banach space X. Suppose that the spectrum of T' contains the unit
circle. Then T has a non-trivial closed invariant subspace.

Proof. Suppose on the contrary that 7" has no non-trivial closed invariant subspace.
We construct inductively convergent sequences (z;) C X and (z7) C X* such that
|zj ® 7 — My|| — 0, where 1 denotes the constant function equal to 1 on T.

Set zp = 0 and x§ = 0. Let ¢g = 2o @ xfy — M;. Then ||¢o] =1 < 2.

Suppose that we have already constructed vectors z; € X and z} € X* such
that ||¢;| < 2C7 where ¢; = x; ® x5 — My. By Theorem 1, there exists h € L'
representing the functional ¢;. Moreover, we can assume that ||| < 2C7. By
Theorem 16, there are z;41 € X and 27, € X* such that

|2j41 — x5]| < kN|R|M? < V2ENCI/2,
2541 — @3] < EN|R)Y2 < V2RNCI2

and for @41 1= xj41 @ x4 — My we have

541l = ll2j31 ® 254y — 25 @ 2§ + &5 < C|[hfly < 2C7F
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Clearly (z;) and (z}) are Cauchy sequences. Let = limz; and z* = lim z7.
For each polynomial p with ||p|| =1 we have

[(p(T)z5,25) = (p(T)z,2)|
< [Ip(T)aj,25) = (p(T)wj, a")| + [ (p(T)a,2") — (p(T)z, )|
< Kl - l2* = 23] + Kllzg — ] - [27] — 0

uniformly on the unit ball in P. Thus z ® z* = lim; .o z; ® r; = M and
(p(T)x,xz*) = p(0) for each polynomial p. This implies that T" has a non-trivial
invariant subspace. Indeed, either Tz = 0 (in this case = generates a 1-dimensional
invariant subspace) or the vectors T*x (k > 1) generate a non-trivial closed
invariant subspace. O

As before, the assumption that T € Cyo can be omitted (at least for reflexive
Banach spaces). By using a refined version of the Zenger theorem it is possible to
replace the Cyy condition by the weaker Cj. condition (for any Banach space).

By a standard technique (cf. Theorem 6 or 39.18), it is possible to omit then
the Cy. condition. Thus it is possible to prove the following result (we omit the
details).

Theorem 18. Let T' € B(X) be a polynomially bounded operator satisfying o(T) D
T. Then T* has a non-trivial invariant subspace. In particular, if the space X is
reflexive, then T itself has a non-trivial closed invariant subspace.

Since any contraction on a Hilbert space is polynomially bounded by the von
Neumann inequality, we have

Corollary 19. Let T' be a contraction on a Hilbert space satisfying o(T") D T. Then
T has a non-trivial closed invariant subspace.

41 Kaplansky’s type theorems

Many results in operator theory connect local properties of an operator on a
Banach space with its global properties. A trivial example, which is in some sense a
prototype of this type of results, is the following observation: an operator T' € B(X)
is locally nilpotent (i.e., for every & € X there exists n € N such that T"x = 0)
if and only if it is nilpotent. This observation is an immediate consequence of the
Baire category theorem.

An approximate version of this result was proved in Section 14: an operator
T € B(X) is quasinilpotent (i.e., 7(T") = 0) if and only if it is locally quasinilpotent
(i.e., 72(T) = limsup,,_ . | T*z||"/* = 0 for all z € X).

The classical Kaplansky theorem considers polynomials instead of the powers:
Theorem 1. (Kaplansky) Let T' € B(X). Then T is algebraic (i.e., p(T") = 0 for

some non-zero polynomial p) if and only if it is locally algebraic (i.e., for every
x € X there exists a non-zero polynomial p such that p(T)x = 0).
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The main result of this section is an analogous statement for n-tuples of
operators. An approximate version of the Kaplansky theorem will be proved in
the next section.

Theorem 2. Let Y, Z be Banach spaces, let (T});>1 be a finite or countable infinite
family of operators from Y to Z. Suppose that for eachy € Y the set {Tjy : j =
1,2,...} is linearly dependant. Then there exists a non-trivial linear combination
of operators T} that is a finite-rank operator.

Proof. For each j let
j—1
Mj = {Tj =+ ZO@TZ’ Q1,051 € C} C B(Y, Z)
i=1

Let F' be a finite-dimensional subspace of Z. For j = 1,2, ... set
Yp)j = U STLE.
SeM;

By assumption, we have Y = (J; Yp,;, so there exists k = k(F') such that Ypy
is of the second category and Yp; is of the first category for | < k. Choose a
finite-dimensional subspace F' C Z such that

k=k(F)=min{k(G): G C Z,dim G < oo}.

For s € N let
k—1 k—1
M,ES) = {Tk—&—ZaiTi:aieC,Z|ai| <s} and Yﬁ,ﬂ: U STLE.
i=1 i=1 ScM®

Thus M, = 2, M{”, and so Y, = U2, V).
We prove that the set Y}s,z is closed for all s. Let y; € Y}s,z (1=12,...)

and y; — y € Y. Then there exist operators S; € M,gs) such that S;y; € F. It

is easy to see that there exists a subsequence S, and an operator S € M,Es) such
that
lim ||S;. — S| = 0.

Then
Sy = lim S; y= lim (Sjryjr + 5, (y— yjr)) = lim S;,y;, € F,

and so y € Ylgf).

Thus there exist s € N and a non-empty open subset U C Yﬁg Since
U<k Yy is a set of the first category, there exists w € U\ ;.\, Yr. Let € > 0

satisfy

{fyeY:|ly-—wl<e}C YPES,E C Yrk.
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Let S1 =T, + Ei:ll «;T; be an operator such that
Siw € F. (1)

Denote by F’ the subspace of Z generated by F and by the elements Tyw (i =
1,...,k). Obviously, dim F' < oo. Set V' = Yr \ ;. Yrr 1. It follows from the
choice of the subspace F' that the set V is of the second category.

Let v € V. Then v € Y, and so there exists Sy = T}, + Zi:ll B;T; such that

Sov € F. (2)

Since w € U C YF(S,Q and U is open, there exists a non-zero complex number A

such that w+ v € Ylgf). Thus there exists an operator S3 = T + Zf;ll ~:T; such
that
S3(w + \v) € F. (3)
Thus Ssv = A1 (S3(w + Av) — Ssw) € F' and, by (2), (S5 — S2)v € F’, where
S3—S5 = Zf;ll(%—ﬁi)Ti. Since v & J,o, Y1, wehavey; = f; (i =1,...,k—1).
So 53 = 52.
Thus Ssv = Sev € F a Ssw € F' by (3). Further, (S5 — S1)w € F, where

k—1
Sg - Sl = Z(’}Q — Oél)TZ
i=1
Since w ¢ (J;., YF1, we get S3 — S1 = 0, and so S3 = 5;. Hence Sjv € F for
all v € V. The preimage S;'F is a closed subspace of Y which is of the second
category since Sl_lF D V. Thus Sl_lF =Y, 5Y C F and S is a finite-rank
operator. O

For n € N denote by P(n) the set of all polynomials in n variables.

Definition 3. Let A = (A4,...,A4,) be a commuting n-tuple of operators on a
Banach space X. We say that the n-tuple A is algebraic, if p(A) = 0 for some non-
zero polynomial p € P(n). We say that A is locally algebraic if, for each © € X,
there exists a non-zero polynomial p, € P(n) such that p,(A)z = 0.

Corollary 4. Let A = (A4, ..., A,,) be an n-tuple of mutually commuting operators
on a Banach space X. Then A is algebraic if and only if it is locally algebraic.

Proof. Let A = (A, ..., Ay) be alocally algebraic n-tuple. Consider the countable
set {A% 1 a € Z1} C B(X). By Theorem 2, there exists a non-zero polynomial
p € P(n) such that p(A) is of finite rank. Hence (gop)(A) = 0, where ¢ € P(1) is the
characteristic polynomial of the finite-dimensional operator p(A)| Ran (p(4)). O

Theorem 5. Let A = (A4,...,A,) be a commuting n-tuple of operators on a
Banach space X, which is not algebraic. Then there exist points x1, x3,, - € X
such that Zle pi(A)x; # 0 for all k € N and all k-tuples of polynomials p1, ...,
pr € P(n), that are not all equal to zero.
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Proof. Suppose on the contrary that for each sequence x1, x2, ... of elements of
X there exist k and polynomials py, ...,pr € P(n), (p1,...,pr) # (0,...,0) such
that Zle pi(A)x; = 0.

Denote by Y = [°°(X) the space of all bounded sequences of elements of X
with the sup-norm. For £ € N and o € Z7 let Si o : Y — X be the operator
defined by Sy o ({2i}52,) = A%y,

By Theorem 2, there exists a finite-dimensional subspace F' C X, k € N and
polynomials pq, ..., px € P(n), (p1,...,pk) # (0,...,0) such that Ele pi(A)x; €
F for each sequence {z;}2; € [*°(X). Choose j € {1,...,k} such that p; # 0.

Forazi = =2;_1 =0=uxj11 =--- = we have p;(A)z; € F for all z; € X,
ie., pj(A) is a finite-rank operator. As in the proof of Corollary 4 we get that A
is an algebraic n-tuple. O

42 Polynomial orbits and local capacity

Recall that P(n) denotes the set of all polynomials in n variables and Py(n) the
set of all polynomials of degree < k of n variables.

By a polynomial orbit of an operator T' € B(X) at « € X we mean the set
{p(T)z:peP(1)}.

In this section we generalize some results concerning orbits. We prove that
there are always points € X such that ||p(T)z| is “large” for all polynomials p.
The results are also formulated for n-tuples of commuting operators. Further, we
introduce the local capacity of operators and prove an approximate version of the
Kaplansky theorem.

Lemma 1. Let X be a Banach space, let E C X and M C B(X) be finite-
dimensional subspaces and let € > 0. Then there exists a subspace Y C X of finite
codimension such that

1S(e+y)ll = (1 — &) max{]|Se], [ Syl /2}
forallee E,y €Y and S € M.

Proof. Let T1,...,T) be a basis of M C B(X). Set E; = \/f:1 T;E. By Lemma
37.6, there exists a subspace Y7 C X of finite codimension such that

le+yll = (1 —e)max{lle], [lyll/2} (e € B,y €N).

Set Y = ﬂle T;'Y;. Then codimY < oo. For e € E, y € Y and S € M we have
Se € Fy and Sy € Y7, so

15(e+y)ll = (1 — &) max{]|Se], |5yl /2}- B

Lemma 2. Let A = (A4,...,A,) be an n-tuple of mutually commuting operators
on a Banach space X, let (0,...,0) € oze(A4), e >0, let E,Y be subspaces of X
such that dim E < oo and codimY < oo. Then there exists a vector u € Y of
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norm 1 such that
1—¢
2

| (I—&—;aiAi)(e—&—u

for alle € E and g, ...,a, € C.

Proof. Let M be the subspace of B(X) generated by the operators Aq,..., A,;
without loss of generality we can assume that these operators are linearly inde-
pendent. Denote by M; the set of all finite-rank operators in M, M; = MNF(X).
Let M3 be a complement of M; in M, i.e., MyNMgy = {0} and M+ My = M.
Let Sq, ..., Sk be a basis in My and Sk41,...,5, a basis in M.

Let &’ be a positive number satisfying (11_;;/)3 >1-cande’ < 1. By Lemma 1,
there exists a subspace Y7 C X of finite codimension such that

H I—&-Zal l) ety H (I—&—iaiAi)yH
i=1

forall e € E, y € Y7 and a1,...,a, € C. Clearly, we can assume that Y; C
Yn ﬂ?:,ﬁ_l Ker S; since codim Ker S; < oo for k +1 < i < n. Thus S|Y; = 0 for
all S € M.

By Theorem 41.2, there exists y; € Y7 of norm 1 such that the vectors
S1y1, ..., Sky1 are linearly independent (otherwise there would be a non-zero op-
erator in Mo of finite rank).

For (i,...,8, € C" consider the norms Z?Zl |6;| and H Z?Zl ﬁijylu.
These two norms are equivalent, so there exists a positive constant ¢ such that

k
>c- > 1Bl
=1

for all 8y, ..., B, € C.
By Lemma 1, there is a subspace Y5 C X of finite codimension such that

H(I+§;ap%>&ﬁﬂﬁHZ(l—eﬁnmx{”([+§;ap4 e,;H(I+§;aW%>yH}

forallee EV{y1} V{Sy1: S € M}, y €Yy and a,...,a, € C. We can assume
that Yo C Y7 CY.

Since (0,...,0) € or(A) and the operators Si,...,S, are linear combina-
tions of Ay,...,A,, we also have (0,...,0) € 0,.(51,...,5,) and there exists a
vector y2 € Y of norm 1 such that

[Siyall < e (i=1,...,n).

ya+e'y1 3 —
Set u =72 - Obviously, u € Y1 and lu|| = 1.

Let aq,...,a, € C. Then > 1" | a;A; = Z?Zl 3;S; for some f31,...,06, € C.
Let e € E.
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We distinguish two cases:

(a) Let Z;?:l 1851 < L. Then

H(I+Zal ) e+ u)

H<I+Z@ e ]

1
S (G *Zﬁﬂ | > 0y (el - HZﬂJ o)
1-¢ (1) 1-¢
2 50101 Zw] max{(Syel 1< 5 <)) > § 75 =S

(b) Let Y5, 8;] > L, Then

H (1+ Z @i ) (e + )| = H (1+ iﬁjSJ‘) (e ||ZZ£ iiiu ) H

=) <I+Zﬁj ) (et ||€y€13£y2|| H
_2?|1€y1€—£y2|| <I+Zﬂj ) - 21+5 (HZﬂ] ””H_”yl”>
TIOR >-%<zi’l§'-<;—1>>1;5- :

Corollary 3. Let T = (T1,...,T,) be a commuting n-tuple of operators on a
Banach space X, A\ € 0.(A), k € Nand e > 0. Let E,Y be subspaces of X such
that dim F < oo and codimY < oo. Then there exists a vector u € Y of norm 1
such that

1—¢

S IOV

Ip(T) (e +u)l| =
for all e € E and p € Pg(n).

Proof. Without loss of generality we can assume that A = (0,...,0). Consider the
tuple A formed by the operators T (a € Z7,1 < |a| < k). Then (0,...,0) €
ore(A) and the statement follows from the previous lemma. O

Corollary 3 gives the existence of a point u € X of norm 1 such that ||p(T)ul|
is “large” for all polynomials p with degp < k. The estimate is given in terms of
[p(A)| where X is a given point of o (T).
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Our goal is to give an estimate of ||p(T)u|| in terms of max{[p(\)| : A €
Uﬂe(T)}. By the spectral mapping theorem we have

max{[p(A)| : A € oe(T)} = max{|u| : p € ore(p(T))}
=max{|p| : p € oe(p(T))} = re(p(T)).

The next lemma enables us to reduce a general compact set to a finite set.

Lemma 4. Let n,k be positive integers and K C C" a non-empty compact set.
Then there exists a finite subset K' C K with card K’ =m < (":k) such that

[Pl < m-lpllx-
for each polynomial p € Pr(n).

Proof. Let L = {p € Px(n) : ||pllx = 0} and let M be a complementary space
of L in Pi(n), ie, MNL = {0} and M + L = Pi(n). Let m = dimM <
dimPy(n) = ("1*) and let g1,...,qm € M be a basis of M. For z1,..., 2, € K
define V(z1,...,2m) = det(gi(z;));"=;. The polynomials qi,..., gy are linearly
independent on K, so there exist points z1,...,2z,, € K such that the matrix
(qi(acj))?szl is regular, i.e., V(z1,...,2m) # 0. Choose k1, ..., k, € K such that

[V(ky,...,km)| = max{|V(y17 e Ym)| YLy Ym € K}.
Then V(ki,...,kn) #0. For j =1,...,m define polynomials L) € Py(n) by
LO(2) =V (ki,oohjor, 2 ka1, k) [V (R ).
Evidently, |LU)(2)| < 1 for all z € K. The polynomials L) are linear combina-
tions of the polynomials g1, ...,¢m, and so L) € M (j = 1,...,m). Further,
LU (k;) = 6;; (the Kronecker symbol), so the polynomials L(Y), ... L™ are lin-

early independent and each polynomial p € M is a linear combination of them.
Obviously,

p(z) = pk)LV(z)  (pe M,z € K).

Set K’ = {ki,...,kmn}. Each polynomial p € Px(n) can be written in the form
p = p1 + ps for some p; € L and p; € M, and py = Z;"Zl pg(kj)L(J). Hence
> (k) LY (z)

:zEK}
j=1

< pa(ky) < m-pllxer. O
j=1

Ipllx = llpallx = max{
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Theorem 5. Let T' = (T4, ...,T,) be an n-tuple of mutually commuting operators
on a Banach space X, let k € N and € > 0. Let Y be a subspace of X with
codimY < oco. Then there exists y € Y of norm 1 such that

)
ol = " 57 (")

for all polynomials p € Py(n).
Proof. Set K = 0¢(T). As noted above, for each p € Px(n) we have
Ipllx = max{|p(2)| : 2 € oxe(T)} = max{|p(2)| : z € 0c(T)} = re(p(T)).

By the previous lemma, there exist elements A1,..., A\, € K, m < ("Zk)
such that
[pllx < m-max{[p(\;)|:i=1,...,m}
for all p € Pi(n). We construct points y1,...,¥m € Y inductively. Suppose that
0 < j < m and that the points y1,...,y; have already been found. Set EF; =
V{p(T)y; : p € Pr(n),1 <i < j}. By Lemma 1, there is a subspace Y; C X of
finite codimension such that

Ip(T) e+ )l > (1= 5 ) max{ [p(T)el, ) Ip(T)oll}

for all e € E;, y € Y; and p € Pi(n).
By Corollary 3, there is a vector y;41 € Y N()_, ¥; of norm 1 such that
1—¢/

2
NaeYY]

Ip(T)(e + i)l =

for all e € E;,p € Pr(n).

Let y1,...,ym be constructed in the above-described way.

Sety =a 'Y " yi, wherea = || Y., vi||. We have a > 1—¢/2 since y; € Fy
and )", y; € Y1. Further, a < m. Obviously, y € Y and ||y|| = 1. Let p € Pi(n)
and 1 < 57 < m. We have

m J
_ € _
Ip(T)yll = o= | > (@] = (1= )m™ | > (@)
i=1 1=1
e\ 1 1—¢
> — . 3 > .
> (1=0) -y, POl =" S lp(y)|
Thus
1—¢ .
lp(T)yll = -, max{[p(As)| : 5 =1,....m}
1—¢ 1—¢
= 2m2 ||p||K_ 2m2 re(p(T))’ O

It is easy to see that for Hilbert space operators it is possible to obtain a
better estimate in the preceding theorem. In fact, using a Dvoretzky’s type result
enables us to generalize this improved estimate to Banach spaces, see C.42.1.
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Theorem 6. Let T' = (T4, ...,T,) be an n-tuple of mutually commuting operators
on a Banach space X, let x € X and € > 0. Then there exists y € X and a
constant C' = C(g) such that ||y — x| < € and

Ip(T)yll > C(1 + degp)~ "7 (p(T))
for all polynomials p € P(n).
Proof. Find kg > 1 such that Zfiko i12 <, 2k >nand k2 < 25(=D (k> k).

Set C' = 8,162 (n + 2F0)=2" Choose positive numbers &; (i > ko) such that ; < 1
0

and [T72, (1 — &) > 5- We construct inductively points yi,, ykg+1,--+ € X of
norm 1. Suppose that yg,,...,yx—1 have already been constructed. Set Ej =
VA, Yo, - - - s Yk—1}. By Lemma 1, there exists a subspace Z C X with codim Z <
oo such that

Ip(T)e+ ) > (1= 5 ) max{ (el (7)1}

for all e € Fy, z € Z and p € Par(n). By Lemma 5, there exists y, € Z of norm 1

such that o\ =2
ol = 3 (1= 5) (") o

for all p € Pyx(n). Thus

e+l = (1= 5 ) max{iorel (1= 5) ("5 7) ()

n

(1)

n

> (1<) max{ [p(T)ell, | (” ' Qk) _2re<p<T>>}

for all e € Ey, and p € Par(n)).

Set y = x4+ 10, %. Clearly, |y—z| < > 72, A <e. Let p be a polynomial
of degree 7.
We distinguish two cases:

(a) Let » < 2ko. Then, by (1), for N > kg we have

N—-1 1
z(l—sN)Hp(T)a:+ Z Z.zp(T)yi >

i=ko

Hp<:r>x+§j Lp(Ty

N 1 N -2
> T a=a) oyt o2 [Ta-<)-, ) re(p(T))

1 (n + 2ko
i=ko+1

k2 n
Z:k}o 0

> 8]162 (n+2%) =2 (p(T)) > C 1o (p(T)).
0
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(b) Let 2k=1 < p < 9* for some k > ko. For N > k we have

N 1 N k 1
oo+ > o] = IT =2 fome+ 3 Lo
i=ko i=k+1 i=ko
N N
>[I0 (M) ) = 2 2 i)
i=k
> S B () 2 Cr B (p(T)),

So for each polynomial p we have

N
Il = Jim [T+ 3 LT = €O+ depy 4 om)). O

i=ko

Recall that P}(n) denotes the set of all monic polynomials of degree k,

Pi(n) = {pep(n) p= Y aa2% Y ol = 1},

lal<k lal=k

Let T'= (T1,...,T,) be an n-tuple of mutually commuting operators on a
Banach space X. The joint capacity of T" was defined by

capT = limsup(cap,, T)"/*,
k—oo

where
capy,(T') = inf{|[p(T)|| : p € Py(n)}
(note that the limsup in the definition of cap T can be replaced by limit by Theorem

36.4 (i)). For a compact subset K C C™ the corresponding capacity was defined
by
cap K = lim sup(cap, K)'/*,

k—o0
where
cap K = inf{[|p||lx : p € P,i(n)}

By Theorems 36.4 (iii) and Corollary 36.8, capT = cap o (T') = cap o (T).

The local capacity of T' at a point x can be defined analogously.
Definition 7. Let T' = (T4, ..., T,) be an n-tuple of mutually commuting operators
on a Banach space X and let x € X. The local capacity cap, T is defined by

cap, T = limsup(cap, , T)"/¥,
k—oo
where
cap,, T = inf{||p(T)z| : p € P(n)}.

Clearly, cap, T < capT and cap, T < r,(T) for every z € X.
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Theorem 8. Let T' = (T4, ...,T,) be an n-tuple of mutually commuting operators
on a Banach space X . Then there is a dense subset L of X with the property that
liminfy o (cap, x T)/k = capT for all z € L.

1/k

In particular, the limit limy ., (cap, ;)'/" exists and is equal to cap T for all

xz € L.

Proof. Let € X and € > 0. Then there exists y € X with ||y — z|| < & and
Ip(T)yll > C(1+ degp)~ "7, (p(T))

for all polynomials p. Thus

cap (T, y) = inf {|[p(T)yl| : p € PE(n)}
> C(1+ k)~ int{r.(p(T)) : p € Pi(n)},

where
re(p(T)) = sup{|p(2)| : 2 € one(T)},

and so
cap,(T,y) > C(1 + k)f(Q"“)capk(oHe(T)).

Hence, by Corollary 36.8,

likm inf(cap, j, )k > likm inf(capy, oo (T))Y* = cap(ope(T)) = capT.

The opposite inequality lim inf o (cap,, T)/* < capT is trivially satisfied for
ally € X. g

Remark 9. Example 37.11 shows that it in the previous theorem it is not possible
to replace the word “dense” by “residual”.

Theorem 10. Let T' = (11, ...,T},) be an n-tuple of mutually commuting operators
on a Banach space X. Then the set {x € X : cap, T = capT'} is residual in X.

Proof. Write K = og.(T'). The statement is clear if capT = 0. In the following
we assume that capT = cap K > 0. In particular, p|K # 0 for each non-zero
polynomial p.

For j € N denote by M; the set of all x € X with the property that there
exists k > j such that

1 (n+k\ >
T
Ioryel > 4 ("F) ol

for all non-zero p € Pi(n).
We first prove that M is open. Let j € N and x € M;. Let k > j satisfy

Ip(D)z|| > ) ("+k)72||p||K for all p € Pi(n). For each polynomial p € P(n),

n
p= Zaezi aqz% write |p| = Zaem |an|- By a compactness argument, there is a
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n+k
n

)" |Ipllx +6 for all p € Py(n) with
Then

positive number § such that [|p(T)z| >} (
_ _ 5

ol = 1. Let 4 € X, [y = 21 <y prmren-

Ip(T)yll = l[p(T)z[| = [Ip(T)(y — )|

1 (n+k\ >
_ o . <kl |ly—
> (T Il 6 - {1 <ol <83 -

1 (n+k\ ">
>
> (5 ol

for all p € Pr(n) with |p| = 1. Thus y € M, and the set M is open.

We show that M; is dense. Let x € X and € > 0. Choose k£ > j such that
i < e. By Lemma 1, there is a subspace Y C X of finite codimension such that

Ip(T) (@ + )| = max{{|p(T)z[/2, [Ip(T)yll/4}

for all y € Y and p € Px(n).
By Theorem b5, there is a vector u € Y of norm 1 such that

1/n+k\ >
T
ooyl > 3 (")

for all non-zero p € Pi(n). Then ||(z 4+ %*) — z| < & and

e+ 4] 2 Fro> g (") vl

for all non-zero p € Py(n). Thus 2 + 4* € M; and M; is dense in X.

By the Baire category theorem, the set ﬂ;)il M; is residual. Let x € ﬂj’;l M;.
Then there are infinitely many positive integers k for which

—2
el > 4 ("TF) el e P,

For such k we have

cap, T = nf {[[p(D)a] : p € P(n)
. 1 (n+k\"? _ 1
zintf 4 ("TF) olcsp e i}

1 E\ 2 1
(n;&;) capy, K >

_ —2n K.
Ak sk (n+k) capy,

Hence

cap, T' = limsup(cap,, T)Y* > lim sup(cap, K)'/*

k—o0 k—o0

=capK =capT.

Since cap, T < capT for all x € X, the set {x € X : cap, T = cap T} is residual.
O
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Definition 11. Let T' = (77, ..., T}, ) be an n-tuple of mutually commuting operators
on a Banach space X. We say that T is quasialgebraic if capT = 0. We say that
T is locally quasialgebraic if cap, T = 0 for each x € X.

Thus we have the following approximate version of the Kaplansky theorem:

Corollary 12. An n-tuple of mutually commuting operators is locally quasialgebraic
if and only if it is quasialgebraic.

Comments on Chapter V

C.35.1. The joint spectral radius was first studied by Rotta and Strang [RtS],
where the radius 7 (a) = lim, max{[|a®|| : |a| = n}'/™ was introduced. The
radius /_(a) = lim,, max{r(a®) : |a| = n}'/" was defined by Berger and Wang
[BW].

The general r, radii were introduced in [So5], cf. also [ChZ]. In the case of
Hilbert space operators the radius ro was considered by Bunce [Bun].

Proposition 35.2 was proved in [ChZ], see also [So4]. The spectral radius
formula for p = oo (Theorem 35.5) was proved in [So5], the corresponding result
for p < 0o (Theorem 35.6) in [Miil8].

C.35.2. The definition of the joint spectral radius r,(a) = max{|A|, : A € op(a)}
and the formula

u

. 1/pk
@)= tim (3 llaga e agml?) (1)

k—o0
fEF(k,n)

make sense also for non-commuting n-tuples a = (a,...,a,) of elements in a
Banach algebra A.
1/pk
Since the limit klingo (EfeF(,m) rP(ag() - --af(k))) in general does not
exist, we set

. 1/pk
T;(a) = hmsup( Z rP(agq) - -af(k))> .
k=00 R reF(kon)

For non-commuting n-tuples it is true only

rp(a) < rya) <rj(a)
and these inequalities may be strict, see [Gu], [RsS]. However, by [BW], /_(a) =
r7 (a) for all n-tuples (even for infinite bounded families) of matrices. This was
generalized by [TS] to precompact families of weakly compact operators. In par-
ticular, . (T) = 7/, (T') for all n-tuples of operators on a reflexive Banach space.
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C.35.3. Since the definitions of r,(a) and r,(a) depend only on the spectrum, the
equality rp,(a) = 7,(a) is true also for n-tuples a = (ay,...,a,) of elements that
are mutually commuting modulo rad A.

It is an open problem whether also ;) (a) = r,(a) is this situation, see [RsS].

C.35.4. The previous question for p = oo is closely related to the following inter-
esting problem, see [Tu]:

Suppose that A is a radical Banach algebra (i.e., a non-unital Banach algebra
consisting of quasinilpotents). Is then A finitely quasinilpotent (in our notation, is
it true that r2 (a) = 0 for all finite tuples a = (a1, ..., ay), where ri (a) is defined

by (1))?

C.35.5. The previous question may be considered as an approximate version of the
Nagata-Higman theorem:

If A is an algebra (without unit) which is nilpotent of order n (i.e., a™ = 0 for all
a € A), then there exists m € N such that a; - - - a,, =0 for all aq,...,a, € A.

The original proof of the Nagata-Higman theorem gave m = 2™ — 1; the best
known result gives m = n2. There is a conjecture that one can take m = (g), it is
known that in general m cannot be smaller. For details see [Fo].

C.35.6. Theorem 35.7 for p = 2 in the algebra of operators on a Hilbert space (the
¢?-norm seems to be natural in this setting) was conjectured by Bunce [Bun] and
proved in [MS1] (for finite-dimensional Hilbert space case see [ChH]).

C.36.1. The concept of capacity for single Banach algebra elements is due to Hal-
mos [Hal2], who also proved Theorem 36.2.

The capacity of commuting n-tuples was introduced in [Stil], where the es-
timate

capog(ai,...,a,) <cap(ai,...,a,) <2"capog(ai,...,an)
was proved. The equality cap(as,...,a,) = capog(ai,...,a,) as well as the ex-
istence of the limit limy_ oo (capy (a1, . ., an)/* was proved in [Miil3].

C.36.2. For the classical capacity of compact subsets of C see [Ts|. The capacity
of compact subsets of C" is treated in [Za] and [Si2].

C.36.3. Lemma 36.7 (the equality cap o.(T) = capo(T')) was proved in [Sti2].

It also follows directly from a general result from potential theory that
cap(K UC) = cap K whenever K C C is compact and C' countable, see [Ts, p. 53—
55]. Therefore we have cap 0.(T') = cap 7.(T) = capo(T), since o(T') \ 7.(T) is at
most countable.

C.36.4. Let f be an analytic function from a domain D C C into a Banach algebra
A. Then the functions z — cap f(z) and z — logcap f(z) are subharmonic, see

[13].
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C.36.5. Another concept of capacity of n-tuples of commuting Banach algebra
elements was introduced in [Sol] and [So2]. Instead of monic polynomials p(z) =
E|a\gn Coz® with E\a|:n |ca| = 1 it uses polynomials satisfying Z\a|:n Co = 1.

C.37.1. The notion of orbits originated in the theory of dynamical systems. In the
context of operator theory it was first used by Rolewicz [Ro]. Orbits in Hilbert
spaces were studied intensely by Beauzamy; for a survey of results and relations
with the invariant subspace problem see [Bea2].

For a survey of results concerning orbits in Banach spaces see [Mii22].

C.37.2. Orbits are also closely related to problems concerning the stability of semi-
groups of operators. For results in this direction see Datko [Dat], Pazy [Pa] and
van Neerven [Ne3].

C.37.3. It is simple to find an operator without non-trivial invariant subspaces on
a real Hilbert space H with dim H = 2. For example, take

T:<_01 é)

It is an open problem whether each operator on a real Hilbert space H with
dim H > 3 has a non-trivial closed invariant subspace.

C.37.4. Theorem 37.8 was proved in [Mii9]. The same statement for Hilbert space
operators was proved in [Bea2, p. 48].

Theorem 37.13 is due to Zabczyk [Zab).

Theorems 37.14 and 37.17 were proved in [MV]. The essential tool is the
plank theorem due to K. Ball [Bl1], [B2], see Appendix 5.

C.37.5. Let T € B(H) be a non-nilpotent Hilbert space operator. By [Bea2], there
exists z € H such that > HHT;"nw”H =
see Example 37.24.

For Hilbert space operators the following result can be shown [Mii22]: let
T € B(H) be non-nilpotent, let 0 < p < 2. Then the set of all x € H such that

T’Vl p . .
E( ”HT"m\IH> = 0o is residual.

oo. This is not true for Banach space operators,

C.38.1. The first example of a hypercyclic vector was constructed by Rolewicz
[Ro].

Various versions of criterion 38.6 appeared in [GS], [Ki] and [GS], for related
questions see also [GLM] and [LM].

C. 38.2. Theorem 38.8 appeared in [Fel], Theorem 38.9 was proved by Bourdon
and Feldman [BF].

C.38.3. Theorem 38.11 is due to Ansari [Ans|. Theorem 38.12 was proved in [LMii].
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C.39.1. Weak orbits were studied in [Nel], [Ne2]. A version of Theorem 3 was first
proved in [Ne2], where the following generalization was also shown: if T' € B(X),
r(T) =1,1<p<oo, B, >0and ) B, = oo, then there exist 2 € X and
z* € X* such that ), G,|(T"z,z*)|P = oco.

C.39.2. Corollary 39.4 is due to Weiss [We]. Theorems 39.5 and 39.8 are again
consequences of the plank theorem, see Appendix 5. They appeared in [MV].

C.39.3. By [Mii22], there is a Hilbert space operator T € B(H) such that

(T, y)|
Z 7] <oo forallz,ye H.

So the result of Theorem 10 is the best possible.

C.39.4. In general it is not true that for T' € B(X) and a sequence (ay,) of positive
numbers tending to 0 there exist x € X and z* € X* with [(T"x, z*)| > a,r(T™)
for all n. A simple example for real spaces (in a 2-dimensional Hilbert space) was
given in [Ne2|. The complex case is more complicated. An example of a unitary
operator without orbits tending to 0 arbitrarily slowly was constructed in [BMii].

In many cases, however, it is possible to find z € X and z* € X* with
[(T™z, x*)| > an,r(T™) for all n. For example this is true for positive operators in
Banach lattices [Ne2].

In Corollary 39.13 we stated the same result for Hilbert space operators of
class Cy. with spectral radius equal to 1. It is also true for Banach space operators
of the same class [Mii25], and for all completely non-unitary contractions on a
Hilbert space with spectral radius equal to 1, see [BMii].

C.40.1. The Scott Brown technique was first used in [Br] for the construction of
invariant subspaces for subnormal operators. Theorem 40.4 was proved for Hilbert
space contractions in [BCP1].

C.40.2. Theorem 40.7 is due to Apostol [Ap5].

C.40.3. The existence of invariant subspaces for Hilbert space contractions with
spectrum containing the unit circle was proved by Brown, Chevreau and Pearcy
in [BCP2].

The Banach space version was proved in [AM].

C.40.4. By the von Neumann inequality, every operator on a Hilbert space which
is similar to a contraction is polynomially bounded. It was a longstanding problem
due to Halmos whether the opposite statement is also true. The problem was solved
by Pisier [Pis], who constructed a polynomially bounded Hilbert space operator
which is not similar to a construction.

C.41.1. The classical Kaplansky theorem (Theorem 41.1) was proved in [Kap]. A
stronger version (Theorem 41.5 for single operators) was proved by Sinclair [Sin].
Theorem 41.2 and its corollaries 41.4 and 41.5 were proved in [Miill].
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A similar result was proved in [Au3]: if T1,...,T, € B(X,Y) and the vectors
Tyz,...,Tyx are linearly dependant for each x € X, then there is a non-trivial
linear combination of these operators with rank <n — 1.

C.41.2. By Theorem 41.2, if Ty, T5,--- € B(X) and the vectors Tyz, Tex, ... are
linearly dependant for all z € X, then there is a non-trivial linear combination of
the operators T; which is a finite-rank operator. In general, it is not true that the
operators T; are linearly dependant, so there in no non-trivial linear combination
of the operators T; giving 0, see [Miill].

C.41.3. Corollary 41.4 and Theorem 41.5 are also true for countable families of op-
erators. Also, they are true for non-commuting families (in this case it is necessary
to consider polynomials in non-commuting variables in the definition of algebraic
tuples). The proofs remain essentially the same, see [Miill].

C.42.1. Lemma 42.4 uses the idea of extremal points of Fekete-Leja, see [Fe], [Sil].
Theorems 42.5 and 42.6 were proved in [M12] for single operators and in [MS2]
for n-tuples.

Using a Dvoretzky’s type result, it is possible to improve the estimate in
Theorem 42.5 to

-1
ol = a-o(" ) )

for all p € Pr(n); this estimate is the best possible. Similarly, in Theorem 42.6 it
is possible to obtain

Ip(T)y]| = C(1 + degp)~ " re (p(T))

for all polynomials p, see [Mii24].
Theorem 42.10 was proved in [Mii22].

C.42.2. An alternative definition of the local capacity of operators was studied by
Vasilescu in [Va2]. For T € B(X) and « € X define

cap/ (T, z) = limsup cap!, (T, z)"/™,
where capl, (T, z) = inf{r,(p(T)) : p monic of degree n}.
It is easy to see that cap(T, z) < cap'(T, x).
By [Va2], capv.(T) < cap’(T,z) < capo,(T). In particular, the equality
cap o, (T) = cap/(T, z) holds for all operators with SVEP. This also implies that
T € B(X) is quasialgebraic if and only if cap’(T,z) = 0 for all x € X.
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A.1 Banach spaces

We summarize here basic notations, definitions and results from the theory of
Banach spaces. The results are well known and the proofs can be found in any
textbook on functional analysis. We do not state the results in the greatest gen-
erality but only in the form which is relevant for spectral theory.

The reader may wish to use this section merely for reference regarding notation.

As usual, we denote by N, Z, R and C the set of all positive integers, integers,
real and complex numbers, respectively.

As throughout this monograph we consider only complex Banach spaces
(however, all results in this section are true also for real spaces).

Let X,Y be Banach spaces. By an operator T : X — Y we mean a bounded
linear mapping. It is well known that a linear mapping is bounded if and only if it
is continuous. The set of all operators from X to Y will be denoted by B(X,Y).

The norm of T’ € B(X,Y) is defined by ||T|| = sup{||Tz| : z € X, ||| < 1}.
With this norm B(X,Y’) becomes a Banach space. If Y = X then we write briefly
B(X) instead of B(X, X).

For Y = C we obtain the dual X* = B(X,C), i.e., the space of all bounded
linear functionals on X. For z € X and f € X™ it is sometimes more convenient
to denote the value of f at z by (z, f) instead of f(x). We use alternatively both
notations.

The duality between X and X™* defines the weak topology on X and the
w*-topology on X *.

The w*-topology on X* is the weakest topology for which the mappings
f — {x, f) are continuous for every x € X. In other words, the w*-topology is the
topology of pointwise convergence of functionals, i.e., if (f,) is a net of elements
of X* and f € X* then f, — f in the w*-topology if and only if (z, fo) — (z, f)
for all each z € X.

Analogously, the weak topology on X is the weakest topology on X for which
all functionals f € X™* are continuous. Equivalently, x, — x weakly if and only if
(o, f) = (x, f) for each f € X*.
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When we are speaking about convergence, closure etc. without any specifi-
cation it is always meant the convergence in the norm topology.

It is well known that X can be isometrically embedded into the second dual
X**_ s0 X is usually regarded as a closed subspace of X **.

We list the basic results from the theory of Banach spaces.

Theorem 1. (Hahn-Banach) Let M be a closed subspace of a Banach space X . Let
f € M*. Then there exists g € X* such that ||g|| = || f|| and g|M = f.

The following two results are variants of the Hahn-Banach theorem:
Theorem 2. Let M be a closed subspace of X and let x € X. Then there exists
g € X* such that ||g|]| = 1, (z,g) = dist{z, M} and g|M = 0.

In particular, if x € X then there exists g € X* such that ||g|]| = 1 and
(z,9) = ||=||.

Theorem 3. Let L be a closed absolutely convex subset of X (i.e., L is convex and
ceL,aeC,|lal <1= ace L). Let x € X \ C. Then there exists f € X* such
that |{c, f)| <1 for all c € L and (z, f) > 1.

An easy consequence of the Hahn-Banach theorem is that a convex set (in
particular a subspace) is closed if and only if it is closed in the weak topology.

A w*-closed subspace is closed but a closed subspace is not necessarily closed
in the w*-topology.

Denote by Bx = {z € X : ||z|| < 1} the closed unit ball in a Banach space X .

Theorem 4. By is compact if and only if X is finite dimensional.

Theorem 5. (Banach-Alaoglu) The closed unit ball Bx« = {f € X* : ||f|| < 1} is
compact in the w*-topology.

The unit ball in X is not always weakly compact. In fact, Bx is weakly
compact if and only if X is reflexive (i.e., X** = X).

Theorem 6. (Banach open mapping theorem) Let T' be an operator from a Banach
space X to a Banach space Y. The following conditions are equivalent:

(i) T is onto;
(ii) there exists a positive constant k such that TBx D k- By;
(iii) there exists a positive constant k such that TBx D k- By.

Corollary 7. If an operator T € B(X,Y) is one-to-one and onto, then T! is
bounded.

Another consequence of the open mapping theorem is:

Corollary 8. Let T' € B(X,Y) and TX # Y. Then the range TX is of the first
category in Y.
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Theorem 9. (closed graph theorem) A linear mapping T : X — Y is bounded if
and only if its graph {(x,Tz) : x € X} is closed in X x Y.

In particular, suppose that a linear mapping T satisfies the following con-
dition: if (z;)2, € X, z; — 0,y € Y and Tz; — vy, then y = 0. Then T is
bounded.

Theorem 10. (Banach-Steinhaus uniform boundedness theorem) Let M be a subset
of B(X,Y) such that sup{||Tx| : T € M} < oo for every x € X. Then sup{||T|| :
T e M} < 0.

In particular, any weakly converging sequence of elements of X is bounded.

Let M be a subset of a Banach space X. Its annihilator M~ is defined by
Mbt={feX*:(z,f)=0foralze M}

Clearly, M+ is a w*-closed (and so closed) subspace of X*.
Similarly, if L is a subset of X* then the preannihilator +L is defined by

tL={zeX:(z,fy=0forall feL}
Clearly, +L is a closed subspace of X.

Theorem 11. If M is a subspace of X then +(M~1) = M. If L is a subspace of X *
then (+L)* is the w*-closure of L.

Theorem 12. If {M,},, is any family of subsets of X then
1
(U Ma> = MM
If {Ly}o Is any family of subsets of X* then
HULe) =N La

In particular, if My, Mj are closed subspaces then (M; + M)t = Mi-N My,
where M7 + My = {m1 +meo :mq € My, mg € Mg}.

The dual relation (M; N My)t = Mi- + Mj" is not always true; it is true
under the assumption that M; + M5 is closed.

Theorem 13. Let M7, My be closed subspaces of a Banach space X. The following
assertions are equivalent:
(i) My + My is closed;
(ii) Mi- + Mj- is closed;
(iii) (My N M)t = Mi- + Ms-;
)

(iV L(]\4%0]\4'5) =M + M>.
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Let T : X — Y be an operator. Its adjoint T* is the uniquely determined
operator T : Y* — X satisfying

(Tx,g) = (x, T"g) forallz € X and g € Y™.
Then
1T = I T|| = sup{ (T, 9)| : v € X, g € Y, ||| < 1, [lgl| < 1}.

If X,Y and Z are Banach spaces, S € B(X,Y) and T € B(Y, Z) then (T'S)* =
S*T* and [|TS|| < |IT| - IS|l- Tt is easy to check that T = T**| X.

For T € B(X,Y) denote by KerT its kernel, KerT = {z € X : Tx = 0},
and by RanT its range, RanT = TX = {Tz : x € X}. Clearly, KerT is a closed
subspace of X and RanT is a (not necessarily closed) subspace of Y. It is easy to
check that KerT™ is even a w*-closed subspace of Y*.

Theorem 14. Let T € B(X,Y'). Then

KerT* = (RanT)t and KerT =+ (RanT*) = Ker T** N X.

*

Furthermore, + Ker T* = RanT and (KerT)t = RanT*" (the w*-closure
of RanT™).

Corollary 15. Let T € B(X,Y). Then T* is one-to-one if and only if RanT is
dense. Similarly, T is one-to-one if and only if RanT* is w*-dense.

Theorem 16. Let T' € B(X,Y'). Then the following statements are equivalent:
(i) RanT is closed;

(ii) RanT™ is closed;

(iii) RanT™ is w*-closed.

Corollary 17. If Ran T is closed then RanT = +(Ker T*) and RanT* = (Ker T)*.
Furthermore, RanT = RanT** NY.

Corollary 18. Let T € B(X,Y). Then T is one-to-one and onto if and only if T*
is one-to-one and onto.

Theorem 19. Let M be a closed subspace of a Banach space X. Then M™* can be
identified with X*/M*.

More precisely, let J : M — X be the natural embedding of M into X. Then
J*: X* — M* assigns to a functional f € X* the restriction J*f = f|M € M*.
Clearly, Ker J* = M~ so J* defines an operator S : X*/M+ — M* by S(f +
M~) = J*f. A straightforward calculation shows that S is an isometry. So M* can
be identified with X*/M+* and J* with the canonical projection X* — X* /M=,

Theorem 20. Let M be a closed subspace of X. Then (X/M)* can be identified
with M+,
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More precisely, let @ : X — X/M be the canonical projection. Then Q* :
(X/M)* — X* is an isometrical operator and Ran Q* = (Ker Q) = M*. Thus
Q* defines an isometrical operator from (X/M)* onto M~.

Theorem 21. Let T € B(X,Y). Then T decomposes in the following way:
X % X/KerT 2% RanT -1 v,

where T = JTQ, Q : X — X/KerT is the canonical projection, the operator
To : X/KerT — RanT induced by T is one-to-one with dense range, and J :
RanT — Y is the natural embedding.

The corresponding decomposition for T is T = Q*T J*.

Let M be a subset of a Banach space X. The span of M, denoted by \/ M, is
the smallest closed subspace of X containing M (= the intersection of all closed
subspaces containing M). Similarly, we write M vV M’ = \/(M U M").

If M, M’ are closed subspaces of X then M + M’ is not necessarily closed.

Theorem 22. Let M be a closed subspace of X and let F' be a finite-dimensional
subspace of X. Then M + F' is closed. In particular, a finite-dimensional subspace
is closed.

Similarly, if M’ C X* is a w*-closed subspace and F' is a finite-dimensional
subspace of X*, then M' + F’ is w*-closed.

Theorem 23. (Auerbach lemma) Let X be a finite-dimensional Banach space. Then
there exist bases {x1,...,2n} in X and {f1,..., fn} in X* such that ||z;|| =1 =
| f;]l and (z;, f;) = di; (the Kronecker symbol) for all i,j =1,...,n.

An operator P € B(X) is called a projection if P2 = P. If P € B(X) is a
projection then I — P is also a projection (here I denotes the identity operator
on X). Further, Ran P = Ker(I — P) and Ker P = Ran(I — P). In particular, the
range of a projection is closed.

Let M be a closed subspace of a Banach space X. Then M is called comple-
mented in X if there exists a closed subspace M’ C X such that X = M & M’
(e, MNM' ={0} and M + M' = X).

Theorem 24. Let M be a closed subspace of a Banach space X. The following
statements are equivalent:

(i) M is complemented;
(ii) there exists a projection P € B(X) such that Ran P = M;
(iii) there exists a projection ) € B(X) such that KerQ = M.

It is well known that every closed subspace of a Hilbert space is comple-
mented.
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Theorem 25.

(i) Let F' be a finite-dimensional subspace of a Banach space X. Then F is
complemented. More precisely, there exists a projection P € B(X) such that
Ran P = F and || P|| < (dim M)/2.

(ii) Let M be a closed subspace of finite codimension in X. Then M is comple-
mented. More precisely, for every € > 0 there exists a projection Q € B(X)
such that Ker@Q = M and ||Q]] < codim M + «.

(iii) Let L be a complemented subspace of X, let L' C X be a closed subspace.
Suppose that either L’ C L, dim L/L’ < oo, or L' D L, dim L'/ L < co. Then
L' is complemented.

We finish this section with the following deep result from the algebraic topol-
ogy that will be used frequently:

Theorem 26. (Borsuk antipodal theorem) Let M, L be finite-dimensional Banach
spaces with dim M > dim L, let Spy = {m € M : ||m|| = 1} be the unit sphere in
M and let g : Sy — L be a continuous mapping satisfying g(—m) = —g(m) for
all m € Sys. Then there exists m € Sy with g(m) = 0.

A.2 Analytic vector-valued functions

Many well-known results for complex functions are true also for vector-valued
functions.

Let K be a compact Hausdorff space, let p be a finite complex Borel measure
on K and let f be a continuous function from K into a Banach space X. Then,
exactly as in the case of scalar functions, it is possible to define [ f du as the limit
of the Riemann sums. It is easy to verify that ([ fdu,2*) = [(f(2),2*) du(z) for
every bounded linear functional 2* € X*. More generally, if Y is another Banach
space and T' € B(X,Y) then T'(f fdu) = [(T o f)dp.

Let a; (j = 0,1,2,...) be elements of a Banach space X. Consider the
power series E;io a;jz? (2 € C). Its radius of convergence is the number de-
fined by

o0
sup{r >0: Z ajzj converges for all z € C,|z| < r}.
j=1

Theorem 1. The radius of convergence of the power series Z;’O:O ajzj is equal to
lim inf; oo [|az]|~1/7.
Analytic functions with values in a Banach space play an important role

in spectral theory. There are several possible definitions of analytic vector-valued
functions. Fortunately, for Banach spaces all possibilities are equivalent:
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Theorem 2. Let f be a function from an open subset G C C into a Banach space
X. The following conditions are equivalent:

(i) the function z — (f(z),z*) is analytic for each z* € X*;

(ii) the limit lim,_,, f(zz):{u(w) exists for every w € G;

(iii) for every w € G there is a neighbourhood U of w, U C G and elements
zj € X,j=0,1,... such that f(z) = 32 zj(z —w)" (2 €U).

A function satisfying any of the conditions of Theorem 2 will be called ana-
lytic (on G). The set of all X-valued functions analytic on G will be denoted by
H(G, X).

Condition (i) of Theorem 2 enables us to generalize most of the properties
of analytic scalar-valued functions to the vector-valued case. In particular, the
Cauchy and Liouville theorems remain true.

If G C C is an open set and K a compact subset of G, then it is always
possible to find a contour I' that surrounds K in G. By this we mean that I" is a
finite union of disjoint, piecewise smooth simple closed curves in G \ K such that
the winding number

1 1 (w € K)
Indr(w) = 2m'/rz—wdz_{0 (w ¢ G).

For details see [Co.

Theorem 3. (Cauchy) Let f € H(G,X), let w € G, and let ' be a contour in G
that surrounds {w}. Then [, f(z)dz =0 and f(w) = ,}, [. f(z)(z = w)~ ' dz.

Moreover, the coefficients x; in condition (iii) of Theorem 2 can be expressed
asxj = ,1 [ f(2)(z —w) 71 dz.

Corollary 4. If f €¢ H(G,X), w e G, r > 0, {z : |z—w| <r} C G, M =
max{[|f(z)| : [z —w| =r} and f(z) = Z;io z;(z —w)? for all z with |z —w| < r,
then

M ,
lzgl <5 G=0,1,...).

Theorem 5. (Liouville) Let f : C — X be a bounded analytic function. Then f is
a constant.

Theorem 6. (residue theorem) Let z; (j € Z) be elements of a Banach space X,
r>0and w € C. Let

F2) =) iz —w)

be convergent in {z € C: 0 < |z —w| < r}. Then

il
. f(z)dz=x_1.
211 |z|=r/2 ( ) !
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Theorem 7. (maximum principle) Let G be an open subset of C, let f € H(G, X),
and let K be a compact subset of G. Then

max{|f(z)|: z € K} = max{|f(2)| : z € 0K }.

The analogy between the properties of scalar analytic functions and the an-
alytic functions with values in a Banach space remains true also for analytic func-
tions of n variables.

We use the standard multi-index notation. Denote by Z_ the set of all non-
negative integers. For o = (a1,...,a,) € Z and z = (21,...,2,) € C" we write
o] = a1+ 4 an, al = a1l -ay! and 2% = 2{ -+ 20n.

Theorem 8. Let G be an open subset of C™ and let f be a function from G to a
Banach space X. The following properties are equivalent:

(i) the function z — (f(z),x*) is analytic for each x* € X*;

(ii) for every w € G there exists a neighbourhood U of w and elements x,, €
X (a €ZY) such that

[&)= Y zalz—w)®  (z€U);

Q€LY

(iii) f is analytic in each variable separately.

A function satisfying the conditions of Theorem 8 is called analytic on G.
The coefficients z, from condition (ii) can be expressed by means of a multiple
Cauchy integral. In particular, if w € G, r > 0, {z = (21,--,2n) ¢ |2k —wi| <
rok=1,...,n} C Gand M = max{||f(2)| : |z2x —wi| <r,k=1,...,n}, then

1

f(w) = (2mi)n /zl—wl—r' o /zn—wn|_rf(2)(Z1 —wy)" e (zn —wy) T d2y - d2y

and [|z,] < T% for all a € Z7 .
If X,Y are Banach spaces then B(X,Y) is also a Banach space. So we can

consider operator-valued analytic functions.

Theorem 9. Let G be an open subset of C™ and let T : G — B(X,Y’) be a function.
The following conditions are equivalent:

(i) T:G — B(X,Y) is analytic on G;

(ii) the function z — T(z)x is analytic for each x € X;

(iii) the function z — (T'(z)x,y*) is analytic for all x € X and y* € Y*.
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A.3 C°°-functions

The existence of partitions of unity is a standard tool in complex analysis.

Theorem 1. (partition of unity) Let M be a metric space, let O be an open cover
of M. Then there exist continuous functions fo : M — (0,1) (« € A) such that:

() YXaeafalz) =1 (z€M);
(ii) for every « € A there exists an open set U € O such that the support of f,,
supp fo = {z € M : fo(2) # 0}, is contained in U;
(iii) for every z € M there is a neighbourhood U of z such that U intersects
supp fo for only a finite number of indices a.

The functions f, with the properties of Theorem 1 are called a partition of
unity subordinate to the cover O.

Let G be an open subset of C*. Then we can consider G as a subset of R?”
and denote by C°°(G) the set of all functions f : G — R that have continuous
(real) partial derivatives of all orders.

In C™ there exist partitions of unity consisting of smooth functions. Moreover,
any partition of unity is countable.

Theorem 2. Let G be a subset of C", let O be an open cover of G. Then there exist
C*>-functions f; : G — (0,1) (i =1,2,...) with the properties of Theorem 1.

Let G' be an open subset of C" and let X be a Banach space. Write z; =
z; + iy; and denote by C°(G, X) the set of all functions f : G — X that
have continuous partial derivatives of all orders with respect to the real variables
Tlyee ey Tny Y1y -y Yn-
Instead of the derivatives 8‘9 j] and g J] of a function f € C*°(G, X) it is usual
to consider the formal derivatives
of 1,0f .Of of 1,0f  .Of
aZj _Q(ij _Zayj)’ 82j _2<8xj+26yj>'

By the Cauchy-Riemann conditions, a function f € C*(G, X) is analytic if
and only if c’?zj = (j = 1,...,n). In this case aazfj coincide with the familiar
complex derivatives of f.

Let 0 < p,q < n. A differential form of bidegree (p,q) with coefficients in

C*(G, X) can be expressed as

Np,g = Z Z fih,,,,ip)jl,,,,’jqdzil/\---/\dzip/\déjl/\~--/\d2jq (].)
0<i1 < <ip<n 0<j1 < <jg<n
where fi, i1, € CF(G, X).
Functions in C*°(G, X) can be identified with differential forms of bidegree
(0,0).
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A differential form of degree r can be written as n =3 . _, 7pq, Where 1,4
are differential forms of bidegree (p, ¢). Denote by A"[dz,dz, C*°(G, X)] the linear
space of all differential forms of degree r with coefficients in C*°(G, X). Further,
denote by A[dz,dz, C>*(G, X)] = @iio A"[dz,dz,C>°(G, X)] the linear space of
all differential forms.

On Aldz,dz,C*°(G, X)] we consider the wedge product defined by the fol-
lowing properties (for all w,n, 7 € A[dz,dz, C*(G, X)], f,g € C*(G, X)):

Q) wA+7T)=wAn+wAT;
(i) (WH+MAT=WAT+NAT;
(iii) w A(NAT)=(WAR) AT;
(i) (fw) A (gn) = fgw A
(v) if wEAk[dz dz,C>*(G, X)], ne€ Aldz,dz,C>®(G,X)] then
wAn=(=1)*nAw.
In particular, sAt=—tAs forall s,te{dz,...,dz,,dz1,...,d2,}.

For a function f € C*°(G, X) we set

0dz;

3f:2§id% of =2 6{@' and df =df +9f.
p

For a differential form 7, ; of type (1) we set

577: Z Z gfi17...,ip,j1...7jq/\dzil/\"'/\dzip/\dzjl/\"'/\dgjq~

0<i1 <+ <ip<n 0<j1 < <jq<n

Similarly we define On and dn = dn + 9n. This defines linear mappings 9,0 and
d acting in the space A[dz,dz, C>°(G, X )] which map A"[dz,dz, C*(G, X)] into
ATYdz,dz, C°°(G, X)] for all 7,0 < r < 2n — 1.

Tt is easy to verify that d(dn) = 0 for every form 7.

We interpret
(20)""dzZ A ---dZ, Adzg A Adz,

as the Lebesgue measure in R2". Then we can define integrals of differential forms
of degree 2n on subsets of C™. Analogously we define integrals of differential forms
on submanifolds of C™. For details see [Spi].

Theorem 3. (Stokes) Let G be an open subset of C*, let n be a differential form
with coefficients in C*° (G, X) of degree 2n — 1. Let A be an open bounded subset
such that A C G and OA is a piecewise smooth surface. Then

IR
OA A



A.4. Semicontinuous set-valued functions 403

Corollary 4. Let 7 be a differential form of degree 2n — 1 with compact support.
Then
dr =0.
Cn

Theorem 5. Let U C C™ be a polydisc and let j : H{U,X) — C*(U, X) be the
natural embedding. Then the sequence

0 —H(U,X)0%U,X)-2A dz, 0= (U,X)]-2 - -2 An[dz, C=(U,X)] —0

is exact.

A.4 Semicontinuous set-valued functions

Definition 1. Let X,Y be metric spaces, let & be a mapping which assigns to
each point z € X a closed subset of Y. Let zg € X. Then ® is called upper
semicontinuous at xo if for every neighbourhood U of ®(z¢) there exists € > 0
such that ®(z) C U for all z € X with dist{zg,z} < e.

The mapping ® is called lower semicontinuous at x if for every open set U
with U N ®(xg) # 0 there exists ¢ > 0 such that U N ®(z) # @ for all x € X with
dist{z,z0} <e.

The mapping @ is called continuous at xzg if it is both upper and lower
semicontinuous at xo. ® is called upper (lower) semicontinuous or continuous if it
has the corresponding property at every point x € X.

Definition 2. Let M, L be subsets of a metric space Y. Write

A(M,L) = sup dist{m, L}
meM

(supremum of an empty set is considered to be equal to 0). The Hausdorff distance
A(M, L) is defined by

A(M, L) = max{A(M, L), A(L,M)}.

The most important set-valued functions for our purpose are those with com-
pact values. The semicontinuity of such mappings can be characterized easily:

Theorem 3. Let X,Y be metric spaces, Y locally compact, x € X and let ® be a
mapping which assigns to every point of X a compact subset of Y. The following
statements are equivalent:

(i) ® is upper semicontinuous at x;
(ii) ifz, € X (n=1,2,...) and &, — & then lim, o A(P(z,), ®(z)) = 0;

(iii) ifaxn, € X,yp € ®(zy) (n=1,2,...) andy € Y satisfy z, — x and y, — y,
then y € ®(x).
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Theorem 4. Let X,Y be metric spaces, € X and let ® be a mapping which
assigns to every point of X a compact subset of Y. The following statements are
equivalent:

(i) @ is lower semicontinuous at x;
(i) ifzn € X (n=1,2,...) and x, — x then lim,_oc A(®(z), P(2y)) = 0;

(iii) if zp € X (n=1,2,...), &, — x and y € ®(x), then there exist y, €
®(x,) (n=1,2,...) such that y, — y.

Theorem 5. (Michael’s selection theorem) Let X be a metric space, let ® be a
lower semicontinuous mapping which assigns to each point x € X a closed convex
subset of a Banach space Y. Then there exists a continuous mapping f: X — Y
such that f(z) € ®(z) for allz € X.

A.5 Some geometric properties of Banach spaces

The first result is the solution to the so-called plank problem which is due to
Ball [B1].

Proposition 1. Let X be a (real or complex) Banach space, y € X any vector
and f1, fa, -+ € X* unit functionals. For each n € N, let a,, be positive numbers
such that >~°7 ; a, < 1. Then there is a point € X such that ||z — y|| < 1 and
[{(x, fn)| > an for every n.

A stronger result is known for operators on a complex Hilbert space [B2]. It
is worth to note that it is not true for real Hilbert spaces.

Proposition 2. Let H be a complex Hilbert space and fi, f2, -+ € H unit vectors.
For each n € N, let a, > 0 be such that Y >, aZ < 1. Then there is a point z € H
such that ||z|| = 1 and |(z, f.)| > a, for every n.

The following Zenger theorem can be found in [BD], p. 18-20.

Theorem 3. Let X be a (real or complex) Banach space, let uy,...,u, € X be
linearly independent. Let o; (j =1,...,n) be positive numbers with Z;:l a; =
1. Then there exist complex numbers wy, . ..,w, and f € X* such that

HZ%‘U;‘H <L fll<1 and (wjuy, f) =q;
j=1

forallj=1,...,n.
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A.6 Basic properties of H*

Denote by P the normed space of all complex polynomials with the norm ||p|| =
sup{|p(z)| : z € D}. Recall that A(D) denotes the disc algebra of all functions
analytic on I and continuous on I and H* the Hardy space of all bounded
analytic functions on D.

Let L* be the space of all complex bounded measurable function on T with
the usual norm. Then P C A(D) C H>® C L* and A(D) is the norm closure of
P. The inclusion H* C L follows from the following theorem.

Theorem 1. (Fatou) Let f € H*. Then the limit lim,_.;_ f(re') exists for al-
most all t € (0,2m) (with respect to the Lebesgue measure). If we write flet) =
lim,_1_ f(re’), then f(e) € L> and ess sup |f(e™)| = sup,cp | f(2)|-

Let L' be the space of all integrable functions on T with the norm ||f]|; =
o [1f(e™)]dt. Since L> = (L')*, the space H* inherits the w*-topology from
L.

The w*-convergence of sequences in H* is easy to describe as the bounded
pointwise convergence.

Theorem 2.

(i) Let (fn) C H* be a sequence of bounded analytic functions. Then fnw—*>0
if and only if (f,) is a Montel sequence, i.e., sup,, ||fn] < oo and fn(z) —
0 (zeD)

*

(ii) H®® is a w*-closed subspace of L> and PY = H>. Moreover, every function
f € H*® is a w*-limit of a sequence of polynomials.

Of particular interest are the functionals on P that are w*-continuous, i.e.,
the continuous linear mappings from (P, w*) to C.

Theorem 3. Let 1 € P*. Then the following statements are equivalent:

(i) ¢ € P* is w*-continuous;
(i1) ¥ (pn) — 0 for each Montel sequence (py,,) of polynomials;
(iii) there is a w*-continuous functional g on H™ such that ¢ = o|P and
[%oll = [l

(iv) there is an absolutely continuous measure p on T such that ¢(p) = [pdpu
(p € P). By the F. and M. Riesz theorem, in this case each measure repre-
senting 1 is absolutely continuous;

(v) there exists f € L* such that ||f|, = ||| and ¢(p) = ["

o ple™)f(e™)dt for
all p € P.

A subset A C D is called dominant if supye | f(A)| = || f|| for all f € H>. An
example of a dominant set is an annulus {z : 1—¢ < |z| < 1}. However, a dominant
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set can be much smaller, even countable. Clearly A O T for each dominant set.
The next result is an application of the Hahn-Banach theorem.

Theorem 4. Let vy € P* be w*-continuous. Let A C D be a dominant subset.
Let € > 0. Then there are numbers \1,...,\, € A and «ay,...,«a, € C such that
Sy lasl < )l and || — 37 i€y, || < e, where Ex € P* is the evaluation
functional defined by Ex(p) = p(A) (A€ D,p e P).

For A = re?? € D let I = {e' : |t — 0] < 2(1 —r)}. The following result is a
particular case of a more general interpolation theorem of Carleson.

Theorem 5. There is a constant b with the following property: if F C D is a finite
set such that the sets I are pairwise disjoint and [\ > 3/4 (A € F), and ¢y €
C (X € F) are given, then there exists f € H* such that f(A\) =cx (A € F)
and |[f[| < b-supyep [eal.
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